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Abstract

In this paper we generalize the results of Guica et al. (2008) [M. Guica, T. Hartman, W. Song, A. Stro-
minger, arXiv:0809.4266 [hep-th]] to 5-dimensional Anti-de Sitter gravity theories with neutral scalars
non-minimally coupled to gauge fields. Due to the attractor mechanism, the near horizon geometry of ex-
tremal black holes is universal and is determined by only the charge parameters. In particular, we study a
class of near horizon geometries that contain an AdS2 ×S2 factor after Kaluza–Klein reduction. In this way
we obtain the microscopic entropy of Gutowski–Reall black hole. We also point out a possible connection
with the AdS2/CFT1 correspondence.
© 2009 Elsevier B.V. All rights reserved.

1. Introduction

Recently, the Kerr/CFT correspondence [1] has been used extensively to understand the statis-
tical entropy of stationary extremal black holes. These studies are based on the universality of the
near horizon geometry of extremal black holes. More precisely, the isometry group of the near
horizon geometry is enhanced to SO(2,1) × U(1)d−3 in d = 4,5 dimensions [2,3,5]. Thus, the
near-horizon states of an extremal black hole could be identified with a certain two-dimensional
chiral conformal field theory1 [1,6–10].
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1 In fact, the isometry of the near horizon geometry is SL(2,R)R × U(1)L and so the right movers are in the ground
state. The zero mode of Virasoro algebra of the Kerr/CFT correspondence generates U(1)L — since the zero mode of
SL(2,R)R is ∂t , the right movers are related to the entropy away from extremality.
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The analysis in [1] is similar to the one proposed by Brown and Henneaux for AdS3 [11]. In the
Hamiltonian formalism, the global charges appear as the canonical generators of the asymptotic
symmetries of the theory. For each such infinitesimal symmetry, there is an associated phase
space function that generates the corresponding transformation of the canonical variables.

The asymptotic conditions in [11] are the most general for AdS3 Einstein gravity and they
respect the following important consistency requirements [12]: they are invariant under the AdS
group; they decay sufficiently slowly to the exact AdS so that to contain the spinning black holes;
the fall-off is sufficiently fast so that the conserved charges are finite. It is also important to
emphasize that the asymptotic behaviour of the metric in the presence of matter fields can be
different from that arising from pure gravity. Consequently, the standard asymptotic conditions
should be relaxed. However, it was shown (see, e.g., [13]) that the boundary conditions can be
relaxed so that the original symmetry is still preserved — though, the charges are modified in
order to take into account the presence of the matter fields.

Obviously, if the theory is slightly modified, the boundary conditions should also be modified
in order to accommodate the new solutions of physical interest. In [1] the near horizon geometry
involves a fibration over AdS2 and so it is another phase space of extremal horizons with a
different set of boundary conditions. That is, some of the deviation metric (hμν) components
are of the same order in inverse powers of r as the corresponding components in the background
metric itself. However, these boundary conditions still yield finite charges and give rise to a
Virasoro algebra. The construction of phase spaces containing arbitrary functions in the leading
components of the metric has been done before [1] (see, e.g., [14]).

In this paper we consider extremal stationary black holes in Einstein gravity coupled to
Abelian gauge fields and neutral scalars. Due to the enhanced symmetry of the near horizon ge-
ometry, the attractor mechanism [15] can be extended to general extremal spinning black holes
[16]. Unlike the non-extremal case for which the near horizon geometry (and the entropy) de-
pends on the values of the moduli at infinity, in the extremal case, the near horizon geometry is
universal and is determined by only the charge parameters. This is interpreted as a signal that a
clear connection to the microscopic theory is possible.

We discuss in detail the attractor mechanism for a class of near horizon geometries that be-
come AdS2 × S2 after Kaluza–Klein (KK) reduction. We use the entropy function formalism
[16–18] to explicitly show that the entropy is independent of the asymptotic values of the scalars.

Thus, based on these observations, we argue that the Kerr/CFT correspondence can be gener-
alized to a large class of black holes. A particular example of great interest is the Gutowski–Reall
(GR) black hole [19] for which an understanding of the statistical entropy is lacking. Our
emphasis is mainly on understanding the relationship between Kerr/CFT correspondence and
AdS2/CFT1 duality.

In five dimensions there are two distinct asymptotic Virasoro algebras [6–8] that can be ob-
tained by imposing appropriate boundary conditions. Even if the corresponding central charges
are different, the statistical entropies computed by using the Cardy formula are equal and match
the Bekenstein–Hawking entropy. Since these algebras act on the Hilbert states of the CFT, it
seems that there exist two distinct holographic duals.

Inspired by the proposal of [20], we compute the central charge in the AdS2 geometry obtained
by KK reduction of GR black hole to two dimensions. Interestingly enough, we found that it is
proportional to the entropy and this may be a hint that there is a connection between the Kerr/CFT
correspondence and the AdS2/CFT1 duality. However, at this point, it is not clear to us if this is
indeed the case.
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The paper is organised as follows. In Section 2 we argue that for extending the Kerr/CFT
correspondence to more general theories with massless scalars and gauge fields the attractor
mechanism plays a crucial role. In Section 3, we present a concrete analysis of the entropy
function for a class of near horizon geometries which contain an AdS2 × S2 factor after KK
reduction. In Section 4 we show that GR black hole belongs to this class and apply the Kerr/CFT
correspondence to compute its statistical entropy. In Section 5 we present an analysis of the
near horizon geometry of GR black hole from a two-dimensional point of view. This analysis
suggests a possible connection with the AdS2/CFT1 duality. Finally, we end with a discussion of
our results in Section 6.

2. Attractor mechanism

In this section we discuss the attractor mechanism for extremal spinning black holes in AdS.
Based on the results of [16] we argue on general grounds that there is an attractor mechanism for
extremal stationary black holes in AdS.

It is now well understood that supersymmetry does not really play a fundamental role in the
attractor phenomenon. The attractor mechanism works as a consequence of the SO(2,1) sym-
metry of the near horizon extremal geometry. This symmetry arises because the near horizon
geometry involves a fibration over AdS2. The infinite throat of AdS2 is at the basis of the attractor
mechanism (see [21] and Section 4.3 of [22] for a detailed discussion on the physical interpreta-
tions). Therefore, the scalars vary radially, but they are ‘attracted’ to fixed values at the horizon
(if the entropy function does not have flat directions) depending only on the charge parameters
— for the stationary black holes the values of the scalars at the horizon have also an angular
dependence.

For the application of Kerr/CFT analysis, the attractor mechanism is crucial. Since the
Kerr/CFT analysis is done in the near horizon limit and it is usually difficult to extend the no-
tion of Frolov–Thorne (FT) vacuum [23] all the way to asymptotic infinity, it is crucial that the
analysis does not depend on asymptotic values of the moduli.

We consider a theory of gravity coupled to a set of massless scalars and vector fields, whose
general action has the form2

I
[
Gμν,φ

i,AI
μ

] = 1

k2

∫
M

d5x
√−G

[
R − 2gij (φ)∂μφi∂μφj − fAB(φ)FA

μνF
Bμν

− 1

2
√−G

gABC(φ)FA
μνF

B
ρσ AC

ν εμνρσν + V
(
φi

)]
, (2.1)

where FB = dAB with B = (0, . . . ,N) are the gauge fields, φi with (i = 1, . . . , n) are the scalar
fields, and k2 = 16πG5. We use Gaussian units to avoid extraneous factors of 4π in the gauge
fields, and the Newton’s constant is set to G5 = 1. This action resembles that of the gauged
supergravity theories.3

We are interested in stationary black hole solutions of the equations of motion. In general
relativity the boundary conditions are fixed. However, in string theory one can obtain interesting
situations by varying the asymptotic values of the moduli and so, in general, the asymptotic

2 In D = 5 it is possible to include an additional ‘AFF’ Chern–Simons (CS) term.
3 The gauged supergravity theories contain a potential for the scalar fields. When there are no scalar fields the distinc-

tion between gauged and ungauged theories is made by the cosmological constant.
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moduli data should play an important role in characterizing these solutions. However, due to the
enhanced symmetry SO(2,1) × U(1)d−3 of the near horizon geometry of extremal black holes
the entropy is independent of asymptotic data.

To study the attractor mechanism of these solutions we use the entropy function formalism of
[16].4 However, the existence of a Chern–Simons term in the action is problematic — the entropy
function method relies on gauge as well as diffeomorphism invariance of the Lagrangian density.
The apparent lack of gauge invariance is usually tackled via a 4D reduction [18,25] (though,
see [26]).

The most general field configuration consistent with the symmetry of the near horizon geome-
try of an extremal spinning black hole is of the form [16] (see also [3–5] for a general discussion
of near-horizon geometries for extremal black holes)

ds2 = v1(θ)

(
−r2 dt2 + dr2

r2

)
+ β(θ) dθ2

+ Mab(θ)
(
dφa + αar dt

)(
dφb + αbr dt

)
, (2.2)

AM = eMr dt + bM
a (θ)

(
dφa + αar dt

)
, (2.3)

φs = us(θ), (2.4)

where αa and eM are constants, and v1,Mab,u
s , and β are functions of θ . The form of the metric

implies that the black hole has zero temperature.
At this point it is important to emphasize the existence of two distinct branches of stationary

extremal black hole solutions which, in [16], are dubbed ‘ergo-’ and ‘ergo-free’ branches ac-
cording to their properties. The first branch, also known as the fast branch, can exist for angular
momentum of magnitude larger than a certain lower bound and does have an ergo-region. On the
other hand, the ergo-free branch can exist only for angular momentum of magnitude less than a
certain upper bound. The ergo-free branch can be smoothly connected to a static extremal black
hole.

Interestingly enough, for the ergo-branch, despite (some of) the near horizon scalar fields
being dependent of the asymptotic data, the entropy is independent of the scalars. Thus, one can
still apply the Kerr/CFT correspondence in this case.

3. Entropy function

We discuss in detail the entropy function formalism for the most general geometry that has an
AdS2 × S2 after KK reduction — a particular case is GR black hole.

In what follows, we are interested in the most general metric that has an AdS2 × S2 after KK
reduction:

ds2 = gαβ dxα dxβ = Gab dxa dxb + u2(dφ + Āa dxa
)2

, (3.5)

where

Gab dxa dxb = v1
(−r2 dt2 + r−2 dr2) + v2

(
dθ2 + sin2 θ dψ2). (3.6)

After KK reduction, the KK gauge field appears as a gauge field in four dimensions. In order
to apply the entropy function method, one should also consider a KK gauge potential that re-
spects the symmetry of AdS2 × S2. We are interested in a KK gauge potential with the following

4 Entropy function formalism was applied to black holes in AdS space in [24].
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components: Āθ = 0, Āψ = p̄ cos θ , and the other two components are functions of r . The gauge
field also preserves the symmetries of the near-horizon geometry and so the gauge potential is
given by

A = Aα dxα = er dt + p cos θ dψ + b
[
dφ + Ar(r) dr

]
. (3.7)

Thus, the KK and original field configurations in four dimensions are given by:

F̄ = 1

2
F̄μν dxμ ∧ dxν = ē dr ∧ dt − p̄ sin θ dθ ∧ dψ,

F = 1

2
Fμν dxμ ∧ dxν = e dr ∧ dt − p sin θ dθ ∧ dψ. (3.8)

We use the following results of the dimensional reduction

gαβ dxα dxβ = Gab dxa dxb + GAB

(
dyA + ĀA

a dxa
)(

dyB + ĀB
a dxa

)
,

√−g = √−G
√

det(GAB), (3.9)

R5 = R4 − 1

4
GacGbdGABFA

abF
B
cd + 1

4
∂aGAB∂aGAB − 1

4
GAB∂aGABGCD∂aGCD

− ∂a

(
GAB∂aGAB

)
(3.10)

to rewrite the 4-dimensional action in the near-horizon limit (the scalars are constant) as:

S4 = 1

(k4)2

∫
d4x

[
u
√−G

(
R4 − 1

4
u2F̄ 2 − F 2 + 12


2

)
− 2Aφ√

3
FtrFψθ

]
. (3.11)

The quantities u, b, v1, v2, e, ē, p, and p̄ are constants labelling the background. We now
define:

f (�u, �v, �e, �p) ≡
∫

dθ dφ
√−G L (3.12)

evaluated for this background. Furthermore, the definitions for the charges and the entropy func-
tion are

q ≡ ∂f

∂e
, q̄ ≡ ∂f

∂ē
, E ≡ 2π

[
eq + ēq̄ − f (u, b, v1, v2, e, ē,p, p̄)

]
(3.13)

so that E/2π is the Legendre transform of the function f with respect to the variables {e, ē}.
Thus it follows as a consequence of the equations of motion that, for a black hole carrying
electric charge �q = (q, q̄) and magnetic charge �p = (p, p̄), the constants �v = (v1, v2), �u = (u, b)

and �e = (e, ē) are given by:

∂E

∂u
= 0,

∂E

∂b
= 0,

∂E

∂v1
= 0,

∂E

∂v2
= 0, (3.14)

e = 1

2π

∂E(�u, �v, �q, �p)

∂q
, ē = 1

2π

∂E(�u, �v, �q, �p)

∂q̄
. (3.15)

Then, the entropy associated with the black hole is given by

SBH = E(�u, �v, �q, �p) (3.16)

evaluated at the extremum (3.14).
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A straightforward calculation gives

f (�u, �v, �e, �p) = 4π

(k4)2
v1v2u

[
− 2

v1
+ 2

v2
− 1

2
u2

(
− ē2

v2
1

+ p̄2

v2
2

)
− 2

(
− e2

v2
1

+ p2

v2
2

)
+ 12

l2

]

+ 4π

(k4)2

16ep b√
3

. (3.17)

By combining the equations for v1 and v2 we obtain the following relation:

− 2

v2
+ 2

v1
− 24


2
= 0. (3.18)

Unlike the theory of gravity with two derivatives in flat space case where the two radii are
equal, in the AdS space the radii are different (see, e.g., GR black hole). Using the attractor
equations we can rewrite (3.17) as

f = − 4π

(k4)2

uv2

v1

(−u2ē2 + 2v1 − 4e2) + 4π

(k4)2

16epb√
3

, (3.19)

and we obtain the entropy S = 16π2uv2/(k4)
2 = 32π3uv2/(k5)

2 = 2π2uv2.
The entropy function formalism can also be extended to black holes with an AdS3 factor in

the near-horizon geometry by using the following relation between AdS3 and AdS2 metrics:

ds2
3 = v1

(−r2 dt2 + r−2 dr2) + u2(dφ + Ār dt)2 (3.20)

where the constraint v1 = (uĀ)2 assures that the geometry (3.20) is AdS3.

4. Gutowski–Reall black hole and its near horizon geometry

In what follows we recapitulate the main results of [19,27] and rewrite the near-horizon ge-
ometry in a form suitable to our analysis. We explicitly show that, indeed, there is an AdS2 in the
near horizon geometry of GR black hole and obtain the KK reduction to four dimensions. Finally,
we use the Kerr/CFT correspondence to compute the statistical entropy of GR black hole.

4.1. Generalities

The theory we shall be considering is minimal D = 5 gauged supergravity with bosonic action

S5 = 1

4πG5

∫ [(
R5

4
+ 3


2

)
� 1 − 1

2
F ∧ �F − 2

3
√

3
F ∧ F ∧ A

]

= 1

(k5)2

∫
d5x

[√−g

(
R5 − F 2 + 12


2

)
− 2

3
√

3
εαβγ τδAαFβγ Fτδ

]
, (4.21)

where R5 is the Ricci scalar, F 2 ≡ FαβFαβ , and F = dA is the field strength of the U(1) gauge
field. We also use the notation (kD)2 = 16πGD , where GD is the gravitational constant in D

dimensions. The bosonic equations of motion are

5Rαβ − 2Fαγ Fβ
γ + 1

3
gαβ

(
F 2 + 12


2

)
= 0,

d ∗ F + 2√ F ∧ F = 0. (4.22)

3
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In flat space [27], the geometry of the event horizon of any supersymmetric black hole of
minimal 5-dimensional supergravity must be T 3, S1 × S2, or a quotient of a homogeneously
squashed S3. However, there is no general classification of the near horizon geometries of susy
black holes in AdS spacetime.

In AdS space [19], Gutowski and Reall found an interesting solution that is asymptotically
AdS and does not have an AdS3 component in the near-horizon geometry. In the ungauged theory
the near-horizon geometry of a BPS black hole is maximally supersymmetric. In the gauged
supergravity this is not true because the only maximally supersymmetric solution is AdS5.

The ansatz for the full metric in Gaussian coordinates is [27]

ds2 = −r2Δ2 dU2 + 2dU dr + 2rhA dU dxA + γAB dxA dxB, (4.23)

where γAB is a function of r and xA. This metric guarantees the existence of a regular near
horizon geometry, defined by the limit r = εr̃ , U = Ũ/ε and ε → 0.

The horizon, r = 0, is a Killing horizon of V = ∂/∂U — the near-horizon metric has the
same form (4.23), but with Δ, hA, and γAB depending only on xA. The gauge field A in the
near-horizon limit (LV A = 0) is given by

A =
√

3

2
rΔdU + aA dxA. (4.24)

4.2. The near horizon geometry

For Δ >
√

3/
 the near-horizon solution is

ds2 = −r2Δ2 dU2 + 2dU dr − 6Δr


(Δ2 − 3
−2)
dU (dφ + cos θ dψ)

+ 1

Δ2 − 3
−2

[
Δ2

Δ2 − 3
−2
(dφ + cos θ dψ)2 + dθ2 + sin2 θ dψ2

]
,

F = −
√

3

2
ΔdU ∧ dr +

√
3 sin θ

2
(Δ2 − 3
−2)
dθ ∧ dψ, (4.25)

where Δ is constant everywhere.
Dimensional reduction on ∂/∂φ yields an AdS2 ×S2 geometry. We rewrite (4.25) in a suitable

form for KK reduction:

ds2 = −r2Δ2 dU2 + 2dU dr

+
(

Δ

Δ2 − 3
−2

)2[
dφ + cos θ dψ − 3r


Δ

(
Δ2 − 3
−2)dU

]2

− 9r2


2
dU2 + 1

Δ2 − 3
−2

(
dθ2 + sin2 θ dψ2). (4.26)

To make the AdS2 part manifest, we introduce a new coordinate

τ = (
Δ2 + 9
−2)U + 1

r
, dτ = (

Δ2 + 9
−2)dU − dr

r2
, (4.27)
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and rewrite (4.26) as

ds2 = 1

Δ2 + 9
−2

(−r2 dτ 2 + r−2 dr2) + 1

Δ2 − 3
−2

(
dθ2 + sin2 θ dψ2)

+
(

Δ

Δ2 − 3
−2

)2[
dφ + cos θ dψ − 3r


Δ

Δ2 − 3
−2

Δ2 + 9
−2

(
dτ + dr

r2

)]2

. (4.28)

It is important to note that the above is a one parameter family of solutions, labelled by the
parameter Δ which controls the topology of the black hole horizon. Since we are interested in a
compact horizon geometry (squashed sphere), we impose the following constraint: Δ >

√
3/
.

A detailed discussion for other values of Δ (which lead to non-compact horizons) can be found
in [19]. In particular, for Δ = 0, one obtains the near horizon geometry of a black string.

4.3. Boundary conditions and central charges

Let us consider a perturbation of the near horizon metric (gμν ). If hμν is some deviation
from it the new metric is given by ḡμν = gμν + hμν . Following [6,8] we see that, being in five
dimensions, we can have two consistent boundary conditions corresponding to two U(1)s such
that the diffeomorphisms will generate two copies of chiral Virasoro algebra.

One of the possible boundary conditions for hμν is
⎛
⎜⎜⎜⎜⎜⎜⎝

hττ = O(r2) hτr = O( 1
r2 ) hτθ = O( 1

r
) htψ = O(r) htφ = O(1)

hrτ = hτr hrr = O( 1
r3 ) hrθ = O( 1

r2 ) hrψ = O( 1
r3 ) hrφ = O( 1

r2 )

hθτ = hτθ hθr = hrθ hθθ = O( 1
r
) hθψ = O( 1

r
) hθφ = O( 1

r
)

hψτ = hτψ hψr = hrψ hφθ = hθφ hψψ = O( 1
r
) hψφ = O(1)

hφτ = hτφ hφr = hrφ hφθ = hθφ hψφ = hφψ hφφ = O(1)

⎞
⎟⎟⎟⎟⎟⎟⎠

. (4.29)

We give the details about how to get the most general diffeomorphism that preserves these
boundary conditions in Appendix A. We obtain that the most general diffeomorphism that pre-
serves (4.29) is given by

ζ =
[
C + O

(
1

r3

)]
∂t + [−rγ ′(φ) + O(1)

]
∂r + O

(
1

r

)
∂θ

+ O
(

1

r2

)
∂ψ +

[
γ (φ) + O

(
1

r2

)]
∂φ, (4.30)

where C is an arbitrary constant and γ (φ) is an arbitrary function of φ. From this, the asymptotic
symmetry group is generated by the diffeomorphisms of the form

ζ t = ∂t , (4.31)

ζ φ
γ = γ (φ)∂φ − rγ ′(φ)∂r . (4.32)

Especially, (4.32) generates the conformal group of one of the U(1) circles. A generator of
the Virasoro algebra of the chiral CFT2 is identified with this class of diffeomorphisms which
preserve the appropriate boundary condition on the near horizon geometry. To see that it really
obeys the Virasoro algebra, we expand γ (φ) in modes and define γn = −e−inφ . Then, it can be
easily seen that ζ

φ
n , which are defined as

ζφ = γn∂φ − rγ ′∂r (4.33)
n n
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obey the Virasoro algebra under the Lie bracket as
[
ζφ
m, ζ φ

n

]
Lie = −i(m − n)ζ

φ
m+n. (4.34)

We notice that the Virasoro generators are constructed from r and φ. In other words, we see that
the generators of the Virasoro algebra act on only φ-direction in the dual boundary field theory.
Thus it is very different from the usual holographic dual CFT2 where the time direction t play
some role. It seems that we cannot describe dynamical processes by using this Virasoro algebra,
but at least to calculate the entropy, we can use the Virasoro algebra on the φ-direction.

The allowed symmetry transformations include time translations generated by ζ t which cor-
respond to energy above extremality. Since we study only extremal black holes, we set the
corresponding conserved charge Q∂t = 0. This restriction is consistent because ζ t commutes
with other generators in the asymptotic symmetry group.

The other allowed boundary condition is
⎛
⎜⎜⎜⎜⎜⎜⎝

htt = O(r2) htr = O( 1
r2 ) htθ = O( 1

r
) htψ = O(1) htφ = O(r)

hrt = htr hrr = O( 1
r3 ) hrθ = O( 1

r2 ) hrψ = O( 1
r2 ) hrφ = O( 1

r3 )

hθt = htθ hθr = hrθ hθθ = O( 1
r
) hθψ = O( 1

r
) hθφ = O( 1

r
)

hψt = htψ hψr = hrψ hψθ = hθψ hψψ = O(1) hψφ = O(1)

hφt = htφ hφr = hrφ hφθ = hθφ hφψ = hψφ hφφ = O( 1
r
)

⎞
⎟⎟⎟⎟⎟⎟⎠

(4.35)

and the general diffeomorphism preserving (4.35) can be written as

ζ =
[
C + O

(
1

r3

)]
∂t + [−rε′(ψ) + O(1)

]
∂r + O

(
1

r

)
∂θ

+
[
ε(ψ) + O

(
1

r2

)]
∂ψ + O

(
1

r2

)
∂φ, (4.36)

where C is an arbitrary constant and ε(ψ) is an arbitrary function of ψ . The asymptotic symmetry
group (ASG) is generated by ζ t and

ζψ
ε = ε(ψ)∂ψ − rε′(ψ)∂r . (4.37)

In exactly the same manner as above, we define εn = −e−inψ and so

ζψ
n = εn∂ψ − rε′

n∂r (4.38)

obey the Virasoro algebra
[
ζψ
m , ζψ

n

]
Lie = −i(m − n)ζ

ψ
m+n. (4.39)

In this case the Virasoro generator is constructed from r and ψ .
We will see that these boundary conditions indeed lead to the correct black hole entropy.5

As discussed in [9], the two CFTs are related by a SL(2,Z) modular group transformation that
interchanges two circles in the near horizon geometry and so maps the two CFTs corresponding
to two circles into each other.

5 We would also like to point out that we have explicitly checked that the contribution of gauge fields and the CS term
vanishes. Since, recently, this result was proven for the general case — see the note added at the end of the paper — we
do not present the details here.
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Following the covariant formalism of the ASG [28], a conserved charge Qζ associated with
an element ζ is defined by

Qζ = 1

8π

∫
∂Σ

kζ [h,g], (4.40)

where ∂Σ is a spatial surface at infinity and

kζ [h,g] = 1

4
εαβγμν

[
ζ νDμh − ζ νDσ hμσ + ζσ Dνhμσ + 1

2
hDνζμ

− hνσ Dσ ζμ + 1

2
hσν

(
Dμζσ + Dσ ζμ

)]
dxα ∧ dxβ ∧ dxγ . (4.41)

Here gμν is the metric of the background geometry and hμν is deviation from it. We also notice
that the covariant derivative is defined by using gμν . In addition to a charge Qζn associated
with ζn, there exists a charge Q∂τ associated with ∂τ . As discussed above, this is set to zero to
preserve the extremality condition.

Then let us consider the Dirac bracket of Qζn under the constraint Q∂τ = 0. It is determined
by considering the transformation property of the charge Qζn under a diffeomorphism generated
by ζm. It then follows that

{Qζm,Qζn}Dirac = Q[ζm,ζn] + 1

8π

∫
∂Σ

kζm[Lζng, g]. (4.42)

By expanding the charge in terms of Ln’s and replacing the Dirac bracket {. , .} by the commuta-
tor we see that Ln satisfy a Virasoro algebra

[Lm,Ln] = (m − n)Lm+n + c

12
m

(
m2 + α

)
δm+n,0. (4.43)

This prescription works for both boundary conditions. The central charges ci in these Virasoro
algebras, at the level of Dirac brackets of the associated charges Qi

n, can be calculated from the
m3 terms in the expression

1

8π

∫
∂Σ

kζ i
m

[
Lζ i

(−m)
g, g

] = − i

12

(
m3 + αm

)
ci . (4.44)

Using the Lie derivatives calculated in Appendix A, we get for the first boundary condition (of
interest for the next section)

c = 36v1u


Δ
π. (4.45)

To calculate the entropy, we also need to calculate the FT temperature [23]. Using the formula
given by Chow et al. [10], we see that these temperatures are given by the constants k1 and k2
appearing in the dt dφ and dt dψ components of the metric written in the form

ds2
5 = v1

(
−r2 dt2 + dr2

r2

)

+ v2
(
dθ2 + sin2 θ (e1 − e2)

2) + u2(e1 + e2 + cos θ (e1 − e2)
)2

, (4.46)
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where ei = dφi + kir dt and ψ = φ1 − φ2 and φ = φ1 + φ2. In terms of k1 the FT temperatures
are given by

ki = 1

2πTi

, S = π2

3
c1T1 = π2

3
c2T2. (4.47)

So, finally we get the following values for the entropy6 and the central charge:

S = 2π2v2u, k = 3v1


Δv2
, c = π

36v1u


Δ
. (4.48)

Here k = 1
2πTFT

where TFT is the FT temperature.

5. The relation with AdS2/CFT1

Since the extremal black holes have an AdS2 in their near horizon geometry, it is expected that
the dual conformal quantum mechanics (CQM) living at the boundary plays an important role in
understanding their statistical entropy. Indeed, it has been shown in [20] that the entropy function
gives rise to an entropy that can be interpreted as the logarithm of the ground state degeneracy of
the dual CQM in a fixed charged sector. Since the CQM is living on the boundary that is a circle,
the partition function may be represented as a trace over the Hilbert space of the CFT.

The main result of Sen is a specific relation between degeneracy of black holes microstates
and an appropriately defined partition function of string theory on the near horizon geometry
(referred to as the quantum entropy function). More concretely, the microscopic degeneracy
Smicro = lndmicro is given by

dmicro(�q) =
〈
exp

[
−qM

∮
dθAM

θ

]〉finite

AdS2

, (5.49)

where 〈 〉AdS2 denotes the unnormalized path integral over various fields on Euclidean global
AdS2 associated with the attractor geometry for charge �q and AM

θ are the values of gauge fields
along the boundary of AdS2. In the classical limit this reduces to the usual relation between
microscopic entropy and macroscopic (Wald) entropy.

In AdS2, the solution to the classical equations of motion for the gauge fields has two inde-
pendent modes near the boundary: the constant mode and the mode representing the asymptotic
value of the electric field. Since the electric field mode is dominant and the electric fields deter-
mine the charges carried by the black hole, the relation (5.49) is written for a fixed charge sector.
However, one can also work with fixed values of the constant modes (a detailed discussion can
be found in [20]) and this leads to a new partition function with the finite part given by

Zfinite
AdS2

(�e) =
∑

�q
dmicro(�q)e−2π �e�q . (5.50)

Since we allowed the asymptotic electric fields to fluctuate, the right-hand side now has a sum
over different charges. Due to the fact that this involves integrating over non-renormalizable
modes, even when such a partition function can be defined, it probably only makes sense as an
asymptotic expansion around the classical limit. However, this is the partition function we are
interested in.

6 We have to ‘trade’ the energy for the temperature in the usual Cardy formula S = 2π
√

cE/6 by using the first law
dE = T dS.
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In the classical limit both (5.49) and (5.50) reduce to the unusual relation between the sta-
tistical and the thermodynamical entropies and so the microscopic description of the entropy of
an extremal black hole for large charges is a direct consequence of AdS2/CFT1 duality in the
classical limit.

It is also important to mention a related interesting work of Hartman and Strominger [29].
This work is especially relevant for our discussion.

In this section, we try to see if there is a relationship between central charges calculated
using Kerr/CFT correspondence and central charges appearing in recent attempts [29,30] to find
the central charge in AdS2 by applying a Brown–Henneaux procedure. On the face of it, this
seems unlikely because the vector fields generating the diffeomorphism are functions of time in
one case AdS2 while they are functions of U(1) coordinate in Kerr/CFT analysis. But both of
them involve modifying the asymptotic boundary conditions. In AdS2 case, one needs to twist
the energy momentum tensor by a certain U(1) gauge transformation while in the Kerr/CFT
correspondence one needs to take some of the components of the perturbation metric to be of the
same order as the background.7

Let us now discuss GR solutions after KK reduction in two dimensions by using the entropy
function formalism. By comparing (4.28) with (3.5) one can read off v1, v2, u, as well as the KK
gauge potential Āa . Explicitly, we obtain

v1 = 1

Δ2 + 9
−2
, v2 = 1

Δ2 − 3
−2
, u = Δ

Δ2 − 3
−2
= Δv2. (5.51)

The original gauge potential in five dimensions is

A = er dt + b(dφ + cos θ dψ) =
√

3

2
Δv1r dτ −

√
3

2l
v2(dφ + cos θ dψ), (5.52)

and the field strength configurations after KK reduction are given by

F̄ = 1

2
F̄μν dxμ ∧ dxν = −3




Δ2 − 3
−2

Δ(Δ2 + 9
−2)
dr ∧ dτ − sin θ dθ ∧ dψ,

F = 1

2
Fμν dxμ ∧ dxν = e dr ∧ dt − p sin θ dθ ∧ dψ, (5.53)

with e and p as in (4.25). From the solution, we get

ē = − 3v1


Δv2
, p̄ = 1, e =

√
3Δv1

2
, p = b = −

√
3v2

2

. (5.54)

In the AdS2/CFT1 duality, the central charge is given by [30]

c = 3 Voll L2D, (5.55)

where the volume element Voll = 2πl2 and Lagrangian density is related to the on-shell bulk
action by

Ibulk
∣∣
EOM = −

∫
M

d2x
√−gL2D. (5.56)

This form of the central charge is consistent with the analysis of [20]. Since

f (�u, �v, �e, �p) ≡
∫

dθ dφ
√−GL (5.57)

7 We believe that, in fact, in the analysis of [30] these considerations should also be taken in account.
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occurs in the entropy function formalism it is worth to compute its expression for the GR black
hole. It can easily be seen that after dimensional reduction, f (�u, �v, �e, �p) will correspond to the
central charge.

Let us now evaluate f (�u, �v, �e, �p) for GR black hole. Replacing the near horizon data in the
expression (3.17) we obtain

f (�u, �v, �e, �p) = 4π

k2
4

v1u. (5.58)

By comparing with the results in the previous section, we tentatively make the identification
that f (�u, �v, �e, �p) is indeed proportional to central charge and so the central charges appearing
in Kerr/CFT and CFT1 are related.8 We are currently investigating the possible connection and
hope to report on it in near future.

6. Discussion

In this paper we propose that the Kerr/CFT correspondence can be applied to stationary ex-
tremal black holes in gravity theories with massless, neutral scalars non-minimally coupled to
gauge fields.9 Our conclusion relies heavily on the existence of the attractor mechanism that fixes
the entropy of both, ergo and ergo-free, branches independent of the asymptotic data.

An important observation is that in the case of Kerr/CFT correspondence, the Virasoro gen-
erators are constructed from r and an angular coordinate (e.g., φ). In other words, we see that
the generators of the Virasoro algebra act on only φ-direction in the dual boundary field theory.
Thus it is very different from the usual holographic dual CFT2 where the time direction t plays
some role. It seems that we cannot describe dynamical processes by using this Virasoro algebra,
but at least to calculate the entropy, we can use the Virasoro algebra on the φ-direction.

The temperature of the dual chiral CFT2 is determined by identifying quantum numbers in the
near horizon geometry with those in the original geometry [23]. For spinning black holes, one
can give a physical interpretation to the rotating spatial coordinates (with the horizon’s angular
velocity). That is they are comoving with the radiation fluid environment that is required to
equilibrate the black hole.

Frolov and Thorne gave a quantum-field theoretic argument why the environment must rotate
rigidly. Local observers which are comoving with the fluid environment are the natural observers
to describe the equilibrium of a system containing a black hole — they see a locally isotropic
thermal distribution of quanta [23]. However, it is important to emphasize that these observers
are not actually suitable for defining global properties of the system. Indeed, there is no way for
them globally to synchronize their clocks, and consequently there is no global time-slicing with
respect to which they are at rest.

Therefore, for the application of Kerr/CFT analysis, the attractor mechanism is crucial. Since
the Kerr/CFT analysis is done in the near horizon limit and it is difficult to extend the notion of
FT vacuum all the way to asymptotic infinity, it is crucial that the analysis does not depend on
asymptotic values of the moduli.

8 Similar considerations on a relation between central charges in AdS2 and AdS3 in the presence of Chern–Simons
terms appeared also in [31], though the Kerr/CFT does not play any role in this work.

9 The existence of a non-extremal black hole horizon is considered as a boundary condition in [32].
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Gravitating systems are never truly isolated in the traditional sense of thermodynamics and
gravitational ‘thermodynamics’ has to be formulated globally because of the infinite range of the
gravitational field.

Within the AdS/CFT duality there is a concrete connection between the attractor mechanism
(gravity side) and the ‘dual’ universality property of the QFT [33] (see also [34,35]). The scalars
(moduli) flow has a nice interpretation as an RG flow towards the IR attractor horizon. Therefore,
the fact (referred to as ‘universality’ of QFT) that the IR end-point of a QFT RG flow does not
depend upon UV details is equivalent, in the holography context, to the fact that the bulk solution
for the small r does not depend upon the details of the matter at large values of r . Indeed, due
to the attractor mechanism the black hole horizon (IR region) does not have any memory of
the initial conditions (the UV values of the moduli) at the boundary. Thus, in the AdS/CFT
duality context, the Kerr/CFT correspondence has a nice interpretation: the universality of the
near horizon geometry in the IR regime is at the basis of the statistical entropy computations that
do not depend of details at the boundary. This statement is related to the fact that more than one
UV quantum field theories can flow to the same IR point.

The existence of the two branches (with and without ergo-region) may be puzzling for the
Kerr/CFT correspondence. How is it possible that this method is working in both cases? The
answer is related again to the existence of the attractor mechanism [16]. The entropy function
has no flat directions for the ergo-free branch: the scalars and all other background fields at the
horizon are independent of the asymptotic data. However, there is a drastic change for the ergo-
branch — the entropy function has flat directions: despite the entropy being independent of the
moduli, the near horizon fields are dependent on the asymptotic data. The existence of an ergo-
region allows energy to be extracted classically either by the Penrose process for point particles or
by super-radiant scattering for fields. It is tempting to believe that the presence of the ergo-sphere
is intimately related to the appearance of flat directions. One might say that the ergo-branch, not
completely isolated from its environment due to these processes, retains some dependence on the
asymptotic moduli. From this perspective, it is amazing that the black hole is isolated enough for
the entropy to remain independent — however, the addition of higher derivative terms might lift
these flat directions.

In AdS spacetime there are no static supersymmetric black holes. The extremal limit is differ-
ent than the BPS limit — in the BPS limit one obtains naked singularities. One way to avoid this
problem is to construct spinning susy black holes. Gutowski and Reall constructed a spinning
susy solution in five-dimensional minimal gauged supergravity.

The main goal of this work was to give an interpretation for the microscopic entropy of GR
black hole. It is important to mention that, despite the fact that this is a susy black hole, a com-
putation of its entropy in the boundary CFT is lacking. The attempts to match it with the index
(the number of chiral primaries ) of the four-dimensional CFT failed [36]. The reason may be
that, since the black hole is not maximally supersymmetric, two or more short (BPS) multiplets
can combine into a long representation.

As a side observation, we mention that it will be interesting to understand the role of the
dipole charge of black rings within the Kerr/CFT correspondence — the analysis in [37] may be
useful.10

To this end, let us comment on a possible relation connection between the Kerr/CFT corre-
spondence and the AdS2/CFT1 duality. First, note that one can perform a KK reduction to get a

10 It is known that the dipole charge appears in the first law in the same manner as a global charge [38].
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two-dimensional effective theory. For GR black hole all values of the parameters that character-
ize the near horizon geometry are given in Section 5. Note that the magnetic fields represent flux
through the sphere labelled by the angular coordinates and should not be explicitly displayed.
Thus, one can obtain the degeneracy of microstates by using the quantum entropy function pro-
posal of Sen [20].

One way to compute conserved charges is by using a canonical realization of the ASG. For
AdS2 Maxwell-dilaton gravity, Hartman and Strominger [29] proposed that the usual conformal
diffeomorphisms must be accompanied by gauge transformations in order to maintain the bound-
ary conditions. In this way, the conformal transformations are generated by a twisted stress tensor
and one can obtain the central charge for AdS2. Alternatively, one can use a Lagrangian formal-
ism and compute the stress-energy tensor for the boundary theory. This method was implemented
in [30] where it was identified the central charge of AdS2 to be proportional to the Lagrangian
density in accord with [20]. However, the meaning of the anomalous transformation of the stress
tensor in the boundary CFT1 is not clear, since there is no explicit construction of the CFT1.

Also, as argued in [39], for the case of D1–D5–P system with an AdS3 factor in the near
horizon limit, one can obtain a chiral CFT2 occurring in Kerr/CFT by taking a further decoupling
limit (going to ‘very near horizon region’ that has an AdS2) on non-chiral CFT2 that corresponds
to usual AdS3. One of the Virasoro algebras of non-chiral CFT2 becomes Virasoro of chiral
CFT2 occurring in Kerr/CFT. One should keep in mind, though, that the whole chiral CFT2
does not live in the very near horizon geometry (U(1) fibred AdS2 throat structure) at fixed P

because representation of Virasoro algebra includes states with different momentum. Because of
the extremality constraint in Kerr/CFT, one can say that Virasoro algebra contains states above
extremal limit but we only consider extremal states. So one can still compute entropy of extremal
black holes from the Virasoro algebra. Since in [30], the authors got chiral CFT2 corresponding
to AdS2 by dimensional reduction from non-chiral AdS3 CFT, we can make a link between two
chiral CFTs obtained from non-chiral AdS3 (though, see, footnote 5).

Therefore, it is very tempting to interpret our result in the context of the entropy function
formalism as a central charge in AdS2. In this way, one can obtain a concrete relation between
the Kerr/CFT correspondence and the AdS2/CFT1 duality. However, our proposal should be
taken with caution: one should explicitly check that the boundary conditions imposed in three
dimensions are directly related to the ones in two dimensions. We leave a more detailed analysis
of the central charge in this context for future work.

Note added

While this paper was being completed, Refs. [40,41] appeared that are related with the present work.
In [40] it was also proposed that the Kerr/CFT correspondence can be applied to a general class of extremal
black hole solutions. In [41] it was also pointed out a possible connection between Kerr/CFT correspon-
dence and the attractor mechanism.
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Appendix A

In this appendix, we present details about our calculation of applying Kerr/CFT analysis to GR
black hole. As expected in five dimensions, we have two U(1)’s, corresponding to two azimuthal
angles and hence one can have two boundary conditions.

One of the possible boundary conditions for hμν is⎛
⎜⎜⎜⎜⎜⎜⎝

hττ = O(r2) hτr = O( 1
r2 ) hτθ = O( 1

r
) htψ = O(r) htφ = O(1)

hrτ = hτr hrr = O( 1
r3 ) hrθ = O( 1

r2 ) hrψ = O( 1
r3 ) hrφ = O( 1

r2 )

hθτ = hτθ hθr = hrθ hθθ = O( 1
r
) hθψ = O( 1

r
) hθφ = O( 1

r
)

hψτ = hτψ hψr = hrψ hφθ = hθφ hψψ = O( 1
r
) hψφ = O(1)

hφτ = hτφ hφr = hrφ hφθ = hθφ hψφ = hφψ hφφ = O(1)

⎞
⎟⎟⎟⎟⎟⎟⎠

. (A.1)

Let us now find the most general diffeomorphism that preserves the boundary conditions — we
have to evaluate the Lie derivatives of gμν with respect to the vector fields ζ that preserve the
asymptotic symmetries:

Lζ gμν = ζ ρ∂ρgμν + gρν ∂μζρ + gμρ ∂νζ
ρ. (A.2)

We obtain (by keeping just the terms which have a non-trivial contribution):

hττ = Lζ gττ � ζ r∂rgττ � O
(
r2) ⇒ ζ r = rF (θ,ψ,φ) + O(1), (A.3)

hθθ = Lζ gθθ � gθθ ∂θ ζ
θ � O

(
1

r

)
⇒ ζ θ = O

(
1

r

)
, (A.4)

hθτ = Lζ gθτ � gρτ ∂θ ζ
ρ = gφτ ∂θ ζ

φ + gψτ ∂θ ζ
ψ + grτ ∂θ ζ

r � O

(
1

r

)

⇒ ζφ = G(θ,ψ,φ) + O

(
1

r2

)
, ζψ = H(θ,ψ,φ) + O

(
1

r2

)
,

gφτ ∂θG + gψτ ∂θH + rgrτ ∂θF = 0, (A.5)

hθφ = Lζ gθφ � grφ∂θ ζ
r + gφφ∂θ ζ

φ + gφψ∂θ ζ
ψ � O

(
1

r

)
,

gφφ∂θG + gφψ∂θH + rgrφ∂θF = 0, (A.6)

hθψ = Lζ gθψ � grψ∂θ ζ
r + gψψ∂θ ζ

ψ + gφψ∂θ ζ
φ � O

(
1

r

)
,

gφψ∂θG + gψψ∂θH + rgrψ∂θF = 0. (A.7)

Up to this point we obtained G(ψ,φ), H(ψ,φ), and F(ψ,φ). The next relation removes the
dependence of ψ :

hψψ = Lζ gψψ = ζ θ ∂θgψψ + 2grψ∂ψζ r + 2gψψ∂ψζψ + 2gφψ∂ψζφ � O

(
1

r

)
,

∂ψ [gψψH + gφψG + rgrψF ] = 0. (A.8)

In fact even this one supports the non-dependence of ψ and also imposes a constraint on ζ τ :

hrψ = gτψ∂rζ
τ + ∂ψ

[
grrζ

r + grψζψ + grφζ φ
] � O

(
1

r3

)
,

ζ τ = C + O

(
1
3

)
. (A.9)
r
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We also obtain

hτφ = ζ r∂rgτφ + gττ ∂φζ τ + gτφ∂φζφ + grτ ∂φζ r + gτψ∂φζψ,

hτφ = ζ r∂rgτφ + gτφ∂φζφ + O(1) + grτ ∂φζ r . (A.10)

The first two terms cancel giving us the required F + G′ = 0 relation and O(1) term matches
the O(1) of hτφ . But the term grτ ∂φζ r gives an O(r) contribution because ζ r is O(r). One can
try to change ζ r but that conflicts with other equations. So one must set grτ = 0 to avoid this
problem. For the case where we set it to zero, we have the usual vector fields which give the
central charge. One can always perform coordinate transformation to get rid of grτ term or after
dimensional reduction to four dimensions, one can perform a gauge transformation to get rid of
this component of the gauge field.

So finally we get the result that the most general diffeomorphism that preserves the boundary
condition is given by

ζ =
[
C + O

(
1

r3

)]
∂t + [−rγ ′(φ) + O(1)

]
∂r + O

(
1

r

)
∂θ

+ O
(

1

r2

)
∂ψ +

[
γ (φ) + O

(
1

r2

)]
∂φ, (A.11)

where C is an arbitrary constant and γ (φ) is an arbitrary function of φ. From this, the asymptotic
symmetry group is generated by the diffeomorphisms of the form

ζ t = ∂t , (A.12)

ζφ
γ = γ (φ)∂φ − rγ ′(φ)∂r . (A.13)
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