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We show how the action of the target space modular group restricts the parameters of the low-energy effective action of orblfold 
compactifications These constraints are shown to be consistent w~th explicit computations of string S-matrix elements 

Recently restr ict ions imposed by modula r  invarl-  
ance on the scalar field configurat ions for general 
( four -d imens ional )  N =  1 space - t ime  supersymmet-  
rlc field theories were invest igated [ 1 ]. The analysis 
was restr icted to one chlral superfield but  is clearly 
valid in a b roader  context Modula r  invar lance se- 
verely constrains the form of  the superpotent ia l  and  
provtdes a link to the theory of  modu la r  functions. 
The analysis was mot iva ted  by the dual i ty  symmetry  
in strmg theory [ 2 - - 5 ]  In this context the single 
chlral field can be viewed as the modulus  which is 
associated to the overall  scale of  the internal  slx-dt- 
menslonal  mani fo ld  and modula r  invarlance of  the 
action reflects dual i ty  lnvar iance o f  the string theory. 
The superpotent ia l  o f  the modulus  can receive non- 
zero contr ibut ions  only from non-per turbat ive  string 
effects 

In this letter we show that  the previous analysis ap- 
phes exactly when discussing modula r  mvar lance  of  
the N =  1 low-energy supergravity action which arises 
in orbifold compactlfiCatlons, including modul i  and 
charged mat ter  fields in both the untwisted and 
twisted sectors It is well known [6,7 ] that  a lready at 
string tree level, due to non-per turbat lve  world-sheet 
effects, the superpotent tal  for the charged twisted 
fields depends  on the moduh  Therefore,  the ques- 
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t lon o f  modula r  lnvar iance of  the low-energy super- 
gravity action becomes non-tr ivial  a lready at lowest 
order  In string per turba t ion  theory 

let us briefly recall the main  result of  ref  [ 1 ] The 
N =  1 supergravity act ion is described (set t ing all 
gauge fields to zero)  by a single function [ 8 ] 

(#(t, t )  = K ( t ,  i-) +log  W ( t ) + l o g  W ( t ) ,  (1)  

where t is the scalar component  of  a chlral  superfield. 
The discrete dual i ty  t ransformat ion R ~  1/R extends 
in N =  1 supergravity to the modula r  t ransformat ions  
PSL(2,  77) acting on the complex modulus  t as 

a t - l b  
t-~ - -  a d -  bc = 1 (2)  

lct + d ' 

It follows that  the t -moduh space SU(  1, 1 ) / U (  1 ) 
H + has to be restncted to the fundamental  region H + / 
PSL(2 ,  Z)  Modula r  lnvar lance o f  the N =  1 super- 
gravity act ion requires fg( E t) to be a modula r  lnvar-  
iant function This means  that  K( t ,  t) must  be invar- 
iant up to a Kahler  t ransformat ion which has to be 
absorbed by the t ransformat ion of  the superpotent ia l  
W( t )  Specifically, choosing K ( ~  t) = - n log (t +/-) 
which leads to the correct Kahler  metr ic  o f  the SU(  1, 
1 ) / U  ( 1 ) non-linear a-model,  modular  lnvanance  can 
be ma in ta ined  tf  the t -dependent  superpotent ia l  
t ransforms under  modula r  t ransformat ions  (up to a 
t - independent  phase)  like a modula r  function o f  
weight - n ,  i e if  
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w( t ) - , e xp[ - la (a ,b , c ,d ) ] ( l c t+d) -nw( t )  (3) 

As we will see m the following, thxs result will not be 
changed by the inclusion of  charged/twisted fields m 
the orbffold models 

Let us first consider only the compact~ficatlon on 
the two-dimensional Z3 orblfold based on the two- 
torus "1"2 = R2/A where A is the root lattice of  SU ( 3 ) 
This amounts  to fixing one o f  the two complex back- 
ground fields, the complex structure of-I-2, anu to 
keeping the second, z=~t=2B+lx/~ R 2 as a free pa- 
rameter Duahty,  ~ e a modular  transformation (eq 
(2 ) )  on t, changes the conformal dimensions of  the 
untwisted (winding) states, keeping however the 
whole untwisted Hflbert space lnvarlant The acnon 
of  modular  transformations on the twisted Hllbert 
space was recently gwen in refs [9-11 ] Here, the 
three twist fields a,~ ( a  = 1, 2, 3 ) transform into hnear 
combinations under modular  t ransformanons Spe- 
cifically, the generators S and T o f t h e  modular  group 
act on the twist fields a,~ (apart from possible z de- 
pendent phases which we d~scuss later) as 

1 2 , T =  1 

0 
(4) 

(p=  exp ( 2 n l / 3 ) )  The twist fields are lnvarlant un- 
der the congruence subgroup r ( 3 ) = { ~ e S L ( 2 ,  
Z) ~7--- (~ o) mud 3} but transform non-trwmlly un- 
der the quonent  F / F ( 3 )  ~SL(2 ,  Z3) which is equal 
to the binary extension ~- of  the tetrahedral group J 
[ 10 ] We have to consider the binary extension smce 
S 2 4= 1 on the twist fields ao 

This discussion generahzes in a straightforward 
manner  to the compactlficaUon on the six-dimen- 
sional Z3 orbffold with gauge group E 6 × SW (3 )  [ 12 ]. 
(At specml values of  the background parameters there 
is an additional U ( 1 )6 gauge symmetry which we will 
not discuss m the following ) There are nine complex 
moduh  T,f (t, f )  = 1, 2, 3) in the untwisted sector 
(The moduh  are o f  course neutral under E 6 X S U  (3 ) ,  

however not under the gauge symmetnes which might 
be present at special values o f  the background param- 
eters or, in other words, of  the vacuum expectaUon 
values of  the untwisted moduh)  In addltlon there 
are 27 moduh  in the twisted sector which are smglets 
under  the E 6 gauge symmetry In fact, the twisted 

fields are not moduh  of  the orblfold compactlfica- 
non  since their vacuum expectaUon values describe 
the blowing up of  the orblfold singularities All mod- 
uh are of  the ( 1, 1 ) type and therefore correspond to 
changes o f  the Kahler structure 

The full modular  group acts as a d~screte coordi- 
nate transformaUon on moduh  space which is para- 
metnzed  by all moduh,  untwisted and twisted Here 
we will h m n  ourselves to that part of  the modular  
group which acts on the untwisted moduh  only It 
means that we consider only those duahty transfor- 
manons  which do not revolve the blowing up of  the 
orbffold slngularmes, ~ e we discuss the theory for 
small values of  the twisted moduh  The moduh  space 
o f  the untwisted moduh  ~s locally g~ven by the co- 
set SU(3,  3 ) / [ S U ( 3 ) × S U ( 3 ) × U ( 1 ) ]  [13].  This 
space can be, for example, obtained by performing a 
Z3-mvarlant t runcanon of  the manifold SO (6, 6 ) /  
[ S O ( 6 ) × S O ( 6 ) ]  which parametnzes the G u, B u 
moduh  space of  a six-dimensional torus compactlfi- 
canon The acUon of  the generahzed duahty transfor- 
mations on the torus moduh  G,s, B u ~s gwen by the 
discrete group SO (6, 6, Z) [ 3,4 ] The maximal dis- 
crete subgroup of  SO (6, 6, Z) which is also a subgroup 
of  SU (3, 3 ), thus leawng the untwisted spectrum m- 
varmnt, is obviously gwen by SU (3, 3, Z ) It is there- 
fore natural to conjecture that SU(3,  3, Z) ~s the 
complete duahty group of  the untwisted moduh  

Consider now the slmphfied case where all un- 
twisted moduh  are set to zero except for those three 
whose real part parametnzes  the overall s~ze o f  the 
three SU (3) ton, l.e the three internal dflatons whose 
~magmary parts are the corresponding amons. 

T,f=t,t~ff, t,=v/3Ra,-21B,, l = 1 , 2 , 3  (5) 

We therefore consider from now on the modular  
transformations SU( 1, 1, Z) 3 c SU(3,  3, Z). 

A similar structure arises also in other (2, 2) orbl- 
fold theories [ 14,15 ] The possible gauge groups are 
(apart from the case already considered) E 6 ×  

SU (2) × U ( 1 ) and E 6 × U ( l ) 2 corresponding to 
5 and 3 untwisted (1, 1) moduh,  pa rametnzmg 
[ S U ( I ,  1 ) / U ( 1 ) ] X S O ( 2 ,  4 ) / [ S O ( 2 ) X S O ( 4 ) ]  
and [SU(1,  1 ) / U ( 1  ) ]3, respectwely The duahty 
transformations on the untwisted moduh  are then 
g w e n b y  SU(1,  1, Z ) X S O ( 2 , 4 ,  Z) and SU(1,  1, Z) 3 
respectively Thus, if we keep only three moduh  t,, 
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duality transformations are always given by SU ( 1, 1, 
Z) 3 

Let us now introduce also the charged chlral mul- 
Uplets and formulate the N =  1 modular  mvanan t  su- 
pergravlty action for moduh  and charged fields The 
t, are accompanied by their three superpartners 
A," = 1, 2, 3) under the n = 2 superconformal alge- 
bra They transform in the 27's of  E6. Throughout  we 
suppress E6 and SU (3)  indices. The 27 twisted mod- 
uh and twisted 27's will be denoted by Ca and 
Ad(d= (aflT) = 1, , 27 )  At the special values of  the 
moduh  where the gauge group is enhanced there are 
extra massless matter fields We will set them to zero 

We know from ref [ 16 ] that the non-vanishing 
components  of  the Kahler metric, correct to lowest 
order in the twisted modull and the charged fields, 
are 

t~u 3u 
~,,~,-- ( t , + ~ ) z ,  ~a~,-- t ,+~  ' 

t~ae ~de 
f¢c~', = 1 - i 3 1 ( t , + ~ ) ,  faAd, = 1-[3=1(t,+~)2/3 

They can be derived from the Kahler potential 

(6)  

K = - l n  (t, + { , - A , . 4 , ) - C d C d  

--Ad'4d fi,=l (t' + ~)1/3) (7) 

From the known transformation law of  t, + ~ under 
SL(2, Z) transformations with parameters a,, b,, c,, 
d, eZ, a,d,-b,c,= 1, 

]ic, t ,+d,j  2 , (8) 

we find through the restriction that the Kahler poten- 
tial has to be mvarlant  up to a Ki~hler transforma- 
tion, the following transformation properties of  the 
twisted moduh  and the charged fields. 

A t 

.4~ ~ lCt t, +-------~t ' 

Mae C~ 
Cd~ 1-[Ll(lC, t, +d,) ' 

MdeAe 
Ad---~ [i3=l(lC, tt +d,)2/3 . (9) 

Here Mae= M.~adl4~ .  and M.a  describes the non- 
trivial action of  the modular group on the twisted 
ground states aa and can be composed of  a finite 
product of  S and T, eq (4) Invarlance of  the super- 
gravity action, in particular the gravitmo mass term 
exp ( ay/2 ), requires that the superpotenUal W trans- 
forms as (up to a field-independent phase) 

W 
W--. l_i31(lc, t ,+d, ) (10) 

So far we obtained the transformation properties 
eqs (9) only from the requirement that the Kahler 
potential is modular lnvarlant up to a Kahler trans- 
formation. Now we want to verify eqs (9) by consid- 
ering expressions for the string scattering amplitudes 
that enter the low energy supergravlty lagrangxan 
Here we are m particular interested in the Yukawa 
couplings Through supersymmetry they are related 
to the scalar self-interactions 

From N =  1 supersymmetry we know the general 
structure of  the low energy lagranglan In particular 
the Yukawa couphngs take the form 

exp ( if /2 );~tR ( ~tS -- (ffKL* ~IJL* ~K "~ (t31 (ff S ),~JR "[" h c. , 
(11) 

with capital indices I =  {z, at} ,~R are the fermlonlc su- 
perpartners of  the charged matter scalars. Since we 
are only considering massless fields we know that the 
superpotential is, to lowest order in the charged fields, 

W= Wdey(t,, Cd)AdA~Af+ W, jg(t,, Cd)A'AJA k , (12) 

and to this order the Yukawa couplings reduce to 

3 --1 

To go from eq ( 11 ) to eq ( 13 ) we have made a non- 
h o l o m o ~ h l c  field redefinition 

X~--* ( W~ I,V) I/4Z~ (14) 

Here we are only interested in the dependence of  the 
Yukawa couplings on the untwisted moduh  T, They 
have been calculated in string theory in refs [ 6, 7 ] 
It is important  to remember that in these papers the 
fields were represented by vertex operators which 
create normalized states with canonical kinetic en- 
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ergy terms Fields with this normahzat lon will be de- 
noted by primes In this primed basis the Kahler 
structure is not manifest, which results e g. in the form 
of  the non-holomorphlci ty o f  the Yukawa couplings 
or moduh-dependent  phases in the modular  transfor- 
mations o f  the twisted fields 

Consider first the untwisted charged field A, The 
string theory Yukawa couplings for these fields are 
constants and non-vanishing only for t Cj  ¢ k, the A; 
do not transform under modular  transformations 
Furthermore, taking into account the K~ihler metric 
for A, in eq (6) we derive that the fields A; in the 
string basis are related to the supergravity basis by 

A,=A~R, exp(iO,) , (15) 

where the phase factor has to transform under mod- 
ular transformations as 

exp (iO,) --, lC, t ,+d, exp (10,) (16) 

Using this one shows the first equation in (9).  We 
note that 1-[3= 1 exp(i¢,)  transforms like ( W~ W)1/z, 
i . e  1-[3= 1 exp (10,) = ( W~ Ug) 1/2 exp (lO1~) where a is a 
modular  lnvariant phase With this, one shows that 
14.;jk is a constant Actually, the supergravlty action 
containing only the untwisted fields t, andA,  is mvar- 
l int  not only under the discrete modular  transfor- 
mations eqs (1)  and (9) with integer coefficients, 
but under the full continuous non-compact SU ( 1, 1 ) 

Let us now turn to the twisted fields Since they are 
generated by the twist field vertex operators a ~ =  
a .a~r  one has to determine the already mentioned 
phase in the modular  transformation rules o f  these 
fields For the S transformation this phase was given 
in ref [ 11 ] and it is straightforward to obtain the re- 
sult for general modular  transformations 

3 ( l C ,  t,__+d, ~--1/6 
Cr'd---~ l-~ Mdeae ( 17 ) 

,=1 \ - l C ,  t, +d , }  

where Mde are the t, independent matrices described 
above Note that this is a non-holomorphic transfor- 
mation in the string basis 

Using the expressions for the Kahler metrics in eq 
(6)  we find the following relation between the super- 
gravity and the string basis for the twisted fields 

/" W'~ 1/3 3 (W'~I/6 3 R2/3 

(18) 

These relations are up to a SL(2, Z )3 invarlant phase 
which cannot be determined without the knowledge 
of  higher order interactions calculated in the string 
basis Using these transformation rules and also eq. 
(17) leads immediately to the last two equations in 
(9).  The Yukawa couplings eq. ( 11 ) become to low- 
est order In the fields 

(~=12i 1 - t  W -t/2 
= R t ) ( ~ - )  ~dRWdef(tt))~eRAf (19,  

Above transformation rules imply, comparing with 
eq. (8) ,  that Wdey(t,) has to transform under modu- 
lar transformations as follows 

3 
- 1-I mdef(l,) (,=1 (lC/,+dt)) 

N M f 3 M ~ ? M f f  3 Wa e'f (t,) (20) 

This IS indeed the behavlour under modular  transfor- 
mations o f  the string tree level Yukawa couplings for 
the Z3 orblfold [ 11,6] 

3 
Wae1(t,) ~ l-[ q2(It,)Z,~,(It,) (21) 

t=l 

Z. are the three level one characters o f  SU (3) and r/ 
the Dedekind function The t independent phase in 
the transformation of  q can be absorbed in the trans- 
formation law of  the twist fields The radices on the 
left- and right-hand sides of  eq (21 ) are related as 
follows I f  the three twisted 27's all sit, with respect 
to the tth torus, at the same fixed point, c t ,=0 and Zo 
is the character of  the root conjugacy class of  SU (3) 
If  they all sit at different fixed points we have either 
a , =  1 or i ,  depending on the order ZI and Xi are the 
characters o f  the two fundamental  weight conjugacy 
classes of  SU (3)  They are equal, i e. ;(1 =;(i For all 
other combinations the space-group selection rules are 
not satisfied and the Yukawa couplings involving 
twist fields vamsh in the orblfold limit 

It is now also straightforward to verify that the E6 
and SU(3 )  D-terms are invarlant under modular  
transformations 

Let us summarize our results The inclusion of  the 
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twisted fields, which arise in the orblfold compact l -  
f ication scheme, tn the s t rmg-mduced  N =  1 super- 
gravity act ion gtves a concrete example  of  a modula r  
mvar lan t  supersymmetr tc  field theory with non-tr iv-  
tal superpotentlal .  The Kahler  potent ia l  eq. (7 )  re- 
produces  the kmet lc  energy terms of  the untwisted 
and twisted moduh  and charged mat ter  fields to low- 
est order  as discussed and ts modula r  invar lant  up to 
Kahler  t ransformat ions  In add l tmn  we have shown 
that  the known expressions for the Yukawa couplings 
among the twisted fields satisfy the requirement  of  
modula r  mvar tance  of  the supergrawty effective ac- 
t ton at lowest order  in the twisted fields On the other 
hand, set tmg the twisted fields to zero and keeping 
only the untwisted moduh  and charged fields, the re- 
al izat ion of  the modu la r  invar iance o f  the supergrav- 
lty act ion is tr ivial  in the sense that  no modula r  func- 
t ions are required to bui ld  the superpotent la l  of  the 
untwisted fields, to cubic order  it iS independent  of  
the moduh  t,. This s i tuat ion is s imilar  to the case 
where one considers the act ion for the t-field alone 
with vanishing t-field superpotential .  Then the su- 
pergravtty act ion ts modula r  mvarmnt  due to its geo- 
metrical  in terpre ta t ion as an SU(  1, 1 ) / U (  l ) non- 
hnear  a -model  It ts the mt roduc t lon  o f  the superpo- 
tentlal  for the twisted fields (as well as for the t-field) 
which links the supergravlty act ion to the theory of  
modula r  functtons In fact, the lagranglan m the un- 
twisted sector, including the Yukawa couplings, ts in- 
var iant  under  the full SU ( l,  1 ) non-compact  group. 
(This  is a no-scale supergravl ty model  [ 17] ) Note 
that  one o f  the SU(1 ,  1 ) t ransformat ions  (namely  
t - . t - l b )  is the Pecce i -Quinn  symmetry  associated 
to the internal  axion B ~ Im t The Yukawa couphngs 
in the twisted sector, which arise from non-pertur-  
bat ive world sheet effects ( lns tan tons)  break the 
Pecce l -Qulnn  symmetry,  but  not  completely in the 
sense that  a discrete shift of  B xs still allowed, analo- 
gously to shifts in 0-terms in self-dual gauge models  
[4]  This residual discrete Pecce l -Qumn symmetry  
is part  of  the modu la r  lnvar iance of  the non-pertur-  
bat tve part  of  the effective lagrangtan for the twtsted 
states We have thus seen that  while the untwisted 
Yukawa couphngs are independent  of  the s~ze R of  
the internal  mani fo ld  and are thus the same as com- 
puted in field theory [18,19] ,  the twisted Yukawa 
couplings are zero in a-model  per turbatmn theory and 
entirely due to ins tanton effects 

One has also to stress that  the homogeneous trans- 
format ion  behavlour  of  the Kfihler potent ial  eq (7)  
under  modula r  t ransformat ions  ts only vahd up to 
quadra t ic  order  in the twisted moduh,  i.e up to that  
order  in which the Kahler  metr ic  of  the twisted fields 
is independent  of  these fields For  smooth Ca lab l -  
Yau manifolds  which arise by blowing up the orbl- 
fold singularities, higher order  terms in K will be rel- 
evant,  and the dual i ty  t ransformat ions  will not  take 
the s imple form as &splayed  m eq (9) .  

Final ly we want  to comment  on the relat ion of  this 
work to the dual i ty  symmetr ies  m N = 2  L a n d a u -  
Ginzburg models  [ 10,11 ] which can be used to de- 
scribe the string compact i f ica t ion on these orblfold 
spaces The parameters  both in the L a n d a u -  
Glnzburg  and space- t tme  superpotent ia ls  are essen- 
ttally given by string ampl i tudes  in the twisted sec- 
tors. The modula r  weights and phases of  the twist 
fields in eqs (9)  and (17)  are i r relevant  in the 
L a n d a u - G i n z b u r g  approach since there the super- 
potent ia l  is only defined up to an overall  factor 
Therefore,  the modula r  pa ramete r  a(z) which ap- 
pears m the L a n d a u - G m z b u r g  superpotential  (which 
can be writ ten as the ratio o f  two twtsted Yukawa 
couplings)  must  be a F (3)  lnvar lant  modu la r  func- 
t ion On the other  hand, the space - t ime  superpoten-  
tlal eq (12)  is not  invar lant  under  F ( 3 )  transfor- 
mat ions  but  acquires a non-tr ivial  weight factor. 

We acknowledge useful discussions with L. Ibfifiez, 
J Lauer  and W. Lerche 
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