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Simple supergrav i ty  in 11 dimensions (~) is re la ted  by  dimensional  reduct ion  to 
27 = 8 supergrav i ty  in 4 dimensions (2), which is the  most  promis ing supergrav i ty  
model  for a unification of ~he fundamenta l  interact ions.  The  field content  is an elfbein 

c~ (endekad) e ~ ,  a 32-component  spinor  gravi t ino  Fv (# = 1, ..., 11; ~ = 1, ..., 32) a i d  
a to ta l ly  an t i symnle t r ic  3-index gauge field A ~ve. The  work  descr ibed in this  ai- 

= , so ~hat a to ta l ly  ant;i- 

symmetr ic  6-index gauge field A ~ o ~ r  represents  the  same number  of physical  degrees 
of f reedom ~s A ~ e .  One, therefore,  expects  an a l te rna t ive  form of the  theory  to exist  
w i th  A ~ r  replacing A ~ o .  A t  ~he l inearized level  we have  indeed found a con- 
sistent  theory  wi th  ~he Lagrang ian  

1 1 1 

2/c 2 

The  action is i nva r i an t  under  the  usual  Abel ian  invar iances  for the  g rav i ton  and 
gravi t ino ,  along wi th  the  addi t ional  Abel ian  gauge invar iance  3Aa~o~; - -  (~a~a~s$ + 
+ 5 terms) for the  (~ photon  ~>. I t  is also invar ian t  under  the  fol lowing supe r symmet ry  

(1) E.  CREM~[ER, ]~. JULIA a n d  J .  SCHERK: Phys. Left. B, 76, 409 (1978). For  some r c e c n t  super-  
space  fo rmula t ions ,  see P.  H o w e  a n d  S. MACDOWELL: in Supergravity, ed i t ed  b y  P.  VAN ~[IEUWEN- 
ttUIZEN a n d  D. Z. FREEDMAN ( A m s t e r d a m ,  1979); a n d  E.  CREMMER an d  S. ]~ERRARA: Par i s  p r e p r i n t  
(1980). 

(2) E.  CI~E~IMER and  B. JVLIA: Phys. Lett. B, 80, 48 (1978); Nucl.  Phys. B, 159, 1~1 (1979); ear l ier  
p a r t i a l  resu l t s  were  ob t a ined  by  B. DE ~vVIT a n d  D. Z. FREEDMAN: Nucl. Phys. B, 130, 105 (1977); 
and  B. DE x~VIT: Nucl. Phys. B, 158, 189 (1979). 
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t ransformat ions  : 

(2) 

8A~evoe r = (18)~ gF[ev~er ] , 

where  /~a~v~r is the  7-index field s t rength  for A~v~sr 

(3) 2'~evo~r = Oc~A~voer + 6 te rms  

and (,Ol~ablin is the  l inear ized form of the  u s u a l  spin connection.  The  no ta t ion  [ ] means  
an t l symmet r i zed  wi th  s t rength  1, and ~he l l -d imens iona l  Di rac  matr ices  are defined by  

(4) { {r~, re} = 2 ~ e ,  [r~,  re ]  = 2 r ~ ,  

F,~,...~ = r , r ~ , . . . ~ - -  ( 6~  P~.. ~ - -  ~ r~,~,...~ + ... ). 

These t rans format ion  rules are ob ta ined  by  wri t ing  down the  mos t  general  form for 
~ and ~ A ~ v ~  ~. Supe r symmet ry  then  rules out  a possible t e r m  ~A~evo~r ~'~Fz~evo~e 
and fixes the  coefficients of the  remain ing  te rms  up to a single constant .  This  constant  
is then  f ixed by  requi r ing  tha t  the  t-ransformations form a representa t ion  of the  normal  
supe r symmet ry  algebra on all the  fields (up to gauge t ransformat ions) .  The  in te rac t ing  
vers ion  of this  t heo ry  is wha t  will  concern us in the  n e x t  section. 

Our mot iva t ions  for considering this  a l t e rna t ive  formula t ion  of t he  ~heory are 
twofold.  F i r s t ly  there  is t he  quest ion of the  geometr ica l  significance of the  ant i sym-  
met r ic  tensor  field. F o r  simple supe rg rav i ty  in 4 dimensions (3), and for 37 = 2 super- 
g r a v i t y  (4), there  is a geometr ica l  fo rmula t ion  using or thosymplee t ic  groups,  such tha t  
all t e rms  in the  act ion inc luding cosmological  cons tant  and gauge couplings are obtained,  
as well  as all t r ans format ion  rules (except  for one terIn in the  g~'avitino t rans format ion  
of the  37 = 2 model).  We  would  l ike to ex tend  these  ideas to l l -d imens iona l  super- 
g rav i ty ,  where  again all fields are gauge fields. The  expec ted  group (~) is OSp~ta ~ whose 
bosonic pa r t  is jus t  Spa 2. The generators  of Sp32 are the  32 x 3 2  Dirac  matr ices  
/ '~,  F~,b, and /~b~a~, as these  are the  matr ices  (M) odd under  charge conjugat ion  
(C-~MC = -  Mr).  I t  is t empt ing  to ident i fy  the  gauge fields associated wi th  these  
generators  as ea~, ~%~b, A~b~a~, the  remaining  field ~ ,  being associated wi th  the  fer- 
mionic  generators  of OSp~/.2. This suggests t ha t  a 6-index gauge field is more  na tu ra l  
t h a n  a 3-index field (~). One problem wi th  this  in te rpre ta t ion  is t ha t  Arabia ~ is anti- 
symmet r i c  in only ~he last  5 indices and contains  addi t ional  unwan ted  components .  
This  observat ion  applies equal ly  to e ~  and wmb, bu t  there  we know how to proceed:  
i) the  an t i symmet r i e  par t  of e~, is e l imina ted  by  local Loren tz  invar ianee,  ii) w , ~  is 
e l imina ted  as an independent  field by  the  const ra int  Rz~(P)~ = 0. W e  do not  know 
how to proceed in t he  case of A m ~ a  ~. This  remains  an in teres t ing  problem. 

(3) S. MACDOWELL and F. MXNSOURI: Phys. Rev. Lett., 38, 739 (1977); see also A. CHA~SEDDINE 
and P. C. WEST: Nucl. Phys. B, 129, 39 (1977). 
(a) 13. 1~. TOWNSEND and P. VAN •IEUWENHUIZEN: Phys. Left. B, 67, ~39 (1977). 
(5) This is also suggested by the approach os D'ADDA, D'AuRIA, FR]~ and REGGE, see P. FRs in 
Uni]icatlon o] the Fundamental Interactions (Erice, 1980). 
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Secondly, the relationship between the 3-index and 6-index tensor forms of ~he 
linearized theory can be seen by writing the relevant part  of the Lagrangian (1) in 
first-order form, 

(5) 
1 1 

~ ~ ~ ~ (Fc~av~,~) ~ -  ~ ~vo~r162 + 6 terms),  

where /~a~v0eCn is constrained to be the dual of the curl of a three-component field A~ve 
and this leads back to the original formulation in terms of A~ve. This type of duality 
transformation is a generalization of the usual scalar antisymmetric tensor transforma- 
tion in 4 dimensions. The two f3rmulations are therefore expected to be classically (6) 
and quantum mechanically (~) equivalent. This equivalence was recently used (s) to 
construct an off-shell formulation of the _At = 4 Abelian supersymmetric gauge theory. 
A particular <( dual ~) version of the original theory led to a very simple auxiliary field 
structure. One might hope for a similar simplification in l l -dimensional  supergravity. 
A simple counting of field components reveals that  we lack 55 boson field components, 
as against 145 in the 3-index field case. These 55 components might occur in, for ex- 
ample, one auxiliary autisymmctric tensor Agv. 

The points to be investigated arc therefore i) interaction terms in (1), and ii) higher- 
order invariants, in order to elucidate the auxiliary-field structure (s,9). Unfortunately, 
our results are not encouraging for the future of the 6-index gauge field. The self- 
coupling of (l) proceeds smoothly up to a particular tensor structure in the ey,/~/~ 
tcrnls of ~ s At this point, one sees that only one of the, up to now equivalent, formula- 
tions of the theory enables us to cancel this term, and it is the 3-index tensor that  wins. 
The construction of higher-order invariants runs into other difficulties. A comparison 
with N = 2 supergravity in 4 dimensions shows that these invariants cannot be con- 
structed without auxiliary fields even i n  the l inearized case (lo). Turning the argument 
around demonstrates the need for spinor auxiliary fields. 

Our results are interesting because they provide counterexamples to some widely 
held beliefs. I t  is generally believed that  the <~ order by order in z ~ procedure for 
coupling supergravity models will always work if the linearized transformation rules 
of global supersymlnetry satisfy the usual supersymmetry algebra. I t  is also generally 
believed that  for the l inearized theory one can construct higher-order invariants,  without 
knowledge of the auxiliary fields. 

In terac t ions  and  dual i ty .  ~ We demand that 3~0~ = 2~ze in ~5~/~ interaction terms 
of s serve to cancel 5e terms in the variation of (1) with space-time dependent s. 
This leads to the first interaction terms in 

(6) 

(+) D . Z .  FREEDMAN a n d  P. K.  TOWNSEND : S tony  Brook p rcp r in t ,  to a p p e a r  a n d  re ferences  there in .  
(~) W. SIEGEL; IA S  p r e p r i n t  (1980); E.  SEGGIN a nd  P.  YON NIEIYWENHUIZEN: S to n y  Brook p r e p r i n t  
(1980). 
(s) K .  STELLE, 2r SOIclNIUS a nd  P. C. WEST: I m p e r i a l  College p r e p r i n t  (1980). 
(9) S. FERRARA, ]V[. T. GRISARU a n d  P.  YON NIEUWENIIUIZEN: Nucl. Phys. B, 138, 430 (1978); 
B. DE WIT a n d  S. FERRARA: Phys. Lett. B, 81, 317 (1979). 
(lo) B. DE ~VIT, J .  W. VAN HOLTEN a n d  A. Vs PllOYEN: p r e p r i n t  (1980). 
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We must now check whether ey,.F ~ terms in ~ ~e cancel. This leads to the evaluation of 

(7) 1 _ ~r, f45 r~,t~r,~r162 9b~'l~#y~n_p._Ft~'v'~'~'r ' 
36.(6!)~ w~ [49 ~ ~ ~ ~ 

7 7 J 

1 1 

14" 6 i g/"" ~:F~ + ~. ~ gpro~;v v �9 

By using the symmetry under /~  exchange, all products of/"-matrices can be shown to 
appear in the form M - - C - ~ M  z C, so that  only F~, i ' ~  and /"~ca, can contribute to 
the final result. The Fa contribution in the curly bracket of (7) ~urns out to be multi- 
plied by the energy-momentum tensor of A ~ v ~  r and the coefficient is such that  i t  
cancels the remaining terms of (7). The remaining dangerous terms are therefore the 
/ ' ~  and/ 'e~a~ contributions. I t  is instructive and also computationally useful to rewrite 
the terms of (7) in the curly bracket in terms of f f ~  defined by/~.~v~sr = s ~ v ~ r  

These become 

(s) 
2O 

- r  ' a' abed a 'b 'c 'd '  

,~R~ct lwbcd lna'b 'c 'd ' 1 A A ~  l~bca lwtt ~ b ' e ' d ' ~  ~1~ 1~ 

To extract the F~ and F~b~ ~ contributions one has only to see whether contractions or 
an ~ tensor are required and then work out some simple combinatorics. In this way 
the F~b~d ~ contribution is shown to vanish. 0nly  the first term in (9) can contribute 
to F,b, however, and this does not vanish. We are therefore left with the need to cancel 
the following term: 

(9) 2 s ~a~b~a~'~' ~' a' g Fu~ V ~ -F (,b~a l~,b, o,x . 

If  we had the tensor A~ve with 3A~vo~,  ~F[~vyel available, an addition of A/~/v to the 
action would allow us to cancel this term. This is the trick that  works in the usual 
formulation (1). In our case there is no way to cancel this term except by introducing 
a transformation ~ , p ~  F~ e with the consequent cosmological term. This leads im- 
mediately to complications. I t  seems unlikely that  the theory could exist only with a 
cosmological constant, so we exclude this as a possible solution. 

~_ better idea as to what has happened is found by comparing (8) with the analogous 
expression that  appears in the corresponding calculation of the original theory with A~vQ. 
Exact ly  the expression (8) appears there, up to an overall constant, but with 17o,~c a 

as the curl of Abed, rather than as the dual of the curl of Aa~vo~ ~ as in our case. We see 
then that  there is a complete symmetry between the 3-index and 6-index tensor forms 
of the theory, up to the point where we must cancel the term of (9). At this point we 
are forced to abandon the 6-index tensor in favour of the 3-index tensor. The failure 
of the 6-index tensor to allow a consistent coupling is therefore related to the presence 
of an cxplici~ gauge field Ag~ e in the action of the usual model, i.e. in the A ~ F  term. 
I t  was initially our hope to avoid such noneovariant terms in the action by employing 
a 6-index tensor, but i t  seems that  this is not possible. 
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Higher -order  i n v a r i a n t s  a n d  a u x i l i a r y  f ie lds .  - As po in ted  out by  var ious  authors  (~,s), 
h igher-order  supe r symmet ry  inva,riants can be used to ex t rac t  in format ion  about  aux- 
i l i a ry  fields. This  observat ion  has recent ly  been used ~o find the  auxi l ia ry  fields for 
N = 2 supergrav i ty  (~t,~o) and for the  Abel ian N = 4 supersymmetr ie  gauge theory  (s). 
Our a im here  is to construct  in 11 dimensions a l inearized higher-order  invar ian t  of 
the form R ~ +  .... We  therefore  s tar t  by  considering the  expression 

(lO) 

We consider  the  t r ans fo rmat ion  rules 

(11) 

Se~ = g/'~ ~ ,  

l ]in ab (a(~;F ft. b i , j , ~ . ) s . F ~ "  ~y,~, = ~ %,~ (e )  F e + + , 

where the  dot  indicates  ( k -  2) addi t ional  indices. The  constants  a, b, c and /c can be 
ad jus ted  to fit e i ther  model.  The  e~s, y~ sector is invar ian t .  The  var ia t ion  of ys  into 
A~ gives 

(12) 3 6 [ ~ a 2 ' a ~ . { [ - - a ( k - -  1) 2 + bk(k-- 1)(ll--k)J~p~F's-- 

+ 36~pvF~" e [ ]  OvPa~. {a + b(10 - -  k)} . 

I t  is clear tha t  this  cannot  be cancelled by  the  var ia t ion  of a 2 ' ~ 2 '  te rm.  This  puzzle 
is resolved by  referr ing to the  4-dimensionM 2 / - -  2 case for which a tensor  calculus is 
known (11,10). This  par t icu la r  invar ian t  includes an o f f -d iagona l  t e rm of the  f o r m / ; ~ T ,  
where T,v is an auxi l ia ry  field tha t  t ransforms back  into y~. W i t h o u t  th is  auxi l ia ry  
field, i t  is impossible to const ruct  the  l inearized invar ian t  as the  auxi l ia ry  field is no 
longer auxi l ia ry  in s  i t  propagates .  W i t h  this  point  in mind,  we see f rom (12) tha t  
an auxi l ia ry  tensor  T~v~ is needed for l l -d imens iona l  supergravi ty .  As this gives a 
surplus of boson field components ,  i t  implies  also the  existence of spinor auxi l ia ry  fields. 

C o m m e n t s .  - Al though  one m a y  have  two equ iva len t  dual  forms of a l inearized theory,  
i t  can happen  tha t  only one of t hem allows consis tent  interact ions.  The 3-index and 
6-index tensor  forms of l inear ized l l -d imens iona l  supergrav i ty  appear  to be an example.  
Ano the r  example  is the  N = 4 super-Yang-Mil ls  theory.  ST~LE,  SOHNII:S and WEST 
have  recent ly  shown (~2) tha t  the  problem of auxi l ia ry  fields in this  model  can be 
solved if, in the  expression 

Tr  [V~ + A ( ~  Va + covar ian t iza t ion) ] ,  

(11) E. S. ~'RADKIlg ~nd M. A. VASILIEV: Lett. Nuovo Cimento, 25, 79 (1979); Phys. Lett. B, 85, ~7 
(1979); B. DE WIT t~nd J. W. vast I-IOLTEN: Nucl. Phys. B, 155, 530 (1979); 1 ~ BI~EITENLOItNER 
and M. SOHNIUS: Munich preprint (1979). 
(,2) K. STELLE, M. SOHNIUS and P. WEST: InlperiM College preprint (1980). 
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the constraint imposed by A can be solved. In  the Abelian case the solution is simply 
Vg = e~o~ 0r BoG and upon substitution into V~ a complete off-shell formulation results (s) 
with one of the spin-0 particles represented by the antisymmetric tensor, BQs: A direct 
order-by-order approach to the self-coupling of this theory is stopped by consistency 
problems, as in our case. From the above expression it is easy to see why. The cor- 
responding non-Abelian constraint on Vg has no such simple solution in reims of an 
antisymmetric tensor field. Unfortunately, if the constraint is not solved, but  simply 
imposed via a Lagrange multiplier A, supersymmetry requires that  A also transform 
and then the algebra fails to close on this field. For the linearized theory, however, the 
auxiliary-field structure is greatly simplified by using a nonminimal representations of 
one spin-zero field. I t  seems that  in linearized l l -dimensional  supergravity a similar 
nonminimal  representation with a 6-index field is not enough to eliminate the neces- 
sity of spinor auxiliary fields. I t  may be that  also one needs nonminimal representations 
for other spins, such as spin ~ (is). 

(za) 1 o. l~. TO~VNSEND; Phys. Lett. B~ 90, 275 (1980). 
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