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Abstract. Parallel transport of line elements, surface elements etc. along geodesies
and more general curves in a projectively connected manifold is investigated analytically
and in terms of geometrical constructions. Projective curvature is characterized geo-
metrically by a projective analogue of the geodesic deviation equation and by a geometrical
construction. The results are interpreted physically as statements about free fall world
lines in space-time.

I. Introduction; Geometry of Free Fall and Light Propagation

The theory of special relativity, developed by Lorentz, Poincare, and
Einstein in the years 1902-1905 and perfected by Minkowski in 1908 has as
its basic ingredient the properties of light propagation. It is these properties
which suggest the ideas of an absolute limiting speed, the behavior of time
(no absolute simultaneity, clock effect), and finally the full geometrical
edifice of Minkowski space-time.

Einstein's theory of general relativity of 1915 retains all the concepts
of special relativity for infinitesimal space-time regions, and supplements
them with a new basic ingredient, the properties of free fall. It is these
properties which suggest the ideas of the principle of equivalence, the
(pseudo-) Riemannian structure of space-time, and finally Einstein's
gravitational field equations.

In a recent paper [1], Pirani and the authors have shown that the
space-time structure of general relativity theory can be fully explored
by observing the free fall of particles and the propagation of light. We
give a short summary of these results (which are illustrated in Fig. 1):

* This paper is dedicated to our friend John Archibald Wheeler, geometer and
physicist, who celebrated his sixtieth birthday on July 9, 1971.
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the Nordic Institute for Theoretical Atomic Physics (1970-71); he wishes to thank these
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Fig. 1. General scheme of projective, conformal, Weyl and Riemannian structures

The motions of freely falling particles determine the geodesies of
space-time (for the present we ignore the fact that not all geodesies are
world lines of freely falling particles). A manifold in which some curves
with certain properties, the geodesies, have been singled out has a
projective structure 0>. Equivalently, a manifold has a projective structure
if it is endowed with a class of symmetric affine connections which all
determine the same set of geodesies.

In a projective space, infinitesimal autoparallelism of directions is
defined, i.e., the parallel transport of a direction at a point to a neighboring
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point which lies in that same direction; the geodesies are the lines whose
tangent directions are autoparallel.

The propagation of light determines at each point of space-time the
infinitesimal null cone. A manifold in which a quadratic cone, the null
cone, has been singled out in the tangent space of each point has a
conformal structure %>. Equivalently, a manifold has a conformal structure
if it is endowed with a class of (indefinite) metric tensors which are pro-
portional to one another, and thus determine the same null cones.

We shall assume that, in our conformal space, the class of metrics
has normal hyperbolic signature. We can then distinguish between time-
like, null and space-like directions. The ratio of the lengths of two non-null
vectors at the same point is well-defined, and so is the angle between two
non-null directions at the same point. Some null curves, the null geodesies,
are singled out as follows: A hypersurface which at each of its points is
tangent to the null cone is a null hypersurface. A null geodesic is a null
curve which is contained in some null hypersurface. We mention in
passing that null geodesies can also be characterized geometrically in a
conformal space with arbitrary indefinite signature, by adding the
requirement that the null curve everywhere point in the direction of the
common tangent of the null cone and the null hypersurface.

In a manifold with both projective and conformal structure, a simple
and natural compatibility requirement suggests itself, namely that all the
null geodesies determined by the conformal structure belong to the class of
geodesies determined by the projective structure. Such a manifold with
compatible projective and conformal structure has a Weyl [2] structure Of.

In a Weyl space, the conformal structure singles out in a natural
manner a unique symmetric connection from the class of affine con-
nections which characterize the compatible projective structure. This
Weyl connection determines the parallel transport of vectors along a
curve, which leaves unchanged the time-like, null or space-like character
of a vector, and which leaves constant the ratio of the lengths of two
non-null vectors and the angle between them. Geodesies, null or non-null,
are completely characterized by the property that their tangential
directions are parallelly transported along them. An affine parameter,
unique within linear transformations, can be determined along any
geodesic. The arc length s can also be defined along any non-null curve
and is unique to within linear transformations. This is done by parallelly
transporting any non-null vector V along the curve and defining elements
of arc ds at different points as equal if they have the same ratio to the
magnitude \V\ of V, i.e., ds/\V\ = constant. In a hypothetical Weyl
space-time, this construction of arc length along a time-like curve con-
stitutes a clock measuring proper time, which is unique once a zero of
time and an initial unit of time have been chosen.
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Consider the parallel transport of a non-null vector VA from a point
A to a point B along two different curves t and t (lower right-hand
diagram in Fig. l)._The resulting vectors at B, VB and VB, will in general
be different: VB+VB. The conformal structure of the Weyl space permits
a comparison of the lengths of the two vectors at B and, in general, these
will also differ: | J^I/IF^ Φ 1. It is this last property which distinguishes a
Weyl space from a Riemannian space. Equivalently, if we construct
arc lengths 5 and s along non-null curves t and Γ joining A and B, if at A
the elements of arc length dsA and dsA are equal1, dsA = dsA, if dsB = dsA

with respect to the curve t and dsB = dsA with respect to the curve F,
then in general dsB φ dsB at B. A hypothetical physical space-time which
has a Weyl structure, and where the proper time measured by a clock is
the Weyl arc length along its' world line, will be called a Weyl space-time.
In a Weyl space-time if two clocks, synchronized and identical at an
event A, are separated and moved along different world lines t and t
to the same event B, then not only will the elapsed times be different,
5 φ s (the first or usual clock effect of relativity theory), but in general the
two clocks will tick at different rates at B (the second clock effect).

Finally, a Weyl space reduces to a Riemannian space ,̂ if and only
if a simple integr ability condition is satisfied: under parallel transport
the magnitude of a vector is always path independent, i.e., |Fβ|/|Fβ| = 1
in Fig. 1. In space-time, this is equivalent to saying that a Weyl structure
reduces to a Riemannian structure if and only if there is no second clock
effect.

We can also express the integrability condition in terms of curvature.
The unique Weyl connection Γc

ab = Γc

ba determines a curvature tensor

R abc = 2δ[&Γ c]a — 2Γ™[bΓc]m (1.1)
with symmetries
^ ,. . .1 „• . Rda(bc) = Rd[abc] = Q (1-2)
Denning the Ricci tensor

Rab=RCacl» (1-3)

the symmetries (1.2) imply
R'eab = 2Rlabϊ. (1.4)

The necessary and sufficient condition for the Weyl structure to reduce
to a Riemannian structure is that the Ricci tensor be symmetric:

Rc

cab^2R[ab] = Q. (1.5)

We wish to remark that if general relativity theory provides the
correct description of nature, then the projective structure of space-time,
explored by experiments with freely falling particles, and the conformal

1 Equal signs here do not mean numerical equality; they refer to comparisons of
lengths as discussed above.
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structure, explored by experiments with light propagation, automatically
satisfy the compatibility requirement and the integrability condition.
Thus the Riemannian space-time structure can be fully explored by
observing the world lines of particles in free fall and the propagation
of light [2].

It is important and interesting to study geometrical operations and
objects which are meaningful in spaces with only conformal structure or
with only projective structure, since, as was outlined above, the full
structure of a Weyl or Riemannian space can be synthesized from these
two.

In a conformal space, Synge [3] used a beautiful "bouncing photon"
construction for the Fermi transport of a non-null direction along a
non-null curve. The proof was simplified by Pirani [4]. Pirani and
Schild [5] gave purely conformal geometrical characterizations of
conformal curvature.

In this paper, we give some geometrical constructions in a projective
space, in particular the parallel transport along a geodesic of a tangential
two-direction and a purely projective characterization of projective
curvature. Some of the results reported here were obtained four years
ago by the authors and Pirani, who is publishing a somewhat different
version of our joint work [6].

Conformal and projective geometrical constructions may give addi-
tional insight into the problem of the completion of space-time, Penrose's
[7] null infinity, Geroch's [8] treatment of singularities, and Sachs's [9]
future time-like infinity.

We wish to thank Felix Pirani for showing us his account of projective
curvature prior to publication; our discussion of the extended projective
curvature tensor in Section VIII is based on some of his remarks. Also,
we wish to thank Paul Sommers for reading our manuscript carefully,
and for pointing out a simplification of the assumptions of the theorem
in Section IX.

II. Notation

Suffixes will be avoided as far as possible. Thus a contravariant
vector Aa will be denoted by A:

A^Aa. (2.1)

We shall use " Λ " to denote the (skew-symmetric) exterior or Grassman
product:

A/\B^2A[aBb] = AaBb-BaAb, AΛBΛC++3! A[aBbCc], etc. (2.2)

A direction will be denoted by λA9 where it is understood that this
denotes the set of vectors {/1^4|>1>0}. The two-direction spanned by
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vectors A and B will be denoted by λA/\B, which is understood to
denote the set of bivectors {λA Λ B | λ > 0}, etc. Our m directions are all
oriented.

A covariant vector field ψa will be characterized by the linear form

ψ(A) = y>aA
a, (2.3)

and a symmetric connection Γc

ab = Γc

ba by the (coordinate-dependent)
bilinear expression

Γ(A9 B) = Γ(B, A)~ΓabA«Bb . (2.4)

Consider a curve t with parametrization τ,

x? = x?(τ). (2.5)

The tangent vectors which correspond to this parametrization will be
denoted by T:

dτ dτ

Conversely, given a smooth vector field Γ, this determines a con-
gruence of curves ί, which have tangents T and parameters τ satisfying
Eq. (2.6). We shall call the curves of this congruence T-curves.

For a vector field A defined along a curve f, we denote the (coordinate-
dependent) ordinary derivative by

/,* ^™\

2.7)—Γ-,
dτ

and the absolute or covariant derivative with respect to a connection Γ by
Λ Λc

VTA = dτA + Γ(A, T)*+ ̂ - + ΓabA
a Tb . (2.8)

dτ

For a vector field T, defined in an n-dimensional neighborhood, we
also have

dTA=TadaA, (2.9)

VTA=TaVaA. (2.10)

The Lie bracket of two vector fields A and B is

U, B] = dAB-dBA = VAB- VBA . (2.11)

A curvature tensor Pd

abc will be characterized by the vector-valued
trilinear form

P(AιBΛC)^Pd

abcA
aBbCc . (2.12)

Throughout this work, it will be understood that all statements are
local and that all objects considered satisfy as many smoothness require-
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ments as are convenient. The word "curve" will be used instead of the
clumsier "one-dimensional submanifold"; any parametrization of a
curve will be assumed to be smooth.

III. Projective Space; Geodesies

Two affine connections on a manifold are called protectively
equivalent if their geodesies coincide (the affine parametrizations may,
of course, differ). This is the case if and only if the corresponding co-
variant derivatives Pand V are related by

VAB=VAB + Ay(B) + Bψ(A)9 (3.1)

or, equivalently, if

Γ'U, B) = Γ(A9 B) + Aιp(B) + Bψ(A), (3.2)

where φ is some covariant vector field.
We define a projective structure on a manifold to be an equivalence

class of projectively related affine connections. A manifold with a pro-
jective structure will be called a projective space. A transformation (3.2)
from one affine connection to another (in the same projective structure)
will be called a projective transformation.

A one-dimensional projective space is trivial. It is always projec-
tively flat, i.e., it is locally identical with the projective line. In fact,
if we permit the possible addition of one single point, then a connected
one-dimensional projective space is globally identical to the projective
line.

A two-dimensional projective space requires special treatment. For
example, its curvature is not measured by the usual projective curvature
tensor, which vanishes identically in two dimensions, but by an object of
one higher differential order (cf. Section VIII) [2]. We hope to discuss its
geometry in a future paper.

In this paper we shall assume (except for Section VIII) that the
dimension n of our projective space is greater than two:

n^3. (3.3)

To study a projective structure, one can either introduce the projective
coefficients

Πc

ab = Γc

ab-^δc

(aΓb)

d

d, (3.4)

which are invariant under a projective transformation, and have zero
trace (77α

b

fe = 0), but which do not constitute a connection, or one can
work with a representative connection Γ and check the invariance of all
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relevant results under an arbitrary projective transformation (3.2). In
our earlier paper [1] we used the first method. Here we find it convenient
to use the second one.

Besides the projective transformations (3.2), we shall also wish to
consider parameter transformations τ' = τ'(τ) along a curve ί, under which
the change of the tangent vectors and the covariant derivative are given by

r=-^-T, VT = j^VT. (3.5)

The basic geometrical objects in a projective space are the geodesies.
They are the curves t which satisfy any of the following equivalent rela-

TΛ PΓT = 0<^FΓ(AT)-μT<^FΓ(vT) = 0. (3.6)
tions:2

In space-time the time-like geodesies are the world lines of particles
in free fall.

The first Eq. (3.6), T Λ FTT = 0, is invariant under both projective
transformations and parameter transformations.

The second Eq. (3.6), Vτ(λT) = μT, must be interpreted as follows:
λ(τ) is an arbitrary positive function along ί, and μ(τ) is a function which
is determined by the choice of a particular connection from the projective
class of connections, by the choice of the parameter τ, and by the choice
of the function λ. Under a projective transformation (3.2), a parameter
transformation (3.5), or a transformation λ(τ)-»λ'(τ), the respective
changes in μ are given by:

(3.7a)

dτ\2 . d2τ
7-72-/, (3 7b)

(17c)
dτ

The third Eq.(3.6), (7T(vT) = 0, must be interpreted as follows:
v(τ) is a function which is determined, uniquely to within linear transfor-
mations, by the choice of a particular connection and by the choice
of the parameter τ. Under a projective transformation (3.2) or a parameter
transformation (3.5), the respective changes in v are given by:

d 0, (3.8a)
dτ \ v / v

vf=~v. (3.8b)
dτ

2 In this paper, a statement of the form α = Qoβ = 0<=>y = 0 will always be understood
to mean (a) that any one of the three relations imply the other two, and (b) that all three
relations hold, i.e., that α = 0, β = 0, γ = 0.
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It is now clear that autoparallellism of a direction is a projective
concept, and that geodesies t are completely characterized by the
property that their tangent directions λ T are autoparallel.

Finally, we make a remark which can often be used to simplify
proofs of projective statements (cf. Section X): Given a geodesic t and a
smooth parameter τ on it, there always exist (several) connections Γ'
from the projective class such that τ is an affine parameter on t with
respect to Γ.

In order to prove this, consider the form

VτT = μT (3.9)

of the equation of the geodesic ί, where μ = μ(τ). Under a projective
transformation, Eq. (3.1), this becomes

. (3.10)

If we choose the covariant vector field φ, so that along t

-μ, (3.11)

and this can clearly be done in many ways, then

F£Γ = 0, (3.12)

so that τ is an affine parameter along t for the projectively related affine
connection Γ(A, B) = Γ(A, B) + Aιp(B) + Bιp(A).

Equation (3.11) is a weak restriction on the vector field ψ. It follows
easily that, given two intersecting geodesies t and s, with smooth param-
etrizations τ and σ, respectively, then there exist (several) connections
Γ' from the projective class such that, with respect to Γ', τ is affine on t
and σ is affine on 5.

ΓV. The Zig-Zag Construction; a Lemma

Consider a curve ί, and direction fields λX, λY defined along ί,
with the property

X Λ Y Λ T = 0 along t. (4. la)

It is assumed that, all along ί, any two of the vectors X, Y, T are inde-
pendent. Our Eq. (4. la) states that λX /\Y is a two-direction which
contains the tangential direction λT λXλY is therefore called a
tangential two-direction.

We can always, and in many ways, extend λX and λ Y smoothly to
a neighborhood ^Γ(ί) of ί such that

XΛΫXX = Q, Y Λ F r Y = 0 along ί. (4.1b)
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These equations state that, at any point of t, the X-curve and the 7-curve
through this point are initially geodesic. We shall say that these direction
fields onJ^ί) are an extension of λ X, λ Y (on ί) which is initially geodesic.

We can also, and in many ways, extend λX and λY smoothly to a
neighborhood Jf(t) of ί such that

* Λ Y Λ [ X , y] = 0 along t. (4.2)

This equation states that the X-curve through a point of t and the Y-curve
through a neighboring point of t have a second order intersection, rather
than the first order intersection implied by Eq. (4.la) alone. We shall
say that such an extension is strip-forming along t.

The Eqs. (4.1) and (4.2) are clearly invariant under projective
transformations (3.2). They are also invariant under the changes
X' — aX, Y' = bY,T' = cT, where c is an arbitrary function along ί
and a and b are arbitrary functions in a neighborhood of t. Therefore,
these equations describe projective relations between the direction
fields λX,λY,λT.

We can always select vector representatives X, Y, T of the three
direction fields λX, λY,λTsuch that

T = X+Y along t, (4.3 a)

where one of the three directions may have to be re-oriented. We then
define a vector field N on t by

N = X-Y along t. (4.3 b)

An extension of λX,λY which is both initially geodesic and strip-
forming so that all the Eqs. (4.1) to (4.3) are satisfied, may be visualized
in terms of the zig-zag or tongs construction of Figure (2), where ε is an
infinitesimal and AB,BCD,DEF, etc. (and AB',B'CD',D'EF', etc.) are
geodesic arcs.

Lemma. Given a curve t, direction fields λX,λY along t such that
λX AY is a tangential two-direction, and given an extension of λX, λ Y
which is initially geodesic, i.e., given that Eqs. (4.1) are satisfied, then
representative vector fields, characterized by Eqs. (4.3), satisfy the equation

N Λ VT(X Λ 7) - X Λ Y Λ [X, 7] along t. (4.4)

Since the right-hand side of this equation is clearly independent
of the choice of connection from the projective class, this must also be
true of the left-hand side. A simple calculation confirms this. Thus our
lemma is a purely projective statement.

To prove the lemma, we observe that Eq. (4.3a) implies that
P Γ — PX + FT along t, provided the operations on the right-hand side
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Fig. 2. The Zig-Zag or Tongs construction

are defined. We then find that

X/\Y /\VTN = X/\Y /\(VX+VΎ] (X - Y)

= -YΛ(XΛFxY}-XΛ(YΛ\7γY)-XΛYΛ[_X, Y] (4.5)

= -XΛYΛ[_X, 7] along ί,

by Eqs. (4.1b). Since X Λ Y Λ N = 0 along ί, and therefore

Q=yτ(XΛYΛN) = X/\Y ΛVTN + NΛFT(XΛY) along ί, (4.6)

Eq. (4.4) follows and the lemma is proved.

V. The Parallel Transport along a Geodesic of a Tangential Two-Direction

Let t be a curve, and let λ X Λ 7 be a tangential two-direction along ί,
so that Eq. (4. la) holds. We shall say that the tangential two-direction
is parallel along t if and only if any of the following three equivalent
conditions is satisfied:

) = 0 along ί.

(5.1)
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The first set of two equations, X Λ VT(X Λ 7) = Y Λ VT(X Λ 7) = 0,
is invariant under both projective and parameter transformations. The
other equivalent equations must be interpreted in an analogous manner
to the corresponding equations in (3.6). Thus the parallel transport along
a curve of a tangential two-direction is a purely projective concept.

As we shall show in the following two sections, a parallel tangential
two-direction exists only for special curves t (geodesies and two-geodesies).

Given a tangential two-direction along a curve f, we can always
choose independent direction fields λX, A Y along t so that λX Λ Y is the
given tangential two-direction, and we can always choose an extension of
λX, λ Y which is initially geodesic, i.e., we can always choose X, 7, T, N
so that Equations (4.1) and (4.3) are satisfied.

If t is a geodesic,
TΛF Γ T = O, (5.2)

then Eqs. (5.2) and (4.1 a) imply

(X + 7) Λ VT(X Λ 7) - T Λ VT(X Λ 7)

= VT(X Λ 7 Λ T) - X Λ Y Λ PTT (5.3)

= 0 along t.

Equation (4.4) of our lemma may be written in the form

(X-Y)ΛΪτ(XΛY) = XΛYΛlX, 7] along ί, (5.4)

and hence

X*7T(X*Y)=-Y/\YT(X*Y) = %XAY*iX,Y] along t. (5.5)

This gives our

First Main Theorem. A tangential two-direction λX Λ Y along a
geodesic t is parallel along t if and only if any initially geodesic extension
of λX, λ Y is strip-forming along ί, i.e., satisfies Eq. (4.2).

This purely projective theorem justifies the zig-zag or tongs construc-
tion of Fig. 3 a as a geometrical way, by means of geodesies alone, to
carry out the parallel transport along a geodesic of a tangential two-
direction. The resulting parallel strip is illustrated in Fig. 3b.

Since the zig-zag or tongs construction only involves geodesies and
intersections, it is clear that the relationship between the shaded two-
directions at the points A and B in Fig. 3a is purely projective, i.e.,
independent of the choice of a particular connection from the projective
class. It is not at all obvious that the relationship of the two-directions at
A and B is independent of the particular choice of zig-zag or tongs
between the two points, i.e., the choice of the vector fields X9 7, T.
(This is, in fact, true if t is a geodesic, but in general not otherwise.)
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Q / geodesic t / geodesic t b

Fig. 3. Zig-Zag construction of parallel transport along a geodesic of a tangential 2-direction

The analytical definitions (5.1) show clearly that the parallel tangential
two-direction at B is determined uniquely from an initial tangential
two-direction at A. It is less obvious (though easy to show) that the
relationship of the two-directions at A and B is projective.

The first main theorem permits us to combine the two obvious facts,
and makes it clear that the zig-zag construction provides a unique
projective parallel transport along a geodesic of a tangential two-
direction. Thus a geodesic t and an initial tangential two-direction at one
of its points A determines the parallel strip shown in Fig. 3b, and this
strip can be obtained by a zig-zag construction such as the one shown in
Fig. 3 a.

VI. Generalization of the Concept of Geodesic

Along a curve ί, we generalize. the concept of tangential direction,
one-tangential direction or osculating one-direction

A T , (6.1)

by defining the two-tangential direction or osculating two-direction by

/ ί T Λ F Γ T , (6.2)

the three-tangential direction or osculating three-direction by

λT/\VτTΛV$T, (6.3)
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Fig. 4. 1 -tangential direction and 2-tangential direction

etc. These, of course, only determine unique m-directions if the corre-
sponding m-vector does not vanish. We can think of the one-tangential
direction as the one-direction which contains two neighboring points
of f, of the two-tangential direction as the two-direction which contains
three neighboring points of £, etc. This is shown in Fig. 4.

Remembering that the expressions above are only shorthand for the
sets {λ T\ λ > 0}, {λ T Λ VΎ T\ λ > 0}, etc., it is easy to show that the ra-tan-
gential direction is a purely projective object, i.e., that the corresponding
set of m-vectors is independent of the choice of the connection or of the
parametrization of t.

We generalize the concept of a geodesic or one-geodesic, a curve
along which

ΓΛF Γ T = O, (6.4)

by defining a two-geodesic as a curve along which

T Λ F V T Λ P ? T = 0, (6.5)

a three-geodesic as a curve along which

T Λ VTT Λ 7} T Λ F? T= 0 , (6.6)

etc. In a flat projective space, a one-geodesic is a straight line; a two-
geodesic is a planar curve or a curve which lies in a two-flat; a three-
geodesic is a curve which lies in a three-flat; etc.

Along an arbitrary curve t which is not a one-geodesic, the osculating
two-direction λ T Λ FTTis generated by the direction fields λX, /1 7 where

VTT] along ί, (6.7a)

and therefore

X+Y=T, X-Y=VTT, XΛY=-^T/\rτT along t. (6.7b)
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The lemma of Section IV, applied to any initially geodesic extension of
λX, λ 7, gives Vτ T Λ VT(X A Y) = X Λ Y A [_X, 7] along ί, or because of
Eq.(6.7b) V7T*VT(T*VTT) = -T*VTT*V}T=-2X* Y /\[_X, 7]
along t. This equation together with the identity T Λ VT(T /\ VTT) = Q
shows :

A non-geodesic curve t is a two-geodesic if and only if any initially
geodesic extension of direction fields λX, λ Y generating the osculating
two-direction λ T Λ Vτ T is strip forming or, equivalently, if and only if
the osculating two-direction is parallelly transported along t.

This theorem permits one to test, in terms of a zig-zag construction,
whether a non-geodesic curve t is a two-geodesic. It can be generalized
to m-geodesics.

We now apply the zig-zag construction of Section IV to a curve ί,
which is a two-geodesic but not a one-geodesic. We assume that along t

the directions λX and λ Y do not lie in the two-tangential direction:

X Λ T Λ P Γ T Φ O , 7 Λ T Λ F Γ T Φ O . (6.8)

We also choose a vector field Z along ί, so that λX Λ 7 Λ Z is non-zero
and contains the two-tangential direction:

T/\X/\YΛZ=yτTΛX/\YΛZ = Q. (6.9)

This may be done by choosing Z as shown in Fig. 4. We call λX Λ 7 Λ Z
a two-tαngentiαl three-direction. Then we have along t

yϊTΛX/\γ/\z = ΰ, (6.ιo)
by Eqs. (6.5) and (6.9), and therefore along t

N Λ Vτ ( X Λ 7 Λ Z) - N Λ Vτ ( X Λ 7 ) Λ Z + N Λ X Λ 7 Λ Vτ Z = 0 ,

VTT Λ VT(X Λ 7 Λ Z) = VT(VTT Λ X Λ 7 Λ Z) - F? T Λ X Λ 7 Λ Z = 0

where we have used Eqs. (6.9) and (6.10) as well as the definition (4.3b)
and the lemma (4.4). Since X, 7, Z are independent linear combinations
of T, N and PTT, we obtain

Y /\VT(X ^Y /\Z) = 0oVτ(λX /\Y /\Z) (6.11)

Z Λ VT(X Λ 7 Λ Z) = OJ - μX Λ 7 Λ Z^PΓ(vX Λ 7 Λ Z) = 0

along ί. This provides a unique projective parallel transport along a two-
geodesic of a two-tangential three-direction. The geometrical construction
can be visualized as a combination of the zig-zag construction of Fig. 2
and the construction of Fig. 4.
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The results generalize in an obvious fashion to m-geodesics. The
m-tangential direction of an m-geodesic t is parallelly transported along t.
A unique projective parallel transport is defined along an m-geodesic
of an m-tangential (m -f Indirection.

VII. Theorems on Projective Parallel Transport

In Sections III to VI, we have discussed the projective parallel
transport of certain m-directions along certain curves. We shall now
state and prove a series of completeness theorems which show that
essentially no other projective parallel transport of m-directions is
possible:

The First Completeness Theorem. Given an afβne connection Γ, a
curve t, and a field of one-directions λX which is parallel along t with
respect to Γ, then the same field of one-directions λX will be parallel
along t with respect to every protectively equivalent connection Γ, if
and only if (a) t is a one-geodesic and (b) λX is one-tangential, i.e. λX = μT.

To prove this theorem, consider the equation

XAFTX = 0, (7.1)

which states that λX is parallel along t with respect to Γ. Under a
projective transformation (3.2), this becomes

X Λ V^X = X Λ Tψ(X), (7.2)

and the right-hand side vanishes for an arbitrary covariant vector field \p
if and only if

XΛT=QoλX = μT. (7.3)

This result, together with Eq. (7.1), implies

T Λ F T Γ = 0, (7.4)
and the theorem follows.

The Second Completeness Theorem. Given an affine connection Γ, a
curve t, and a field of two-directions λX Λ Y which is parallel along t
with respect to Γ, then the same field of two-directions λX Λ Y will be
parallel along t with respect to every protectively equivalent connection
Γ', if and only if one of the following two alternatives holds:

(A) (a) t is a one-geodesic, and (b) λX AY is a tangential two-
direction which is parallel along t, i.e., X Λ Y Λ T=X/\ VT(X Λ Y)
= YΛFτ(X/\Y) = 0,or

(B) (a) t is a two-geodesic, which is not a one-geodesic, and (b) λX Λ Y
is two-tangential, i.e., λX Λ Y = μT /\VTT.



Projective Structure 135

We remark that we may assume, without loss of generality, that any
two of the vectors X, 7, T are independent. It follows from previous
work that the conditions of our theorem are sufficient. To prove that
they are necessary, consider the equations

X A VT(X Λ 7) = 0 , Y A VT(X A Y) = 0 , (7.5)

which state that λX A Y is parallel along t with respect to Γ. Under a
projective transformation (3.2), these become

X A VT(X A Y) = X A T Λ Yψ(X) ,
(7.6)

and the two right-hand sides vanish for an arbitrary covariant vector
field ψ if and only if, along ί,

XAYAT=Q. (7.7)

This and Eqs. (7.5) imply that λX Λ T is the tangential two-direction
λX A Y and is thus parallel along t. Therefore, along ί,

TT=-TAFT(XAT) = Q, (7.8)

X A T Λ VTX = -X A VT(X Λ T) = 0 . (7.9)

These equations show that FTTand VTX both lie in the λX A T two-
direction, so that

VTXATAVTT=0. (7.10)
Then

XAT /\?}T=rτ(XΛT AVTT}-VTXAT Λ F Γ T = 0, (7.11)

by Eqs. (7.8) and (7.10). Thus F|T also lies in the λX A T two-direction,
and therefore, along ί,

T Λ F τ T Λ F ί T = 0 . (7.12)

If ί is a one-geodesic, Eqs. (7.5) and (7.7) show that alternative (A)
holds. If t is not a one-geodesic, then Eq. (7.12) shows that ί is a two-
geodesic, and Eqs. (7.7) and (7.8) imply that λX Λ 7 is two-tangential,
so that alternative (B) holds. This completes the proof of our theorem.

It is now clear how the series of theorems continues. We state,
without proof,

The General Completeness Theorem. Given an afflne connection Γ, a
curve t, and a field of (m + indirections which is parallel along t with
respect to Γ, then the same field of (m + Indirections will be parallel
along t with respect to every protectively equivalent connection Γ', if
and only if one of the following alternatives holds :

(A) (a) t is an m-geodesic, and (b) the (m + Indirection is an m-tan-
gential (m 4- Indirection which is parallel along ί, or
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(B) (a) t is an (m + 1)-geodesic, which is not an m-geodesic, and (b) the
(m + ^-direction is (m + l)-tangential.

The only additional parallellisms of m-directions along a curve are
trivial generalizations of the cases discussed in previous sections and
covered by the above completeness theorems. It is sufficient to give one
example :

Let t be a two-geodesic which is not one-geodesic, and consider
two independent two-tangential three-directions which are projectively
parallel along t. The two three-directions have the two-tangential
direction λT Λ VTT'm common, and therefore they span a two-tangential
four-direction. This two-tangential four-direction is parallel along the
two-geodesic ί, and the parallellism is purely projective.

Geometrically, the projective parallel transport of a two-tangential
four-direction along t can be carried out by combining the construction
of Fig. 4 with two zig-zag constructions as shown in Fig. 2. In detail,
this is done as follows: Let λZ be a direction field along the two-geodesic t
obtained by the construction of Fig. 4, so that λ T Λ Z is the two-tangential
direction λ T Λ Vτ T. Given an initial two-tangential four-direction at a
point A of ί, choose two vector pairs X, Y and X', Y' at A, such that
X+Y=X'+Y'=T and such that λX Λ X' Λ T Λ Z is the initial four-
direction. Perform one zig-zag construction (cf. Fig. 2) along t starting
with the vectors X, Y and a second zig-zag construction starting with
X', Y'. This will result in a unique two-tangential four-direction
λX Λ X' Λ T Λ Z defined along the two-geodesic ί, and this four-direction
is the one obtained by parallel transport along t from the initial four-
direction at A.

VIII. The Projective Curvature Tensor, Analysis and Algebra

We start with a brief analytical review of the projective curvature
tensor. Any one of the affine connections of the projective class determines
a curvature tensor R by means of the Ricci identity which may be written:

R(A B^C) = (VBVC-VCVB-V[B,C})A. (8.1)

The explicit expressions for the curvature and Ricci tensors, and for its
symmetries are given in Eqs. (1.1)-(1.4).

Under a projective transformation (3.2), the curvature and Ricci
tensors transform according to

R'lbc = Rd

αbc ~ 2δd

αχ[bc] + 2χα[bδ
d

c], χαb = Vbιpα - ιpαιpb,

R\αb} = R[αb] -(n+ί) X[ab] , R'(αb) = R(αb) -(«-!) X(αb) '
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The projective curvature tensor P is a tensor with the same symmetries
(1.2) as R, but with all traces removed. It is given by

dac ac n , ^ a c a c n_ ^ ac

and has the symmetries
Pd

a(bc) = P\abC} = V, (8.4a)

P<βcfc = 0, (8.4b)
which imply Pc

cab = 0.
It follows from Eqs. (8.2) that P is invariant under a projective transfor-

mation, i.e., that P'dabc = Pd

abc Weyl [2] has shown that in three or more
dimensions, n ̂  3, Pd

abc = 0 is necessary and sufficient for the flatness of
the projective space.

In the following sections we shall give geometrical and physical
interpretations for expressions of the form X /\ T / \ P ( T \ X / \ T). We
shall now discuss algebraic properties of such expressions.

From Eq. (8.3) it follows that, for any vectors X and T,

X Λ T Λ JR(T; X Λ T) = X Λ T Λ P(T; X Λ T) . (8.5)

We regard -^Λ T/\P(T;XΛ T)= T ΛP(T; T^X)^X as a tri-
vector valued form, cubic in T and quadratic in X:

-XATA P(T; X A T) = Q(T, T, T; X, X) . (8.6)

The tensor Q defined by this equation will be called the extended
projective curvature tensor. Its components are given by

δ abc _ s[a pb sc] (Q 7\
pqrst — ° (pr qr)(s°t) •> \°' ' )

from which its symmetries can be read off. A somewhat tedious but
straightforward calculation shows that

b}c. (8.8)

If we combine this with

which follows from the symmetries (8.4a), we obtain

P* - 48 Q»Γ abc — 7 Λ \L
_ 48 nmdn

abc 2 1 ^ ma[bc]n '

Eqs. (8.7) and (8.10) express each of the tensors Q and P in terms of the
other, and thus the two tensors are fully equivalent as measures of pro-
jective curvature.
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It follows that the knowledge of X Λ T Λ P(T; X Λ T) for a sufficiently
large set of vector pairs X, T (e.g., for all vectors pairs X, T) determines
the extended projective curvature tensor β, and therefore also fully
determines the projective curvature tensor P.

We shall conclude this section with a few remarks about the special
case of two dimensions,

rc = 2. (8.11)

In a two-dimensional projective space, Eq. (8.7) immediately gives
β = 0, since Q is completely skew-symmetric in its three contra variant
suffixes and since each of these suffixes can only take on one of two values.
Eq. (8.10) then shows that

Pd

abc = 0. (8.12)

Thus in two dimensions, projective curvature is not measured by the
tensor P. Weyl [2] has shown that in two dimensions the tensor

Sabc = S[ab]c = V[aRb]c + ^[aR\c\b] (8.13)

is invariant under a projective transformation (3.2), i.e., S'abc = Sabc,
and that S = 0 is necessary and sufficient for the flatness of a two-
dimensional projective space. S has two independent components. We
hope to give geometrical and physical interpretations of this tensor in a
future paper.

IX. A Projective Analogue of the Equation of Geodesic Deviation

The qualitative picture of projective curvature is this:
Choose a geodesic ί, construct a strip of parallel _tangential two-

directions along ί, and choose a neighboring geodesic F which initially
lies in the strip, i.e., F goes through a point of the strip and is tangential
to the strip at that point. This is shown in Fig. 5.

If the neighboring geodesic F always remains in the strip_(Fig. 5 a),
then the space is projectively flat. If the neighboring geodesic F curls out
of the strip (Fig. 5b), then the space is projectively curved, and the rate
at which F curls away from the strip measures the projective curvature of
the space.

We shall now proceed to describe a construction and to derive a
formula, Eq. (9.5) below, which makes these statements more precise.

Construction: Let t be a geodesic with tangent T, and λX/\Y a
tangential two-direction which is parallel along t. We select independent
vector representatives X, Y such that

Γ Λ F Γ T = 0 along ί, (9.1)

T=X+Y along t. (9.2a)
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non-geodesic

't

α I / b

Fig. 5 a and b. a Projectively flat space, b Prqjectively curved space

We now take an initially geodesic extension of the vector fields X, Y to
a neighborhood Jf(i) of t, such that

=Q along t. (9.2b)

Then the first main theorem of Section V applies. It tells us that the ex-
tension is strip-forming along t, i.e., that

= 0 along t. (9.3)

Thus our construction can be carried out geometrically by the zig-zag
construction shown in Fig. 3 a. Finally, we define vector fields T and N
throughout J^(f) by

T=X+Y, N = X-Y in

This completes our construction.
We can now state our

(9.4)

Second Main Theorem. Given a geodesic t with tangent T and a
tangential two-direction λX AY, then vector fields X, Y, T which are
obtained by the construction above, i.e., for which Eqs.(9Λ) to (9.4) hold,
satisfy the equation

along t. (9.5)

In order to prove this, we observe that along t the following vectors
lie in the λX/\Y two-direction: X, Y, T,N, VXX, VΎY, VTT, VTN [by
Eqs.(4.5) and (9.3)], hence also VTX, VTY, VXY=VT Y- VΎY and VXT
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= VXX+ VXΎ. Thus the outer product of any three of these vectors is
zero along t. Therefore

X*VX(T*VTT) = X*T*VXVTT along ί, (9.6a)

Q=VT(X*T*VXT) = X/\T*VTVXT along t, (9.6b)

and, by subtraction,

X^VX(T/\VTT) = X/\T ^(VXVT-VTVX}T along ί. (9.7)

Equations (9.2a) and (9.3) show that along t, [X, 7] is a linear combina-
tion of X and 7, and that therefore V[XtY\T is a linear combination of
PyΓand PTT, so that

X Λ T Λ F ^ y j T ^ O along ί. (9.8)

By Eqs. (8.1) and (8.5), the right-hand side of Eq. (9.7) thus becomes
X Λ T Λ P(T; X Λ T), and Eq. (9.5) follows. This completes the proof of
our theorem.

Let us now make some simple remarks:
Clearly the right-hand side X Λ T AP(T'X Λ T) of Eq.(9.5) is

invariant under a projective transformation and gets multiplied by
(dτ/dτ')3 under a parameter transformation. Therefore the left-hand side
X Λ VX(T Λ VTT) must have the same properties, and this can of course
be checked by a direct calculation. Thus our second main theorem makes
a purely projective statement.

Clearly the tangential three-direction λX Λ T Λ P(T; X Λ T) depends
only on the parallelly transported tangential two-direction λX Λ T
= μX Λ 7, and on no other property of the initially geodesic vector field X.
This is therefore also true of λX Λ VX(T Λ VTT).

Because of our definition (9.4), a T-curve t which neighbors the
geodesic t remains in the strip of parallel two-directions λX Λ 7, but t
is in general not geodesic, i.e., T Λ F Γ TΦO at points off t. The left-hand
side of our main Eq. (9.5) gives a projective measure of the rate at which t
deviates from a geodesic ί~ which starts from the same initial point in the
same initial direction, as shown in Fig. 5b. Equivalently, it measures the
rate at which the geodesic Γcurls away from the strip of parallel tangential
two-directions. This, roughly, is the geometrical meaning of
X/\VX(T/\VTT\ Our main Eq.(9.5) then shows that this rate of
deviation gives information about the projective curvature P of our
projective rc-space.

Our result (9.5) is a close projective analogue of the Jacobi-Levi-
Civita equation of geodesic deviation in a Riemannian n-space [10].

We could use our formula to give a detailed projective construction
of X Λ T Λ P(T; X Λ T), and hence of the curvature P (cf. Section VIII).
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t \ / t

t/

Fig. 6. Construction for the geometrical determination of projective curvature

We prefer, however, to give a simpler geometrical construction of P in
the following Section X.

Pirani [6] derives a formula which is essentially equivalent to our
Eq. (9.5), and interprets it geometrically.

X. A Geometrical Construction of Projective Curvature

We start with the construction shown in Fig. 6 and described in
detail by

Construction: Let ί, s be two geodesies through O with smooth
parameters τ, σ and corresponding tangents Γ, S, such that τ(0) = σ(O) = 0.
Let L and M be points on t with τ(L)= — ε, τ(M) = ε, and let A be a
point on s with 0-^4) = ε2. Join A to M by the geodesic Γ, and let T
be a tangent vector to t, which depends smoothly on ε, such that
lim TΛ = T0. Join L to A by the geodesic f~ and let Tbe a tangent vector

to t, which depends smoothly on ε, such that lim TA=T0.
ε-> 0

The construction is illustrated in Fig. 6.
With this construction, we state our

Third Main Theorem.



142 J. Ehlers and A. Schild :

We can restate our result in a more intuitive form. Write

εTA = AM, -&TA = ~AL, -ε2SA = AO. (10.2)

We may think of these vectors as infinitesimal connecting vectors between
points defined uniquely by the geometric construction. Then we have

AL Λ AM Λ AO « f AOA AM A PA(AM;AθAAM) (10.3)

with an arbitrarily small error. More precisely, each of the two sides is
of order ε7, and the error is of order ε8.

Let us stress that in a projective space the points A and M determine
the exact direction of the vector AM at A; on the other hand, the length
of the vector is less precise and is only determined to the first order in ε.
Similar remarks apply to the vectors AO and AL at A. However, this
slack in the definition of the vectors does not affect the formula (10.3)
to the order ε7 which is relevant.

At any point O of our manifold, a sufficiently large number of the
purely projective constructions, illustrated in Fig. 6, will determine the
extended projective curvature tensor Q and hence, by Eq. (8.10), will
fully determine the projective curvature tensor P.

In order to prove our main result (10.1), it is convenient to choose a
connection Γ of the projective class such that both τ and σ are affine
parameters with respect to Γ; this is always possible (cf. Section III).
It is also convenient to choose geodesic Fermi coordinates with respect
to Γ, based on ί, and with origin at O. Then

Γ = 0 along ί, (10.4)

*0 = 0, XM = *TO, xL=-εT0. (10.5)

Here and in the following, all equations must be thought of as
equations between components of geometrical objects in our special
coordinate system. Suffixes are suppressed as far as possible.

Since the geodesic equation

dsS=-Γ(S,S) (10.6)

is satisfied along s9 we have

and thus, by Eq. (10.4),

(ε6). (10.7)
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We also have
SA = S0 + s2(dsS)0 + 0(ε4) = S0 + 0(ε4) , (10.8)

(ΓdJA = s2(8cΓ
d

b)0 SC

0 + 0(ε4) , (10.9a)

(8Λ)A = (deΓίb)0 + 0(s2)9 (10.9b)

(WcΓ^A = (SeScΓ
d

b)0 + 0(s2) . (10.9c)

Along the geodesic F, let τ be an affine parameter with respect to Γ,
such that τ(A) = 0 and τ(M) = ε, and let T be the corresponding tangent
vector. Then _ _ _

dffd=-Γa

d

bT
afb, (lO.lOa)

d2

fT
d=-(dcΓ

d

b) TaTbTc + 2Γd

tmΓb

n

cT
aTbTc, (lO.lOb)

d3

τT
d=-(dedcΓ

d

b) TaTbTcTe+ - , (lO.lOc)

where the dots indicate terms, each of which contains an undifferentiated
Γ as a factor.

Since XM is on F and τ(M) = ε, we have, by expansion about A,

Using Eqs. (10.10) and (10.9), and the expressions (10.5) and (10.7) for
XM and XA, this becomes, on division by ε,

T*= TA + εSd

σ - ̂ ε2(dcΓ
d

ab)0TAT^- ^(dcΓ
d

ab)0 TAT*SC

0

It follows that TA = T0 — εS0 + O(ε2), and substituting this into the terms
of order ε2 and ε3 of Eq. (10.12), we obtain

TA=T0- εS0 + ̂ R0(T0; S0 Λ T0) + O(ε4) . (10.13)

In deriving this equation, we have used the facts that

(TcdcΓ)0 = (Te TcdedcΓ)0 = 0 and (Rd

abc)0 = 2(d[bΓ
d

]a)0 ,

which follow from Eq. (10.4).
A similar expression for TA is obtained by systematically changing

F, τ, T, M, ε into t, τ, T, L, — ε in the above derivation. It is

fA=T0 + 8S0-^s3R0(T0;S0AT0) + 0(ε4). (10.14)

Forming the outer product of TA, TA and SA which are given,
respectively, by Eqs. (10.14), (10.13) and (10.8), we obtain

4
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It is clear that this formula remains unchanged if we replace TA, TA

by any other tangent vectors at A to the geodesies Fand t, which depend
smoothly on ε and which tend to T0 as ε->0. Equation (10.1) now follows,
and this completes the proof of our theorem.

We remark that we can extract from our proof and Eqs. (10.13),
(10.14), and (10.8) the following

Affine Theorem. In an affine space, let t, s be two geodesies through 0
with affine parameters τ, σ and corresponding tangents T,S, such that
x(O) = σ(O) = 0. Let L and M be points on t with τ(L)—— ε, τ(M) = ε,
and let A be appoint on s with σ(A) = ε2. Let t be the geodesic joining A
to M, and let T be its tangent vector with respect to the affine parameter τ
which satisfies τ(A) = 0 and τ(M) = ε. Similarly, let t be the geodesic
joining L to A, and let f be its tangent vector with respect to the affine
parameter τ which satisfies τ(A) = Q and τ(L)= — ε. Then

With the definitions (10.2), which now determine the vectors
AM, AL, AO precisely, this may be rewritten in the form

AL- 2AO « - IRA(AM \ AO Λ ~AM) , (io.ι?)
where each of the two sides is of order ε4 and the error is of order ε5.

XI. Space-Time Geometry of Free Fall

The term "space-time geometry of free fall" will mean the following:
In the (pseudo-) Riemannian space-time of general relativity theory,

or in a hypothetical Weyl space-time, we consider the motion (geometri-
cally, the world lines) of particles in free fall. The particles are not
supposed to carry physical clocks, nor do we suppose that we have
(infinitesimal) rigid rods available. The motions of particles in free fall
give a physical realization of some of the geodesies of space-time, namely
of those geodesies which are time-like with respect to the conformal
structure of space-time. No use is made of the conformal structure,
besides the fact that the world line of a particle is automatically time-like,
and the theoretical fact that for any Riemannian or Weyl structure the
timelike directions at an event are very numerous and, in fact, fill the
interior of some four-dimensional cone.

It is clear that all the constructions of Sections IV to X and of Figs. 2-6
can be carried out with curves and vectors which are all time-like.
These projective geometrical constructions can then be reinterpreted
in terms of idealized physical experiments, each of which involves the
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Fig. 7. Tangential 2-direction to t at A,
which contains p

Fig. 8. Parallel transport along a
particle t of a tangential 2-direction

motion of particles, observations of a particle moving through a series
of events, and of several particles meeting at one event.

All lines shown in the following figures are the world lines of particles
in free fall, i.e., time-like geodesies. We shall simply call them particles.

Consider a particle ί, and a particle p through an event A on ί, as
shown in Fig. 7. Let q be a particle which meets p and t in events near A.
The set of all particles through A which meet such a q on the same side
of t will be called the tangential two-direction to t at A which contains p.
Geometrically, the two-direction is the set of all time-like directions at A
which are coplanar with t and p and lie on the same side of t. The last
requirement provides a tangential two-direction with an orientation.
Physically, we may say that the two-direction consists of the initial
elements of the motions of all particles which are shot out from t at
event A in the same spatial direction with different (physically possible)
velocities.

Let A and B be two events on particle t. We say that the tangential
two-direction to t at A which contains a particle p and the tangential
two-direction at B which contains a particle r are parallel with respect
to t if the infinitesimal zig-zag construction shown in Fig. 8 is possible.
Given t,A,B,p, all particles r through B for which such a zig-zag
construction exists will automatically lie in the same tangential two-
direction at B.
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The constructions or physical experiments illustrated in Figs. 7
and 8 involve the limiting process ε->0. We may think in terms of actual
limiting sequences of physical experiments. Or we may adopt the physi-
cist's point of view, think of ε as a finite and small number, and take it
for granted that all our statements are approximate with a small and
finite error.

Finally, we may consider the construction of Fig. 6 to be a physical
experiment by restricting t and s9 and hence t, t for small ε, to be time-like
geodesies, so that they are particles. Then Eq. (10.1) determines
8 Λ T Λ P(T; S Λ T) for time-like vectors T and S.

It is obvious that time-like vectors are sufficiently numerous, so
that, at any event 0, a sufficiently large number of such experiments will
completely determine the extended projective curvature tensor Q.
Hence, by Eq. (8.10), the projective curvature tensor P of a Riemannian
or hypothetical Weyl space-time can be fully explored by free fall experi-
ments.
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