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Eleven-dimensional supergravlty is reformulated m a way suggested by compactlfiCatlons to four dimensions The new 
version has local SU(8) mvarlance The bosomc quantmes that pertain to the spin-0 fields constitute 56- and 133- dimensional 
representations of E7(+7 ) Some lmphcatlons of our results for the 57 compactlflcatlon are discussed 

Snnple supergravlty in eleven dimenstons [1] was originally constructed to understand the complexities o f N  = 8 
supergravity in four dlmenstons. The exphclt  reduction led to the discovery o f "h ldden"  symmetrtes [2], whose 
origin has so far not been understood in the framework of  higher dimensions. In thts paper, we show that, in fact 
the d = 11 theory itself possesses a hidden symmetry,  it is possible to rewrite all the transformation laws of  ref. [1] 
and the field equations, which follow from the action given m ref [1], in a form is manifestly covariant under 
local chlral SU(8) Furthermore the bosonlc quantities that pertain to the spinless fields, which include the SU(8) 
connections, constitute representations of  the group E7(+7). Our construction is based on d = 11 supergravtty re- 
written in a certain way as a four-dmaensional theory with fields that depend on seven extra coordinates. This the- 
ory is still equivalent to the full eleven-&menslonal one, and there exists a natural reformulation of  our results 
within the context  of  any nontrlvlal ground-state solution, as we wdl occastonally indicate below. As explained in 
ref. [3] the compactlf lcatlon to four dimensions occurs naturally if certain components  of  the four-index field 
strength acquire nonzero values. 

The strategy for obtammg the new version o f d  = 11 supergravity has been outhned in ref. [4], where we al- 
ready presented some partial results. The basic idea is to first restrict the tangent space group S O ( l ,  10) of  d = 11 
supergravlty to SO(1,3) × SO(7) by a partial gauge chotce and then to enlarge it to SO(1,3) × SU(8) by the Intro- 
duction of  new gauge degrees of  freedom. In contrast to the construction in ref. [2], which followed a smailar pat- 
tern, all physical degrees of  freedom of  the d = 11 theory are retained here. Since the derivations leading to our re- 
sults are rather lenthy, details wtll appear elsewhere [5], but we refer the reader to ref. [4] where several relevant 
steps have been described. We note that  there exist earlier at tempts to understand the origin of  hidden symmetries 
[6], and that  our procedure is somewhat reminiscent of  a recent proposal to change the tangent space group in the 
" internal"  dimensions [7]. However, there are crucial differences between these approaches and our construction 
as will become obvious below. 

We now briefly summerlze our conventions and notat ion (see also ref. [4]) For d = 11 supergravxty we follow 
those of  ref. [8]. The fields of  the d = 11 theory are the elfbeln EM A , a 32-component Majorana vector spinor 

'I '  M and a three-index gauge field AMN P which appears only through its mvarlant field strength FMNPQ in the 
equations of  mot ion [ 1] These fields depend on the d = 11 coordinates z M, which are subsequently spht into 
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d = 4 coordlnatesx  u and d = 7 coordmatesy  m corresponding to a compactlfication c'~ 11 -+ Q'~4 X c'~ 7 of  eleven- 
dimensional space - t ime  Similarly, all d = 11 radices are decomposed into curved and flat d = 4 indices/a, v, , 
and a , 3  .. . .  , respectively, and curved and flat d = 7 indices m, n, .  , and a, b , . . . ,  respectwely For the present con- 
structlon, it lS necessary to redefine the fields o f d  = 11 supergravlty according to the "s tandard"  prescription [2, 
4]. One first makes use of  the local SO( l ,10 )  mvarxance of  the theory to fix a gauge where the elfbem assumes 
the form 

EM A eu 
= • ( 1 )  

em a 

The tangent space group is reduced to SO(1,3) × SO(7) in this way Compensating rotations are needed m the su- 
persymmetry variations and coordinate reparamemzat lons in order to maintain the gauge choice (1) Moreover, 
we have already included a Weyl-rescahng factor 

& ( x , y )  =- det e m a (x , y )  (2) 

In (1), which as just the factor needed for the canonical normalization of  the d = 4 Einstein action. It is also possi- 
ble to perform the Weyl rescahng with respect to a nontrivzal background by replacing the full slebenbeln In (2) 
by the deviation Sa b from the background em a [4], I.e. 

Sa b ( x , y )  = d a m (y)  em b(x ,y) .  (3) 

The fermlonic fields have to be redefined in an analogous manner It is convenient to use fields with d = 11 flat 
indices, in terms of which the redefined fields are given by 

1 $u = e v a  A1/4 exp(--~- lrr75) ( ~  3'5"/c~pa~a), ~a = & - l / 4  1 - e x p ( -  ~ try5 ) qSa, (4) 

where 7c~ and 1-' a are d = 4 and d = 7 gamma matrices, respectively. Note that we also use a redefined supersymme- 
try parameter 

enew(x,y)  = A 1/4 exp(---} lrr75) ed=l l (x ,y ) .  (5) 

In order to enlarge the internal tangent space symmetry from SO(7) to SU(8), one must now "complexl fy"  all 
fields of  the theory.  For  the fermlons, this is accomplished by noting that chlral SU(8) can be realized on the eight. 
dimensional splnor representation of  SO(7) through the matrices  I'mn , I" m 8 = l['rn and ySI'mn p The various ex- 
pressions can be further slmphfied by the use of  chlral notation.  We employ the letters A,  B, C , . . .  to denote spin- 
seven indices which are then promoted to chiral SU(8) indices For  the gravltlno field flu' these are Introduced in 
such a manner that 

5 A A T5 3' t) u = + f u ' ~uA = -- ¢'uA (6) 

For  the redefined spin- l /2  fields, one first eliminates the d = 7 vector index by switching to the combination 
r'[aAB ~aC] [2] and then defines [4] 

x A B C  -- 3 a 
= _ ~ N I ~ I ( I + T s ) P t A B t ~ a C ]  ' XABC=¼NI~I (1  a 

- 3'5) P tAB tkaCl" (7) 

The fermaon fields 4 2  and X ABC thus transform according to the eight- and 56-dimensional representation of  
chlral SU(8), respectively. 

To identify the proper SU(8)-covarlant bosomc quantmes is a more daffuclt task. The analysis of  ref [4] sug- 
gests that the siebenbeln must be replaced by the antlsymmetric tensor 

eAB m = i A - 1 / 2  eam I,~IB, (8) 

A ABC which is, however, not SU(8) covarlant. We now redefine the fields $u and X and the supersymmetry param- 
eters e A by means of  a local (x- andy-dependent )  SU(8) t ransformat ion  rbAB ; the degrees of  freedom contained 
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m (P can then be used to promote (8) to a ploper SU(8) tensor, VlZ 

eA B m ~-IA l/2 eam r~  D ~ q  ~DB (9) 

In order to avoid the Introduction of  new degrees ot freedom we let q5 be subject to a local (x- andy-dependent) 
SU(8) group, according to 

¢A8 + ¢ %  u c ,  (10) 

so that by going to a special gauge ((P = l) we recover (8) After extracting (P from the fermlon fields and the su- 
persymmetry parameter, these quantities and (9) will transform covarlantly under the local SU(8) induced by (10) 
according to their index structure (note that the complex conjugate of  (9) has upper radices, 1.e. e rnAB- (eAB m)*) 

Observe that the SO(7) subgroup of  SU(8) is the ordinary tangent-space rotation on eam in (8) as it should be 
The Weyl rescahng factor A -  1/2 in (8) and (9) may seem unnecessary, but it is essential for our construction be- 
low Instead of  the usual relation between vlelbem and metric one now has the SU(8) covanant "Clifford property" 

menBC + nemBC=2A lgmn6C,  (11) eAB eAB 

whmh determines the metric gmn(X,y) because ,5 = (det gmn) 1/2. There are also further constraints on higher-order 
products of  the eAB m which can be derwed from the properties of seven-&menslonal gamma mamces (see ref. [2]. 

Evidently the introduction of  the complex quantity (9) forces us to transcend the framework of  rlemannlan 
geometry. Through the analysis of  the fermlon transformation rules obtained in ref [4] we identify the other quan- 
txtles which contain the remaining bosonlc fields 

%As-=®G(4a   rG ~ v ~ , 5  I / 2 e a F  .abe a , u abca*CD -- ~ V/2A-1/2eu6e~3v6F~varCD --28CDC~u}~PD B 

(12) 
~ I a A B C D  a b =- (~2uabFEFVGH -- ~6 x/~A-a/Zeu6 e~76F pb rba a33,a x E F  l GH 

aF ra pbe ~C~E[A~FB~GCdPHD], (13) - -6  X/-~ A -  1/2 eu abcaiEFXGH) 

1 1 1 d be ~mA B -- ~ C A ( ~ X/2 ,fema F~D + 2 ea n 0 m enb rb~ - a ~ em Fabcd Fac°~ - 28 CD 3 m) (I)D B, (14) 

-~m ABCD _ n a b b ba - (e a 3menbrEFrGH + ~  + Vf~lf  emarEFrGH 1 N/~emdFabcdr~Fr~H) ~E[A ~FB~GC~H D] 

(15) 
1 1/2 e ~ A B = I ( _  ~61kl /2g2o~a+g,A eametoUOmeu~])rbD + lV~l ,5-1/2Fa~abr,  ab ,xcD.l+ *d~CA*mDB, (16) 

where F is the four-index field strength with d = 11 tangent-space ln&ces, and e ~ A  B is selfdual in radices [o¢6] 
(the antlselfdual tensor is G~a AB-- (G~AB)*)  Furthermore 

1 
f(x,Y)=---- ~-41ea~°4Fa3v6(x,Y), c ~ . = - 3 . - B ,  m3 m , (17,18)  

and the relevant coefflclelats of  anholononuty are given by 

~2uab -eamCDuemb - eam3mBunenb, ~2c,~ = 2e[~Ue3~uBvm ema (19,20)  

In a nontrlvml background Q?~7, (18) ~s replaced by 

~u  =- 3u - B u  m tim, (18') 
o 

where D m Is the c~  7 background covarlant derivatxve, w~th ensuing modifications for the quantities above, e g 

~laab ( S - 1 Q ) . a ) a b  S a  l c °  o = - DeBmemdSdb, (19') 
o O where e m and Sa b have been defined in (3) 

The transformation (10) now reduces corresponding SU(8) transformatmns on the quantities (12 ) - (15 ) ,  cI~AB 
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and Cl~mA B transform as gauge fields associated with x- andy-dependent SU(8) transformations. It ~s noteworthy 
that the SO(7) part In (14) is not the usual SO(7) spm connectxon as one m~ght have naively expected. The com- 
plex tensors -~u and -~m are selfdual in the mdaces [ABCD], Le. 

.9~MABCD _ 1 .ABCDEFGH .~ -2-4 ~ MEFGH, f o r M = g , m .  (21) 

The tensors C+~AB and c ~ A B  are antasymmetnc in lAB] and transform in the 28- and 2-8-representatmn of  
SU(8). The quantities (12), (13) and (16) have already appeared m the analysis of  ref [2], but only for ay-mde- 
pendent set of configurations and after certain duality transformations. In that case the quantmes (14) and (15) 
simply vanish. In the gauge • = 1 (12), (13) and (16) have also been ~dent~fied m ref. [4] 

The new SU(8) quantities which we have introduced above are subject to SU(8) covariant constraints. In partm- 
ular, one can verify that 

i 3 emCD ('DueAB rn + 3nB~meAB n +'-ff ~nBuneAB m + Q~ #C[A emB]C --4 "~uABCD = 0. (22) 

3 enCD 3meABn + Q3mC[AenB]C --'~.9~mABC o =0.  (23) 

These relations generalize the usual vielbeln postulate of  rlemannlan geometry to the comples geometry consider- 
ed here. It is remarkable that ~ u '  -~u and q~m, -q~m take the form of the gauge connectmn of  the excepnonal 
group E7(+7 ) Hence both ( ~ u ,  -~u) and (q3m, -~m) can be assigned to the 133-dimensional (adjoint) representa- 
tmn, and furthermore e mA~t , and eAB m constitute the 56-dmaensxonal representation of E7(+7 ). 

There are further restrictmns on the quantmes ( 1 2 ) - ( 1 6 )  which follow either from manifest restrictmns on 
the various coefficients in (12 ) - (16 ) ,  or from the fact that the four-index field strength FMNPQ satisfies Bianchl 
identities. These restrictions can again be written in SU(8) covariant form. For instance 

eBc[menCDeDEPeq]EA(~m~nAB + l C~mAFC~ B , 3 ,.~ ~ BFGH.~ nF " ~  ~'mAFGH ~'~n J = 0. (24) 

It Is now possible to recast the supersymmetry varlatmns of  all fields mto a manifestly SU(8) covarmnt form 
One has 

c~ 1 8e u =-£ #AT~IIluA + h.c., (25) 

~ A = ( ~  G , ~ i eA 1 -XWuo,~T --~TuTVamBv m) +2Q3uABeB +T°~Tue~ABe B 

1 3 -¢~ ABCD'z, e +~emABOm +~ q~m)BCTueC +v6 ecDm m u B, (26) 

8Bum - 1 N/~ eAB m (2X/~-~A ~Bu + eC 3'u XABC) + h.c., (27) 

3 Sr~uABCDeD (3/N/~)em[AB(3m +_~ 8 X ABC = 3~/2 e ~ [ABT °43 eC] +X ~ , y t a  + 1 ~m)CI  D eD 

+9N/t~eDEm~mDE[ABeC ] +3 ~ - ~  ABCD m E ~ V z  ..9"t m eDE e , (28) 

8 eAB m = ~ F, ABCD emCD, (29) 

where 

~ABCD = ~[A XBCD] + ~4 eABCDEFGH eExFGH. (30) 

The Lorentz spin connection appearing m (26) is the standard one but with the modified derlvatwe c-/) u of  (18) 
instead of  the usual 3 u . Furthermore, in order to bring the spin-0 transformahon law into the form (29), we have 
included an SU(8) rotation with parameter 

AAB ' - 11~Fa ab ,,, p a b c  (31) =~ I e r ,  b c b r ~ B  ~ 
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The next task is to rewrite the field equations in terms of  the new quantities introduced above. Here, we only 
give the fermlonlc part of  the SU(8) covarlant lagranglan, which can be directly obtained from the fermionlc 
laglanglan of ref [1 ] For the bosomc lagranglan, a direct derivation IS not possible because of  the exphclt  appear- 
ance of  the gauge fieldAMN P It is a nontrlvlal check on the ideas proposed here that all (quadratic) fermlonlc 
terms of  the d = 11 lagranglan can be reassembled into a manifestly SU(8) mvarlant expression. After a rather 
tedious calculation (details will be provided in ref. [5]) one finds 

1 -- 1 1 0 l clarA B eft] "~ fermlon,c = -- 2 e C 2 7 la~° [(c3 v -- ~" c°vc~7~ -- ~" 7 v 7 0 m  Bom ) Co A + -2 

I e~ABCTI a 1 o43 
-- i-2 [('Q)la --4" W.u 7043) X ABC + "~ Q3 la C D XABD ] 

+ 1 v~eEABC7 vVl a CvD 9{~ ABCD + ee;[3AB [-- ~A [ta 7# ,),o43,gv cuB] 

+ (1/.,/~) C-.cv~%"x ASc + ~ eAaCt)eFCHy~CZ)E ~,°~XFC ~] 
- -  1 1 r n  1 + e eAB m cA OvV(Orn + -~ q3 m )Bc C C + -~ X/~e eAB ~(ABCT~s (Ore + ~ c'Brn )C D CuD 

3 C~m)FF'XF,GH -- 144 I'-L eeABCDEFGH eAB m ?(CDE (Orn +-~ 

_ ~ e emAB ~z~rnCDEF ~( ABC XDEF + 3 N/~e eAB .¢{mABCD -XCDE 7 u ~#E +~ x/~e.¢ m ABCDem DE-ABCx 7 # CuE 

+ hermltean conjugate, (32) 

where e is the vlerbem determinant (e = det eu). The fermlonic field equations, which follow from (32), are mani- 
festly SU(8) covaraant. By the SU(8) covarxance of  the transformation rules ( 2 5 ) - ( 2 9 ) ,  the same is true for the 
bosonlc field equations (in fact, the SU(8) covarlance of the field equations follows also from the SU(8) covarlance 
of the full set of  supersymmetry transformations alone, as their commutator  gives rise to field equations). 

In ref [2] it was pointed out  that the scalars o f N  = 8 supergravlty live on the E7/SU(8 ) coset space This re- 
sult, which was found rather indirectly, IS naturally recovered in the present framework. In the truncation of  ref 
[2] where they-dependence  is discarded, we have ~ m  = -~m = 0; moreover, a somewhat tedious calculation rely- 
ing on the equations of  motion and the Blanchx identities for the field strength FMNPQ reveals that, in this trunca- 
tion, 

3 ..~ ACDE..~ Olact~ A A 1 [c~la,  c~ v ] .~. 
vB -- Ov c ~  laB + 2  A B  + [.u vlBCDE = 0, (33) 

~la 9~vABCD + 2c~/z'la[A 9{vBCD ]E -- (/.l ~ v) = 0. (34) 

These are just the Car tan-Maurer  equations of E 7 . Consewuently ~ u  and .~la can be solved in terms of the 
"sechsundfunfzigbeln" Cp(x) according to 

(~ la(x)  ~ la (x ) )  
= ~V(x) = O, (35) ~laq~(x) ",e~(x) q6~(x) 

where c)Y(x) is a matrix In the 56-dimensional representation of  E 7 (a similar argument has been used in ref. [9]). 
Eq. (35) may be compared to (22) and (23) which have a similar structure but gre valid without any truncation 
(see also (24)). Obviously the group E 7 has a role to play irrespective of the compactifIcatlon that one IS consider- 
ing. It is already known from gaugedN = 8 supergravyty [1 O] that E 7 is not  always realized (nonllnearly) as a sym- 
metry of  the field equations, although the scalars in that theory are still parametrIzed by the E7/SU(8 ) cosets. 
Whether or not this coset structure is relevant for all four-dimensional compactlficatlons o l d  = 11 supergravlty 
remains an intriguing question 

51 



Volume 155B, number 1,2 PHYSICS LETTERS 16 May 1985 

As a byproduct  of  our results, the consistency to all orders of  the truncation o f d  = 11 supergravlty compactl- 
fled on S 7 [11] to its massless sector [ 11,12] is now almost manifest The resulting theory is generally beheved to 
coincide with gauged N = 8 supergravity [ 10], but so far this claim has only been partially verified [11,12,4 ,13-15 ]. 
In particular, the most difficult sector containing the spin-0 fields has so far defied treatment To see how these 
difficulties are resolved with comparative ease in the present framework, we give just two examples, deferring fur- 
ther details to ref [5] First we consider the complexlfied siebenbeln (9) which, in the S 7 truncation and a con- 
venlent SU(8) gauge, is given by the simple formula (this result was used in refs [4,14], its consistency was investi- 
gated in ref. [15] 

eAB m = 4x/-f  ~- ~. AB + OIJAB ). (36) 

Here, ~(mlJ(y)  are the (normalized) Killing vectors on the round S 7 and 

UlJAB (x , y )  + VlJAB (x ,y)  -- [u IJq (x) + vljzl (x)] r/~t 0 ' )  r/b (Y), (37) 

where u(x)  and v(x) are the 28 × 28 submatrlces of  the 56-beln c))(x) in (35) [2,10] and r/~ (y)  are the (normal- 
lzed) Killing spinors on S 7 [11 ]. Substituting (36) into (29) one readdy verifies the compat lbdl ty  of (29) with the 
supersymmetry variation of  the scalars o f N  = 8 supergrawty (cf eq. (3.1) of  ref [ 10]. By means of  (36) it is also 
not difficult to see that (22) coincides with a linear combination of  (4.33) and (4 34) of  ref. [ 10] m the S7-trunca - 
tlon. Secondly we note that  in this t runcanon (23) is solved by 

[ ' ~ m  c~ m [  c~m "~m] = elY(X)Xm cly - l ( x ) ,  (38) 

where X m takes (y-dependent)  values in the E 7 Lie algebra 

X m ( y ) : I  ° ° ° [K~. L] ' (39) 
bDmKn IJKnKL] a6[I  "*m j] 

w l t h a  and b real coefficients, which depend on one free parameters, and I) m the S 7 covariant derivative The nota- 
tion c~ m and ~;~m is used to indicate that these quantities pertain only to the S 7 background we have also ab- 
sorbed certain normalization factors for convenience Furthermore c~ m contains an extra constant term, which 
arises because of  the Killing condit ion on the splnors in (37), and we have converted A,  B, .  indices into t , ] ,  
indices by means of  the Kllhng splnors. The emergence of  the so-called T-tensor in gauged N = 8 supergravity can 
be understood on the basis of  (38) and (39). 
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