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We present a version of N =5 supergravity with local SO(5) invariance and a lowest order
calculation for N = 8 supergravity with local SO(8). The implications of these results and related
aspects are discussed.

1. Introduction

Extended supergravity theories are invariant under N independent local super-
symmetries which are naturally combined with a rigid SO(N) symmetry group (see,
e.g., ref. [1]). Already some time ago, it was shown that this rigid invariance can
be extended to a local one for N =2 and 3 [2]. In the case of N =4, two different
versions with local internal symmetry exist corresponding to the two variants of
the N =4 theory [3], one with local SU(2) x SU(2) [4] and another with local SO(4)
[5]. In the presence of a gauged internal symmetry, the graded Poincaré algebra
is replaced by the graded de Sitter algebra, and the invariant lagrangian acquires
a cosmological term.

Beyond N =4, no such results have been available so far. By consistent truncation,
all extended supergravity models can be derived from the N = 8 theory [6—8]. There
are at least two reasons why theories with N >4 deserve even more attention than
the case of lower N: ,

(i) Theories with higher N, and in particular the N =8 theory, have a better
chance to be of phenomenological relevance. In fact, there have been some recent
attempts in this direction [9]. Therefore, it is quite important to study all aspects
of these theories, such as the various possible ways in which higher N supergravity
can be realized. Two generalizations of the original N =8 theory have been
discovered [10, 11] which exhibit a cosmological term. But in both cases the internal
symmetries remain of the rigid type.

(ii) For N >4, extended supergravity theories with local SO(N) exhibit interest-
ing properties when they are quantized (under the assumption that these theories
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exist!). In the one-loop approximation, the cosmological constant which is induced
by the gauging of SO(N), is only finitely renormalized [12]. This is equally true
for the Eauge coupling constant which, by supersymmetry, is directly related to the
cosmological constant. This phenomenon may be viewed as another positive indica-
tion that supergravity will eventually lead to a consistent quantum theory of
gravitation. Independent of the direct phenomenological applicability of these ideas,
it is therefore of considerable theoretical interest to investigate higher N super-
gravities with gauged SO(N).

In this paper we present N = 5 supergravity with a local SO(S) invariance. The
full non-linear structure of this theory is given up to terms quartic in the spinor
fields. These latter terms are not required for a determination of the extra terms
induced by the non-zero gauge-coupling and we have simply assumed that no
inconsistencies arise in that sector. There is no problem of principle in completing
these couplings, but under the previous assumption this would only amount to yet
another check on the correctness of our results. At this point, we wish to remind
the reader that the quartic terms for pure N =8 supergravity in five dimensions
have been fully worked out by Cremmer [13].

The reason for considering the case of N =5 is twofold. First of all, the construc-
tion of N =5 supergravity with gauged SO(5) will constitute the first example of
an extended supergravity theory to which the results of ref. [12] apply and which
has vanishing one-loop 8 function. A second reason is that the case N =5 is still
algebraically manageable in contradistinction to the case N = 6; the spinless fields
occur in the fundamental representation of SO(5) which entails comparatively
simple tensorial structures for the non-polynomial modifications present in these
theories while, for N =6, the scalar fields carry at least two indices, and one may
build arbitrary strings.

We will also give the lowest order results for the case of N =8 with local SO(8).
These we compare with our direct N = 5 calculation and we establish full agreement
up to the order we have investigated.

The plan of this paper is as follows: in sect. 2 we present N =5 supergravity.
We have constructed this theory by truncating the N =8 algebraic equations of
ref. [8] to N = 5. Their solution leads directly to the N = 5 lagrangian and transfor-
mation rules. In addition, at the end of sect. 2, we make contact with the work of
Cremmer and Julia by showing that our results are fully compatible with the coset
formulation of N =35 supergravity. The gauging of SO(5) is described in sect. 3
where we also discuss the truncation to N =4, Sect. 4 contains our conclusions,
and, finally, we collect our lowest erder N = 8 results in an appendix.

In our notation and conventions, we will mainly follow ref. [8] and adopt the
chiral notation used in that paper. Upper indices on spinors denote positive chirality,
and raising (lowering) indices corresponds to complex conjugation (cf., eq. (2.1) of
ref. [8]). The only difference is that, in this paper, the symbol [iy, ..., i,] signifies
antisymmetrization in the indices iy, . .., i, with strength one. So, for instance, we
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define
S =8t o
1 i .
= (81 + - » 8> £ permutations) . (1.1)

This accounts for some difference in numerical factors.

2. Extended supergravity with N =5

The field content of N =5 extended supergravity is as follows. The gravitational
degrees of freedom are described by a vierbein field V7§, and a spin connection
b . There are three irreducible spinor fields which can be assigned to representa-
tlons of chiral U(5):5 gravitino fields ¢, 10 spin-3 fields ¥ in the antisymmetric
representation of U(5) and a singlet spin-5 field x*’**. Furthermore, the complex
scalars ¢’ = (¢:)* belong to the fundamental representation of U(5). The 10 abelian
vector fields A cannot transform under U(5), and are assigned to the antisymmetric
representation of the SO(5) subgroup instead.
Following ref. [8], the lagrangian of N =S supergravity can be written

L=3VR(V, »)— 1" ' oy, Do
— Vi "Pxin =3 VX" Pxers—1Vg" 0,0
—sV(2SHH — 5% 8"F  F* +h.c)
—3V(S™¥F O™ +h.c.)
H V(g Tm Xix? vV Wlum +h.c.)

—3Vn(Xe1sy"y“duia,, +h.c.)

+ 5V ™y X B e = E VI  x678B
+ 3 LYl B
+terms quartic in the spinor fields . 2.1

In (2.1), and in the rest of this paper, we put the gravitational coupling constant
equal to one. The Riemann curvature scalar is denoted by R(V,w); V is the
vierbein determinant, V =det V.. The self-dual and antiself-dual field strengths
(with lower and upper indices, respectively) are defined by

Foy =Hg g™ +3V e ) 0,41~ 3,41
Foei =3(g"g™ ~3V e "") (3,44~ 0,A1) 2.2)
(F+u-l'ij)* — F—M-Vil' .

* The notation x*’® has been chosen to make the relation with the N = 8 theory explicit (see appendix).
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They enter the lagrangian in a way which is not invariant under chiral U(5). The
quantity §%* which depends in a non-polynomial fashion on the scalar fields ¢’
also lacks manifest U(5) invariance. It is symmetric in the antisymmetric index
pairs (i) and (kl), and is defined by the condition

CHER S UGS J (2.3)
where S is a U(5) covariant object. By an appropriate choice of field variables, §
can be taken equal to

Gk = _ggiking, @4)
The remaining substitutions that we have used in (2.1) are manifestly U(5) covariant:

ij ij Imnp -
O+u.v] = C ]kl{—ll_Z\/EnEk anmnpO-uVX678

—3mT iy X+ N2y oy WY 2.5)
E"uC*,., =85, (2.6)
E'y=e811+2e:8li0" 01y, 2.7)
Clu= ell 8l—2 z—j 8t o0 . (2.8)
We have introduced here the scalar functions e; and e,
ei=(1-[8P)7,  |¢l'=¢'s, (2.9)
ex=pm (= (=l8P) ™). 2.10
Observe that e; is regular at ¢; = 0. We also record the following useful relations:
| e2=1~e:, (2.11)
el+e+ees=0. (2.12)

The remaining quantities a), and 8., are given by

al = ~V2ei(8' —e20'6))0,0", (2.13)
Brui=2620"3,8;+ (bel6' ~ €30 '0)0 B, (2.14)
where 3., is antihermitian, i.e., B.,; = -8B, = ~(®8.’,)*. In these equations we have

kept the SO(8) duality phase n to make the truncation from N =8 supergravity
more explicit.

The results (2.1)—(2.14) were obtained by solving eqs. (4.3)-(4.6) and (4.14)-
(4.18) of ref. [8] for the various non-polynomial functions that occur in the N = 8
theory. These equations were based on the conjectured SU(8) invariance of the
field equations, and they should also be valid for the submultiplet that underlies
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the N =35 truncation. More precisely, repeating the analysis of ref. [8] for N=5
would yield the same equations, apart from an appropriate relabelling of indices.
Therefore, the N =5 equations can be written down directly, and owing to the
simple representation content of the N = 5 scalars, they can be solved explicitly.

The action of N = 5 supergravity is invariant under local supersymmetry transfor-
mations characterized by parameters ¢'. Combining the results of ref. [8] with the
previous determination of the non-polynomial functions leads to the following
transformation rules

8Ve =g'y*u+hec.,
80 =28D, +&B;+ V2,0 - FHCTy+- - -
SAL = (8§ — 5% E™ (" YuXmnp +2~/2£m¢,m)+h c.

(2.15)
5/\-/11’( = El’klmé'y“a“m —3C[”rs§k]f7 . F"S +oen

5T = —nEyal e,

V2 mn
5, = _e—(a +—= ¢,¢)(n€,)(67s+6€,k1mn€ X ).

We have given the variations of the spinors only modulo terms that are quadratic
in the Fermi fields. In (2.15), we have also introduced the U(5) covariant field
strength

F—+y.vij — Sij,kl(F+‘wkl+ O+‘wkl . (216)

Note that apart from the variations of the vector fields A%, the transformation rules
(2.15) are manifestly U(5) covariant.

An alternative approach to obtain N = 5 supergravity is by consistent truncation
of the complete N =8 theory as it was constructed by Cremmer and Julia [7]. For
N =35, their formulation is invariant under local U(5) and rigid SU(S, 1). An
important aspect is that the scalars are then described as the coset space
SU(5, 1)/U(5). The N =5 theory presented in this section would then be obtained
upon a suitable U(5) gauge choice. Indeed our results are entirely consistent with
these ideas, and the scalars ¢’ can be viewed as corresponding to a particular
parametrization of the coset space, SU(5, 1)/U(5). Namely, one finds the following
coset representative [14] in terms of ¢'(|¢|><1):

A, = [aii—92¢i¢i| el¢'] ,

nd, e (A,B=1,...,6). (2.17)

Hence X is an element of SU(5, 1), decomposed into blocks according to its compact
SU(5) subgroup. The Killing metric of SU(5, 1) is nap = diag(+ + + + + —), and we
have

S'=n3"n, detX=1. (2.18)
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To show the compatibility of (2.17) with our results it suffices to calculate 3 “lauZ
which takes values in the Lie algebra of SU(S, 1). A straightforward computation
yields

\B, -8B, | —%ﬁai]. (2.19)

571 z=[ o
“ ~Waa, | ik

The elements of the maximal compact subalgebra U(5), which are entirely given
in terms of @,’, will play the role of the gauge fields of U(S). This is indeed
consistent with the way in which 9., occurs in the lagrangian and transformation
rules. Hence, it is natural to introduce U(5) covariant derivatives which allow us
to re-express the non-diagonal blocks in (2.19) as

Auj 0

(@3 -3 )'p=-52 [ 0 “:‘] , (2.20)

with
(@uz)AB = ay.ZAB —ZAC%u.CB ’

1 i 1ai k
2B =8B k| O
B =[2 s ] 2.21
w B 0 l %%ukk ( )
The invariant lagrangian for the scalars is then proportional to
PLecatar ~Tr (2,539,353 H=-Tr (9,3 - 37", (2.22)

which, by eq. (2.20), is identical to the corresponding term in eq. (2.1). These
observations complete our discussion of extended supergravity with rigid SO(5).

3. N =85 supergravity with local SO(N)

The extension of the rigid SO(5) invariance of N =S5 supergravity to a local
gauge group follows the same pattern as the treatment for lower N’s. Namely, one
first makes the derivatives and the field strengths covariant with respect to local
SO(5) using the vector fields AZ as SO(5) gauge fields. That is, we perform the
substitutions

3uTivin > BTy =0,T)yj, — AN Ty~ —gART, i e, (3.1)
on all SO(5) tensors T;,...;,, and
F, ' =20,A,1">F,"=20,A,"—2gA[.*A, " . (3.2)

All fields, except AY, have been assigned to SU(5) representations, but since we
gauge only the SO(5) subgroup, the SU(S) invariance of the field equations will be
violated for finite gauge coupling constant g.
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When establishing the supersymmetry invariance of the modified action, the
commutator of two covariant derivatives leads to a new g-dependent variation
through the Ricci identity

[@m @V] = _gFuu . (33)

To cancel the effect of (3.3), one must introduce new terms in the lagrangian and
transformation rules, in complete analogy with lower N calculations [2, 4, 5]. These
terms in turn give rise to new variations which no longer contain the field strengths,
and the requirement of supersymmetry then leads to a unique determination of all
extra terms. Since a large number of independent variations must cancel in this
way, it is by no means clear that the result of such a calculation is internally
consistent. But for N =35, this approach turns out to be successful. We have
determined all modifications to lagrangian and transformation rules, and established
the invariance of the action for all variations, except those involving quartic spinorial
terms. Let us now summarize our results.
We parametrize the g-dependent modifications in the following way:

8¢l = —V2gey Al (3.4)
8.1 =—2g8' Ay, (3.5)
5.8 =—2gné'Au, (3.6)
L=V + P+ £+ 2P, (3.7)
with
VIZY = g2 +4el —det (81° - (6 (6))], (3.8)
VISP =2gAVp 0" +hic. (3.9)
VIED =58AM Uiy X + Ay xS +hec. (3.10)
VLY = g AT X + 8NA5E T 1h "X 78 + h.c. (3.11)

Here we have used the definitions |¢|*=¢'¢; and (¢:)° = pip:. Notice that the
lagrangian does not contain terms quadratic in x*’®. The quantities A;_s depend
on the scalar fields ¢ and are given by

Al=e:8"+3¢5(161°0'd; + |6 b’ ~2(d) 0 '8") (3.12)
Ax™ = e16™ "G — e1626 ™ Grp "1 + 318 lrinpmd " (3.13)
Alfelmn - L [Dgikpagmmse Al (3.14)
Al=—eldi—eiedd)’d’, (3.15)
As=—1V2e2. (3.16)

Observe that our notation is such that the functions A;_s are treated as if they
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were SU(S) covariant, although their explicit expressions are only covariant with
respect to SO(5).

We now briefly compare our results with those of gauged SO(4) supergravity
which also contains the cases of N =<3, In this truncation, we have (i, }, k, /=
1,...,4)

ds=¢, $1=""=¢4=0, €1=(1_l¢|2)_1/2,
i _ i ifk _ ijkl ifk,Imn _ (3'17)
Ai=ed", Ay eie @, Aj 0,
and also
gr=x""=x"=0. (3.18)

Because all non-trivial tensorial structures disappear for N <4 this leads to a
considerable simplification in the formulas (3.8)~(3.11). In particular, we note that
rigid U(1) invariance in A is restored in the N =4 truncation. Egs. (3.17) are in
agreement with the results of ref. [5].

4. Conclusions

In this paper we have demonstrated that N =5 supergravity with local SO(5)
exists. The exciting implication of this result is that there is now at least one example
to which the considerations of ref. [12] apply: the cosmological constant and thus
the gauge coupling constant are only finitely renormalized at one loop in this theory.
The construction of gauged N =5 supergravity lends credibility to the results of
ref. [12] which would have otherwise consisted of vacuous statements. Our results
also show that there is no borderline which qualitatively separates the cases N <4
and N >4.

In view of our construction, one might wonder whether extended supergravity
theories with local SO(N) also exist for N =6, 7, 8. There is no group theoretic
argument against such a construction since the corresponding graded de Sitter
algebras are known to exist [15]. We have, in fact, attempted to gauge SO(8) in
the maximally extended N = 8 theory. So far, however, our results are incomplete
being based on the partial construction of ref. [6], and we have therefore relegated
them to an appendix. For a full construction, a knowledge of the complete N =8
theory in its manifestly SO(8) invariant form is an obvious prerequisite.

There also remain a few alternative possibilities to be explored. For instance one
may attempt to gauge a subgroup of SO(N). That this idea is not as outlandish as
it may seem at first glance is evident from the existence of the gauged N =4 theory
in the version with local SU(2) X SU(2) where one has two independent coupling
constants [4]. However, the case of N =4 is special not only in that the covering
group of SO(4) is SU(2)xSU(2) but also in that, surprisingly, there is no rigid
graded de Sitter algebra for SU(2) xSU(2) [16]. For N =8, another possibility is
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to try to gauge the SO(7) symmetry in that version of the N =8 theory that is
obtained by direct dimensional reduction from 11-dimensional supergravity [17]*.
However, in this formulation some spinless degrees of freedom are represented by
antisymmetric tensors. Therefore the problem of minimal coupling inconsistencies
seems hard to avoid in this case.

At any rate, further studies are clearly necessary, and we believe that more
structure remains to be unravelled for N = 6. The intriguing quantum properties
of N =5 models should be regarded as yet another indication that supergravity
offers a promising approach to the construction of a consistent quantum theory of
gravitation.

Appendix

AN ATTEMPT AT GAUGING SO(8)

The extension of the rigid SO(8) invariance of N =8 supergravity to a local
SO(8) invariance is completely analogous to the procedure outlined in sect. 3. We
here simply collect our lowest order results; for the pure N =8 lagrangian and
transformation rules, we refer the reader to ref. [6] on which our calculations are
based. We also reinsert appropriate powers of x» to make more explicit which
order of » we are dealing with.

We have found the following g-dependent new variations (i, j,...=1,..., 8)
8= V2 5 Emaal, (A1)
s =28 sla, (A.2)
X
with**
i if \/E 3 , ikmn pakj 4

Al = 816 +'§'6_ x d’ ¢mnpq¢ +O(x ) > (A3)
Ar™ = == e16™ ~ 358 iyt + O (7). (A.4)

Furthermore
Le=L+ LD+ LD + LY, (A.5)

* This suggestion is due to E. Cremmer (P. Townsend, private communication). Note that the covering
group of SO(7) is the spin 7 group which has an eight-dimensional fundamental representation to
which the supersymmetry generators and the gravitino fields are assigned.

** Using the identities in the appendix of ref. [8], one can show that the real part of the cubictermin (A.3)is
proportional to 8%,
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where
2
volg® :§ (2+4e2)+0(x"), (A.6)
vig® =2 -f— Aydho" +he., (A.7)
VLY =tgAsidlvx™ +hee., -(A.8)
VLY = gAY "™ fiximn +hec. (A.9)
with _
A3i]'k.lmn = éafﬁ(’a ;:rl:n (¢ pqsraru - éJ2x¢pqm¢ stuv
+ 5V 20 s o) + O (%) . (A.10)
The function e; here corresponds to the one that has been introduced in (2.9):
e1=(1-gex’¢ iikl¢ijkl)—1/2 . (A.11)

As for our notation, the comments after eq. (3.16) are also valid here. Observe
also that the scalar field potential may be represented as the sum of two terms
proportional to Al,-,-A'f and A;iklAziik', respectively, as in the case N =5.

We have now established the invariance of the action with respect to the above
modifications for the following terms; géy/F,, terms through order %2, géxF,. and
g8y D, ¢ terms through order x, gexP,¢ and g’y terms through order x°, and g2§X
terms through order » .

The N =5 truncation is obtained as follows [6, 7]: we keep V,.q; ¥.; AZ; xijk,
x°7® and ¢igrs= —\/Embi as well as ¢y = —Jiei,-k,mqs"' G f...=1,...,5). There
is a direct correspondence between A, _;(N =8) and A,_3(N =35), whereas the
functions A, s(N = 5) originate from the N = 8 results for A, and Aj;, respectively.
In this way, each term in (3.4)-(3.11) has its direct counterpart in egs. (A.1)-(A.9),
and we have verified up to the available orders in x» that there is complete
agreement. Hence, we have a powerful check on our N = 8 calculations.

We also note the amusing fact that the N =5 truncations of the second and third
terms in (A.10) vanish in the ¥ixix and Xe7sxe7s sectors; they only contribute in
the yixXe7s sector which is again in agreement with the results of sect. 3. Further-
more, the cubic terms in (A.3) vanish for N =35.

It is clear that we have some evidence that a gauging of SO(8) in the N =8
theory is possible although an obstruction could arise in higher orders of x.
However, our complete N =5 results impose the non-trivial constraint that such
an inconsistency must vanish at least in the N =5 truncation.
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