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We explicitly derive the ghost oscillator contribution to the gauge covariant fermion emission
vertex. This vertex is used to construct the space-time supersymmetry transformation laws which
are shown to be an invariance of the free gauge covariant action of the superstring. We develop
methods to deal with the quadratic exponentials which appear in the fermion emission vertex, in
order to study the closure of the supersymmetry algebra. As a by-product, we complete the proof
of the equivalence between the “old” and “new” formulations of the superstring.

1. Introduction

In spite of the large amount of work on the subject, the covariant description of
the Ramond string is in a much less satisfactory condition than that of the
Neveu-Schwarz or bosonic strings. The source of the trouble can be traced back to
the existence, in the Ramond sector of covariant superstrings, of a commuting
zero-mode ghost e;, and its conjugate é,, with [e,, €,] = 1. Because of this zero
mode, there is a priori room for an infinite number of Faddeev-Popov ghost fields at
a given mass level, a most unpalatable situation. Several methods have been
proposed to remedy this. One method, first found in ref. [1], uses the fact that one
can truncate the Ramond string field ¥, to be of the form

Yr =¥Rr|0g) + e@r|0g) + coFpg|0g),
with
€|0g> =0,

while at the same time retaining gauge invariance. This same form has been found
by many authors [2]. Another approach [3] retains the whole set of e, and e,
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excitations, and introduces “picture changing” operations, in order to deal with the
infinite redundancy thus introduced.

The choice between these various approaches will probably ultimately come on
grounds of consistency, simplicity and elegance, when the fully interacting theory is
developed. As a first step in this direction, we consider in this paper the space-time
supersymmetry properties of the NSR covariant superstring, as described in ref. [1],
for which the first few levels were already treated in this reference. Space-time
supersymmetry is of course an important issue in itself. It is also a first step in the
direction of the interacting theory, because the space-time supersymmetry generator
is known to involve in its orbital part the old fermion emission vertex at zero
momentum. We thus generalize to the ghost modes this fermion emission vertex,
and use it to construct an explicit space-time supersymmetry generator which leaves
the action of ref. [1] invariant, and which reproduces our brute force calculations of
the first few levels.

The ghost part of the fermion emission vertex is very similar to the orbital part,
involving an exponential of a quadratic form of creation and annihilation operators.
This formidable looking operator has indeed repelled many people and greatly
hampered the study of multifermion scattering amplitudes in the past. An elegant
way to deal with it has been proposed in ref. [3], which involves bosonization of the
orbital anticommuting modes using the Frenkel-Kac construction, and an associated
fermionization of the commuting ghosts e, and e,. Unfortunately, because of this
bosonization-fermionization, the mode expansion and field content are made ob-
scure, and one loses track of the special features of the Ramond-sector ghost zero
modes. By contrast, our approach can be immediately interpreted in terms of
conventional fields.

In this paper, we extend some already known techniques to deal with the special
quadratic exponentials which appear in the fermion emission vertex. This is a
prerequisite to the calculation of the space-time supersymmetry algebra. Since our
supersymmetry generator does not mix mass levels, it is clear already at the massless
level that space-time supersymmetry can close only on-shell as in the ordinary field
theory case. This feature is common to the other existing approaches. As a
by-product of our technique, we complete the proof of Green and Schwarz [4] of the
equivalence between the “old” and “new” formulations of the superstring.

In sect. 2, we recall notations and write down the free action of the NSR open
string, using the ordinary BRST operator Q, and discussing especially the nature of
the ghost vacuum for the zero mode in the Ramond sector.

In sect. 3, we explicitly construct the ghost part of the covariant fermion emission
vertex. Just as for the orbital part, its rdle is to convert the Ramond and Neveu-
Schwarz commuting ghosts into each other. The total vertex then indeed has
dimension one [3,5], and commutes with Q up to a total derivative. The ghost
vertex correctly reproduces the correction factor A=}(x)=(1—x)"/* for the
intermediate boson propagator for the ground state on-shell scattering amplitude. In
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the calculation of 14 years ago, this correction factor arose from the transverse
projection operator in the intermediate states. We present useful formulae by which
one can handle the quadratic exponentials of the ghost vertex by simple group
theory.

In sect. 4, we discuss space-time supersymmetry using the covariant fermion
emission vertex constructed in the previous section. We find explicit supersymmetry
transformations for the NS and R string fields, which are compatible with the
special treatment of the ghost zero mode of the Ramond sector, which leave
the action invariant, and which reproduce low-level field theory calculations. The
closure of the supersymmetry algebra can be investigated by the techniques of this
paper, but we shall report it in a separate publication.

In the appendix, we give details of the proof of the equivalence between the “old”
and “new” formulations of superstrings, which proceeds using the techniques of
sects. 3 and 4.

2. Vacua and the free action

It has been recently realized that gauge covariant string field theory is most
conveniently obtained by the use of the BRST formalism of the first-quantized
theory. We therefore briefly recall the relevant results for the spinning string; for
further details we refer the reader to ref. [6] whose notations and conventions we
follow. In addition to the usual “orbital” string oscillators af, b and d%
(m,n,... €Z,r,s,... €Z + }), the BRST formulation requires the introduction of
anticommuting and commuting ghost oscillators for the associated conformal and
supergauge symmetries. They have the (anti)commutation relations

{emen} ={¢n.c,} =0,

B (bosonic sector) , (2.1)
{Cm’ Cn} = 8m+n.0 ’
[er’ es] = [Er’ Es] = 07
B (NS-sector), (2.2)
[er’ es] = 6r+s 0>
lem: e ] =1[2,.e,]=0,
B (R-sector). (2.3)
[em’ en] = 6n+m,0 s
Their hermiticity properties are
ch=c_,, &i=c.,, e=e_,, el=e_,,
el=—e_,, e =-ée_,. (2.4)

The BRST operator Q is most conveniently written in the form in which the
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dependence on the zero modes appears explicitly. It reads
Q=coK+¢yT,+Q, +e,F—elc,— &S, , (2.5)

where the last three terms are absent in the NS-sector. The various operators
appearing in (2.5) can be read off from the expression given in ref. [6]. For example,
in R-sector,

K=L0——a0+zn(c—n n C_xC n)+zn(e~n €n —nén)’ (26)
=2(ch_,,c"+ Ze_nen), (2.7)
Q.=d+d", (2.8)

d= Z(an4n+ Fneén) - Z%(m - n)c—mc—nEern
+Z(%m—.n)c—m —m n+m Ze—m -n n+m

- Z(2n+m)5—m —n n+m+ Z( n+m) —mcfnenﬁ-m

—Z(%n+%m)é—me~ncn+m_2ZE—me—nen+m’ (29)
F=F0+Z%n —n n An n) 2Z(e‘ncn+c‘nen)’ (2'10)
S+= Z%n(e—ncn_cwnen)7 (2'11)

where in the sum ¥, n, m> 1. It is well known that in ten dimensions with the
correct values of the intercept, a;=1 and a,=0 for NS- and R-sectors respec-

tively, O is nilpotent; this implies, among other things, the relations

Q2 =KT,+FS,,

S.=1[T., F]. (2.12)

It is easy to recognize that up to a phase the operators K, F,d,d",T,, S, above
correspond respectively to K, F, d, D, 2| and [|, F], which appeared in the
differential form formulation of the covariant superstring field theory [1].

To utilize the above constructs in string field theory, we need to specify the
vacuum state. The most natural choice is the one with respect to which Q is normal
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ordered. Namely,

cm|0> = Emlo> = erIONS> = é:r'ONS> 3

=e, |0g)=¢,l0g)=0 form>1,r>1, (2.13)
&0y =0, (2.14)
2,/0x) = 0. (2.15)

In the bosonic sector, (2.14) corresponds to one of the two unitarily equivalent
choices [7], for which (0]c,]0> = 1. As for the zero mode in the R-sector, we shall
require, in addition to the one given by (2.15), another vacuum |0y ) defined by

eol0z) =0. (2.16)
The hermitian conjugation properties of |0 ) and |0g) are defined as
0R) = (Ol ((0r1&=0),
|0R>Jr (Ogl ((Ogleo=0), (2.17)
and one can assign the inner product
(Orl0g) = <6R|6R> =1. (2.18)
We see from (2.17) that
(0x1€510x) = (Or|eg|0x) = 0. (2.19)

It should be stressed that |0, ) and |6R) are not unitarily equivalent and care must
be taken in forming scalar products which may be ill-defined*. It will become clear
shortly that the use of two vacua with the properties above is crucial in discussing
the action and its supersymmetry.

We are now in a position to write down the free superstring action using the Q
operator. In the NS sector, we introduce the string functional ¥yg(a_,, b_,, c_
C_,, e_, €_,,¢)|0xs), with the zero-mode expansion

n’

PslOns) = ($ns — CoPns)Ons) - (2.20)
It is straightforward to write down the action in YQW¥ form. Defining ¥(c, b) =

* An explicit reahzatlon is provided by |0g) = (0g| =1, {Og| = IOR) =8(e), €= —0d/dey_and
(b1, 9,) = [ zde() $1(eg) b (€g). One can see that (0]0) = (§]0) = (3]0) = 1, whereas (0]0) is
ill-defined.
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Y(—c, —b), it reads
Sns = %<0NS|\PLSQNS‘PNS|ONS>
=3(¥ns> K¥ns) + (¥nss @+ 0ns) + 3{(Pnss T+ Pns) » (2.21)

where in the second line we exhibited the form after the zero mode algebra. In the
R-sector the string functional Yg(a_,,d_,,¢c_,,C_,.e_,, é_,.Cq €5)|0g) can have
infinite expansion in powers of e,. However, from our previous work [1], we know
that it need not be the case. In fact, one can truncate the expansion in the form

~m b —no bt —n»

Yel0r) = (Y +eg@r + coFop )I0g), (2.22)
since this form is preserved under the action of Qg:
Qr¥rl0g) =(Q. ¥ —S,9r = T, Foy)l0g) + eo( FYg + Q. pg)I0g)
+eoF(Fp+ Q. 9r)I0r)- (2.23)

To get the action which should be of the form (Y, Fyg)+ --- after the
zero-mode algebra, it is easy to see that we should project out the part proportional
to e, in the expression ‘f’{cOQR‘PRwR). Recalling the property (2.19), we can write
the desired action in the form

Sg= %<0R|(_EO)‘P1§COQR‘IIR‘OR>
= %<¢R’ F‘!"R) + <‘PR’ Q+q>R> - %<<PR’ %(FT++ T+F)‘pR> - (224)

One recognizes that (2.21) and (2.24) are exactly of the form of the action previously
obtained [1, 2].

It is instructive here to indicate the relevance and the consistency of the other
vacuum |0y ) we have introduced. Consider the hermitian conjugate of (2.24), which
should be the same as itself. However, due to (2.17), the expression is now of the
form (Og| |Og). The reader is invited to check that the result of the zero-mode
algebra gives again the second line of (2.24), showing the consistency of the
definitions. In fact, the use of two vacua is not only consistent but becomes
absolutely necessary when the supersymmetry generator will be constructed and the
invariance of the action Syg+ Si will be demonstrated.

3. The covariant fermion emission vertex

The orbital part of the fermion emission vertex has been known for a long time
[8]. It can be written as

Worb(z)=zl/2e‘ZL51W(z), (3.1)
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where
W(Z) = <ONS|eXp Z Fﬁer(z)Y*brM)'0R> Xexp(% Z br’LArs(Z)bsp,)‘

m>,0 r.s=1/2
r=,1/2

(3.2)

The coefficients B,,.(z) and 4,.(z) are given by [8]

r+s

s—r -1 -1
Ars(z)=%z_r_s (_1)’+S+1( 21 )( 21)’
r—s5 §— 5

er(Z) - \/;Zm—r(r:l 2 )(_1)m—r+l/2’ (33)

o=

and the NS- and R-oscillators appear in the NS- and R-fields as

HY(z)= % bk = HA(Y
reZ+1/2

I*(z)=y*+i2y* Y d* 2™

m#0

+ o0 1 1
= Y I"imzm=y°F“(—) v°. (3.4)

m= —o0 z

The operator W(z) has been designed to convert the NS-field H*(z) into the
R-field I'*(z) and vice-versa

H(y) 1 TMy-2) .

v E—TFTW(Z). (3.5)

W(z)v*

It is also known that [8,9]

d
[L,, W,.(2)] =z'"(za+§(5m+l))Worb(z). (3.6)

Wo(2) is not a physical operator as it has conformal dimension $. Such an
operator must have dimension one, and we must thus look for an operator of
dimension 3. As has been pointed out in ref. [5], this additional operator must come
from the ghost sector. Before showing how to construct this operator explicitly in
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terms of the NS- and R-ghost oscillators, we recall the gauge identities that permit
us to move the superconformal generators F,, and G, through W, (z). These are
more complicated than (3.6) because they involve an infinity of F’s and G’s [10].
One has

[o o] o0
Y Bz "F_ Won(2)= —iW (2)y*|G_,z’+ Y z7%,G,
m=0 s=1/2

[e 0] o0
sz_m+ Z anym"F_n:lWOfb(Z)= —IWOI‘b(Z)Y* Z Z-S8MSGS (m>1)’
n=0 s=1/2
(3.8)
where the various coefficients are defined by
r ~1 Y
a= (=1 ——| T2 T2,
r+s\r— 2 §—3
Yon=Om_1p2.0s1,2  (form>1,n>0),
+r-1/2 1 - % - %
B.=1(-1) — :
r—n\r—1% n
8s=Bu-1y25-1,2  (form>1,5>1). (3.9)

All properties of these coefficients can be deduced from the generating functions

alx,y)= L xa,y’
r,s>1/2

x1/2y1/2 1—y\12
= 1-— s
xX—y (l—x)

X2 (1—y\12
B(x.y)= L xBy'= ( ) . (3.10)
ro1/2 l—xy\l—x
n>0

By analogy with (3.5), the ghost part W,,(z) of the fermion emission vertex should
convert NS-ghosts into R-ghosts and vice versa. It should also be such that the
BRST operator commutes with the full vertex; getting the correct conformal
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dimension is part of this calculation. From (3.7), (3.8) and the fact that the F’s and
G’s appear in Q in the forms Ye_, F, and Ye_,G,, we infer that the ghost vertex

should satisfy identities similar to (3.7) and (3.8). More precisely, one needs (for
simplicity we put z=1)

i € _m ergh 1) = IWgh(l) i esasr:|’ (311)
m=1 s=1/2

[em - z e—nYnm]W@(l) = leh(l) Z erBrm . (3'12)
= r=1/2

The corresponding relations for the canonically conjugate operators read

?Ms

B - Wen(1) = —thh(l)[ .+ Z a,e s}, (3.13)

0 s=1/2

[e + ;y,,,,, _,,]Wgh(l)—- —iW,,(1) Z 8,2, . (3.14)

s=1/2
Egs. (3.11)-(3.14) are simultaneously solved by

W(2) = (Onsl Wy (2105, (3.15)
with

I;I\/Sh(z) = exp( - Z z—"— €, rses +i Z z r+"erBrme_—m
rosx=1/2 r=1/2
n>0

+i Z Zm_se—m ms s+ Z z" —mYmné—n . (316)
m>1 mz1
s>1/2 nz0

As we will see below, it is absolutely crucial that the Wgh(z) is multiplied by |6R)
and not |0g) from the right; observe that the summation range in the exponent of
(3.16) is natural for this choice of vacuum. The conjugate operator mapping R-states
into NS-states is given by

W (2)7° = (ORI W1 (2)7"10ns) » (3.17)

because of (2.17). Hence applying W' after W leads from |0gx) to IﬁR) and
therefore does not take us back into the original R-sector zero mode Hilbert space.
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We suspect that this feature is related to the occurrence of “picture changing
operators” in the formulation of ref. [3].

It is now a matter of lengthy calculations to work out the commutator of the full
vertex

W(z) = W (2)Wy(2), (3.18)

with the BRST operator. One first shows by the same methods as for the orbital
part [8] that indeed,

d
[Lm,Wgh(z)] =z’"(za—;+§(3m—l) Wa(z). (3.19)

The numerical coefficient in (3.19) occurs because of the relation

m—1
= X Ymon(3mtn)=§Bm-1). (3.20)
n=0

A change in the R-vacuum would alter the range of summation and invalidate this
relation. After some further calculation, one establishes that, in fact,

[Q’ W(Z)] = QRW(Z) — W(z)Qns

=z£(c(z)W(z)), (3.21)

which is the desired relation. On the basis of (3.21), one might now try to define the
supercharge as a line integral of W(z) but inspection of the various expressions
shows that W(z) has a square root branch cut. To make it single-valued, one
introduces the GSO projectors [11]

PNS= L[l _ (_1)2,;1/z(b‘ibrm+é—rer+e—r§r)]
2
Py = L[1 + Y*(__1)2,,;1(45,,‘15:+Eﬂ.€n+e—n5’n)+foéo] (3.22)
2 5 -

which now also contain the ghost oscillators. Thus, for later purposes, we define the
operator

dz
W(éo)=¢E;W(z’éo)PNs, (3.23)

where we have explicitly indicated its dependence on the zero mode oscillators.
We now briefly describe how one obtains the correction factor A(x)™!= (1 —
x)~ V4% for the intermediate boson propagator for the four-fermion scattering



Y. Kazama et al. / Covariant superstring 843

amplitude [12] using W, constructed above. To do this, we first note a useful
relation

<ONS|exp( - Z erarsész_r_x) = <0NS|CXP(Z_IL’1) ] (324)

r.,s>0

where L] is the Virasoro operator in the NS-sector with the conformal dimension J
put equal to 1 instead of the usual value 3. (Eq. (3.24) can be proved by
differentiating it with respect to z and making use of the commutator

[ Zerarsés’ LII] = Z (rer+ larse_s + serarse_s+ 1) ’

and the recursion formulae expressing a,,, , and a, ;,; in terms of a,,.)
For the calculation of the scattering amplitude of four ground state fermions, we
wish to compute the vacuum expectation value of

Wu(PIWh(z) = (Onsl e Hexp(Vy(y) + V5(¥) + V,(¥))I0r)

X (Oglexp((Va(2) + Va(2) + ¥ (2))" ) e 210xs), (3.25)

where V3(y), V5(y), etc., are the exponents of W(y) involving B,,,8,,,, etc. First
we push exp((1/y)L}) through exp(Vz(y) + Vs(y) + V,(»)) to the right and simi-
larly push exp(zL}) to the left, making use of the formula such as

o , du u\sh
e’ g e b7 = f Zu"‘(l - —) é. (3.26)
s y

lul<|y| 2imu :

Here h is the effective dimension of e, which is equal to 1. Denoting the resultant
form of Vp(y) as Vy(y), etc., we get

W (P)Wh(2) = (Onslexp( P+ Vs + 7, )10 )
Li/y 2L 7, >, =T
xebi/r e 1O lexp((Zp+ Vs + 7,) JOns).  (3.27)

Next we use the group theoretical relation [13]

z z\ L. L) 1
Lll)(l——) exp(———L’l). (3.28)
y—z y y—z

eli/vesln = exp(

Since the value of J is 1, we have [6],

-, L )=-(2L,+1). (3.29)
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Thus we see that through the anomaly of the Mobius algebra, the correct factor
(1—2z/y) " Y* is produced, when taking the vacuum expectation value for the
Ramond sector in eq. (3.27). (The ratio z/y corresponds to the variable x in
A71(x))

4. Space-time supersymmetry

The foregoing results can be used to identify the space-time supersymmetry
transformations. Although the results take a much more compact form they can be
expanded in the ghost oscillators and shown to be in agreement with our previous
partial results [1]. The ghost zero-modes in the R-sector will again be a source of
complications. We start from the action

= %<0Ns“f';rquNsPNs‘pNs|0Ns>
+%<0Rl(_EO)‘P§COQRPR\pRIOR>’ (4.1)

and try to define supersymmetry transformations in such a way that (4.1) is
invariant. For the NS-sector, we take

6¥ys|Ons) = WhPRloR>’ (4-2)

which generalizes to all levels eq. (5.18) of ref. [1]. For the R-sector, there is
obviously a subtlety because our W takes [Oys) to |0gx) whereas ¥y is initially
defined on |0 ); thus, 8 ¥, cannot be simply proportional to W¥yg|0xs>- To find
what it is, we insert (4.2) into (4.1) and manipulate the resulting expression until
8 ¥y can be read off. So we obtain

SSNS = <0NS|\PLSQNSWT‘PR|OR>
= <0NS|‘I’¥~ISWTQR\IIR|OR> ’ (4-3)

where we have used (3.21) and omitted the GSO projectors which are already
implicit in W. Since Qx¥y is again of the form (2.23) one checks that (4.3) can be
expressed as

(Ons| s T(Féo+ ¢0) coQp ¥r|0g )

N (QR‘PR)tCO( —Féo+ o) W¥ys|Ons)

_<6R|(QR‘I'R )Tco("Fe_oJfC_o)W‘I'NsmNs)a (4.4)
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where, in the last step, we have exploited the property
(0|AB|0) = ~ (0| AB|0). (4.5)

On the other hand, varying S and using similar manipulations, we find
N WAl ~ T -
8Sr = (Og|(—&,)0¥rcoQrPr¥r|0g) = <0R|(QR‘I’R)TC08‘I’R90|0R>

n e T e
= <0R|(QR‘PR) ¢ ¥réolOg) - (4.6)
As Qg¥y is linear in e, we have

Qr¥g = PeOQR\PR > (4.7)

with the projector
P, = |0g>{Or| —€o|0g)(Og|e,- (4.8)

Inserting (4.8) into (4.6) and demanding that the resulting expression cancel (4.4),
we finally arrive at

S‘PR50’6R> = P:(,(_Fe_o + & ){0 s W(EO)|6R>\I’NS|ONS>' (4.9)

Note that 8§ ¥, is defined on |0y ) so the vacua on both sides of (4.9) match. Egs.
(4.2) and (4.9) can be expressed more compactly by defining the operator

V= PJO(—Fe‘0+ Co)W, (4.10)
in terms of which the variations become
8¥ns|Ons) = Vieo¥r|0g),
8‘pRéO|6R> = V¥ys|Oxs) - (4.11)
It is also instructive to factor out the zero-mode explicitly by writing
W(ey)=W(0)+ W' (0)e,+ --- . (4.12)
In this way, we get
Syp=—FW(0)yns— W (0)pys,

dpp=— W(O)(PNS , (4-13)
and

8Yns=WH0)yr + W (0)pg,

6<PNS == Wf(o) Foy, (4'14)
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where (4.13) and (4.14) are now understood to act in the smaller Hilbert space with
zero-modes omitted. The above results can now be compared with the partial ones
of ref. [1] by expanding in the ghost oscillators. Thus, we write

YyslOns) = (\PNS - Co‘PNs)|0Ns>

— 0 > sr = nr
= NS ) e_e_JSNs+ )y €_,C_uSNs
r.s=1/2 r=1/2

nx>1

>1 m,n>1

P T )
1/2

V3

5

—a T &gkt Lo olst <)oy, @13)

r>1/2 mz1

Yel0g) = (Vg + eo@r + coFpgr )I0g )

(¥t T eitimt T oeE 8

m,nx1 m,nz1

SRR VNPT P

m,n>1 m,nz1

reo X eLot+ T e+ o |+ 00, (416)

m>1 mx1

WT=9S

dz + o0
2iWZPNS( E I/V:)tb.—pzp)

p=-

we easily recover the formulas given in ref. [1].
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As mentioned in the introduction, the supersymmetry algebra cannot close
without use of the equations of motion. It would be nice to see this explicitly, and to
identify possible extra gauge transformations. This can be done using the techniques
presented in this paper. Egs. (3.25) to (3.27), for example, contain the first steps of
this calculation in the Ramond sector.

To complete the calculation, we push exp( L} /(y — z)) further to the right until it
hits |Oyg) and becomes 1. After performing similar operation for exp(yzL _,/(y —
z)), this time to the left, one is left with exponentials whose exponents are linear in
the NS-oscillators. They are easy to normal order and we obtain, in the limit
z — y*, the expression

7\ -1/4
Wg.,(y>wg;‘,<z>:v(1—;) U(y). (4.18)

U(») = Oalexp| T ey ")

mz1

xexp| T (e3¢ ene_) e T (ete_ny™ = esor ™))

m>1 mz1

Xexp(— Y Eoe_my’"|6R)), (4.19)

mz1

where we use the operator notation familiar in the ordinary fermion emission vertex,
with the primed (unprimed) oscillators acting on the vacuum to the left (right). It
is easy to check that U(y) is a hermitian conformal field with dimension } as it
should be.

Similarly, for the study of closure in the NS-sector, the relation similar to (3.24) to
be used is

eXp E e—mymné—nzm+n|6R> = exp(ZL’lllf)R)) 4 (420)
mz1
n>=0

where L7 is the Virasoro operator in the R-sector with the conformal dimension J
put equal to 1 instead of the usual value 3. Correspondingly, the algebra of the
orbital modes is easily done in the Neveu-Schwarz sector, using the expressions (3.1)
and (3.2). In the Ramond sector, the quadratic exponentials of Neveu-Schwarz
orbital oscillators are harder to handle, but nevertheless, the calculation seems

possible. Details will be presented in a future publication.

* From the similar calculation of ref. [14], we expect that the only relevant piece of the integration
region is this limit z —» y.
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After completion of this work, we received a preprint by H. Terao and S. Uehara
[15], which constructs a ghost vertex similar to ours. However, contrary to ours, it is
based on a NS-ghost vacuum which is not compatible with the usual mode
expansion.

Appendix

In this appendix, we wish to prove egs. (3.17) or (3.18) of ref. {4], which form the
basis for the “new” formulation of superstrings developed in this reference. To
make contact between the notations, we see that up to an irrelevant c-number
factor, and modulo the GSO projection, one has

+ 00
m:rb(z)= Z z7"X, rB> (A-l)

n=—o0

where X, g is as in ref. [4], and W, (z) as in sect. 3 of the present paper, except
that the space-time indices run over the eight transverse directions only; hence
W,»(2z) now has dimension 2= 1 instead of 2.

To prove egs. (3.18) of ref. [4], we proceed in a way very similar to the calculation
of sects. 3 and 4 for the ghost oscillators, starting from the following expression

dz’ dz
mwt (2 "W , A2
9155,1»12”,2/ o,b(z>9§zl<12mz oo(2) (A2)

where the integrations run in the positive direction around circles centered at the
origin, with radii as indicated, which make the sum over the intermediate Ramond
states convergent. The oscillator part of (A.2) is of the form:

(Oplexp[TB(z/7Y)y*b’ + 1bA(2/ )b ]| Ofs) e~ 25/
xe™*1(0slexp[ TB(z)y*b + $bA(z)b]|0g), (A.3)

where we have (temporarily) distinguished the incoming (unprimed) and outgoing
(primed) Neveu-Schwarz Hilbert spaces and oscillators. The matrices 4 and B are
as in (3.2). The task is to perform the Ramond vacuum expectation value. We thus
commute e~ *L%1 with e=# LI according to the group law [13]:

. . — 2z 7\ —2I%
e L‘ile—zL,l=exp(z/_zL1§1)(1—;) exp(— - Lll{), (A.4)

z'—z
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where in this formula, LY is defined by
(L}, 2] =218, (ORILBI0R) = 3. (A.5)

Next, we push exp(— L;(z’ — z)~!) further to the right until it becomes one on the
R vacuum. For this, we use

Lx " m™(1—ax)"" 2. (A.6)

dx
eaL‘l‘I‘—me—aL‘l‘ - Z¢

7 Jlxi<ll/a) 20X

Symmetrically, we push exp(—zz’LR(z’ — z)™!) to the left, using

dx’

_yR _p-1 R p-1
e L—IB Fm,eL—IB = E ¢ " K
w J\x>1/3) 2imX

w172
) . (A7)

In these last two formulas, we note that while m and m’ are non-negative, n and
n’ can take positive and negative values. Hence, one obtains exponentials of linear
forms in Ramond oscillators which must be normal ordered. Since these linear
forms have coefficients which are themselves linear in the Neveu-Schwarz fields, this
normal ordering produces an exponential of a quadratic form in these fields. We use
the integral representation

m=;

r-
for the coefficient in (3.3). The sums over n and m can then be performed as
ordinary geometric series. These geometric series produce new poles in the x and x’
variables. By examining the initial contours and location of these poles, one finds
that these contours can be distorted in such a way that only these pole contributions
survive. One then finds that the limit z = z’ can be taken, which is finally all that is
of interest to us here because of (A.3), (A.4) and that for z = z’, the x, type integrals
exactly reproduce the term bA4b and b’Ab’ which thus cancel.

Having done the normal reordering of the two exponentials of I modes, and
having thus cancelled the quadratic b4b and b’Ab’ terms, one is then left with the
expectation value in the intermediate Ramond sector of a simple product of two
linear exponentials in the I" modes. This is straightforward to evaluate, and gives an
exponential bilinear in b and 5 modes. The coefficient of b/b, is a rather
complicated looking contour integral in four variables, x as in (A.6), x’ as in (A.7)
and two x;’s as in (A.8). The advantage of these integral representations is that all
series as in (A.7) and as occur in the expectation value, are trivial geometric series.
After summing those series and examining the contours, one then finds that the x
and x’ integrals are trivial to do, involving only taking a residue. Next, it turns out

r x|1-

dx -
= A =) (A8)
2imx,
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that one can perform the z and z’ integrals, picking up the pole at z =z’ in the
anticommutator of n and m, thanks to (A.4) and (A.5) and as explained in ref. [4].
Finally, the result of the x; integrals is found to give just

[e0]
<0NS|CXP( Z b/vrbr)|0§~zs>~ (A-9)
r=1/2

The effect of this operator is to trivially identify any given occupation number state
of the incoming unprimed Hilbert space with the same state in the outgoing space.
These two spaces can be identified, and after this identification, the operator (A.9)
is just the identity. Thus, one proves egs. (3.17) or (3.18) of ref. [4].
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