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A complete local gauge covariant formulation of all known free string theories is given. It
only involves a finite number of supplementary string fields.

1. Introduction

A recurrent theme in modern physics is that apparent inconsistencies between
different branches of physics have been overcome by introducing a unifying theory
that possesses a local symmetry. What is equally remarkable is that these theories
are specified entirely by a knowledge of the appropriate local gauge symmetry group
and the fields upon which the symmetry is realized as well as the principles of
causality and unitarity.

In the last few years it has become apparent that quantum mechanics and gravity
are not reconcilable within the framework of point quantum field theory. Fortunately
quantum field theories based on strings have been developed since around 1970
and it is now widely believed that these theories may provide a consistent theory
of gravity quantum mechanics and Yang-Mills symmetries.

Despite the relatively long history of strings the local gauge symmetry underlying
these theories has not been found, as a result there has not existed a covariant
second-quantized description of string theories. Presumably this symmetry principle
uniquely determines string theories and is responsible for their many known
miraculous properties as well as many more properties to be discovered.

From a practical point of view it is desirable to have a symmetry manifest when
quantizing a theory. In general, results are more easily proved in a second-quantized
covariant formulation. Up to now, the most popular method of quantizing string
theories has been the sum over histories in a first-quantized formalism [for reviews,
see ref. [1]]. The analogue for point field theories is a sum over world trajectories
of the point particle. This latter scheme has been superseded by a true second-
quantized description of point field theories, where results are more easily available.
There also exists a second-quantized form of strings in the light cone gauge [2] and
more recently in more general gauges [3].

! Permanent address: King’s College, London WC2, UK.
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Recently, a gauge covariant formulation of bosonic string theories was given [4].
This formulation was explicitly found for the first six levels for the free theory and
a systematic procedure to find the free action to all levels was given. The general
technique to find the interacting theory was explained and the first interaction term
was found*. Other attempts [6, 7] to find such a formulation started from the known
projector [8] onto physical states. However, these formulations were non-local and
we have argued that they cannot extend to the interacting theory.

The crucial observation to find the results of ref. [4] was that the string field itself
did not provide enough degrees of freedom to describe its gauge covariant propaga-
tion. Supplementary string fields were needed and could be eliminated by an
appropriate gauge choice to recover the well-known on-shell conditions. In this
paper we find the local gauge covariant formulation of all known string theories
for all levels. These formulations require only a finite number of supplementary
string fields. All open strings require only six supplementary fields. Closed strings
require twenty supplementary fields, except the Ramond-Ramond sector of closed
superstrings, which requires twenty four.

It is remarkable that this also provides a complete and surprisingly simple solution
to the problem of a causal, covariant and unitary description of massive fields of
arbitrarily high “spin”, at least at the non-interacting level.

2. Conformal (super)algebras in two dimensions

For the convenience of the reader, we briefly review some basic facts about the
conformal and superconformal algebras which generate the conformal and supercon-
formal transformations on the world-sheet [the interested reader may consult ref. [1]
for further details]. It is well known that ordinary open strings are parametrized in
terms of the normal mode operators «%,, meZ which satisfy the commutation
relations (a*,, = a%')

[afnsa:]=m8m+n,0g}“" (21)

From these one constructs the Virasoro operators

+00
L.=3% Y 10n_pan: (2.2)

which satisfy the algebra [1]
[Lma Ln]:(m—n)Lm+n+%Dm(m2_1)6m+n,0~ (2-3)

A consistent bosonic string theory exists only for D =26, in which case one can
prove the absence of ghosts. In this case, the physical states obey the generalized
Klein-Gordon equation

(Ly-1)y =0, (2.4)

* For an early attempt in this direction, see ref. [5].
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as well as the constraints
Ly=0 forn=1. (2.5)

In a covariant formulation of string theories, (2.4) and (2.5) should emerge only
after choosing a suitable gauge. Thus, to obtain such a formulation, one must relax
these constraints and allow for appropriate gauge transformations. It is not difficult
to see that these are generated by the operators L_,, with n= 1. It then follows from
(2.3) that all operators in this gauge algebra can be generated out of the two operators
L_, and L_, by taking successive commutators, as, €.g.,

L_,=[L_, L], etc..... (2.6)

If one considers closed bosonic strings, one simply has to double the number of
operators since the string is now described by left-moving modes &, and right-
moving modes a’,. The corresponding operators L,, and L,, obey the same algebra
as in (2.3); moreover [L,,, L,]=0. The physical states satisfy constraints completely
analogous to (2.4) and (2.5). In addition, the requirement that there should be no
distinguished point on the string implies

(Lo—Lo)¢ =0. (2.7)

For spinning strings, the algebra (2.3) is extended to the superconformal algebra
in two dimensions. As is well known, one distinguishes two cases depending on the
boundary conditions for the world-sheet fermions. The Ramond (R) sector [9]
describes space-time fermions with normal mode operators a*, and d/,. The Neveu-
Schwarz (NS) sector [10] describes space-time bosons with normal mode operators
a® and b¥ where re Z +3. In the R-sector, the superconformal algebra is generated
by the operators L,, and F,, and is characterized by the (anti-)commutation relations

{Fpy F,} =2Lppin +3Dm?8 100,
(L., F.]=Gm-n)F,., (mneZ),
[L,,L,]=(m—n)L,.,+3sDm*8,,.,,. (2.8)
The physical states obey the generalized Dirac equation 9]
Foy=0 (2.9)
and the constraints
Fy=Ly=0 forn=1. (2.10)

The algebra of gauge transformations in this sector is therefore generated by the
operators F_,, L_, with n=1. All operators in this gauge algebra can be generated
out of F_;, L_, by taking successive commutators because

L_,=F%, F,=2[L_,,F.,], etc..... (2.11)
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It is therefore sufficient to construct an action which is gauge invariant with respect
to just F_, and L_, gauge transformations, where the gauge transformation
parameters are completely unconstrained.

In complete analogy, the superconformal algebra in the NS sectors is generated
by the operators L,, and G, which satisfy the following (anti-) commutation relations

{G, G.}=2L, . +3D(r’ =8 1s0,
L., Gl=Gm-r)G,,, (mneZ; r,seZ+3),
(L Lyl=(m—n)Lyy,+§Dm(m*—1)8 i no - (2.12)
The mass -shell condition reads
(Ly-3)y =0, (2.13)
while the constraints are now

Ly=Gy=0, n=1, r= (2.14)

[ 1L

The algebra of gauge transformations in this sector is generated by L_, and G_,.
As before, all of these operators can be generated out of just G_,,, and G_;,, (but
not G_,,, and L_,!), and the same comments apply as for the R-sector. We remind
the reader that the absence of ghosts in the physical spectrum requires D =10 in
(2.8) and (2.12). Both the value D =26 for the bosonic string and the value D =10
for the spinning string will be crucial for the results to be presented in the following
sections.

To proceed, we next introduce string functionals ¢(x* (o)) which are in one-to-one
correspondence with the states created by applying the normal mode operators. For
the open bosonic string, we have

Pv(x*(0)) = A(x)|0)+ a*, A, (x)|0)

+{atal A, (x)+a?AL(X)]0)+- - -, (2.15)
with bosonic fields A(x), A,(x),.... In the NS-sector, the corresponding expansion
reads

Yns(x*(0)) = o(x)|0)+ b2, 0, (x)|0)

+[b* 20" 120, (X)) + ot @l ()0 +- - -, (2.16)

with bosonic fields ¢(x), ¢.(x),..... In the R-sector, the expansion is
dr(x* (o)) = ¥(x)|0) + a4, (x)|0) + gl (X0 + - - -, (217)
where the fields ¢(x), ¢.(x),... are now spinors in ten space-time dimensions.

Obviously, the functional fields ¢y, ¢dns and ¢y contain fields of arbitrarily high
spin. The supplementary fields and gauge transformation parameters to be intro-
duced below will be understood to have similar expansions. For closed strings, one
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can write down analogous expansions which, however, must satisfy the constraint
(2.7) or its analogues for the spinning string. It is important that these constraints,
which relate left and right movers, are purely algebraic because the kinetic operator
cancels in (2.7). Thus, taking the closed bosonic string as an example, we have

Yvo(x* (o)) = h(x)|0)+ a &% b, (x)|0)+- - - (2.18)

Similarly, for closed spinning strings, we introduce the notations ¢nsxNs, ®r.Ns,
¢r &> and for the heterotic string ¢nsv and @g v, to distinguish the various sectors
in a self-explanatory notation.

Finally, we recall that in order to recover the superstring in the “old” formalism,
one must introduce appropriate projection operators in the NS- and R-sectors before
coupling them together [11]. In the NS-sector, the projector is given by

Pys=3[1—(-1)Z=122557] (2.19)
whereas in the R-sector, it is
Pr=3{1- y*(=1)Z=14545], (2.20)

where y* is the y° matrix in ten dimensions.

3. Open superstrings

In this section we give a local gauge covariant formulation of the free open
superstring. We do this within the context of the original Lorentz covariant formalism
of refs. [9] and [10]. One could also consider the more recent formulation of
ref. [12]. However, even at the non-interacting level, the action of ref. [12] is not
bilinear in the fields. In the original formulation the supersymmetry is realized
by a vertex operator [11]. We find this to be an encouraging feature since the new
group theory of strings is based on vertex operators [13]. This has emerged for
strings based on group lattices [14].

We begin with the Ramond sector. The ¢ field equation for the Ramond sector
is of the form Fyy+---=0. Because of the gauge invariance of ¢ it must be
annihilated by the action of F, and L, when the other equations of motion are used.
Consequently we require equations of the form Liyy=--: and Fi¢y=-:-, and so
supplementary fields ¢ and xV. The ¢ equation is now of the form

Foy+F_ ¢+ L_x'"V+---=0.

We then require L, and F, on ¢V and x'", i.e., four more supplementary fields
¢?, #?, x® and x® which yield the equations F,¢V=- .- FyV=--. L,¢"V=
~oo, Lix"W="+-- respectively. One might expect that one requires F, and L, on
these level-two supplementary fields, but since they do not occur in the ¢ equation
of motion this is not clear. In fact explicit calculation shows that these six supple-
mentary fields are sufficient to obtain gauge invariance at all levels. The result of
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this argument is the set of equations
Foy+F_¢MW+L_xV=0, (3.1)
Fip=2Fp" -3¢V - L 6?7 - F_¢", (3.2)
Liy=-2Fx"-36"-L ®-F_x?,
Fi¢® = —Fd@+1¢® —2y@
FixV=-F¢?®-26?+25?,
LM =—Foy?+1§®+146®
Lix" = Fox®+2x® +16? (33)
which follow from the action [(, ) indicates the scalar product in Fock space]
S =3, Fo) + (¢, F- ™)+ (9 Lix )
+3(6 ", x ) = (6", Fod )+ (L6, D)+ (Fi9", 62)
+(x, L)+ (Lix ™, X2V + (x, Fox ") +3(¢?, Fod™)
~3(¢?, $*)-2(¢, x?). (3:4)

We emphasize that all higher-level equations of motion are a consequence of
(3.1)-(3.3). For instance,

F,y= _2[Ll, Fl]d’
=2¢@ 352, etc..... (3.5)

It is rather straightforward now to prove the invariance for all levels of the equations
of motion (3.1)-(3.3) or, equivalently, the action (3.4) under the gauge transforma-
tions

Sy=F A, 8¢V=FaA, &V=-24,
8¢P=FA, PV=-LA, 86P=67"=0 (3.6)
(““F, gauges™) and
sy=LA",  §eN=-3a",  SxV=-Fa,
§FP=~F A", 8FP=-LA, 8¢P=6y?=0 (3.7)

(*“L, gauges’’). To show that this set of equations correctly describes the R-sector,
we now have to show that, after imposing suitable gauge conditions, we are led
back to (2.9) and (2.10); in addition, we must show that the supplementary fields
can be gauged away so there are no new physical degrees of freedom besides those
contained in . From (3.6) and (3.7), we see that the supplemenatry fields ¢* and

x'V can be gauged away by use of A and A’, i.e., we can put

¢V =x"=0. (3.8)
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Substituting (3.8) into (3.1)-(3.3), one shows that (2.9) is recovered indeed, and the
remaining supplementary fields are forced on shell, i.e.,
(Lo+2)¢? =(Lo+2)¢” = (Lo+2)x®
=(Ly+2)x?=0. (3.9)
The remaining system of equations possesses a residual on-shell gauge invariance
S =(L_,+L2 )0 +(L_,F_+3F 0",
8¢@ =(-3-F_,F)0*-iL,F,Q",
§6P=—L \FQ +(G+3F F)Q~,
Sx®=-F_,LQ*-(G-3L,L)0",

§¢®=—(1+L_ L) -3F_ L0, (3.10)
where the parameters £2* are subject to the on-shell condition
F07°+20 =0"—F,2"=0. (3.11)

(This condition is necessary for the proof of gauge invariance.) The above on-shell
gauge invariance is quite analogous to the one that occurs in ordinary electrody-
namics: the Landau gauge 9“A, =0 is preserved by 84, =4, with (102 =0. To see
that the remaining on-shell supplementary fields can be gauged away by use of 2%,
we define the linear combinations

P =154, @ X P={x?+¢?) (3.12)
such that these fields satisfy the same equations as 2%, i.e.,
F0¢(2) + 2¢r(2) = F()(bl(Z) _ ¢(2) =0

Fox'@+2xP =Fy?P—x'®=0. (3.13)
¢@ and x*» can now be gauged away, and (3.13) then implies that also ¢'® = y'® =
0. Altogether, we have thus shown the existence of a gauge where all supplementary
fields vanish. In this gauge, (3.1) and (3.2) are then equivalent to (2.9) and (2.10).
An alternative, quicker, method of gauge fixing which arrives at the same constraints
is given for the Veneziano model in the next section.

The treatment of the NS-sector is entirely analogous. One introduces six supple-
mentary fields ¢"/?, ¢/, (), (P '@ and ¢®. The equations of motion read

(Lo— )Y+ Gy 002+ G_3,,0%?, (3.14)
GI/Z(II = —2¢(1/2)+ G_3/2§(2) - G—l/Zg(l) ’
G = =106+ G 35l ~ G_ 3P +2G, 2LV, (3.15)

G20 =2G_1 2% = (Lo +3)¢V,

G320 = —4(Lo+)IP — (Lo +3)1'?,

G120 =(Lo+3){?,

Gy ? = (Le+3)¢? . (3.16)
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These equations follow from an action very similar to the action of the R-sector.
This is left as an exercise for the reader. The gauge transformations are given by

=G 1A, 8¢V PV=-LeA, &YVV=0,

8M=GipA,  HP=GipA, 8P =8[7=0, (3.17)

(“G,,, gauges”) and
8Y=GpA',  86VP=0, 8¢V =—(Li+1A’,
81V =-2G A", B ==GipA,

8'0'"P=4G, A, 8'(P = -G’ (3.18)

(“Gs/, gauges”). As before, one uses A and A’ to gauge away ¢/? and ¢'*'?; this
gauge choice puts all fields on shell. In particular,

(Lo+ 5" =(Lo+3)({P or {'?)
=(Lo+3)¢{™=0. (3.19)

The residual on-shell gauge invariance can be used to set equal to zero all the
remaining supplementary fields and we recover the familiar equations

(Lo_%)'/’:(), Gl/2‘//= G3/2¢:0- (3.20)

It should be emphasized that the value D =10 for the critical dimension has played
a crucial role in our considerations. Although it is not immediately evident what is
so special about this value, one may convince oneself that the above construction
with just six supplementary fields fails for D # 10.

As the number of supplementary fields is the same in the NS- and RS-sectors,
one can argue that the supplementary spectrum is supersymmetric after the appropri-
ate projections in each sector. This will however, have to wait for the explicit
calculation of the fermion emission vertex and the supersymmetry generator.

4. Open bosonic string

We now return to the D =26 open bosonic string which may also be *““covariant-
ized” by the introduction of just six supplementary fields ¢, ¢, ¢, (@, (@
and ¢®. The trick which allows one to avoid the introduction of infinitely many
supplementary fields is to go to a “first-order formalism™ quite analogous to the
treatment of NS- and R-sectors. In this formalism, the equations for motion are

(Lo— D¢+ L_ 6"+ L % =0, (4.1)
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Lig=-26"—L (P —L_,¢?,
Ly=-4¢P—L_,p" P - L_,{®-3;(?, (4.2)
Li¢V=(Lo+1){® -3¢,
LoV =(Lo+2)0"?,
Li¢®@=(Le+2){"?,
L@ =(Ly+3)¢W, (4.3)
They are invariant under the local gauge transformations
Sy=L_,A, 8¢V=-LoA, ¢P=0,
dtP=-LA, 8 =0,
8 P=~LA, 8¥=0 (4.4)
and
SYy=L_,A", 8¢M=0, §¢P=—(L,+1)A’,
8P =-3A", &P=-LA",
8'¥=0, SW=-L,A". (4.5)
The invariant action from which the above equations follow is
3, (Lo= 1)) + (L, ) + (Lot 67
+ (¢(1), ¢(1))+ (le)(l), {(2)) + (chb(l), {(3))
+ 2(¢(2)’ ¢(2)) + (Ll¢(2)’ {,(3)) + (L2¢(2), {(4))
+3(6?, ¢ =3¢, (Le+ 1))
= (&P, (Lo+2)0" ) = H™, (Le+3)¢9) . (4.6)

To show that the above answer is correct we must recover the well-known on-shell
conditions which guarantee the correct spectrum. We first use A, and A, to gauge
to zero L,y and L,y, respectively. However, we can still make gauge transformations
that preserve these conditions. Consider, in particular

1 1
Sy=L ,—¢V+L ,——o¢?. .
¥ 1L0¢ 2L0+1¢ (4.7)
Then one has
(Lo—1)(¢+8¢)=0. (4.8)

Further, using the equations of motion, one verifies that L,8y = L,8¢ = 0. Finally,
making the corresponding gauge transformations on the supplementary fields yields

0=¢V+86V=0D+856?, etc..... (4.9)
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The reader may wonder what is the relationship between the Veneziano model
presented here and that given in ref.[4]. Since L, and L, are known, we can
compute L;i; we also observe that one can eliminate algebraically ¢, and ¢, from
eqgs. (4.1)-(4.3). One then obtains

(Lo=1=3L Ly —3L L) —3L 55 =302, {— 3L L 203 —5L2,4,=0, (4.10)
Ly =-58 _4{5 —L_\L)l,+L_ L {3+ L L {,+L_{,, (4.1 1)

L1L2‘/’ = _4(L0+2)§3 _2L0§:,; - L—1L1§é _3L—1§4_3L1§2_ L—2L1§4 > (4-12)

together equations of motion for ¢,, {5, {5 and {,. Setting ¢;=—{;—2{;, one then
recovers, up to third level, the formulation of ref. [4] with the supplementary fields
2=, d3=—{3—2¢;. Introducing ¢, ¢s, ..., one would recover the results of
ref. [4] at higher levels.

5. Closed bosonic string

The construction of a gauge covariant action for the closed bosonic string proceeds
in similar fashion to that of the open strings; it is just made somewhat more lengthy
by the fact there are both left- and right-moving modes; the gauge transformations
for the original string field are

Sy=L_,A, Sy=L_A,
8'y=L_A, S'y=L_,A. (5.1)

By analogy with the previous sections, we introduce four supplementary fields, ¢,,
&1, b2, b, related to the action of L,, L,, L,, L, on ¢, and sixteen more, analogous
to &y, &s, L5, s Of the previous section, related to the action of L,, L,, L,, L, on
each of the supplementary fields ¢, ¢,, ¢», ¢». The non-vanishing gauge transforma-
tions of the supplementary fields are:

8¢, =—-2L,A, 8L,=—-L A, 8L=-LA,
dxs=—L,A, 8x3=—LA, &8¢,=-2Ly+1)A",
8L, =-3A", 8'¢y=—L,A’", 8't=—-L A",
8'xsa=—L,A", 8 %a=—L,A". (5.2)
It is then a trivial matter to verify the invariance of the action
S=3(Lo+ Lo—2)¢ +yL ¢ +yL o, tYL ¢+ YL 2, +3¢7
+oiLaLt i LG+ e Lol diLoli+idi+diLalat diLads
t & Lolst 1L ol3+ i+ oLl ixa+ dsLoixi+ daL oxa
+érL oxit3¢:0+ 3+ Ly X+ G2l Xi+ oL oXat dol Xl
+36205— L Lo+ 1082 = 285(Lo+2)¢5 = 285( Lo+ 2)x3 = 265 Lo83— L3( Lo+ 13
—28(Lo+ 1)x5~2x3(Lo+2) 45— xa( Lo+ 3)xa— 2x4(Lo+3) X4 - (5.3)
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In checking the gauge invariance of S in eq. (5.3), one must bear in mind the
algebraic constraints of sect. 1,

(Lo_I:o)‘/’ = (LO_L-0+ 1)¢,= (LO_I:O_ 1)51
=(Lo—Eo+2),- - -=0. (5.4)

It is a straightforward exercise to gauge away on-shell all supplementary fields
and recover the usual equation of motion and constraints

(Le+Ly-2)y=0, Ly=Liy=Ly=Ly=0 (5.5)

by the same procedure as described in the previous section.

6. Closed superstrings

Closed superstrings come in three different sectors, according to whether the
fermionic right- and left-moving modes are in the same sector, Neveu-Schwarz or
Ramond, or in different sectors. The corresponding string fields are Yns s, Yr TS
and ¢ z- The NS, NS sector proceeds in exactly the same fashion as the bosonic
closed string, requiring twenty auxiliary fields, and the action is found to be

3+ (Lot Lo= 1)+ ¥G_y 2012+ WG 12812+ WG 32032+ WG L3283/
+3012F 012G 1201+ 012G 3262+ 012G 101+ 012G 32Xz
+3032+ 032G 1203+ 032G 37283 = 2032G1/261 @326 172k,
+ (03/2(-;4/2;\3 +%¢%/2+ (/_’1/2G——1/2§71 + @1/26—3/2 C_z +01,2G 1200
+ 951/26—3/2X2+%€5§/2+ @3/26—1/25_5“' ‘53/2G_—3/2§_3 - 2‘53/2(—;1/251
+632G1/202+ 832G 3 oAy + L Lo+ )0 — (Lo +3) L
+ {2(L0+%)§§+X1L0X1 +X2(Eo+ DA+ Zl(io'*'%){_l
—4((Lo+ D)5+ 28(Lo+ )83 — X Lok +2Xa( Lo+ 1)1
+2A3(Lot DA+ 20 Lo+ D &+ L(Lo+3) G
+ (Lo +3) 5. (6.1)

The corresponding gauge invariances are easily deduced.
The R, NS (or R, NS) sector naturally exhibits mixed features of R and NS open
strings. The ¢ s string field satisfies the algebraic constraint

(Lo_l—lo'*'%)‘lfk.ﬁ:o- , (6.2)
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In this sector also, one needs twenty auxiliary fields, and the action writes
SSR,NS = %(//Fol/’ +yF_ o +yL_x,+ lI’C_;—l/z‘l_’l/z"' ‘//6—3/2(!33/2_ o Fop, +%‘P1X1

torLopit o Foiot ¢y G—1/2§3/2+ ¢163/2§5/2+X1F0X1
+X1L—1X§X1F—1X2+X1G—l/2")3/2+XlG_—3/2775/2+%<P2F0‘P2—%€02€0§
+2¢2X2+X2F0‘P£_2X2X£_%¢§Xé_%X£F0X;+ T32F101/2F273,2M3/2
+ 730 F0&3/2F 752 F 1 @32t 275 9m5/2F TapaFobs )t 030 L1610
_%‘73/253/2‘*‘ a3/2Foms 2 ‘%0'5/255/2"‘ Os/2Fonsat o5, L183/2
+ @3/2F0f1/2— ‘51/26_—3/2{_2 + @1/26_—1/251 +@12F 73,2
+ @12l 13— 24, G—1/2¢3/2+%§_1Fo§_1 + 5561/2‘53/2 ~ 3Rl
+ §3/261/2‘P| —5¢3/2F0P3/2— 953/2(_;73/25_3 + 2521:0{"2 - %f;Foé . (6.3)

The gauge transformations of the various auxiliary fields can be found by inspec-
tion, by analogy with those of the Ramond and Neveu-Schwarz open strings, and
we do not write them out here.

Finally, the ¢ g sector exhibits some special features. These are due to the fact
that it is a bispinor. Its massless fields are bosons which are described by a
Kemmer-Duffin equation:

(F0+Fo)l//R,R=O- (6-4)

The solutions of eq. (6.4), together with the massless modes of the NS, NS sector
correctly reproduce, after the appropriate chiral truncations, the bosonic spectrum
of massless bosonic states of closed superstrings previously worked out in the
light-cone formulation [12]. Hence, it is the correct starting point for the string field
equations of motion. One then proceeds by analogy with the other sectors, looking
for the supplementary fields, and an action invariant under the gauge transformations

Sy =F_ A, Sy=L_A", Sy=F_ A, S'y=0L_A". (6.5)

However, one finds at the first excited level that four more supplementary fields
are needed, ¢, &, {1, &, with the following non-zero gauge transformations

6€1=F_‘0/17 6,§1=F0A’9
551=F0/T, 5’5_1:F0/T', (6.6)

together with the supplementary fields ¢,, ¢;, x;, ¥; of sect. 3 and their transforma-
tion laws. Further when constructing the invariant action, one finds that it depends
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on one free parameter. This parameter, however, is fixed when one requires that by
choosing the gauge

Fiy=Fy=Ly=Ly=0 (6.7)

all the supplementary fields are gauged away, and one has the equation of motion
(6.4). For higher levels, one then finds that sixteen other supplementary fields must
be introduced, as for the other sectors of closed strings. Since this case is slightly
special, we write out the complete action to all levels and its gauge invariances:

S=%¢/’(Fo+ Fo)‘//+(//F1‘P1+¢’L—1X1+%‘P1X1_‘PlFo‘Pl
+YF_ { i~ WL &~ § Fooy — 301 Fog, —ip1éy _§1F0X1+%X1F0X1
+2X1§1_%‘flﬁofl+%§1Fo§1+§1F—1‘P2+%‘P2F0‘P2+llL-lXé'*'XﬁFon
—&F o= 6L 105102 Foes+ o Fody— oL ypy— i Foap
—xi Lo A OF A= G0 o+ & F_ pwh+ E LA+ A FX, 3052
_2M§X2_)‘éFoXlz”%M2X§+MzFolzlz"'M;Foﬁz_zA'zﬁé'*' o1 L_1x%
+ @1 Fo @2t Xi Foa+ i Loa@s + xi Foxn H5@. Fopa —2@ax5+
2‘P2X2_%‘PQFMPQ_%¢§X3“2¢§X2+X§F0Xz . (6.8)

To the above terms one should add all those obtained by exchanging barred and
unbarred symbols [except for the first one, ¢(F,+ F,)¢, of course). The gauge
transformations which leave this action invariant are:

dpr=FoA, Sxi=-24, 8L,=FoA, &&=FA',
Sh,=FA,  §A=LA, 8e=—3A", Sxi=—FA',
day=LA, p,=FA (6.9)
together with those in which all barred and unbarred symbols are interchanged. It

is left for the reader to check that one can gauge away to zero all twenty-four
supplementary fields, and end up with

(Fo+Fo)y=Fy=Ly=Fy¢y=Ly=0. (6.10)

7. Heterotic string

The Lorentz covariant formulation of the heterotic string involves the co-ordinates
x*, u=11t010, x", I =11to 26 and y**, x =1to 10 and a = 1 to 2, where the index
a is a two-dimensional spinor index. This means that it has «*, b* and d* right
moving oscillators and @*, @' left-moving oscillators. In this formulation, there are
two string fields ¢ns v for the bosons and g ¢ for the fermions. The result is found
in a similar way to the previous closed strings and reflects a mixture of the features
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found in the open superstring and open bosonic string. One requires twenty supple-
mentary fields in each sector. The result for the action for all levels is, in the NS,
V sector:

Snsv= W(Lot+ Lo _%)lf/ TG 12012t WG 30030+ l//l_f~1€91 + l1’1:—24-’2
+%‘P1/2‘P1/2+ ©12G 1261+ €12G 320+ ‘P1/2]:—1X3/2+ ‘P1/2E—2X5/2
+%‘P§/2 T @32G 1285+ @326 3583+ ¢3/2E—1X§/2
+ @32l 2X7/2=203/2G12l1 + Ll Lo+ 31— 40a( Lo+ 3= 282( Lo+ D)
- 2X3/2£0K3/2 - 2X5/2(I:0+ Dxsn— /\2([’0+ DA+ §3(Lo+%)§3 - 2)(’5/2['0"5/2
—2x7/2( Lo+ Dq)a = 2A5( Lo+ 2)As = Ag( Lo+ 3) A4+ @, Ly +3 03
+30: 0+ 0 L A+ 0 LA+ ¢,G kst 01G 3 0ks+ 03+ 0oL (A4
+@,L A+ ©2G_1/2K5:F G _3/2K72 (7.1)

and, in the R, V sector:

SR,VZ%‘//FOV"" YF_ o+ ‘IJL—1X1+X]:A1{1+‘//szfz_¢1F0‘P1+%‘P1X1+‘P1L~1€52

teiFo ot o Loadat @i Loyds+ xakoxa txi Lozt xaFoixz
+X1£—1)\§+X1E—2Ag+£1F¥1K2+§1L—1K§+§1E—1/~L2+§1E—2,U«3
+§1F0§1+sz—1K3+§2L—1K§+§2£—1M§+§2£—2#4+§2F0§2+3§2M2
+%‘P2F0‘P2—%<P2‘I32+2<P2X2+X2F04_’2_X2/\72_%?32/\72—%“%/?2}:0/\72

+ X Fok, —3A0k 5+ A3 Fory+ A3k —2A5K3 — Ay Fory — A For, — 2A k5

—%#2F0M2_M3F0M§_#4F0#3 - (7.2)

The gauge transformations of the fields and the gauge invariances of Sys v and Sg v
are easily deduced.

8. Conclusions

We have displayed the linearized gauge invariance and corresponding free actions
for all known string theories. In ref.[4] we sketched the method to introduce
interactions. The interactions and the corresponding non-abelian vertex algebras
will be reported elsewhere. Knowing the algebra and transformations, the geometric
principle from which they can be derived can be more easily found.

One could also examine the equations of motion found in this paper in terms of
the infinite set of component fields. One would find that it describes particles of
arbitrarily high spin in a causal, covariant and unitary way. It is interesting that it
involves a kind of first-order formalism.
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