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We considerCalabi—Yaucompactificationswith one Kählermodulus. Following the method
of Candelaset al. we use the mirror hypothesis to solve the quantum theory exactly in
dependenceof this modulus by performing the calculation for the correspondingcomplex
structuredeformationon themirror manifold. Here theinformation is accessibleby techniques
of classicalgeometry. It is encodedin the Picard—Fuchsdifferential equationwhich hasto be
supplementedby requirementson the global propertiesof its solutions.

1. Introduction

Oneof the outstandingproblemsin stringtheoryis to closethe gapbetweenthe
formal description and classificationof string vacuaand their possiblerole in a
realistic descriptionof particlephysics.Even if onefinds a model with the desired

particle contentandgaugesymmetry,one is still confrontedwith the problem of
computing the couplings, which determine masses,mixing angles, patternsof
symmetry breakingetc. Thesecouplingswill dependon the moduli of the string
model, which, in the conformal field theory languagecorrespondto the exactly
marginal operators,or, in the Calabi—Yaucontext, to the harmonic(1, 1) and
(2, 1) forms,which describethe deformationof the Kähler classand the complex
structure,respectively.In (2, 2) compactifications,which are the oneswhich have
beenmost intensivelystudiedto date, thetwo typesof moduli arerelatedby world
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sheetsupersymmetryto the matterfields, which transformas~7 and27 of E6. In a
low energyeffectivefield theorydescription,which includesall the light states,but
having integratedout all heavy (>mplaflck) string modes, the moduli appearas
masslessneutral scalar fields with perturbativelyvanishingpotential. This entails

that the strengthof the couplings,such as theYukawacouplings,which do depend
on the moduli, are undetermined.Only if the vacuumexpectationvalue of the
moduli fields is fixed by a non-perturbativepotential do the couplingstake fixed
values,which could thenbe comparedwith experiment.

Genericstring modelsare believedto possessduality symmetry [1], which is a
discrete symmetry on moduli space that leaves the spectrum as well as the
interactionsinvariant and whoseorigin is tied to the fact that stringsare one-di-

mensionalextendedobjects. This symmetry has been explicitly found in simple
models, such as the compactificationon tori and their orbifolds [21,but more
recentlyfor a specific Calabi—Yaucompactification[31.

On the effective field theory level this string specific symmetry is manifest
insofaras thelagrangianmustbeinvariant [41.This hasthe importantconsequence
that the moduli dependentcouplingsmust havedefinite transformationproperties
under transformationsof the duality group ~. A possiblenon-perturbativepoten-
tial for the moduli fields must also respectthis symmetry.

The problem then consistsof first computing the moduli dependenceof the
Yukawa couplings,to find candidatesfor the potential for the moduli andthen to
look for its minimum, thusfixing the value of the Yukawa couplings.

This is a formidabletask to perform for a genericstring model,andhasthusfar
only partially been done for the few simple modelsmentioned above. For the
toroidal orbifold examplesthis is not too difficult if one restricts oneselfto the

untwistedmoduli. The dependenceof the couplingson the untwistedmoduli can
be calculatedin conformal field theory [5] and the duality groupof the orbifold is
the subgroupof the torus duality group [1] which is compatiblewith the discrete
group by which the orbifold is defined [21. In simple casesthe corresponding
modularfunctionsare also known.The situationfor Calabi—Yaumanifolds is more
involved, partially becauseone knows the conformal field theoryexplicitly only at
specialpoints in moduli space,where themodelscoincidewith the onesof Gepner

[61.Given the recentresultsof ref. [7] which excludemostsimple toroidal orbifold
modelsas viable candidatestringvacua,one is harderpressedto developtools to
do explicit computationsfor more complicatedcompactifications.An important
stepin this direction hasbeendone in ref. [31.

Above we have alreadymentioned the two different kinds of moduli. The
moduli spaceis a direct productwith a separatefactor for the(1, 1) andthe (2, 1)
moduli [8]. Sincein eachcase,dueto the factthat the same(2, 2) superconformal

* For the simplestcasewhere the duality group is just themodular group SL(2, ~), theyare modular

forms.
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field theory could have been used to compactify the type II rather than the
heteroticstring with the former leadingto N = 2 space-timesupersymmetry,the
moduli spaceis of specialKählertype [9]. This meansin particularthat theKähler
metric of moduli space is completelydeterminedin terms of two holomorphic
functions, the prepotentials,one for eachtype of moduli. The Yukawacouplings
aregiven by the third derivativesof the prepotentialswith respectto the moduli.
This entails that they do not mix the two sets of moduli andtheir corresponding
matter fields; i.e. the Yukawa couplingsof the 2~’sof E6 only dependon the
Kähler moduli andthe couplingsof the 27’s dependonly on thecomplexstructure

moduli. Whereasthe former acquire contributionsfrom instantons,the latter do
not [10] andare thusin generaleasierto compute.

On the conformalfield theory level the 27’s and 27’s of E6, andby world-sheet
supersymmetrythetwo typesof moduli, canbe simply interchangedby flipping the
relativesign of the left andright U(1) chargesof the (2, 2) superconformalalgebra
[11]. On the geometricallevel this correspondsto an interchangeof the Hodge
numbers h11 and h21 and thus of a changeof sign of the Euler number.This
so-calledmirror map relatestopologicallydistinct Calabi—Yauspaces.The mirror
hypothesis states that the prepotentialsfor the different types of moduli are
interchangedon the manifold andits mirror. Mirror symmetrythusallows one to

get the instantoncorrectedcouplingsfor the (1, 1) forms on a given Calabi—Yau
manifold M from the couplingsof the (2, 1) forms on its mirror M’, which haveno
instanton corrections. Following Candelaset al. we will use this strategy to
compute the prepotential, Kähler potential and Yukawa couplingsfor the four

Calabi—Yauspaceswith h11 = 1 in the lists of refs. [12,13].Similar methodshave
beenusedin ref. [14] to computethe instantonnumberson thesespaces.In oneof
the four casesour resultsdiffer.

The paperis organizedas follows: in sect.2 we introducethe modelswhich we
will discuss. We then (sect. 3) set up the period equationsand discusstheir
solutions,including their monodromyproperties.In sect.4 weconstructa basisfor
the solutionson which the monodromytransformationsare integersymplecticand
in terms of which the prepotentialcan be easily written down. We computethe
Kähler metric and the invariant Yukawa couplings. In sect. 5 we perform the
mirror map. In the conclusionswe makesome commentson the modular group
and a candidatefor the non-perturbativepotential for the modulus.To a large
extent our expositionwill follow ref. [3].

2. The models

The simplest Calabi—Yau models are describedas the vanishing locus of a

quasi-homogeneouspolynomial in five variablesof the Fermattype W0 = ~

= 0 which gives the embeddingof the three(complex) dimensionalmanifold in



156 A. Klemm,S. Theisen/ One-modulusCalabi—Yaucompactifications

weightedprojective4-spacef~.Vanishingof the first Chern classand absenceof
singularities,whose resolution would introduce new (1, 1)-forms, impose severe
restrictions on the n1, leaving only four manifolds which all have h11 = 1, i.e.
possessonly one Kähler modulus.Characterizingthesemodelsby the integer k,
which is defined to be the smallestcommon multiple of the n,, they are (the
relative factorsarechosenfor laterconvenience)

k = 5: M = (x~E ~(i, 1, 1, 1, 1) w0 =x~+x~+x~+x~+x~=

k=6: M=(x~EP(2,1,1,1, ~

k = 8: M = {x1 E P(4, 1, 1, 1, 1)1W0 = 4x~+x~+x~+x~+x~=

k = 10: M = {x1 E f~(5,2, 1, 1, 1)1 W() = 5x~+ 2x~+x~°+x~°+x~°= 0). (2.1)

Thesemanifolds havefirst beenfound by StromingerandWitten [15]. They belong
to a classof superstringcompactificationswhoseinternalspacecanbe describedat
a specialpoint of its moduli spaceby tensorproductsof minimal (2, 2) supercon-
formal theorieswith A-type modular invariants[161,often called Gepnermodels.
A surveyof this classwith A—D—E-type modularinvariantscanbe foundin * refs.
[18,131.The complexstructuremoduli of the models(2, 1) canbe representedby
those elementsin the polynomial ring /~= C[x1]/dW() which are of the same
degreeas W0. They correspondto the marginal deformationsof the associated
(2, 2) conformal field theory. Onefinds h21 = 101, 103, 149, 145 for k = 5, 6, 8, 10
respectively,correspondingto the Euler numbersx = 2(h11 — h21) = —200, —204,

—296, —288.
One can now consider orbifolds of these spacesby dividing out discrete

isometrieswhich will in generalnot act freely. If the isometryactslike a subgroup
of SU(3)the possiblesingularitiescanbe resolvedsuch that the resultingspaceis
againof Calabi—Yautype as wasconjecturedin ref. [191.This processchangesthe
Euler numberand thusalso the Hodgenumbersh21 and h11. For our investiga-

tion the most importantgroupsare the oneswhich lead to the mirror configura-
tion. They are generatedby multiplying the l~coordinateswith phases:x, —

x1 exp[(2iri/n,) . r1]. We abbreviategeneratorsas g = (r0,. . ., rn). The condition
for g E SU(3) readssimply ~[r~/n~] = 0 mod 1. In appendixA we list all possible
Hodge numberswhich can be obtained from our models by dividing out all
subgroupsof the full phasesymmetrygroup ** G with G E SU(3).The topological
datacanbe obtaineddirectly by a tediouscalculationson the manifold, usingthe

* Recentlymore complicatedmodelswith h11 = 1 have beenconstructed[17]. We will howevernot

considerthemhere.
** Here we do not considerthemoding of (nonabelian)permutationsymmetries[20,21].
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propertiesof the resolutions [22—24]but more easily by using the methodsof
twisting the Landau—Ginzburgmodels[25] or by examiningthe masslessspectrum
of the correspondingGepner model [26,21]. The latter method gives the full
partition function of the twisted theory. For the Fermat cases(A-type modular
invariants)the Hodgenumbersobtained this way were verified in ref. [27] by
explicit construction of the geometrical resolution. In the original models we
consider,all (2, 1)-formscanbe describedby deformationsof the definingpolyno-
mial. The orbifoldisation projectsonto those(2, 1) formswhich are invariant, their
numberis given in paranthesesin our tables,but also introducesnew ones in the
twistedsectors,which cannotbe representedasdeformationsof W0: for a geomet-
ric representationof them seeref. [281.In all four cases,dividing out the whole of

onefinds that only onepossibledeformationsurvives,thusgiving h21 = 1. The
resultingquotient models alwaysappearin mirror pairs with h21 and h11 inter-
changed.See also refs. [11,20,24] for the cases* k = 5; the case k = 8 was
discussedin ref. [24].

The actual order of the group action, which is very important in order to
normalizeour period integrals,is safelyinvestigatedon the Calabi—Yaumanifold.
In the k=8 case, e.g. the generatorsg1 =(0 1007), g2=(01 070), g3=
(0 1 7 0 0) naively seemto generatea Z~X 4 >< 4 group.However,the element
g’ = (2g1)x (2g2)x (2g3) (0, —2, —2, —2, —2) generatesa Z4 subgroupwhich

operatestrivially on the coordinates,becauseof the equivalencerelation of the
P(4, 1, 1, 1, 1) we have (x11, —ix ~, —is2, ix3, —ix4) (x0, x1, x2, x3, x4). Hence
the actual group acts as a Z8 X 4 X Z2. In the Gepner or Landau—Ginzburg
model languagethis correspondsto the fact that the aforementionedZ4 acts a
subgroupof the group by which it is divided out in order to implementthe GSO
projection. The actual groupswhich generatethe mirror configurationsare thus

G = Z~,Z3 X Z~,Z~X Z2 and Z~()with Ord G = ~3, 3 . 62, 2 82 and 102 in the
four cases,respectively. We observe that (Ord G) I1~~v~= k

3, where the

= k/ni are the weightsof ~ coordinateswhich satisfy ~ r’~= k. We thenget

for the deformedpolynomials

W= W() — kcrx~x
1x,x3x4, (2.2)

where theperturbationcanalwaysbe castinto the indicatedform by the useof the
equationsof motion a1W= 0. The constantsin (2.1) and (2.2) havebeen chosen
such that ak = I arenodesin all four cases.The elementsof the rings ,~ are now
also restrictedby the discretesymmetries.In the casewhere one dividesout all of

.~ consistsof only the elements(x0x1x2x3x4Y with A = 0, 1, 2, 3. Besides
having nodesat a

t’ = 1 the manifolds becomesingularat a —~ ~.

* For the k = 10 casethe list given in ref. [11] is incomplete.
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3. The Picard—Fuchsequations and their solutions

To summarizethe resultsof refs. [29—31]the Picard—Fuchsor periodequations
aredifferential equationssatisfiedby the expressionw = f q(a)/W(a) where the
integral is in the embeddingspaceand allows integrationby partswith respectto
the coordinatesof l~.The holomorphicfunction q(a) reflectsthe gaugefreedom

in the definition of the holomorphicthree-form. For the purposeof deriving the
periodequation,it is mostconvenientto set q(a) = 1. Differentiating A timeswith
respectto a producesterms of the form f[(x1x2x3x4x5)

5/W5~t(a)].The A = 4

term,which is the first to producean integrandwhosenumeratoris no longer in
the ring .9~,canbe expressed,usingthe equations3W/0x

1= ... andintegrationby
parts, in terms of lower derivatives. The computation is straightforward and
produces*

k = 5: (1 — a
5)w°~— lOa4w” — 25a3w” — 15a2w’ — aw = 0

k = 6: a2(1— a6)w°~— 2a(1 + 5a6)w” + (2 — 25a6)w”

— ISa5w’ — a4w=0

k = 8: a3(1— a8)wt’~— a2(6+ lOaM)w” + Sa(3 — 5a5)w”

—15(1+aS)wI_a7w=0

k = 10: a3(1— a’°)w°~— 10a2(1+ a’°)w” + 5a(7—

—5(7+ 3a10)w’ — a9w=0 (3.1)

A fundamentalsystemof solutions may be obtained following the method of
Froebeniusfor ordinary differential equationswith regular singular points [33]

which arehere a = 0, a = ~ and ak = 1. The solutionsof the indicial equationsat
the three singular points are p = (0, 1, 2, ~ (0,1, 3, ~ (0, 2, 4, ~
(0, 2, 6, 8)~ for a = 0, p = (0, 12, 2) for a1’ = 1 and p = 04 for a = ~. The
subscriptsdenotethe multiplicities of the solutions. It follows from the general
theory that at a = thereis onesolution given as a pure power seriesandthree
containing logarithms (with powers 1, 2 and 3, respectively).At a = 0, all four
solutionsarepurepowerseriesas onesees,e.g.by notingthat we canrewrite the
differential equationin terms of the variables at’, for which the solutions of the
indicial equationwould no longerdiffer by integers.The point a = I needssome
care~. There is one power seriessolution with index p = 2 and at least one

* Manifolds havingthe mirror Hodgediamond w.r.t. the models in (2.1) can hefound in the lists of

refs. [12,21].As hasbeenchecked in a few examples[32] the Picard—Fuchsequationsfor theonly
complexstructuredeformationhere turn out to be the sameas in (3.1).

** Theother solutionsof a = 1 aretreatedsimilarly.
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logarithmic solution for p = 1. Making a power seriesansatzfor p = 0 one finds
that the first threecoefficientsare arbitrarywhich meansthat thereis one power

seriessolution for eachp. One also easily checks that in the secondsolution to
p = 1 the logarithm is multiplied by a linear combination of the power series
solutionswith indices I and 2. To summarize,the periodsof the manifolds have
logarithmic singularitiesat the valuesof a correspondingto the node(a” = 1) and

to the singular manifold (a = cc). We will thus get non-trivial monodromyabout
thesepoints.

The power seriessolution around a = cc is easyto find by making a general
ansatzand solving the recursionrelation for the coefficients.One finds

I (km)!
w

0(a) = — 4 (ya)”’~, (3.2)
a ~ fl (~~m)!

= I)

where y = kl1~11(v,)~~”.The other solutionsaround a = cc contain logarithms.
We will find thembelow. For laterconveniencewe will redefinethe periodsto get
rid of the factor a . This correspondsto the gaugetransformationq(a) = I —s

q(a) ~ a. This only affects the exponentsat a = 0 which areshifted by + 1. To get
the solutions around a = 0 we first analytically continueabovesolution. If 0 ~
arg a < 2~-/k,we have

T(1+ks) iye~
w0(a) = ~fds ~ . (ya)”~. (3.3)

2~i ç sin(lrs)
JJI’(l+1.~,s)

For I a > 1 we get a convergentexpressionif we choosethe contour to enclose
the points a = n = 0, 1, 2... which are zerosof sin(irs), in a clockwise direction
andwe recover(3.2). For a I < 1 we closethe contour so as to enclosethe points
—n/k, n = 1, 2 . . . which are the poles of F(ks + 1) with residues
(—l)’~/(kT(n)). Onefinds

1 ei/
1’!1’~1

w
0(a) = —— 4 . (ya)”. (3.4)

k 1(n) flT(l — (n/k)v1) sin(~n/k)

1=0

All solutions at a = 0 are given by power seriesand one readily seesthat the
functions w1(a) := w0(~~a),(j = 0, 1,... ,k — I) with ~ = e

2’~~’”are also solutions.
Theseare howevernot all linearly independent.There are k — 4 linear relations.
One possiblechoice is E~_

0W1= 0 for k = 5, ~o + w2 + w4 = W~+ W3 + w3 = 0 for
k = 6, w,+ w~4= 0, (i =0, 1,2,3) for k = 8, w~+ w,~= 0, (i = 0, 1,2,3,4) and
w0 + w2+ w3 + sv4 + w3 = 0 for k = 10. Below we will use the functions W0, w1, w2

and w1’ as a basis.
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To get all the solutionsfor a = cc we first expressthe w~in termsof four linearly
independentsolutionswhich we thenanalyticallycontinuefrom I a I <1 to I a I >

I. Changingthe summation index to n=kN+l, N=0, 1,2,...,1= 1 k—i,
oneobtains

1 1U3’~’-I)
= — l6kir4 ~f3I1 ‘=~f31_ 1 i~

1(a), (3.5)

with

4

~ flF(ii1(N+l/k))
— 1=0 kN+I
w,(a) (ya)

N=0 (N+)

d flF(v1(s+1/k))f S 1=0 ks+I

= jce2~1 F(ks+l) (ya) , (3.6)

whereto recover(3.5) onehas to choosethe contourso asto enclosethe polesof
(e

2~’~—
1)_tO Note that in eq.(3.5) thereare only four non-zerotermsin eachsum,

namely for I = (1, 2, 3, ~ I = (1, 2, 4, ~)k6, I = (1, 3, 5, ~)k8 and I =

(1, 3~7~~)k=1o~ To get the solutions for I a I > 1 one choosesthe contour to

surround the poles of the secondfactor of the integrandwhich has quadruple
poles at s = —N— i/k for N = 0, 1 Evaluating the residuesat the poles is
straightforward.Expandinga

1’~~aroundthepolesproducesup to threepowersof
log a.Collectingterms onefinds

1 1 ~ (kN)!
w

1(a) = — - 3 4 ~ logr(ya) ~ bjrN(Ya), (3.7)
(2~z) r=0 N=0 fl(e~N)!

1=0 i=0

where

= (2~i)3(S14— Hei) + (2~i)
2(2~i+ k~(N))S

1.3

2i
+ ~ (2~i)

24 + k2 — + 12(2~i)k~(N)
I = (1

+12(k2~2(N)_k~’(N)))SJ
2
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+ ~ - ) + 4k2~3(N)

—12k~(N)~’(N)

k
buN = k(2~-i)2S

3.3+ ~(2~-i)((2~-i) + 2k4(N))S12

k
+ ~ (2iri)

2 k2 — v,~ + 12k2~2(N)— 12k4/(N) S
11,

= 0

k
2

bj
2N = —~--((2~i)S12+ k~(N)S11),

k
3

bj
3N— 6S~1.

Herewe havedefined

1~
~kUV) = ~ r~i(l + v1N) — ~i(l +kN), ~i(x) =d log F(x)/dx,

i = 0

4

k—i i1(f3~” I)

S = ~ pl(i+l) t=0

1=0 (~1_ 1)m+i

We now discuss the monodromy of the solutions. Under the transformation
a --s ~a, the solutions behaveas w1(13a) --s w1~1(a) and the correspondingmon-
odromy matrix a is cyclic of order k. From our discussionaboveof the solutionsof
theperiod equationsarounda = 1 we concludethat the w1, whencontinuedto the
region I a — 11 < I, mustbe of the form

w1(a) = —c1si~(a) log(a — 1) + regular, (3.8)
2~-i

wherei.i(a) is a particularcombinationof the powerseriessolutionswith indicesI

and 2. In fact, we canexpressit in termsof the w1 as follows [3]:

~(a) = - —(w~(a) - w~~(a)). (3.9)
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Eq. (3.8) thensays that under(a — 1)—se2~’(a— 1) the solutionstransformas

w~(a) w~(a)— ~(w~(a) —w~(a)). (3.10)

We thusfind that the monodromymatrix t around a = 1 is not cyclic of any finite

order. To determinethe coefficients c
3 we normalize ~(a) = IL(a — 1) + O((a —

1)2) such that ,ac~= I. jic1 is then the coefficient of the logarithmof dw1/da as
a —s 1. Using the explicit expressions for w• [eq. (3.5)] we find p. =

—(1/27r1)k
3~2(IJ~

1v1)~
2and

c
1= ~ (3.11)

The c1 are all integers. In all casesC0 = c1, which is necessaryfor (3.9) to be free
from logarithms. Monodromy transformationsabout the points /31 follow simply
from a composition of the transformationsa and t. The monodromy* about
a = /3i is then a ‘ta’. Finally, the monodromymatrix s arounda = cc follows from
the fact that the product of the monodromymatricesaround all singular points
must be the identity and that the monodromy around a = 0 is trivial. Thus

= ((atY’)”.

4. The periods in a symplecticbasisand their monodromy

In order to get the prepotential~‘ from the solutionsof the period equations,
we look for a basisin which the monodromyactsasSp(4; fl transformations..~‘ is
then given as ~‘ = ~za, where the periods ZI~,and z’~(a = 0 h21) are the
integralsof the holomorphicthreeform over a symplecticbasis for the homology
groupH3(~).~ is homogeneousof degreetwo in the homogeneouscoordinatesz”
and ~ = 3/u~/az”. In appendixB we directly identify two of the solutions of the
Picard—Fuchsequationwith ~~‘2 and z

2. With the gaugechoiceq(a) = ka we find

= A
1w0(a)with A, = (2lTi)

3/Ord G. z2(a) is a solution which, arounda = I,
is a purepower serieswith index 1, proportionalto ~i’(a) in eq.(3.10) and is given,
to leadingorderas z2(a) = A

2(a — 1) + O((a — 1)2) with A2 = (4ir
2/k3~’2)(I1v,)~2.

Then A
2/A, = p. andthe monodromycoefficientsC1 becomeintegers.

We now definetwo periodvectors[3],

II’ = ~ ~ z
t, z2)T

and

(2~ri) T

W = — Ord G (w
2, w1, W~,w1’,) -

* Note that if one represents,as we do, the monodromy group on the fundamental systemby matrix

multiplication from the left, the matricesform an anti-homomorphismof the monodromy group.
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Since theyboth representa fundamentalset of solutionsof the period equations,
they mustbe relatedby a linear transformationwhich we call m. From the above
identification of two of the componentsof [I with elementsof w, we alreadyknow
the secondandlast row of the matrix m. Since the cyclesdual to the periods7/~

and z’ are remotefrom the nodeat a = 1, theymustbe free from logarithms.This
gives a constrainton the first and third row of m. We then fix the remainingsix
componentsof m by requiring that undera —~ /3a, which was representedon the

basis w• by the matrix a, the vector LI’ transformsunder an integer symplectic
transformationA; i.e. we determinem such that A = mam- E SP(4;7/). * This
doesnotyet fix the matrix m uniquely.Having definedthe periods ~‘2 and z2, the
remainingtwo can only be fixed by the above requirementup to a SP(2;7/) C

SP(4; 7/) transformation.With a suitablechoicewe obtain the resultsgiven below.
We have also recorded the transformationmatrices S = msm— for the mon-

odromy abouta = cc in the symplecticbasis.(For completenesswe also recordthe
resultfor k = 5 alreadygiven in ref. [3].)

-9-35 3

k=5: m= 0 0 1 0 A= 0 1 0 1
—1 0 8 3 —20 —5 11 5

0 1 —I 0 —15 5 8 —4

51 90 —25 0

s= 0 1 00,
100 175 —49 1

—75 —125 35 1

—~- —~ ~ 1 —1 0 I

k=6: m= 0 0 1 0 A= 0 1 0 1
—1 0 3 2 —3 —3 1 3

0 1 —1 0 —6 4 1 —3

1 6 00

s= 0 1 00,
18 81 1 0

—27 —129 —6 1

—~ —~ ~ 1 —l 0 1

k=8: m= ~ ~ 1 0 , A= 0 1 0 —1
—1 0 3 2 —2 —2 1 2

0 1 —1 0 —4 4 1 —3

* A matrix M is symplecticif it satisfiesM~MT ~, where ~ = (_~) is the sympleeticmetric.
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1 8 00

~= 0 1 00,
16 88 i 0

—40 —200 —8 1

01 1 1 101 0

k—10~ — 0 0 1 0 A— 0 1 0 1— .m—1 ~ 0—1’ ~ 11—1’

0 1 —1 0 1 3 1 —2

1 55 —10 0
0 1 0 0

— 0 —10 10.
—10 —195 45 1

The matricesA satisfy A
4= —1 and A5= —1 in the cases k=8 and k = 10,

respectively.
The matrix T= mtm’, which describesthe monodromyaround a = 1, is the

samein all cases:

1000

T— 0 1 0 1
0010.
0001

We haveverified that the componentsof [I’ passthe consistencycheckof ref. [3],
W, = 0 where Wk = Z — ~ a~z°.

Let us now turn to thequantitieswhich are relevantfor the low energyeffective
lagrangianof the string theory compactified for the Calabi—Yau spacesunder

considerations.The Kähler potential on the one-dimensionalmoduli spacefor the
complexstructuremodulusis given in terms of the prepotential:

= _i(za ~ ~a = ~in’~n’. (4.1)

We give the resultsin the limits a —s cc for which we usethe solutions in the form
(3.7) andfor a —s ~ using(3.4):
a ~scc:

(2’ir)3 4k 2
e_K= ~ (4.2)

3 2(E(v
1/k)3_1)~(3)

g -= 1 + ‘° . (4.3)
“~ 4~a~

2log2~ya~ log3IyaI
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In terms of the variable t a i log(ya) the leadingbehaviouris g17 — 3/(t

which is the metric for the upperhalf-planewith curvatureR = — 4/3:
a —sO *:

-K (2~)~F5(~) 2 4e~5= ~ F~) al +O(IaI );

2 I3/3~8
~ = 311/212(2)18(5) I a 2 + 0(1 a 1~),

- ~,.7 cot~(~) -

e~~8=~p8(~ IaI
2+O(Ia16), e~~

10~104.61IaI
2+O(IaI6),(4.4)

_____ 3F8(~)
+O(Ia12), g~6 22/3~2T4(4)+O(IaI),

64(3 — 23/2)218(1)

g~8 F8(~) 1a12+O(1a18), ~

(4.5)

The Yukawacouplingsare = IM’~ A a3Q/aa3. Decomposingthe holomor-
phic threeform (2 as in appendixB andusing

fa~b=fp’~Ai3’~=0

one finds Kaaa = W
3. This form for Kaaa is not the most convenientone and we

will useit only to fix the overall normalizationby evaluatingW3 in the limit a —~ 0.
Another relationsatisfiedby Kaaa hasbeenfound in ref. [3]. Thereit is shownthat

the Yukawa coupling satisfies the first order differential equation aak~aa

+ ~C3Kaa = 0 where C3 is the coefficient of the third derivativein the Picard—
Fuchsequationwith the coefficient of the highestderivative normalizedto one.
Using the form of the Picard—Fuchsequationas given in eq.(3.1) we easilyderive
Ka,*a a a”

5/(1 — ak). Taking now into accountthat below eq.(3.2) we havemade
a gaugetransformationby rescaling the holomorphic three form by a factor

* For k = 10 theanalytic expressionsare rathercumbersomeso we decidedto give only the numerical

values.
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q(a)aa, which affects the Yukawa coupling as Kaaa — q2(a)K~~~and fixing the
overall normalizationas describedabove,we finally obtain

3 k—3
(21T1) ka

= Ord G 1 — a~’~ (4.6)

The invariant Yukawacouplingsaredefinedas

~flv=g~2 ~ (4.7)

They correspondto a canonically normalizedkinetic energyof the matter fields
(hencethe factor g~,~/2)and are invariant underKähler gaugetransformations
(hencethe factor etc). In the limits consideredabovewe find for theleadingterms
of the Yukawacouplingsof the onemultiplet of 27 of E

6:
a

2
= -~Vk. (4.8)

a—sO:

5/2

~ (r~r~) +0(IaI2), ~~624/3Ia1+0(Ia13),

(4.9)

F6(~)F2(1)

= r6(~)F2(~) + 0( Ia 2), ~ 3.394IaI2+O(IaI6).

For k = 5, 8 the nonvanishingcouplingscoincidewith the valuesof the corre-
spondingGepnermodels,which canbe calculatedusingthe relation [34] between
the operatorproduct coefficients of the minimal (n = 2) superconformalmodels
andthe known onesof the su(2)Wess—Zumino—Wittentheories.In the k = 6, 10
casesthe additional U(1) selectionrulesat theGepnerpointexcludethe coupling,
which is allowedfor genericvaluesof the modulus.

5. The mirror maps

So far we haveonly consideredthe complexstructuremodulusandthe Kähler
metric andYukawa coupling on the mirror manifold M’ of the original manifold
M. Here all quantitiescould be obtainedfrom the solutionsof the Picard—Fuchs
equations.The couplingsinvolving the (1, 1) sectorof moduli spaceof the original
manifold cannotbe obtainedfrom the periodson that manifold, but rather from
the periodsof the mirror manifold via the mirror mapbriefly describedin sect. 1.
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The (1, 1) sectorof the original manifold is also describedby a holomorphic
function, denotedby .~. It is also of the form ~7= ~ which is homogeneous

of degreetwo in the o.7/ andthus .9~=

The large radiuslimit of .9’ is known; it takesthe simple form

K
1, (wI)

3 K
1) 2 2 —

= — — _______ = — (w
2) t3 = (w2) ~

6 w2 6

wherewe have introducedthe inhomogeneouscoordinatet = w’/w2. K
0 =

is the infinite radius limit of the Yukawa coupling and is given by an intersection
number. In general,if we define 5T= (w

2)2.7/ the Yukawa coupling K and the

Kähler potentialaregiven in terms of .7/ as follows:

K
11, = ~ I ,~

2.St =

— — (5.1)
K=

(Here K differs from the onegivenin terms ,7/ (cf. below) by a Kählertransforma-
tion.)

Let us briefly recall how to computethe intersectionnumbers[35]. The Kähler

form J of a complete intersectionCalabi—YauM, which is definedby a polynom
constraint of degreedeg(p) in a weighted projective space P is given as the
pullback of theKähler form J of the latter one,by J= j*J, where i: M ‘—s P is the
inclusionmap. The topological threepoint function K,,(J, J, J) is thenmosteasily
computedby lifting the integrationoverM to the ambientspaceP(x.’,,, .. . ,

Ko(J,i,J)JJAJAiJ JAJAJA~M
M P(v()

usingthe Poincarédual 77M = deg(p)Jof M in P(r’
0,.. ., ~ Taking into account

the correctnormalisation for the Kähler form of the P(r’,),. .. , un), namely such

that f~ID(~~,., ~,,/‘ = (Ilr’,Y we simply get

- - - deg(p)
Ko(J, J, J) = _____

I-Ipi
I = 0

That is, K0 = {5, 3, 2, 1) for k = {5, 6, 8, 10).
To get the Kähler potential we use eq.(4.1) with the replacement(Z~, ~

(w°, .~), or U’ —~fl = ~ -~2’ w~,w2)T. We find (t = t, + it2)

K~=—log(~Kt~). (5.2)

From this Kähler potential we easily derive the large radius limits of the metric
g,

1~= 3/4t~andof the Ricci tensorR~-,= — ~ For the Ricci scalaronethusgets
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= — ~ andfor the invariant Yukawacoupling ~ = ~ Thesesameconstant
valueswere found as the largecomplexstructurelimits for the (2, 1) moduli space
of M’.

These infinite radius results now get modified by sigma model loops and
instanton contributions, the latter being non-perturbativein the sigma model
expansionparameter1/R2 i/t, R being a measurefor the sizeof the manifold.
This meansthat the prepotentialin generalhas the form

fr= _~t3+~at2+bt+C+0(et) (5.3)

leadingto

— ~K
0t

2 + at + b

Upert = (w2)2 ~K
0t

3 + bt + C

1

The polynomial part is perturbative.It is fixed by the fact that for the Yukawa
couplings there is a perturbativenon-renormalizationtheorem. Only imaginary
partsof a, b and C affect the Kähler metric.

The instanton correctionsare in general hopelessto computedirectly. It is

however made possible by the mirror hypothesiswhich implies that the two
prepotentials.~‘ and .~ are essentiallythe same,but generallyexpressedin two
different symplecticbases;i.e. U and[I’ are relatedby a symplectic transforma-
tion andthen leadto the sameKähler metric.We find an integersymplecticmatrix
which relatesU andU’ up to a gaugetransformationby relatingtheir asymptotic
limits where the limit of U’ is obtainedfrom the asymptoticlimit of (3.7) andthat
of U from the ansatz(5.3). We have alreadyseenthat in terms of the variable
a ilog(ya) the large complex structureand large radius limits of the Kähler

metrics for the moduli spacesof the (2, 1) and (1, 1) moduli agree. Fixing the
asymptotic relation to t (k/2rri) log(ya) we find for each case an integer
symplectic matrix N such that (1/w2)U =N(1/~’

2)U’.This then also gives the
relationbetweenw

t, w2 and W

0, w~,W2, w1’1 and allows us to expresst in terms
of a. ChoosingN as simpleas possible,we find

—1 0 0 0
O 0 0 —1N1’5— 2 0 —1 0 ‘ Nko—Nk.8——

01 0 0

—1 0 0 0

N — 0 0 0 —1k=l0’ 0 0 —1 0

0 1 0 0
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which correspondsto the following choice of the parametersa, b and C ifl (5.3) *

ii 25 25i
(k=5)

( 9 7 51i
—, ————~-~(~)~‘ (k=6)

2 4 2~-
{a,b,C}= 11 37i (5.4)

—3,—, ———~-~T(3)~ (k=8)
6 ~--

1 17 36i
~, __-~(3)} (k=1O)

The relationbetween t and a is

k
t= —~ = —i-— log(ya)

- (kN)~ ~ (kN)!
+ ~ 4 ~

1’(N)(ya) / 4 (ya)~

N=0 fl(s1N)! / N=0 fl(u1N)!

i=0 i=0

(5.5)

where the secondexpressionis valid for a large.Using the known transformation
(at)~ on w we have checkedin all casesthat t(a) transformsas t —st+ 1 and
thus s = (atY”: t —s t + k when a is transportedaround infinity. This is in
accordancewith the lemma in sect. 2 of ref. [14], where this fact is used to
determinet up to an additive constant.

Note that besides the 0(t
3) term which fixes the large radius limit of the

Yukawa coupling among the polynomial terms in .9~only the constant one
contributesto the Kähler metric. It has beenidentified in ref. [3] with the four
loop contributioncalculatedin ref. [36]. Thisterm alsomakesits appearancein the
effective low-energy string actions extracted from tree level string scattering
amplitudes[37]. Theexponentiallysmallinstantoncorrectionsdo affectthe Yukawa

* The contribution a ~(3) arisesfrom the terms a~“(0) in eq. (3.7).
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TABLE I
Valuesof n~

k=5 k=6

5 3
0i 2875 7884

609250 6028452
n

5 317206375 11900417220
n4 242467530000 34600752005688
n5 229305888887625 124595034333130080
n1, 248249742118022000 513797193321737210316
n7 95091050570845659250 2326721904320912944749252

375632160937476603550000 11284058913384803271372834984

09 503840510416985243645106250 57666069759834844985369823018768
k=8 k=10

n5 2 1
0~ 29504 231200
n2 128834912 12215785600
n3 1423720546880 1700894366474400
n4 23193056024793312 350154658851324656000
n5 467876474625249316800 89338191421813572850115680
n6 10807872280363954752338400 26107067114407746641915631734400
n7 274144987164929172592851362112 8377961119575977127785199800102445600
n5 7446718087338043414223489290659040 2879133858909474665080674534026982622960000
n92131400477600893029956465355672397798401042529487474393188294680546419175097976102240000

couplingsaswell as the Kähler metric. To get the Yukawacoupling we transform
Kaaa to the coordinatet andfind that the infinite radiusvalueK0 getscorrectedto

22 3

K,~, (~)K(~) . (5.6)

The prefactor expressesthe gauge freedom and is due to the relative factor
(besidesthe integer symplectic matrix) betweenU and U’ whose components

appearin the definition of the holomorphicthreeform which entersquadratically
ifl Kaaa~In the gaugew

2 = i this becomesK

0 + 0(q) with q = exp(2irit), where
the instantoncontributionscomewith integercoefficients.Indeed,on inverting the
series(5.5) and expressingthe result in the form K111 = K0 + E7,n1j

3q~/(1— qi)
conjecturedin ref. [3] andprovenin ref. [381we find the numbersn

1 which count
the rationalcurvesof degreej in M (tablei) ~‘.

* Our results agreewith thoseof ref. [3] for the easek = 5 andwith thoseof ref. [14] for the eases

k = 5, 6, 8. Our resultsfor k = 10 differ by a factorof two, dueto thedifferent normalizationsof the
constantterm.
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6. Conclusions

Starting from the Picard—Fuchsequationswe have computed the complete
expressionsfor the prepotential, the Kähler metric and Yukawa couplingsof the
heteroticstring compactifiedon thoseCalabi—Yauspaceswith one(2, 1) modulus
which can be representedby onepolynomial constraintin P4. We could also get

the same quantities for the manifold related by mirror symmetry, where the
dependenceis now on the (1, 1) modulusandis dueto instantoncorrections.

One can now also study,as was done for the k = 5 casein ref. [3], the duality
symmetryof thosemodels.Onecan easily generalizethe procedureof ref. [3] and
identify a parametery E H~,on which the monodromytransformationson the
periodsare representedas a two-generatordiscretesubgroupof SL(2; P). y is a

mapof the a~’planeto a pair of triangleswhich togetherconstitutea fundamental
regionfor the group of duality transformations.Since the two transformationsS
and t are of infinite order they will correspondto two parabolicelementswhereas
the transformation A will be represented* by an elliptic element** of order k

[401.Since thereare only two generatorstheseelementswill not be independent.
The anglesof the two triangleswill thus be (0, 0, ~-/k) correspondingto fixed
points of two parabolic and one elliptic transformation.We choosethesefixed
points to be icc, tan(ir8) and i. Here we havedefined S = (k — l)/2k. The first

two fixed points belong to two parabolic elementsand the last to an elliptic
element.The function y(a) then maps the fixed points of A, S and T to y(O) = i,
y(cc) = icc and y(l) = tan(ir6), andcan be determinedby standardmethods[41] to

be a ratio of hypergeometricfunctions

Z, — e
2~”~Z

2
= Z1 + e

2~’3Z
2

= _tan(~6){log(ak) ~

~ F(n+6)F(n+1—6)
+ 2 t’,,

n=0 (n!) a

~ F(n+6)T(n+1—6) I

2 len
n=o (n!) a

* We use the sameletters to representthe transformationson UI’ and on y.

** A duality group with two parabolic and one elliptic element of order 3 was observedfor the
one-dimensionalZ5 orbifold with a discreteWilson line in ref. [39].
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where the lastexpressionis valid for I a I > 1. We havedefined

12(6)

Z1 = 1(26)F(6, 6, 23; ak),

12(1 — 6)
= F(2(i —6)) aF(1 —3, 1—6,2(1—6); at’).

Using the analyticcontinuationpropertiesof thehypergeometricfunctionswe find

A = cos(2’n-6) —sin(2~6) T= cos(2~6) 2 tan(~6)sin
2(’w6)

sin(2’n-6) cos(2ir6) ‘ —sin(2ir6) 1 + 2 sin2(~6)

with fixed points i and tan(ir6), respectivelyand

AT= 1 —2tan(~3)
0 1

with fixed point icc. The fundamentalregion F can be chosento be the regionof
the upperhalf-planeboundedby the two lines I Re(y) I = tan(~6)andtwo circular
arcs extendingfrom y = i to y = ±tan(ir6) intersectingthe imaginary axis at an
angleof ~,-/k and the two boundarylines at zeroangle. In fig. 1 we show on the
left-hand-sidethesefundamentalregionsin the y plane togetherwith its images

under the operationof A,. . ., A’. Here and below we restrict ourselvesto the
casesk = 6, 8, 10. For k = 5 we refer to ref. [3].

It is possibleto relatethe parametersy and t as their expansionsin powersof
a are known, andthusexpressthe couplingson the original manifold M in terms
of the parameteron which theduality groupactsin a simpleway. Using thispower
seriesexpansionwe canmap the fundamentalregionfrom the y planeinto the t

plane. The images are quadrangleswhose uppercorners are at jcc, the lower
cornerscorresponding_tothe Gepnerpoints areat -~-(— 1 + is/i), ~( — I + i(1 +

and ~-( — 1 + i~/5 + 2~5),respectively.Thesevaluesfollow easily from the relation
between t and the w, and their expansionfor I a I <1. The real parts of the
location of the right and left cornersare — 1/2 ±1/2. On the right-hand-sideof
fig. 1 we have plotted these images of F together with the images of the
boundariesof the mapsof F in the y plane. For the k = 8 and 10 casepairs of
lines in the y planeare identified in the t plane.As it is clear from the fact that
thesepatternsdo not repeatunder the shift t —s ~+ 1, there are points in the
image of F which canbe identified by an AtmTA~operationin the t plane. For
k = 6 and k = 10 the imagesof the different fundamentalregionsevenoverlap.
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1-plane The k 8 case. I-plane

- 6
1~c.~ _c~O.5u~

~‘- plane The k 8 case. I-plane

__ ~15-~-O5O~
7-plane ThekzlOcaSe: t-plane

~‘5-1-O5O~

Fig. 1. Fundamentalregionsin the y-planesandtheir imagesin the I-planes.

While it is y on which the duality acts simply by fractional linear transforma-
tions the t parameterhasa simplegeometricalinterpretationin that te = B + LI is
the complexifiedKähler form (seee.g. ref. [42]) so that thevolume of the manifold
scaleslike Im(t)

3 =: R6.From fig. 1 it is clear that onecanrestrict oneselfto a part
of the t planewhich is boundedfrom belowby a minimal length Im(t) = R2.
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The Yukawa coupling will have a simple transformationlaw undermodular

transformations.This follows from the fact that the onematter superfieldwhich is
related to the modulus y via world-sheetsupersymmetrywill transformhomoge-
neously,and to havean invariant supergravityaction the Yukawa coupling must

also transform homogeneously[43]. Having computedthe Yukawa couplingswe
thushavean explicit function of the modulus,which, when raisedto the appropri-
ate power, is also a candidate for a non-perturbativesuperpotentialfor the
modulusitself. Of course,whereasfor the modulargroup SL(2; 7/) this function is
known to be more or less unique,practicallynothing is known about automorphic
functionsof the groupswe encounterhere.Work in this direction is in progress.

The modelsconsideredhere representonly a very restrictedclass and do not

lead to any evenremotely realistic low energytheory. To make further progress
one has to extend the analysis in several directions.One is to considermodels

describedby higherdimensionalprojectivevarieties.There area few examplesof
this kind with = 1, which can be studied as a first step in this direction.
Another generalizationis to models definedby more than one polynomial con-
straint.The otherobviousdirection to go is to considermodelswith morethanone
modulus,leadingto partial differential equationsfor theperiods.This seemsto be
the hardestof the possiblegeneralizations.

Anotherpossibility to arrive at the couplingsof strings on Calabi—Yauspaces
might be to follow the methodof ref. [44]. In the caseswe haveconsideredhere it

leads to two coupled non-linear differential equationssatisfied by the Kähler
potentialandtheKähler metric,which canbe castinto the form of the SP(4)Toda
equationwhosesolution is known.

We plan to comebackto theseissuesin the future.

Note added:While we were in the processof writing up theseresultswe were
informedby D. Lust andP. Candelasthat A. Font has also treatedthe sameone
modulusmodelswith similar methods[461.

We thank M.G. Schmidtfor useful discussions.
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Appendix A

TABLE A.1

M={x~wF(1,1,1,1, 1)[x~+x~+x~+x~+x1=0}

Group Generators /iO21 h~’~ x

I - 101 1 —200 -.

4 (10040) 49(25) 5(1) —88
(12340) 21(21) 1(1) —40

(10040)x(12340) 21(5) 17(1) —8
7L~ (12200) 17(17) 21(1) 8

(12340)x(10220) 1(1) 21(1) 40
7/

5x4 (10040)x(10400) 5(5) 49(1) 88
775x13x4 (10040)x(10400)x(14000) 10) 101 (1) 200

M ={x, a F(2, 1, 1, 1, 1)~x~+ x~+ + + = 0)

Group Generators h
1”21 h”~ x

1 103 1 —204
(03300) 63(55) 30) —120

7/3 (02220) 60(40) 6(1) —108
7/3 (04200) 45(37) 30) —84
7/,, (01005) 43(21) 7(1) —72

4 >< 4 (03300) x (03030) 37(31) 70) —60
7/3 (12200) 3101) 130) —36

1
3x773 (02220)x(04200) 3006) 120) —36
4 (04110) 29(20) 170) —24

(01005)x(12200) 27(7) 150) —24
7/,, (03210) 2309) 110) —24
7/,, (15320) 2107) 9(1) —24

7/3x7/3 (02220)x(02022) 23(15) 170) —12
(04020)x(12200) 1901) 130) —12
(03030)x(21100) 13(9) 190) 12

4,x12 (01005)x(03300) 1701) 230) 12
4x13 (03201.)x(04020) 9(5) 210) 24
7/3x1,, (02022)x(03210) 11(7) 230) 24

7/,, (21100) 1505) 270) 24
7/3x77,, (02022)x(01005) 17(8) 290) 24

xl,, (03300)x(04110) 1200) 300) 36
(01005)x(03210) 130) 310) 36

7/3 x7/3x7/3 (02220)x(02022)x(02202) 7(7) 37(1) 60
13x4 (02220)x(01005) 7(7) 43(1) 72

(04110)x(04101) 3(3) 45(1) 84
4x4 (01005)x(01050) 6(4) 600) 108

(02220)x(02022)x(01005) 3(3) 63(1) 120
13x4x1,, (02220)x(01005)x(01050) 10) 1030) 204
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TABLE A.1 (continued)

M ={x, a P(4, 1,1. 1, 1)Ix~+x~+ + x~+ x~=0)

Order Generators h>”
2’ h”-2> x

149 1 —296
4 (01511) 106(85) 20) —208

4 (04400) 83(77) 30) —160
(04400)x(01511) 69(49) 50) —128

7/4 (04220) 49(39) 9(1) 80
(04400)x(04040) 47(41) 7(1) —80

7/,, (07531) 43(39) 30) —80
4 (01007) 43(21) 110) —64

7/
4x7/,, (04220)x(01511) 41(25) 9(1) —64
7/,, (03311) 35(35) 19(1) —32

7/,,x7/,, (01007)x(01511) 3303) 17(1) —32
//4x7/5 (04022)x(,( 3311) 29(23) 21(1) 16
/4x12 (04220)x(04400) 27(21) 190) —16

7/,, (05210) 2509) 170) —16
7/,, (04310) 2309) 150) —16

l,,xl,, (02330)x(01511) 1701) 250) 16
l,,xl,, (04301)x(05210) 1501) 230) 16

14x1,xl,, (04022)x(04040)x(03311) 1905) 270) 16
7/4 xl,, (04220)x(04310) 21(11) 290) 16

7/,, (02330) 1707) 330) 32
7/,,xl,, (01007)x(04310) 19(5) 35(1) 32
7/,, x 7/-, (02330)x(04400) 9(9) 41(1) 64
l,,x12 (01007)x(02330) 11(11) 430) 64

(02303)x(05210) 3(3) 430) 80
14x7/4x1,, (04220)x(04022)x(03311) 7(7) 470) 80
7/,, xl,, x7/, (02303)x (01070)x (04400) 9(7) 49(1) 80

4 x4 (01070)x(04220) 5(5) 690) 128
7/,, xl,, x 7/4 (01070)x (02303)x (04220) 3(3) 83(1) 160

7/,,x7/,, (01007)x(01070) 2(2) 1060) 208
l,,xl,,xl,, (01007)x(01070)x(01700) 10) 1490) 296

TABLE A.1 (continued)

M ={x, aP(5,2,1,1,1) x~+x~+x~
0+x~°+x~>’=0)

Order Generators, h>”2> h>’’’ x

1 145 1 —288
4 (00550) 99(81) 3(1) —192

1
2x12 (00550)x(00055) 67(49) 70) —120
4 (01440) 47(31) 11(1) —72
4 (00280) 37(29) 130) 48
7/,,> (00109) 3907) 150) —48
7/,,, (01350) 2907) 170) —24
7/,,, (01170) 1705) 290) 24
7/,,, (02330) 1505) 390) 48

4 xl,,, (00055)x(01350) 13(9) 37(1) 48
l,,,x12 (00109)x(00550) 11(9) 47(1) 72
4 X4 (00280)x(00208) 7(7) 67(1) 120
l,,,xl,, (00109)x(00280) 3(3) 99(1) 192
110x1,,, (00t09)x(00190) 10) 1450) 288
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Appendix B

We follow ref. [3] andcomputetwo of the periodsexplicitly in a symplecticbasis
thusidentifying with two particularsolutionsof the periodequations.The remain-
ing two are then determinedby requiringthat the monodromytransformationsare
representedas Sp(4;7/). To do this we representthe periodsas integralsof the

holomorphicthreeform overthe cyclesof the Calabi—Yaumanifold. Wetake ,I2 in
the gauge*

x4 dx,> A dx, A dx
(2(a) =ka 2 (B.1)

(leanbe expandedin a cohomologybasisas .
12=z*a

0 — ~aI
30wherethe forms a

0
and /30 are dual to the integer symplectic homology basis A” and B0 which
satisfies A

0 fl B~= 3~,A” ~ A” = Ba 0 B,, = 0 and fA~ah= ~ = 6~’ with the
other integralsvanishing.With this the periodsare z” = fA’~’ ‘~a = fB~~-We now
integratethe holomorphic three-form(2(a)over the two cyclesA2 and B

2 which
are close to the node and which have intersection number one [3]. They are
definedas

A
2 = {xt’ I x

4 = 1, x, real, x3 s.t. W(x) = 0 S
3 as a—s

(B.2)
B

2={xklx4=1, Ix>>I = Ix,I = 1x21 =3, x3Oas a-scc}.

To get the correctnormalizationfor the periodswe work in a coordinatepatch
where one of the coordinateswith weight one is set to one.This completelyfixes

the equivalencesin P~.
z
2(a): We will only needz2 to lowest order in E2 := (a — 1). For pointsclose to

the nodeweset x, = 1 + y, (i = 0, 1, 2, 3) with y, = 0(E) anddefine3W/3x
3= k(k

— 1)w3 + 0(E
2) where W

4 is linear in the y,. One then finds that W= 0 corre-
sponds,upon droppingterms Q(~3),to (W~+ B,1y,y1)= (2k/(k — 1))E

2, where B,
1

is a real symmetric matrix with positive eigenvalues.Converting to spherical
coordinatesonethen finds that

4k ~. 2
z
2(a) = f (2=

2(det B)(a— 1) +
42 (k—l)

43 4 1/2

= k3/2(,~i) (a-i) +O((a- 1)2). (B.3)

* For the relation of the above form of the holomorphic three form with the one implicit in our

discussionat the beginning of sect. 3, we refer to ref. [45].
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This shows that z2 is the solution of the period equationwith index oneat a = I
which is free from logarithms.

G
2(a): We define ~ via x3 = (ax0x1x2)’

711’~in terms of which W= 0 reads

1 + H”
0 —x~—x~

= e + ~/k with � = k/(k- I)~
k(ax0x,x2)

The holomorphicthree-formthenbecomes

dx Adx Adx20 1

x0xix2(~ — 1)

Expanding(1 — ~ I)1 in powersof � andperformingthe integralsover x> with

I x I = 3 (i = 0, 1, 2) one finds *

(2~-i)
3 — (km)!

________ —km
d G (ya) - (B.4)

or ,n=0 IFT(mi.’>)!
1=0

Candelaset al. [3] argue that under transport about a = i only the cycle B
2

transformsnon-trivially in that it picks up a multiple of A
2. This meansthat the

period ~2 will pick a multiple of the period z2. This leadsto the identification of
i’~(a)in eq.(3.8) andthe assertionthat the otherperiodsare free from logarithms.
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