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grees of freedom is confirmed by the representation assignments under the duality group of
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1. Introduction

In recent years a wealth of information has become available about general gaugings of
supergravity. In particular, it has become clear that these theories may play an essential
role in probing and exploring M-theory beyond the supergravity approximations considered
so far. The key ingredient in these developments is the so-called embedding tensor, which
defines the embedding of the gauge group generators (up to possible central extensions) in
the rigid symmetry group, which for the maximal supergravities is the duality group that
arises upon dimensional reduction of eleven-dimensional or ten-dimensional (IIB) super-
gravity. With the embedding tensor at hand, all gauged supergravities in various space-time
dimensions can now be classified.

The first maximal gauged supergravity, N = 8 supergravity in four space-time dimen-
sions with compact gauge group SO(8), was constructed in [[l], soon followed by similar
gaugings in maximal supergravity in D = 5 [} and D = 7 [[] dimensions. Also D = 4 gaug-
ings with non-compact versions of SO(8) and contractions thereof were found to exist [H].
Although these results eluded a more systematic understanding for a long time, there were
hints of a deeper group-theoretical structure underlying these constructions, and linking
the existence of gauged supergravities to certain higher-dimensional representations of the
duality groups E,,): it was known already in 1984 that the so-called T-tensor of N = 8
supergravity (essentially a ‘dressed’ version of the embedding tensor) belongs to the 912
representation of Er7) [H. The latter group is the invariance group of (ungauged) maximal
supergravity in D = 4 dimensions [f].

The more recent developments allowing for a much more systematic exploration of
gauged supergravities go back to the discovery of maximal gauged supergravities in three
space-time dimensions [[-f], and it was in this context that the notion of embedding



tensor was first introduced. The case of three space-time dimensions is special because
all higher-rank tensor fields present in higher dimensions have been dualized away in the
dimensional reduction of D = 11 supergravity [[(] to three dimensions, such that all
propagating degrees of freedom can be described by scalar fields. An immediate puzzle
then (and the reason why these theories had not been found earlier) was the question how
to gauge a theory that apparently does not have any vector fields left from the dimensional
reduction. This puzzle was finally resolved in [[{, § by introducing a set of 248 ‘redundant’
vector fields transforming in the adjoint representation of Egg); rather than through the
standard Yang-Mills kinetic term, these gauge fields appear with a Chern-Simons term in
the Lagrangian, ensuring that the number of physical degrees of freedom in the theory
remains the same as before.

The systematic investigation of gauged supergravities in dimensions D > 4 by means
of the embedding tensor was initiated in refs. [[1, [[J], following the discovery of a new
maximal gauged supergravity in [[J] based on Scherk-Schwarz compactification [[[4] of
D = 5 supergravity. This systematic analysis has meanwhile led to a complete classification
of gauged maximal supergravities in D =5 [I§], D = 7 [If], and, finally, D = 4 [[q] and
D = 6 [[§] (the situation in an even number of dimensions is more complicated because the
duality group is only a symmetry of the equations of motion, but not of the Lagrangian).
In particular, it can be shown that the known examples of gauged supergravities (including
more recent constructions such as [I-Rg]) can all be accommodated within the systematic
approach based on the embedding tensor. Most recently, gaugings of maximal supergravity
in D = 2 were constructed in [Rg] — this case being more exotic because the relevant duality
group Eg is infinite dimensional.

The appearance of ‘redundant’ vector fields in D = 3 gauged supergravities and the
(long known) fact that the consistent gauging of maximal supergravity in D = 5 [P] requires
the simultaneous use of vector fields and 2-form potentials, has led to the conclusion that a
systematic understanding of gauged supergravities makes the consideration of higher-rank
tensor fields unavoidable [B{]. As pointed out there, and as will be analyzed in further
detail in the present paper, gauged supergravities can be consistently and systematically
formulated by introducing a hierarchy of anti-symmetric tensor fields. The analysis at this
point is independent of the number of space-time dimensions, and the hierarchy contains
in principle an infinite number of anti-symmetric tensors of any rank. Of course, once
the space-time dimension is fixed to some integer D, the maximal rank is also fixed to D.
Maintaining the correct number of propagating degrees of freedom in the presence of these
extra fields requires a subtle interplay of ordinary gauge invariance and higher-rank tensor
gauge transformations. For non-zero gauge coupling the physical degrees of freedom reside
in a finite number of the tensor fields and it is the embedding tensor that determines how
these degrees of freedom are distributed over the various tensor fields. Here it is important
to note that, in the presence of gauge interactions, the possibility for converting rank-p to
rank-(D — p — 2) tensors fields is severely restricted. When the gauge coupling constant
vanishes the hierarchy can in general be truncated.

In an important and independent development [B1-B4], following earlier papers [B3,
3q], it has been shown that the relevant representations of all higher-rank tensors fields



can also be obtained via a level decomposition of the indefinite Kac-Moody algebra Eqy
(if one omits the D-forms, these representations can be equivalently derived from the
hyperbolic Kac-Moody algebra Ejp). In order to arrive at this decomposition, one first
selects a ‘disabled’ node in the Dynkin diagram, and then decomposes the algebra in
representations of the remaining finite dimensional subgroups of Eq1, all of which are direct
products SL(D) x E1;_p where D > 3 denotes the number of uncompactified space-time
coordinates. Remarkably, it turns out that the low-lying representations in that analysis
coincide with the representations found here by a completely different route. However,
one should keep in mind that ‘higher up’ in the level decompositions of E1g and E; there
opens up a terra incognita of an exponentially growing spectrum of representations of
ever increasing size and complexity, whose ultimate role and significance remain to be
understood.

What is the physical significance of these results? As we will argue here, the existence
of these gauged supergravities constitutes direct evidence for new M-theoretic degrees of
freedom beyond the known maximal supergravities in space-time dimensions D < 11 (and
possibly also beyond string theory as presently understood). This feature is most evident
for D = 3 gauged supergravities with semi-simple gauge groups: none of these theories
can be obtained from higher-dimensional supergravity by conventional (Kaluza-Klein or
Scherk-Schwarz) compactification. Our claim is supported by the fact that several of
the ‘exotic’ representations of the duality groups exhibited here have also been found to
occur in toroidally compactified matrix theory [B7, BY], as well as in the context of del
Pezzo surfaces and compactified M-theory [BY]. The process of gauging a given maximal
supergravity can thus be interpreted as the process of ‘switching on’ such new degrees of
freedom, which are here encoded into the embedding tensor. A special role is played by the
(D—-1)- and D-forms: we will set up a Lagrangian formulation of three-dimensional maximal
supergravity containing all higher-rank antisymmetric tensor fields with an initially space-
time dependent embedding tensor O(z), in such a way that the (D —1)- and D-forms,
respectively, impose the constancy of ©, and the closure of the corresponding gauge group.
Alternatively, one can eliminate the field © which appears at most quadratically in the
Lagrangian by means of its equations of motion, thereby arriving at a Lagrangian that
contains the higher-rank tensor fields in a non-polynomial fashion. Gauging would then
be realized as a kind of spontaneous symmetry breaking,! and equivalent to the process
of certain D-form field strengths acquiring vacuum expectation values. In this way, the
different maximal gauged supergravities can be interpreted as different ‘phases’ of one and
the same Lagrangian theory.

Finally, we should stress that we consider the deformations mainly from the point of
view of setting up a consistent gauging. On the other hand, additional deformations are
sometimes possible, generated by singlet components in the ‘descendants’ of the embedding
tensor (which, presumably, could induce additional non-singlet terms higher up in the
hierarchy). The embedding tensor by definition specifies how the gauge group is embedded
in the duality group, but it also encodes many of the interactions of the tensor fields. At

IThis terminology clearly differs from the usual one, and should thus be understood cum grano salis.



the level of these tensor interactions the embedding tensor may be able to accomodate
additional components which will still fit into the hierarchy. A well-known example of this
phenomenon is the Romans massive deformation of ten-dimensional ITA supergravity [[(],
which is induced by a nine-form potential. We will comment on this in due course.

This paper is organized as follows. In section f] we discuss the hierarchy of tensor gauge
fields in a general context. In section [} we discuss the relation with M-theory degrees of
freedom. In section | we determine the duality representations of the tensor fields in three
space-time dimensions. The corresponding supersymmetry algebra is discussed in section [
and the general Lagrangian for gauged three-dimensional maximal supergravity in section [g.
Results of the present investigation have already been announced and discussed by us in
several talks.?

2. A hierarchy of vector and tensor gauge fields

Maximal supergravities in various space-time dimensions can be constructed by dimensional
reduction on a torus of supergravity in eleven and/or ten space-time dimensions. In general
these theories contain abelian vector fields and antisymmetric tensor fields of various ranks.
Their field content is not unique as p-rank tensor gauge fields can be dualized to tensor
fields of rank D — p — 2, where D denotes the dimension of space-time of the reduced
theory. However, there always exists an optimal choice of the field configuration that most
clearly exhibits the invariance under a duality group G. This group is listed for space-
time dimensions D = 3,...,7 in the second column of table [ The symmetry under
the G-transformations is realized non-linearly in view of the fact that the scalar fields
parametrize a G/H coset space, where H is the R-symmetry group of the corrresponding
supersymmetry algebra. This group equals the maximal compact subgroup of G and it is
also listed in table . In general the vector and antisymmetric gauge fields transform in
specific representations of G.*> The vector fields, which we denote by AMM, transform in
the fundamental or in a spinor representation of G. These representations are (implicitly)
listed in table [, as we will explain below. The generators in these representations are
denoted by (to)reV, so that 5AHM = — A%ty )Aa™M AuN. Structure constants fog” of the
duality group are defined according to [ta,tg] = fas” t-

Deformations of these maximal supergravities can be constructed by introducing a
non-abelian gauge group, which must be a subgroup of the duality group. The dimension
of this gauge group is obviously restricted by the number of vector fields in the theory. The
discussion in this section will remain rather general and will neither depend on the actual
duality group nor on the space-time dimension (we recall, however, that there may be sub-
tleties in even space-time dimensions related to selfduality of vector or tensor gauge fields).
We refer to [L5—[[4] where a number of results were described for maximal supergravity in
various dimensions.

2Gee, for instance: [http://ggi-www.fi.infn.it /activities /workshops /stringM /talks /dewit.pdf;
lhttp://maths.dur.ac.uk/events/Meetings /LMS /2007 /TSAS /Talks /dewit.pdf
3In even space-time dimensions this assignment may fail and complete G representations may require

the presence of magnetic duals. For four space-time dimensions, this has been demonstrated in @]
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D G H 6

7 SL(5) USp(4) 10 x 24 =10+ 15+40+ 175

6 SO(5,5) USp(4) x USp(4) 16 x 45 = 16 + 144 + 560

5  Ege) USp(8) 27 x 78 = 27 + 351 + 1728

4 Eq SU(8) 56 x 133 = 56 + 912 + 6480

3 By SO(16) 248 x 248 = 1 + 248 + 3875 + 27000 + 30380

Table 1: Decomposition of the embedding tensor © for maximal supergravities in various space-
time dimensions in terms of irreducible G representations [EI, ] Only the underlined representa-
tions are allowed by supersymmetry. The R-symmetry group H is the maximal compact subgroup
of G.

The gauge group generators X ¢, which will couple to the gauge fields AMM in the
usual fashion, are obviously decomposed in terms of the independent G generators t,, i.e.,

Xm=00"“1a . (2.1)

The gauging is thus encoded in a real embedding tensor © ,4* belonging to the product of
the representation conjugate to the representation in which the gauge fields transform and
the adjoint representation of G. This product representation is reducible and decomposes
into a number of irreducible representations as is indicated for the cases of interest in the
last column of table [ However, as is also shown in the table, supersymmetry requires
most of these irreducible representations to be absent: only the underlined representations
in the table are compatible with local supersymmetry. Actually, for non-supersymmetric
theories one may have to impose similar constraints (see, e.g. [E])). This constraint on the
embedding tensor is known as the representation constraint. Here we treat the embedding
tensor as a spurionic object, which we allow to transform under the duality group so that
the Lagrangian and transformation rules remain formally invariant under G. At the end
we will freeze the embedding tensor to a constant, so that the duality invariance will be
broken. Later in this paper we see that this last step can also be described in terms of a
new action in which the freezing of ©(* will be the result of a more dynamical process.

The embedding tensor must satisfy a second constraint, the so-called closure constraint,
which is quadratic in © 4 and more generic. This constraint ensures that the gauge
transformations form a group so that the generators (R.J]) will close under commutation.
Any embedding tensor that satisfies the closure constraint, together with the representation
constraint mentioned earlier, defines a consistent gauged supergravity theory that is both
supersymmetric and gauge invariant. To spell out the closure constraint in more detail let
us write out (R.1)) once more, but now with representation indices in the G-representation
pertaining to the gauge fields written out explicitly, viz.

Xn” = Om (ta)n” = Xpng” + 28 mwe (2.2)
where we will use the notation

Z% v = Xouwn” (2.3)



for the symmetric part throughout this paper. The closure constraint is a consequence of
the invariance of the embedding tensor under the gauge group it generates, that is

SpOM™ = Op s NON + Op7 5,207 = 0. (2.4)
Contracting this result with ¢, we obtain
(X, Xn] = —Xun” Xp = —Xpuny” Xp, (2.5)

Hence, the gauge invariance of the embedding tensor is equivalent to the closure of the gauge
algebra. It is noteworthy here that the generator X yn” and the structure constants of the
gauge group are thus related, but do not have to be identical. In particular X" is in
general not antisymmetric in [MN], as is evident from (R.J). The embedding tensor acts
as a projector, and only in the projected subspace the matrix X F is antisymmetric
in [MN] and the Jacobi identity will be satisfied. Therefore (R.5) implies in particular
that X\ N)P must vanish when contracted with the embedding tensor. In terms of the
notation introduced above, this condition reads

0p* Z pn = 0. (2.6)

The gauge invariant tensor Z% 5y transforms in the same representation as © y(®, except
when the embedding tensor transforms reducibly so that Z y(y may depend on a smaller
representation. As may be expected the tensor Z7 y(n characterizes the lack of closure of
the generators X . This can be seen, for instance, by calculating the direct analogue of
the Jacobi identity,

2
Xinp™ X = gZMR[N Xpg)®. (2.7)

We emphasize that seemingly strange features, such as the appearance of a symmetric
contribution in X ynF, or the apparent violation of the Jacobi identity in (@), are entirely
due to the redundancy in the description: although the actual gauge group is usually
smaller than G, we nevertheless continue to label all matrices by G indices M, such that
the number of matrices X in general will exceed the dimension of the gauge group. The
main advantage of this parametrization (and nomenclature) is its universality, which allows
us to treat all gaugings (and gauge groups) on the same footing.

Now we return to the field theoretic description. The gauging requires the replacement
of ordinary space-time derivatives by covariant ones for all fields except the gauge fields,

Oy — Du=0,—gAMXu, (2.8)

where the generator X 4 must be taken in the appropriate representation. To write down
invariant kinetic terms for the gauge fields one needs a suitable covariant field strength
tensor. This is an issue because the Jacobi identity is not satisfied. The standard field
strength, which follows from the Ricci identity, [D,, D,] = — gfu,,M X\, reads,

f“yM = auAyM - &JAHM + gX[NP}M AHNAVP ) (2.9)



and is not fully covariant. The lack of covariance can be readily checked by observing that
fuuM does not satisfy the Palatini identity 4; rather, we have

5F ™ = 2D, 6A,M — 29 XM poy AT 6A,°, (2.10)
under arbitrary variations 5AMM. Assuming the standard gauge transformation,
§AM = DAM = 9,AM 1 AN XppMAT (2.11)
it follows that ]-'“,,M transforms under gauge transformations as
5Fuw™ = g AP XppM FuN — 29 ZMpg AT 64,9, (2.12)

which is not covariant — not only because of the presence of the second term on the right-
hand side, but also because the lack of antisymmetry of the structure constants X p™
prevents us from getting the correct result (cf. (2:20) below) by simply inverting the order
of indices NP in the first term on the right-hand side

In order to remedy this lack of covariance we now follow the strategy of [[[5, B(].
Since we know that closure is ensured on the subspace projected by the embedding tensor,
we introduce additional gauge transformations in the orthogonal complement so that all
difficulties associated with the lack of closure can be compensated for by performing these
new transformations. For the gauge fields, this leads to the following transformation rule,

SAM =D AM — g ZMyp 2, N7 (2.13)

NP enable one to gauge away those vector

where the transformations proportional to Z,
fields that are in the sector of the gauge generators X n* where the Jacobi identity is
not satisfied (this sector is perpendicular to the embedding tensor by (P.§)). Note that
the parameter EHN P in (B-13) appears contracted with the constant tensor ZMrp defined
in (2.3) as a linear function of the embedding tensor. It is important, that this tensor
generically does not map onto the full symmetric tensor product (NMVP) in its lower indices
but rather only on a restricted subrepresentation. In other words, there is a non-trivial

G-invariant projector P such that
ZMpp = ZMrs PRS yop (2.14)

for any choice of the embedding tensor. The precise representation content of P can be
determined for any given theory by carefully inspecting (B.J) and we give examples of this
in the later sections (see also [BJ]). In order not to overburden the formulas with explicit
projectors, we denote the projection corresponding to (R-14) by the special brackets [NP|,
i.e. we use the notation

AMANT = PMN L o AR AS | ete. (2.15)

Similar notation will be used for other index combination that we will encounter shortly.

4That is, the standard relation 6.7:WM = 2D[H5AV]M.



The combined gauge transformations (R.1J) generate a group on the vector fields, as
follows from the commutation relations,

[6(A1),6(A2)] = 6(Az) +6(Z3), (2.16)
where
AsM = g XpepM AY AT
Z, MY = AMD AT AMD AT (2.17)
Here it is crucial that 6(A) and 6(Z) commute on the vector fields. However, these commu-
tators are subject to change when more fields will be introduced. We return to this issue

in due course.
Under the combined gauge transformations fNVM changes as follows,

§Fuw™ = g AP XppM FuN — 29 2Mpo (D279 + AT 64,9) | (2.18)

which is still not covariant. The standard strategy [[[5, B{] is therefore to define modified
field strengths,

Huw™ = Fu™ + g 2Mpp BV (2.19)
where we introduce tensor fields BH,,N P transforming under G in the restricted represen-
tation (R.14) i.e. BWN P = BW[N Pl Actually the restricted index pair [MN| will play the
role of a new index belonging to a specific representation, and ZM \p is an intertwining
tensor between the representations of the vectors and the two-forms. The gauge transfor-
mation rules of BWMN will be chosen such that the field strengths HWM will transform
covariantly under gauge transformations, i.e.,

M™M= —g AP Xpp™M MY (2.20)

To do this in a systematic manner we first define generic covariant variations of the
tensor fields,
AB,,MN = 6B, MV — 2.4, Msa N, (2.21)

so that generic variations of HWM take the form
SH W™ = 2D, 6A,™M + g ZMyp ABNT (2.22)
For a combined gauge transformation we choose for ABWMN ,

szguVAAAf

= 2D E MY - 2AMp N (2.23)
gauge
where the unspecified contributions vanish when ABWMN is contracted with ZF yn, so
that they remain as yet undetermined. Substituting this expression and (R.13) into (R.23)
leads indeed to the required result (.2().°

5Here we note that the present formulae cannot be compared directly to the ones in [E], as those are
derived in a different basis, but they can be compared to later work along the same lines, starting with [E]



Here it is worth pointing out that the expected gauge transformation on BWMN equal

to
6B, = —gA” XprrsMNIB,, RS (2.24)

where the generator Xp[st[MN I = (Xp)[st[MN | acts in the restricted representation
to which 5BWMN belongs, is already contained in the second term in (P23), up to an
additional gauge transformation associated with a three-rank tensor field, that we will
introduce shortly.

The above strategy forms the starting point for the construction of a hierarchy of anti-
symmetric tensor gauge fields [B{]. To see how one proceeds, let us turn to the construction
of the covariant field strength for the tensor fields BWMN 6

1
quPMN =3D,B MY GA[N[M <8VAP}NJ + §gX[7’Q}NJAVPAP]Q> ’ (2.25)

vp)

where the first two coefficients follow from (P-23) and the terms cubic in the vector gauge
fields are such that generic variations of fuprN read as follows,

§Fuwp™™N = 3Dy, AB, ;MY + 6K, MeA N
— g Y MV s (3B, 64,7 + 24,7 AR64,5), (2.26)
where
YMN ersy = 20pM ZNgs — Xprrs MV (2.27)
Note that this definition can be rewritten as
YMN prrs) =2 <5P[M ZNMps - XP[R[M%JNJ) : (2.28)

Just as before we introduce an extra gauge invariance to eventually deal with the non-
covariant variations in the last term of (R.26]), which will then provide the missing variations

in (2:23),

AB, MV = 2D E MY 2 AMK N g Y i 619, PTREL, (2.29)

gauge n=vl

where ¢ WP[RSJ is the new gauge parameter. Secondly we introduce a corresponding three-
form gauge field C'WpP[RSJ, and define the field strength H,prN ,

H,ul/pMN _ f,ul/pMN + gYMNP[’RS] CuupP[RSJ ) (230)
such that it transforms covariantly, i.e.
5H,quMN = _QAPXP[RS][MNJ H,LLI/,DRS ) (231)

in complete analogy with (R.2(). As before, the tensor yMN P[rs| does not map onto the
full tensor product P[RS] in its lower indices but only on a restricted subrepresentation
inside, i.e.,

YV prrsy = Y gy Py (2.32)

5We use the same letters F for the field strengths of vectors and higher p-forms. From the number of

space-time indices it is always clear to which forms the F belong.



for a non-trivial projector P independent of the embedding tensor. In principle, this pro-
jector can be worked out from (R.27), but deriving more explicit expressions requires a
case-by-case consideration for each duality group G. As in (R.15) we will denote the corre-
sponding projection by special brackets [P[RS]]. The tensor yMN P[Rs| thus represents
an intertwining tensor between the two- and the three-forms. It satisfies the properties

Z9 YV pirsy = 0, (2.33)
Z5po YN irs) = 2 2Mpg ZMgs . (2.34)

which are both consequences of the quadratic constraint (R.5). The first identity represents
the analogue of (B.§). Another identity follows directly from (P.23),

MN _
Y P[RSJ‘(PRS) =0, (2.35)

Generic variations of the covariant field strength (.6) can be written as
SHyuy™N = 3Dy, AB, MY + 6 H Y M AN + g VMV i AC,, RS (2.36)
where
AC,,, "R = 5¢,,,"TRS) — 354,17 B, 75! — 24,7 4,1R54,51. (2.37)

Now we consider again a combined gauge transformation. Requiring that HWPMN trans-
forms covariantly, it follows that we must choose

ACWJPPIRSJ e — 3D[M¢VP}P[RSJ + 3ij[73 EPRSJ + A[PHWJPRSJ e (238)

where the unspecified contributions vanish upon contracting ACWPP[RSJ with YAV P[RS
so that they remain as yet undetermined. Here we made use of the Bianchi identity,

1
D[,uHup}M = gg ZMNP HuupNP . (239)

Note that the standard Bianchi is obtained upon contraction with the embedding tensor.

At this point we must verify that the algebra of the various gauge transformations
defined so far, will close under commutation. Let us first summarize the various transfor-
mation rules,

§AM = D, AM — g ZMypE, NP
0B,V = 2D, =MV —2AMy N2 4 M4,V
— g V"N gy @ TR,
5CWP7D[RSJ —3 D[M¢VP}P[RSJ + 3HW[P EPRSJ + A[PHWPRSJ +35 A[M[P BVP}RSJ

+2A,PA R4, 4 (2.40)

— 10 —



These tranformations indeed yield a closed algebra,

[0(A1),0(A2)] = 6(A3) + 6(E3) + 0(P3),
[6(A),6(2)] = 6(Pa),
[0(21),6(Z2)] = 6(®5),
[0(A),6(®)] = -+,
[6(2),6(®)] = -+,
[6(®1),0(P2)] = 0, (2.41)

where we will comment on the two unspecified commutators in a sequal. The transforma-
tion parameters appearing on the right-hand side of () take the following form,

AM = g XpepM A AT
E3MMN = A[lMDuAjva - A[zMDuAjl\/J ’
B, PIMN] = 3, TM ( ANIA P A V] A2PJ) ,
@4;“/73[/\/(./\/'] — 2D[MA[PEV}MNJ,

<I>5,LL1/P[MNJ = - gZ[P’RS (EI[HMNJE%/]RS - E2[MMNJEIV}RS) ) (242)

where the first two equations were already given in (R.17).
Continuing this pattern one can derive the full hierarchy of p-forms by iteration. For
instance, the transformation rule for CWPP[RSJ contains the expected gauge transformation

6CMVP’P[RSJ — —QAQXQ[IC[LM“[P[RS“ CMVPIC[L/\/IJ 7 (2'43)

[PIRSII)

(where again, XQ[;CMM“[P[RS“ = (Xo)k[eMmy) up to a term

50”}/,073[713] — g y PIRS] pQW’[RSH , (2.44)

QrPIRS| Puv

which characterizes a new gauge transformation with parameter @HVPQ[P[R‘S“, associated
with a new four-rank tensor field which will again belong to some restricted subrepresen-
tation. It turns out that the two unspecified commutators in (R.41]) are precisely given
by these transformations. The tensor YP[RSJQW;[RS” acts as an intertwiner between the
three- and four-rank tensor fields, and can easily be written down explicitly,

YIC[MNJ - _ 5;5 YMNJ [KIMN]]

PIQIRS]] o/rRs| ~ XPIQIRS]]

= —2 ((5[56[;/\4 Xpr™ 4 5;55[9/\4 XSRN“>
+2 (5555[94 Xor™ M 4 ol oM xp o™ “) . (2.45)

To derive the second formula we made use of (R.35). Observe that on the right-hand
side we must apply the projector (R.39) in order to obtain the restricted representations
in the index triples [C[MN]| and [Q[RS]], respectively; the result is then automatically
projected onto a restricted representation in the indices P[Q[RS]].
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At this point one recognizes that there exists a whole hierarchy of such tensors.” They
are defined by (p > 3)

yMilMa[--Mp]-] [M1 YMz["'MpJ"J

No[Mil-Nopl-1 = 7 Mg N[Nz Np -]

_X/\/o[/\/l[/\/z[...NPJ..J[Ml[Mﬂ'“M”J"J , (2.46)

where, as before, we employ the notation,

[Mi[Moaf- Mp|-] _ (Xn,) [Mi[Mo] -~ Mp)-] (2.47)

X NN Ny -] [N N[ N -]

All these tensors are gauge invariant and they are formed from the embedding tensor
multiplied by invariant tensors of the duality group G, so that they all transform in (a
subset of ) the same representations as the embedding tensor. By induction, one can prove
their mutual orthogonality,

y KalKs[-+-Kp]-] y Mu[Moa[--Mp]-|

M Ma[-Mp]-] No[NA[-N, -] = 0 (2.48)

To see this, one substitutes the expression (R.46) for the second Y-tensor and uses the
gauge invariance of the first Y-tensor to obtain the expression,

(A9 = _ y Kl KKy -]

y Ma[Ms[--Mp]-|

No[Moaf--Mp]-] Ni[Nof--Np|-]

_ yMa[Ms[--Mp]-] [KC2[KCs[--Kp]-] (2.49)

NAING[-Np -] XNo[ Mol Ml My |-
This result vanishes upon expressing the generator X on the right-hand side in terms of the
Y-tensors, using the definition (R-4€), and subsequently using the orthogonality constraint
for a lower value of the rank p. The fact that symmetrization over the three last indices
of the restricted representation will vanish as a result of (R.39), implies that higher-rank
tensors will vanish as well under certain index symmetrizations.

The Y-tensors form an (infinite, in principle) hierarchy of intertwiners between suc-
cessive sets of restricted representations of tensor gauge fields. The restrictions on the
representations occurring at the (p+1)-th step of the iteration are determined inductively
via formula (R.4d), where on the right-hand side the projectors obtained at the previous
p-th step of the iteration must be applied to the p-tuples of indices M;i[My[ -+ - M, ] - -]
and N[N --- N, - -], respectively. We emphasize that no other information is needed
to determine the hierarchy. However, as we pointed out already, working out more ex-
plicit expressions requires a case-by-case study, as we will exemplify for D = 3 maximal
supergravity with duality group G = Eg(g) in section H of this paper. Consequently, given
the Y-tensors, and specifying the duality group G, the above results enable a complete
determination of the full hierarchy of the higher-rank p-forms required for the consistency
of the gauging. In particular, we can exhibit some of the terms in the variations of the

"From this point we denote the intertwining tensors and p-forms by Y and C, respectively, and the
corresponding gauge transformation parameters by ®. Their rank will be obvious from the index structure.

— 12 —



p-form fields that follow rather directly from the previous discussion,

50#1---upM1[M2[mMPJ“J =pDy, (IDMZ,,,MP]Ml[MZI"'Mp}-J

_ gy MMl My -] NoINL--Npl-]

NOTNAT- Ny ] P

e, (2.50)

Although the number of space-time dimensions does not enter into this analysis (as
we said, the iteration procedure can in principle be continued indefinitely) there is, for the
maximal supergravities, a consistent correlation between the rank of the tensor fields and
the occurrence of conjugate G-representations that is precisely in accord with tensor-tensor
and vector-tensor (Hodge) duality® corresponding to the space-time dimension where the
maximal supergravity with that particular duality group G lives. In the next section we
discuss some of the results of this analysis and their implications for M-theory degrees of
freedom.

3. M-Theory degrees of freedom

The hierarchy of vector and tensor gauge fields that we presented in the previous section can
be considered in the context of the maximal gauged supergravities. In that case the gauge
group is embedded in the duality group G, which depends on the space-time dimension
in which the supergravity is defined. Once we specify the group G the representations
can be determined of the various p-form potentials. In principle the hierarchy allows a
unique determination of the higher p-forms, but in practice this determination tends to
be somewhat subtle. To see this, let us first briefly consider the possible representations
for the two-forms. For that we need the representations in the symmetric product of two
representations belonging to the vector fields (we will deal with the case D = 3 separately),

D=7: 10 Xgm10 =5+50,

D=6:16, Xgym 16, = 10 + 126, ,

D=5: 27 Xgm27 =27+351,

D=4: 56 x4y 56 =133+ 1463 .
Hence it seems that the two-forms can belong to two possible representations of the du-
ality group. To see which representation is allowed, we take its conjugate and consider
once more the product with the vector field representation, This product should contain
the representation associated with the tensor Z™-p. The latter is simply equal to the
representation of the embedding tensor. If this representation is contained in the product,
then we are dealing with an acceptable candidate representation. If this is not the case,
then we must conclude that ZM yp cannot act as an intertwiner between the corresponding
two-forms and the one-form potentials.

Performing this test? on each of the two representations in (B.1]), it turns out that

8As well as with the count of physical degrees of freedom.
9We used the Lie package [@] for computing such decompositions.
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1 2 3 4 5 6

7 SL(5) 10 5 5 10 24 15 + 40

6 SO(5,5) 16, 10 16, 45 144, 10+126,+320
5 Eg) 27 27 78 351  27+1728

4 By 56 133 912 133+8645

3 By 248 1+3875 3875+147250

Table 2: Duality representations of the vector and tensor gauge fields for gauged maximal super-
gravities in space-time dimensions 3 < D < 7. The first two columns list the space-time dimension
and the corresponding duality group. Note that the singlet two-form in three dimensions is not
induced by the hierarchy. Its presence follows from independent considerations, which are discussed
in the text.

only the first representation is allowed, leading to the entries for the two-forms presented
in the third column of table fl. For the case of D = 3 space-time dimensions the above
approach leads only to a partial determination of the representation assignment. Here
the symmetric product decomposes into six different representations and in section § we
will proceed diffently to deduce the correct assignment. The results for the two-forms in
4 < D < 7 dimensions were originally derived in [B{], where also the representations of the
three-forms were determined that are shown in the table.

As we stressed already the hierarchy leads to a unique determination of the representa-
tions of the higher-rank tensor fields, but this has only partially been carried out. Already
for lower-rank tensors, table f|] shows remarkable features. We recall that the analysis de-
scribed in section f| did not depend on the number of space-time dimensions. For instance,
it is possible to derive representation assignments for (D+1)-rank tensors, although these
do not live in a D-dimensional space-time. On the other hand, whenever there exists a
(Hodge) duality relation between fields of different rank at the appropriate value for D, then
one finds that their G representations turn out to be related by conjugation. This property
is already exhibited at the level of the lower-rank tensors and we have simply extrapolated
this pattern to higher-rank fields. Furthermore the diagonals pertaining to the (D —2)-,
(D—1)- and D-rank tensor fields refer to the adjoint representation and the representations
conjugate to those assigned to the embedding tensor and its quadratic constraint, respec-
tively. While not all of these features show up fully for the lower-rank tensors, the pattern
is quite suggestive. The underlying reasons for some of this will become apparent in the
later sections, where we establish that the (D—1)- and D-rank tensors play the special role
of imposing the constancy of the embedding tensor and the closure of the corresponding
gauge group.

It is an obvious question whether these systematic features have a natural explanation
in terms of M-theory. Supergravity may contain some of the fields carrying charges that
could induce a gauging. For instance, in the toroidal compactification there are towers
of massive Kaluza-Klein states whose charges couple to the corresponding Kaluza-Klein
gauge fields emerging from the higher-dimensional metric. This is of direct relevance in
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the so-called Scherk-Schwarz reductions [[[4]. However, these Kaluza-Klein states cannot
generally be assigned to representations of the duality group and therefore there must
be extra degrees of freedom whose origin cannot be understood within the context of
a dimensional compactification of supergravity.! This phenomenon was discussed some
time ago, for instance, in [B§, [.

The general gaugings that have been constructed in recent years obviously extend
beyond gaugings whose charges are carried by supergravity degrees of freedom. The em-
bedding tensor can be regarded as a duality covariant tensor that, once it is fixed to some
constant value, selects a certain subsector of the available charge configurations carried by
degrees of freedom that will cover complete representations of the duality group. If this
idea is correct these degrees of freedom must exist in M-theory, and there are indeed indi-
cations that this is the case. In this way the gauging acts as a probe of M-theory degrees
of freedom.

Independent evidence that this relation with M-theory degrees of freedoms is indeed
realized is provided by the work of [B7] (see also, [BJ] and references quoted therein) where
matrix theory [[[4, i is considered in a toroidal compactification. These results are based
on the correspondence between N = 4 super-Yang-Mills theory on a (rectangular) spatial
torus 7™ with radii sq, ..., sn, and M-theory in the infinite-momentum frame on the dual
torus 1" with radii Ry, Rs, ..., R,, where s; = lg/RnRi and [, denotes the Planck length
in eleven dimensions. The conjecture then is that the latter should be invariant under
permutations of the radii R; and under T-duality of type-ITA string theory. The relevant
T-duality transformations follow from making two consecutive T-dualities on two different
circles. When combined with the permutation symmetry, T-duality can be represented by

(i#5#k#0)
BB B, &
R, Ry, RyR;

B o (3.1)

T RR;’ ™ RiR;Ry’

The above transformations generate a discrete group which coincides with the Weyl
group of K, ; on the Yang-Mills side, the elementary Weyl reflections correspond to permuta-
tions of the compactified coordinates (generating the Weyl group of SL(n)) and Montonen-
Olive duality geg — 1/gegt (corresponding to reflections with respect to the exceptional
node of the E,, Dynkin diagram). This Weyl group, which leaves the rectangular shape of
the compactification torus invariant, can be realized as a discrete subgroup of the compact
subgroup of E,,), and consequently as a subgroup of the conjectured non-perturbative
duality group E,,(Z) [E6). Representations of this symmetry can now be generated by
mapping out the Weyl orbits starting from certain states. For instance, one may start with
Kaluza-Klein states on 7™, whose masses are proportional to M ~ 1/R;. The action of
the Weyl group then generates new states, such as the ones that can be identified with
two-branes wrapped around the torus, whose masses are of order M ~ R;Ry,/ lg, and so on.
According to [fi§], the non-perturbative states should combine into multiplets of E, ) (Z);

°Tn view of the fact that the Kaluza-Klein states are 1/2-BPS, also these extra degrees of freedom must
correspond to 1/2-BPS states.
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if the representation has weights of different lengths, one needs several different Weyl orbits
to recover all states in the representation.

Following this procedure one obtains complete multiplets of the duality group (taking
into account that some states belonging to the representation will vanish under the Weyl
group and will therefore remain inaccessible by this construction). More specifically, using
the relation n = 11 — D, it turns out that the first two columns of table [, respectively,
correspond to the so-called flux and momentum multiplets of [Bq]. However, as already
pointed out above, the conjecture of [i] is essential in that one may need extra states from
different Weyl orbits in order to get the full representation; for instance, there are only
2160 momentum states for Eg(g), which must be supplemented by 8-brane states to obtain
the full 3875 representation of Egg).

The representations in the table were also found in [Bg], where a ‘mysterious duality’
was exhibited between toroidal compactifications of M-theory and del Pezzo surfaces. Here
the M-theory dualities are related to global diffeomorphisms that preserve the canonical
class of the del Pezzo surface. Again the representations thus found are in good agreement
with the representations in table f.

For n > 9, the flux and momentum multiplets of [B7] have infinitely many components.
Indeed, there are hints that the above considerations concerning new M-theoretic degrees
of freedom can be extended to infinite-dimensional duality groups. Already some time
ago [B] it was shown from an analysis of the indefinite Kac-Moody algebra Ej; that the
decomposition of its so-called L1 representation at low levels under its finite-dimensional
subalgebra SL(3) x Eg yields the same 3875 representation that appears for the two-
forms as shown in table fl. This analysis has meanwhile been extended [B3-B4] to other
space-time dimensions and higher-rank forms, and again there is a clear overlap with the
representations in table f. Nevertheless it remains far from clear what all these (infinitely
many) new degrees of freedom would correspond to, and how they would be concretely
realized. Concerning the physical interpretation of the new states, a first step was taken
in [7], where an infinite multiplet of BPS states is generated from the M2 brane and M5
brane solutions of D = 11 supergravity by the iterated action of certain Agl) subgroups
of the Eg Weyl group. In the context of gauged supergravities, the significance of these
states may become clearer with the exploration of maximal gauged supergravities in two
space-time dimensions [Pg], where the embedding tensor transforms in the so-called basic
representation of Eg (which is infinite dimensional).

4. Tensor field representations in three space-time dimensions

Here and in the following two sections we will illustrate the preceding discussion and con-
sider maximal supergravity in three space-time dimensions, where the full tensor hierarchy
of p-forms is short enough to obtain all relevant information from the explicit results given
in section f. This example will show all the characteristic features that are generic for
gauged supergravities. In this section we will determine the representation assignments for
the tensor fields. The relevant duality group is equal to Eg(g), which is of dimension 248.
Its fundamental representation coincides with the adjoint representation, so that the gener-

— 16 —



ators in this representation are given by the Eg(g) structure constants, (tm) N = —fanT.
Indices may be raised and lowered by means of the Cartan-Killing form naa. The vector
fields AMM transform in the 248 representation and the embedding tensor © oy is a sym-
metric matrix belonging to the 3875 + 1 representation [[{, §]. Using these data, we may
evaluate the general formulas of section ] for this particular theory.

The gauge group generators are obtained by contracting Egg) generators with the
embedding tensor X v = O V. In the adjoint representation we thus have

X" = =0m° fon” =Oma N - (4.1)
The tensor Z” s defined in (B-3) is then given by
27w = Qo ) - (4.2)

Because this tensor is a group invariant contraction of the embedding tensor, its represen-
tation must overlap with some of the representations of the embedding tensor. Obviously,
the singlet component drops out so that we may conclude that (f.J) must belong to the
3875 representation.

As discussed before (cf. (2.14)), the tensor ZX s generically does not map onto the
full symmetric tensor product (MAN'), which decomposes according to

248 Xy 248 = 1 + 3875 + 27000 , (4.3)

but only on a restricted representation. Since ([.9) represents an infinitesimal Eg(g) trans-
formation on the embedding tensor © o(nr which leaves the representation content invariant,
it follows that the indices (MA/) in ([.2) are restricted to the 3875 representation, so that

(3875)

the relevant projector is precisely P acting on the symmetric tensor product. This

projector can be written as [[9]
(PESTEYRS v = %55\7425}3/) - %WMN s — 1—14 P ® fon®) (4.4)

According to the general discussion, it follows that closure of the vector field gauge algebra
requires the introduction of two-forms in the 3875 representation. Hence the two-forms
transform in the same representation as the embedding tensor. As noted in the previous
section, this is a general pattern in gauged supergravities: the embedding tensor in D
dimensions transforms in the representation which is conjugate to the (D—1)-forms. More
precisely, the field strength of the (D —1)-forms is dual to the embedding tensor. We will
discuss the explicit relation in the next sections. In three dimensions there is a subtlety
related to the fact that the embedding tensor is not irreducible but contains an additional
singlet 1 besides the 3875. The associated two-form can be defined but does not yet
show up in the tensor hierarchy at this point. In order to keep the discussion as simple as
possible, we will in the following restrict to the gaugings induced by an embedding tensor
in the irreducible 3875.

Continuing the tensor hierarchy according to the general pattern discussed above, the
next intertwining tensor Y MV kpo)> defined in (R.29), takes the form

N N
VMV o) = 2 <5[7>[R oI 0] 9k I fS"M[P dg| J) ORrs - (4.5)
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In view of the group-invariant contractions, the tensor yMN K[po] transforms again in the
3875 representation. It controls the appearance of three-forms in the gauge transformations
of two-forms and thereby determines the (minimal) field content of three-forms required for
consistency of the algebra. Again it does not map onto the full tensor product [P Q] but
only onto a restricted subrepresentation, as in (B.14). To determine this subrepresentation,
we observe that the expression in parentheses in ([L.J) is symmetric under exchange [RS] <
[MN], and thus transforms in

3875 Xgym 3875 = 1 4 3875 4 27000 + 147250 + 2450240 + 4881384 .  (4.6)
On the other hand, by its index structure, the tensor product [P Q] is given by
248 x 3875 = 248 + 3875 + 30380 + 147250 + 779247 , (4.7)

Comparing ([.6) and ([.7), it follows that the index combination K[PQ] is indeed restricted
to certain irreducible representations so that the three-forms transform in the representa-

tiont!

CupP2l ~ 3875 + 147250 . (4.8)

In principle, the argument so far does not exclude the possibility that the image of
y MV k[po| is restricted to only one of the two irreducible representations in (Eg). To
show that both irreducible parts are present, one may e.g. compute and diagonalize the
action of the Eg(g) Casimir operator on yMN K[PQJ-
At this point, it is instructive to have a closer look at the quadratic constraint. In

three dimensions, this constraint implies that the tensor

Qurol = Omnv ZVp0 = — Xapp™ Ogpy (4.9)

must vanish. Let us determine, in which representation Qqpg| transforms. As we have
seen above, the tensor zN po in its indices PQ projects onto the 3875 representation. As
a consequence, Qpg| transforms in the tensor product 248 x 3875 given in (£7). On
the other hand, as Q \(jpg) is quadratic in © it transforms in the symmetric tensor product
3875 Xgym 3875 given in ([.4). Comparing ([.6) and ({.7), it follows that also Quqpo)

transforms in the representation,
Cquad = 3875 + 147250 , (4.10)

and thus in the very same representation as the three-forms ([.g). This is in accord with
the general pattern in gauged supergravities noted in the previous section: the quadratic
constraint transform in a (reducible) representation whose conjugate is equal to (or at least
contained in) the representation of the D-forms. We will propose a natural interpretation
for this in the last section, where the D-forms act as Lagrange multipliers for the quadratic
constraint.

1The absence of the 248, 30380 and 779247 representations is in accord with equation () because
those are contained in the fully symmetrized product of three 248 representations.
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Let us finally continue the tensor hierarchy one last step further, i.e., to the four-
forms. Although four-forms cannot live in three dimensions, their tensor gauge freedom
shows up in the three-dimensional tensor gauge algebra by the shift transformation of the
three-forms (R.44). For a complete picture we thus need to work out also their structure.
Again, YXMN JP[Q[RS | does not map onto the full tensor product P[Q[RS]] but only onto
a restricted subrepresentation of 248 x (3875 + 147250), which we do not explicitly work
out here. It is interesting to note, that apart from the standard othogonality relations (2.4§)
which follow as a consequence of the quadratic constraint (2.5), the tensor Y<IMN J'p[Q['R Sl
also identically satisfies the relation

Qi YN o sy = 0, (4.11)

with Qupay from ([£9). This identity will also play an important role in the last section.
Its proof is not entirely straightforward, as ({.I1]) involves expressions cubic in © and
quadratic in the Eg structure constants, and is therefore most easily checked on a computer.
To summarize, we have explicitly worked out the tensor hierarchy of gauged three-
dimensional supergravity and shown that consistency requires two- and three-forms to
transform in the 3875 and 3875+147250 representation, respectively. The representation
content of the (evanescent) four-forms is implicitly defined by (R.4]) as a subrepresenta-
tion of 248 x (3875 4 147250) and shows up through the shift transformations (.44) of
the three-forms. In principle,the precise representation content of the index combinations
in (.45) can be worked out further, but these details are not necessary in what follows.

5. The supersymmetry algebra in three space-time dimensions

In this section we present the complete determination of the supersymmetry transforma-
tions and the corresponding algebra for the p-forms in three dimensions. Already in a
number of cases supersymmetry variations of p-forms that do not appear in the ungauged
action, have been determined. This was done by making an ansatz for these variations
based on their tensorial structure, which involves some undetermined coefficients. These
constants are subsequently fixed by imposing the supersymmetry algebra, after which one
proceeds by iteration. Here we go one step further and consider also the supersymmetry
variations of those p-forms that are not required for writing down the most general gaugings,
in order to determine what their possible role could be. In three space-time dimensions this
implies that we will now also consider the two-, three-, and four-form potentials. Although
four-form potentials do not exist in four dimensions, their symmetries will still play a role
as they act on the three-form potentials. We note that a somewhat similar investigation of
maximal supergravity in five dimensions, in the context of a framework based on E;, has
recently appeared in [4g)].

We use spinor and Eg(g) conventions from @, §.'2 In particular, the Eg(s) generators
tM split into 120 compact ones X!/ = XU] associated with the group SO(16), and 128

12To be precise: the only change in notation with respect to [ﬁ, E] is the sign of the vector fields,
ie., AMM — —AHM. The tangent space metric and gamma matrix conventions are as follows: 7 =
diag(+7 ] _)7 {,ya7,_yb} = Qnab 1, and ,Yabc = _iEabc 1.
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non-compact ones denoted by Y4, Here I,J,... and A, B, ..., respectively, label the 16,
and 128, representations of SO(16). Eventually we will also need indices A, B, ... labelling
the conjugate spinor representation 128.. Naturally we will also encounter SO(16) gamma
matrices '/ , i in what follows. We will freely raise and lower SO(16) indices.

The scalar fields parametrize the Egg)/SO(16) coset space in terms of an Egg)-valued
matrix VMB, which transforms as

V(@)Mp = —gnMV(@)Np + V(@M g h(w)p2 (5.1)

under global Eg(g) and local SO(16), characterized by the matrices g and h(z) which take
their values in the Lie algebra of the two groups. Note that underlined Egg) indices and
indices [IJ], A and A are always subject to local SO(16). The one-forms associated with
the scalars are given by

1
VDY =g Q.M X7 +p,AyA, (5.2)

where the derivative D, on the left-hand side is covariant with respect to the chosen gauge
group (cf. (R:)). As is well-known, Q,’” will play the role of a composite SO(16) gauge
connection. Both P, and Q,, will implicitly depend on the gaugings introduced in section f,
through the defining relation (f.2).

For simplicity of the formulas we use the abbreviating notation,

VMN e = VMO YN, o VMNE, o = VMV VR ete (5.3)

for multiple tensor products of these matrices. The fermionic field content is given by 16
gravitinos ¢,/ and 128 spin-1/2 fermions x* transforming under SO(16). In the presence
of a gauging their supersymmetry variations are given by

. i 1. i
0! = Due +ig M e’ oxt = Sigted T Pl g A (54)

with the tensors Ay, As given by

1 i 1
AV = VMO, AP = oDV aemy . (55)
The bosonic fields on the other hand transform as
de,® =iely vy = gt yA, (5.6)

§AM = 20M ey, —ir! vy Ayt

The supersymmetry transformations are expected to close into the various local sym-
metries, up to field equations. The supersymmetry comutator takes the form,

[5617562] = guDu+5A+5E+5<I>+“’ s (57)

where the unspecified terms denote local Lorentz transformations, local supersymmetry
transformations and other symmetries which will be discussed below. By £#D,, we denote

— 20 —



a covariant translation: a general coordinate transformation with parameter £ accompa-
nied by other field-dependent gauge transformations such that the combined result is fully
covariant. In the context of this work we are mostly interested in the field-dependent vector

and tensor gauge transformations,
¢'Dy, = €10, + Sa(e) + O=(e) + dme) + (5.8)
where the vector and tensor gauge parameters are equal to

AGM = —erA M,
=), MY = —¢r (BWMN n A,,WAMNJ) ,

2
(I)(S)MVK[MNJ = —¢F (CpuVK[MNJ _ APUCB/WMNJ _ g A[,u[’CAV}[MApN”> 7 (59)
so that

fpf)pAuM =& HPMM )
¢D,B, N — A, MerD AN + A M D, AN = epH, MY (5.10)
take a fully covariant form in terms of the covariant variations and field strengths of sec-
tion f. Note that we have suppressed the supercovariantizations in this result, as we restrict

attention to the terms of lowest order in the fermion fields. Calculating closure of the su-
persymmetry algebra on the p-form tensor fields will determine the parameters &, A, =, ®

in (0.
Let us start from the supersymmetry commutator on vector fields. A short computa-
tion starting from (5.4) and (p.6) yields

[561 s 562] AHM = —2D“(VMIJ EDIEQ]J) + iE/J,l/p VMA ,PVA E[ll’}/pEQ]I
+ 2ig <FQA ATAVML 2 TR VM Y gy Tye” (511
The first term is a gauge transformation, while the last term proves to be the dressed
version of the constant tensor ZMpg defined in (-3). Indeed, we note the identity,

i 2
FELXIA A2J)A VMA . AlJK VMIK . AllK VMJK — ? VPQIKUK ZMPQ ) (512)

Upon contraction with © a7, the right-hand side of this equation vanishes, and we re-
obtain the identity (3.18) of [§]. The second term in (.11)) shows up in the duality equation
relating vector and scalar fields in three dimensions,

XM = Hu™M + e ey VM PPA (5.13)
which, at least in the ungauged theory, vanishes on-shell. Hence, we find that

[Ber s 8e,) A ™ = €2 Hp ™M + Dy AM — g ZMpo BT — €2 X, M (5.14)
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with parameters
¢ = —i€[117“€2]l )

MM = —2VM e ey

= MN %ivwm

117K €t e - (5.15)

Except for the last term in (f.14) the supersymmetry algebra closes precisely as expected.
Usually, this last term is disregarded as the supersymmetry algebra is expected to close
modulo the first-order (duality) equations of motion (that is, X, = 0). Nowever, matters
are more subtle here, as only a projection of the duality equation with the embedding tensor
is expected to correspond to an equation of motion. For the moment, let us just keep this
term: we will interpret it later as an additional local symmetry of the Lagrangian.

Let us continue with the two-forms. The supersymmetry variation of BWMN is deter-
mined by its tensor structure up to two constants, a; and ao,
. _T J I =J A
AB,, MV = iy VNI e @iy — ap VN DA€ vwx” . (5.16)

Requiring that the commutator closes into a gauge transformation with parameter EMMN
as given in (p.17), leads to ay = —8/7, ag = —4/7. From (f.16]), we obtain after some
further computation,

- 4 _
[6ey 0es) B ™V = 2D, 5, MV + = €uvp PeBYIMNL G (DT84 & en)™

8 1 A
-7 g <V[MNJIK\LK AE §V[MNJIK\AFKAA A2JA> 5[117uu62]J

+24,M 5., 60,0 AN (5.17)

The first term denotes the tensor gauge transformation. To understand the second term
we need to make explicit use of the projection of [MN] onto the 3875, which induces
relations such as [, §,

1
VMM = 1 ((PIFK)AB VMM g — (0T 5 4 VIMNJKI\B) : (5.18)

After some calculation, the second term in (5.17) then reduces to 2 Al (XWN [ HWN ),
where we again introduced the expression for the duality relation (b.13). The term pro-
portional to HWN then yields a term belonging to the tensor gauge transformation (R.29).
The second line in (5.17) can be simplified in a similar way. Its (I.J) traceless part may be
brought into the form

1 _
=9 YN oy VIMIPRN e v 1 & ey (5.19)
and thus constitutes the shift transformation of (.:29) with parameter!?
1 _
o, MV = —5 VUC[MN“IK|KL\LJ &’ ey’ (5.20)

3Note that not only the coefficient is determined. There exists yet another independent term with the
correct tensor structure, T4 VW[MN“A‘B‘JK Ellywez]‘], which turns out to be absent. One may verify
by explicit calculation that BFTMN] defined in (E
3875 and 147250.

) has contributions in both irreducible representations
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It remains to consider the (I.J) trace part of the second line in (5.17) which reduces to
deg ey, VIMNIKL g (5.21)
where VIMNVHKL] ¢quals the symmetric scalar-dependent matrix defined by

1
[MN][KL] — & [MN]IKL]
M 392 (7V

Putting everything together, the supersymmetry commutator on two-forms takes the form,

_ g pIMNIKL]

LJ|A|LJ|A IK|JK|IL|JL) : (5.22)

[Oers 0es] Bu™N = dge &P e, VIMNHRLL @) oDy = ) MY — 29, M AN]
— gV MN im0 @, P9 2 2, IMANT 2 A TM 5, 5., AN
= <£pr +0p + 0= + 5@) B,uVMN - gpyp,uuMN
+ 22, M AN L AN —2¢0 &, [MA M (5.23)
where in the second equation we introduced the tensor,
y,uI/pMN = H,ul/pMN —4g €Euvp V[MNJ,[ICEJ Oxr — GA[M[M Xup}NJ ] (524)

This tensor takes the form of a duality relation between the field strength of the two-
forms (R-3() and the embedding tensor. The supersymmetry commutator thus closes ac-
cording to (b.7) modulo terms proportional to the duality relations (F.13) and (5.29).
These terms are interpreted as follows. The term proportional to yw,,MN corresponds to
a new symmetry transformation of the two-form potential. The last term proportional to
XpuM accompanies the extra transformation in the vector fields represented by the last
term in (f.14). Finally the preceding terms proportional to XWM are interpreted as defor-
mations of the vector gauge transformation acting on the two-form potential (cf. (R.40)).
Hence we change this transformation according to,

Smod(A) B,V = — 2 AMp, Ny o ATMy, N9 4 M §(4) AN
= 2e £,y APMVN, PPA 12 4 M §(A) AN (5.25)

This deformation is reminiscent of what happens, for instance, in D = 4 gauged supergrav-
ity (), B4, [[7], where the two-form fields acquire also additional variations once they couple
to other fields in the Lagrangian. Of course, it remains to see whether this interpretation
is correct, but we will present further evidence of this in section .

The duality relation (5.24) is remarkable. On-shell, (i.e. for Y™ = 0 = YMN) it reads

Howy W = dgee,,, VMV g (5.26)

and it relates the field strengths of the two-forms to the embedding tensor. The scalar
matrix VIMVHELL defined in (F.29), which shows up in this equation, is related to the
scalar potential of the gauged theory in a simple way. With the explicit expression for the
scalar potential V' from [, ] one finds the expression

1 1 i i 1
V= —§<A{JA{J -5 AP AR = 5 VIMHEE @y e (5.27)
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In other words, the matrix VIMAVLKL] precisely encodes the scalar potential of the gauged
theory. This appears to be a generic pattern for the (D—1)-forms in the gauged supergrav-
ities, and we shall see its natural interpretation in the next section. We emphasize that
the matrix VIMNVHKELL i ot positive definite — unlike the scalar matrices that show up in
the lower-rank p-form dualities. This lack of positivity is in accord with the fact that the
potentials of gauged supergravities are generically known to be unbounded from below.

At this point let us briefly comment on a similar result in [£§] where the form fields
are considered for D = 5 gauge maximal supergravity. In that work an equation (4.27)
appears which seems the direct analogue of (5.26), but now for the field strength of the
four-form potential. Although it has the same structure as (p.24), its right-hand side is
not related to the potential in the way we described above. However, a direct comparison
is subtle as (5.19) only vanishes on shell upon projection with the embedding tensor, so
that (p.2¢) will not be realized as a field equation.

The duality equation (p.2G) in particular provides the Eg(g) covariant field equation for
two-forms in the three-dimensional ungauged theory:

o (V[MNJ,[ICLJ HWPKE) + fermions = 0, (5.28)
with Viaarpficc) the inverse matrix to YIMNIIEL],
To close this section, we also compute the commutator of supersymmetry transforma-

tions on the three-forms. Equation (f.20) suggests to define the supersymmetry variation
of the three-forms as

3
AC,,, MV = ?V[K[MN“IK\KMLJ EIV[HV%}J + (5.29)

where the dots refer to the € x variations. Indeed,

3 KM 7 J KMN
20, (? VIRMNL e Ezﬂ[wﬂlp]) = 3D}, P, (5.30)
3 _
+ 7 D[u (V[’C[MN“IK\KMLJ) 6[117;w62]J + e,

thus reproducing the correct ® term given in (p.2(]). Evaluating the derivatives of the
second term and using the duality equation (p.13), eventually brings this term into the
form (modulo XM,

ol

(5.31)
In order to arrive at this result, we need to make use of the explicit projection onto the
3875 + 147250 within the tensor product [K[MN[]. This gives rise to a number of
non-trivial identities, like

3 3 _ —MN
(ﬂ V[’C[MN“A\KM\JM_ - V[IC[MN”JM|KM|A> (C*TY) A P[ﬁ Gf\{%p] Gg] +37H, I~ Ol

140K YIMNIL 1r R Il

A|KM|JM JM|KM|A
KIMN
—(@ETMN) WA e =0 (5.32)
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which results from the projection of a triple product of V’s onto the 147250 + 3875
representation in the same way as (p.1§) is obtained by applying ([t.4) to a double product
of V’s. From (b.31)) we can infer the full supersymmetry transformation of the three-forms.
While the last term is precisely expected from the tensor gauge transformations (B.29), the
rest must be cancelled by dy variations in 0C. Together, this determines the supersymmetry
variation of the three-forms to be given by

3 —
ACWPIC[MNJ = PIKIMN]] IK|KL|LJ GI’Y[W w;'] (5.33)
1 .
_ ﬂl (V[’C[MN“A\KM\JM _ 2V[IC[MN“JM\KM\A> PKAA EJ’Y/WpXA .

To summarize, we have determined the supersymmetry variations of all p-forms in
three dimensions by closure of the supersymmetry algebra. The full algebra is given by

[5517552] = Suf)u + 0 + 0= + 0o + dx + 5)) s (5.34)

up to supersymmetry and local Lorentz symmetry transformations. The last two terms cor-
respond to additional local symmetries proportional to X}, and Y, that have appeared
in (5.14) and (p-23) for the one- and two-forms, respectively. Furthermore, we recall that
we have made a modification in the vector gauge transformation rule for the two-forms.

Of course, we have to justify both the presence of this deformation and the fact that
the two new variations can indeed be regarded as symmetries of a specific Lagrangian.
In this respect it is important to recall that &), and V,,, take the form of first-order
duality equations between p-forms in three dimensions and, as it turns out, there are
indeed field equations proportional to X}, and ),,,,. This feature plays an important role
in realizing the invariance. To understand this issue further we turn to the construction of
the Lagrangian in the next section.

6. The Lagrangian with all p-forms in three dimensions

Finally, we give a Lagrangian which contains all p-forms in three dimensions. To this end
we start from the gauged Lagrangian of [{, {],

1 1 1 - 1. 4 '

Lomgea = —geR+ PP+ 0 PUD 1, - Siex ' Dy
1 1

-1 gehvr AHM O MmN (auApN + 3 gX[’RS]N AVRApS)

1 1 _ . g
— cex Pyl Tt Pt + 59 Ay apl ) 4 deg AyTA Ayt )]

2
T |
+5¢9 AzAB g AN — 5692 VIMNVHRELG v Oxcr + Lo formi » (6.1)
where,
51
AP = T (D155 45 VMNIJ|KL SVINE (6.2)
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This is the Lagrangian that describes all consistent gaugings with a constant, symmetric,
embedding tensor © y(nr that belongs to the 3875 4 1 representation and is subject to the
quadratic constraint Qxyan = 0.

Now consider Oy not as a constant tensor but as an z-dependent field Oy ()
satisfying the representation constraint (i.e. living in the 3875; for convenience we suppress
the singlet representation in what follows), but not the quadratic constraint on O (.
To the Lagrangian (p.1]) we add a new Lagrangian describing the couplings to two-forms

Byu™ N and three-forms C’Wp’qMN I}

1 1
Lpc = —596“””BWMN Dy®mn + Eg2 et CAWPIC[MNJ QrrmnT - (6.3)

The two- and three-form potentials thus act as Lagrange multipliers to ensure that © yqn
is constant and satisfies the quadratic constraint. As ©aqn is a field now, the quadratic
constraint can no longer be imposed by hand but must be implemented in this way.

Since the Lagrangian (p.1) is supersymmetric and gauge invariant for a constant ten-
sor © v satisfying the quadratic constraint, the new Lagrangian Lgauged + Lpc With
z-dependent © y(nr can be made supersymmetric and gauge invariant by introducing the
proper local transformation laws for the potentials BWMN and CHVPK[MN | while keeping
0O pmn = 0. This construction thus shows that the supersymmetry algebra can be extended
to two- and three-forms transforming in 3875 and the 3875 + 147250, respectively. The
same construction can be applied in higher dimensions and gives a natural explanation of
why in general the (D—1)-forms and the D-forms transform in the conjugate representations
of the embedding tensor and the quadratic constraint, respectively.

As a first exercise, we can compute the new field equation obtained by varying the full
Lagrangian with respect to © yqnr. Neglecting fermions, we find,

1
5qw@d:—@<§V%JW&%N+gVM“WW“@m>5@MN

1 2
— Zg ghvP A“M <81,APN + g gX[Rs}N A,,RAPS> 5@./\/1/\/ , (6.4)

and (modulo a total derivative),
1
0Lpc = ﬂg e? <3DPBWMN - 6QZMPQAPNBWPQ
+ 9V ipoy G TP 6011, (6.5)

where we used the identity 6 Qxmn = %5@pg yFe xfmn)- Therefore the variation of the
full Lagrangian £ = Lgauged + LBc takes the form,

1
M:ﬂww%wwmw“ (6.6)
so that we obtain precisely the duality relation prMN defined in (5.24). In particular,
this shows why the scalar matrix that relates the field strength of the (D —1)-forms to

~

the embedding tensor according to (p.26) is precisely the (non-positive definite) matrix
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YIMNIIKL] of the scalar potential. Clearly the analogue of this relation will hold in any
dimension.

Under general variations of vector and tensor fields, the full Lagrangian varies as (again
neglecting fermions),

1 1
0L = =79 Oy 5AMx, N — qoe” (0B™N +24,M54,N) D,© 0w

1
b g <5CszchNJ +24,54,M54N ) Okprn] - (6.7)

Thus, varying the Lagrangian with respect to all p-form tensor fields and © s, one obtains
the set of first order and algebraic field equations

Omn ij/\/’:o’ y;u/pMN =0, 8u@MN =0, QIC[MNJ =0, (68)

and we recover the duality relations X and YMN that appeared in the computation of
the supersymmetry algebra (5.13) and (f.24), respectively.

Let us further remark that the full Lagrangian is invariant under the additional sym-
metry

SxAM =X, M, xBMV = 24, Mepa M (6.9)

SxCup N = —2 4 K4 M 524 N
with an arbitrary vector field &%. This follows directly from (B.7):
SxL o< e"P Oy X ™M XN €S = 0. (6.10)
Likewise, the Lagrangian is invariant under the additional symmetry
SyBuw™N =& Vo™V, 5yOmn =€ DO a (6.11)

with another arbitrary vector field fg‘,. The extra symmetries (6.9) and (p.11)) are those
which have shown up already in the supersymmetry algebra and correspond to the last two
terms in (5.34). The second one is a standard equations-of-motion symmetry’, whereas the
first one is a little more subtle as its corresponding field variations do not vanish completely
upon imposing the equations of motion.

Note that although there are of course no four-forms present in the three-dimensional
Lagrangian, their tensor gauge freedom shows up as a shift transformation on the the
three-forms (R.43). Since these are the only fields transforming under this symmetry, the
Lagrangian must be invariant under the mere shift of three-forms according to (2.43).
Fortunately, this invariance is precisely ensured by the additional orthogonality (1),
showing that the combination C'Wp’qMN ! Qxjmn entering the Lagrangian is invariant
under these shifts.

A rather lengthy but straightforward calculation now shows that the full Lagrangian
L = Lgauged + Lpc is invariant under supersymmetry provided the fields transform
as (54), (6.6), (6.14), and (5.33). Here no supersymmetry variation is assigned to the field
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O N, which can still satisfy the supersymmetry variations by virtue of the existence of the
new symmetry (p.11]). Furthermore we precisely recover the new transformation rules for
the higher p-forms that we have derived in section ] A somewhat similar construction has
been carried out in [B{] to describe Roman’s massive deformation of ten-dimensional ITA
supergravity [IJ] in terms of a nine-form potential and an x-dependent parameter m(z)
rather than a constant deformation parameter m. What is new here is the non-trivial
representation structure of the deformation parameters and the need to simultaneously
implement on them the quadratic constraint, hence the need for D-forms acting as the
corresponding Lagrange multipliers.

We now return to the possible interpretation of our results, and especially the ones
of the present section, in the framework of infinite-dimensional duality symmetries. Let
us recall that the representations found in the level decompositions of Ey; [B3-B4] are in
one-to-one correspondence with the various p-form fields identified in course of our analysis
and displayed in table fl. By contrast, the embedding tensor itself does not show up in
this level decomposition, but must be added as an ‘extraneous’ quantity, even though it
is to be treated as a ‘field’ in the present analysis (otherwise there would be no need for
extra p-form fields in the Lagrangian (f.J)). In order to better understand the link with
infinite-dimensional dualities, it would therefore be desirable to re-formulate the theory
entirely in terms of only the fields appearing in the group theoretical analysis, and thus
without ©.

At least in principle, it is possible to pass from the total Lagrangian £ = Lgauged +LBC
to another Lagrangian which does not depend on ©, by noting that £ depends on © at
most quadratically. Accordingly, we now regard the field equation y,prN = 0 as an
algebraic equation for the (auxiliary) field © s,

1
dgeeu, VWVHEL O = 3D, B, MY + 6.4, (a,,Ap]Nl + ggX[pQ]NJA,,PAP]Q>

+g YMNP[RSJ Cupr[RSJ —6 A[“[M XUP]NJ s (6.12)

and use it to eliminate © gz from the Lagrangian. Although this equation is linear in
O pm, its solution is rather complicated due to the hidden ©® dependence of the tensors
XpQN . YMNors and XWM on the right-hand side. Consequently, the solution cannot
be written in closed form, but only given as an infinite series in the p-forms and their

derivatives.'* We therefore exhibit only the lowest-order term of the solution which reads
3 _
OmnN = 1 e Letve V[MNJ,[ICEJ @LBVPICE + e (6.13)

Plugging (p.13) back into (6.1]) and (6.3) we derive the bosonic kinetic term for the two-form
fields in lowest order, with the result

Lyin = ea[uB,,p}MN ol preIkE V[M./\/HICEJ +..., (6.14)

“Observe that the matrix VIMVEIRLD will have zero eigenvalues at certain points of the scalar field
configuration space.
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We thus see that the inverse scalar potential matrix Vi) jcc) shows up as the kinetic
matrix of the (D—1)-forms, as would have been expected from (f.2§). As we already pointed
out above (after (5.27)) this matrix is not positive definite, unlike the kinetic matrices of
the lower p-forms. Fortunately, we need to require positive definite kinetic terms only for
those fields which carry propagating degrees of freedom, whence the non-positivity of the
kinetic term for the 2-form fields in the above formula is entirely harmless.

In conclusion it is possible to re-formulate the theory in terms of a Lagrangian that
contains only the scalars and p-forms, but no embedding tensor. The price we have to
pay is that the resulting structure is rather complicated, with non-polynomial interactions
and gauge transformations. Nevertheless, the Lagrangian obtained by elimination of ©
is ‘universal’ in the sense that it would incorporate all gaugings, in such a way that any

specific gauging would correspond to the 3-form field strength O[HBVP]MN

acquiring a
vacuum expectation value according to ([f.13). One may view this as a kind of ‘spontaneous
symmetry breaking’, but of a novel kind: rather than simply breaking the rigid G invariance
of the original theory to some subgroup, this mechanism generates non-abelian gaugings
from a theory with purely abelian p-forms and interactions!

By construction, the constraints on the embedding tensor exhibited and studied in the
foregoing sections must also be consistently encoded into this new Lagrangian. Unfortu-
nately, due to the the non-polynomiality of the latter, it appears difficult to extract this
information directly and without explicit use of ©. For this reason, it would be desirable to
go beyond the mere kinematics of level decompositions, and to ‘test’ this non-polynomial
Lagrangian (or at least some of its pieces, and in particular the dependence of (p.14) on
the scalars via the kinetic matrix) directly either against the Ej; proposal of [Bj], or al-
ternatively, against the Ejg proposal of [51, fJ]. Because the latter admits a Lagrangian
formulation (but without D-forms as these do not appear in the decomposition of Eqg),
such tests are possible in principle. Although this will require much more work, we are con-
fident that the present results can serve as useful probes of M theory, or, more succinctly,
of the specific proposals made in [BJ] and [F1], p7], respectively, and thereby shed new light
on the unresolved issues with them.
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