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Abstract

The subject of this paper are spherically symmetric thin shells made of
barotropic ideal fluid and moving under the influence of their own gravita-
tional field as well as that of a central black hole; the cosmological constant
is assumed to be zero. The general super-Hamiltonian derived in a previous
paper is rewritten for this spherically symmetric special case. The depen-
dence of the resulting action on the gravitational variables is trivialized by
a transformation due to Kuchatr. The resulting variational principle depends
only on shell variables, is reparametrization invariant, and includes both first-
and second-class constraints. Several equivalent forms of the constrained sys-
tem are written down. Exclusion of the second-class constraints leads to a
super-Hamiltonian which appears to overlap with that by Ansoldi et al. in a
quarter of the phase space. As Kuchai’ variables are singular at the horizons
of both Schwarzschild spacetimes inside and outside the shell, the dynamics
is first well-defined only inside of 16 disjoint sectors. The 16 sectors are, how-
ever, shown to be contained in a single, connected symplectic manifold and
the constraints are extended to this manifold by continuity. Poisson bracket
between no two independent spacetime coordinates of the shell vanish at any
intersection of two horizons.
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1 Introduction

Spherically symmetric thin shells are popular models used extensively in the study
of a number of phenomena: properties of classical gravitational collapse [[l]], proper-
ties of classical black holes [B], quantum gravitational collapse [J], the dynamics of
domain walls in early Universe [ and [f], the back reaction in Hawking effect [f],
entropy on black holes [[]] or quantum theory of black holes [§], to mention just few
examples.

Attempts to derive a Hamiltonian formalism for such shells are for example Refs.
B, B, [L0), [, [ and [[F. The Hamiltonian (or super-Hamiltonian) is either
guessed directly from equations of motion (Refs. [J] and [I])), or it is derived from a
variational principle guessed for the spherically symmetric system consisting of dust
shells and gravity (Refs. [d] and [[L0]), or it is derived from the Lagrangian formalism
based on the sum of the Einstein-Hilbert action and an action for ideal fluid either
after reducing the action by spherical symmetry [{] or without any assumption about
symmetry [[7].

In Ref. [[J], both super-Hamiltonian and the symplectic structure are derived
from the Einstein-Hilbert-ideal-fluid variational principle. In this sense, the sym-
plectic structure is unique; it contains a boundary term at the hypersurface of the
shell and it turns out that the momentum conjugate to the surface area of the shell
is the (hyperbolic) angle between the shell and the foliation hypersurface (‘Kijowski
momentum’, [L3]; cf. also Ref. [[4]). This momentum will play an important role in
our calculations.

In the present paper, we shall derive a super-Hamiltonian and a symplectic form
for the spherically symmetric ideal fluid shells, starting from the general formula
of Ref. [[7). For the sake of simplicity, we shall also assume that the cosmological
constant and all fields different from gravity are zero. Our leading principle is the
reparametrization invariance. Thus, the result must be a super-Hamiltonian rather
than a Hamiltonian. One problem is then how the variables describing the gravita-
tional field around the shell can be made to disappear from the action so that the
final formalism contains the shell variables only. As most of these gravitational vari-
ables just describe a gauge, one possible method is to choose a gauge and to reduce
the system, as for instance in Refs. [[[0] and [LF]; then, however, the reparametriza-
tion invariance is lost. We find a suitable tool in a transformation due to Kuchai [[Ig].
This transformation trivializes the gravitational part of the equations of motion to
such an extent that they do not contain any more information about the motion of
the shell. The boundary terms that result from Kuchai’ transformation contribute
to the shell part of the symplectic form. They not only modify Kijowski’s momen-
tum but provide additional terms so that this part itself becomes non-degenerate;
thus, the symplectic structure of the shell emerges. Several equivalent forms of the



variational principle can be written down.

For example, one of the resulting phase spaces is locally described by four pairs
of conjugate quantities, namely (E,,T,), (E_,T_), (Py,R,) and (P_, R_), where
Ty and Ry are the Schwarzschild coordinates, E. the Schwarzschild masses, and
Py the modified Kijowski’s momenta; the sign ‘+ refers to the outside and ‘-’ to
the inside Schwarzchild spacetimes. There are then three constraints: 1) the super-
Hamiltonian constraint C; = 0 is (roughly) the time-time component of Israel’s
matching condition at the shell and it is a primary constraint, 2) the continuity
condition Ry —R_ = 0 is another primary and 3) the Poisson bracket y := {C, R, —
R_} fails to vanish, so y = 0 is a secondary constraint. The two constraint functions
x and Ry — R_ form a second-class pair. The second class constraints can be solved
for [R] and P [], and the solution can be substituted back into the action; in this
manner, a partially reduced system with three pairs of conjugate variables (E, T ),
(E_,T_) and ([P], R) and just one constraint C7 = 0 is obtained. In four sectors
of the phase space, C7 has a similar form as the super-Hamiltonian of Ref. [f],
which has been derived in a completely different way. The origin of the second-class
constraints is in the additional conditions by which the general Einstein-Hilbert-
ideal-fluid action must be supplemented in order that the system with a shell be
well-defined: the so-called continuity conditions (see Ref. [[J] and the next section).

The Schwarzschild coordinates (7%, Ry) of the shell are singular at the horizons
of the spacetimes inside and outside the shell. Each of these two spacetimes is sepa-
rated by the horizons into four quadrants. As a consequence of this, the phase space
of the system is split up into 16 disjoint sectors. The dynamical trajectories that
result from the action can be smoothly matched through the horizons, because the
shells are regular there. This suggests that there are dynamical variables which are
regular at the horizons; we try Eddington-Finkelstein’s and Kruskal’s transforma-
tions. The first one leads to an atlas of 16 overlapping Darboux charts covering a
single, connected extension of the old phase space; this extension is not maximal,
however, because the points at the intersections of the horizons are not covered.
The second transformation leads to one single chart covering the maximal extension
of the old phase space. The constraints have smooth extensions to new phase space
in both cases. The Poisson bracket between the Kruskal coordinates v and v of
the shell does not vanish and we show that this must be true for any spacetime
coordinates that are regular at the intersection of two horizons.

Our super-Hamiltonians are reparametrization invariant, but rather complicated:
they depend on momenta through exponentials and square roots. Some problems

'We adhere to the usual notation in the theory of thin shells: for any, possibly discontinuous,
function X at the shell, X := (X, + X_)/2 and [X] := X, — X_, where X are the limits of X
at the shell, X, from right and X_ from left.



arise immediately. For example, the problem of quantizing such complicated super-
Hamiltonians or the problem of relation between the super-Hamiltonians of the
present paper and that of Ref. [[I], which is not only reparametrization invariant
but also quadratic in momenta. These problems will not be addressed here.

The plan of the paper is as follows. In Sec. 2, we introduce the general formula for
super-Hamiltonian from Ref. [[J]. In this way, the paper becomes self-contained. In
Sec. 3, the assumption of spherical symmetry is formulated, the dynamical variables
are adapted to the symmetry, and the action is expressed as a functional of these
variables. In Sec. 4, Kuchai’ transformation is performed and an effective shell super-
Hamiltonian is derived. Sec. 5 is devoted to the study of the shell action obtained
in Sec. 4. We check that correct equations of motion result from it, investigate the
structure of the constrained system defined by the action, and remove the second-
class constraint by a partial reduction. Finally, Sec. 6 addresses the problem of the
singularity at the horizons.

We use the units such that ¢ = G = 1 (c is the velocity of light in vacuum and
G is Newton’s constant).

2 The spacetime and the shell

In this section, we describe the spacetime with the shell, introduce the basic ideas
and quantities and collect the equations from Ref. [IJ] that will be needed as a
starting point of our investigation.

Let (M, g) be an assymptotically flat globally hyperbolic spacetime and let a
thin shell of ideal fluid move along a timelike hypersurface ¥ in M; ¥ divides the
spacetime into two parts, M, and M_ so that M, is adjacent to the infinity
where the observers are. Let :L"(‘ +) be some coordinates in My and £“ be some in 2.
No relation between the coordinates (" and 2, is assumed. Let x{,(§) be the

(+)
embedding functions of ¥ in M. We assume that (see Ref. [[J])

oxt | Oz oxt | OxY
a<s>:< w0 05 <s>>) =< 2 0ty <§>>) o
Yap g( e ag 855 :L‘() - g(Jr)ﬂ 85 agﬁ x(JF) .

where the symbols (). denote the limits from the four-volumes My towards X,
9(+)uv is the metric in My with respect to the coordinates x‘(‘i) and v,5(€) is the
metric in ¥ with respect to £*. Eqgs. ([l)) are called continuity relations.

Let {S;} be a foliation of M by Cauchy hupersurfaces S;, where ¢ runs through
some real interval and let Sy := S; N M. We assume that S5; are (continuous)
hypersurfaces in M and that Sy, are smooth hypersurfaces in My, for all £. The
ADM-like formalism described in Ref. [[] is based on a choice of coordinates z{,
that are adapted to the foliation {S;} on one hand and to ¥ on the other. Such
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coordinates satisfy the following requirements. First,
x?i) =t, =t

then, :Efi), k =1,2,3, can be considered as coordinates on S; and £X, K = 1,2, as
coordinates om ¥ N .S;. Second, the embedding functions x’{ i)(f ) defining ¥ satisfy

x?i)(§07€17€2) = gO’
d
@Jfl&)(ﬁoflfz) =0

for all (£9,£1,£%) € ¥ and k = 1,2, 3. Thus, the vector 9/t is tangential to 3. The
functions
Yy (€1,67) == (1 (€°,€,6%)

can be considered as embedding functions of the surface >N .S; in the hypersurfaces
S(+):; they are independent of the time coordinate ¢. Thus, the dynamics of the
shell is completely determined by the time dependence of the metric and of the
matter fields along Y. This leads to a great simplification of the formalism and
of the variational procedure, but to no restriction of generality, see Ref. [[J] for a
discussion of this point. We shall often leave out the index ¢ in the sequel.

The 3+1 decomposition of the metric g(+),, can be described as follows (see Ref.

7))

g(ojoc) = —N(_f), 9ok = Ntk
9ok = qeopk, g+ = —Niqa,

where N is the lapse and N(4),, the shift in S, g4 is the metric induced in S by
G(+)uw» 9+ is the determinant of g4y, and g4 that of giyyu. (We work with adapted
coordinates.) The 241 decomposition of the metric 7,4 is analogous:

00 -2
7=V o, Yok = VK,

AKL = YKL, Y= —AVZ,

where \g, is the metric of the surface ¥ NS with respect to the coordinates £¥ and
A its determinant. The 2+1 decomposition of the continuity relations ([]) is

v o= \JN?—(NL)2, (2)
k

dy
vk = Ny 8{(?’ (3)

(s Oyl
d(+)kl 9EK DeL
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where
1 k
Nz = Napmiy),

and mf 1) I8 the unit normal vector to X NS tangent to S(4) and oriented from S(_)
to S(4) (towards the observers). This orientation will be often used, so we call it
right orientation.

An important role is played by the (hyperbolic) angle ay of the two hypersurfaces
¥ and S(4) which is defined by

sinh s 1= —g(a),0 M3 (1), (5)

where né‘ 1) 18 the future-oriented unit normal to Si4) and m{yy is the right-oriented
unit normal to ¥ in M. One easily proves that

N4 = vcoshay, Nét) = vsinh a4.

Another important quantity is the second fundamental form [ of the surface
¥ NS in Si4), which is defined by

lere = M Fer et

here the symbol ‘|” denotes the covariant derivative associated with the metric q(+)kl
in S(+). We reserve ;" for the covariant derivative defined by g,, in M and *:” for
that by 7,5 in 3. The trace 5Ly, of Ik, will be denoted by .

The matter of the shell is assumed to be relativistic barotropic perfect fluid. Its
description follows the pattern given in Refs. [[§ and [[J]; let us collect the relevant
formulas.

The mass points of the fluid fill the so-called matter space Z which is a two
dimensional manifold for a shell. The coordinates z4, A = 1,2, in Z can be thought
of as Lagrangian coordinates of the fluid. The state of the fluid is described by the
‘fields’ 2(¢). The matter space carries a scalar density h(z), which determines the
mole or particle density of the fluid in the matter space. The mole (particle) current
7% in X is given by

1% = heo‘mzézz,

where we use the abbreviation

024
A
(07

The current j¢ is identically conserved, j%, = 0. j* defines the three-velocity u®(¢)

z

and the rest mole (particle) density n(§) in 3 by

i = Iylnu®,
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where y,5uu’ = —1.

The information about the consecutive relations of the fluid is encoded in the
quantity e(n) that gives the energy per mole in the rest frame of the fluid as a func-
tion of the mole density n. Then, the surface tension —p of the fluid is determined

by (see Ref. [L§])
p= n2@.
dn

The dynamics of the fluid in the fixed background three-spacetime Y can be derived

Ly, = —\/MP(TL),

where p := ne(n) denotes the rest mass density of the fluid. The stress-energy tensor

from the Lagrangian

density
77 = /7l ((p + p)uu® + py°?) (6)
satisfies the relation 5
T%(z) = 2—, (7)
0Yap(2)
where [, is the action of the fluid,
I, — / Pl
)
It also satisfies (the Noether identity)
o (e} aLm A
The momenta p, of the fluid are defined by
0Ly,
pa = 0z

The negative component —79 of the stress-energy tensor in the adapted coordi-
nates {* is the Hamiltonian of the fluid [[J]. In Ref. [[Z], the following important
formulas have been derived:

1) = —vV AT+ — VBT 9)
and oT? -
Do 2l (10)
where
= p’(?o)ﬂ”zézfmm +p, (11)
Ty = zikpa. (12)



We have introduced the symbols

N . 1
TH = —Thgig, Tw = —=Tfa,

7] 7]
where 1% is the future-oriented unit normal to the surface X N .S in .
Finally, the master formula, the Hamiltonian of the whole system consisting of

the shell and gravity (the gravitational field being also dynamical) reads (for a
derivation, see Ref. [[J])

H o= /5+ E2(N.C+ NiyC) + [ de(N-C + NE\C)
1
PEWC, +V Cor) + o [ eI 13
- SNy WG, + v Cor) + 87 Jsnx+ $Lo, (13)
where C'is ADM super-Hamiltonian and C} is ADM supermomentum,
1 2kl — w2
167 2,/q

1
Ck = _8_7T7T11c\l7

_ \/53(3)> :

7 the ADM-momentum for gravity and R® the curvature scalar of the metric g.
The surface super-Hamiltonian C; and the surface supermomentum Cjx at the shell
are given by

] .
Cy, = ——[attsinha —Ilcosha] + T+,
8T
1 5 ~
Coc = —g-lfx +ax] + Tk,
where ki kl Mooyk oyt
ALl Lmkml Fr = 7T_fﬂ mk% TKL = W—ai il
va it R g oeRe VG OEK 9L

The symplectic form is

. 1 ) )
Q0X,X) = 16—7T/sd3$ (577“%1—5%”7“)

- 16% sns ¢ (5[(1]\/; — Vo)) + /smz d*¢ (paz™ — 62"pa)
- 16%/5 L PE@at VAT —avatat), (14)

where the quantities with the upper index ‘+’ concern the hypersurface X1 and
0X = (972, 0aua(2), Ola(), SVA(E). pa(€),82°(). 5y AF(€), 30 (6)).
X = (7). du(@). [0, VM. (). (). V(). 6 (€) )
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are two vectors tangential to the symplectic manifold of the system.
The equations of motion follow from the variation formula (cf. Ref. [[J])

0H = Q(6X,X) + 16% /S L s Q”, (15)
where Q*° := Ly*# — L*% and L := L*~,5. This formula plays a double role. By
deriving it from the Lagrange formalism carefully considering all boundary terms,
we find what is the symplectic form of the system. By comparing the R. H. S.
and the L. H. S. coefficients at the variations of the same variable, we obtain the
equations of motion.

The last terms in Egs. ([J) and ([[J) determine the so-called control mode (see
Ref. [I9)). In fact, there must be one such term for each infinity, see the next section.
YT is a timelike surface that forms a boundary of S and it will be pushed to infinity
eventually, L,z is the second fundamental form of ¥* defined by

0> 9EB’

Lag := My

m* being the external (with respect to the volume closed by 1) unit normal to 3+
and z#(&) are the embedding functions defining ¥.*. The usual canonical equations
hold only if the last term in Eq. ([§) vanishes. This means that the field Q*° must
be kept fixed at 3. In Ref. [[3], a more natural control mode is described; it results,
if we perform a Legendre transformation from H to H by

1

v 2 KL
H=H- / v (16)

so that the boundary term in Eq. ([[3) becomes

1

= [ (000Q™ + 20k 0Q™ — Qo). (1)

If the surface X* is shifted to infinity and if the usual fall-off conditions on gy,
7 N and N, are met, then the on-shell value of H is the ADM mass and the
expression ([[7) vanishes (see Ref. [3]). We will pass to this description directly in
the spherically symmetric case.

3 Spherical symmetry

In this section, we substitute the spherically symetric values of the physical fields
and foliation into the Hamiltonian ([[3) and the symplectic form ([[4). We start with
the transformation of the volume terms following closely the notation by Kuchar

[d).



There are coordinates ¢, r, ¥ and ¢ such that the spacetime metric has the form
ds® = —(N? — N2A?)dt* + 2N, dtdr + A*dr* + R*d9¥* + R? sin® 9dy?
with the square root of the determinant
vV—g = NAR*sin9,

where N(t,7), N"(t,r), A(t,r) and R(¢,r) are some functions of ¢ and r. We assume
that r € (—o0, 00), that r = +00 are spacelike infinities and that the equation r = 0
defines the shell. We further assume that the coordinates are continuous across
the shell. We shall leave out the indices 4, but we will keep in mind that some
components of the metric (N, N,, A etc.) are discontinuous across the shell.

The folii t = const carry the metric q:

ds* = N*dr? + R*dY? + R*sin® 0dp?
with the square root of the determinant
Vq=AR?sind.

The shell hypersurface > can be described by the coordinates ¢, ¥ and ¢ and the
metric 7,4 satisfying the continuity relations ([I) is

ds* = —(N? — N2A"?)dt* + R*d¥® + R?sin® 9dp*.
The components of the unit future-oriented vector n normal to S are n, = —N 52.

The corresponding second fundamental form Kj; can easily be calculated; its two
independent components are

A s \/
K, = —N(A—(AN)),

R, . ,
Kgg = —N(R—NTR),

where the prime denotes the derivative with respect to r and the dot that with
respect to t. Then, the ADM momentum 7* is determined by

e 2Rsind .
™= N (R—N"R)),
AR?*sind /1, 1.
9 o r ! o r D/ .
R SR (LA = (VAY) 4 (R NR))

We obtain for the Liouville form

f— / drdddp T dg, —

167 [ dr {%(R _ N"R)dA + (% (A= (V"AY) + (B - NTR’)) dR} .

2=



Let us set, with Kuchaf:

R, . ,
Py = _N<R — N"R),
R . .
Pr = _N(A —(N"A)) - =(R—- N"R)
Hence,
2P P
= TA sing, 7%= HR sin v
and
6= 167 / dr(PydA + PrdR). (18)

The volume terms in the super-Hamiltonian become

— 3x (N NEC,) =
167 Sidﬂ?( C+ Ck)

/ ar ANt AP P e N (P e - ME e\l ()
Si A R 2R2 A R AR A ,

Where /! ! D/ /2
RO = g N 2
AR A3R A2R?  R?
is the curvature scalar of the metric ¢ and the hypersufaces Sy are defined by
+r > 0.
The surface terms containing only the geometrical quantities are our next task.
The shell surface ¥ is defined by » = 0. Thus, for the normal m* to X NS in S, we

have

(20)

mg = Aé,:,
and the normal m* to X in M is

1

_ 57" _ AN 57’
VTt N2 Nepe

m

Then N
NL:NTA:TT’ v = /NQ_NEA—2’
and N
inha = ==,
sinh « A
1

The definitions of Ay, Ik, 7+ and ﬁfl( yield

MiL = B, 0 VA = R%sin
KL=\ 0, R2sin?0 )’ - ’

10



R 2R 2 .
lKL:ﬂ)\KLa l:ﬁ, WLLIEPA, WI%ZO

Hence, the surface term in the Hamiltonian ([[J) becomes

d*¢ (vCy + " Cy) = v | | —Pasinha + hi cosha| + M(R) (21)
NS A r=0
and an analogous term in the symplectic form ([4) is
1 ) A LON) : :
Tom Jy VA (Xé[a] - [a]7> — ([a]RR — RSR[4]) . (22)

The matter space Z will carry the coordinates z! = ©, 22 = ®, and the mole
density h = sin © (in fact, any scalar factor in front of h can be swallowed by e(n));
the matter fields 24 (&) will simply be

Ot v, p) =0, @(L,0,9) = .

Thus, zj = di, 24 =0, and we obtain

j*=1(h,0,0), pa=0, n= = —.

The fluid Hamiltonian is
~Ty) = vR*sindp = vesin 9,

or

— / ddde TY) = 4rve. (23)
£ns

We introduce the so-called mass function M(R) := 4we(R™?); the meaning of it is
the total rest mass of the shell of radius R (see Ref. [LT]).

As the momentum p 4 is identically zero, there is no contribution to the symplectic
form by the matter.

Collecting the results ([9), (I§), 1), () and (B3), we obtain the Hamiltonian
for the spherically symmetric system:

. A A 1 AR?
H = /KO dr {N (=APy + R'Pp) + N (2—R2P§ — —P\Py — —R<3>>}

, , A 1 AR?
+ /DO dr {N?"(—APA + R'Pr)+ N (2—R2P§ — PP - TR(?’))}
RR'
A cosha| + M(R) + E(o0) + E(—o0),  (24)

r=0

+ v (l—PA sinh o« +

11



where F(400) is the ADM energy at 7 = oo and R® is given by Eq. (B0). The
symplectic form reads

QOX.X) = [ dr(0PAA— SAPy + PRl — 0RPy)
n /_ " dr (5P\A — APy + 6PrE — 6RPp)
+ (5[2]1%3 — ROR[]),—o, (25)
where

X = (6Px\(r),06A(r),0Pg(r), SR(r), 6[a),—0, 6 (R?/2),—0),
X = (Pa(r), A(r), Pr(r), R(r), [6n0], (R*/2);_)-

The equation of motion can be obtained from the variation formula
oH = Q(0X, X).

The same equations of motion can be obtained from a Hamiltonian action I, if we
employ the corresponding Liouville form instead of the symplectic one:

r=fa(f OOO ar (Pah+ Pa) + [~ dr (Pad+ Pa) + (ol R — 1) (26)

We have assumed that the fields N, N", A, R, Py and Pg satisfy the usual fall-off
conditions as described by Ref. [If] in detail.

4 Kuchar’ transformation

Kuchai’ transformation is a canonical transformation of the gravitational volume
variables so that the new variables can be neatly separated into the true degrees
of freedom and the variables that indicate a point in the solution spacetime. An
example is given in Ref. [If] where the spherically symmetric gravity is studied.
The transformation leads to a pair of physical variables (one degree of freedom) and
to the remaining variables being the Schwarzschild time T'(r), the curvature radius
R(r) and the conjugate momenta. The foliation of each spacetime solution remains
completely arbitrary. As a byproduct, the equations of motion for gravity become
trivial. This will help us to express the action (Bf) through shell variables alone
without restricting the reparametrization invariance.

12



4.1 Transformation zu £ and Pg

In Ref. [Lf], the transformation is performed in two steps. This subsection goes the
first one transforming the variables (Py, A, Pr, R) to (Pg, E,Pg, R). The transfor-
mation can be written as follows

R

E = 5(1—F1F2)7
AP,
P, = —A&
B RF\F,’
(F1Fy+1) APy R< £ >’
Pp = Pp— S ) P i
R R FF, 2R 2 \ MRl

where the useful abbreviations F} and F5 are

R P, R P
=y oI
e L A Ry -

The inverse transformation is

A = \/-FP%+F-1R?,

RF Py
Py = 27
A A ) ( )
F+1 R (FPp\' R?
P, = P Pr+ = i
R Rt F<}?) Az
where R—9E
Fi== 28
R Y ( )
and A on the R. H. S.’s must be expressed with the help of the first equation.
The following important relations hold [[L{]
F=FRF, Pyp=-T. (29)

The transformation of the volume part of the Liouville form has the form [Lf]
RdR ’
— ) +..., (30)
2
where the dots denote a differential of some function on the phase space, which can

be discarded. In Ref. [[§], the r-derivative term on the R. H. S. of Eq. (BQ) could
also be thrown away because the asymptotic values of the differentiated function

F
R@A+HﬂR=PﬂE+PﬂR+< hﬂﬁ
2

vanished. In our case, however, this term gives a non-trivial contribution to the
shell part of the Liouville form:

0 00
/cMMM+%MH]<M&M+&Mﬁ:
0o 0

0 o]
/ <h(REdE4#PRdR)+Z/ dr(RpdE + PrdR) +
o) 0

(1

Iy
o mar) 1)

1
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Let us study the geometrical meaning of the last term. The meaning of any quantity
in the canonical formalism is given by the role it plays in the classical solutions. We
can, therefore, assume that the canonical equations are satisfied. The only canonical
equation we need is

R .
PA = —N(R — R/NT),
it implies that
10 1 /(0 o,
We also have
2 = Nn+ N"Am
o ’
0
~Z — A
or m:

where m is the right-oriented unit vector normal to S N X and tangential to .S, and
n is the future-oriented unit vector normal to S at S N Y (these vectors carry, of
course, the indices £ that we are leaving out provisionally); we call (n,m) foliation

frame. It follows that
OR

Fio=(m"¥F n“)%

Clearly, m* F n* are radial null vectors; Fj vanishes at the left-going (past) and
F; at the right-going (future) horizon (cf. Ref. [[f]). The meaning of the loga-
rithm in Eq. (BI) will be evident if we introduce the so-called Schwarzschild frame
(ng, mg) defined by the conditions: the frame (ng, mg) is orthonormal, future- and
right-oriented, and such that at least one of its vectors (as a differential operator)
annihilates the function R. The horizons divide the Kruskal manifold into four
quadrants QQ;—Q . We identify them as follows: (); is adjacent to the right infinity,
Q1 to the left one, Qrr to the future singularity and @y to the past one. The
Schwarzschild frame is well-defined only inside the four quadrants, and its compo-
nents with respect to the Schwarzschild coordinates T and R there are given by
the Table [l. Let us define the angle 5 as the hyperbolic rotation angle from the
Schwarzschild to the foliation frame:

n = ngcosh 3+ mgsinh 3,
m = mngsinh 3+ mgcosh (.
Then,
mF n = e (mg F ng),
and

(m* Fn")0,R = e (mls F nls)0,R.
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ng ms
Qr | (=0 | (0.y/IF])
Qu || (==:0) | (0.—/F])
Qur || (0. ~/IF]) | (f=.0)
Qv | O0.\/IF) | (~£=.0)

Table 1: Components of the Schwarzschild frame

Working with the Table I, we obtain from it that
Fy

2| _ 28
Rl
in all quadrants. The final result is, therefore, simply
Fy
In ’F RAR = [B|RdR, (33)
1

and the first step of Kuchai’ transformation changes the shell part of the Liouville
form as follows

([a]RdR)r—0 — ([ + B RAR),—o

The definition ([J) implies that « is the angle of the hyperbolic rotation from the
foliation frame to the shell frame (n,m). Here, the vector n is future-oriented,
orthogonal to S N ¥, and tangential to >, m is right-oriented and orthogonal to X
at SN Y. We have from Eq. ():

n = mncosha+ msinh a,

m = nsinh o+ mcosha.

Thus, o + (8 is the angle of the hyperbolic rotation from the Schwarzschild to the
shell frame. Let us define:

P=(a+pP)R

P is independent of the foliation and singular at the horizons.

The constraints C' and C, are written down in terms of the new variables in
Ref. [[6. More interesting for us is that these constraints can be replaced by an
equivalent pair C and Cj that is much simpler [If]:

Clel(T), CQZPR(T).

The shell constraint contains the expression

/

A

C = —Pysinh o + cosh «

15



Qr Qrr Qrrr Qrv
! !
sinh 3 T‘A/|F\ T\A/\F| R R
|F| |F|
R R T'\/|F| T'\/|F|
cosh 3 W W " ——

Table 2: sinh # and cosh # by means of the canonical variables

| Qr | Qi | Qe | Qv |
al+ [+ |- |- |
b [+ - |- |+ |

Table 3: The signs a and b

that reads in the new variables as follows (cf. Egs. (B7) and (R9)):

RFT" . b +RR/
ysinha+ =+

é:

cosh a.

This can be expressed by means of the angle a + 3 = P/R. The foliation frame has
the following components with respect to the Schwarzschild coordinates:

(R FT _(T" R
"mA\Fn A ) T\ )
and this holds in all quadrants. It follows that sinh 4 and cosh (3 is related to 7" and
R’ as given in Table P The following notation will enable us to write formulas valid

in all quadrants simultaneously: let
shyx :=coshx, sh_x:=sinhz,

and let @ and b be signs defined by Table . Then,
~ P
C =bRy/|F| sh,—.
VIF] sho
To summarize: the Hamiltonian action I of the system reads:
0
I = /dr {/ dr(PsE + Prl — NiCy — NyGy)

P
bR\ F ha—} M
+ 1/([ |F| s 7 +

) and E(—

R) —Blo)-E(-)f,  (39)

where E(co oo) are the ADM masses at each of the spacelike infinities.

16



4.2 Transformation to 7" and Py

The second step of Kuchai’ transformation concerns the variables F and Pr and the
boundary terms at the infinities. We shall use a slightly modified version of Kuchai’
procedure in this section.

Each given boundary term at the infinities assume some particular boundary
condition; in our case, the lapse function N(4o00) must be kept equal to 1. We need
more freedom, however. Such a freedom is achieved in Ref. [[4] by parametrizing the
system at the infinities. This can be done by introducing the coordinates T'(+00)
of the hypersurface S; at r = £oo. In Ref. [If], it is shown that

N(£00) = £T'(400)

and the term E(o0) + E(—o0) in the Hamiltonian (P4) or in the action (B4) is to be
replaced by E(00)T'(00)—E(—00)T(—00). Then, all variations can be performed, in-
cluding arbitrary variation of N at both infinities, and the result are valid equations

[LEG]E

The term E(00)T(00) — E(—00)T(—o0) in the action can of course be considered
as a part of the Liouville form; thus, the parametrized action contains the Liouville
term:

. 0 . . 00 . .
§ = / dr(PpE + PrR) + / dr(Ppl + PR)
—00 0

+ ([Y]RR)r— — E(00)T(00) + E(—00)T(~00). (35)

The next step is to introduce the new variable T'(r) that satisfies the relation
P = —T" (see Eq. (B9)) and to find the corresponding conjugate momentum. This
can be done by a transformation that concerns only the variables E, Pg, E(d+o0)
and T'(£o00). The relevant parts of the Liouville form are

0, = /0 " dr PoE — E(00)T(c0)

and o
0 :/ dr PpE + E(—00)T(—00).

Let us substitute —7"” for Pg in 9+ and transfer the primes and dots as follows
0 0
Similarly one obtains for 6_:
. 0 . ) 0 :
b=~ [ arBT+ (D) + (—/ dr ET’) .

17



Hence, Pr = —E’, and the constraints simplify even further:
Cl - —PT, CQ - PR- (36)
If we introduce the notation
rli%ri T(r) =Ty, rliro%c E(r) = Ey,
then the action (B4) in the new variables reads:

0
I = /dt{/ dr(PrT + Prk) +/ dr(PrT + PpR)
+ (PIR=E.Ty + E.T )
0
— / d’f’(NlCl —+ NQCQ) — /0 dr(NlCl + NQCQ)

o (5)) ) ) g

where C} and Cy are given by Eq. (BG) and a and b by Table .
The dynamical equations for the variables T', R, Pr and Py describing the grav-
itational field around the shell that result from the action (B7) are:

T=-N, R=N,, (38)

and
Pr=0, Pr=0. (39)

The first pair (Bg) does not impose any limitations on T and R because the Lagrange
multipliers N; and N, are arbitrary. The second pair (Bd) implies that F(r) is
constant along each slice, E(t,r) = E;(t) and E(t,r) = E_(t). This together with
Pr = 0 does not even imply that the spacetime outside the shell is Schwarzschild
one.

The non-trivial part of the dynamics is completely contained in the shell equa-
tions. The shell Hamiltonian depends on the variables v R, F., Py and on the
discrete variables a4 and by. It does not depend on 7! It follows immediately that
Ey = 0. This, together with the volume equations (Bg) and (BY) is equivalent to
Schwarzschild solution being the spacetime outside the shell.

We can, therefore, replace the action (B7) by an effective shell action of the form:

I, = / dt (PyR — E\T\ — P-R+ E_T_ —vC,), (40)

where

—b_i_R\/ F+ Sha+— —b R\/ Sh _+M R) (41)
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is the super-Hamiltonian of the shell and Fl are given by Eq. (BY). We interpret the
solutions Fy, T4 (t), Ps(t) and R(t) as embedding formulas in two Schwarzschild
spacetimes with energies Fy and coordinates (T, R).

The discrete variables a1 and by describe the different sectors of the extended
phase space. If the shell crosses a horizon in the spacetime to its left or right, some of
the signs will change. There are 16 sectors; some of these, however, will have empty
intersection with the constraint surface. Observe that a. is not an independent
variable, but a function of R and E.:

ay = signfl. (42)

The action () describes the motion inside the sectors and it becomes singular at
sector boundaries. The variables P. and T+ diverge and a4 and b4 are not defined
at the boundaries.

5 Properties of the shell action

In this section, we study the properties of the action ({{). We derive the equations
of motion, clarify the structure of constraints and reveal a geometrical meaning of
the super-Hamiltonian.

5.1 The equations of motion

Let us vary the action (f0). The variation of v gives the Hamiltonian constraint:
P P
b R\/|F,| sha+§+ = b Ry/|F-| she_— + M(R) =0, (43)

and the variations of Py result in

R P
; = b+\/|F+‘ Sh,a+§, (44)
R 3
— = b_/|F_|sh_q_ —, (45)
v
which implies another constraint:
P, P_
bJr\/‘FJr‘ Sh,a+§ —b_ |F,| Sh,a_? =0. (46)

The variation with respect to Ey yields:

R Py O|F.]

Ay -y g, P A
+ — Vot |Fi|SiRaEi
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For the calculation of the derivative of |FL|, we take Eq. (f2) into account:

8\Fi| . QCLi

OEy R’

Then, the following equation results:

— = sh, (47)
v |F.| *R
The variation of Ty leads to
By =0. (48)
Finally, varying R, we obtain
. . a0,
—P++P,—1/6R. (49)

Eqgs. (B3)-(#9) form the complete set of dynamical equations for the shell. Some
discussion of these equations is in order.

First, we show that Eq. (9) is a consequence of Eqs. (£3)-(E3), () and of
R # 0 (the last relation is generically satisfied along each trajectory). Indeed, the
time derivative of the super-Hamiltonian Cs must vanish as a consequence of Eq.

(E):
aC, . 9C, .. 9C, . OC, . IC, .
it gp et gpt Bt gp Pt gt =0

The second and third terms on the L. H. S. vanish because of Eq. (§). For the last
two terms, we obtain from Eqs. (E4) and (E3):

oC, R 0C,

8P+: v’ or. v

Hence,

oC, P. P\ .
(af?‘?)R—o’

and this shows the claim.
Second, manipulating Eqs. (4), ({H) and (£7]), we arrive at

. 2 -y 2
T:t 1 R QP:I: 2 P:I:
—|F| [ = — (=] =—sh? —= +5sh?, —.

| '() TR () o o T80 (50)

A useful identity is

shy(z +y) = coshz sh,y + sinh x sh_,y, (51)
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which can easily be derived from the definition,

shyz = H%, (52)

and which implies that sh?z — sh? .z = a, independently of z. Thus, the R. H. S. of
Eq. (B0) is —ax. Multiplying the equation by a1 and using Eq. (f2) yield

_ 5, (%) *F%(ZRYI‘L (5

This is the ‘time equation’ (see Ref. [[L1]) saying that

(5)-C)

is a unit timelike vector. It also implies that

. N
T R

Fio== = 7u\| Fy + <—> , (54)
1% 1%

where )
T

T4 1= sign <Fi—i> : (55)
v

Finally, we obtain from Eqs. (3) and ([7):

substituting into this equation from (F4) yields the ‘radial equation’:

— Ty F++ + 7| F + (56)

This is Israel’s equation for spherically symmetric shells written in a way that is
valid for all sectors in the case of future-oriented shell motion (see Ref. [L[T]). Thus,
the dynamical equations implied by the action (f{) are as they should be.

5.2 Structure of the constraints

Two constraint functions have been obtained directly from the action ([() by varying
it: the super-Hamiltonian C, and the L. H. S. of Eq. (f), which we denote by .
The Lagrange multiplier that gives C; is v, that for y is P, defined by

_ P .+ P

p="t_"- JQF .
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The Poisson bracket between C and x requires a longer calculation; we quote
just the result:

X, Cs} =

E+ — FE_ a+b+b_ [P] QSlgnB ’
ch e I O N - B - VR V)
2R? ( i \FLF_| Mava-"p \/BQ—A2< /R)

a_b,b_signB A [P]
_ RQB—\/T/P arctanhg M(R)\/|F.F_| Sh—a+a7§>

where

P P

A = bH/\FjL\shM[Q—R]—ab\/|F|sha_[2—R], (57)
P P

B = b“/\FJr\shaJr[Q—Bl—ab\/\F\sha_[Q—R], (58)

and [P] = Py — P_ is the momentum conjugate to R. We have used the constraints
in calculating the bracket, so the equality is only weak (‘~’). The Poisson bracket is
non-zero at the constraint surface, so our system cannot be purely first-class and the
value of some Lagrange multipliers will be determined by the equations of motion
(see, eg. [B0]). Clearly, it is P which is determined, for y depends on it and can,
therefore be used to calculate it:

P P
X = Acoshﬁ +Bsinhﬁ,

or

_ A
P=-R arctanhE. (59)

The Lagrange multiplier v is not restricted by the equations of motion. This
means that the system is mixed, containing both first- and second-class constraints.
To prove that, we extend the phase space by another conjugate pair, (P, ) and
constraint the momentum 7 to be zero,

T =0.

This constraint must be enforced by another Lagrange multiplier, 7, say, and the
corresponding additional term in the action is —ow. The new system is clearly
equivalent to the old one, but it has three constraints, C,, x and m. We obtain

easily:
oC,
{71-7 Cs} - ap - X7
and oy M(R) 1
_ox _ il
b =55 e TRt
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Thus, the pair (y,7) represents the second-class part of the constraint system, and

a modification C; of Cy defined by

S o W GR?
Cy,:=C,+ M(R)

has weakly vanishing Poisson brackets with both x and 7. The equations Cs = 0
and m = 0 are primary constraints and y = 0 is a secondary constraint.
Let us write down the action of the extended system:

= /dt (IPIR— ET. + BT + 7P — im — vC.), (60)

where we have to substitute P & [P]/2 for P.. The method of Dirac’s brackets
can be applied to I¢. An (equivalent) alternative is to get rid of P by solving the
constraint y = 0 for it and inserting the solution back into the action ([0).

5.3 Partial reduction

In this subsection, we reduce the system partially by substituting Eq. (F9) for P
into the action (fI0).
First, we make the dependence of C on P explicit:

R
where A and B are given by Eqgs. (b7) and (5§). Eq. (F9) can be written in the form

P P
Cs = RAsinhE + RBcosh — + M(R),

- P B A
sinn — = —s1gn p——
R ST B a2
P B
cosh E = SignB \/ﬁ .

Hence, we obtain for C
Cs =signB RV B? — A% + M(R).

Clearly, the constraint surface intersects only those sectors, where the following

conditions are satisfied:
signB = —1, |B| > |A|. (61)

The definitions (57) and (Eg) lead to

[P]

B? - A% = F o+ F — 2a,b+b,\/ |F+F,| Sha+a_§7
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Q[ QII QIII QIV
E || nsy/|F| | —ns\/|F] | ms\/|F| | —mgy/|F]|

Table 4: The vector £ and the Schwarzschild frame

where we have used the identity (BI]); we obtain the partially reduced super-Hamil-
tonian, which we denote by Cf}:

P
C"=R SignB\/F+ +F_ —2a_byb_\/|F,F_| sha+a_% + M(R); (62)

the corresponding action, which is independent of P and implies only one constraint,

reads:
I = /dt {[PIR— B,T, + BT —vC7}. (63)
The super-Hamiltonian (pJ) in the four sectors where a; = a_ = 1 seems to be

the same as the zero cosmological constant case of the super-Hamiltonian derived
in Ref. [f].

The expression under the square root in Eq. (fJ) reminds of the Cosine Theo-
rem, and, indeed, it has a simple geometrical interpretation. Consider the vector &£
generating the Schwarzschild time shift. There is a simple expression for ¢ in terms
of the Schwarzschild frame, because one leg of this frame is always parallel to &; for
each quadrant, £ is given by Table [l Let us find the components of £ with respect
to the shell frame using the transformation between the shell and the Schwarzschild

frame:
P
ng = ncosh o m sinh 7
mg = —nsinh = + m cosh h

The result can be summarized by the formula

. P P
€ = nby/|F| shy — mby/| F| shoa s (64)

which is valid in all quadrants; we have left out the indices +. Comparing Eq. (54)
with the original form of the constraints Cs and x, we can see immediately that

Cs = R(El) — &) + M(R)

and
1 1
X = §(+) - f(_)a
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where the shell frame components £° and £* of the vector £ are given by Eq. (64). The
geometrical meaning of the constraint xy = 0 is, therefore, that the space component
of the ‘vector difference’ £, — £_ vanishes, and of C'; = 0 that the time component

of this ‘vector difference’ equals —M (R)/R.
In the case that y = 0, we have

|6+ — &1 = I€t — €0,

where |£, — &_| is the ‘length’ of the ‘vector’ &, — £_, defined by

6 == /1 - (&) — &2 + (&) - L)
It follows that
Cy = Rsign(&ly) — &)1 — & |+ M(R).
Let us calculate the value of (£, — &_)? using Eq. (B4)). The result is:

P
€y~ € (€ €)= —Fa— F_ 20 b IFF she O

This coincides, up to the sign, with the expression under the square root in Eq. (f9).
It is also clear that the constraint y = 0 must imply, first, that

signB = sign(f?ﬂ - f?f))

and, second, that B? — A? > 0, if the vector difference &, — £_ is timelike. This
finishes the clarification of a geometrical meaning of the constraints.

6 Matching the sectors

The actions (E0), (B0) and (63) are singular at each horizon R = 2FE., because
the coordinate T} and the momentum P, diverge. Thus, the actions can be used
only inside the 16 sectors; they do not say, at least directly, what happens at the
boundary.

The form of the singularity in Py can be inferred from Eq. (f4): both the vector &
and the shell frame (72, 7m) are smooth objects, so the components are to be smooth,
too. It follows that

P:I: 1 Pj: 1

Sho, T~ e shg, i~ e
R vary R | Fy |

(65)

at the horizons.
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This section will be based on a transformation of the extended action (B0) that
may be interesting for other purposes, too. First, we introduce the variables R, by
Ry +R_

R = o (66)

T = —R,+R_. (67)

The meaning of the variables R, and R_ is simply that they give the values of the
function R at the shell from the right and from the left, respectively. Thus, the
constraint 7 = 0 is nothing but the only remaining continuity condition from ([l).
Let us substitute Egs. (6d) and (B7) into the Liouville part of the action I¢:

[PIR— [R]P — E,T, + E_T_ =
[P|R+ PR — E,T, + E_T_ — (P[R]) =
PR, —E., T, —P.R_+E_T —(P[R)),

where we have used the well-known formula [XY] = X[Y]+ Y[X], valid for any two
functions X and Y.

The terms
_ 2F, Py
bRy |1 = = | shos
that result in the super-Hamiltonian after the substitution (6g) can be replaced by
= Py
biRi |Fi| ShaiR—7
-
where R
Fy=1-2"2,
+ R

Indeed, Ry = R¥7/2, so the replacement amounts to using the constraint 7 = 0 in
the super-Hamiltonian; such a procedure does not change the equations of motion
because it preserves the constraint surface (cf. Refs. [20] and [2]]). Finally, we arrive
at the action

zg:/ﬁ(&R+—EJ;—RR,+EJi+ﬂm—qu, (68)
where P P
f— / + / - z
Cs —b+R+ ‘F+‘ Sha+R—+ —b_R_ |F,| Sha_i—i‘M(R). (69)

The Liouville part in the action (6§) is split up into two pieces, each being of the
form PR — ET, where T and R are coordinates in a spacetime—the Schwarzschild
spacetime left or right to the shell—and P and —F are the conjugate momenta.
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This enables us to generate transformations of the coordinates on the phase space
from transformations of coordinates (7, R) on the Schwarzschild spacetime.

We observe first that the transformation from the Schwarzschild coordinates
(T, R) to the Eddington-Finkelstein coordinates (U, R) or (V, R) can be completed
to a canonical transformation. This is not so trivial as it may seem: the problem
is that the transformation of the coordinates contains the momentum —FE. The de-
pendence on E is harmless for the Eddington-Finkelstein transformation; it is more
serious for the transformation to the Kruskal coordinates.

6.1 Eddington-Finkelstein coordinates

Let us study the Eddington-Finkelstein transformations. As these transformations
do not change the coordinate R, it is not necessary to distinguish R, from R_ if
we are performing it. Thus, we can substitute # = 0 everywhere into the action
(FJ): R, = R_ = R and R = R. In this way, we return to the action ([{). In the
following formulas, we shall also suppress the annoyig indices +.

The first Eddington-Finkelstein transformation, in each quadrant and on each
side of the shell, is given by

Ry = R,

U = T—R—2E1n£—1'

2K ’

a suitable ansatz for the new momenta Py and Py is

PUR = P+R1I1 |F|, (70)
Py, = Ppr—=—E.

A similar ansatz for the second transformation is:

RV = R7
V. = T+R+2FEIn

)

PVR = P—RIH\/|F‘, (71)
P, = Pr=-FE.

R
2K

To show that the transformations are canonical, we calculate dU and dV/,

R R R
dU = dT—R_QEdR—Q(lnﬁ—1’—R_2E)dE,
AV = dT + dR+2<1n£—1}— R )dE

N R —2F 2F R —2F ’
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and substitute this into the Liouville form. We obtain
PyrdR + PydU — PdR — PrdT = dG,

where

RE R?

G = E?In ——1‘+—+—ln 7.

Similarly,
PyrdR + PydV — PdR — PpdT = —dG.

The transformation of the super-Hamiltonian Cy depends on the transformation

P
bR\/|F| shy,—
VIF sh

We obtain in each of the four quadrants that

P
bR\/|F sh <eR + Fe™ R)

for the transformation to the U—Charts (We have left out the indices U and V at

of the term

R). From the definition of b in Table [, we can see that b is continuous inside each
U-chart Uy and U;;. Let us define the sign by by by := b so that

by=+1 in U=Q/UQ\H",
and
by=—-1 in Uy :=QuUQu\H".
At the future horizons H*, where T' = +oo, U — +oo and Py — —o0 in such a

way that F exp(—FPy/R) is smooth.
The transformation to the V-charts V; and V;; is analogous:

b
bR\/|F sh aR( P+Feﬁ).
We define by := ab so that we have
by =41 in Vi:=Q;UQ\H",

and

by =—1 in Vi =QnUQn\H" .
Again, the super-Hamiltonian has continuous extension to each V-chart. At the
past horizon H~, where T' = —oc0, V — —oo and Py — 400 in such a way that
Fexp(Py/R) is smooth.

The result of this section can be interpreted as a new, connected, phase space
that is covered by 16 charts which overlap and that contains all of the 16 disjoint
sectors of the old phase space; the super-Hamiltonian has a continuous extension
to the new phase space. The origins of the Kruskal manifolds remain excluded,
however.
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6.2 Kruskal coordinates

The Kruskal coordinates v and v are regular everywhere inside the Kruskal manifold
(but they are ‘singular’ at the infinity). Thus, they are suitable to cover the missing
points where the horizons intersect.

In each quadrant, the transformation between the Schwarzschild coordinates
(T, R) and the Kruskal coordinates (u,v) is given by (see, eg. Ref. [[7)):

R

= - K(=

5F (—uv), (72)
T v

55— Ml (73)

where the function K : (—1,00) — (0, 00) is a smooth bijection defined by its inverse
K@) = (= 1)e, (74)
and where the signs of the Kruskal coordinates are defined to be

u<0 in QrUQn, u>0 in QrU~Qqr,
v<0 in QrUQrv, v>0 in QrUQrr.

To begin with, we derive some useful relations. Eq. ([J) implies:

K-1
F="—
K (75)

(we leave out the argument of K; it will always be —uv). Egs. ([2) and (74) imply:

—uv:K_1<R):<£—1>e%:F£e%,

2E 2F 2F
or
uw
F=— ) 76
KeK (76)
Combining Egs. ([[J) and ([g), we obtain that
K—1=—e%un. (77)

The next step is to find a smooth ‘momentum’ to replace Py. We know from the
previous subsection that Pyg is smooth at the past horizon H~, where v = 0, and
Pyr at the future horizon H', where u = 0. Egs. (f0) and ([@) give

R
Pyr=P+ B} In |v| 4+ smooth at H ™,

and, analogously

R
Pyr=P— Eln |u| + smooth at H™.
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Accordindly, the function P defined by

R

ﬁ:P+§m“

u

might be smooth everywhere. This suggests that we try the folowing transformation
of momenta

()

P = P—EKh|-|, (78)

u

E = E, (79)

and check whether or not the symplectic form expressed by means of the variables
u, v, Pand E is regular everywhere (from now on, we shall leave out the tilde over
E). Recall that all equations are written without the indices +; in fact, Eq. ([(§)
reads, if written properly, as follows:

U+
Uy

P:t = p:t — EiKi In

9

where Ky = K(—u+vy), etc.
Let us transform the action to the variables (u, vy, Py, E+). Eqs. ([3) and (73)
yield:
dR = 2KdFE —2EK'(vdu + udv),
du dv)

ir = ﬂﬂEME+2E<__+__
u u v

This together with Eq. ([§) implies:

PdR — EdT = PdR — 2E(K* 4+ 1)In

EWE
u

()

2 2
+ E? <2KK'vln E‘+—) du + E? <2KK'uln ——>dv.
ul w

v

u

The first term on the R. H. S. is smooth and the rest is singular. To get rid of it,

ED_

e

—2E(K2+1HnF%dE%E2<2KK%ﬂn
u

K?+1
— + )dv.

we observe that

d(—E%K2+1ﬂn

v

u

u

K?+1
+ i )du

()

u

+£?<2Kkmun
v
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This identity implies:

PdR — EdT = —2EKdP + E*(K? — 1) <_d_“ n @)

u (%

+d (—E2(K2 + D

3’ + 2EKJ5) .

u

The second term on the R. H. S. is regular; indeed, Eq. ([1) gives
du dv

E*(K*-1) ( e ) F*(K + 1)e ® (vdu — udv).

Hence, finally, the Liouville form becomes
[PdR — EdT) = |-2EKdP + E*(K + 1)e™* (vdu — udv)|
+d [—EQ(K2 + D

’ + 2EKP} (80)

The singular part is contained entirely within the last term, which can be discarded
without changing the symplectic structure. We postpone the study of the resulting
symplectic structure to the next section.

The last non-trivial step in the transformation of the action is to transform the

P
bR\/|F| shya—
IF] sh

in the super-Hamiltonian (p9) (the indices + are again left out). Using Eqgs. ([3),
(@) and (@), we obtain

P
. — pEVEKe K/
bR\/|F sh =bEV Ke \/|uv| shy <2EK In

Egs. (b)) and (p2) lead then to

p P
_ oK/ _
bR\/|F| sha =FEVK <b|u| exp (2 ) + ablv| exp ( 5 )) :

The signs of the Kruskal coordinates as defined at the beginning of this subsection

term

v

_>'

u

combine with Table fJ giving that b|u| = —u and ablv| = v in each quadrant. Thus,
we arrive at the expression:

P _K/2 p p
bR\/|F| shaE—E\/?e (—uexp <2EK>+veXp< 2EK>>' (81)

Collecting the results (B() and (BI]), we obtain the final form of the action:
= /dt ([ —9EKP + BX(K +1)e K (vi — ud)] + 20[EK] — ycf) . (82)
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where

K _ —K/2 P ﬁ
c = [E\/Ee / (—uexp (ﬁ) + vexp (—ﬁ>>]
+ M(E,K,+FE K_). (83)

Let us recall that [X] = X, — X_ and that Ky = K(—u+v+) etc. The action (B2) as
well as all variables on which it depends, are smooth everywhere in the new phase
space. This phase space is covered by the coordinates w4, v, P, and E. with
ranges Uy € (—00,00), V4 € (—00,00), Py € (—00,00) and Ey € (0,00); it is the
maximal extension of the old phase space. The super-Hamiltonian (f9) as well as
the function [R] = 2[E'K]| have continuous extensions to the new phase space.

6.3 The symplectic form and Poisson brackets

In this subsection, we investigate the properties of the symplectic structure defined
by the Liouville form (B0).
Taking the external derivative of the form (BJ), we obtain

O(0X,X) = |-2K(EP — 6P E) — AB% K (Sub — dva)
+ 2B(K 4 1)e X (WéEw — vdu E — udE 0 + udv E)
— 2EK'(véPi— vou P+ udP o — udv 15) : (84)

In the calculation, we have used Eq. ([[7) and the identity
1

= Ko
which follows from the definition ([(4) of K.
The form €2 must be non-degenerate in order to define a symplectic structure.

!/

(85)

The calculation of the determinant of the corresponding matrix €2,, can be simplified
by writing it in the 2 x 2 block form

Qm:<_éT g) (86)

Multiplying the second double row by the matrix —CB™' and adding the result to
the first double row, one can see immediately that

det Q,,, = det(A + CB™'C") det B.

After some easy calculation, this leads to

8E2\? (8E?\”
detQm:< ) ( ) = (8E*K')%(8E°K')’.

KeK KeK N
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The determinant is non-zero at all points of all Kruskal spacetimes.
The block form (Bf) helps also to fasten the calculation of the matrix !, which
defines the Poisson bracketsfl. We look for 2! in the form

u W
Ol =

and observe that the matrices A, B, U and V all must be proportional to the matrix

0 —1
€= .
10
The equation €2,,Q! = 1 now decomposes into four equations:
AU-CW' =1, AW -CV =0, (87)
~-C'U-BW'=0, -C'"W4+BV=1. (88)
From the second Eq. of (87) and the well-known identities for e,
=-1, eM'e=—(detM)M™, (89)

valid for all 2 x 2 matrices M, we find that W is proportional to C'"~!. The rest of
Egs. (B7) and (BY) contains only two independent linear equations, which determine
U and V. A straightforward calculation using Eqs. (B3) and (BY) then leads to the
result

0 K _ v
2 4F 4F
0 EEthu K@Kl
Ol = 4E IﬁfK (90)
0 IET
0

(the order of the coordinates is F, P, u, v).
With the help of Eq. (B0), we can study Poisson brackets. We observe first that

KeK
{U,U} - 4E2 ;é 07 (91)
and, second, that
{u7 E}u:v:O = 07 {U7 E}u=v=0 = 0. (92>

This has interesting consequences. First, there is no Darboux chart such that u
and v would be two of the corresponding coordinates. Second, a stronger version of
inequality (PI]) can be proved. Consider an arbitrary pair (x,y) of coordinates in a

2T shorten the subsequent exposition, because most people today may prefer a Maple or Math-
ematica routine.
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neighbourhood of the horizon crossing v = v = 0. If x and y are to be independent,

they must satisfy

Oxrdy Ox 0y

—— - —— #0. 93

OJudv  Ovou (93)
If they are to be coordinates on the spacetime where the shell moves, they must be
independent on P:

r=z(u,v,E), y=yu,v E).

Let us calculate the Poisson bracket of the two coordinates at the horizon crossing.
If we take Eqs. (BF) into account, we obtain:

KeK <8x8y Ox 8y>|
u=v=0

{l’, y}|u:U:0 -

4B \Qudv  dvdu

Egs. (PI) and (P3) then imply that this expression is non-zero. We have shown the
following theorem:

Theorem 1 Any two independent spacetime coordinates of the shell that are reqular
at an intersection of two horizons have a non-zero Poisson bracket with each other
in a neighbourhood of the intersection.

Can this be interpreted as saying that a spacetime manifold is necessarily fuzzy
near a horizon in the quantum theory? There are at least two caveats. First, any
generic point of any horizon (that is, a point that does not lie at an intersection of two
horizons) has a neighbourhood, where there are commuting coordinates. An example
is given in the Sec. p.1. Second, the way from the classical to a quantum theory
is longer that it may seem: we had also to define observables, and the observables
must satisfy some requirements. For example, their classical counterparts are to
have vanishing Poisson brackets with the constraints (for a discussion of this point,
see Ref. [BI]). The functions u and v as they stand fail to be so. We can safely
conclude that some more work is necessary to understand the implications of the
theorem.
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