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GENERAL RELATIVITY

Reversing centrifugal forces

Bruce Allen

NEAR a massive compact body, such as a
black hole, the centrifugal force reverses
direction, according to new work by Abra-
mowicz and coworkers'™. The result adds |
another item to the list of strange relativ-
istic effects associated with gravitationally
compact objects. In addition to its intrinsic |
interest’, the reversal of the centrifugal
force provides a simple intuitive explana-
tion for a number of previous predictions
concerning the behaviour of viscous fluids
near a black hole. These effects have
important consequences for the accretion
disks formed when matter, attracted by
enormous gravitational forces, spirals
towards such compact bodies.

The reversal of the centrifugal force can
be described in terms of a simple exper-
iment. Imagine attaching a rocket to a
small test mass, and using the rocket to
maintain the mass on a circular trajectory
centred about a black hole. The rocket is
set up so that its thrust is exerted perpen-
dicular to the path of the test mass: thus
the rotational velocity of the particle on its
circular path does not change with time.

Far away from a black hole, or in empty
space, the rocket must exert an inwards
force. which must be increased if the
rotational velocity of the test mass on its
circular path is increased. If the rocket’s
motors are shut off, the test mass will fly
off along a straight line, at a tangent to the
circular path.

What Abramowicz and his collabora-
tors have shown is that if the test mass is
moving on a circular trajectory very close
to a black hole, the rocket must exert an
outwards force which increases if the
rotational velocity of the test mass is
increased. This is contrary to ordinary |
intuition; we would expect that increasing
the rotational velocity of the test mass
would tend to make the mass fly away
from the black hole, so that a stronger
inwardly-directed force would be needed
to maintain a circular path. One can ima-
gine building a track which circles around
the black hole, and then riding a cart
around the track. As the cart begins to

FIG. 1 A pair of circular tracks encircle a black
hole, and riders in carts move around the
tracks with constant velocity. The inner track
lies inside a radius 3/2 r,, and the outer one
lies outside that radius. If the riders’ carts are
speeded up, the outer rider is crushed more ‘
firmly against the outside of her cart; the inner

rider, however, is crushed more firmly against |
the inside of her cart. ‘
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rotate faster and faster around the track,
the rider inside finds herself crushed up
more and more firmly against the inside of
the cart (Fig. 1).

How close does one have to be to the
black hole before the centrifugal force
reverses its direction? Suppose the black
hole has mass m2, and we denote the speed
of light by ¢, and Newton’s gravitational
constant by G. For a compact body of
mass m, it is convenient to introduce the
‘Schwarzschild’ or ‘horizon’ radius », =
2Gm/c’. For the mass of the Earth, r is
about a centimetre; for astrophysically
interesting black holes r would be at least
a kilometre. The physical significance of
this radius is that if the mass m is collapsed
into a sphere of radius r smaller than r_ a
black hole forms. In that case, any object
which enters within the sphere r = r is

doomed to fall into the gravitational sing- ,

ularity at r = 0 it can never escape to the
region outside the horizon.

The surprising effect found by Abramo-
wicz and collaborators is that for circular
trajectories in the equatorial plane, whose
radius is less than 3/2r, the outwards force
required to maintain the test mass on the
circular trajectory increases with increas-
ing rotational velocity. The roots of the
idea can be found in earlier work by Abra-
mowicz and Lasota*’, where they show
that for a test mass circling the black hole
at radius 3/2r, the force required to main-
tain the test mass on the path is indepen-
dent of its velocity. This critical radius
32r,
reverses sign, happens to be the same as
the radius at which a photon orbits a black
hole. This is no coincidence: analysis using
the optical-metric formalism of Abramo-
wicz, Carter and Lasota"shows that, in a
static space—time, the centrifugal force
reverses precisely when photon geodesics
(in the optical three-metric) curves inside,
rather than outside, the path of the test
mass. Another, equivalent statement of
the effect is that the centrifugal force
repels trajectories away from unstable cir-
cular photon orbits, and attracts them
towards stable ones.

Fortunately, this surprising result is not
a question of faith — the reader with a
background in general relativity can verify
the main result in an afternoon. The

details can be found in section 4.1 of ref. 3;
indeed, within a few years this effect will |

probably be presented as an exercise for
students of relativity. One simply calcu-

lates the acceleration of a test mass moving |
with constant rotational velocity about a |

circular path (Fig. 2). Choosing units with

G = ¢ = 1, one finds that the velocity- |

dependent part of the acceleration of the

test mass is perpendicular to the surfaces |
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at which the centrifugal force

1 A

\ FIG. 2 Reversing centrifugal forces. Test-
! masses are moved in circular paths, centred
around the black holes (a), which are parallel
to the equatorial plane, at radius r from the
centre of the black hole, and an angie 6 from
the azimuthal axis. b, For a particle moving in
such an orbit, the centrifugal force is normal
(perpendicular) to the surfaces known as von
Zeipel cylinders defined by r’sin’g/(1— 2m/n
= constant. Within the rotosphere (dashed
line) the component of the centrifugal force
perpendicular to the cylinders rsinf = con-
stant points inwards rather than outwards.
known as von Zeipel cylinders (Fig. 2b).
Inside the ‘rotosphere’ (r < 3m sin’6) the
i component of the acceleration normal to
the cylindrical surface (r sin # = constant)
points outwards rather than inwards.
Thus, inside the rotosphere, the centri-
fugal force reverses sign.

There are a number of interesting impli-
cations of this result, and Abramowicz in
fact claims that all dynamical effects asso-
ciated with the centrifugal force change
sign inside the rotosphere. These effects
are expected to be most important for the
behaviour of the accretion disks formed
| when matter is pulled into a black hole by
gravitational forces. These accretion disks
might contain a considerable quantity of
material, and it is believed that they are
formed when the gravitational field of the
black hole tears matter off the surface of a
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companion star or stars orbiting nearby.

The importance of these accretion disks
stems from the simple fact that a black
hole itself is black — it does not emit any
light or other radiation that would make it
visible from the Earth. But it might
become visible indirectly as matter in the
accretion disk spirals into the black hole,
undergoing large accelerations and
shocks, and emitting electromagnetic
waves. These effects are most important
near the horizon of the black hole, where
the gravitational field is strongest.

To understand the behaviour of accre-
tion disks, one needs to know, for
example, how the disk transports energy
and angular momentum. The reversal of
the centrifugal force provides a simple
explanation for several earlier results con-
cerning the behaviour of viscous fluids
near a black hole. If one spins a dinner-
plate covered with syrup (a viscous fluid)
the syrup spreads outwards, transporting

- the angular momentum outwards: but
near a black hole, angular momentum is
transported inwards in such a fluid’. We
can now see that this is because the system
attempts to minimize its energy while con-
serving angular momentum, reversing the
direction of the viscous torque'. Another
surprising result, which may also be easily
understood via the reversal of the cen-
trifugal force, is that slowly rotating con-
tracting ellipsoids reach a maximum
eccentricity, and then become more
spherical as they collapse®. The Rayleigh
criterion for the stability of an angular
momentum  distribution is similarly
reversed inside the rotosphere. The hope
must be that the new effect will also cast
new light on the astrophysical importance
of black holes, their behaviour and
appearance. O
Bruce Allen is in the Department of Physics,

University of Wisconsin, Milwaukee, Wiscon-
sin53211, USA.

BEHAVIOURAL ECOLOGY

How to find the top male

Andrew Pomiankowski

LEKS are assemblies of males that females
visit solely for the purpose of mating. An
outstanding puzzle about leks is the
extreme skew in the distribution of male
matings — one male achieves nearly all

of the copulations, most of the others
none. Several male cues are known to
affect female mate choice (for example
strutting rate in the sage grouse' and
tail length in Jackson’s widowbird’);
but these traits do not accurately pre-
dict the identity of the top male, nor
can they alone account for the unanim-
ity of female choice. Some other fac-
tors must be involved, and one sugges-
tion is that females copy the mate
choice of others. Wade and Pruett-
Jones'have shown how, in theory, even

a weak tendency to copy could account
for the skew in male mating success,
and this prediction found support from
studies of grouse leks reported at a
recent meeting™.

In many lek species there are several
opportunities for females to copy.
Females often visit in groups and make
non-mating visits to the lek, when other
females are present, before choosing a
mate. Most theoretical models of sexual
selection have ignored this, and have
assumed that females choose males inde-
pendently.

To study copying behaviour, Wade and
Pruett-Jones draw an analogy with Polya’s
Urn model. In Urn models coloured balls
are picked at random from an Urn and
replaced with several additional balls of
the same colour”. The distribution of balls

*Third International Conference of Behavioural Ecology.
Uppsala, Sweden, 22— 26 August 1990
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after n selections is given by the Polya—
| Eggenburger equation. Copying is similar
to this if the probability that a female
chooses to mate with a male is dependent

L. Lee Rue/Bruce Coleman Ltd

IMAGE
UNAVAILABLE
FOR COPYRIGHT
REASONS

Sage grouse — strutting his stuff.

on the number of times that he has been
chosen before.

This equation shows that whenever
copying occurs the variance in male mat-
ing success increases; more males have no
mates and a few males obtain a large
number of matings. Interestingly, this
occurs even when females have no previ-

i increase differences and cause a marked
skew in the distribution of matings.

At the meeting, there were reports of

i two new studies of mating sequence on the
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ous preferences for particular males. But ,
if males do differ in their attractiveness to !
females in the first place, copying will

lek that provide evidence that females do
indeed copy each others’ choice. On days
when large numbers of sage grouse hens
visited the lek, hens were more likely to
choose a male already selected by others
(R. Gibson, J. Bradbury and S. Vehren-
camp, University of California). Success-
ful males had more matings than would be
expected by independent choice, even
when relative male attractiveness (calcul-
ated over the whole season) was con-
trolled for — so it was not just that more
attractive males had more mates. A simi-

¢ lar pattern occurs in black grouse (J.

Hgglund, A. Lundberg, Uppsala Univer-
sity; R. Alatalo, Jyvaskyld University).
Males that mated more than once tended
to copulate in sequence, cither on the
same or the following day’.

Copying appears to be due to females
finding males with other females close-by
more attractive. In both fallow deer” and
sage grouse (R. Gibson ef al.) the rate at
which females enter male territories cor-
relates with the number of females already
present. Further support is provided by an
experiment in which stuffed female black
grouse were put on the territory of a male
that had previously failed to mate (J.
Hgaglund et al.). The result was an increase
in the number of females that entered the
territory of the less attractive male. How-
ever, the male still failed to mate with
any female; so copying may attract females
to inspect a male but clearly other criteria
affect whether she will accept him.

There are alternative explanations for
these observations. One possibility is that
male attractiveness is not constant but
varies from day to day, but this was ruled
out in the study of sage grouse — there
was an increase neither in the acoustic
cues nor in the display rate on days that
males copulated compared with days
when they did not. Another possibility is
that males increase their display rates
once they have mated or if females are
nearby. Females may merely be respond-
ing to the amplified display. Probably
both copying and changes in male behavi-
our are important.

What benefits do females get from
copying? If there is a cost involved in
sampling and accurately assessing males,
then copying may be a short cut to identi-
fying a mate of high quality. Choice costs
have not been measured in any lekking
species but they undoubtedly exist.
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