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The transformation rules of d = 11 supergravlty axe given In a form which IS manifestly covarlant under local SO(16). 
The bosomc fields can be assigned to representations of E s. This construction extends previous results where the SU(8) 
(and ET) structure of d = 11 supergravity was exhibited and suggests further extensions Involving infinite-dimensional sym- 
metries. 

Some time ago it was shown [1,2] that simple su- 
pergravlty in eleven dimensions [3] admits a reformu- 
lation in which th.e tangent space group SO(l,  I0) of 
the original version is replaced by SO(I,  3) X SU(8), 
furthermore it was shown that the bosonlc fields could 
be assigned to representations of the noncompact 

group E7(+7), although this E 7 is not a symmetry of 
the new version. It is thus evident that the "hidden 
symmetries" that appear after reduction to lower 
dimensions [4] are not an artefact of the reduction 
but rather a property of the d = 11 theory itself, be- 
cause all physical degrees of freedom are retained an 
the construction of refs. [1,2]. While the groups 
SU(8) and E 7 are hnked with the reduction to four 
dimensions, other groups appear in the reduction to 
other dimensions [4], and it is therefore an obvious 
question whether the construction of refs. [1,2] can 
be extended to demonstrate the existence of yet more 
versions of d = 11 supergravlty. In this paper it is 
shown that such an extension is indeed possible, and 

that the d = 11 theory has a hidden SO(I 6) (and E8) 
structure as well ,1.  In this way a further unification 
of symmetries beyond those apparent an ref. [3] is 
achieved, the d = 11 gravlton and the three-index 
"photon",  which are distinct fields in the formula- 
tlon of ref. [3], are now fused Into a single represen- 
tation of the symmetry group, at least as far as theLr 
on-shell degrees of freedom are concerned. This 

.1 For earlier speculations in this direction, see ref [5]. 
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means in particular that there is an entirely new (and 

certainly rather unusual) formulation of Einstein's 
theory of gravity which in this case also involves the 
(simply laced) exceptional Lie algebras and possibly 
their afflne and hyperbolic extensions. 

Our construction is based on a 3 + 8 split of the 
indices in the same way as the construction of refs. 
[1,2] was based on a 4 + 7 spilt. The necessary tech- 
nology, conventions and notation have been explain- 
ed at length in ref. [2], and therefore the description 
here will be brief (as in refs. [1,2], higher-order fer- 
mionic terms will be ignored throughout this paper). 
The fields of d = 11 supergravlty are the elfbein EMA , 
a 32-component Majorana vector-splnor qJM and a 

three-index gauge field AMN P which appears only 
through its invarlant field strength FMNPQ in the 
equations of motion [3]. These fields depend on 
eleven coordinates z M, which are subsequently spilt 
into d = 3 coordinates xU and d = 8 coordinates ym.  
Correspondingly, all d = 11 indices are decomposed 
into curved and flat d = 3 indices/a, v , . .  and a,/3, 
... ,2,  and curved and fiat d = 8 indices m, n .... and 
a, b, ..., respectively. To rewrite the theory into the 
new form one follows the "standard" prescription 
[4,6], which involves several redefinitions. One first 
uses the local SO(l ,  10)invarlance of the original 
theory to fix a gauge such that 

:t:2 We underline flat d = 3 indices to distinguish them from 
the SO(8) spinor indices which will be introduced below 
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EMA = , (1) 

ema 

where a Weyl rescaling factor has already been in- 
cluded; of  course, 2x - det ema .3. The tangent space 
symmetry is thereby reduced to SO(l ,  2) × SO(8) 
and compensating rotations are needed in the super- 
symmetry variations to maintain the gauge chmce (1). 
As in refs. [1,2,6] our strategy will be to enlarge this 
symmetry to SO(1,2)  × SO(16) by the introduction 
of new gauge degrees of  freedom. 

The fermionic fields must be redefined in a sim- 
ilar manner. The d = 11 P-matrices are represented by 

]~A = Ta__ ® i~9 or J ® 1 : 'a,  (2) 

where the 3,~ are hermitean two-by-two matrices 
which generate the d = 3 Clifford algebra. The follow- 
mg relatmns are useful for the explicit reduction: 

7~_a_z = _iea__a_z, ~,a~ ...aa = ca1 ...as [-,9. (3) 

For the 16-by-16 matrices 1 ~a and I ~ 9 we choose the 
representatmn 

o 2') 1 ~ a = , 1 ~ 9 = , (4) 

pa 0 - 

where pah and r a = p a T  are real. The usual Clifford 
algebra is implied by the relation 

pa rb  + pb ra  =26 

Here and in the sequel, the indices a, a ,  & characterize 
the three fundamental SO(8) representations 8v, 8 s 
and 8c, respectively. To rewrite the theory we also 
need SO(16) vector and spmor radices I ,  J .. . .  and A, 
B ....  or .zi,/~ ..... respectively. Under the SO(8) X 
SO(8) subgroup of  SO(16) these representatmns re- 
duce as follows: 

16v ~ ( 8 c ,  1) ~ (1,8s)  , 128c + ( 8 s ,  8c) • (8v, 8v), 

128 s ~ ( 8  s ,8 v) ~ ( 8  v, 8 c) 

(these decompositions differ from the usual ones by 
an SO(8) triahty rotation). The tangent space group 
SO(8) which leaves the gauge (1) fixed should be 

,a  The Weyl rescahng factor in (1) leads to the standard Era- 
stem action in three dimensions 

identified with the diagonal subgroup of  SO(8) × SO(8). 
We therefore decompose the SO(16) radices in the 
following manner '  

I = (a, ~), A = (o~3, ab), ~1 = (aa, b3). (5) 

Using these decompositaons one can find an explicit 
representation of the SO(16) P-matrices P~l~ and 
p I  = (pI)T : 

= 6~6 Pab-~ , P ~ " Pf3-~,a°t b ab ,c 8 = 6 ac Pbg ' 

p& = ~bcP~& ' p& . = pb ab$3c #~,,b6 --6~,g #a, 

all other components = 0. (6) 

From these formulas it is readily checked that indeed 

I - I  J -I_ = 261JSAB. rhercs + rjerbs (7) 

Other SO(16) quantities such as P1-: =- P[I~J] can be 

easily computed from (6); for instance, 

= r a  . = 6 r bd 
~t e-g  [a-/3] an,ca ac af3' 

P.~'a!ab = -- P~7'gc~,ab = Pa" pb" "r0 ~ '  etc. (8) 

The redefined fermionic fields must be assigned to 
representations of  SO(16) such that the supersymme- 
try transformation parameter e I and the gravitino 
~b / belong to the 16-dimensional vector representa- 
tion and the remaining fermionic fields to the 128- 
dimensional spinor representation of  SO(16). The 
correct form of the redefined fields can, of  course, 
only be determined through a careful analysis of  the 
supersymmetry transformation rules as in refs. [1,2]. 
Anticipating the final result, we have 

¢ I I~p = A-1/2e'/~a--(~a_ +'ya_l~91~a~a ), e = A1/2e. 

(9) 
As in (1) we temporarily use primes to distinguish the 
redefined fields from the unredefined ones; these 
primes will be dropped in the final expressions. The 
spinors in (9) still have 16 internal components (and, 
of course, two Dirac indices which we suppress). These 
we can split into two sets of  eight components in ac- 
cordance with (5). Explicitly, 

t 

~tao~ = A-1/2 e'taa-(~ a,~ + "~Pa~ ~ ah)' 

t ff~z& = A-1/2e'/-~(~a_ & _ , y r a #  ~a#)" (10) 
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The other fermlonic fields are assembled into a 128- 
component splnor Xd, which according to (5) has the 
components (X~a, Xa& ). The correct choice is 

= A- l /2  (Pa ~ a  [2~a~ - Fb~b)e~ ] '  

~a& = A- l /2  [2~a& - (Parb~b)& ]" (11) 

The next step is the evaluation of  the supersymmetry 
t 

variations of  ~u and X d . Before quoting the results, 
we introduce some further definitions to make the 
formulas less cumbersome. As in refs. [1,2],  we make 
use of  the modified derivative operator 

c0u ~ 3 u - Bum 0m , (12) 

and the coeffacaents of  anholonomlty 

g2' - e'aU(ea m - eam 3 m B n aab _ couernb u enb)' (13) 

g2' = "  ' u  ,v (14) gab ze_  ea co[uBv]mema . 

Furthermore, it is convenient to define 

- - i ~ - ~ : F e _ ~  , (15) G 
~'~' =lV fi:g2' (16) 

g a ~ g  13:~a ' 

=- lea fi:~Fa:~a b (17) Faab 

A straightforward although lengthy calculation yields 
the following results 

, = _l c o '  , v a ~  ~ , , v -  B m 6t~# [C'l)ta -- 4 Ua_~" -- 1rUT °m v ]e' 

+ e,ua - [(~ g2, a b _ i x~  ~ A - 1 F ~ b  (~9)~,ab 

+ ~AgZ'_af'9f'a - ' 

+ ,p A-1 [la91;m(~ m _ A- l~m A l r l  COmbe f, be,) 

-- 1 N / ~  Fa ~a -- 1 N / ~  FabcdP9pabcdle '  

+ ¼e'ua-A-l(--leJ:~_ + 28~7:~)e'ff~)m_ e'v~: [ '9[ 'me"  

(18) 

[A 1/2(2~ a -- F a F b ~ b  )] 

= A - l ~ , m f ,  a[Or n _ 1 A - I~ )mA _ l¢Ombc~bC]e, 

+ lay'7 A IFbode  Cde 

+ ~ V r 2  A - I F b ( [ ' b P  a - 46b)] e ' 

+ ,),g [--½ a'~_(bc)P9~bPaPc + 1N/~ A - 1 G a b P b  

1 . og ~ : ~ - - - - l ~ ' v a  , , a m ; ,  , 
a l , y - e  A e¢t ,,mev: l ' l a e .  (19) 

As before, we can decompose these 16-component 
equations mto two sets of SO(8) splnor equations. 
However, the expressions are still rather unwMdy in 
the above form, and their further simplification now 
reqmres the identification of  the proper SO(16) co- 
variant bosonic quantities. For this step, an educated 
guess is necessary, but taking the hints from refs. [1, 
2] ,  one suspects that the 56-beln (e~B , e maB) of 
refs. [1,2] must now be replaced by a "zwelhundert- 
achtundvierzigbein" (e/~, e~ n) with fiat indices m the 
248-representation of  E 8. In the special SO(16) gauge 
corresponding to (1), this 248-bein has the following 
components. 

e~y" e m = e m. = O, o~,~ &,~ 

e m. = _ e m  = A - l e  ml-,a" 

m e m =0 ,  e m = - pa.  (20) eA : ab at3 A leam a~" 

The Weyl rescahng factor A-1  m (20) is just as essen- 
tial here as the corresponding factor of  A- I /2  m refs. 
[1,2]. The 248-bein in itself is not yet sufficient to 
render (18) and (19) more transparent. In addition, 
one also needs an "E8-gauge connection" (Qf~I,PM A )  
wlthM = (p, m) assuming all values 1 ..... 11. The ex- 
plicit expressions are found following the procedure 
described m ref. [2].  For M = p, one finds ,4 

, a - I  ~ ,  A - 1 F  .ipab Ou a'~ = eu - ta  ~_ab - ~6 X/~ ~_ab" ~¢~' 

Qu&,h , ~ i g2' eu - (a  a ab + ~x / ' 2  -1  aS = A F ab)Paa ' (21) 

:1:4 We defme X[ab] - 1 = ~(Xab - Xba) , X(ab) =- l(Xab + Xba) 
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• ° 

Q f f ,~  = _Q**O,c~ (21 cont 'd) 

= , -  1 A g 2 ~ p a a _ ~ 4 V ~ A - 1 F  rabe'l e**-(-~ a_abc ~3 "' 

A - 1 F  pabc" b 

ab ,~t 1 a '  16 a'o~e e -- IN~r2 A - 1 f a b ) .  P = e**- ( - :  ~ _ ( a b )  + 4 f i b  _ 

(22) 
For M = m, one obtains 

F ~ F ab am a'# = (a ean a m enb + [X/~/(7"24)] ema b" a~' 

Qm &'~ 1 n - F. "~ ~ab = (z~e a a m enb -- [~/2/(7.24)]ema b) '&~,  

Qm ~'~ = - Q m  ~'~ = - ± x / ~  F pab.c (23) 
9 6  V ~ mabc'et3 ' 

• 1 x/~ F pabc 
Pm ~ = + iT2 v ~  mabe c~ ' 

Pmab =_½e(anamenb)  + I ,  e n ~ a b  c am enc 

+ [X/~/(7" 12)] e m [a Fb]" (24) 

Observe that p**ab and Pm ab have both a symmetric 
and an antisymmetric part in ab and that the terms xn 
Qm ~'~ and Qm &'o corresponding to the original tangent 
space group SO(8) agree, but do not coincide with the 
SO(8) spin connection COma b . 

The expressions (21)- (24)  are not completely in- 
dependent but subject to the SO(16) covariant con- 
stramt ("generalized vlelbein postulate") 

n m m 
e ~  + ~n B m e , j +  anB u eji ) + 2Q**Ktlej]K 

+ p H  p A e m B  = 0, (25) 
AB ** 

e n + e n - ~ I J  ~ A nB 
am IJ 2QmK[I J]K -e l~B_r" m e = 0, (26) 

and a similar one for em A (in contrast to refs. [1,2], 
the posinon of  the indices does not matter here). 

The consistency of  the construction now requires 
that all supersymmetry variations of  the original d 
= 11 theory can be cast into a manifestly SO(16) co- 
variant form. The SO(16) covarlance of  the field equa- 
tions then follows by the usual arguments [1,2]. To 
slmphfy the notation, we introduce the SO(l, 2) × 
SO(16) covariant derivatives 

e I _ e I 1 ,~., "v~-~e I + OIJe J (27) Du u - a ~ , L ~ -  --u ' 

D m e I - a m e I + QImJeJ + ~e'a_Vame~vTa-~e I, (27) 

with 

. . . .  v a B m (28) °°u~ ~ - °°u~g + 2eu[~e~l m v " 

Omitting all primes, we are now able to rewrite the 
supersymmetry variations of d = 11 supergravlty In 
the following form (to arrive at (33) we have to dis- 
card a local SO(16) rotation): 

8eua- = ~ ~IT-a ~I, (29) 

64  / = (D** - 1 amB**m)eI  

+ 7u(e~j Dm e s + :1 e mA.ABpIJ PBm e J) '  (30) 

m 1 r n - I . J _  ] m I - I  . 
6B u = : e i ) e  Wu -r ~e~4 P~lA.e 7uXA, (31) 

8~k~ --I U I A - e 1 = 21"*A~17 eP** + r L e ~ D  m 

i mnIJ =K pC K m~l  pA J ( 3 2 )  
+ z e i ) l A h l ' ~ c  m e + e i j l ~ i  A m e , 

8e~ j=  l ~ * J  m - K . ~ K -  
l~lBe ~ IBB e A~, 

1 ~IJ  m [,g.~ ~K X~. (33) 
= - L ; i B e i )  

From these results one can, of  course, recover the 
transformation rules o f N  = 16 supergravity in three 
dimensions [7] by dropping all terms with am, Qm 
and Pm, which vanish in the torus reduction. In the 
usual formulation of  the N = 16 theory, the field 
B** m does not occur since it is converted into a set 
of  scalar fields by duahty transformations. In the pres- 
ent context, this fact is expressed by the SO(16)- 
lnvariant constraint 

em A p**A = ie**VP ~Z)vBm , (34) 

which can be easily verified from (16) and (22). How- 
ever, the field B** m cannot be ehminated in general 
because of its explicit occurrence in cO**, see (12); it 
is only in the torus reduction that Bum appears only 
through its associated field strength a [**Bv] m and can 
be dualized. 

The results described here provide further evidence 
that "hidden symmetries" appear not just in the re- 
duction of  d = 11 supergravity to lower dimensions 
but are present in the d = 11 theory itself; this was 
already one of  the main conclusions of  refs. [1,2]. 
An Important question concerns the role of E 8 in our 
construction (and the role of  E 7 in refs. [1,2]). Al- 
though many relations look "E 8 covarlant", the theo- 
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ry clearly lacks E 8 lnvarlance. The main reason for 
this is, of  course, that the fermions belong to repre- 
sentations of  SO(16) but not E8, moreover, the con- 
stralnt (34) also violates the putative E 8 invariance. 
One possibility already suggested in ref. [2] is that  

further gauge degrees of  freedom may have to be add- 
ed to unveil this invarlance (if it is there). Further 
progress in this direction will also require a better  
understanding of what has happened to the usual for- 
mulation of  Einstein gravity. 

It is rather tempting at this point to speculate 
about  the possibility of  further extensions. Our re- 
suits suggest the existence of  a vastly larger symme- 
try in d = 11 supergravity than hitherto expected. 
There is little doubt that yet  more versions of  the 

theory exist involving E6, E 5 = SO(5, 5), etc. How- 
ever, these are less interesting as they are, in a sense, 
already contained in the results obtained so far. It 
would be far more gratifying if one could carry the 
procedure still further. The next step would very like- 
ly Involve the infinite-dimensional algebras E 9 and 
El0  (and perhaps E l l  if we carry the counting to the 
extremeg). The emergence of  E 9 in the dimensional 
reduction to two dimensions and the possible rele- 
vance of  El0 were already pointed out in ref. [8].  
However, it is rather doubtful  that the direct dimen- 
sional reduction will yield much insight below d = 2 
because more and more information IS lost as one 
drops the dependence on more and more coordinates, 
a defect from which a construction along the lines of  
refs. [1,2] would not suffer. Another way to see that 
not  much is gained by a direct reduction is to note 
that the tangent space group SO(9) expected in this 
reduction is already contained in SO(16) via the non- 
regular embedding of  SO(9) into SO(16). More spe- 
cifically, the relevant decompositions are 16 v -~ 16, 
128 s ~ 128 (the SO(9) vec tor - sp inor )  and 128 c -> 44 
• 84 [4,8] , s .  This SO(9) coincides with the trans- 

, s  To be completely exphclt, the 44 and 84 representations 
of SO(9) are given by 

(X(ab), r a. , raqCx . a3X~)  and (Xlabl a43 cd ~' 
respectively, ff the SO(8) components of the 128 c repre- 
sentatmnof SO(16) are denoted by (X~, Xab ). 

verse subgroup of  SO(I ,  10) that classifies the on- 
shell states of d = 11 supergravity. In the present for- 
mulation there are extra fields eu~, ~ul and Bum, 
which, in the reduction to three dimensions, carry no 
dynamical degrees of  freedom or are dependent.  We 
are thus led to conjecture that  extensions beyond 
SO(16) will not  only lead to infinite-dimensional sym- 
metries but also involve off-shell classifications. Thus, 
clarifying the role of  the exceptional groups in the 
present construction may also shed new light on the 
still unsolved problem of  extending d = 11 supergravl- 
ty  off-shell. Finally, all of  this hints at a theory "be- 
yond d = 11 supergrawty" (not necessarily a string 
theory!)  whose spectrum forms a single irreducible 
representation of  the relevant infinite-dimensional 
symmetry group. Clearly, much work remains ahead. 

It is a pleasure to thank A.N. Schellekens for many 
useful discussions (and some healthy skepticism). 
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