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ENERGY IDENTITY FOR APPROXIMATIONS
OF HARMONIC MAPS FROM SURFACES

TOBIAS LAMM

ABSTRACT. We prove the energy identity for min-max sequences of the Sacks-
Uhlenbeck and the biharmonic approximation of harmonic maps from surfaces
into general target manifolds. The proof relies on Hopf-differential type es-
timates for the two approximations and on estimates for the concentration
radius of bubbles.

1. INTRODUCTION

Let (M?,g) be a smooth and compact Riemannian surface and let (N", h) be
a smooth and compact Riemannian manifold, both without boundary. We assume
that N™ < R™ isometrically. For u € W»2(M, N) we define the Dirichlet energy

(L.1) B(u) = / Vul2dv,.

M
Critical points of E are called harmonic maps and they solve the elliptic system
(1.2) Au + A(u)(Vu, Vu) =0,

where A is the second fundamental form of the embedding N < R™. The geometric
interest in harmonic maps from surfaces comes from the fact that if the harmonic
map is additionally conformal (i.e., angle-preserving), then the image of the map is
a minimal immersion of M in N. For example it is well known that every harmonic
map u : S? = N is minimal. It is therefore of interest to find critical points of the
Dirichlet energy. Since E does not satisfy the Palais-Smale condition the classical
variational methods do not apply to E. In order to overcome this difficulty, Sacks &
Uhlenbeck [20] introduced a regularization of the Dirichlet energy. More precisely,
they considered for every a > 1 and u € W12%(M, N) the functional

(1.3) Ea(u) = /M (1+ [Vul)*dv,.

Since this functional satisfies the Palais-Smale condition they were able to show the
existence of a smooth critical point of E, for every a > 1 by classical variational
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4078 TOBIAS LAMM

methods. These critical points u, solve the elliptic system
(1.4)

édEa(u) =div((1 + |Vua|?)* I Vue) + (1 + |Vua|?)* t A(ua) (Vita, V) = 0.

Sacks & Uhlenbeck then studied sequences of critical points u, (o — 1) of E,
with uniformly bounded energy E,(u,) < c. They showed that for a subsequence
ar — 1 the maps u,, converge weakly in W12(M, N) and strongly away from at
most finitely many singular points to a smooth harmonic map u; € C*°(M, N).
Moreover they were able to perform a blowup around these finitely many singular
points and they showed that the blowups are nontrivial minimal two-spheres. As
an application of this analysis Sacks & Uhlenbeck proved the existence of a minimal
two-sphere in every homotopy class if mo(N) = 0.

What was left over in their analysis of sequences of critical points of E, was the
question if there is some energy loss occurring during the blow-up process.

In (7] the author considered a different regularization of the Dirichlet energy;
namely, for every € > 0 and every u € W22%(M, N) we studied the functional

(1.5) E.(u) = / Vul2du, + & / |Auf’dv, .
M M

The Euler-Lagrange equation of E. is given by

(1.6) Au — eA%u = —A(u)(Vu, Vu) + flu,

where flu] L T, N and

(1.7) [flull < e(luDe(IVulVPul + V20l + |Vul*).

For every € > 0 the functional E. satisfies the Palais-Smale condition, and therefore
critical points exist and they are smooth. Hence, as in the case of the Sacks-
Uhlenbeck approximation, we studied sequences u, € C*°(M, N) (¢ — 0) of critical
points of E, with uniformly bounded energy E.(u.) < c. We were able to show that
for a subsequence £ — 0 the maps u,, converge weakly in W12(M, N) and strongly
away from at most finitely many singular points to a smooth harmonic map ug :
M — N. Moreover, by performing a blowup around the singular points, we showed
that at most finitely many minimal two-spheres were separating. Additionally
we were able to show that there is no energy lost during the blow-up process if
N = S™ < R™*1. The case of a general target manifold was left open.

In the main result of this paper we show that for both approximations and
general target manifolds there is no energy loss occurring if we assume an additional
entropy-type condition. More precisely we have the following.

Theorem 1.1. Let (M?,g) be a smooth, compact Riemannian surface without
boundary and let N be a smooth and compact Riemannian manifold without bound-
ary, which we assume to be isometrically embedded into R™. Let uo, € C°(M, N)
(o — 1) be a sequence of critical points of E, with uniformly bounded energy.
Moreover we assume that u, satisfies

(1.8) lim inf(c — 1) / log(1 + [Vta[2)(1 + [Vua|2)*dv, = 0.
@ M

Then there erists a sequence o — 1 and at most finitely many points z*,... z! €
M such that us, — ui weakly in WH2(M, N) and in C2(M\{z?,...,z'}, N),
where u; : M — N is a smooth harmonic map.
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ENERGY IDENTITY FOR APPROXIMATIONS OF HARMONIC MAPS 4079

By performing a blowup at each z*, 1 < i < I, one gets that there erist at
most finitely many nontm’m’al smooth harmonic maps w*? : S* ——) N,1< j < i,

sequences of points zy? € M, zy? — «*, and sequences of radii vy’ € Ry, rp? — 0,
such that
(1.9

rod pbI dist(gh?, b

ma.x{ :c]/a ky],_i—k_k—_)}_)w V1<"'<l 1<.73.7 <]1) ]#J’

Ty T + 7y

(1.10) limsup( Pyl =1 V 1<i<l, 1<j<j and
k—o0
L Js B

(1.11) Jim Eq, (va,) = E(u1) + vol(M) + > Ew).

=1 j=1

Remark 1.2. The theorem remains true if we replace everywhere E, by E., u, by
Ue, U1 by up, the assumption (1.8) by

o 1 2,
(1.12) hgl)l(r)xfelog(g) /M |Aug|*dvg = 0,
the estimate (1.10) by

1.13 lim su
(113) koo, ()2

=0 V 1<i<l, 1<j<y,

and (1.11) by

LJs
(1.14) Jim Ee, (ue,) = E(uo) + Z Z E(w™).
i=1 j=1
Remark 1.3. By the results of Duzaar & Kuwert [4] (Theorem 2), the above theorem
implies that we also have a decomposition in terms of homotopy classes.

Of course now one has to ask if there exist sequences of critical points of E,,
resp. E., satisfying (1.8), resp. (1.12). The answer to this question is yes and more
precisely we have the following.

Lemma 1.4. Let a > 1 and let F C P(Wh2%(M, N)) be a collection of sets.
Let ® : [0,00[xW12¢(M,N) — Wh2%(M,N) be any continuous semi-flow such
that ®(0,-) = id, ®(t,-) is a homeomorphism of W12*(M, N) for any t > 0 and
E,(®(t,u)) is nonincreasing in t for any u € WH2*(M,N). We assume that
®(t,F) C F for allt € [0,00) and all F € F. We define

(1.15) Ba = jof sup Eo(u)

and we assume that B, < 0o. Then for almost every a there exists a critical point
Uy € C°(M,N) of E, with Eq(uq) = Ba and such that

) / log(1 + [Vua ) (1 + |Vua[2)*dv, = 0.
M

o 1
(1.16) llgl_illlf(a -1) log(a —
With the obvious modifications the same conclusion remains true for the energy E,.

Remark 1.5. For examples of subsets F C P(W2%(M, N)) satisfying the hypothe-
ses of the above lemma we refer the reader to [15] (p. 190) or [24] (p. 88).
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4080 TOBIAS LAMM

As a corollary of the above theorem and lemma, we obtain a new proof of a result
of Jost [6] on the energy identity for min-max sequences for the Dirichlet energy.

Corollary 1.6. Let (M?,g) be a smooth, compact Riemannian surface without
boundary and let N — R™ be a smooth and compact Riemannian manifold without
boundary. Moreover let A be a compact parameter manifold; for simplicity we
assume OA = 0, and let hg : M x A — N be continuous. Let H be the class of all
maps homotopic to hy and

(1.17) B = ':relgfgg E(h(-,t)).

Then there ezists a sequence uq, € C®°(M, N) of critical points of Eq,, a harmonic
map u; : M — N and at most finitely many points z*,...,z' € M such that
(1.18) Eoy, (o) = Bay, = Anf sup Eoy (h(- 1),

(1.19) Bay, = B+ vol(M),

(1.20) Uq, — Uy weakly in WH*(M,N) and

(1.21) Ua, — up 0 CX(M\{z},...,2'},N).

Moreover there exist at most finitely many nontrivial smooth harmonic maps wh
8§ - N, 1<i <1, 1< j < ji, sequences of points 2’ € M, zp? — a*, and
sequences of radii ) € Ry, ) — 0, such that

(1.22)
max{ri,’c”;”ré"’j ’(‘i‘is—i,(,ﬁci%g—)}—’oo, V1<i<l, 1<45,7 <35, §#75,
T Tk Te F Ty
(1.23) limsup(rfc’j)l"“" =1 V 1<i<l, 1<j5<7j and
k—o0 L
(1.24) Jim Eo, (ua,) = E(ur) +vol(M) + 3> " E(w™).

=1 j=1

Remark 1.7. With the obvious modifications the corollary remains true for the
biharmonic approximation E..

Proof. The proof of this result is quite standard, but we include it here for the sake
of completeness. It is obvious that for all & > 1 we have

B+ vol(M) < fa.
Let & > 0 and choose h € HNC®(M x A, N) such that
sup E(h(-,t)) < B +4.
teA
Then for (o — 1) small enough we have
sup Eo(Rh(-,t)) < B+ vol(M) + 6 + c(h)(a = 1)
< B+ vol(M) + 26.
This implies
limy—1 Bo = B + vol(M).
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ENERGY IDENTITY FOR APPROXIMATIONS OF HARMONIC MAPS 4081

The result now follows from the minimax principle (see [24]), Theorem 1.1 and
Lemma 1.4. d

In the existing literature there are already some partial results available for the
energy identity for the Sacks-Uhlenbeck approximation and there are many more
results available for related problems. In the following we want to mention some of
these results.

For the Sacks-Uhlenbeck approximation, Duzaar & Kuwert [4] and Chen & Tian
[1] proved the energy identity for sequences of minimizers of the energy F, in a
given homotopy class. Recently Moore [14] proved the energy identity (he actually
proved (1.11) with the Dirichlet energy F instead of the full a-energy E, on the
left hand side) for min-max sequences of the Sacks-Uhlenbeck approximation under
the additional assumption that the target manifold has finite fundamental group.
The additional assumptions made by Chen & Tian and Moore were used to ensure
that the sequence of minimizers, respectively the min-max sequence, converges to a
geodesic of finite length on the necks connecting the bubbles and the weak limit (or
body map) which then implies the energy identity. In our proof we use completely
different arguments, but we want to mention that it is not directly clear from
our analysis that the sequence of critical points satisfying the entropy condition
converges to a geodesic of finite length on the necks.

In a recent independent work, Li & Wang [8] proved Theorem 1.1 in the special
case of sequences of minimizers (in their own homotopy class) of E,,.

For sequences of harmonic maps and min-max sequences for the Dirichlet energy,
the energy identity was proved by Jost [6] (see also [16] for an alternative proof of
the energy identity for sequences of harmonic maps).

Recently Colding & Minicozzi [2] proved the energy identity for sequences of
maps with bounded Dirichlet energy which are “almost” conformal and which sat-
isfy a certain replacement property.

The energy identity for the harmonic map heat flow and Palais-Smale sequences
for the Dirichlet energy with tension field bounded in L? was established by Qing
[17] (in the case N = S™) and independently by Ding & Tian [3] and Wang [27] in
the general case. Alternative proofs have been given by Qing & Tian [18] and Lin
& Wang [10]. See also the paper of Topping [25] for more refined results in this
case.

Lin & Wang [11], [12] used a Ginzburg-Landau approximation to regularize the
Dirichlet energy and proved the energy identity in this situation. The disadvantage
of the Ginzburg-Landau approximation is that the approximating maps do not have
to map into the target manifold; only in the limit are they forced to do this.

For maps from higher-dimensional domains the energy identity for sequences of
harmonic maps has been proved by Lin & Riviére [9] for N = S™. For other related
problems such as sequences of Yang-Mills fields on a four-dimensional manifold,
respectively biharmonic maps from a four-dimensional ‘manifold into the sphere,
the energy identity has been proved by Riviére [19], respectively Wang [28].

In the following we give a brief outline of the paper.

In section 2 we prove Theorem 1.1 for the Sacks-Uhlenbeck approximation of
harmonic maps. We start by recalling the small-energy regularity estimates and
the blow-up procedure of Sacks & Uhlenbeck [20] in section 2.1. In Proposition 2.3
we prove the very important estimate for the concentration radius of the bubbles.
The advantages of having a good estimate for the concentration radius can also
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4082 TOBIAS LAMM

be seen in the paper of Topping [25]. In the next two sections we prove a Hopf-
differential type estimate and an estimate for the tangential component of solutions
of (1.4) on annular regions. These estimates are proved in the same way as the
corresponding estimates for harmonic maps; see for example [20] and [3]. In section
2.4 we use the bubbling induction argument of Ding & Tian (3] to reduce the proof
of the energy identity to the case of one bubble. In this situation we then combine
the previous estimates with the estimate for the concentration radius to complete
the proof of the energy identity.

In section 3 we treat the case of the biharmonic approximation. For this ap-
proximation the estimate for the concentration radius (see (3.7)) has already been
proved in [7]. In section 3.1 we review the small-energy estimates and the blow-up
process from [7]. In section 3.2 we use the stress-energy tensor of E, to get a Hopf-
differential type estimate for the biharmonic approximation. The rest of the proof
of the energy identity then follows as in the case of the Sacks-Uhlenbeck approxi-
mation, and in sections 3.3 and 3.4 we briefly describe the necessary modifications.

In section 4 we use variational methods to prove Lemma 1.4. We closely follow
the work of Struwe [23].

We use the notation o0x(1), og, (1) and og(1) to denote terms which tend to zero
as k = 00, Ry — 0 and R — oo, respectively.

2. ENERGY IDENTITY FOR THE SACKS-UHLENBECK APPROXIMATION
OF HARMONIC MAPS

In this section we prove Theorem 1.1 for the Sacks-Uhlenbeck approximation of
harmonic maps.

2.1. Results of Sacks and Uhlenbeck and estimates for the concentration
radius. We consider sequences of critical points u, € C*°(M, N) of the functional
E, with uniformly bounded energy E,(u,) < c and which satisfy the condition
(1.8). Due to the uniform boundedness of the energy it is easy to see that there
exists a subsequence ax — 1 such that

(2.1) (0= 1) [ 1081+ [Vt )1 + Dty ) dy 0

and u,, — u; weakly in W12, In section 3 of [20], Sacks & Uhlenbeck proved the
following small energy regularity result for solutions of (1.4).

Theorem 2.1. There ezists €9 > 0 such that if uy (o close to one) is a critical
point of E, with |, Ban |Vua|? < €9 (where R > 0), then we have for every m € N,

(2.2) 0SCBg U + ||V Uq|| Lo (Br) R™ < c(/B |Vua|2)%.
2R

With the help of this theorem, Sacks & Uhlenbeck were able to show that the
sequence uq, converges strongly to a smooth harmonic map uw; : M — N away
from finitely many points. These finitely many singular points z¢ € M, 1 < i < I,
are characterized by the condition that

(2.3) lim sup E(uq,, Br(z')) 2 €,
k—o0
for every R > 0 and every 1 < ¢ < [. Around these finitely many singular points

they were able to perform a blowup and show that a nontrivial harmonic two-
sphere separates. The blowup can be done as follows: Fix Ry > 0 such that
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ENERGY IDENTITY FOR APPROXIMATIONS OF HARMONIC MAPS 4083

Br,(z°) N Bry(27) = 0 for every i,j € {1,...,1}, i # j. Because of (2.3) there
exists a sequence of points zj, — z* and radii rk — 0 such that

(24) EIB}::;)(( i BE(uq,, Br,c ®)) = E(ua, Br}c (x;c)) =5
Defining
vt :Br, = N,

T
Tk

(2.5) Vi (Z) = Ua, (Th + TiT),
we see that v solves (1.4) with 1 replaced by (ri)? and moreover
€
(26) max E(v}, B1(y)) = E(v}, B1(0)) = 5
yeB 2
21~k

Therefore we can apply Theorem 2.1 to vi and get that vi converges in C! to a
smooth harmonic map w® from R? into N. By the point removabilty result of Sacks
& Uhlenbeck we can then extend w® to a smooth harmonic map from §2 to N.

As a consequence of this blow-up procedure we get the following estimate for the
concentration radius.

Lemma 2.2. Using the above notation we have that
(2.7 1 < limsup(rk)}~** < oo,
k—o0

for every 1 <i <.
Proof. Because of (2.4) and Holder’s inequality we know that

£ .
5 = E(tay, By (a})

1)

1 . 2eg—
< (/M(l + Vg, [)*) 3 (rk) =

3 2(ak—1)
<c(ri)” ok
From this the claim follows. (]

In the next proposition we use (2.1) to improve the above estimate for the con-
centration radius (see also [23] where this was observed for a similar approximation
of a different problem).

Proposition 2.3. We have that
(2.8) lim ()1 = 1,
for every 1 <i <.

Proof. We let €q be as above and we assume without loss of generality that [ = 1.
Furthermore we let 7i = ri, 21 = 7% and u,, = uk. For every k € N we define the
set

(2.9) O = (o € Br, (00) [Vue(o)] > Y22}

and we claim that there exists a constant ¢ > 0 such that for every k € N we have
(2.10) || > erf.
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4084 TOBIAS LAMM

If this is not the case we can find a subsequence k,, such that

2
(2.11) |, | < —’m.

From (2.4) and Theorem 2.1 we get

C\/€0
(212) 9t 8y o < 22
From the definition of ), we see that for every « € B, (xk,,)\Q%,, we have the
estimate
_VEo
. <
(213) Vi () € 522

Using (2.11), (2.12) and (2.13) we get from (2.4),

&
2o Pl vups [V,
2 By (k) Qe Bry, (@km )\ Qb

m

cgo0|S,,, | 2 €0
= r2 + Mk 4grr?
P e
c €
<l
m 4
€
L,
4

as m — oco. This contradiction proves the estimate (2.10).
Now we use (2.1), Lemma 2.2, the definition of Q) and (2.10) to estimate

0= lim (o — 1)/ log(1 + |Vug|?)(1 + |Vug|?)**
k—00 M
> lim (o 1) / Log(|Vuel?) Vg 2%
—00
> . _ 2(1—ag) €0
> ckll)m (o — )ry IOg(__47rr,2c)

=c lim (1 - ak)rz(lgo‘k)(2 log 7+, — log &g + log 4)

2—2ay

Il

2—2a
c khm ri ““*logry
—

2— 20(k

v

c hm log

0,

IV

and hence the desired convergence result for the concentration radius follows. [0

2.2. A Hopf-differential type estimate. In the case of sequences of harmonic
maps or Palais-Smale sequences for the Dirichlet energy with tension field bounded
in L? an important ingredient in the proof of the energy identity was an estimate
for the Hopf differential (see e.g. [3], [20]). In the next lemma we show that a
related result is true for solutions of (1.4).
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Lemma 2.4. Let B C R? be the unit ball and let u, € C*(B, N) be a solution of
(1.4). Then we have for every 0 < r < 1 and every a close to one,

[0 mualr P < [+ Loy wagpe
0B, 8B, r
(2.14) + 0—(5’7"—1—) /B a+ [Vug[2)®.

Proof. We multiply equation (1.4) by z-Vu, and integrate over B, to get (remember
that A(uq)(Vug, Vug) L T, N for every z € B)

0 =/ div((1 + |Vue|>)* I Vu)z - Vug
B'r

= / (1+ [Vual)® | Vual? + / r(1+ [Vita2) | (ua), 2
B, o

il

_ %/ (1+ [Vual2)* 1z - V(1 + |Vua[?).
B,

Next we integrate by parts and get
5[ 0+ VuaP) e v+ Fua) = = [ (1 [Vualye
Br B,

+/ S+ [Vua2)e.
8B,
Using the identity
1
IVualz = |(ua)r|2 + ;’il(ua)9|2

and combining everything, we end up with

/ r(1+ [Vaia*)* (o) ? < c / L1+ 1920 )7 (o) ?
8B, ' 8B, T

v

+c(a—1)/ (14 [Vua|2)®

r

+ c/ (1 + |Vue|?)*L.
0B,
O

2.3. Estimate for the tangential component. In this section we show that if
the Dirichlet energy is small on all annular regions with bounded geometry, then
the tangential derivative of u, converges to zero on the annular region which is the
union of all the annuli with bounded geometry. The proof of this fact closely follows
the previous work of Sacks & Uhlenbeck [20] and Ding & Tian [3]. In the following
we use for 0 < a; < az < 1 the notation A(aj,az) = {z € R? | a; < |z| < az}.

Lemma 2.5. There exists dg > 0 such that for all 6 < & and all solutions u, €
C>®(B,N) of (1.4) with fA(T’,”) |Vug|? < 6 for every r € (R1,%2), we have for
a — 1 small enough,

%2 2r
(2.15) /23 /o %I(ua)glzdrdO < eV(1 + (log RI™9)).
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4086 TOBIAS LAMM

Proof. Let 69 < €9 and let y € A(2R;, %1). Then we have that %’ﬂ, %ﬂ € (Ry, %Z)
and By (y) C Bay \B2w . From our assumption and Theorem 2.1 we therefore
3 3

conclude that

2
(2.16) Z |lz|!|Viug|(z) < eV,
i=1
for every = € A(2R;, %2). Now we let 5{21— =2'4+¢,1 € Nand ¢ >0, and define

Ap = A(2¥R;,2F1R;) forall 1 < k <1 —1 and we let 4; = A(2'R;, %2). Next we
note that equation (1.4) can equivalently be written as

(V2Uq, Vug) Vg

Ao + Alta)(Vita, Viia) = =2(a — )=

(2.17) =: fo-

Now we let h = h(r) be a piecewise linear function which equals the mean value of
uq on {£2} x S and {2FR;} x S* for all 1 < k <! — 1. With the help of this we
have

A(ug — h) + A(ua)(Vig, Vi) = fa.

Testing this equation with u, — h and integrating over Ay we get

[ 19 =1 = [ (0 = B)(A(ua) (Ve Fi0) = 1)
Ag

Ak
27
+ 28Ry / (e — h)(ua — R)- (25T Ry, 0)d0
0

27
— 2Ry [ (ua — h)(uq — h)-(2%Ry,0)db.
0

We remark that the boundary integrals of (u, — h)h, vanish since h is equal to
the mean value of u, on these boundaries and h, is piecewise constant. Because
of (2.16) and the Sobolev embedding (which we only apply on the annuli Ax) we
know that for every z € A we have

2
(2.18) lua — hi(z) + 3 |af!|Viua| < cd?.

=1
This implies that
[ V=P <t [ (Vuo +15a)
Ay Ag
2
LR, / (the = 1) () (21 Ry, 6)d6
0

2
—2*R; [ (uo — h)(ua)r(2¥Ry, 6)d6.
0
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Taking the sum over k we get

/ IV (o — B)? < 8% / (Ve +15a)
A(2R;,%2) A(2 1,22
R,
+2 (e — h)(ua)r( ,6)d6
0
27

—2R; | (ua — h)(ua)r(2R1,6)do
0

< c¥(1+ (log RY™)),

where we used (2.18) to estimate

[ al<da=D [ [V
A(2R;,3#) A(2R1,-3#)
< (log R{™®).
This finishes the proof of the lemma. O

2.4. Proof of the energy identity.

Proof. Because of the induction argument of Ding & Tian [3] we know that it is
enough to prove the energy identity in the presence of one bubble. Since we are
dealing with a local problem we assume from now on that u, : R? D B; - N
and that we have only one energy concentration point 2! = 0. Using the notation
from section 2.1 we assume that we obtain the bubble by rescaling with the factor
'r',lc = rg. From the smooth convergence u,, — u; away from 0 we conclude that

Eq, (uay, Bi\Br,) = E(u1, B1\Br,) + vol(B1\Brg,),
for every 0 < Ry < 1. Similarly, from the local C'-convergence vi = v, =
Ug, (Tk*) = w, we have for every R > 0,
E,, (o, Brr,) = E(w).
Moreover this also implies that for every R > 0 and M > 0,
(2.19) Eo (Vay; Bro\Bzy ) + Eoy (Vay; BurcR\Brir) = 0,

as k — oo and Ry — 0. Therefore it is easy to see that the proof of the energy
identity in the case of one bubble is reduced to showing that

(2.20) ngnoo RI;IBO khm E,, (uqa,, A(Rrg, Ro)) = 0.

Next we claim that due to the fact that we have only one bubble we can assume
that for any & > 0 there exists kg > 0 such that for all £ > ko we have
(2.21) E(uq,,B2r\Br) <6

for every Rri < r < Z2. To see this we argue by contradiction. If the claim is
false, we may assume that as k — oo there exists si € (Rrk, ) such that
E(uq,; B2s,\Bs,) = max_ E(uq,; Bar\Br)
r€(Rry, 20 )
> 0.
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From (2.19) we get that

— — o0 and
Sk

(2.22) Bre .
Sk

By defining

'Uk Bﬁ_Q\BT —)N

k() = Uq, (skx;

we have that ¥ solves (1.4) with 1 replaced by (sx)? and

(2.23) / ((sk)? + |Vox|2)™ < es2lor™)
\B

Sk Sk

(2.24) E(i%; B2\By) 2 6.

By (2.23), (2.22), Proposition 2.3 and the arguments of section 2.1 we may assume
that 7 — @ weakly in W,5?(R?\{0}, N), where 9 : R? = N is a harmonic map
with finite Dirichlet energy.

We have two possibilities. The first one is that there exists # > 0 such that

sup sup FE(Ux; Bz (x)) < go.
keNz€B,\By

With the help of Theorem 2.1 and a covering argument, this implies that 9y — g in
C>(B2\Bi, N). Since R?\{0} is conformally equivalent to S?\{N, S} we conclude
from (2.24) and the point removability result of Sacks & Uhlenbeck [20], that ¥
can be lifted to a smooth nontrivial harmonic map from S2 to N, contradicting the
assumption that we have only one bubble w.

The second possibility is that we have at least one energy—concentratlon point
y € B4\B% Now we can apply the blow-up procedure of section 2.1 to conclude
that there must exist a nontrivial harmonic two-sphere, again contradicting the
assumption that there is only one bubble. This proves (2.21) and hence we can
combine Theorem 2.1, Proposition 2.3, Lemma 2.4 and Lemma 2.5 (with R; = Rry
and Ry = Ry) to estimate

/ . (1+|Vuak|2)°‘§c/ Vo 2+ 0r, (1)
A(2Rry,20) A(2Rry,—2)

Rg 2

- c/ 4 (7| (e )r* + ll(uak)oiz)drde + 0R,(1)
2Rr;, JO r

-I—Z-D- 27\' 1
<e / / L) (e, Yo 2drd8 + or, (1)
2Rr,Jo T

o
4
+ c(o — 1)/ =([ |Vug,|***dz)dr
2Rr, T JB,

ok(1) + or, (1) + Vo + ¢(1 — ax) log(Rry)
< 0k(1) + og, (1) + ¢V,
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which, combined with (2.19), proves (2.20) (since § > 0 was arbitrary) and therefore
the main theorem in the case of one bubble. O

Remark 2.6. By a careful inspection of the above proof it is easy to see that the
energy identity remains true for general sequences of critical points of E, if and
only if
: hJ\1—ag =
)T =
forall1 <i<landalll<j<j;. This fact has also been observed by Li & Wang
(8].

3. ENERGY IDENTITY FOR THE BIHARMONIC APPROXIMATION
OF HARMONIC MAPS

In this section we prove Theorem 1.1 for the biharmonic approximation of har-
monic maps.

3.1. Estimates and blowup. In the following we consider sequences of critical
points u, € C*°(M, N) (¢ — 0) of the functional E, with uniformly bounded energy
E.(ue) < c and which satisfy (1.12). First of all we choose a subsequence ¢ — 0
such that

(3.1) e log() /M A, ? = ok (1).

Due to the uniform bound on the W'2-norm of u,, we get the existence of a further
subsequence (still denoted by ) such that u., — uo weakly in W12(M, N). In
[7] we were able to show the following small energy estimate (see Corollary 2.10 in

(7).

Theorem 3.1. There exists 6o > 0 and ¢ > 0 such that if ue € C°(M,N) is a
solution of (1.6) with [ (|Vu|®+e|Aul?) < &, then we have for ¢ small enough
and every m € N,

(32)  oscay e + B™{[V™uel[po(n) < /B (IVul? + ¢|Auf2))}.
. 2R

Hence, as in section 2.1, the sequence u. converges strongly to up away from
finitely many singular points z* € M, 1 < ¢ < [, which are characterized by the
condition

(3.3) lim sup E, (ue,, Br(z')) > do,
k—o0

for every R > 0 and every 1 < i < [. Around these finitely many singular points
we were able to perform a blowup similar to the one of section 2.1 (see section 3 of
[7]). Namely, for Ry > 0 such that BRo(x’) N Bpy(z7) = @ for every 1 < i # j <,
there exists a sequence of points zj, — z* and a sequence of radii 7}, — 0 such that

. do
(34) yegﬁ:}fﬂ:i) E¢, (ue,, B‘r}c (¥)) = Ee, (e, Br,"c (zk) = 9
Defining

wy, :Bry = N,
rt
k

(35) w}c(w) = uek (x;c + 'I";;::E),
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we see that wi solves (1.6) with ¢j replaced by & = (—:f)b,- and

) ) 1)
(3.6) max Ez, (wk, B1(y)) = Ez, (w, B1(0)) = —.
yEB Rq 2
2r;'c

Hence we can apply Theorem 3.1 to wi and conclude that w}'c converges smoothly
to some map w' € C*®° N WH2(R?%, N). Then we were able to show (Lemma 3.1 in
[7]) that for every 1 <17 </,

(3.7) & = 0,

€k
—
GAE
and therefore w® is a harmonic map with finite Dirichlet energy and can therefore

be lifted to a smooth harmonic map from S? to N.

3.2. Stress-energy tensor. For a smooth map u we have the well-known stress-
energy tensor Sj5(u) given by

1
(3.8) Sap(u) = §|VUI25aﬁ — (Vau, Vau).
An easy calculation shows that if u is a harmonic map, then we have
(3.9) OaS},B(u) = —(Au,Vgu) =0.

Again for a smooth map u we have the stress-energy tensor S2 5(v) defined by (see
(5] and [13])

(3.10) S2,(u) = %;Auﬁaa,j (Vo u, Vo Au)bag — (Vat, VaA) — (Vsu, VaAu).

By another easy calculation we see that if u is an extrinsic biharmonic map (i.e. a
solution of A%y 1 T, N), then we have

(3.11) aaSgﬂ(u) = —(Vgu, A?u) = 0.
Combining (3.9) and (3.11) we see that
(3.12) Ba(Sha(ue) — £525(ue)) = (Vaue, (€A% — A)ue) =0

if u. is a solution of (1.6). As in the case of harmonic maps (see [20]) we use
this divergence-free quantity to get a Hopf-differential type estimate for solutions

of (1.6).

Lemma 3.2. Let uc € C*®(B,N) be a solution of (1.6). Then we have for all
0<r<l,

(3.13)

1 ce
Jowl <5 [ el + S [ Al e [ (aul + 96V,
9B, " JaB, T JB. 9B,

Proof. Multiplying (3.12) by 2 and integrating by parts we get for every 0 < r < 1,

/ (S5 (ue) — €52 (1e)) b = / (8L 5(ue) — €52 (ue)) 2P0,
B, OB

i

where v is the outer unit normal to 0B,. Now we calculate
(Siﬂ(ue) - ssgﬁ(ue))aaﬁ = —ElAuelz
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and
r
(Sap(ue) — Sag(ue))zv™ = §|Vue|2 — 7|(ue)r?

— re(51Aul + (Vue, VAue) = 2((ue)r, (Aue)e)

1 2 T 2
= |l ~ Fl(ue).|
— re(g Al + (Vue, VAue) — 2{(ue)r, (Auc)r)),

where we used the identity |Vu|? = |u,|? + Z|ug|?. This finishes the proof of the
lemma. a

3.3. Estimate for the tangential component. In this subsection we prove an
estimate for the biharmonic approximation similar to the one given in section 2.3
for the Sacks-Uhlenbeck approximation.

Lemma 3.3. There exists 61 > 0 such that for all § < 6; and all solutions u. of
(1.6) with fA(rYZT)(|VuE]2+a|Au5|2) < & for everyr € (R, B2), we have for e small
enough,

542 2 1 9 €
(3.14) /ml /0 lucloldrdd < eVE(1 + ).

Proof. The proof follows directly from that of Lemma 2.5. Namely instead of using
Theorem 2.1 we use Theorem 3.1 to conclude that

4
(3.15) Z lz|'|Viue| < eVE

=1

for every z € A(2R;, %1). Moreover we note that equation (1.6) can equivalently
be written as

Aug + A(ue)(Vue, Vue) = eA%ue + flue]
(3.16) = f..

Using this form of the equation it is easy to see that the proof of Lemma 2.5 carries
over to this situation once we notice that because of (1.7) and (3.15) we have

Ve s eVBe [ (9%l + [Vl PP + [Vl + [Vue])
A(2R;,B2) A(2R;, %
€
<eVi——
(R1)?
a

3.4. Proof of the energy identity.

Proof. Following the remarks of section 2.4 (using the results of section 3.1) we can
assume that we have only one energy concentration point ! = 0 € B; C R? and
one bubble w! which is obtained by rescaling u., by the factor r} = ry. Again the
proof of the energy identity is reduced to showing that

(3.17) Igl_r’noo RI(:IBO khm E., (ue,, Bry\BRr,) =

This content downloaded from 194.94.224.254 on Wed, 01 Feb 2017 11:14:38 UTC
All use subject to http://about.jstor.org/terms



4092 TOBIAS LAMM

Using similar arguments as in section 2.4 we can moreover assume that for any
& > 0 there exists kg > 0 such that for all kK > kg we have
(3.18) Ec, (ue,, Bor\Br) < 6,

for every Rry <r < %ﬂ Hence we can apply (3.15) with R; = Rry and R = Ry
to get

ek / |Aue,|? < cbey / ix;
A(2Rre, B2) A(2Rry,, R0 ||
£k
S a2
(3.19) = ok (1),

where we used (3.7) in the last line. Combining (3.1), Lemma 3.2, Lemma 3.3,
(3.18), (3.19) and (3.7) we get

%0- 2m
ek(uek,A(2Rrk,—))< / A (rl(ue)r* + -f(usk)olz)drd9+0k(1)

21r
< c/ / —[(uek)glzdrd0+csk/ / |Au,, |*)dr
Rry

+cex / / (1Aue, P + Ve, |[VPue, |) + 06 (1)
Rrk 63,- !

1
Sceklog(m)/Mmuekl? +ok(1)+cx/—

(re)?
< ceg log(glg) /M |Aue, |2 + ox (1) + eVs

(3.20) < ox(1) + V3,
which proves (3.17). a

4. PrROOF OF LEMMA 1.4
We closely follow the work of Struwe [23] (see also [21], [22] and [24]).

Proof. Since the methods are very similar for both approximations we only prove
the lemma for E,.

First of all we note that the minimax principle (see for example [24], Theorem
4.2) guarantees the existence of a critical point u, of E, with E,(uy) = B4. The
difficult part now consists of showing that we can also find a sequence of critical
points satisfying (1.8).

We note that it is easy to see that the function

a — B, = inf sup E,(u
/Ba FG}'uGIIZ)" a( )

is nondecreasing and hence differentiable almost everywhere with differential 0 <
%o ¢ [1([1,1]) for a; > 1. Therefore it follows that

| o 1\ dfa
(4.1) 2B_-h§n_}111f(a-—1)10g(a_ )da =0.
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To see this we assume that B > 0 and we get for (A — 1) very small,

A A

dfB. o

patdel > - = 00
\ da 9*2 B/I (a-Dlogla—1)

which contradicts the fact that L € L*([1,1]). Next we let @ > 1 be a point of
differentiabilty of 8, and we choose a sequence ar — & (a1 < o). For every
k € N we choose Fj € F such that

sup Eu, (u) < Ba, + (0 — ).

u€Fy,

Since 3, is differentiable in o we get that for sufficiently large k we have

Bay <ﬂa+( —~ + Dok —a).

Combining the above two estimates we get

dﬂa

ﬂa < sup Ea(u) < sup Eak (u) < Bak + (ak - a) < ﬂa ( + 2)(Otk - )

u€EFy, u€Fy

Next we choose v € Fy, such that
Ba — (ak - a) < Ea(v)'
Combining all this gives the existence of a map v such that

— (ax — @) < Ey(v) £ By, (v) < Sélg E,, (u) € Bo, +ax —a
UuCly

(4.2) < Ba + (d'B“

+ 2)(ag — @).
Now we prove three intermediate steps.
Step 1. For every v € Wh22x (M, N) which satisfies (4.2) we have the estimate

(4.3) BB (v) < iﬁﬂ +3.

From (4.2) we get

Fail9) = Fat) _ o
ap — o da
and hence by the mean value theorem there exists a number a < o‘ < ay such that

(4.4) BaFa(v) < d—ﬁi’- 43,
Since moreover

O Ea(u) = /M log(1 + [Val2)(1 + [Vul2)®

< / log(1 + |[Vu|2)(1 + |Vu2)™
M
= BoEo(u)
for every u € W12* (M, N) we finish the proof of Step 1.
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Step 2. We have
(4.5) sup{|(dEq (u),v) — (dEa(u), v)| | [[v]lwr 20k ey <1} =0,
where

W2k (y*TN) = {v € Wh2* (M, R™)|v(z) € Tu)N V z € M},

uniformly for all u € W12 (M, N) satisfying (4.2).
To see this we note that for every v € W12 (u*T'N) with ||v||y 120k (urrn) < 1
we have

[(dEq, (u),v) — (dEa(u),v)|
< / (20(1 + [Vul?) 1 = 2a(1 + [Vul2)*)|Va| Vo]
M
=: 1.

Now we estimate
I < 20 — a)( / 1+ [Vul?)) 5 / Vs )2 ( / |Vuf2er) =
M M M
4% / (1 + [Vul2)™* ! = (14 [Va[?)*Y) Vel | V|
M
<clar —a)+ Za/ 1+ |Vu|2)°"°_1 -1+ |Vu|2)°‘_1)|Vu||Vv|.
M

Next we use the estimate 2|Vu||Vv| < 3(1 + |Vul?) + §|Vv|?, (4.2) and Young’s
inequality to get

2a/ (1 + [Vaf2)™ 1 = (1 + [Vu[?)2Y)| V|| Vo]
M

< & (Bay (u) ~ Balu) +8 [ (14 [Vuft)or~1 00
clag — a)

IA

=2 4 a2 LB, (w) + aik /M Vo[?es).
Choosing § = y/ar — a we conclude that

I<cy/or,—a—0
and this proves (4.5).
Step 3. There exists a sequence uy, € W12k (M, N) satisfying (4.2) and
(4.6) ldE e, (we)ll(w 2ok (a1,8)+ = 0-
If this is not the case we can find 6 > 0 such that

||dE o, (u)||(wr2en (a,n)) = 40

for all u satisfying (4.2) and all k large enough. For these k we let e : W12+ (M, N)
— W12k (y*T'N) be a locally Lipschitz continuous pseudo-gradient vector field for
E,, with ||ex(u)|lw1.20k w7y < 1 and

1
(dEq (u), ex(u)) < —'Z'HdEOtk (Wl wr2ex (aa,ny)+ < —29,
for all u satisfying (4.2).
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Let 9 € C*(R) be a cutoff function such that 0 < ¢ < 1, 9(s) = 0 for s < 0,
¥(s) =1 for s > 1 and for k large enough we let

_ (Ea(u) - (Ba — (ak — @)
¢k(u)_¢( ak —a )
Since e, is Lipschitz continuous the vector field
ék(u) = Yr(u)er(v)
then also defines a Lipschitz continuous tangent vector field. Finally we let ¢y :
RS x Wh2ek(M, N) — Wh22 (M, N) be the flow generated be é:

3 gut,0) = &x(gu(tw), >0,

(4.7) ok(0,u) = u.

Let F}, € F be chosen as above and define for v € Fy, v; = ¢« (¢, v). Then we know
from the assumptions of the lemma that v; € Fy for all t € IRE," and that

sup Eq, (v) < sup Eq, (v) < Bay + (0k — @)
vEF} vEF}

for all t > 0. Hence
(4.8) M(t) = sup Eq(vt) 2 Ba
vEF}

is attained only at points vy for which (vp): satisfies (4.2). By noting that this
implies ¥ ((vo):) = 1 we calculate

2 Bl (0)) = (dEa((00)), S (w0)e)

= Pk ((vo)e)(dEa((v0):), ex((v0)s))
< (dEay ((v0):t), ex((v0)e)) + [{dEq((v0)t) — dEqy ((v0):), ex((v0)e))|

< =26 + 0k(1),
where we used (4.5) in the last step. This shows that for k large enough we get
d
. — < -
(4.9) dtM(t)_ §<0

and hence M (t) < B, for large t, contradicting the definition of B,. Altogether this
finishes the proof of Step 3.

To finish the proof of the lemma we consider a sequence ux € W22 (M, N)
satisfying (4.2) and (4.6). We know that ||luk||w1.2ex(ar,n) < ¢ and therefore we
may assume that ur — u, weakly in W2%(M, N) and strongly in L2*NC%#(M, N)
for some 0 < B < 1. Since C®°(M, N) is dense in W12*(M, N) we can moreover
find a sequence u! € C®°(M, N) such that u' — u, strongly in W12*(M, N).

Next we define the functional F, : W22(M,R™) - R by

(4.10) Fo(u) = / (14 |Vul?)>.
M
Clearly we have that
v Eq(u) = Fo(u)
for all u € W12¢(M, N). For v € W12%(M, N) we define the projection
P, : Wh2*(M,R™) —» W12*(v*TN).
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Following the proof of Lemma 3.26 in [26] we get that

|I(id — Pu,)(uk — u")|[ w120 (ar,gmy = 0,
as k,l — o0o. Hence we get from (4.6) as in Lemma 3.7 of [26] that
(4.11) |(dFak(uk),uk—ul)l—*0’

as k,! — oo. By convexity we know that for every k,l € N we have

/ (14 |Vaut|?)ox 2/ (1 +|Vug)?)* + ak/ (14 |V ) 1 Vu V(u! — uy)
M M M

+ ak/ |V (ug — ’u,l)|2.
M
For any fixed [ € N we use this together with (4.11) to get
0k (1) = (dFa (ur), ux ~ u')
> [ (1 [Fuf)™ = @+ 90+ oV~ )P
M

2/ (@ +19u)* ~ (1 + )" + a9 (s — )P
M

— c(|IVe! || oo (a1, ) (et ~ ).

By letting first k — oo and then [ — oo we conclude that Vu, — Vu, pointwise
a.e. and that E,(ux) — E,(us). Hence we finally get that uy — u, strongly
in Wh2%(M,N). By (4.2) we have E,, (ux) = Ea(ua) = Bo and by Steps 2
and 3 we conclude that u, is a critical point of E,. Since the function s —
log(1 + s2)(1 + s%)* is convex we know that O,E, is lower semi-continuous on
Wl22(M, N) and therefore we can use Step 1 to get

OaFEo(uq) < hm 1nf OaEo(ug) < —‘Bﬁ + 3.

Combining all this with (4.1) we finish the proof of the lemma. 0
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