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Starting from a manifestly supersymmetric superfield formalism, we construct the lagrangian
of fourth-order supergravity in component field form. The super-Gauss-Bonnet theorem can be
used to eliminate one of the three terms in the superfield lagrangian. We verify the super-Gauss-
Bonnet theorem explicitly or the bosonic part of the theory.

1. Introduction

One of the important unsolved problems in theoretical physics is the formulation
of a unified theory that includes gravity. If one calculates quantum corrections to
classical Einstein gravity in the presence of matter and gauge fields, one finds (at
one-loop) infinities proportional to the square of the curvature (see e.g. ref. [1]). That
means that in order to subtract these divergences one has to introduce counterterms
in the lagrangian which cannot be absorbed in the original lagrangian simply by
renormalizing fields and Newton’s constant. If one, however, starts with a classical
lagrangian that already includes terms quadratic in the curvature (i.e. }%, R, K™"
and R, R""79) then, as has been shown by Stelle [2], one arrives at a renormaliz-
able theory.

Presently the most promising candidates for a unified theory of all known
interactions are supersymmetric theories: N =1 supergravity in eleven dimensions
and superstring theories (for reviews, see e.g. refs. [3] and [4]). Supergravity in eleven
dimensions is one-loop finite, but is not expected to be finite at higher loops. The
infinities will again be proportional to higher powers of the curvature as those are
the only possible counterterms.

Superstring theories have ordinary supersymmetric theories as their low-energy
limits. Corrections to these low-energy field theories will again contain terms of
power greater than one in the curvature. This follows from the fact that the
supersymmetry transformation rules of the various fields include terms of this
kind [5].

Appealing now to particle physics phenomenology we know that the only realistic
low-energy supersymmetric theory is N = 1 supergravity in four dimensions coupled
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to gauge and matter fields [6]. For these theories it has been shown that one-loop
infinities are proportional to terms quadratic in the curvature [7).

These observations motivated us to study fourth-order N = 1, d = 4 supergravity.
There are several ways to arrive at supersymmetric lagrangians: the Noether method,
the tensor calculus and the use of superfields. (These methods are reviewed in ref.
[8].) In the superfield method one starts with a manifestly supersymmetric superfield
lagrangian defined in superspace. One then arrives at the component field lagrangian
by an expansion in the Grassman coordinates. We have chosen this method since it
seems to us the most straightforward for the problem considered.

The paper is organized as follows: in sect. 2 we set up the superfield lagrangian by
supersymmetrizing the lagrangian of ordinary fourth-order gravity, and we gener-
alize the Gauss-Bonnet theorem to the supersymmetric case. In sect. 3, the supersym-
metric A2 term is constructed starting from the superfield lagrangian and using the
6-expansion of the superfield R. In sect. 4 the same is done for the ©? term after
obtaining the #-expansion for the superfield W.

In appendix A we clarify our notation and collect some important formulas used
in arriving at the results of sects. 2 through 4. Appendix B reviews the spinor
decomposition of the curvature tensor in the presence of torsion, and we state the
Gauss-Bonnet theorem in terms of tensor and spinor quantities. In appendix C we
show how to get the components of the #-expansion of the superfield G, since it is
needed in sect. 4. We also verify the super-Gauss-Bonnet theorem for the bosonic
sector of the integrand explicitly.

2. The superfield lagrangian

The most general fourth-order lagrangian for ordinary (i.e. non-supersymmetric
gravity with zero cosmological constant and without torsion is given by [9]

l= - %GCR"' Béﬂz + Y@’mn@lm" + séﬂmnpqqﬂmnpq + ED% : (1)

For compact spacetimes or in the case where the metric tensor and its derivatives fall
off fast enough asymptotically, and in the absence of special boundary effects such
as singularities, the last term can be ignored since it is a total divergence. We will do
this in what follows.

If we now use the identity (which is valid in four dimensions only)

R p R0 =C,,,, L0+ 2R, A7 — l]2, (2)
with €, . being the Weyl conformal tensor, we can rewrite eq. (1)
L=—1taR+ b@lz-%c(@pm"%’""—%@{z)+b@,,,,,pq8'"""" (3)
where

a=a, b=B+3y+36, c=20+vy, b=34.
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The reason for writing £ in this form is that now each term separately has a
supersymmetric extension.

With the help of the Gauss-Bonnet theorem, which expressed in terms of the Weyl
tensor reads (for the torsion free case), [10] (see also appendix C)

f d*xe{C,,, L7 = 2R, A"+ 2R} = 3202k, . (4)
the term in eq. (3) containing the Ricci-tensor can be eliminated. (x is the Euler
number of the manifold integrated over.) We then obtain the following action
§=[dxe{-LaR+ (d+4c)C,,, L™+ (6+ 4 )R} (5)
Before writing down the supersymmetric extension of eqs. (3) through (5) in
superfield language let us recall that the superspace Bianchi identities (c.f. appendix
A) reduce the number of independent superfields contained in the vierbein £ and
the connection ¢,,,? to the following three superfields: (i) the complex chiral scalar
superfield R which contains the curvature scalar, (ii) the hermitian superfield G,
which contains the Einstein spinor, and (iii) the totally symmetric chiral superfield
W,g, containing the Weyl spinor. (Details can be found in refs. [11] and [12].) The

a

supersymmetric form of the lagrangian in eq. (3) is then
E=fd20 2E{~-1aR+b(D*- 8R)R*R + (D - 8R)G, G

+dW,z W) +he.  (6)

Here £ is the chiral density and (?— 8R) the chiral projection operator. The
relation between the coefficients in eq. (3) and eq. (6) is

a=6a, =—-18b, ¢=-3¢c, d=8b.

This follows from

fd2025(@2—8R)R*R+h.c.=—l’—x‘ﬁ,2+ (7a)

fd20 2E(D?-8R)G,G + hc. = (4%, 5, W™ — LR2) 4 he+ ---

-2(R,, R = 2Q2) + ... (7b)

Y mn

JA02EW, 0 WY+ he = 4%, B +he)+ -
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which in turn follows from the analysis below. The ellipses stand for terms induced
by supersymmetry containing the gravitino and auxiliary fields. The notation is
explained in appendix B. Using these results we can immediately supersymmetrize
eq. (4) and obtain the super-Gauss-Bonnet theorem [13]

fd“x fd20 2E[8W, 5 W7 + (D2 - 8R)(G,G°¢ — 4RR*) + h.c.] =32n7x. (8)

It can be used to eliminate the term in eq. (6) containing the superfield G, with the
result

C=[a02E{-3aR+8(b+}c)Wop WP~ 18(5 + §c)(D?— 8R)RR*} +h.c.,

(9)

which is the supersymmetrized version of the lagrangian of eq. (5).

The superfields R, G and W and the chiral density £ can be expanded in powers
of 8. Their component fields can be expressed in terms of the lowest, i.e. § =0=10
components of R and G,;, — 1M and — }b,,, respectively, the lowest components
of the vielbein Ej, the vierbein* e2 = EZ| and the gravitino field 1y% = E2| and the
irreducible components of the curvature spinor. They are defined by the following
decomposition [15]

%adﬂﬂyiss = 48&38?8 [ Gbaﬂy& - %(ea*{eﬁt‘i + eaBBBy + eﬂyeas + £B6Gay)
— (e st easeﬂy)A] —4egpe ¥ p+hoc, (10)

where % and 6 are symmetric in their indices and ¥ is symmetric in each pair of its
indices. For more details on the spinor decomposition of various geometric quanti-
ties we refer to appendix B. The fist term on the right-hand side of eq. (9) is just the
well-known ordinary Einstein supergravity lagrangian

Cp=—3[d%W2ER+hc. = e{ - 1R~ IMM*+ 1b,b™ + 10, 7* 1D, e "},
(11)
where

Don= (08, + Liw, %, ) ¥, (12)

P9
and w,”9 is the spin connection.

* The vertical bar behind any expression means that it is to be evaluated at §=§ = 0.
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3. The A2 term

In this section we will find the supersymmetric extension of the ®? term in terms
of component fields from its superfield equivalent. Let us review the general method.
If L is a chiral lagrangian superfield (i.e. G—DdL = (), then using the f-expansion of
the chiral density [12]

2E~‘=e{l+i00“$a-—00(M"‘+$a6“"¢,,)} (13)

we get the following component field lagrangian £ in terms of 6-derivatives of L:

L= e-l_[d20 2EL+hc. = - 1L} + iy 5°DL| — (M* + ¢ ,5°%,)L| + h.c.
(14)

Here we consider L=(D*~8R)RR*, and it follows that we need R|, DR],
D2R|, DD2R|, D?D?R| and their hermitian conjugates. Using the results of ref.
[12], we get:

R| = —{M, (15)

DRI = =4 (0" ) Warg + 4i(09,) oM — kit 0b. (16)

DRI = —§R+ i (V"5 + 470" ,) = 3iD b7+ S MM ™ + b, b

+E(VIM +4yM*) + 13,6, — V0 ™,) b7, (17)
DEDIR| = —4aigmiad) O, R| —i(a™y,,) *D?R| + 2b*4D_R|

+3(570",,) ez, M, (18)

D2DR| = —LemD DM + 1ib, DM — Liy™e*y, DM
— 8y DR| + &y, 0™ DR| — Lib™y, DR|

+4ib, 4, 06"G™DR| — EMDR| — 2y, ¥"DR|, (19)

where the hat over the derivative symbol denotes supercovariant derivatives which
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are defined as follows: if 4 =¢|, then D,4 =D ¢|;
DM =em(8,M—y,07%,,+Liv, 0", M — ki, ,b"), (20)
Dby =el by = 340 W e = ¥FVes) + kitheae (659 + 4,09)
+ VOV A VTV + Sepeac{ ¥, — VY, )b
— (WM =4, M). (21)

Egs. (18) and (19) can be obtained from eqs. (15)—(17) with the help of (A.3).
Using above results we get after a tedious but straightforward calculation

Crr=LR+ LR+ £R*, (22)
where £3. is the bosonic part of the lagrangian
e BB = = L{R*—4(3,M)(9"M*) +4(D,b™)" - 4ib™(M*d,, M~ M3, M*)
+ 3(MM*) 4 3(b,b™) + SMM*b, b" — $Rb,b" — 2R MM* ),
(23)
£r? is the part of the lagrangian quadratic in the gravitino field
e 1RR2 = — l‘—x{(2MM* +4b,b"—6R)A +8(D_b™")B — 12473, Mx
+iy"M*3,MY"),, + 2ib- Yy IM -y + ib-YySIM - yy - ¥
~iR-YOM-yy ¥ — 2R-YOM- 4 + iMM %}, Mo™),
+ib-y(AMYS+p)x — 6(D- ) Mx +iy-y(byM +2MM*)x
+6(D,b-§)vPy’x — iR-y(M +py*)x + 6xPy - R}. (24)
Finally, £%:* is the contribution to £. quartic in the gravitino field
e 1RR¢ = — L {4B%+ 942 — Jiy™y Y, ¥,y Mx — 3ib- ¥, ¥ 7Y X
+3ib- Y W, WP x — 3ib-Yyly Y,y X
+2ib - YyS Yty -y x — 3R -y, ¥ x — iR vy Y x

+3iR Yy, 07 x + HR YV’ Yy Yy’ ) (25)
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where we have defined:
=Lig™y ", — MMy + L0 yYY b, (26)

B=—L1iy, y’My™ = Lib- 4y ¥~ WYY,

+ ismnpq‘;manS‘P Ph9 + %iJ;m,YSRm , (27)
x=—dily- R+(M*)y-y+v%-b), (28)
RP = —eramnyy D) 4, (29)
Yon= Db = D, (30)
M=ReM+ iy Im M. (31)

The curvature and covariant derivatives contain torsion. We also have converted to
four-component notation (c.f. appendix A).

We notice that in contrast to Einstein supergravity the fields M and b satisfy
dynamic equations of motion and can no longer be eliminated.

4. The C? term
In this section we show how to get the supersymmetric extension of the €, C™"7¢
term starting from the superfield lagrangian
Co=[d02EW™ "W, +hec. (32)

This is just the lagrangian of conformal supergravity expressed in superfield lan-
guage (c.f. first of ref. [13]). The component field lagrangian was worked out in ref.
[14] using the full superconformal algebra. Here we will show how to get it from the
superfield lagrangian.

After expanding the integrand in eq. (32) in powers of § and performing the ¢
integral we find

e o= { - WBY [ M*+ 45, + 1D} W,

+i[@ewesr s 2iwerrger |, | (33)

i.e. we need to evaluate W4, |, D W, 4. | and D, py|- The first of these is given in
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ref. [12]; we will write it in the following convenient form:

1 v
Woprl = = 31 Y (6™€)ap¥mny > (34)
* P(aBy)
where
‘;mny = ®m4’ny - G.D‘I’my (35)
with*
Do¥ny = Doy = S5, Y - (36)

The evaluation of D W,, | and GDZW‘,BA is rather involved, and we will give some
of the details.
Using the solutions of the Bianchi identities, we can show that

DyWopyl = = Yoposl +% P% €50 Wy, | . (37)
(aBy)

Y,g,s| is computed with the help of the relation

6 = n, m
‘R’cdab =eée e, Rmnabl

= EdNEcMRMNabI - EdrEcMRMgahI - EdNEc“RpNabl + Ed!ECA‘RAA!abI ’ (38)

where underlined indices are summed over dotted and undotted indices. Noting that
EdNEcMRMNah = Rulab and Edvl == ‘2L4de’ Edi' == %‘Pd& and that YaByS =
= /4!)2,,(‘,,,78,Rﬁ8*,,ﬂf (c.f. appendix C) and making extensive use of the solu-
tions of the Bianchi identities, we get (after a considerable amount of algebra)

GDSWaﬁyl = _Gyaﬁ18+% Z 6806D¢W¢37|
P(aBy)

E [‘Zabb‘i’ﬂév‘bﬂ - ‘Pu‘i’ﬁiybp%] . (39)

i
4! X 8 p o)
The superfields W and G satisfy the relation (refs. [11] and [12])

6D¢W¢BYI == %i(GDﬂBGYB + GDvﬂGBB) |=-_ %i(oabe)ﬁ’/ﬁab ’ (40)

* Since some of the manipulations leading to eq. (44) will involve integrations by parts, it will be
important to remember that the vierbein is covariantly constant with respect to %, and not %),,.
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where £, = D b, — D,b, is the supercovariant field strength defined in terms of the
supercovariant derivative (c.f. eq. (21)). We note that the M dependence of D,b,
drops out of the combination £, and DyW,g,!| is independent of M.

Finally, to get D*W,,,| we write DD W,z =[{ D%, D, } + D D*|W;,, and also
DD Wyog = DD W,gs + D*Wp, 5. Using formula (A.3) and the solutions of the
Bianchi identities, we find { D%, 9, }W,z, =20R* W, , and comparison gives

D2W, 5, = 20R* W, 5, — 2D D*W,

pBY *

(41)

This equation is symmetric in all its indices. This is not obvious for the last term on
the right-hand side but we can easily show that e#D D°W, ;. = 1{ D5 D°} W, =0.
With the help of egs. (40), (A.3) and the solutions of the Bianchi identities, we find

GDY(’DGW“#&' = - ililp(%:a) { - %IbapGD,YGp‘J + ZomﬁBGDMGDYGsﬁl
Y

+ \pﬂﬁd@d@vG&ﬁl +3M *b’IB“bﬂﬁs +3i ‘I’BBYO MGAGDmM *
+ibg bap DR} (42)

The evaluation of G_DfDYGSB] is tedious and outlined in appendix C. Our final
expression or D*W, 4| is

’_%6D2Wﬁy6|=igi )y {(amne)vsopﬁﬁ[%i‘;pﬁﬁmn_@DP‘IM"IQ
P(Bv8)

+ 2$Bdﬁq’ysaﬂ + 4 Jﬂdﬂ [ %Bp‘zv?p‘rd + %?v‘ppﬂp‘/ﬂ]
— i ‘;Bbb%w["‘ywé# + ‘;fw?]

=3V [ VotV sy + 59850 %00p, |} + M Wapol . (43)

We note that after using this expression in eq. (33) £. will be independent of M.
Furthermore, the real vector field b,, only appears through the field strength and
covariant derivatives, i.e. it plays the role of a gauge field. [In fact, from the
four-component form of the covariant derivatives given below it will be apparent
that it is a chiral gauge field.] Collecting arguments we finally get the following
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expression for the lagrangian:

e_ 18(‘2 = %{ G @m"pq - %anF”m - %I(Jmnypébp$mn + JM"YPGDII&FM + JM"YHGDP(EMP)

mnpq
—$C™ 9D, (Y oy, +¥ay¥,) + 2™y, — iC,,,, A7 P
(Bt = 1) 870, 4 PGy (24, + i)
+0(y¥*), (44)
where we have not explicitly written out the terms of fourth and higher order in the
gravitino field because of their large number and the fact that an equivalent form

(c.f. below) can be found in ref. [14]. In above expression all curvature terms as well
as the covariant derivatives are without torsion, and we have defined

qhﬁ/"l".__ mn_ %gmn@/’ (45)
vmn = ‘Lmn - iys‘l:mn ’ (46)
J’mn = %emnqu/ pa (47)
and
Gbm‘l’n = GDm‘Pn + %bm‘YS‘Pn . (48)

Since, as noted at the beginning of this section, eq. (32) is just the superfield version
of the lagrangian for conformal supergravity our result is equivalent (i.e. up to a
total divergence) to the result of ref. [14]. We have verified this explicitly for the
kinetic energy terms.

S. Conclusions

We have derived the most general fourth-order N = 1 supergravity lagrangian. To
do this we used the superfield formalism to supersymmetrize the action of ordinary
(i.e., non-supersymmetric) fourth-order gravity, eq. (3). The super-Gauss-Bonnet
theorem (eq. (8)) allowed us to reduce the number of fourth order terms from three
to two which left us with the expression eq. (9). We then expanded the superfields W
and R in a power series in the Grassmann coordinates § and @ and arrived at the
component field expressions egs. (22)-(25) and eq. (44) for the supersymmetric
extensions of the R? and C,, , C™"P9 terms respectively. We found that the fields b
and M satisfy dynamical equations of motion in contrast to Einstein supergravity

where their equations of motion are algebraic, and these fields can be eliminated
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from the lagrangian. In the super-conformal case, previously considered in ref. [14],
the dependence on M canceled and the field b appeared as a chiral gauge field.

I wish to thank Mark Srednicki for helpful discussions, comments and encourage-
ment.

Appendix A: Notation and formulas

Throughout we follow the notation and conventions of ref. [12]. We use a metric
with signature (—, +, +, +) and define ¢y,, = —1. Upper case indices are super-
space indices, lower case Latin indices refer to commuting coordinates (vector
indices) and range from 0 to 3, lower case Greek indices (dotted and undotted) range
from 1 to 2 and refer to anticommuting coordinates (spinor indices). Indices from
the beginning of the alphabets are Lorentz indices whereas indices from the middle
of the alphabets are world indices. The vielbein and its inverse connect the two types
of indices. Superspace indices are contracted as follows: VW4 =V W*+ V°W,_+
V. W *and likewise for world indices. We also use the following notation: &2 = $)*6)_
and 9?2 = 50;@“. The torsion and curvature superfields satisfy the following Bianchi
identities:

DT = EBR 7, (A1)

QDR =0, (A2)

with %) being a covariant exterior derivative, E? the connection one form, T* the
torsion two-form, defined by 74 =DE* and R,® the curvature two-form. (All
forms are superspace differential forms.) The Bianchi identities can be solved, and
the torsion and curvature components can be expressed in terms of three superfields,
R, G and W, which are not completely independent. For the complete solutions of
the identities (A.1) and (A.2) as well as all the conditions on R, G and W we refer to
refs. [11] and [12]. The results given there will be extensively used to arrive at the
results of sects. 3 and 4 as well as appendix C.

The following important identity for the (anti}commutator of two covariant
derivatives follows from the Bianchi identities:

(Dey = (= )P, Av = (= fbr Xt = it =
X YA D ANRCBD,A' _ TCBD(,DDVA; Ay (A.3)

where V414~ is a Nth rank tensor O-form, and b is zero or one depending on
whether B is a vector or spinor index.
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We go from two- to four-component notation by choosing the following represen-
tation for Dirac-matrices:

Y= (60,,, 00'"), (A4)

where 6™ =(—1,0), 6" =(—1, —0) and o being the Pauli matrices. The y” satisfy
{y™, y"} = —2n™". We also define y°>= —iy%y'y2y’= ( i ?2‘ With the above
definitions, y° and y* are hermitian and y’ (i = 1,2, 3) are antihermitian. We also
define 0™" = i[y™, v"] and can show that ¢™" = — %ie’"""’ysopq and o™, =
ly-R.

A four-component Majorana spinor is given in terms of a two-component Weyl
spinor

Xa _ . =
x=()-(:.), Xx=x*7"=—(x"%Xa)-

We then get the following formulas for the transition from two- to four-component
notation:

XO™ . ..GMIN + XE™ oMY = —Fy™ Ly (A.5)

XO™ .. 0T XE™ FTN = =y ™y ey (A.6)

XO™ .. G — XE™ . e =Xy Sy ™.y, (A7)

XO™M .. @IV — X G Gy = Yy Sy Ly ey (A.8)
Appendix B

Since we are using the spinor decomposition of the Riemann tensor in the
presence of torsion, we want to briefly review it. (c.f. ref. [15]) The symmetries of the
Riemann tensor are R ., ;=R (,5ycq- WE Write

%adﬂﬁy‘ﬁb = o:dﬂﬁbﬁoyc‘/oadb%abcd
= 48‘,3873?2&3?3 + 48&38;,3%0‘375 - 4665876\1",#;,3 - 4€aﬂ£?6§dﬁy8 . (Bl)

The bar means complex conjugation. ¥,,.4 and its complex conjugate are irreduci-
ble spinors which satisfy ¥,.4 = ¥ .py+8)- Xage Which satisfies X g5 = KX 9,8,
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can be further decomposed as follows

Keapys = Yapys — %[anaps + €446, + 5,805 + eﬂd‘eay] — 1(eqytps * Eastpy ) A

(B.2)

where U 5 5= 5.5, and 8,5=6,,4). In terms of the above defined spinors, the
Ricci curvature and curvature scalar are given by

Gﬂ'aaw = @’adﬁﬂy‘/ﬂﬁ == zoaado cy‘,@'ac (B3)
= —4{(»:0,y aY(A +A)+e, 6 31 €28y — Yaysy q’a:,ay},
R=—4(A+A). (B.4)

The symmetric and antisymmetric parts of the Ricci-tensor are

%{@’adyy-*- @’yyaa} { ay ay(A +A) ayay ‘pd?ay} ’ (BS)
%{%a&w—@”wad} = _4{%1 a7+£&?8a1}' (B.6)
The Weyl tensor becomes
eaapﬂwas 4%5%8{ Bapss + £ (eastpy + €agepp)(A — /_‘)}
+2e,58.4( ¥0p — Yapys) + hoc. (B.7)

In the absence of torsion the Riemann tensor satisfies the additional symmetry
property @{a[ pea) = 0 from which the symmetry of the Ricci tensor follows. In terms
of the spinor quantities defined above this leads to A = A ie. A is real, Keapys =
X ysap> Yapss = ‘Ilysa,, and 6,; =0, and the Weyl tensor is completely determined by
the Weyl spinor %z ; and its hermitian conjugate.

Above we have related 6,5 to the antisymmetric part of the Ricci tensor and
Vapss ‘Pysap to the traceless part of the symmetrized Ricci tensor. The quantity
Vapys — ¥58ap describes the part of the Weyl tensor antisymmetric under interchange
of the first and second pair of its tensor indices, and the imaginary part of A gives
the torsion contributions to the part of the Weyl tensor symmetric under the
interchange of its first and second pair of indices. This follows easily from eq. (B.7).
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We now give the Gauss-Bonnet theorem in four equivalent versions (each of them
is only valid in 4 dimensions):

1

X=- 32"2fd‘xe*@l’f,mpq@l'""”" (B.8a)
— 1 d4 % @,pqm" 4@, anm + 6{2 B
= 32W2f xe{ R e -4%.,, } (B.8b)
1
=50 [a*xe{C,,, L7 - 28,8 + 347 (B.8c)

1 -
=503 [ dxe{ Vep ¥ — ¥ 7 - 0,6 + 34+ he ). (B8Y)

In above equations x is the Euler number of the manifold integrated over. Due to
presence of torsion it is important to note how the indices are contracted.

Finally we want to point out that it follows from the Bianchi identity (A.1) that
the curvature superfield R, , satisfies R, , =0, i.e. its spinor decomposition is
simply

Raéﬂﬁyiss = 4€aﬂey8 Xaﬁys - 4eaﬂ£‘y84’éﬁy8 + h.C. ,’
with

Xopys = Yapys = 3(€ayeps + €astp, )N,

Vapib = Visas > A=A (B.9)

Appendix C

In this appendix we outline the evaluation of @dGDYGspl and also, for complete-
ness, indicate how the other terms in the #-expansion of G may be obtained. Gl is
defined to be — 1bgy and 9,Ggy| is given in ref. [12]. Using relations such as

B,

G+ DyD,G,y = 2D,D,G 4 + £4,D°DG

a-ey a-ep?

(C.1)
DD G, = { D, D,}G,,— DA*G,, = 2iD,,GP - Le, DR, (C2)
we find from the solutions of the Bianchi identities
Voyopa = sDyDsGra + 1(GGpp + GpiGrp) — he,58 DR

+ 31 [3D54G s + 3D ,4Gss — D5sGrp — D,iGip] - (C.3)
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Using now eq. (38) and ¢ 45, = — #Rws*ﬂ,;”;, (c.f. appendix B) and again the
solutions of the Bianchi identities we get

DyDsGa| = 2%, p4 — 585,80 DR | — 4 P:T; | [3D54G s — DG,

+ Y X {_ 36byabsg — ;TMisyd‘;wﬂ + %i“’svadB?l
P(8y) P(fa)

- l'lf?i'l’lil?vé_péxR+ ' - T%'.‘ZﬁdBoDvR l— i%‘l’a?p’zv?dbpﬂ

+ tid/sﬁp( 6Dprd + GDpGyd) - i%i'zp?d( G-D‘/GVB + G_DﬁGY?) l

— 4 Gl - (C4)
To calculate D9 G,; we observe that

r DNDGs=0,

P(aye)

which can easily be verified using {D,, D, }G 3= 4, 0,5+ €,G.s)R™. With the
above equation we can readily show

2{ D DG+ VDG + DD,Gps } =0. (C5)
On the other hand we also have

GDOFDQGY& + GDyGDaGeS + EYQGDa('DpGps - 4R* {SMGYS + eyeGus } =0, (C.6)
which follows from DD.G 5 = { D, D, } G5 ~ D, D,G,5 and DD, G5 =€, DDG, 5 +
D,DG,s upon subtraction. Combining (C.5) and (C.6) and using D D°G,;=
) Dy R*= —2ic D R* we find

DDGpp= —4R" €, 65 +6,Gos ) — 2ie, 04D R’ (C.7)
and from this
DG, =12R* Gy + 4ioL DR . (C.8)

These results, together with the other results of this appendix and the §-expansion of
R given in sect. 3 suffices to obtain the complete f-expansion of G. The expansion
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of (D% - 8R)G,,G** induces a term —88(D D.G, .} D*D?G**)| which leads to

p Ypraa
fd20 2E(D?-8R)G,G* +hec.= —2(R, A" —1R%) + - -,

a result used in sect. 2.

To conclude, we want to explicitly verify the super-Gauss-Bonnet theorem eq. (8)
for the bosonic part of the integrand. To do this we have to find the complete
bosonic sector of fd?82E (D% — 8R)G,,G** + h.c. After some algebra we find

[ d82E(D*-8R)G, G +he.

= —A(MM*) +5(3, M)(3"M*) - Bib™(M3, M*~M*3 M)
+ARp?— E(p2) = E(MM*)b2 + LR MM~
-2[R,,, 87" - 2R?] + 2(9D,,b,)(D"b") — 4(D,,b,)(D"b™)
—18(D,b™)’ — 4R, b™0" + Lrerrion - (C9)

If we insert this together with eq. (23) and the bosonic part of eq. (44) into eq. (8),
we get

[d*xe{C,,, L7 +387 - 24, K"~ iF, F™

mnpgq
+42(D,5,)(D"b") - 4(D,,b,)(D"6™) - §(D,b™)" ~ §R.,,b™b"} . (C.10)

Using now F,,, =9, b, — 9,b, and [D,, D,]b" = R, ,b" we are after integrating by
parts just left with the Gauss-Bonnet integrand of eq. (B.8c).
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