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1. Introduction

This is a study of topological rings [1–3] in two-dimensional (0,2)-supersymmetric

Landau-Ginzburg (LG) theories without a (2,2) locus. Besides providing hands-on

examples of these rings in (0,2) superconformal field theories (SCFTs), there are sev-

eral reasons for undertaking this exercise.

First, while progress has been made in developing general techniques for comput-

ing similar quantities in (0,2) models with a (2,2) locus, e.g., [5, 6], results for genuine

(0,2) theories are limited to exactly soluble models, e.g., [7], and large radius limits of

non-linear sigma models, e.g., [8, 9]. Second, experience with (2,2) theories suggests

that tools developed for (0,2) LG theories should have applications to (0,2) gauged

linear sigma models and generalizations such as [10–12]. Third, orbifolds of (0,2) LG

theories can be used to build phenomenologically interesting heterotic vacua, and our

computations should yield information about Yukawa couplings in these compactifica-

tions. Finally, the results yield a neat generalization of the local residue familiar from

algebraic geometry.

A topological heterotic ring [3] is the (0,2) analogue of the A/B topological rings

in theories with (2,2)supersymmetry [4]. It is a set of operators Oα with a non-singular

OPE; the OPE defines a commutative, associative product on the Oα: OαOβ =∑
γ c

γ
αβ Oγ for some structure constants c γ

αβ . The structure constants have an in-

timate relation to three-point functions in an associated half-twisted theory—a theory

whose observables include the Oα—for which the genus zero correlators

〈Oα(z1)Oβ(z2)Oγ(z3)〉 = cαβγ

are independent of the world-sheet metric and hence are “topological.” The relation

can be expressed in terms of the topological metric ηαβ = 〈OαOβ1〉:

cαβγ =
∑

δ

c δ
αβ ηδγ .

In this note we compute the three-point functions cαβγ in (0,2) LG models. After

setting up conventions in section 2 and reviewing some general facts about (0,2) LG

theories and their low energy limits in section 3, we describe the topological heterotic

ring of a (0,2) LG theory in section 4. The result is expressed in terms of a (0,2) super-

potential, which amounts to a specification of a zero-dimensional quasi-homogeneous

ideal

J = (J1, J2, . . . , JN) in R = C[φ1, φ2, . . . , φn].

The observables Oα are in one-to-one correspondence with elements of the Koszul

homology groups, associated to the ideal J [13]. Writing E ≃ RN , and thinking of
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(J1, . . . , JN) as an element in E∨, these groups are defined by

Hk(K•, J∧) = {ω ∈ ∧kE | Jyω = 0}/{ω | ω = Jyη, η ∈ ∧k+1E},

where we set Jyω ≡ 0 for ω ∈ R. The homology group Hk(K•, J∧) is isomorphic to

the Koszul cohomology group HN−k(K•, J∧). The Hk(K•, J∧) are given by

Hk(K•, J∧) = {ω̃ ∈ ∧kE∨ | J ∧ ω̃ = 0}/{ω̃ | ω̃ = J ∧ η̃, η̃ ∈ ∧k−1E∨}.

In section 5 we reduce the computation of the cαβγ to a map

τ : Hn(K•, J∧) → C

given by

τ(ω̃) =

∫

Cn

dµ
∑

A1,...,An

ω̃A1···AnJ
A1

1 · · ·JAn

n e−S, (1.1)

where J
A
(φ) is the complex conjugate of JA(φ), J

A

i = ∂J
A
/∂φ

i
, S =

∑
A JAJ

A
, and

the measure dµ is

dµ =
i

2π
dφ1 ∧ dφ1 ∧ · · · ∧ i

2π
dφn ∧ dφn

.

In section 6, we show that for an arbitrary (not necessarily quasi-homogeneous) zero-

dimensional ideal J ⊂ R, τ is well-defined, i.e.,

τ(J ∧ η̃) = 0 and τ(fω̃) = 0

for all η̃ ∈ ∧n−1E∨, f ∈ J and ω̃ ∈ Hn(K•, J∧). We also show that the the map is

independent of variations of J
a
, so that J

A
may be deformed at will, provided that the

deformation yields a convergent integral. From these properties we infer that whenever

there exists a subset

σ = {A1, A2, . . . , An} ⊆ {1, 2, . . . , N}

such that the ideal K = (JA1
, . . . , JAn) is zero-dimensional, then τ is given by a multi-

variate residue:

τ(ω̃) =
1

(2πi)n

∫

Γσ

ω̃A1···An dφ
1 ∧ · · · ∧ dφn

JA1
· · ·JAn

, (1.2)

where Γσ is a real cycle

Γσ = {φ | |JA|2 = ǫA > 0 for A ∈ σ},

oriented by

d argJA1
∧ · · · ∧ d argJAn ≥ 0.
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When N = n, ω̃A1...An = g ǫA1...An , where g ∈ R/J and ǫA1...An is the completely anti-

symmetric tensor with ǫ12···n = +1. In this case τ reduces to the local Grothendieck

residue of g. We illustrate these results in a couple of examples in section 7.

In the case of most physical interest—where an (orbifold of an) LG model describes

a special locus in the moduli space of a gauged linear sigma model for a heterotic Calabi-

Yau compactification—the required set σ exists, so that the topological heterotic ring

may be computed by residues via eqn. (1.2). This general fact, as well as explicit

computations in examples should be of use in exploring the moduli space of heterotic

compactifications. It should be interesting to compare the residue with the large radius

sheaf cohomology computations of the Yukawa couplings.

More generally, although we do not know how to express it explicitly as a multi-

variate residue, τ defined by eqn. (1.1) possesses all the nice properties we expect from

a residue. It would be interesting to find a place for τ in the theory of residue currents

(see, e.g., [14] for a modern review) and develop algebraic techniques to compute it.

We suspect the map may have applications to duality for ideals along the lines of [15]

but have not explored this.

Acknowledgments

It is a pleasure to thank K. Altmann, C. Beasley, A. Dickenstein, J. McOrist, and

especially E. Materov for useful discussions. I would like to thank the Erwin Schrödinger

Institute and the CERN Theory Group for hospitality while some of this work was

completed.

2. Action and Notation

The actions we consider are best described in (0,2) superspace.1 We work in Euclidean

signature, with superspace coordinates (z, z, θ, θ). The superspace covariant derivatives

are given by

D = ∂θ + 2θ∂̄, D = −∂θ − 2θ∂̄,

and the supercharges are

Q = ∂θ − 2θ∂̄, Q = −∂θ + 2θ∂̄.

Here and in what follows, ∂ = ∂/∂z and ∂̄ = ∂/∂z.

1A discussion of relevant superspace details may be found in, for instance, [16].
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The action is specified in terms of two types of chiral superfields, the bosonic

multiplets Φi with expansion

Φi = φi +
√

2θψi + 2θθ∂̄φi, i = 1, . . . , n,

and the fermionic multiplets ΓA,

ΓA = γA −
√

2θGA + 2θθ∂̄γA, A = 1, . . . , N.

Here γA is a left-moving Weyl fermion, and GA is an auxiliary field. Note that the pair

(Φ,Γ) has the content of a (2,2) chiral multiplet. We also need the conjugate fields

Φ
i
,Γ

A
given by

Φ
i
= φ

i −
√

2θ ψ
i − 2θθ∂̄φ

i
,

ΓA = γA −
√

2θGA − 2θθ∂̄γA.

The supersymmetric action is

S = 1
4π

∫
d2z

[
DD

{
−Φ

i
∂Φi + 1

2
ΓAΓA

}

+ 1√
2
D

{
ΓAJA(Φ)

}
− 1√

2
D

{
ΓAJ

A
(Φ)

}]
. (2.1)

After integrating out the auxiliary fields, we find the component Lagrangian

4πL = 2∂φi∂̄φ
i
+ 2∂φ

i
∂̄φi + 2ψ

i
∂ψi + 2γA∂̄γ

A

+JAJ
A − γAJA,iψ

i + γAJ
A

i ψ
i
, (2.2)

where

JA,i =
∂JA

∂φi
, J

A

i =
∂J

A

∂φ
i .

The non-vanishing SUSY (anti)commutators are

{Q, φi} =
√

2ψi, {Q, φi} =
√

2 ψ
i
,

{Q, ψi} = 2
√

2∂̄φ
i
, {Q, ψi} = −2

√
2 ∂̄φi,

{Q, γA} =
√

2 J
A
, {Q, γA} = −

√
2JA.

(2.3)

In this work we study theories with a global U(1)B symmetry, under which the

superspace coordinate θ and the superfields ΓA have charge 1, while the multiplets Φi

remain neutral. This R-symmetry can be used to half-twist the theory in a manner

analogous to the B-twist of a (2,2) model—hence its name. U(1)B forbids certain modi-

fications of the theory, such as additional terms ΓAΓBΓCJABC(Φ) in the superpotential

or modification of the chirality constraint DΓA = 0 to DΓA = EA(Φ).

The interactions in this UV Lagrangian are determined by the (0,2) superpotential

WJ = ΓAJA(Φ). We will take the JA to be polynomial in the fields, so that the JA may

be thought of as generators of an ideal J in the polynomial ring R = C[φ1, φ2, . . . , φn].
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A notational note. We will frequently use the summation convention; occasionally,

we will need the completely anti-symmetric tensors ǫi1···in , ǫA1···AN , with ǫ12···n = +1

and ǫ12···N = +1; we will denote the completely anti-symmetric part of a tensor by

square brackets—e.g., T [AB] = (TAB − TBA)/2!.

3. The Low Energy Limit

In this section we review some properties of the low energy limit of the theory defined

by the Lagrangian above. Much of this is well-known and well-described from the linear

sigma model perspective [16, 17]. In order to make this work self-contained, we now

give a purely LG point of view on these matters.

3.1 Preliminaries

We begin with a standard observation: holomorphy implies that the superpotential

term WJ is not renormalized. We expect that the properties of the fixed point are en-

coded in the ideal J , with RG flow correcting the irrelevant kinetic terms. In particular,

we expect unbroken (0,2) supersymmetry if and only if there is a common solution to

JA(φ) = 0.

A non-empty solution set to JA = 0 in Cn is either non-compact or consists of

isolated points. We restrict attention to the latter situation, in which case we say

the ideal J is zero-dimensional.2 It suffices to study theories with a single isolated

supersymmetric vacuum, since interactions between isolated vacua will vanish in the

low energy limit. Without loss of generality, we take this vacuum to be the origin in

Cn.

It is not difficult to show that there is a mass term in the theory whenever

rank(JA,i|φ=0) = k > 0.

In this case k ≤ n pairs (Φ,Γ) will obtain masses and may be eliminated from the low

energy Lagrangian by their equations of motion. Since we are interested in constructing

SCFTs, we may as well assume that k = 0.

Experience with (2,2) LG models suggests that we restrict attention to theories with

an extra global symmetry U(1)L that commutes with the right-moving supersymmetry.

We make the charge assignments q[Φi] = qi and q[ΓA] = QA, which requires the JA(Φ)

to be quasi-homogeneous functions:

JA(λqΦ) = λ−QAJA(Φ). (3.1)

2Note that an ideal J ⊂ C[φ1, φ2, . . . , φn] is zero-dimensional if and only if there is a non-zero

polynomial in J ∩ C[φi] 6= 0 for each i [18].
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Note that the charges are not uniquely determined, since any scalar multiple sqi, sQA

will work as well.

Having made these qualifications, we are ready to describe a number of constraints

on the physics of the low energy limit. We expect the low energy theory to be a unitary

SCFT with (0,2) supersymmetry and a U(1)L global symmetry. Our goal is to extract

some of the properties of this SCFT from the ideal J .

3.2 The Left-Moving Algebra

A remarkable feature of the (0,2) LG theory is the existence of left-moving Virasoro

and U(1)L current algebras in the Q-cohomology of the UV theory. This algebra, first

discussed in (2,2) LG theories [19] and later extended to (0,2) gauged linear sigma

models in [20] has a close relation to certain free-field realizations of minimal models

obtained in [21]. To describe it, we search for operators j, T with classical scaling

dimensions (h, h) respectively given by (1, 0) and (2, 0), that are quadratic in the fields

and Q-closed up to equations of motion. Up to over-all normalizations and addition of

Q-exact terms, we find

T = T0 + α
2
∂j, (3.2)

where α is an undetermined parameter, and T0 and j are given by

T0 = −
∑

A

γA∂γA − 2
∑

i

φi∂2φ
i
,

j =
∑

A

QAγ
AγA − 2

∑

i

qiφ
i∂φ

i
. (3.3)

It is not hard to show that T0 is Q-closed up to equations of motion for any JA, while j is

Q-closed up to equations of motion precisely when the JA are quasi-homogeneous. Since{
Q,Q

}
= −4∂̄, T and j are, up to Q-exact terms, holomorphic conserved currents.

Working up to Q-exact terms, we may compute the OPEs of Q-closed operators using

free field OPEs that follow from the Lagrangian in eqn. 2.2 [19]. This yields the
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promised algebra

T (z)T (w) ∼ c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
,

T (z)j(w) ∼ A
(z − w)3

+
j(w)

(z − w)2
+
∂j(w)

z − w
,

j(z)j(w) ∼ r

(z − w)2
,

j(z)φi(w) ∼ qiφ
i(w)

z − w
,

j(z)γA(w) ∼ QAγA(w)

z − w
, (3.4)

with

r =
∑

A

Q2
A −

∑

i

q2
i ,

c = 3α2r + 2(n−N),

A = αr +
∑

A

QA +
∑

i

qi. (3.5)

Note that the charges assigned by j to the fields φi and γA are just those of the U(1)L

symmetry.

Given this elegant structure, it is tempting to assume that the operators T, j in the

Q cohomology correspond to, respectively, the energy-momentum tensor and the U(1)L

current in the IR. Since we expect the SCFT to be unitary and non-trivial, it must be

that r > 0 and α 6= 0. Furthermore, we expect the U(1)L current to be non-anomalous,

i.e., A = 0, which only holds for a specific value of α:

α = −1

r

[
∑

A

QA +
∑

i

qi

]
. (3.6)

It is convenient to absorb α into a normalization of U(1)L charges. In this case, A = 0

is the familiar condition [13, 17]
∑

A

Q2
A −

∑

i

q2
i = −

∑

A

QA −
∑

i

qi. (3.7)

With this normalization, we find

r = −
∑

A

QA −
∑

i

qi,

c = 3r + 2(n−N). (3.8)
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3.3 The Right-Moving R-Current and Anomaly Matching

Barring accidental continuous symmetries, the right-moving R-symmetry U(1)R must

be a linear combination of U(1)B and U(1)L, leading to charges aqi for Φi and aQA + 1

for ΓA, for some real a.

A simple argument suggests that a = 1. Consider the following OPE in Q-

cohomology:

T (z)φi(w) ∼ qi
2

φi(0)

(z − w)2
+
∂φi(0)

z − w
.

We see that φi corresponds to a primary field of weight hi = qi/2. If we (reasonably)

assume that φi is chiral-primary on the right, then its weight should be hi = aqi/2.

Since RG flow does not modify the spin of an operator, it must be hi = hi, i.e., a = 1.

An anomaly matching computation confirms that a = 1 and leads to additional

insight [16,17]. In the IR we expect a theory with a holomoprhic current jz for the left-

moving U(1)L current algebra and an anti-holomorphic current z for the right-moving

R-symmetry, with two-point functions

〈jz(z)jz(w)〉 = RIR(z − w)−2, 〈z(z)z(w)〉 = R̃IR(z − w)−2.

The right-moving N = 2 algebra implies R̃IR = c/3. We can couple this theory to

background gauge fields V, Ṽ and compute the effective action W [V, Ṽ ] defined by

e−W [V,eV ]+W [0] = 〈exp

[
− 1

2π

∫
d2z

[
jzVz + zṼz

]
− Sc.t.

]
〉, (3.9)

where Sc.t. is a choice of counter-terms. Choosing Sc.t. to yield the symmetric form of

the anomaly, the gauge variation of W [V, Ṽ ] under gauge transformations δV = dλ and

δṼ = dλ̃ has the form

−δW =
i

2π

∫ [
RIR

2
λF − R̃IR

2
λ̃F̃

]
, (3.10)

where F = dV and F̃ = dṼ .

On general grounds, this anomaly should be reproducible in the UV theory. In the

free UV theory the currents (Jz, Jz) for U(1)L and (Jz, Jz) for the proposed R-symmetry

U(1)R may be derived from the Lagrangian. As far as the anomaly is concerned, we

only need the fermion contributions to the current-current correlators. These are

〈Jz(z)Jz(w)〉 = R(z − w)−2, 〈Jz(z)Jz(w)〉 = R′(z − w)−2,

〈Jz(z)J z(w)〉 = S(z − w)−2, 〈Jz(z)J z(w)〉 = S ′(z − w)−2,

〈Jz(z)J z(w)〉 = R̃(z − w)−2, 〈Jz(z)J z(w)〉 = R̃′(z − w)−2,

(3.11)
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where
R =

∑
AQ

2
A, R′ =

∑
i q

2
i ,

S =
∑

AQA(aQA + 1), S ′ =
∑

i qi(aqi − 1),

R̃ =
∑

A(aQA + 1)2, R̃′ =
∑

i(aqi − 1)2.

(3.12)

This leads to

−δW =
i

2π

∫ [
R −R′

2
λF − (αc.t. + S ′)λF̃ + (αc.t. + S)λ̃F − R̃′ − R̃

2
λ̃F̃

]
, (3.13)

where αc.t. is a counterterm. This cannot match the IR anomaly unless S ′ = S, in

which case αc.t. = −S eliminates the mixed terms. Setting S = S ′ fixes the constant a

to be

a = −
∑

AQA +
∑

i qi∑
AQ

2
A − ∑

i q
2
i

= 1. (3.14)

In the last equality we used the normalization condition of eqn. (3.7).

Having determined a, we read off the coefficients RIR, R̃IR in terms of the UV data:

the former yields RIR = r, matching the expectations from the left-moving algebra in

the Q-cohomology; the latter yields the right-moving central charge:

c

3
= R̃IR =

∑

i

(aqi − 1)2 −
∑

A

(1 + aQA)2 = r + n−N. (3.15)

Amusingly, anomaly matching requires a to take on the value that maximizes c as a

function of a.

3.4 Checks and Caveats

A rough check on the values of c, c computed above is obtained by comparing the

UV and IR coefficients in the diffeomorphism anomaly. In the free theory the central

charges are cfree = 3n and cfree = 3n+(N −n), so that the Diff anomaly is proportional

to cfree − cfree = N − n. This is just what we find from the IR central charges.

Evidence that the structures based on T, j are relevant to the low-energy limit of

LG theories mainly comes from experience with (2,2) theories. The theory would have

(2, 2) supersymmetry if N = n and Ji = ∂W/∂Φi. In this case, the correspondence

between N=2 minimal models and (2,2) LG theories [22, 23] has been quantitatively

tested by comparing chiral rings [22,24], comparing the elliptic genera computed in the

two descriptions [19, 25], as well as via results on exact RG flows between the UV and

IR descriptions, e.g., [26,27]. All of these results are consistent with the computations

based on the left-moving algebra in the Q-cohomology.

Additional evidence has been obtained via the (0,2) Calabi-Yau/LG correspon-

dence [17,28]. One can, for instance, check the matching of elliptic genera computed in
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the sigma model and LG descriptions [13]. In addition, comparisons have been made

between certain exactly solvable (0,2) theories and LG descriptions [7]. We are not

aware of any work generalizing the exact flow computations to (0,2) theories; it would

certainly be interesting to have such results.

Since we expect the low energy limit to be a unitary theory, there are some simple

constraints on r, c that must be satisfied. For instance, we must have 1 ≤ c ≤ 3n,

which leads to
1

3
+N − n ≤ r ≤ N. (3.16)

There are also bounds on the weights of Q-closed operators, leading to, for example,

r ≥ qi ≥ 0. The latter is a generalization of the familiar (2,2) bound on the weights of

chiral primary operators: c/6 ≥ h ≥ 0.

There are certainly cases where a blind application of the methods of the previous

section patently gives nonsensical results. For example, consider a theory with n = 1,

N = 2, and a (0,2) superpotential WJ given by

WJ = Γ1φk+1 + Γ2φk+1.

The low energy limit is completely transparent: Γ− = Γ1 − Γ2 is a free left-moving

Weyl fermion, while Γ+ = Γ1 + Γ2 and Φ combine to a (2,2) supersymmetric multiplet

interacting with superpotential W = Φk+2
(2,2). Thus, the IR theory is a product CFT of a

free left-moving Weyl fermion and the Ak+1 (2,2) minimal model with c = 3k/(k + 2).

Using the expressions above, we instead find

c = 3
2k2

2(k + 1)2 − 1
.

When k = 1, the naive central charge is c = 6/7, which does not satisfy the unitarity

bound c ≥ 1.

In the previous example an extra continuous global symmetry due to the free

multiplet Γ− invalidated our assumptions. More generally, such a symmetry can emerge

accidentally in the IR. Suppose W0
J describes some (0,2) LG model where the methods

described above do accurately describe the SCFT. Now add to the UV theory an extra

multiplet ΓN+1 and consider the superpotential

WJ = W0
J + ΓN+1

∑

A

fA(Φ)JA(Φ),

where fA(Φ) are some polynomials chosen to preserve the quasi-homogeneity condi-

tions. Since the JA are Q-descendants, we expect that the additional coupling is irrel-

evant. Indeed, there is a field re-definition with Jacobian 1 that shifts the additional
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interaction into the irrelevant D-terms:

Γ̃A = ΓA + fA(Φ)ΓN+1, A = 1, . . . , N, Γ̃N+1 = ΓN+1.

We conclude that the low energy limit is a product of the original theory and a free

Weyl multiplet.

We expect that, up to additional free left-moving fermions, two LG theories with

superpotentials WJ and WI flow to the same fixed point whenever the JA, A = 1, . . . , N

and Iα, α = 1, . . . , K define the same ideal in C[φ1, . . . , φn], that is, whenever there

exist RA
α (Φ) and Sα

A(Φ) such that

JA =
∑

α

Sα
AIα, and Iα =

∑

A

RA
αJA.

As in (2,2) theories, there may also be field-redefinitions of the bosonic multiplets that

lead to equivalent IR physics.3

The preceding discussion suggests a necessary condition for the methods above

to be reliable: the JA must furnish a minimal collection of generators for the ideal,

and the continuous part of the symmetry group of WJ must be U(1)L × U(1)R. In

what follows, our working assumption will be that this condition is also sufficient, so

that the Q-cohomology and the T, j algebra in the UV theory accurately describe the

corresponding structures in the chiral ring of the IR theory.

4. The Topological Heterotic Ring

It is well known that in a unitary (2,2) SCFT the OPE leads to a natural ring structure

on the space of chiral primary operators—the chiral ring [24]. The basic observation is

that chiral primary operators Oα have a non-singular OPE that takes the form

Oα(z)Oβ(0) = c γ
αβ Oγ(0) + O(z).

This is easily seen as a consequence of the bound satisfied by the weight and R-charge

of a chiral operator: h ≥ q/2. The U(1)R current algebra implies a bound h ≤ c/6

for chiral primary operators, which for compact SCFTs implies that the chiral ring

is actually finite. Thus, the finite collection of operators Oα is endowed with a com-

mutative, associative product. In the corresponding twisted theory, the three-point

functions on the sphere, 〈OαOβOγ〉, are independent of the world-sheet metric and

may be computed by methods of topological field theory. When the SCFT is defined

3For instance, such redefinitions eliminate “parameters” that naively appear in the (2,2) LG theories

that realize the supersymmetric ADE series.
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by an RG flow from a weakly-coupled Lagrangian theory, these techniques allow the

twisted correlators to be determined by computations in terms of the UV degrees of

freedom [4]. The case of (2,2) LG theories provides the simplest example of these sorts

of computations [29].

(0,2) SCFTs possess a chiral ring defined by the cohomology classes of the super-

charge Q. The OPE of Q-closed operators defines a rich holomorphic structure on this

infinite-dimensional ring [30, 31]. In many theories of interest for heterotic compacti-

fications, there exists an important substructure: the topological heterotic ring [3]. A

distinguishing feature of such theories is the presence of a left-moving U(1)L symmetry,

which allows for an additional projection within Q-cohomology onto operators with

left-moving weight h and U(1)L charge q related by h = q/2.4 The OPE of two such

operators has the form

Oα(z)Oβ(0) =
∑

µ

f µ
αβ Xµz

hµ−qµ/2 +
{
Q, ·

}
,

where the sum is over chiral ring elements Xµ. A key observation of [3] is that the spins

of the operators Oα,Oβ constrain the possible Xµ on the right-hand side. Furthermore,

in a large class of theories, unitarity bounds on the weights in terms of the U(1)L charge

imply hµ ≥ qµ/2 for all allowed Xµ. Thus, although a (0,2) SCFT will typically have

chiral operators with hµ < qµ/2, in many interesting theories these do not show up in

the above OPE. Taking the limit z → 0, defines the topological heterotic ring—a finite

sub-ring of the Q-cohomology.

The existence of this structure implies that the genus zero correlators

cαβγ = 〈Oα(z1)Oβ(z2)Oγ(z3)〉

in the half-twisted theory must be independent of the world-sheet metric and in partic-

ular of the insertion points z1,2,3. Our goal is to compute these correlators in (0,2) LG

theories. The first step is to identify the elements of the topological heterotic ring. This

a simple matter: the structure of the Q-cohomology allows to identify representatives

for chiral operators in the UV, and the “off-shell” left-moving algebra formed by T, j

may be used to identify operators satisfying h = q/2 and to show that the OPE of

these operators does define a sensible ring structure.

4In many theories there are two possible projections on the left: h = ±q/2. This is the analogue of

the A/B topological rings of general (2,2) theories. However, in LG theories only one projection leads

to a non-trivial ring.
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4.1 The Topological Heterotic Ring of (0,2) LG Models

A look at the action of Q in eqn. 2.3 shows that, up to addition of holomorphic deriva-

tives, the most general Q-closed operator has the form
n∑

m=0

γA1
· · · γAk

γB1 · · · γBlωA1···Ak

B1···Bl,i1···imψ
i1 · · ·ψim

,

where the coefficients ω(φ, φ) are constrained by
[
−ψi ∂

∂φ
i + JA

∂

∂γA

]
O[ω] = 0.

It is not hard to see that up to Q-exact terms the sum on m collapses to the m = 0

term

O[ω] = γA1
· · · γAk

γB1 · · · γBlωA1···Ak

B1···Bl
(φ), (4.1)

where ω(φ) is anti-symmetric in A1, . . . , Ak and in B1, . . . , Bl and satisfies

JA1
ωA1···Ak

B1···Bl
= 0. (4.2)

The operator O[ω] is Q-exact if and only if

ωA1···Ak

B1···Bk
= JAη

AA1···Ak

B1···Bl
(4.3)

for some η.

Since O[ω] is in Q-cohomology, we can reliably compute its U(1)L charge as well

as weight with respect to T by computing its OPE with j and T . Without loss of

generality, we may assume O[ω] has a definite charge q[O] under the U(1)L symmetry.

Picking any non-vanishing summand, say with indices Aα, α = 1, . . . , k and Bβ with

β = 1, . . . , l, we have

q[O] =
∑

α

(−QAα) +
∑

β

Qβ + q[ω],

h[O] =
1

2

∑

α

(−QAα) +
1

2

∑

β

(1 +QBβ
) +

1

2
q[ω],

from which we conclude that O has a definite weight under T , given by

h[O] = l +
1

2
q[O]. (4.4)

This gives the desired bound h ≥ q/2 for the chiral ring elements, which immediately

implies that the LG theory has a well-defined topological heterotic ring spanned by O
with l = 0.5 In what follows, we will only consider ω with l = 0.

5This conclusion is not altered by the presence of chiral operators with extra holomorphic deriva-

tives, since these contribute positively to h(O).
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4.2 A Mathematical Interpretation

The O[ω] have a mathematical interpretation in terms of the Koszul complex K• asso-

ciated to the ideal J ⊂ R [13]. The Koszul complex is a standard tool in commutative

algebra. It is well-described in [32, 33], and many of its applications to residues and

algebraic geometry are covered in [34]. Here we will only need its most basic features.

To describe K•, let E = RN and think of J = (J1, . . . , JN) as an element in the dual

module E∨. The complex K• is

K• =
0 // ∧NE Jy

// ∧N−1E // · · · // ∧k+1E Jy
// ∧kE // · · ·

· · · // ∧2E Jy
// E Jy

// R // 0,
(4.5)

where the map Jy is just the interior product:

Jy : ∧k+1E → ∧kE
Jy : ωAB1···Bk 7→ JAω

AB1···Bk .
(4.6)

We denote the homology groups of this complex by Hk(K•, Jy). Eqns. (4.2,4.3) show

that the operators O[ω] with ω ∈ ∧kE are in one-to-one correspondence with elements

of Hk(K•, Jy).

We will compute these groups in a couple of examples below, but for now we will

just review a few simple properties. The most basic property is

H0(K•, Jy) = R/J.

A less obvious property of the Koszul complex for an ideal J in an arbitrary Cohen-

Macaulay ring R is that it provides a measure of the dimension of J . Namely,

Hk(K•, Jy) =

{
0 for k > N − codim(J)

non-zero for k = N − codim(J).

Without venturing into the depths and grades of dimension theory, we state the result

relevant for our zero-dimensional ideal J in R = C[φ1, · · · , φn]: codim(J) = n, so that

Hk(K•, Jy) = 0 for k > N − n, and HN−n(K•, Jy) 6= 0.

The Hk have a nice product structure: given ω1 ∈ Hk1
and ω2 ∈ Hk2

, we see that

ω1∧ω2 ∈ Hk1+k2
. We expect this multiplicative structure to show up in the topological

heterotic ring as well.

We may equivalently work with the dual Koszul complex K• and its cohomology

groups Hk(K•, J∧). The entries in K• are just ∧kE∨, and the maps are given by

J∧ : ∧kE∨ → ∧k+1E∨

J∧ : ω̃B2···Bk+1
7→ (k + 1)J[B1

ω̃B2···Bk+1].
(4.7)
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The groups Hk(K•, Jy) and HN−k(K•, J∧) are isomorphic, with isomorphism given by

the anti-symmetric ǫ-tensor:

ǫ : Hk(K•, Jy) → HN−k(K•, J∧)

ǫ : ωA1···Ak 7→ ωA1···AkǫA1···AkB1···BN−k
.

We will have use for this isomorphism in our examination of the half-twisted correlators.

We will show that in addition to the multiplicative structure on the Hk(K•, Jy), the

correlators also yield a map Hn(K•, J∧) → C.

4.3 The Singular Locus

In most cases of interest the JA depend on some parameters that cannot be absorbed

into field re-definitions. Such parameters should correspond to marginal deformations

of the SCFT, and various physical quantities depend on the parameter values. For small

changes in the parameters we expect a smooth variation in the physical quantities, but

for sufficiently large deformations the theory may become singular. Essentially the

only way a singularity can arise is due to appearance of new supersymmetric vacua.

Since the JA are quasi-homogeneous, additional vacua lead to a non-compact vacuum

moduli space. This non-compactness is the source of the singularity. The sub-variety in

parameter space where the dimension of the vacuum moduli space jumps is the singular

locus.

The Koszul homology groups provide an algebraic criterion for the LG theory to

be smooth: all Hk with k > N − n must be trivial. The singular locus may contain

a number of irreducible components, and a generic point on the singular locus should

correspond to a situation where HN−n+1 6= 0, while points where different components

meet may lead to non-vanishing Hk with k > N − n+ 1.

When N = n, there is a more familiar criterion for the LG theory to be non-

singular: ∆ = deti,j Ji,j must satisfy ∆ 6= 0 in R/J [24]. This does not seem to be

well-known when Ji 6= ∂W/∂φi, but a relatively simple proof of the assertion may be

found in theorem 3.7 of [14], where it is shown that ∆ 6= 0 in R/J if and only if J is

zero-dimensional.

4.4 Comparison with (2,2) LG

Before we turn to the correlators, we will review some standard (2,2) notions in the

language above. In (2,2) theories, N = n and Ji = ∂W/∂φi. The only non-vanishing

Koszul homology group is H0 ≃ R/J , so that the observables are just elements of R/J ,

i.e., the usual (2,2) LG chiral ring. Choosing a basis {ωα} for R/J , all properties of

the chiral ring are determined by the three-point functions 〈O[ωα]O[ωβ]O[ωγ]〉 in the
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B-twisted topological field theory. The result takes the form of the local Grothendieck

residue [29]:

〈O[ωα]O[ωβ]O[ωγ]〉 =
1

(2πi)n

∫

Γ

ωαωβωγ dφ
1 ∧ · · · ∧ dφn

J1 · · ·Jn
, (4.8)

where Γ is a cycle

Γ = {φ | |Ji|2 = ǫi > 0}

oriented by d arg J1 ∧ · · · ∧ d arg Jn ≥ 0. The correlators are independent of choice

of representatives, since the integral is invariant under ωα → ωα + f i
αJi. The result

is also independent of the ǫi [34]. For simple examples this form often suffices, but

for more complicated examples one must turn to algebraic techniques to compute the

residue [35].

In [36] it was shown that under (0,2)-preserving deformations of the (2,2) LG theory

(i.e., Ji 6= ∂W/∂φi) the observables continue to be elements of R/J , and the correlators

are computed exactly by the residue formula above. In what follows we will generalize

these results to the much richer case of (0,2) models without a (2,2) locus.

5. Localization of the Half-Twisted Lagrangian

We will now construct the half-twisted action and use a localization argument to reduce

the computation of correlators to an integration over the zero-modes of the kinetic

operators. This idea is well-known in the case of (2,2) theories and the associated

topologically twisted theories [4], and has recently been applied to the chiral ring of a

number of (0,2) theories—see, e.g., [5, 6, 11].

5.1 The Half-Twist

The first step is to alter the spins of the fermion fields, shifting them by the U(1)B

symmetry. That is, given the Lorentz generator JT , under which γ, γ have charge −1/2,

while ψ, ψ have charge +1/2, we define a new Lorentz generator JT ′ = JT −JB/2. The

modified Lorentz charges are collected in table 1. To reflect the twist, we rename the

φi γA γA ψi ψ
i

JT ′ 0 −1 0 +1 0

Table 1: The twisted Lorentz charges
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fermionic fields according to

γA → ηA
z

γA → χA

ψi → ρi
z

ψ
i → θi. (5.1)

Most importantly, under this twist the supercharge Q becomes a world-sheet scalar

BRST operator. Thus, the half-twisted theory naturally computes correlators of op-

erators in the Q cohomology—these are just the operators in the (0,2) chiral ring. A

formal argument shows that the correlators are independent under variations of the

BRST-exact terms in the action. This argument may fail if the vacuum manifold is

non-compact, but we expect the independence to hold in the LG models. Letting

QT = −Q/
√

2, the non-trivial (anti)-commutators are

{QT , φ
i} = −θi, {QT , ρ

i
z} = 2∂̄φi, {QT , χA} = JA. (5.2)

The half-twisted action may be obtained from the untwisted action of eqn. 2.2 by simply

renaming the fermionic fields. We find it convenient to consider a one-parameter family

of actions St, with the original action obtained at t = 1:

St =
1

4π

∫
d2z

{
2ηA

z ∂̄χA − ηA
z JA,iρ

i
z + {QT , 2tρ

i
z∂φ

i
+ χAJ

A}
}
. (5.3)

Since QT -exact operators decouple in correlators of QT -closed operators, the theory

must be invariant under deformations of the QT -exact terms in S, and we may vary t

and J without affecting the correlators. We wish to compute the correlators via the

path integral

N
∫
D[fields]O[ω1](z1)O[ω2](z2)O[ω3](z3)e

−St , (5.4)

where N is a normalization constant. We fix the world-sheet to be a sphere with volume

4πV . Since the correlators are topological, we expect them to be independent of the

volume.

5.2 Localization

The integral is easily managed once we recall that it localizes onto configurations anni-

hilated by QT [4]. This means we can compute the correlator by expanding the action

to leading order in fluctuations around configurations annihilated by QT . In the LG

theory, the fixed point of QT consists of the point φi = 0. It is convenient to do a

– 18 –



partial localization to φi = constant and expand the fluctuations in the normalized

eigenmodes of the scalar Laplacian on the sphere labelled by their eigenvalues λ.

Note that the measure has charge n − N under the U(1)B symmetry and charge

−r under the U(1)L symmetry. Hence, if ωα ∈ ∧kαE , a non-zero correlator requires

k1 + k2 + k3 = N − n, (5.5)

and

qL[O[ω1]] + qL[O[ω2]] + qL[O[ω3]] = r. (5.6)

A non-vanishing correlator then takes the form

N
∫
D[fields]0χA1

· · ·χAN−n
ωA1···AN−n(φ0) exp[−S0] ×

∏

λ

Z(λ), (5.7)

where ω = ω1 ∧ ω2 ∧ ω3,

S0 = V
[
JA(φ0)J

A
(φ0) + χAJ

A

i (φ0)θ
i
]
, (5.8)

and Z(λ) is the contribution from the non-zero modes of the Laplacian with eigenvalue

λ. Z(λ) is given by

Z(λ) =

∫ ∏

i

d2φidρidθi
∏

A

dηAdχA exp[−Sλ],

where

Sλ = tλ2φiφ
i
+ tλρiθi − λχAη

A + φiJA,i(φ0)J
A

j (φ0)φ
j
+ χAJ

A

i (φ0)θ
i. (5.9)

This Gaussian integral is easy enough to do exactly, but the t-independence makes the

evaluation especially simple. Under a change of variables

φ→ t−1φ, ρ→ t−1ρ, θ → t−1θ

we find that the measure is invariant, while the action becomes

Sλ = λ2φiφ
i
+ λρiθi − λχAη

A + O(t−1). (5.10)

Taking t → ∞ leads to Z(λ) = πnλN−n. In contrast to topologically twisted path

integrals (or their (0,2) deformations), the half-twisted path integral has a divergence

that must be regulated. In the case at hand this is a benign zero-point energy divergence

that may be subtracted in a parameter-independent fashion. We choose to absorb it

into the normalization constant N .
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Finally, we are left with a finite-dimensional integral over the φ, χ zero-modes.

Integrating out the χA, we are left with an integral over Cn:

〈O[ω1]O[ω2]O[ω3]〉 = NV n

∫ ∏

i

d2φiǫA1···ArB1···Bnω
A1···ArJ

B1

1 · · ·JBn

n e−V JCJ
C

.

We choose a convenient normalization and express the integrand in terms of ω̃ ∈
Hn(K•, J∧), the dual of ω = ω1 ∧ ω2 ∧ ω3:

〈O[ω1]O[ω2]O[ω3]〉 =

∫ ∏

i

d2φi

π
ω̃A1···AnJ

A1

1 · · ·JAn

n e−JCJ
C

. (5.11)

Note that we have absorbed a factor of the world-sheet volume V into the JA. We will

see momentarily that this is justified.

6. Correlators and Residues

Eqn. (5.11) reduces the computation of the topological heterotic ring to the determi-

nation of the map τ : Hn(K•, J∧) → C given by

τ(ω̃) =

∫

Cn

dµ ω̃A1···AnJ
A1

1 · · ·JAn

n e−S, (6.1)

where S = JCJ
C
, and the measure dµ is

dµ =
i

2π
dφ1 ∧ dφ1 ∧ · · · ∧ i

2π
dφn ∧ dφn

.

Although the integral is well-behaved, its form hides some important features and is

not particularly suited to explicit computations. In this section we will improve on this

state of affairs.

6.1 Some Properties of τ

We begin by posing two questions about the map τ :

1. The map uses a specific representative of ω̃ ∈ Hn(K•, J∧). Does τ depend on

the choice of representative?

2. Suppose the JA depend on a parameter α. Does τ depend on α, as eqn. (6.1)

seems to suggest?
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Each query has a negative answer, and in each case, the underlying reason is that QT -

exact deformations of the action do not affect the correlators of the half-twisted theory.

We will now verify these properties directly from eqn. (6.1).

To see that the map is independent of representatives, observe that

τ(J ∧ η̃) = −
∫

Cn

dµ
ǫi1···in

(n− 1)!
η̃A2···An

∂

∂φ
i1

[
JA1

J
A1

]
J

A2

i2 · · ·JAn

in e
−S

=

∫

Cn

dµ
∂

∂φ
i1

[
− ǫi1···in

(n− 1)!
η̃A2···AnJ

A2

i2
· · ·JAn

in e
−S

]
. (6.2)

The integrand is a total derivative, and the factor of e−S ensures that there are no

dangerous boundary terms. Thus, τ(J ∧ η̃) = 0.

To determine the dependence of τ on J we consider a small variation δJ and

compute the corresponding change in τ . We find

δτ(ω̃) =

∫

Cn

dµ ω̃A1···An

[
δ(J

A1

1 · · ·JAn

n ) − J
A1

1 · · ·JAn

n JBδJ
B
]
e−S. (6.3)

Since J ∧ ω̃ = 0, it follows that

ω̃A1···AnJB = n ω̃B[A2···AnJA1]. (6.4)

Use of this identity in the second term in δτ(ω̃) leads to

δτ(ω̃) =

∫

Cn

dµ
∂

∂φ
i1

[
ǫi1···in

(n− 1)!
ω̃A1···AnδJ

A1
J

A2

i2 · · ·JAn

in e
−S

]
. (6.5)

We conclude that δτ = 0, so that τ is “independent of the choice of J
A
.” To make that

precise, consider a one-parameter family J
A

λ for λ ∈ [0, 1], with J
A

1 = JA(φ). We have

shown that τ0 = τ1, provided the integral defining τλ converges for all λ ∈ [0, 1]. So,

for any V 6= 0 rescaling J
A → V J

A
as was done above does not affect τ . In addition,

we see that τ has a holomorphic dependence on parameters in the JA.

A slight modification of these two arguments also shows that τ(fω̃) = 0 for any

f ∈ J and ω̃ ∈ Hn(K, J∧).

τ(ω̃JB) =

∫

Cn

dµ nω̃BA2···AnJA1
J

[A1

1 · · ·JAn]

n e−S

=

∫

Cn

dµ
∂

∂φ
i1

[
− ǫi1···in

(n− 1)!
ω̃BA2···AnJ

[A2

i1
· · ·JAn]

in e−S

]
= 0. (6.6)

It follows that τ(ω̃f) = 0 for all f ∈ J . This is consistent with the property that the

ideal J annihilates the Koszul cohomology groups.
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6.2 The Non-Degenerate Case and N = n

Although the most interesting physical applications require the ideal J to be quasi-

homogeneous and maximally degenerate (i.e., rank(JA,i) = 0 at φ = 0), τ is actually

well-defined for any zero-dimensional ideal J . When JA,i has maximal rank at every

zero of the JA, the integral may be computed exactly by a saddle-point approximation

around the solutions to JA = 0. Labelling these by φp, the result is

τ(ω̃) =
∑

φp

ω̃A1···AnJ
A1

1 · · ·JAn

n

deti,j JB,iJ
B

j

∣∣∣∣∣
φ=φp

, (6.7)

We stress that, despite appearances, τ is independent of the J
A
.

When N = n, the J-independence becomes obvious. In this case,

ω̃A1···An = ǫA1···An × f,

for some f ∈ R/J , and the map takes the form

τ(ω̃) =
∑

φp

f(φp)

JJ(φp)
, (6.8)

where JJ is the Jacobian

JJ(φ) =

∣∣∣∣
∂(J1, · · · , Jn)

∂(φ1, · · · , φn)

∣∣∣∣ .

This can be re-cast as a local Grothendieck residue of eqn. (4.8):

τ(ω̃) =
1

(2πi)n

∫

Γ

f(φ) dφ1 ∧ · · · ∧ dφn

J1 · · ·Jn

.

The advantage of this form is that it remains sensible even in the degenerate case when

JJ(φp) = 0. By considering relevant deformations of J , i.e., deformations that do not

bring in new solutions to JA = 0 from infinity, one can argue that even in the degenerate

case (as long as N = n) τ is given by the Grothendieck residue [29, 36].

6.3 A Residue for N > n

It would be nice if it were possible to express τ as a multi-variate residue when N > n.

We have not been able to find such a result in all generality. However, there is an

important special case where there is a natural residue formula. Consider again the

case of a quasi-homogeneous ideal J with an isolated zero at the origin. Suppose that

there exists a set σ = {B1, B2, . . . , Bn} ⊆ {1, . . . , N} such that the ideal generated
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by Ki = JBi
has an isolated zero at the origin. Introduce a parameter λ by replacing

JA → λJA whenever A 6∈ σ. In this case the map takes the form

τ(ω̃) =

∫

Cn

dµ

[
ω̃B1B2···Bn det

i,j
K

i

j +O(λ)

]
e−KiK

i
+O(λ) (no sum on the Bi). (6.9)

We have shown that τ is independent of small changes in λ, and we expect that we

may safely take λ→ 0 as long as the integral continues to converge. But the condition

on the ideal K assures that the exponential factor continues to provide the necessary

convergence. Thus, we may safely take λ→ 0 and reduce the integral to the case when

N = n. Following the discussion of the N = n case above, we are led to a residue

formula for τ :

τ(ω̃) =
1

(2πi)n

∫

Γ

ω̃B1···Bndφ
1 ∧ · · · ∧ dφn

JB1
· · ·JBn

, (no sum on the Bi), (6.10)

where the cycle Γ is given by

Γ = {φ | |JBi
|2 = ǫi > 0}, (6.11)

with orientation fixed by d arg(JB1
)∧ · · · ∧ d arg(JBn) ≥ 0. As a check that eqn. (6.10)

is sensible, we note that it satisfies the basic expectations τ(J ∧ η̃) = 0 and τ(f ω̃) = 0

for all η̃ ∈ ∧kE∨), f ∈ J , and ω̃ ∈ Hn(K, J∧).

The residue form for τ is important. It means that whenever there exists a subset σ

with the desired properties, we may compute τ , and therefore the topological heterotic

ring of the (0,2) LG theory, by using the powerful algebraic techniques developed for

the study of residues. In models of most immediate physical interest—where the LG

theory describes a point in the moduli space of a linear sigma model for a Calabi-Yau

target-space constructed as a complete intersection in a toric variety—the subset σ

certainly exists. More generally, the requisite σ may not exist, as is illustrated by an

example with n = 2, N = 3 and

J1 = φ1φ
3
2, J2 = φ2(φ

2
1 − φ2), J3 = φ1(φ

2
1 − φ2). (6.12)

Nevertheless, the original form for τ in eqn. (6.1) still satisfies all the nice properties

expected from a residue, and it may well be that the theory of residue currents may be

of use in unravelling its algebraic structure.

7. Examples

7.1 An n = 1 case

As we saw above, models with n = 1 are not interesting, since in the IR they are

equivalent to a (2,2)-supersymmetric Ak minimal model tensored with a free theory of
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left-moving Weyl fermions. Nevertheless, the case deserves a look because τ may be

computed by using any of its forms. To be concrete, we pickN = 2 with J1 = J2 = φk+1.

In this case, the Koszul homology groups are

H0(K•, Jy) = R/J = {1, φ, . . . , φk},
H1(K•, Jy) = {(φm,−φm)T}, m = 0, . . . , k. (7.1)

The three-point functions have the form

〈O[ω]O[φl1]O[φl2 ]〉 = τ(ω̃), (7.2)

where ω̃ = (φl, φl) and l = m+ l1 + l2. Using eqn. (6.1), we have

τ(ω̃) =

∫
d2φ

π
ω̃A∂φJ

A
e−2φkφ

k

= δl,k

∫ ∞

0

dy 2(k + 1)yke−2yk+1

= δl,k , (7.3)

where in the second line we substituted y = φφ and integrated over the angular coor-

dinate.

Alternatively, we may use the residue form in eqn. (6.10) with the subset σ = {1}
or σ = {2}. In either case, the cycle Γ is a counter-clockwise contour surrounding φ = 0

and

τ(ω̃) =

∫

Γ

dφ

2πi

φl

φk+1
= δl,k. (7.4)

7.2 An N=3,n=2 Example

We choose

J1 = φ4
1 + φ2

1φ
3
2, J2 = φ4

2, J3 = φ5
1. (7.5)

This ideal is quasi-homogeneous, and the natural normalization for the charges given

in eqn. (3.7) leads to

q1 =
3

14
, q2 =

1

7
, Q1 = −6

7
, Q2 = −4

7
, Q3 = −15

14
. (7.6)

The expected U(1)L normalization and central charges are then given by

r =
15

7
, c =

31

7
, c =

24

7
. (7.7)

There are two non-trivial Koszul cohomology groups, H3(K•, J∧) ≃ R/J , and

H2(K•, J∧). To determine the structure of H2(K•, J∧), we seek solutions to

ω̃12J3 + ω̃31J2 + ω̃23J1 = 0. (7.8)
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A simple elimination computation shows that ω̃ may be written in terms of two elements

α, β ∈ R:

ω̃12 = αφ1 − βφ2, ω̃31 = −βφ3
1 − αφ2

1φ
2
2, ω̃23 = α(φ3

2 − φ2
1) + βφ1φ2. (7.9)

The pair α, β yield a trivial element in H2(K•, J∧) if and only if

α = η̃1φ1φ2 − η̃2φ
3
1 − η̃3φ2,

β = η̃1(φ
2
1 − φ3

2) + η̃2φ
2
1φ

2
2 − η̃3φ1 (7.10)

for some η̃ ∈ E∨

We now wish to determine τ . There are two ways to express τ in residue form: we

may either take σ = {1, 2} or σ = {2, 3}. In the first case, we find

τ(ω̃) =

∫

Γ

dφ1 ∧ dφ2

(2πi)2

ω̃12

J1J2
, (7.11)

where

Γ = { φ | |J1|2 = ǫ81, |J2|2 = ǫ82}. (7.12)

Since the residue is independent of the parameters ǫ1, ǫ2, we can choose these so that the

cycle Γ takes a simple form. A convenient limit is to take ǫ−2
1 ǫ32 ≪ 1. We parametrize

φ2 by φ2 = ǫ2e
iθ2 , 0 ≤ θ2 ≤ 2π, and let φ1 = ǫ1u, so that the condition |J1|2 = ǫ81 takes

the form

|u4 + δu2|2 = 1, (7.13)

where δ = ǫ−2
1 ǫ32e

3iθ2 . When |δ| ≪ 1, |J1|2 = ǫ81 describes a φ2-dependent contour in the

u-plane:

u = eiθ1 − 1

4
δe−iθ1 +O(δ2), 0 ≤ θ1 ≤ 2π. (7.14)

Up to small corrections this is just a circle of radius ǫ1 in the φ1 plane which encloses

the zeroes of J1. The orientation of Γ is determined by dθ1 ∧ dθ2 ≥ 0, so that

τ(ω̃) =

∫

Γ2(ǫ2)

dφ2

2πi

∫

Γ1(ǫ1,φ2)

dφ1

2πi

ω̃12

φ4
2(φ

4
1 + φ2

1φ
3
2)
. (7.15)

In principle, the integration must be carried out in the order indicated; however, since

the integrand is holomoprhic and Γ1 has only a weak dependence on φ2, we may replace

Γ1 by φ1 = ǫ1e
iθ1 . Now we may safely exchange the order of integration and compute

the integral by residues. The result is

τ(ω̃) = − 1

24
∂4

1α +
1

12
∂2

1∂
3
2α− 1

12
∂3

1∂
2
2β. (7.16)
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This answer is consistent with the U(1)B and U(1)L selection rules, and it is easy to

check that τ(J ∧ η̃) = τ(fω̃) = 0 for all η̃ ∈ E∨ and for all f ∈ J .

Next, we take σ = {2, 3}. In this case, the cycle Γ is described as Γ1 × Γ2, with

Γ1 : |φ1|2 = ǫ21 and Γ2 : |φ2|2 = ǫ22, oriented by dθ2 ∧ dθ1 ≥ 0. Thus,

τ(ω̃) = −
∫

Γ1

dφ1

2πi

∫

Γ2

dφ2

2πi

ω̃23

φ5
1φ

4
2

. (7.17)

Computing this residue we recover the answer obtained from σ = {1, 2}.
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