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The magnetic field induced by a rotating mass-shell  having at its center a stationary charged sphere 
is calculated in the framework of linearized general relativity. 

A wel l -known consequence  of E ins t e in ' s  theo-  
ry of gravi ta t ion  is the dragging of ine r t i a l  
f r a m e s  by rota t ing m a s s i v e  bodies.  This  was 
f i r s t  es tab l i shed  by Th i r r i ng  [1] in 1918. More  
r ecen t ly  that topic has r ece ived  fu r the r  at tention 
f rom Bass  and P i ran i  [2], Htinl and Maue [3], 
B r i l l  and Cohen [4], and o thers .  It is to be noted 
that the dragging effect  is not n e c e s s a r i l y  always 
smal l :  if pu l sa r s  a r e  ro ta t ing neutron s t a r s ,  as 
suspected ,  then ine r t i a l  f r a m e s  at the i r  su r face  
a r e  dragged around s eve ra l  t imes  per  sec [5]. 

T h i r r i n g ' s  pa r t i cu l a r  invest igat ion concerned 
the grav i ta t iona l  f ield ins ide  a m a s s i v e  rota t ing 
shel l  in an o the rwise  empty and asympto t ica l ly  
f lat  un iverse .  P a r t  of the motivat ion s t emmed  
f r o m  what Eins te in  had t e r m e d  'Mach ' s  p r i n c i -  
p l e ' ,  accord ing  to which a g rav i ta t iona l  theory 
should be so cons t ruc ted  that the same  conse -  
quences  resu l t  f rom assuming ,  for  example ,  
that a cer ta in  sys t em is  rota t ing within a fixed 
un ive r se ,  or  that the un ive r se  is rota t ing 
around that s ame  sys tem at r es t .  Thus the r o -  
tation of the un ive r se  r e l a t ive  to the ear th  would 
grav i ta t iona l ly  cause  the Cor io l i s  and centr i fugal  
f ie lds  exper ienced  by o b s e r v e r s  on earth.  By 
extension,  one might  expect  the f ield inside a 
l a rge  ro ta t ing m a s s - s h e l l  to have Cor io l i s  and 
cent r i fugal  f ea tu res .  And this,  indeed, was 
T h i r r i n g ' s  finding. 

Analogously,  one of us conjec tured  [6] that an 
e l e c t r i c a l l y  charged s ta t ionary  shel l  inside the 
ro ta t ing shell  would be surrounded by a magnet ic  
field.  This  con jec tu re  poses  a we l l -def inab le  
p rob lem in genera l  r e l a t iv i ty ,  which we have 
solved in the l inear  approximat ion.  It might be 
cal led the ' e l e c t romagne t i c  T h i r r i n g  p r o b l e m ' :  

given an asympto t ica l ly  f lat  s p a c e - t i m e  whose 
only content is a charged spher ica l  shel l  s u r -  
rounded by a neut ra l  m as s ive  shell ,  the f i r s t  at 
r e s t  and the second uniformly rotat ing r e l a t i ve  
to infinity, to find the resu l t ing  magnet ic  field. 

A s i m i l a r  problem but with a cen t ra l  point-  
charge  in p lace  of our spher ica l ly  extended 
charge  has been solved by Hofmann [7] ( c o r r e c t -  
ly) and by Dehnen [8] ( incorrect ly) .  It would ap-  
pear  to have no d i rec t  Machian s ignif icance.  

Our method was the standard per turba t ion  
p rocedure .  Let  G = gravi ta t ional  constant.  Q = 
e l ec t r i c  charge  on the inner  shel l ,  a = its radius ,  
M = mass  of the outer  shell ,  R = its radius ,  to = 
its angular  veloci ty .  We imagine a family  of so -  
lutions of the coupled E ins te in -Maxwel l  f ield 
equations,  depending analyt ical ly  on the p a r a m -  
e t e r s  G and ¢o, for  f ixed values  of Q, M, a, R. 
We compute the equations governing the g r a v i -  
tat ional  f ield and the sources ,  to f i r s t  o rde r  in G 
and second o rde r  in w. We follow H~nl and 
Maue [3] in assuming  the outer  shell  to be 
s t r e s s e d  only tangential ly along the p a r a l l e l s  of 
lat i tude,  and to have spher ica l  shape and uni-  
form proper  densi ty when in motion. The p e r -  
turbation of the gravi ta t ional  f ield (metr ic)  then 
turns  out to be the superposi t ion of the Th i r r ing  
field (as c o r r e c t e d  by HSnl and Maue for the 
s t r e s s  in the shell) and the l i nea r i zed  R e i s s n e r -  
Nords t rSm me t r i c  [9]. suitably continued into 
the in t e r io r  of the charged shell .  The l a t t e r  is 
a s sumed  to c a r r y  Poincar~  s t r e s s  to balance i ts  
Coulomb repuls ion,  but no ' m a t e r i a l '  mass .  The 
z e r o - o r d e r  e l ec t romagne t i c  field is the o rd inary  
Coulomb field of the stat ic  charged sphere .  The 
per tu rbed  e l ec t romagne t i c  f ield is found to con-  
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Fig. 1. Field l ines of the components  B (full) and B '  
(stippled) of the magnet ic  field induced by a ro ta t ing  
m a s s - s h e l l  on the Coulomb field of an enclosed con-  

cent r ic  s ta t ionary  charged shell .  

s i s t  of a n  e l e c t r o s t a t i c  p a r t  of l e s s e r  i m m e d i a t e  
i n t e r e s t ,  and  a m a g n e t i c  p a r t  w h i c h  m a y  c o n -  
v e n i e n t l y  b e  d i v i d e d  in to  two c o m p o n e n t s  B and  
/3 '  c o r r e s p o n d i n g  to two d i s t i n c t  s o u r c e  t e r m s .  
W r i t i n g  r f o r  t he  p o s i t i o n  v e c t o r  f r o m  t he  c o m -  
m o n  c e n t e r  of the  two s h e l l s ,  and  u s i n g  G a u s s i a n  
u n i t s  and  d i m e n s i o n s ,  we o b t a i n  

Qa -1 ~ '  , (r < a ) ,  

c / 3 =  I 
Q a 2 [ ( ~ ' . r ) r  -5 r - ~ r - 3 ~ ' ] .  ( r  ~ a ) ,  

w h e r e  ~ '  = 4GM~o/'3Rc2; t h i s  ~o' i s  t he  
' T h i r r i n g '  a n g u l a r  v e l o c i t y ,  w h i c h  h a s  t he  f o l -  
l o w i n g  s i g n i f i c a n c e :  in  a f r a m e  r o t a t i n g  a t  a n g u -  
l a r  v e l o c i t y  co' t he  C o r i o l i s  f i e l d  v a n i s h e s  
e v e r y w h e r e  i n s i d e  t he  m a s s i v e  s h e l l .  (In f a c t ,  
in the  T h i r r i n g  p r o b l e m  the  m e t r i c  i s  f l a t  i n s i d e  
t h a t  s h e l l  to f i r s t  o r d e r  in  w. and  ~ '  i s  t he  a n -  
g u l a r  v e l o c i t y  of the  c e n t r a l  i n e r t i a l  f r a m e  r e l a -  
t i v e  to i n f in i t y . )  F o r  t he  o t h e r  c o m p o n e n t ,  B ' ,  
we f ind  

1½QR-leo ', (r" R), 

c B '  = t t 3QR2[(v),"  r ) (r_ 5_Rr_6) r_~ (r_ 3_~ Rr_4 ) ~ ,  ], 

T h e  f i e l d  B i s  p r e c i s e l y  the  m a g n e t i c  f i e l d  of 
a u n i f o r m l y  c h a r g e d  s h e l l  of t o t a l  c h a r g e  Q and  
r a d i u s  a r o t a t i n g  at  a n g u l a r  v e l o c i t y  a~': o u t s i d e  
t h e  s h e l l  i t  i s  a d i p o l e  f i e l d  and  i n s i d e  i t  i s  h o -  
m o g e n e o u s .  T h i s ,  of c o u r s e ,  i s  j u s t  the  f i e l d  
e x p e c t e d  on M a c h i a n  g r o u n d s ,  g i v e n  the  T h i r r i n g  
e f fec t .  T h e  f i e ld  /3 '  i s  p h y s i c a l l y  l e s s  obv ious .  
I t s  s o u r c e s  a r e  c i r c u l a r  c u r r e n t s  w h o s e  a x e s  
c o i n c i d e  w i th  co, and  w h i c h  f i l l  t he  e x t e r i o r  of 
the  r o t a t i n g  she l l .  B '  i s  h o m o g e n e o u s  i n s i d e  t ha t  
s h e l l ,  and  o u t s i d e  of i t  t h e  l e a d i n g  t e r m s  ( t h o s e  
f a l l i n g  off l i k e  r - 3 )  c o n s t i t u t e  a d i p o l e  f i e l d  of 
m o m e n t  QR 2 eo'/c. ( F o r  r 2  :. 3R 2 t h i s  f i e ld  i s  
i d e n t i c a l  wi th  t h a t  of a c h a r g e d  s h e l l  of r a d i u s  
~f3R and  t o t a l  c h a r g e  Q r o t a t i n g  wi th  the  
T h i r r i n g  v e l o c i t y  a~ ' . )  I n s i d e  and  n e a r  the  
c h a r g e d  s h e l l  B d o m i n a t e s  /3 '  by a f a c t o r  ~ R / a .  
T h e  f i e l d / 3 '  w a s  a l r e a d y  o b t a i n e d  by  H o f m a n n  
[7]. S i n c e  /3 v a n i s h e s  in the  l i m i t  a ~ 0. /3 '  i s  
t he  c o r r e c t  s o l u t i o n  fo r  a p o i n t - c h a r g e .  

U n f o r t u n a t e l y  the  e f f ec t  d i s c u s s e d  h e r e  s e e m s  
to b e  m a n y  o r d e r s  of m a g n i t u d e  too s m a l l  to b e  
m e a s u r e d  in the  l a S o r a t o r y .  

D e t a i l s  and  o t h e r  c o n s e q u e n c e s  wi l l  b e  p u b -  
l i s h e d  e l s e w h e r e .  

D u r i n g  t he  p e r f o r m a n c e  of t h i s  w o r k  one  of us  
( J .E . )  w a s  § u p p o r t e d  in p a r t  by  NSF G r a n t  
G P  20033,  a n d  the  o t h e r  (W.R.) by  US A i r  F o r c e  
G r a n t  A F - A F O S R - 9 0 3 - 6 7  and  NASA G r a n t  
NGL 4 4 - 0 0 4 - 0 0 1 .  
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