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0. Introduction

We consider the equilibrium surface of a liquid of fixed volume in an upside
down capillary tube. Let Q< R", n=2 be the cross-section of the tube and
assume that the top of the tube and the equilibrium surface can be represented
as graphs of functions ¥ and u on Q. Then the physical principle of virtual
work leads to the consideration of the energy functional

E@)=[(1+Dl) 2 dx—= [v?dx+ | fvdH,_, 0.1)
Q 2!2 o

where x (nonnegative) is the capillarity constant and feI*(0Q) is the cosine of
the contact angle between the surface and the cylinder walls. We made the
physical assumption that there is no contribution to the energy from the top of
the tube, ic. that the liquid ‘wets’ the obstacle i. For convenience of notation
we reverse the coordinate system such that y becomes the bottom of the tube
and the gravitational field is upwards directed.

Because of the bad term

—Z{v?dx 0.2)
25

we can’t expect any minimum of E in
K:=H"*(Q) n{v=y}n{[v—ydx=V} (0.3)
Q

where V' >0 is the prescribed volume.

But we want to show here, that the corresponding variational inequality
has a global regular solution, if we assume that at least one of the quantities k
or V is small enough.

Let A be the minimal surface operator

A=-D(d(p)*, a'=p;(1+]|p*)~"? 0.4)

! Here and in the following we sum over repeated indices
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and let the functions

BeChH*0Q), H=H(x,)eC *R"xR) 0.5)
satisfy the conditions
pl£1~a; a>0 (0.6)
and
O0H
20, 0.
ot~ ©.7)
supH(x,0)<b-(1+1) >0 (0.8)
2

where b is some positive constant and H is introduced for greater generality.
Then we can prove the following main theorem:

Theorem 0.1. Let Q be a bounded domain of R", n=2, with boundary of class
C** and let the functions B and H satisfy the conditions (0.5)~(0.8). Then the
variational inequality

{Au+ H(x,u)—rxu,v—uy=0  for all veK (0.9)
where
(Aupy={d' Dyndx+ § BndH,_, (0.10)
0 o0

has a solution ue H»*(Q)nH**(Q)nHZ=(Q), if we assume ye C*(Q) and if k or
V' is small enough. The solution has continuous tangential derivatives at the
boundary and in the case n=2 we have ue C(Q).

If we impose on \f the further assumption
—di(DY) -3, =f on 0Q (0.11)
where y is the outer unit normal to 0Q, and if 0QeC>% BeC"1(8Q) we have
ue H**(Q).

The proof is essentially based on a special a priori bound for the gradient
of solutions to the problem

Au+H(x,u)=0 in Q

—d'(Du)-y,=B on 4Q. 012)

Using ideas of Ural’ceva [18] and Gerhardt [4], we can show that this bound
does not explicitly depend on {H(*, u(*))|,. In the second part of this article we
shall look for a solution to the boundary value problem

Au—xu+1=0 in Q

—d-y,=f on 0Q 013
where A is some parameter and k=0 is small. It turns out that (0.13) has
always a solution for small x, provided there is a solution in the case x=0.

The article ends with a corresponding result for Dirichlet boundary con-
ditions.
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The problem of a ‘hanging drop’ has been considered before by several
authors, see [2, 11, 12, 14].

At this place the author wishes to thank Professor Gerhardt for having acquainted him with
this problem and for helpful discussions.

Notations. We shall denote by ||, the supremum norm on € and by |- | , the
" norms of the I?-spaces.

By c=c(...) we shall denote various constants whereas indices will be used,
if a constant recurs at another place.

1. Existence

For technical reasons we assume

O0H
-
-2 T>0 (1.1)

and let 7 tend to zero at the end of the proof. By considering the sidecon-
ditions as isoperimetric, we are led from (0.9) to the following approximating
problems

Au+Hx,u)—ru+A+pu0@ (u—y)=0 in Q

—d'(Du)-y,=B on 0Q (1.2)

where A€lR, O<peR are Lagrange multipliers and @, is a sequence of smooth
monotone graphs tending to the maximal monotone graph @:

0, t>0
0, t=0
e@)=4[—-1,0], =0 @s(t)={_1 < (1.3)
-1, <0 =T

We want to obtain a solution to (1.2) by a fixed point argument and so we
consider the related problem

Au+HX,u)—k P+A+u® (u—y)=0 in Q
—d'(Du)-y,=Bf on oQ (14)
for any ®e C**(Q).
From the results of Gerhardt [4, 5] we know
Lemma 1.1. For all 9 C"*(Q) and V>0 there exists A(®) and ugye C*(Q), such
that ug, solves the problem (1.4) and
fup—tdx=V. (1.5)
o

The solution u, and the Lagrange multiplier A(®) are uniquely determined by
¢ and V.



452 G. Huisken

In view of the Lemma there is an operator
T: CH*(Q) > Ch4Q)

D uy.

(1.6)

It is our claim to show that T has a fixed point, which would be a solution to
(1.2). Therefore we want to use the following Lemma ([8], Corollary 10.2):

Lemma 1.2, Let S be a closed convex set in a Banachspace B and let T be a
continuous mapping of S into itself such that the image T(S) is precompact. Then
T has a fixed point.

In order to verify the hypotheses of the Lemma we state the following a
priori estimates, which will be proved in Sect. 2 and 3.

Theorem 1.1. Let u be a solution to (1.4), which fulfills (1.5). Then we can take u
as large that
u—y=—3¢ 1.7

where u depends on ¢ and tends to infinity when ¢ tends to zero. Furthermore we
have the upper bound

u—yY<e-(ctx|Ply- (V+e)tntt, (1.8)
the constants depending on H, i, n, a, Q and 0Q but not on A, y, ¢ and .

Remark, that as a consequence of (1.7) and (1.8), the term |u—y|, tends to
zero provided that u tends to infinity and ¢ and V tend to zero.

Theorem 1.2. A4 solution of (1.4) satisfies in the whole domain Q
log|Du|Sc+c-(x-|DPly- lu—yly) (L9)

where the constants depend on known quantities but not on A, u, ¢ and .

Now let _
Syi={@eCHH(D)||Plc <M} (1.10)

From the two theorems we deduce that we can choose M as large and then
find constants p,>0,64>0 and V>0 (resp. x,>0), such that for all p=p,,
0<e=g, and 0< VLV (resp. O<x=k,) we have

T(Spy) =Sy (1.11)

It remains to show that T(S,,) is precompact and that T is continuous.

Again from the results in [4] and [5] we see that A(P) and |ug|.. are
bounded by constants only depending on M, when & is in S,,, While the
imbedding from C2*(Q) in C*) is compact we conclude that T(S,,) is
precompact.

The continuity of T follows from the uniqueness of the solution u,,.

Thus T has a fixed point u=u_, which is a solution to (1.2). Obviously, u,
has the right volume

fu,—~dx=V {1.12)
2
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and satisfies by (1.7)
u,—y=—3e (1.13)

Letting now ¢ tend to zero and u tend to infinity, we get a Lipschitzsolution u
of the variational inequality (0.9), since the C’- norm of u, is bounded inde-
pendently of ¢ and g Furthermore, u is also a solution to the variational
inequality

(Au+H(x,u)—ku+Av—up>=0 forall veH"*(Q)n{v=y}  (1.14)

with some parameter A.
The regularity of u as stated in Theorem 0.1 now follows from the results in

[13].

2. A Priori Estimates for [u],
In order to get the estimate (1.7), we multiply (1.5) with

w=min(u—¥+0,0) = (2.1
Introducing the notation A(d)={xeQ|u < —J} we then obtain by integration

[ a(Dw)-Du—y)dx+ | pwdH, + | (H(x,u)—x ®+))wdx
A(5) i Al

+u- | Ou—y)-(u—y+8)dx=0. (2.2)

A(d)

Now we observe that on A(5) we have O (u—y)=—1 since d=¢ and in
addition H(x,u)< H(x,¥) in view of the monotonicity of H. To estimate the
boundary integral we use (0.6) and an inequality which is proved in ([6],
Lemma 1):

f gdH, <[|Dgldx+c,|lgldx (2.3)
o 0 2

where cq = cq(n, 00).
We conclude for all §=¢

a- [ |Duldx+p- | y—u—06dx<(14+2[Dy|,)1A(5)
A9 A(5)

+(H( Y (g FrlDlg+IAl+co): | y—u—ddx (2.4)

A(d)
where |A4(5) denotes the Lebesgue measure in R” of A(8). Choosing now
B it HC (- Do+ K1l + U+ ¢ 25)
we get with the triangle inequality

JIDwldx+fi- | Iwldx Zc(a,n, [DY|o)-|A(S). (2.6)
2 2
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The Sobolev imbedding theorem yields
IWlyme 1+ Wl Sc-JAQG))  foralldze 27
and by the Hdolder inequality we obtain from (2.7)

(0, —0,)1A@ ) S c-JA@ ) D
and forall §,20,=z¢ (2.8)
(0, —0,) A NISA™" ¢ |A(6,)

From a lemma due to Stampacchia ([17], Lemma 4.1) we now deduce

u—yz—2e—c-|AQe)\H" (2.9)
and
[AQ2e) Se-exp(—fi-(e-c)~'-¢)- [A(e)l. (2.10)

Choosing now ji large enough, we conclude the inequality (1.7). Then pu
depends on |D¥|,, a, 1, k|®ly, [H(*,¥)|g @2, A and & To establish the other
bound (1.8) we multiply (1.5) with

Lj"max(u—gb—k,O)dx (2.11)

u———max(u—lp—k,O)—‘QI
Q

for any k>0. Observing fvdx=0, we get by integration

| d'(Du)-Dfu—~y)ydx+ | pvdH, |
A(k) (7]
+ [ (H(x,u)—x ®)-vdx+pu- [ ©,(u—y)-vdx=0 (2.12)
2 o

where now A(k) denotes the subset of Q where u—y > k.
Again using the inequalities (2.3) and (0.6) we can estimate the boundary
integral by

(1—a)- | |Duldx+[Dy|g-|AK)[+2¢o- § max(u—y—k,0)dx. (213)

A(k) A(k)

The third term of (2.12) can be estimated as follows

§ H(x,u)-vdx= | H(x,u) - (u—y —k)dx

A(k)

fu—y—kdxH(Ewdé= | H(x,¥) (u—y—k)dx

—Q‘E_I_.A(k) A(k)
1
[ b4w) e [ u—p—kdxde
{u>0} IQ‘ A(k)
— [ HEO~- [ u—y—kdxde (2.14)
<0 12 4

This is a consequence of the assumptions (0.7) and (0.8). Finally we get
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|| H(x,u)- vdx|

2

S(H(, 0+ IH( lﬁ)lg+b(1+ flu =il +l¢lg)) [ u—y—kdx. (2.15)

Ak)

12

From the definition of &, in (1.3) we conclude that the last integral in (2.12) is
positive. Thus, combining (2.12), (2.13) and (2.15) we derive

a- | IDuldx<2-DYlolAR)|+e,- | u—y—kdx (2.16)
where o w
cl=(2KI¢IQ+2CO+IH(',O)IQHH(',W)IQH?(1+@Hu W+ o) 217

Introducing the notation w=max(u — —k,0), the Holder inequality yields
a-gleDWI dxc-|A(k)+c AR Wi,y 1 (2.18)
The Sobolev imbedding theorem leads to
Wl s S VAR +c 1 - JAR - W,y (2.19)

where now in ¢, is involved an additional factor depending on a and n. To
proceed further, we note that

1
|Ak) £+ j u—dx (2.20)
k Ak)
and moreover
lu—vil, =V+6¢]Q (2.21)

in view of the lower bound (1.7). Thus, if we choose

ko:=(2c,)-(V+6¢-192)) (2.22)
we obtain from (2.19)
[Wlyw1Sc-|AR)|  for all kzk,. (2.23)
Now we are in the same situation as in (2.7) and we conclude
u—Y <ky+c-|Alky)M" (2.24)

where ¢ depends on a, n and |Dy|,,.
Using again (2.20), we get by differentiating for k, the optimal estimate

u—1 <max(k,, c(n, a,|Do)- (V+6¢|Qf) 1@+ D), (2.25)

This completes the proof of Theorem 1.1.
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3. A Priori Estimates for |Dul,

We obtain a gradient bound for a solution u of (1.4) by a modification of the
methods in [4] and [18].

In view of the smoothness of 022 we can extend § and y into the whole
domain Q such-that § belonging to C%!(Q) still satisfies (0.6), and such that
the vectorfield y is uniformly Lipschitz continuous in Q and absolutely bound-
ed by 1. We shall use the following notations:

S denotes the graph of u

S={X=(x,x""Y)|xeQ,x""  =u(x)} (3.1

and 6=(5,,...,0,, ) the usual differential operators on S, ie. for ge C}(Q"*")

we have w1

0;8=D;g—v;- Z vk'Dkg (3.2)
k=1
where v={(v,,...,v,, ) is the exterior normal to §
v=(1+|Dy*~"*(=D,u,..., —D,u,1) (3.3)
Following an idea of Ural’ceva [18], we want to prove that
vi=(1+1Dul>)""*+B-D,u-y'=W+B-D,u-y (3.4)

satisfies an estimate as stated in Theorem 1.2. This would be sufficient, since

DulsW=a 1. (3.9)
Using the abbreviation

T, u) = Hx, 1) — k &+ A+ 1 © (u— ) (3.6)
we state the following technical lemmata

Lemma 3.1. For any function ge C'(Q) we have the Sobolev inequality

(f [gP™=" dH Y= < e () (§|5g| dH, + |
S S N

H
~‘ lgldH, + | Igl-WdHn_l) (3.7
n 0

where H, is the n-dimensional Hausdorff measure.

For functions vanishing on the boundary, this inequality was first estab-
lished in [15], whereas a proof of the general case can be found in [4].

Lemma 3.2. For any positive function ne H!*®() we have the estimate

{v-ndH,_ <[|5n\dH,+[(H|+16y) ndH,. (3.8)
002 S S

A proof of this lemma can be found in [4].
Now we are going to estimate the function

w=logv. (3.9

Introducing the notations z=max(w—k,0), A(k)={XeS|w(x)>k} and |A(k)]
=H,(A(k)) we proceed exactly as in [13] in order to derive the inequality
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P
[ 16z1dH,+ | [~ -zdH,
Al Am |1
S0y [AR)+ QK- DDl y+cy)- | zdH, for all k2k, (3.10)

Atk)
where

C3 = C3(6Q, IDﬁ|Q> |5Y|g, n, a)a

d
—a_);H( >u)

LIDAl,)

Ca=Cy (|5y|9, n,a,

k() - ko(a> /’l, |D l//IQ)
To proceed further, we need the following lemma

Lemma 3.3. For arbitrary ¢>0 the integral

{ zdH,= [ w—kdH, (3.11)
Ak Alk)
can be estimated by

I:IZ
e [ 16z12dH,+e- | — w—kydH, +c-e~ - lu—yl3-1A(k)  (3.12)

) Ak)
provided k=ky=kq(a,cq, DY)
Proof of Lemma 3.3. We consider the identity

[a@D;ndx+ [ Hx,uyn—x® -n+indx
Q 2
+u-[Ou—y)ndx+ | fndH,_ =0 for all geH Q).  (3.13)
2 Q2

Using this identity with #=(u—1)-z, we obtain with the help of (2.3)
[ IDu*W-tzdxs | d'Dyy-zdx— [ d(u—y)D,wdx

{w>k} {w>k} {w>k}

+ | |Hllu—ylzdx+(1—a)( | |Dulzdx+ [ [Dy|zdx

{w>k} {w>k} {w>k}
+ [ lu—ylDwldx+cy- | |lu—y|zdx). (3.14)
fw>k} {w>k}

Thus, we conclude

a- | Wzdx< [ zdx+2|D¥ly- | zdx

{w >k} {w>k} {w>k}
(2
+e [ = zdx+(de)" - ju—yld- | zdx
{w>k} {w>k}

+eo [ [SwP Wdx+@e) -lu—yli- | Wix

{w>k} {w>k}

teo-lu—yl2e | Wdx+e, | 22W-ldx (3.15)

{w>k} {w>k}
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and since zS W for k2 ky(a, ¢y, |DY|,) we obtain

2
| Wzdx<e | |owPWdx+e | czdx+c-em - u—yl3- Ak (3.16)

{w>k} {w>k} {w>k}

from which the assertion follows.
Applying now this lemma to (3.10) we derive

2
2dX S(e+x[DP|y- [u—ily)? - [AK). (3.17

{ 1oz dx+

A(k) A(k)

Moreover, from the Sobolev imbedding, Lemma 3.1 and from Lemma 3.2 we

conclude
(j' ,Z,n/n— 1 dHn)(n— 1Y/n
hY

H
n

Ze(n)- (g]ézl dH,+|

2dH,+ | Wden_l)
Q2

adp]

=c ((jlézlden)”2~lA(k)|1’2+s-j
5 5

-den+cs-§den). (3.18)
S
To estimate the first integral on the right side of (3.18), we remark that from
(3.17) we have
([1021> dH ) S(c+ . |DDlg- fu—lg) - |AKR)"2. (3.19)
N

Thus we obtain from (3.17) and (3.18)

2
(Jlzm=tdH YoV [\622 dH , + [ |~ -zdH,
s 5 sin
7|2
S(c+xIDPly- lu— ) [AK) +¢- (|| -zdH,+c,-[zdH,. (3.20)
N S
Then, again using Lemma 3.3 we obtain
(12— dH )"~ < (e + k| DDl u—1hlg) - | A(K)] (3.21)
N
and from the Holder inequality we get
{zdH S (c+xIDB|y- lu—lo)- 1A 1" for all k=k,. (3.22)
S
By another use of Stampacchia’s lemma we conclude
w=logv<ky+(c+x[DP|, fu—il,)- IS{Hn (3.23)
where
ko=kola, n, D, 0Q) (324)

aH(-,u)

(0
c=c

97 a3 n‘a |5V|Q, ‘D,B‘{p Q)
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It remains to establish a bound for ]Slzj Widx.

Q
To accomplish this, we use the identity (3.13) with

n=u—y— }Q] (3.25)
We get
[IDuPW-tdx<[{a'D,ydx+[|H||ju— gb——
+Kl@l9'g lﬂ—@ dx—2- ju —@dx
—u-!{@g(u—w)( w—@)dxmwldx
L dx+(1—a)- | |Duldx. (3.26)
12| 2

By the definition of ©, and V the terms with 1 and u may be neglected. Thus,
we have

[ Wdx <c(IDYl,, )02, a,n,¢,, [H|,N) (3.27)

where N is an arbitrary upper bound for V and |u—y/|,. This proves Theo-
rem 1.2,

4. Solutions to the Equation

Let QcR”, n=2 be of class C** and assume that f and H satisfy the
conditions (0.5)-(0.8). Then we consider the boundary value problems
Au +H(x,u)—xku +4,=0 in Q

—a(Du)-y,=f on 0Q. (10
We shall prove:

Theorem 4.1. Assume there is a solution uye C*>%(Q) to the problem (4.1;0). Then

we can find k,>0 so that for all 0Sk =<k, there is some A  and a function
u e C**(Q) satisfying (4.1; k).

We shall discuss the existence of a solution u, in the case k=0 at the end
of this section.

Proof of Theorem 4.1. Let Q be connected. In the other case we can carry out
the proof in every component.
We consider the variational inequality

(Au +H(x,u)—rxu,v—u =20 forall vekK 4.2; )
where
K:=H"*(Qn{vzy}n{[v—ydx=v}. 4.3)
Q
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We take Yy =u,—1 and V=|Q|, so that u, is a solution to (4.2; 0).

By Theorem 0.1, the problem (4.2; x) admits a solution u e H>*(Q) if x is
small enough, say 0<x <x,. Moreover, there cxists a Lagrange parameter A,
such that u, solves

CAu +H(x,u)—xu +A,v—u>20 for all ve H-*(Q)n{vz Y} (4.4)

and we have
ulc. =M  for all 0=k=k, (4.5)

for some constant M (see Sect. 2, 3).

it is our claim to show that for x small enough the functions u,_ lie strictly
above the obstacle Y =u,~—1 and therefore solve the Eq. (4.1; k). To accomplish
this, we need

Lemma 4.1. For x small enough, a solution to (4.2; k) is unique in the class of
Junctions satisfying (4.5).

Proof of Lemma 4.1. Let ii, be another solution to (4.2; k), satisfying (4.5). We

obtain
j (d(Du,)—d'(Dii,)) (D;u,—D;ii,)dx <x - j lu, 1, |* dx. (4.6
Q Q

In view of (4.5) the first term can be estimated from below by

¢(M)- { |Dlu, — i) dx @.7)

and the Poincaré inequality shows that for small k, we have u,—ii =const.
The assertion now follows from the fact that 4, and i, have the same volume.
From this Lemma 4.1 we conclude immidiately that the map

K= U,

~ 4.8
[0.6,] - C@) 9
is continuous and therefore u, tends to u, uniformly when x goes to zero.
Thus, there is some x,<x, such that for all x<x, the function u, lies strictly
above the obstacle u,—1 and is then a global regular solution to (4.1; ).

Remark. If H(x,t)=H(x), we can always choose 1,=0 in {4.1; k). We have only
to add a suitable constant to u,.

Now we want to discuss the case x=0.
Giusti [9] considered the functional

F(v):j(1+|Dv|2)1/2dx+f}H(x, ndidx+ | pvdH,_, (4.9
2 Q0 o0

under the following assumption:
There exist two positive constants ¢, and f, such that for every Cacciopoli
set B<Q we have
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jH(x’to)dx"' j. BrgdH, < —(1—30)_[ D xgldx
B o @ 4.10)
jH(X, —to)dx+ _LﬁXBdHn—lé(l_gO):i]DXBl dx.

B

It was shown that F has a minimum u in BV(Q) which is bounded by a
constant depending only on ¢, t, and [[u] . Moreover, u is of class C** in the
interior of Q.

Theorem 4.2. The minimum u of F is in C**(Q) and satisfies

Au+H(x,u)=0 in Q
~d'(Du)-y,=B on 9. 4.11)

Proof. of Theorem 4.2. In view of Giusti [9] we have

Sgplulédeo,to,Ilulll)==M- (4.12)

Now let # and { be smooth monotone functions on IR with

t <M +1

(= M+2 t=M+3 (4.13)
-M-2 £-M-3,
0 H=M+1
n)=qt—(M+2) t=M+3
t+(M+2) t£—M-3. (4.14)
Then, the function
H(x,1)=H(x,{(t) +1(2) (4.15)
satisfies
H(x,u)=H(x,u) (4.16)
and
oA oH
> el >
3 >0, 5 1 for |t}=M+3. 4.17)

We consider the new problem

Av+H(x,v)+6v=0 in Q

—d'-y,=f on 0@ 19
where the term v has only to ensure the uniqueness of a solution. In view of
the properties of H in (4.17) we have global a priori estimates for [vlg and Dol
independently of 6. (For a proof of the gradient bound see Sect. 3 or [4].)

By a result due to Gerhardt [4] there is a solution uze C>*%Q) of (4.18) for
any 6>0. The u; are uniformly bounded in C**Q) and thus the boundary
value problem

Av+H(x,0)=0 in Q

—d-y,=f on oQ (4-19)



462 G. Huisken

admits a solution éie C**Q). But in view of (4.16) we have u—ii=const and
hence ue C**(Q).

Now the question arises whether there are simple cases, where the con-
dition (4.10) can be verified. If § and H are constants, we have the problem

Au+2=0 n Q

—d'y,=B, on 0Q (4.20)
where
0Q
iz—%-ﬁo, B, <l 4.21)

In [10] Giusti and Weinberger considered ‘maximal domains’, i.e. the case f,
=1. In particular they showed in the case n=2 that for all §, there is a
solution of (4.20), if Q is convex and the curvature of 3Q is always less than
10Q1/1€2].

Chen showed in [17, that whenever a disk of radius [Q]|0€| can be rolled
around 0Q in the interior of @, then the condition (4.10) is satisfied and
therefore a solution of (4.20) exists.

Finally, Finn [3] established general geometric criteria that suffice for the
existence of a solution to (4.20), corresponding to any f,.

5. A Result in the Dirichlet Case

Let ¢ be a function in C**Q) and assume that the following additional
conditions are valid:

§Hx, 0 vdx<(1—¢p)- [IDvldx, £,>0 (5.1
o )

(n—1)- K(x)>|H(x,p(x))| for all xedQ (5.2)

where K(x) is the mean curvature of 6Q in x.

Theorem 5.1. There exists some xy>0 so that for every 0=k Sk, the problem

Au +Hx,u)—xu =0 in Q

u,=¢@ ondQ 5:3)

has a solution u,.e C**(Q).

As in Sect. 1 the proof depends on suitable a priori estimates for the C!-
norm of solutions to the related problem

Aug+H(x,ug)~x®=0 in Q

Ug=¢ on 0Q 5.4)
where @ is some function in C1*(Q).
It is well known, that in view of (5.1) for every & the x can be taken as
small that (5.4) has a unique global regular solution u,.
Now let
@S, ={ve CtHQ)||v|.. <M} (5.5)
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and
0=k =r,=x,(M) (5.6)
where k(M) is as small that we can define an operator
T: S, — C+*Q)
5.7
D - ug. (7

If we can show that for some M large enough and «,(M) small enough we

have
T(Sy) =Sy (5.8)

then we derive from Lemma 1.2, that T has a fixed point in §,,, which is of
course a regular solution to (5.3). The inclusion (5.8) may be derived from the
following a priori estimates:

Lemma 5.1. Let ug be a solution to (5.4). We then have for small x:

[ulg Smax ¢ +(c(n)- 8o — x| D[, Q™) Q. (5.9
an

Proof of Lemma 5.1. We multiply (5.4) with w=max (us —k, 0) for kzkozmaxw
and denote by A(k) the set {xeQ|u>k}. We get e

| @(Dug)-D;ugdx+ [ H(x,ug) (ug—k)dx=x- [ dwdx
2

Afk) A(ky

from which we derive in view of (0.7) and (5.1)

c(n)-gq- ”W“n/(n_ n= I [Dugldx S [A(K) +x|D|g ”W'In/(n_ 1)]A(k)]1/n- (5.11)
A(k)

Since x is small, we obtain
(h—R) AR S(c(n)- 8o —K|D||QI' M)~ A(K)H1m. (5.12)

The upper bound now follows as in previous sections with the help of
Stampacchia’s result and the lower bound can be derived by similar calcu-
lations.

A gradient bound follows from results due to Serrin [16] and Giaquinta
[7]. We derive

Lemma 5.2. We can take M as large and k(M) as small that
|Duglo<M (5.13)

holds for all ®eS,,; and all 0Kk Zk,.

Proof of Lemma 5.2. In the interior of Q the result follows from a local version
of the gradient estimate in Sect. 3. At the boundary dQ the gradient estimate
depends on the existence of suitable barrier functions. It was shown in [7] and
[16], that such barriers always exist, provided the Serrin condition is satisfied.
In our case this condition takes the form

(n—1)-K(x)=|H(x, p)—x®| for all xedQ. (5.14)
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Thus, as a first step we have to choose x, and M such that

Ko M Zmin((n—1)- K(x)— H(x, @(x))). (5.15)
20

From this we obtain a bound N for |Dug|,, depending on known quantities
and on the product (x,- M) (see [7]). Then we may choose M >N. We have
only to ensure, that the product (x,- M) does not enlarge. But this can be
managed by a suitable choice of k.

This completes the proof of Theorem 5.1.
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