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Eleven-dimensional supergravity 1s reformulated 1n a way suggested by compactifications to four dimensions The new
version has local SU(8) invanance The bosonic quantities that pertain to the spin-0 fields constitute 56- and 133- dimensional
representations of E;, 7, Some implications of our results for the S’ compactfication are discussed

Simple supergravity in eleven dimensions [1] was originally constructed to understand the complexities of N=8
supergravity in four dimensions. The explicit reduction led to the discovery of “hidden” symmetries [2], whose
ongin has so far not been understood in the framework of higher dimensions. In this paper, we show that, in fact
the d = 11 theory 1tself possesses a hidden symmetry. 1t 1s possible to rewrite all the transformation laws of ref. [1]
and the field equations, which follow from the action given in ref [1], 1n a form 1s manifestly covariant under
local chiral SU(8) Furthermore the bosonic quantities that pertain to the spinless fields, which include the SU(8)
connections, constitute representations of the group Eq(47). Our construction 1s based ond = 11 supergravity re-
written 1n a certain way as a four-dimensional theory with fields that depend on seven extra coordinates. This the-
ory 1s still equivalent to the full eleven-dimensional one, and there exists a natural reformulation of our results
within the context of any nontrivial ground-state solution, as we will occasionally indicate below. As explained in
ref. [3] the compactification to four dimensions occurs naturally if certain components of the four-index field
strength acquire nonzero values.

The strategy for obtaining the new version of d = 11 supergravity has been outlined in ref. [4], where we al-
ready presented some partial results. The basic idea 1s to first restrict the tangent space group SO(1,10) of d =11
supergravity to SO(1,3) X SO(7) by a partial gauge choice and then to enlarge 1t to SO(1,3) X SU(8) by the mtro-
duction of new gauge degrees of freedom. In contrast to the construction in ref. [2], which followed a similar pat-
tern, all physical degrees of freedom of the d = 11 theory are retained here. Since the derivations leading to our re-
sults are rather lenthy, detais will appear elsewhere [S], but we refer the reader to ref. [4] where several relevant
steps have been described. We note that there exist earlier attempts to understand the origin of hidden symmetries
[6], and that our procedure is somewhat reminiscent of a recent proposal to change the tangent space group 1n the
“internal” dimensions {7]. However, there are crucial differences between these approaches and our construction
as will become obvious below.

We now briefly summenze our conventions and notation (see also ref. [4]) Ford = 11 supergravity we follow
those of ref. [8]. The fields of the d = 11 theory are the elfbein EMA, a 32-component Majorana vector spinor
Wy, and a three-index gauge field A,y p which appears only through 1ts invariant field strength FMNPQ in the
equations of motion [1] These fields depend on the d = 11 coordinates z™, which are subsequently split into
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d =4 coordinates x* and d =7 coordinates y™ corresponding to a compactification Wy = My X Mg of eleven-
dimensional space—time Similarly, alld = 11 indices are decomposed into curved and flatd = 4 indices u, v,
and a, 8,..., respectively, and curved and flat d = 7 indices m, n,. ,anda,b,..., respectively For the present con-
struction, 1t 1s necessary to redefine the fields of d = 11 supergravity according to the “standard” prescription [2,
4]. One fust makes use of the local SO(1,10) mvariance of the theory to fix a gauge where the elfbein assumes
the form

u
Epy? = ' (1)
0 e, ?

The tangent space group is reduced to SO(1,3) X SO(7) in this way Compensating rotations are needed in the su-
persymmetry variations and coordinate reparametrizations mn order to maintain the gauge choice (1) Moreover,
we have already included a Weyl-rescaling factor

A(x,y)=dete,,?(x,y) (2)

in (1), which 15 just the factor needed for the canonical normalization of the d = 4 Einstein action. It 1s also posst-
ble to perform the Weyl rescaling with respect to a nontrivial background by replacing the full siebenbein 1n (2)
by the dev1at10nS from the background e 214], 1e.

Sab(x,y)=é’am(y)emb(x,y). (3)

The fermionic fields have to be redefined 1n an analogous manner It 1s convenient to use fields withd = 11 flat
indices, in terms of which the redefined fields are given by

U, =€, % A% exp(—g1mys) (¥, — 157, T0Y,), ¥, =A" 4 exp(— 3 my5) ¥, (4)

where v, and [, are d = 4 and d = 7 gamma matrices, respectively. Note that we also use a redefined supersymme-
try parameter
A1/4

" (x,y) = A  exp(— g mys) €47 (x, ). (5)
In order to enlarge the internal tangent space symmetry from SO(7) to SU(8), one must now “complexify” all
fields of the theory. For the fermions, this 1s accomplished by noting that chiral SU(8) can be reahized on the eight.

dimenstonal spinor representation of SO(7) through the matrices T, , T, g =1I%,, and 'ySI‘mnp The various ex-
pressions can be further simplified by the use of chiral notation. We employ the lettersA,B, C,... to denote spin-
seven indices which are then promoted to chiral SU(8) indices For the gravitino field , , these are introduced m
such a manner that

YU =+l v Vs = Vs (6)
For the redefined spin-1/2 fields, one first eliminates the d = 7 vector index by switching to the combination
F‘[’AB ¥, [2] and then defines [4]

x4PC =3V + ) Tlapvac),  Xapc =3V21(1=75) Typ¥acy )

The fermion fields t]/f and x4B€ thus transform according to the eight- and 56-dimensional representation of
chiral SU(8), respectively.

To 1dentify the proper SU(8)-covanant bosonic quantities 1s a more diffuclt task. The analysis of ref [4] sug-
gests that the siebenbein must be replaced by the antisymmetric tensor
eqp" =iaTV2e,m T4, ®)
which 1s however, not SU(8) covariant. We now redefine the fields gbf and XABC and the supersymmetry param-
eters e by means of a local (x- and y-dependent) SU(8) transformation oA g the degrees of freedom contamed
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in & can then be used to promote (8) to a proper SU(8) tensor, viz
eap™ =107 ¢, T 24 0P ©)

In order to avoid the introduction of new degrees ot freedom we let @ be subject to a local (x- and y-dependent)
SU(8) group, according to

d4y > 4. Uy, (10)

so that by going to a special gauge (® = 1) we recover (8) After extracting & from the fermion fields and the su-
persymmetry parameter, these quantities and (9) will transform covariantly under the local SU(8) induced by (10)
according to their index structure (note that the complex conjugate of (9) has upper mdices, Le.e™B = (eqp oW
Observe that the SO(7) su /group of SU(8) 1s the ordinary tangent-space rotation on e,™ 1n (8) as 1t should be
The Weyl rescaling factor A™ ' “ 1n (8) and (9) may seem unnecessary, but 1t 1s essential for our construction be-
low Instead of the usual relation between vielbein and metric one now has the SU(8) covariant “Clifford property”

BC _ -1 C
eABmenBC+eABnenz C—?,A gmnﬁA‘ (11)

which determines the metric g,,,,,(x, y) because A = (detgmn)l/z. There are also further constraints on higher-order
products of the e 45" which can be derived from the properties of seven-dimensional gamma matrices (see ref. [2].

Evidently the introduction of the complex quantity (9) forces us to transcend the framework of riemannian
geometry. Through the analysis of the fermion transformation rules obtamed 1n ref [4] we 1dentify the other quan-
tities which contain the remaining bosonic fields

1 —1/2 h 1 B
B =0 3T — HVIA e F oo TES — 5 VIAT 2 e,% €0 Fogra Tep ~ 250p DI 0p°,
(12)
ABCD — 1 2
A, = (Quap TErT8y — % VIATY2e,% €oprs Fog o DRrT 2y
—3V2IAT e Oy TEpTE) @ opP e oy Pl (13)
B—5C d B
Bya® =@ (15 V2 1feg T 5 €," 0 enp TED — 35 V2 € Fapea TES — 260 3,) @, (14)
ABCD _ b 1 d b A B C D
A = (€5" Oy PEFT Gy + 35 V21f g TEFT Y + 5 V2 €4 Fapeg T T &) 2 @55 05 S0y P,
(15)
Cloap =1~ 51820, tg1a Ve, e Ho, e ) Tey +5 V2IATVIF L, T8 ], @€, 07, (16)
where F 1s the four-index field strength with d = 11 tangent-space ndices, and Cagap 1s selfdual in indices [aB]
(the antiselfdual tensor 1s Q(;ﬁ (eaBAB) ) Furthermore
- 1 -
fa )= =51 F o s(x,y), D, =3, ~B, "3, (17, 18)
and the relevant coefficients of anholonomity are given by
Qo =g Dy — " 0B, ey, Qug, =2, eg" DB, ey, (19, 20)

In a nontrivial background M 5, (18) 1s replaced by
’Duzau —B#'" D,,, (18"
where lSm 18 the W 7 background covariant derivative, with ensuing modifications for the quantities above, e g

= (S XD, 8 )0y — Sy D B™E,,0S ., (19"

where €,,7 and Sab have been defined in (3)
The transformation (10) now induces corresponding SU(8) transformations on the quantities (12)—(15), CB“AB
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and %mAB transform as gauge fields associated with x- and y-dependent SU(8) transformations. It 1s noteworthy
that the SO(7) part 1n (14) 1s not the usual SO(7) spin connection as one might have naively expected. The com-
plex tensors A, and o, are seifdual in the indices [ABCD], re.

oy ABCD = L (ABCDEFGH of - for M =, m. Q1)

The tensors C; 45 and 6;6’“9 are antisymmetric in [AB] and transform 1n the 28- and 28-representation of
SU(8). The quantities (12), (13) and (16) have already appeared in the analysis of ref [2], but only for a y-inde-
pendent set of configurations and after certain duality transformations. In that case the quantities (14) and (15)
simply vanish. In the gauge ® = 1 (12), (13) and (16) have also been 1dentified in ref, [4]

The new SU(8) quantities which we have introduced above are subject to SU(8) covariant constraints. In partic-
ular, one can verify that

m m n_ 1 n m C m 3 mCD _
Dyeqp™ +8,B,"e p" +309, B, "eqg™ + B, 4€"p 10— 7 Hyapcpe™ " =0. (22)

dmeap” t B 1a€"51c —F Amapcpe™P =0. (23)

These relations generalize the usual vielbein postulate of riemannian geometry to the comples geometry consider-
ed here. It 15 remarkable that B, A, and B, , oA, take the form of the gauge connection of the exceptional
group E;, 9y Hence both B, y‘lu) and (‘B,,,, #{,,) can be assigned to the 133-dimensional (adjoint) representa-
tion, and furthermore e™48 ande 5™ constitute the 56-dimensional representation of E7y-

There are further restrictions on the quantities (12)—(16) which follow either from manifest restrictions on
the various coefficients m (12)—(16), or from the fact that the four-index field strength Fynpg satisfies Bianchi
identities. These restrictions can again be written in SU(8) covariant form. For instance
epc!e" Pepp PeVV EA (3,,B 08 43 B, T B, 1B 43 o, iy A, BFOH) = 0, (24)

It 1s now possible to recast the supersymmetry variations of all fields into a manifestly SU(8) covariant form
One has

v*¥,4 the, (25)
541;4 =(D, —%wﬂaﬂy""—%yﬂ”am va)eA +—;— %“ABEB +7°‘67#@;5ABeB

+3e™B@,, +5 B, v e + 5 ecp™ Ay Py, e, (26)
8B, =52 e VI e Y8 + &0y, x4EC) +hc, 27)

§xA8C =3\/§€;B[A37°‘56C] +%\/77“91#ABCDGD +(3/\/§)e’"[AB(am +3 %m)C]D P

+8Tepp™ oA, PEIABECl 13 /7 o ABDG moE (28)
8eqp™ =N2 Zypcp e™P, (29)
where

- = 1 zE FGH
ZABCD = €[4XBcD) T3 €aBcDEFGH € X . (30)

The Lorentz spin connection appearing 1n (26) 1s the standard one but with the modified dervative (D# of (18)
instead of the usual 9, . Furthermore, in order to bring the spin-0 transformation law into the form (29), we have
included an SU(8) rotation with parameter

Ag® =518, WP g — 3180, U, Ty — 6 187 Ty v T G
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The next task 1s to rewrnite the field equations in terms of the new quantities introduced above. Here, we only
give the fermionic part of the SU(8) covariant lagrangian, which can be directly obtained from the fermionic
lagrangian of ref [1] For the bosonic lagrangian, a direct derivation 1s not possible because of the explicit appear-
ance of the gauge field Ay;yp It 1s a nontrivial check on the 1deas proposed here that all (quadratic) fermionic
terms of the d = 11 lagrangian can be reassembled into a manifestly SU(8) invanant expression. After a rather
tedious calculation (details will be provided in ref. [5]) one finds

_ TA 1 1 1 B B
‘Bfemnomc = _% e\by Y*PUD, -7 wuaB’)’aﬁ ~ 37,7 0 Bam) pr t3 %vA wp ]

1 )'(ABC’Y“ [

1 3 D
e (D, =739, Vep) Xapc t5 Buc” Xanp)

+5VZexapcr 1 Vup A AP 4 €@l [- U [ vy )
+ (1/\/5) lE#C,ytxﬁ,),uXABC' +7_1_2 GABCDEFGHS(CDE ,),O‘ﬁXFGH]

tee ™ V0" (0, +5 B, vl +3vV2e e p " XY (0, +5 B P Vi

i _ABCDEFGH, m < 3 F
~ jag €€ e4g’ XcpE @m *3 By)dr' XegH

CDEF = 3 ABCD = E . 1 DE—ABC. F
—zeemBdA, XABCXDEF 3 V2ee 3™ A, Xcpe " ¥,. +5vV2Zed™ 4pop e PEX APy YuE

+ hermitean conjugate, (32)

where e 1s the vierbetn determinant (e = det efj). The fermionic field equations, which follow from (32), are mani-
festly SU(8) covariant. By the SU(8) covanance of the transformation rules (25)—(29), the same is true for the
bosonic field equations (in fact, the SU(8) covariance of the field equations follows also from the SU(8) covanance
of the full set of supersymmetry transformations alone, as therr commutator gives rise to field equations).

In ref {2] 1t was pointed out that the scalars of N = 8 supergravity live on the E;/SU(8) coset space This re-
sult, which was found rather indirectly, is naturally recovered in the present framework. In the truncation of ref
[2] where the y-dependence 1s discarded, we have 9B,, = &, = 0; moreover, a somewhat tedious calculation rely-
ing on the equations of motion and the Bianchi identities for the field strength Fuynpp reveals that, in this trunca-
tion,

4
39, B4 5 —0,B 5 +31B,.B,15+7 A, PEA pepp =0, (33)

8, Ayapcp + 2B 4 A pep ) — (L 9) =0, (34)

These are just the Cartan—Maurer equations of E, . Consewuently B, and A, can be solved in terms of the
“sechsundfunfzigbein” ?V(x) according to

B0 A
9,90 = Jwe=o, (39)
Ai) B

where V(x) 1s a matrix 1n the 56-dimensional representation of E4 (asimilar argument has been used in ref. [9]).
Eq. (35) may be compared to (22) and (23) which have a similar structure but are valid without any truncation
(see also (24)). Obviously the group E has a role to play irrespective of the compactification that one 1s consider-
ing. It 1s already known from gauged N = 8 supergravity [10] that E, 1s not always realized (nonlinearly) as a sym-
metry of the fleld equations, although the scalars in that theory are still parametrized by the E;/SU(8) cosets.
Whether or not this coset structure is relevant for all four-dimensional compactifications of d = 11 supergravity
remains an intriguing question
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As a byproduct of our results, the consistency to all orders of the truncation of d = 11 supergravity compacti-
fied on S7 [11] to 1ts massless sector [11,12] 1s now almost mantfest The resulting theory 1s generally believed to
comncide with gauged V = 8 supergravity [10], but so far this claim has only been partially verified [11,12,4,13—15].
In particular, the most difficult sector containing the spin-0 fields has so far defied treatment To see how these
difficulties are resolved with comparative ease in the present framework, we give just two examples, deferring fur-
ther details to ref [5S] First we consider the complexified siebenbein (9) which, in the S7 truncation and a con-
ventent SU(8) gauge, 1s given by the simple formula (this result was used in refs [4,14], its consistency was investi-
gated 1n ref. [15]

eABm =4\/2_Kmlj(uIJAB +U]JAB). (36)
Here, Io(mu(y) are the (normalized) Killing vectors on the round S7 and
ul 4 (e,) + 450 9) = [ (0) + vp7, 0] 0y ) g ), (37)

where u(x) and v(x) are the 28 X 28 submatrices of the 56-bemn V(x) n (35) [2,10] and n} (¥) are the (normal-
ized) Killing spinors on s’ [11]. Substituting (36) into (29) one readily verifies the compatibility of (29) with the
supersymmetry variation of the scalars of N = 8 supergravity (cf eq. (3.1) of ref [10]. By means of (36) 1t 1s also
not difficult to see that (22) coincides with a linear combination of (4.33) and (4 34) of ref. [10] in the S”-trunca-
tion. Secondly we note that in this truncation (23) is solved by

~ ~

%m dm
] Ervex, v i), (38)
A 1y B
where X, takes (y-dependent) values in the E, Lie algebra
K L SO J e nKL
aslK K, "1 b D, K, k"KL
ST FP (IJ g nKL) (K& L] | (39)
bD, K, K a6[1K 7]

witha and b real coefficients, which depend on one free parameters, and D the S7 covariant dervative The nota-
tion B m and A m is used to indicate that these quantities pertain only to the s’ background we have also ab-
sorbed certain normalization factors for convenience Furthermore %m contains an extra constant term, which
arises because of the Killing condition on the spinors in (37), and we have converted 4, B,. indices ntoz, J,
indices by means of the Killing spinors. The emergence of the so-called T-tensor in gauged N = 8 supergravity can
be understood on the basis of (38) and (39).
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