Chapter 2
Surfaces with Constant Mean Curvature

In this chapter we shall review some basic aspects of the theory of surfaces with
constant mean curvature. Rather the reader should take this chapter as a first intro-
duction to the problems and as a way to become acquainted with the methods that
will be needed in successive chapters. In the process of this review, we shall obtain
results on compact cmc surfaces with boundary. The surfaces with constant mean
curvature will arise as solutions of a variational problem associated to the area func-
tional and we shall relate it to the classical isoperimetric problem. Then we state the
first and second variation formula for the area and we give the notion of stability
of a cmc surface. Next, we shall introduce complex analysis as a basic tool in the
theory and we define the Hopf differential. This will allow us to prove the Hopf
theorem. In addition, we compute the Laplacians of some functions that contain ge-
ometric information of a cmc surface. As the Laplacian is an elliptic operator, we
are in position to apply the maximum principle and we will obtain height estimates
of a graph of constant mean curvature. Finally, and with the aid of the expression of
these Laplacians, we will derive the Barbosa-do Carmo theorem that characterizes
a round sphere within the family of closed stable cmc surfaces of Euclidean space.

2.1 The Variational Formula for the Area

Let M be a connected orientable (smooth) surface with possibly non-empty bound-
ary 0M. Denote by int(M) = M \ OM the set of interior points of M. Let x :
M — R3 be an immersion of M in Euclidean three-space R3. We say that M is
immersed in R? if the immersion x is assumed. If p € M, we write p instead of
x(p), or simply, x. We represent by N : M — S? a Gauss map (or an orientation),
where S? denotes the unit sphere of R3. An immersion x is called an embedding if
X : M — x(M) is a homeomorphism and we say that the surface M is embedded
in R3. If M is compact, this is equivalent to x (M) having no self-intersections and
we will identify the surface M with its image x(M).

Let I' C R3 be a (smooth) space curve. Consider an immersion x : M — R3 ofa
surface M. We say that I” is the boundary of the immersion x if x5p : 9M — I is
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14 2 Surfaces with Constant Mean Curvature

a diffeomorphism. In particular, we prohibit that x5/ turns many times around I".
We also say that x (or M) spans I" or that I" is the boundary of x(M). If x is an
embedding we will use interchangeably M and I".

We endow M with the Euclidean metric (-, -) induced by the immersion x. If M
is a compact surface, the areaof M is defined by

A:/ dM,
M

where dM denotes the area element of M. Now we introduce the volume of the
immersion and we motivate the definition by considering M a closed embedded
surface. In such case, M defines a bounded 3-domain W C R3. We call the volume
V enclosed by M the Lebesgue volume of W. An expression of V in terms of an
integral on M may be derived by an easy application of the divergence theorem. The
divergence of the vector field Y (x, y, z) = (x, y, z) is 3 and thus

v:/ 1:1/ DiV(Y):—l/(N,Y)dM:—l/(N,x)dM,
W 3w 3J/m 3J/u

where N is the Gauss map on M that points towards W. In general, if x : M — R3
is an immersion of a compact surface M with possibly non-empty boundary, the
algebraic volume of x with respect to the orientation N is defined by

1

V=——/ (N, x)dM. 2.1)
3J/m

When oM # (), the number V measures the algebraic volume determined by the
surface together with the cone C formed by M and the origin of R>. This follows
if we parametrize C as ¢ (s, 1) = ta(s), with o : IM — x(d M) a parametrization of
x(@M) and 0 < r < 1. Since C together with M forms a 2-cycle, the same vector
field Y gives

3V=—/ (N,x)dM—/(Nc,¢)dC,
M C

where Nc is the unit normal vector to C. Finally, observe that (N¢c, ¢) = 0.

We remark that the volume of the immersion depends on the origin, or in other
words, the number V changes by translations of the initial surface. However, when
the boundary is planar, and as a consequence of the divergence theorem again, we
have:

Proposition 2.1.1 Let x : M — R3 be an immersion of a compact surface M. As-
sume that x(0M) = I' is contained in a plane P. Then the volume is invariant
provided the origin lies in P.

A particular case occurs when M is the graph of a function u € C 22)NC(2),
where £2 ¢ R? is a bounded domain and u = 0 on 8£2. Choose on M the usual
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parametrization of a graph, namely, ¥ (x, y) = (x, y,u(x, ¥)) and the orientation
given by

N(x,y,u(x,y)): (2.2)

1
————(—uy, —uy, 1).
J14uz +ul
AsdM = J1+u+ ug dxdy, we have

1

1
v:--/ <N,w>dM=—/ (xux + yuy —u)dxdy.
3 M 3 2

Define on §2 the vector field Y (g) = u(g)q. Then Div(Y) = xu, + yu, + 2u and
using that u = 0 on 952, we find that

/(xux—i—yuy—i—2u)dxdy=—/ u(n,g)ds =0,
2 82

where n is the inward conormal vector of §2 along d£2. We conclude that

V= —/ udxdy. (2.3)
2

As was noted in Chap. 1, the mean curvature of the surface can be motivated if
we consider the so-called isoperimetric problem.

Isoperimetric problem: Among all compact surfaces in Euclidean space R3 en-
closing a given volume, find the surface of least area.

If we modify the question and we only ask for those surfaces that are solutions of
the isoperimetric problem up to the first order, the problem becomes the following:

Variational problem: Characterize a compact surface in Euclidean space R?
whose area is critical among all variations that preserve the volume of the sur-
face.

Definition 2.1.2 A variation of an immersion x : M — R3 is a differentiable map
X : M x (—&, &) — R3 such that for each 7 € (—¢, ¢), the maps x; : M — R3 given
by x;(p) = X(p, t) are immersions for all ¢, and for = 0, xo = x. The variational
vector field of the variation {x;} is defined by

0X(p,1)
at

E(p): s pGM

t=0

The variation {x;} is said to be admissible if preserves the boundary of x, that
is, x;(p) = x(p) for every p € M. In particular, £ =0 on M. Assume M is a
compact surface. Consider the area A(¢) and the volume V () of M induced by the
immersion x;:

1
A(f)Z/ dM;, V(f)=—§/ (N, x1) dM;,
M M
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where d M; and N; stand for the area element of M induced by x; and the unit
normal field of x;, respectively. In particular, A(0) and V (0) are the area and the
volume of the initial immersion x. We obtain the variation formula for A(¢) and
V(t)att=0.

Proposition 2.1.3 (First variation for the area) The area functional A(t) is differen-
tiable att =0 and

A/(O):—2/ H(N,E)dM—/ (v,&)ds, (2.4)
M oM

where v is the inward unit conormal vector of M along OM and H is the mean
curvature of the immersion.

The mean curvature H is defined by

k1(p) + x2(p)
Hip)=——F—— pPeM,
where k1 (p) and k2(p) are the principal curvatures of x at p, i.e., the eigenvalues
of the Weingarten endomorphism A, = —(dN), : T,M — T, M. In particular, the
sign of H changes by reversing the orientation N. On the other hand, the second

fundamental form of the immersion is
op(u,v) = —((dN)p(u), v), u,veT,M.

Then the value 2H (p) agrees with the trace of 0,. Recall that the norm |o| of o is
lo |2 =4H? 2K, where K = K1k 1s the Gauss curvature of the surface. Moreover,
|o|? > 2H? on M and equality holds at a point p if and only if p is umbilical.

Proof of Proposition 2.1.3 A proof of (2.4) appears in Proposition A.0.1, Ap-
pendix A. Here we restrict to the case when the variational vector field is perpen-
dicular to the surface. Let x; : M — R3 be the variation of x given by x;(p) =
x(p) +tf(p)N(p), t € (—¢, &) with f € C°°(M). The variational vector field is
normal to the surface because £ = f N. A computation leads to

(dxt)p(v) =v+1tf(pP)dNp() +tdf, (V)N (p),

for v € T, M. By the compactness of M, we can choose ¢ > 0 sufficiently small in
order to obtain (dx;),(v) # 0 for all tangent vectors v and thus, x; is an immersion.
Let e; denote the principal directions at p € M. Then

(dx)plei) = (1=t (p) f(p))ei +1df,(er) N (p).

The Jacobian of x; is
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Jac(x)(p) = |(dxy) p(er) x (dxr) p(e2)]
= |—t(1 = tka(p) f(p))dfp(en)er — t(1 — tk1(p) £ (p))dfp(er)er
x (1=2tH(p)f(p) +12K(p) f(P)*)N(p)|.

Hence it follows that

77| Jact(p)=—=2H(p)f(p). (2.5)

=0

Finally, by (2.5) and the formula for change of variables, we find that

o= [ &

showing (2.4). Observe that the boundary integral in (2.4) vanishes because
&(p)LT,M. O

Jac(x,)dM=—2/ HfdM:—Z/ H(N,&)dM,
=0 M M

=l

We say that M is a surface with constant mean curvature if the function H is
constant. We abbreviate this by saying that M is a cmc surface or an H -surface if
we want to emphasize the value H of the mean curvature. In the particular case that
H =0on M, we say that M is a minimal surface.

In view of Proposition 2.1.3, we obtain the following characterization of a mini-
mal surface:

Theorem 2.1.4 Let x : M — R3 be an immersion of a compact surface M. Then
the immersion is minimal if and only if A’'(0) = 0 for any admissible variation of x.

Proof If H = 0, then (2.4) gives immediately A’(0) = 0. Conversely, let f €
C°°(M) be a function with f > 0 in int(M) and f = 0 on dM. Define the vari-
ation x;(p) = x(p) + tf (p)H(p)N(p), which is admissible and &€ = f HN. Then
(2.4) yields

O:A/(O)=—2/ H(N,$>dM=—2/ fH?dM.
M M
As f is positive on int(M), then H =0 on M. U

This theorem establishes that a compact surface is minimal if and only it is a
critical point of the area for any admissible variation. As a consequence, if I” is
a closed curve and M is a surface of least area among all surfaces spanning I,
then M is a minimal surface since for any variation of M, the functional A(¢) has a
minimum at ¢ = 0, hence, A’(0) = 0. The reverse process does not hold in general
and there exist compact minimal surfaces that are not minimizers. A special case is
studied in Proposition 2.1.8 below.
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Proposition 2.1.5 (First variation for the volume) The volume functional V (t) is
differentiable at t = 0 and

V'(0) = — / (N,E)dM. (2.6)
M

For a proof, see Proposition A.0.2, Appendix A. Once the formulas for the first
variation for the area and for the volume have been obtained, we have the conditions
for characterizing a surface with constant mean curvature. If we recall the motivation
of cmc surfaces by soap bubbles given in the preceding chapter, we require that the
perturbations made on the soap bubble keep the enclosed volume of air constant.
Thus we give the next definition. A variation is said to be volume preserving if the
functional V (¢) is constant. In particular, V'(z) = 0. Comparing with the proof of
Theorem 2.1.4 for minimal surfaces and viewing the integral in (2.6), for a cmc
surface it does not suffice that f =0 on d M. For this reason, we need the following
result [BC84].

Lemma 2.1.6 Let x : M — R3 be an immersion of a compact surface M and let
f € C®(M) with fM fdM = 0. Then there exists a volume preserving variation
whose variational vector field is £ = fN. Furthermore, if f =0 on oM, then the
variation can be assumed admissible.

Proof Let g be a differentiable function on M such that g = 0 on M and
[y 8dM #0.1f I = (—¢, &), define

X:MxIxI—R, X(pts)=x(p)+(tf(p)+sg(p))N(p).

For ¢ > 0 sufficiently small, the function X may be seen as a variation of x fix-
ing s or fixing ¢, with X (p,0,0) = x(p). Let V (¢, s) be the volume of the surface
X(—,t,8): M — R? and consider the equation V (¢, s) = ¢, where c is a constant.
By (2.6),

ovi(t,s)
as

=— / gdM #0.
(t,5)=(0,0) M
The implicit function theorem guarantees the existence of a diffeomorphism ¢ :
Iy — I, where I} and I are open intervals around O, such that ¢(0) = 0 and
V(t,¢(t)) = c for all ¢ € I1. This allows us to consider the volume preserving vari-
ation of x given by x;(p) = X (p, t, ¢(t)). We show that £ = f N. The derivative of
V (¢, ¢(t)) = c with respect to ¢ yields

aVv aVv
=50 +9 OO == [ (f+9OdM=-5© [ ganm.
t as M M
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This says that ¢'(0) = 0. Thus

9
E(p) = % =(f(p)+ @' g(P)N(p) = f(p)N(p).
t=0

In the particular case that f = 0 along M, and since g =0 on d M, we have x;(p) =
x(p) along M and thus the variation is admissible. O

Theorem 2.1.7 Let x : M — R3 be an immersion of a compact surface M. Then
x has constant mean curvature if and only if A'(0) = 0 for all volume preserving
admissible variations.

Proof Assume that the mean curvature H is constant. For a volume preserving vari-
ation of x, V' (¢) = 0. In addition, if the variation is admissible, £ =0 on d M. Since
H is constant, the expression of A’(0) in (2.4) gives

A/(O)=—2H/ (N,&YdM =2HV'(0) =0.
M

Conversely, assume that x is a critical point of the area for any volume preserving
admissible variation. Let

1
Hoz—f HdM,
Ao Jm

where Ag is the area of M and define the function f = H — Hy. Observe that H
is constant if and only if f = 0. By contradiction, assume that at an interior point,
f#0.As [, fdM =0, the sets M+t ={p € int(M): f(p) >0} and M~ ={p €
int(M) : f(p) < 0} are non-empty. Fix points p™ € M™, p~ € M~ and consider
the corresponding bump functions ¢+, ¢~ : M — R, that is, smooth non-negative
functions with supp(¢™) C M, supp(p™) C M~ and T (pT) =9~ (p7)=1.1In
particular, ¢, 9~ =0 on dM. Let

a+=/ et fdM >0, a‘:/go‘fdM<O
M M

and A > 0 be the real number such that @™ 4+ Ao~ = 0. Define ¢ = ¢+ + Ap~. This
non-zero function satisfies ¢ > 0 on int(M), ¢ =0 on 0M and

/ <pfdM:/ go+fdM+A/ ¢~ fdM =0. .7)
M M+ M-

From the preceding lemma, there exists an admissible variation of x that preserves
the volume and whose variational vector field is £ = ¢f N. Then (2.4) and (2.7) now

give

O:A’(O):—Z/ H(pfdM:—Z/ (H—Ho)wfsz—Z/ of2dM.
M M M
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Thus ¢f? =0 on M. However, at the point p*, (¢f)*(p*) = f(p*)? > 0, a con-
tradiction. O]

For cmc graphs, we have:

Proposition 2.1.8 Let 2 C R? be a bounded domain and let M be a compact cme
graph on §2. Then M minimizes the area among all graphs spanning dM and with
the same volume as M.

Proof Suppose that M is an H-graph of a function u defined on §2 and let M’ be
another graph with M’ = d M and the same volume as M. Then M UM’ determines
an oriented 3-domain W C R? with zero volume V because the volumes of M and
M’ agree. On W define the vector field Y (x, y,z) = N(x, y, u(x, y)), where N is
the unit normal field of M according to (2.2). We compute the divergence of Y.
Taking into account (1.5) we see that

—u —u 1
Div(Y) = ;| —= ) + 9, 7y>+31(7)
v <\/1+|Vu|2> '(\/1+|Vu|2 V1+|Vul?

Vu

JIHIVuP

The divergence theorem gives

= —div —2H.

0:—2HV=/ Div(Y):/ (Y, N)dM—|—/ (Y,N')am’
w M !

= area(M) +/ (Y, N/>dM/,

/

where N’ is the unit normal of M’ pointing outwards from W. Hence, and as
[(Y, N')] <1, we conclude

area(M):—/ (Y,N/)dM/ff dM/zarea(M/). 0
! M/

In fact, a more general result asserts that a minimal graph over a convex do-
main is area-minimizing among all compact surfaces with the same boundary
[Fed69, Mor95]. Since a surface is locally the graph of a function defined in a con-
vex domain, then we conclude that a minimal surface locally minimizes area.

There exists another variational characterization of a surface with constant mean
curvature using Lagrange multipliers. Given a (not necessarily volume preserving)
admissible variation X and A € R, define the functional J, as

L) = A@t) =20V (1), te(—ee). (2.8)
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By (2.4) and (2.6),

J(0) = —2/ (H — ))(N,&)dM. (2.9)
M

Theorem 2.1.9 Let x : M — R3 be an immersion of a compact surface M. Then x
has constant mean curvature H if and only if J;;(0) = 0 for all admissible varia-
tions.

Proof If x has constant mean curvature H, take A = H in (2.9). To prove the con-
verse, assume that there exists a A € R such that Jx/ (0) = 0 for any admissible varia-
tion. In particular, it holds for any volume preserving admissible variation {x,}, and
since A is a constant, we have

0=J;(0)=A'(0) —22V'(0) = A'(0).

Since A’(0) = 0 holds for all volume preserving admissible variation, we apply
Theorem 2.1.7 concluding that H is constant. 0

This characterization of a cmc surface is related to the Plateau problem (1.2),
where the solutions are obtained by minimizing Dy in a suitable space of immer-
sions from a disk into R3, as was remarked in Chap. 1. Comparing the expressions
of J, and Dg in (2.8) and (1.4) respectively, the area integral is replaced by the
Dirichlet integral and the volume V by its formulation for a parametric surface.

Among all critical points of the area, we consider those that are local minimizers.
Then it is natural to study the second variation of the area because for a surface of
least area, the second derivative A”(0) is not negative. Since a surface with constant
mean curvature is characterized in variational terms by Theorems 2.1.7 and 2.1.9,
there are two different notions of stability.

Definition 2.1.10 Let M be a compact surface and let x : M — R3 be an immersion
of constant mean curvature H.

1. The immersion x is said to be stable if A”(0) > 0 for all volume preserving
admissible variations.
2. The immersion x is said strongly stable if J};(0) > 0 for all admissible variations.

With respect to the first definition, some authors prefer to use the term ‘volume
preserving stable’ rather than ‘stable’.

Proposition 2.1.11 (Second variation for the area) Let M be a compact surface and

let x : M — R3 be an immersion of constant mean curvature H. If {x;} is a volume
preserving admissible variation with f = (N, &), then

A”(O):—/ f(Af+lo*f)aM. (2.10)
M

Here A denotes the Laplacian-Beltrami operator on M.
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For a proof, see Corollary A.0.4 in Appendix A. The term in the parentheses of
(2.10), namely, L(f) = Af +|o | f, is called the Jacobi operator of the immersion.
As a consequence, the solutions of the isoperimetric problem are stable because they
are minimizers of the area.

Similarly, the formula for the second variation of the function Jg is

J5(0) = — /M f(Af + 1o f)dM,

for all admissible variation of the immersion. Here the function f only satisfies
f=0along M.

Let f be a smooth function on M with f =0ondM. Since div(fV f) = fAf +
|V £|2, the divergence theorem changes the expression of A”(0) into

A”(O):/ (IVfI? = lol*f?)dM. (2.11)
M

This allows us to extend the right-hand side of (2.11) as a quadratic form [ in the
Sobolev space HS’Z(M ), the completion of C3°(M) in L2(M):

FHZOD =R 1= [ (V5P ~1oP ) am,

where now V f denotes the weak gradient of f. Therefore, a surface M is:

1. stableif I(f) >0 forall f € Hy>(M) such that [,, fdM =0;
2. strongly stable if /(f) >0 forall f € H(}’Z(M).

A first example of a stable surface is the sphere.
Proposition 2.1.12 A round sphere is stable.

Proof Assume without loss of generality that the sphere is S?. Consider the spec-
trum of the Laplacian operator A. The first eigenvalue is A; = 0 and the eigenfunc-
tions are the constant functions. The second eigenvalue is A, = 2 [CH89]. By the
Rayleigh characterization of A,

| 2 IV f1? aS? > / 2
2= = B feC™(S?), ds*>=0}.
2 mln{ T 12 S f (S%) Szf
Hence [ |VfI* dS? = 2 o f? dS* for all differentiable function f with
fM fdM =0. Since |o|> =2 on S?, this proves the stability of S2. O

Proposition 2.1.13 A planar disk and a spherical cap are stable. Moreover, a small
spherical cap and a hemisphere are strongly stable but a large spherical cap is not
strongly stable.
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Proof 1f M is a planar disk, then |o|> =0and I(f) = [,, |V f|*dM > 0, showing
that M is strongly stable. Consider now a spherical cap M. Without loss of gener-
ality, assume that the radius of the spherical cap is 1. Denote by ST a hemisphere
of 2.

We use the spectrum of the Laplacian A with Dirichlet conditions, that is, the
solutions of the eigenvalue problem Af +Af =0on M, f =0 on dM. The first
eigenvalue for the Dirichlet problem in ST is A;(ST) = 2. Now we employ the
monotonicity property of A1: if M| C My, then A1 (M) > A1 (M>) [CH89].

1. Consider f € C*°(M) with f =0 on dM and fM f dM = 0. Extending f to S?
by 0, we obtain a function f € HI’Z(SZ) with sz f dS? = 0. As S? is stable by
the preceding proposition, I (f) = I( f )>0.

2. Since a small spherical cap M is included in a hemisphere ST, A{(M) >

X1(ST) =2. Thus if M is a small spherical cap or a hemisphere, the variational
characterization of A1 (M) gives

[y IVfI?dM

2=h0n) < o

forall f € CgO(M). As |a|2 =2on M, we conclude 7(f) > 0.
For a large spherical cap M, A; (M) < A1(ST) = 2. If f is an eigenfunction
of A1 (M), then
JulVfI?amM
[y fPdM

so I(f) <0 and M is not strongly stable. g

=M(M) <2,

As we observe in the above proof, strongly stability is related to the eigenvalue
problem associated with the Jacobi operator L = A + |o |2, that is,

{L(f)+k_f=0 on M o

f=0 ondM.

The operator L is elliptic and thus its spectrum has many properties (see Lemma 8.1.3).
For example, the first eigenvalue A1 (L) is characterized by

— Ju FL(f)aM

A(L) :min{ fM M

:feCOO(M),f=Oon8M}.

Then we have immediately from (2.10):

Corollary 2.1.14 A compact cmc surface is strongly stable if and only if L1 (L) > 0.
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2.2 The Hopf Differential

In this section we associate to each cmc surface a holomorphic 2-form, the so-called
Hopf differential, that informs us about the distribution of the umbilical points on
the surface.

Let x : M — R3 be an immersion of an orientable surface M. We use the classi-
cal notation {E, F, G} and {e, f, g} for the coefficients of the first and second fun-
damental forms, respectively, in local coordinates x = x (u, v). Consider conformal
coordinates (u, v) defined on an open subset V of M, i.e.,

E = (xy,xy) =G = {xy, xy), F = {x,,x,)=0.

Take the Gauss map
Xu X Xy

B |2 Xxv|’

where x is the cross product of R?. The first and the second fundamental forms are,
respectively,

() = E(du® + dv?), o =edu® + 2 fdudv + gdv,
where
e= (N, xuy), f={(N,xu), g=(N,xyy).

The mean curvature H is given by

=28 (2.13)
2E
In terms of the Christoffel symbols, the second derivatives of x are:
E
Xyu = ﬁxu — ixv +eN
oo = P+ Eu o fN (2.14)
2F 2FE
E, E,
Xuu = _ﬁxu + ﬁxv +gN.
On the other hand,
e f f g
NMZ—EXM—EXU, NUZ—E.XM — Exv. (215)

Using (2.13), (2.14) and (2.15), the Codazzi equations are
E,
ey — fu = (N, Xuu) — (Nu, Xup) = ﬁ(e“"g) =EH,

E
So = 8gu = (Ny, Xuw) — (Ny, Xpo) =—ﬁ(e+g) =—E,H.
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By differentiating 2E H = e + g with respect to # and v, we have
2E,H +2EH, =¢, + gu, 2E,H+2EH, =¢e, + gy.
With both expressions, the Codazzi equations now read as
(e—8u+2fy=2EH,, (e = 8w —2fu=—2EH,, (2.16)

respectively. Let us introduce the complex notation z =u +iv, Z=u —iv and

1 1
3225(8u_i8v)s 3z=§(3u+i3v)-
Define
D(z,z7) =e— g —2if.
Equations (2.16) are then simplified as
®: = EH,. 2.17)

We point out that the zeroes of @ are the umbilical points of the immersion since
@ (p)=0if and only if e = g and f =0 at p. We express @ as follows. Let us
consider the derivatives x, and N:

1 ) 1 .
XZZE()CM—UCU), NZZE(NM_INU)-

Then

1 | _
(xz,Nz)=—Z(e—g—21f)——1®(z,z), (2.18)
and thus
D(z,7) = —4{x;, N;).

We study @ under a change of conformal coordinates w = h(z), where # is a holo-
morphic function. Then x, = k' (2)xy, N, = h'(z) N, and

D(z,7) = —d{xy, No) = =41 (2)* (xy, Ny) = B (2)* @ (w, ).
Hence
& (w, w)dw? = & (w, W) (2)%dz* = D (z, 7)dz>.

This equality means that @dz> defines a global quadratic differential form on the
surface M.

Definition 2.2.1 The differential form ®dz? is called the Hopf differential.
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Theorem 2.2.2 A conformal immersion x : M — R has constant mean curvature
if and only if ® (dz)? is holomorphic. In such case, either the set of umbilical points
is formed by isolated points, or the immersion is umbilical.

Proof Given a conformal parametrization x (u, v), Eq. (2.17) gives @z = 0, which
is equivalent to saying that @ is holomorphic on V. Thus the umbilical points agree
with the zeroes of a holomorphic function. This means either @ =0 on V or the
umbilical points are isolated. In the first case, an argument of connectedness proves
that the set of umbilical points is an open and closed set of M and so M is an
umbilical surface. 0

Theorem 2.2.2 is also valid in hyperbolic space H? and for the sphere S3. A direct
consequence is the Hopf theorem [Hop83]:

Theorem 2.2.3 (Hopf) The only closed cmc surface of genus 0 in the space forms
R3, H3 and S is the standard sphere.

Proof Since the genus of M is zero, the uniformization theorem says that its confor-
mal structure is conformally equivalent to the usual structure of C. This is defined
by the parametrizations z in C and w = 1/z in C — {0}. The intersection domain of
both charts is C — {0} and in this open set, the Hopf differential @ is

1
D(z) =w (2)*P(w) = Z—4<1>(w).

It follows that

lim @& (z) = lim (i“)(b(w =0)=0.
77— 00 Z—>0\ 7

This shows that by writing ¢ = ®(z) in terms of the parametrization z on C, @
can be extended to oo by letting @ (0co0) = 0. Therefore @ is a bounded holomor-
phic function on C. Liouville’s theorem asserts that the only bounded holomorphic
functions on C are constant. As ®(oc0) =0, then @ = 0 on C and all points are
umbilical. Finally, the only umbilical closed surface in a space form is the sphere. []

2.3 Elliptic Equations for cmc Surfaces

Let x : M — R3 be an immersion of a surface M and let N be the Gauss map.
Denote by X(M) the space of tangent vector fields on M. Recall the Gauss and
Weingarten formulae:

VY =VxY +0(X,Y)N, (2.19)
VON = —AyX =—AX,  o(X,Y)=(AX,Y), (2.20)
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for X, Y € X(M). Here V" is the usual derivation of R, V is the induced connection
on M and A is the Weingarten map.

We calculate the Laplacian of the position vector x and the Gauss map N. In
order to compute these Laplacians, we use the fact that, fixing p € M, there exists a
geodesic frame around p, that is, an orthonormal frame {ej, ez} around p such that
at p, (V;e;j)p =0 (for a proof see, for instance, [Car92, Chv94]). Then (V,,¢;), is
orthogonal to M at p and if f is a smooth function on M, the Laplacian of f is

2 2
Af(p)=) eilei, V)= ei(e(f). 2.21)
1

i=1 i=

The next result is valid for any immersion without the need that H is constant.

Proposition 2.3.1 Let x : M — R3 be an immersion of a surface M. If a € R3, then

A{x,a) =2H(N,a) (2.22)
Alx|> =4 +4H(N,x). (2.23)
Proof Fix p € M and let {e], ez} be a geodesic frame around p. Using (2.19)
and (2.21), we obtain
2 2 2
A(x,a) =Z e, X, a) Ze,-(e,-,a):

i=1 i

(Veeira)
1

2
Za(e,,e, =2H(N,a).

Equation (2.23) derives from (2.22) and the properties of the Laplacian. Indeed, let
{a1, a2, a3} be an orthonormal basis of R3. Let x; = (x,a;) and N; = (N, a;). As
|Vx;|?> =1 — N2, we have

3 3 3 3
AlxP =Y "xiAxi+2) |Vxi?=4H Y xiN;+2) (1 - N})
i=1 i=1 i=1 i=1
=4H(N,x)+4. O
Now assume that the mean curvature H is constant.

Proposition 2.3.2 Let x : M — R3 be an immersion with constant mean curvature.
Then

A(N,a) +|o|*(N,a)=0. (2.24)
A(N,x)=—2H — |o|*(N, x). (2.25)
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Proof Fix p € M and let {e1, e2} be as above. Using (2.19) and (2.20) and because
2H =trace(A), we know that

2 2
2H = Z(Ae,-, ) = <Z VN, e,»>
i=1 i=1

is constant on M. Thus for j € {1, 2} we find that
2 2 2
:ej<<ZV2,N,e,~>>:—Z<ngVgN,e, ZVON vy ei)
i=1 i=1 i=1
2 2
= Z (V2 vo N,e)= Ze, VO N,e;). (2.26)
i=1 i=I

Now we compute the Laplacian of (N, a) using (2.21):

2
A(N,a) = Zei(VSiN,a)z

i=1 i

ei((VaN.ej)a.e;)

M

*

e ((ngN, eilla. ej))

S

~
I

2
e ((VSjN, ei))(a, ej)+ Z (<V2jN, ei)ei (a, ej>)

i j=1

~
I

|
“:MN

2

(Ve N eideita,ej)) = Y (VO N, eilfa, Vo))

i, j=1

~
I

1
-

2
=— > olei.e)*(N,a)=—|o*(N,a).

i,j=1

We have used in (*) that VBN = —Awv is a self-adjoint endomorphism; in the step
(**) we apply (2.26).

As in the proof of (2.23) and for the computation of the Laplacian of (N, x), we
express (N, x) = Z?=1 N;x; with respect to an orthonormal basis of R? and use the
properties of the Laplacian. U

Equations (2.22) and (2.24) generalize to the other space forms. Denote by M3(c)
the space forms H?, R or S* if ¢ = —1,0 or 1, respectively. We view the three-
dimensional sphere S® as a submanifold of R* and the hyperbolic space H> as a
submanifold of the 4-dimensional Lorentz-Minkowski space IL* (see Chap. 10). We
have [KKMS92, Rsb93]:
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Proposition 2.3.3 Let x : M — M3 (c) be an immersion of a surface M and a € R*.
Then

Alx,a)=—2c(x,a) +2H(N,a). (2.27)
If, in addition, the mean curvature H is constant, then

A(N,a)=2cH(x,a) — |0|2(N, a). (2.28)

Equations (2.22), (2.23), (2.24), (2.25) involve the Laplacian operator and thus
are elliptic. Moreover, the last two equations have been obtained using the property
that the mean curvature is constant. This justifies the title of this section. Once we
compute these Laplacians, we shall obtain some geometric results for a given cmc
surface. The key ingredient is that for a linear elliptic equation, such as the equation
for the Laplacian operator, there is a maximum principle. In our context of com-
pact surfaces, if f is a smooth function on M such that Af > 0 (resp. < 0), then
maxy f =maxyy f (resp. miny f = mingys f) and if f attains a maximum (resp.
minimum) at some interior point of M, then f is constant [GTO01].

The first result provides an estimate of the height of a compact cmc graph, usually
called the Serrin estimate in the literature. This will be achieved by forming an
appropriate linear combination of the functions (x, a) and (N, a). We first need the
following auxiliary result:

Lemma 2.3.4 Let M be an H-surface of R® and a € R3. Consider the function
f=H(x,a)+ (N,a). Then f is constant if and only if M is umbilical.

Proof 1t is straightforward that if M is an open subset of a plane or a sphere, then f
is constant. Assume now that f is constant. By contradiction, suppose p € M is not
umbilical. Then there exists an orthonormal frame {e, e} of principal directions in
an open set V around p, that is, VgN = —«k;e; on V. Then

O=ei(f)=(H—kKi)ei,a), i=12

Since there do not exist umbilical points, H # «;, i = 1,2. We deduce that (¢;, a) =
0 in an open subset of V. C M, i =1, 2. This means that N =a in V and M is part
of a plane. In particular, p is an umbilical point, a contradiction. O

The proof of the next theorem has its origin in the use of Bonnet’s parallel sur-
faces by H. Liebmann and later by J. Serrin [Ser69a]. Here we follow W.H. Meeks
IIT in [Mee88]. Further generalizations can be found in [Lop07].

Theorem 2.3.5 Ler 2 C R? be a bounded _domain and H e R. Let M be an H -
graph ()f]R3 of a function u € C2(£2) N CO(82). Let e3 = (0,0, 1) and we orient M
so that (N, e3) > 0.
1. If H >0, then

1

minu — — <u <maxu.
22 H X?)
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In addition, if the equality holds at a point on the left-hand side, then M is part
of a sphere of radius 1/ H.
2. If H <0, then

1
miny <u <maxu — —.
082 082 H
In addition, if the equality holds at a point on the right-hand side, then M is part
of a sphere of radius —1/H.
3. If H=0, then
minu <u <maxu.
982 a2
In the particular case H # 0 and u = 0 along 952, we have |u| < 1/|H| and equality
attains at a point if and only if §2 is a round disk and M is a hemisphere

Proof Instead of working with the function u, we consider the surface M as an
embedding x : M — R3. Recall that u is the height function u = (x, e3). As M
is a cmc surface and the boundary dM is an embedded analytic curve, then M
extends analytically across dM [Mul02]. Suppose H # 0. We give the proof for
the case H > 0 (the proof is similar if H < 0). By (2.22), A(x, e3) > 0 and by
the maximum principle, (x, e3) < maxyy (x, e3). This proves the right inequality of
item (1). Combining (2.22) and (2.24), jointly |o'|?> > 2H?, we obtain

A(H(x,e3) +(N.e3)) = (2H? = |o|*)(N, e3) <0.
We apply the maximum principle: since (N, e3) > 0, we have

H(x,e3) +(N,e3) = Iglli‘;l(H(x, e3) + (N, e3)) = Hrglgl(xm?))-

As H >0,

(x,e3) > M+min(x,63) > —l + min(x, e3), (2.29)
- H oM - H M
proving the left inequality of item (1).

If at a point p € M, (x(p), e3) = —1/H + minyys(x, e3), then we conclude by
(2.29) that N(p) = a and p € int(M). Then the function f = H(x, e3) 4+ (N, e3)
attains a minimum at an interior point and this implies that f is a constant function.
Lemma 2.3.4 proves that M is umbilical and as H # 0, M is part of a sphere.

Assume H =0 and u =0 on dM. Then (2.22) yields A(x, e3) = 0 and the esti-
mates follow from the maximum principle. If H # 0, u =0 on dM and at a point,
|u| = 1/|H|, then M is part of a sphere with planar boundary. But the estimate is
sharp if M is a hemisphere. g

Observe that for small values of H, the above estimates are not good in the
following sense. Assume that u = 0 on 9£2. Then the graph of u =0 on £2 is a
minimal surface and for values near to H = 0, there exist H-graphs on §2 spanning
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9£2. By continuity, these H-graphs are close to the plane z = 0 of R? and thus their
heights are small. However, the number 1/|H| is very large.

When the domain is not bounded, a generalization of the estimates for H-graphs
will be given in Theorem 9.1.3 and Corollary 9.1.4.

Remark 2.3.6 Similar arguments to those used in Theorem 2.3.5 will be used later
in different contexts to obtain ‘height estimates’ provided we have elliptic equations
such as (2.22) and (2.24) in order to use the maximum principle. Here we recall
two settings. First, consider a hypersurface M" in a space form M”*!(c). Denote
by k1, ...,k the principal curvatures of M and let S, =) ki, - ki,. The
r-mean curvature H, of M is defined by

m
(") =s.

We remark that H; coincides with the mean curvature H of M, n(n — 1)H, is
the scalar curvature and H, is the Gauss-Kronecker curvature of M. H. Rosenberg
obtained height estimates for a compact graph M” on a geodesic hyperplane of
R+ or H"*! provided for some r, H,1 is a positive constant [Rsb93].

The second setting is the class of compact surfaces in Euclidean space with pos-
itive constant Gauss curvature K. If M is a such surface, the second fundamental
form o defines a Riemannian metric on M. With respect to this metric, we compute
the Laplacian of the height function and the Gauss map, obtaining elliptic equations
by the positivity of K [GMO00a]. Then one can obtain height estimates for a graph
with constant Gauss curvature K > 0 on a domain of a plane or a radial graph on a
domain of a sphere [GMOOb, Lop03b].

i) <<y

The second result that we derive is the Jellet theorem [Jel53], which refers to
star-shaped surfaces. A star-shaped surface in R? is a compact embedded surface
such that 3-domain W C R3 that it bounds is star-shaped in the affine sense, that is,
there exists a point pp € W such that the segment joining po with any point of W is
included in W.

Theorem 2.3.7 (Jellet) The only star-shaped surface in R® with constant mean cur-
vature is the round sphere.

Proof Let M be a star-shaped cmc surface and suppose after a rigid motion that
po is the origin of coordinates O = (0,0, 0). The property of being star-shaped
is equivalent to the property that we cannot draw a straight line from O which
is tangent to M. This means that the support function based on the point O has
constant sign on M. Consider the orientation N that points towards W and denote
by x the position vector of M. Then the support function is (N, x) and because N
is the inward orientation, we see that (N, x) < 0 on M. We apply the divergence
theorem in (2.23). As H is constant, we find that

A—i—H/ (N,x)dM =0, (2.30)
M
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where A is the area of M. On the other hand, the divergence theorem in (2.25) yields
0=24H +/ l62(N, x)dM <2AH + 2H2/ (N, x)dM
M M
=2H<A+H/ (N,x)dM) =0,
M

where we have used in (x) that |o'|?> > 2H? and (2.30) in (xx). Equality implies that
|o|>=2H? on M. Then M is umbilical and this proves the theorem. O

Jellet’s theorem, formulated in 1853, may be viewed as a precursor of the Hopf
theorem established in 1951 [Hop83] because the genus of a star-shaped surface is
zero. Following this theme, another generalization of Theorem 2.3.7 is Alexandrov’s
theorem, proven a century later, which asserts that a closed embedded cmc surface
is a round sphere [Ale56, Ale62]. In this case, a star-shaped surface is embedded.

A third application of the computations of the above Laplacians is the following
result.

Theorem 2.3.8 Planar disks and small spherical caps are the only cmc graphs
spanning a circle.

As we shall see in the next chapter, this result is trivial by the tangency princi-
ple (see Theorem 3.2.6). However, the purpose here is to give a proof that does not
involve the tangency principle but uses Eqgs. (2.22) and (2.24) [Lop09]. In a similar
context and for a closed cmc surface, R. Reilly obtained another proof of Alexan-
drov’s theorem without the use of the maximum principle thanks to a combination
of the Minkowski formulae [Rei82].

Proof Let I' € R? x {0} be a circle of radius » > 0 about the origin and denote by
£2 the domain bounded by I". Consider a compact H -surface which is a graph of u
defined on £2 and with u = 0 on 92. Then u satisfies (1.5) where H is computed by
the unit normal vector given in (2.2). Then (N, e3) > 0 on M, where ez = (0, 0, 1).
Let o be the parametrization of I" such that o’ x v = N, where v is the inner unit
conormal vector of M along I". We know that «” = —a/r2. Since (N, e3) > 0 on
M, we see that @ x o’ =rez and

1
(v,e3)=(Nxo/,eg>=<N,o/xe_;):;(N,a). (2.31)

Using (1.5), we obtain

5 Vu
—2nr“H = _— = (v, e3)ds, (2.32)
082 oM

,n
V14 |Vu?
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where n is the outward unit normal vector to d£2. With this equation and integrating
(2.22), we have

/ (N,e3)dM =nr?. (2.33)
M
Integrating (2.24), we obtain

/|U|2(N,e3)dM:/ (dNv, e3)ds. (2.34)
M oM

We study each side of (2.34). In view of (2.33), since lo|2>2H? and (N, e3) > 0
on M, the left-hand side of (2.34) yields

f l6|*(N, e3)dM > 2H2/ (N, e3)dM =27r*H>. (2.35)
M M

Now we turn the attention to the right-hand side of (2.34). First, note that
dNv = —o(oc’, v)a' —o(v, V).
From (2.31), we see that
o(v,v) =2H — a(a’, o/) =2H + <dNo/, o/)

=2H —(N,d")= 2H+1(Na) 2H+%(v,e3). (2.36)

By the choices of o’ and N, an integration of the constant mean curvature equation

(1.5) gives
27r’H = / < >ds=—/ (v, e3)ds.
1+ IVul2 oM

Since (o, e3) = 0 and using this relation together with (2.36), we find that

/ (dNv,e3)ds = —/ a(v,v){v,e3)ds = —/ (2H + l(v,eg)>(v, e3)ds
M M oM r
=dnr?H? - 1/ (v, e3)% ds. (2.37)
rJom

We employ the Cauchy-Schwarz inequality in (2.32), obtaining
1 2
/ (v, e3) ds > — (/ (v, e3)ds> =27r3H>. (2.38)
M 2mr \Jom
Equation (2.37) and inequality (2.38) imply

/ (dNv, e3)ds <2mr*H>. (2.39)
oM
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By combining (2.34), (2.35) and 2.39, we obtain

2nr2H2§/ l6|>(N,e3)dM = | (dNv,e3)ds <2mr*H>.
M oM

Therefore, we have equalities in all the inequalities, in particular, |0 |> = 2H? on M.
This means that M is an umbilical surface, in particular, it is an open subset of
a plane or a sphere. Since the boundary of M is a circle and M is a graph, then M is
a planar disk or a small spherical cap. g

We end the chapter applying the Laplacians of x and N to the problem of the
stability of a cmc surface. First, we show that a cmc graph is always strongly stable.
We need the following lemma [FS80, Theorem 1]:

Lemma 2.3.9 Let M be a compact cmc surface and assume that there exists a func-
tion g on M such that g #0 on M and Ag + |o|*g = 0. Then M is strongly stable
and A (L) > 0.

Proof Let f € C*°(M) with f =0 on M. Assume that g > 0 on M and define

h =1log(g). Then Ah = —|o’|?> — |VA|>. Multiplying by f? and integrating on M,
we have

flolzfsz+f f2|Vh|2dM=—f f2ARdM. (2.40)
M M M

As div(f>Vh) = f2Ah +2f(V f, Vh), the divergence theorem yields
—/ fPAhdM = 2/ FIVF, VhydM < 2/ | FIIVRIIV £
M M M

5/ f2|Vh|2dM+/ IV fI?dM.
M M

Combining this inequality with (2.40), we get I(f) > 0. In fact,if f #0, I(f) >0
because if I (f) =0, f is proportional to &, contradicting that & # 0 along M. [

Theorem 2.3.10 A cmc graph is strongly stable.

Proof Assume that the surface is a graph on a plane and let a be a unit vector or-
thogonal to this plane. The function g = (N, a) does not vanish and satisfies (2.24).
Then we apply Lemma 2.3.9. (]

We have seen in Proposition 2.1.8 that a cmc graph minimizes the area but, in
fact, this property extends to strong stable surfaces, more precisely, to surfaces with
A1(L) > 0. Without entering into details, we explain the main arguments. Let x :
M — R3 be an immersion of a compact surface with constant mean curvature H.
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For each u € Cg’a(M ), with sufficiently small C 2.%_porm, consider the immersion
x;=x+tuN,t € (—¢,¢) and denote by H (u, t) the mean curvature of x;. Define

F:Cl%(M) x (—&,6) — C§(M),  F(u,t)=H(u,1) — Ho.

Then F(0,0) = 0. By a straightforward computation, the derivative of F with re-
spect to the first variable is (D1 F),0)(v) = Av+|o |2v, that is, the Jacobi operator
of M (see also Lemma 8.1.4). Because 11 (L) # 0, the Fredholm alternative proves
that D F is an isomorphism (Lemma 8.1.3). The implicit function theorem for Ba-
nach spaces implies the existence of ¢ < ¢, an open set V around 0 € Cé’a (M)
and a smooth function ¢ : (—¢’, &) — V, ¢(0) =0, such that F(¢(t),t) =0 for
all r € (—¢’, &’). Then the variation x; = x + t¢(r) N is formed by immersions of
constant mean curvature Hy and with the same boundary as M. See also [Tom75]
for deformations of cmc disks with the same mean curvature and [Koi02] for varia-
tions of cmc surfaces but with distinct values of H. In the particular case that x is an
embedding, the immersions x; are also embedded. Let U = U{x, (M) : t € (—¢’,&")}.

Let M’ be a compact embedded surface with the same volume as M and dM’ =
dM. Suppose that M’ is sufficiently close to M in the C**-norm in order to ensure
that M’ C U. As vol(M) = vol(M"), the two surfaces M and M’ enclose a domain
W C R3 with zero volume. Since W C U, each point of W belongs to an immersion
x;. Define on W the vector field Y that assigns to each point x;(p) the unit normal
vector field at x;. As all surfaces x; (M) are Hy-surfaces, Div(Y) = 2Hy on U. If
N and N’ denote the unit normal vector fields on M and M’, respectively, then
(Y, N) =1 and (Y, N') < 1. A similar argument as in Proposition 2.1.8 concludes
finally [Gro96]:

Theorem 2.3.11 Let M be a compact embedded cmc surface. If A1(L) > 0, any
embedded surface M’ sufficiently close to M and with the same volume satisfies
area(M) < area(M').

An argument using the tangency principle (Theorem 3.2.4) proves that, indeed,
area(M) = area(M’) if and only if M’ = M.

If the surface is closed, we have the Barbosa-do Carmo theorem [BC84]; see
also [Wen91].

Theorem 2.3.12 (Barbosa-do Carmo) The only closed stable cmc surface in Eu-
clidean space is the round sphere.

Proof By Eq. (2.23) and the divergence theorem, the function f =1+ H(N, x)
satisfies

/MfdM:O.
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In particular, f is a test function for the stability operator (2.11). Let 2 = (N, x).
Equation (2.25) gives

/ (2H + |o|*h) dM = 0. (2.41)
We compute I (f) using (2.411;1;
1 == [ ar+iof)am
=— /M(l + Hh)(=2H* — |o*Hh + |0 |*(1 + Hh))dM

= / (2H? —|o]*)dM <0,
M

where in the last inequality we have employed 2H? < |o|%. Since M is stable,
I(f) > 0 and then we deduce I(f) = 0. Hence we have 2H? = |o|?> on M, i.c.,
M is an umbilical (closed) surface and the immersion x describes a round sphere. []
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