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Decay estimates for the quadratic tilt-excess
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Abstract

This paper concerns integral varifolds of arbitrary dimension in an
open subset of Euclidean space with its first variation given by either a
Radon measure or a function in some Lebesgue space. Pointwise decay
results for the quadratic tilt-excess are established for those varifolds.
The results are optimal in terms of the dimension of the varifold and the
exponent of the Lebesgue space in most cases, for example if the varifold
is not two-dimensional.
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Introduction

Overview This paper investigates pointwise regularity properties of integral
varifolds satisfying integrability conditions on its generalised mean curvature
where pointwise regularity is measured by the decay of the quadratic tilt-excess.
As classical regularity may fail on a set of positive measure, see Allard |All72,
8.1(2)] and Brakke [Bra7g, 6.1], the notion of tilt-excess decay serves as a weak
measure of regularity suitable for studying regularity near almost every point
of a varifold. In fact, aside from being used as an intermediate step to classical
regularity, see Allard |All72], decay estimates have been employed as a tool for
both perpendicularity of mean curvature in Brakke [Bra78] and locality of mean
curvature in Schétzle |[Sch09, [Sch04, [Sch01].

In the present paper it is established that there is a qualitative change in the
nature of the results obtainable when the Sobolev exponent corresponding to
the integrability exponent of the mean curvature drops below 2. The core of the
proof of the pointwise results relies on the harmonic approximation procedure
introduced by de Giorgi in [DG61] (see also [DGOG, p. 231-263]) and Almgren
in JAlm68] and used in the present setting by Allard in [All72] and Brakke in
[Bra78]. Additionally, to obtain the present pointwise results, a new coercive
estimate is proven, the Sobolev Poincaré type estimates of [Menl0a] are adapted
and a new iteration procedure is introduced. The latter may also be used in
studying partial regularity for systems of elliptic partial differential equations.

Known results The notation follows Federer [Fed69] and, concerning vari-
folds, Allard [ALl72], see Section [l

Hypotheses. Suppose m and n are positive integers, m < n, 1 < p < oo, U is an
open subset of R, V € IV, (U), ||0V] is a Radon measure and, if p > 1,

(6V)(9) = —[g(z) eh(V;2)d||V]z whenever g € 2(U,R"), (1)
h(V;-) e Ly(]|V]|. K,R"™) whenever K is a compact subset of U. P
The present research is motivated by the question for which 0 < o < 1 the

given hypotheses imply

. Caem 1/2
h;g%lipr /2(fU(a,r)><G(n,m)|Sh —TPdV(z,9))"" < oo

for V almost all (a,T) € U x G(n, m). Brakke has shown that one can take any
0<a<lincasep =2and o = 1/2with “< 00” replaced by “=0” incasep = 1
in [Bra78&, 5.5,7]. Schétzle [Sch04] has used results on viscosity solutions from
Caffarelli [Caf89] and Trudinger [Tru89] to establish several regularity results,
in particular that if p > m, p > 2 and n — m = 1 then one can take a = 1, see
also Schétzle [Sch01] for a special case. Moreover, Schétzle showed in [Sch09,
Theorem 3.1] that if p = 2 then the key to the general case is to prove existence
of an approximate second order structure of the varifold. Namely, if p = 2 and
there exists a countable collection C' of m dimensional submanifolds of R™ of
class 2 with |V|[(U ~|JC) = 0 then one can take o = 1.

Whereas consideration of varifolds associated to submanifolds of class 2
clearly shows that o = 1 is the largest a possibly having this property, in
case sup{2, p} < m and mm—_’;) < 2 it can be seen from the examples in [Men09,



1.2] that one cannot take a > 2(7777:—517)' Comparing this to Brakke’s results, little
is known for the case 1 < p < 2 and also in case p = 1 and m > 2 there is a
gap between known positive results for « < 1/2 and known counterexamples for
o> —2(77’1”_1).

Results of the present paper In case sup{2,p} < m and mm—zo < 2 these
gaps are closed by the following corollary.

[10.6] Corollary. Suppose m, n, p, U, and V are as in the preceding hypotheses

(Hy), and either m € {1,2} and 0 < 7 <1 orsup{2,p} <m and 7 = ooy <
1.

Then

lim sup r—7""/2 (fU(

1S — T2V (2, 8)) % < o0
r—0-+

a,r)XG(n,m

for V almost all (a,T).

From the afore-mentioned examples it follows that 7 cannot be replaced by
any larger number if m > 2, see [[0.71 However, using the present result, it will
be shown in [MenlOb] that “< co” can be replaced by “= 07, see [[0.7 The
corollary is a direct consequence of the following pointwise result.

[10.2] Theorem. Suppose m, n, and p are as in the preceding hypotheses @ZD,
Q is a positive integer, 0 < § <1,0<a<1,0<7<1, and
(1) ifm=1thenp=1and =1,
. mp
(2) ifm=2thenl <p<mandp/2 <1< mep)
(8) ifm>2then1§p<mandr=%.
Then there exist positive, finite numbers € and ' with the following property.

Ifa e R", 0 < r < oo, VelIV,(U(a,r)), V is related to p as in the
preceding hypotheses (]E;_D, ¥ is the measure defined by

v=oV] ifp=1 and ¢ =[hV)P|V] ifp>1,
TeGnm),w:RN{t:0<t <1} = R with
w(t) =t ifar<1 and w(t) =t(1+1log(1/t)) ifar=1
whenever 0 <t <1, and 0 < v <g¢g,

0" ([Vl,a) 2Q -1+4, [V[U(a,r) <(Q+1—d)a(m)r™,

(rm f1S, = Ty dV (2, 9))* < v,
[VI[(B(a, 0) N {z:0™(||V],2) < Q — 1}) < ea(m)o™ for 0 <o<r,
o' "M/ (B(a, 0))VP <AV (ofr)™  for0< o<,

then @™ (||V|,a) = Q, R = Tan™(||V]|,a) € G(n,m) and

m 1/2
(0 fU(a,g)XG(n,m)|Sh — Ry[*dV(z,9)) / < Thw(o/r) whenever 0 < o <.



In order to comment on this theorem, assume m > 2.
In case mm—_’;) = 2, the theorem states that if the first variation, i.e. the mean
curvature if p > 1, expressed in terms of 1 decays with power a < 1 so does
the tilt-excess of the varifold provided essentially that the tilt-excess is initially
small and the density, restricted to the complement of a set with small density at
a, is lower semicontinuous at a. If & = 1, the modulus of continuity w obtained
is optimal as demonstrated by an example in [I0.4] in particular one cannot take
w(t) = t. Moreover, this sharp result seems not to be obtainable using classical
excess decay methods as will be explained below.

In the case mm—_’;) < 2, the situation is different. Decay of the mean curvature
with power « implies, under the same assumptions as before, decay of the tilt-
excess with some smaller power at with 7 = %. This number 7 cannot be
replaced by any larger number, see

For comparison one may consider the analogous question replacing integral
varifolds by weakly differentiable functions and variation of mass by variation
of the Dirichlet integral. Therefore suppose v : R™ — R™™ ™ is weakly differen-
tiable, T is the distributional Laplacian of u, i.e. T € 2/(R™,R"™™) is given
by

T(0) = — [DO(x) e Du(z)dL™z for § € Z2(R™,R"™™),

T is representable by integration and, if p > 1, T' corresponds to a locally p-th
power summable function. Then one may investigate which decay properties of

(JCU(c,g) |Du(z) — 7)? dfmx) 1/2

as 0 — 0+, where (¢,7) € R™ x Hom(R™,R"™™), are implied by decay hy-
potheses on

T Ule,0) ifp=1, o' ™| if p> 1.

pic,o
Clearly, the varifold problem behaves less regular than the problem for weakly
differentiable functions as known examples show that a decay hypothesis on v
alone is not sufficient to infer decay of the tilt-excess, see However, apart
from this the varifold problem behaves equally regular if mm—zo = 2 as the same
decay implications hold and it even behaves more regular if mm—zo < 2 since in
this case decay results are only valid in the varifold case (as Du may not be
locally square summable). In case p = 1 this latter phenomenon was already
apparent from the results of Brakke.

Summarising, the pointwise implications of Theorem are essentially
optimal and determine the optimal « for which the answer to the initial question
is in the affirmative if m > 2 and p < 2m/(m+2). Using the estimate @5 of the
present paper, the optimal « is determined in case m =1l orm =2 and p > 1
orm > 2 and p > 2m/(m+ 2) in |MenlOb], see [0.8 This then covers all cases
except (m,p) = (2,1) where Corollary [[0.6] solves the subcase o < 1.

Overview of proof As indicated above the main tool in the pointwise regu-
larity proof is the harmonic approximation procedure introduced by de Giorgi
and Almgren, see [DG61, [DG06, IAIm68&]. It requires the varifold to be weakly
close to a plane with density @ and strongly close to a varifold with density at



least @. Initially, the latter condition was phrased as @™ (||V]|, z) > @ for || V||
almost all z € U(a,r) in Allard [All72, §8], however the set of points a not satis-
fying this condition for suitable @ and r may have positive |V|| measure even if
the hypotheses are satisfied with p = oo, see Allard [All72, 8.1 (2)] and Brakke
[Bra7g, 6.1]. Replacing the condition by the requirement on ®™ (||V]],-) to be
[IV]| approximately (lower semi) continuous, Brakke was able to treat almost
all points with p = 2 using an approximation by Almgren’s “Q-valued” func-
tions, i.e. functions with values in Qg (R"™™), see below. Additionally, Brakke
established a coercive estimate which allowed him to obtain partial results also
for the case p = 1.

Taking this as a starting point, it will be described, firstly, the new ingredient
needed to obtain the optimal modulus of continuity for the case p = 2, secondly,
the new ingredient needed to obtain optimal results in case p < 2 and, thirdly,
how these new ingredients can be implemented within the known framework of
a (partial or pointwise) regularity proof.

Obtaining the optimal modulus of continuity for p = 2 For this
purpose a new iteration procedure is introduced which is now presented in the
simple case of the Laplace operator. Additionally, in Section [ it is shown
how to implement this method in a model case from partial regularity theory
for second order elliptic systems in divergence form. Suppose ¢ € R™, u €
WL2(U(c, 1),R*™), T € 2'(U(c, 1), R"™™) is the distributional Laplacian of
u, and assume for some 0 < v < oo and 0 < o < 1 that

Q_m/2|T(9)| S ’yga|D9|2;c,g

whenever € 2(U(c,1),R"™™) with sptf C U(c,0) and 0 < ¢ < 1, where
|fl,.., denotes the seminorm of |f| € Ly(£™LU(c,0)). Define J = RN
{r:0 < g <1}, for each p € J choose u, : U(c,0) — R™ ™ harmonic with
boundary values given by wu, i.e.

u, € &(U(c,0), R"™™) with Lapu, =0,
U — Uy € Wé72(U(C, Q)a Rn*M),
define ¢; : J = R and ¢2 : J x Hom(R™,R"~™) — R by
$1(0) = |D%Uplop 2 $2(0,0) = 0 "*ID(u—0)l,,,
for (p,0) € J x Hom(R™,R"~™) and choose 0, € Hom(R"™, R~ ™) such that
$2(0,0,) < ¢2(p,0) whenever 0 € Hom(R™,R"™™), o € J.

Using a priori estimates, see |GT01, Theorems 7.26 (ii), 8.10, 9.11], one estimates
¢1(Q/4) - ¢1(g) S |D2(u9 - u9/4)|oo;c7g/8 S Agilim/2|D(uQ - UQ/4)|2;0,Q/4
< Ag_l_m/2(|D(u - u9/4)|2;c,g/4 + |D(u - u@)lQ;c,g) < QA’YQO‘_l

for some positive, finite number A depending only on n and
P2(0,00) < Q_m/2(|D(u - “Q)|2;c,g + |D(u, — Du@(c))|2;c,g)
< 70% + a(m)'?o¢1 (o),



hence obtains the two iteration inequalities
¢1(0/4) < ¢1(0) +Tye* ", da(0,0,) <T(o¢1(0) +70%)

for o € J where T' = sup{2A, 1, a(m)'/2}.
Now, if 0 <1 < o0, ¢1(0) < y10% ! and a < 1 then

d1(0/4) < (o/H)* (4" ' +T) < mle/9)*!

provided v; > (1 — 417y, noting 4~ ! < 1. Similarly, if 0 < v < oo,
d1(0) <v1(1+1log(1/p)) and o = 1 then

$1(0/4) <71(1+1log(4/0)) — (log4)y1 + 'y < 71 (1 + log(4/0))

provided v; > T'y(log4)~!. In both cases it has been used crucially that the
factor in front of ¢1 (o) in the first iteration inequality is 1. This is the reason for
choosing ¢, rather than ¢o as leading iteration quantity. The decay of ¢2 (g, 0p)
in terms of o then follows.

Classically, an excess decay inequality of type

D2(X0,0x) <T1AP2(0,0,) +Tayp® for 0 <A <1/2,0<p<1

where 1 < T'; < oo for ¢ € {1,2} is used, see e.g. [Fed69, 5.3.13] or Duzaar
and Steffen [DS02, (5.14)]. Sometimes, I's additionally depends on A. However,
concerning the case a = 1, the optimal modulus of continuity cannot be deduced
from such an inequality since if 1 < T'; < 0o and 1/e < T's < oo then it does
not exclude that ¢2(p,0,) may equal yo(1 + log(1/p))® for some s > 1 with
2571 < Ty and (2s/e)® < 2@s.

Treating the case p < 2 The second new ingredient in the regularity
proof will be described focusing on the case m > 2. In doing so, a quantity of

type
1—m . 1/
0 ([0 dist(z — a, )| V]|2)

for U and V as in the hypotheses with a € R", 0 < ¢ < o0, B(a,0) C U,
T € G(n,m) and 1 < g < oo will be referred to as ¢g-height. To derive sharp re-
sults with respect to the integrability of the mean curvature two observations will
be essential. Firstly, the dependence on the mean curvature in Brakke’s coercive
estimate, see [Bra78, 5.5], can be improved at the price of using the g-height with
q= nf’_’g instead of the 2-height, see [£14l Secondly, in order to control the g-
height, the Sobolev Poincaré type estimates of [Men10a] are adapted. However,
a subtlety arises. The mentioned estimates are in full strength only available
for the ¢-height on the set H of points satisfying a smallness condition on the
mean curvature, see also the discussion in [Menl104, 4.6]. As estimating the ¢-
height on the complement of H by mean curvature would be insufficient for the
present purpose, the coercive estimate of Brakke has to be improved a second
time by showing the g-height on H, mean curvature and 2-height are actually
sufficient to control the tilt-excess, see This is accomplished by construct-
ing a possibly noncontinuous cut-off function with properties reminiscent of a
weakly differentiable function, including a partial integration formula, Sobolev
embedding and approximate differentiability, see 7l and L8] These properties
are deduced directly from the construction rather than from a general theory.




Implementation of proof Finally, it will be indicated briefly how the
previously described pieces fit into the well known pattern of a partial reg-
ularity proof. As usual, one assumes the varifold to be close to () parallel
planes with respect to mass, tilt-excess and first variation. Fixing a suitable
orthogonal coordinate system, one approximates the varifold by a Lipschitzian
Qg (R"™) valued function f. Recall that Qg (R"”~") may be described as the
Q@ fold product of R"™™ divided by the action of the group of permutations
of {1,...,Q}. The accuracy of this approximation is controlled by tilt-excess
and mean curvature. To obtain the comparison functions u,, one considers the
Dirichlet problem with the linear elliptic system with constant coefficients given
by a suitable linearisation of the nonparametric area integrand and boundary
values given by the “average” g of f. This is somewhat different from the
usual procedure where the comparison functions are often constructed either
within contradiction arguments (see e.g. Allard |AllT2, 8.16] or Brakke |Bra7§,
5.6]) or by an “A-harmonic approximation lemma” which confines the contra-
diction argument to the situation of linear systems with constant coefficients
(see e.g. Simon [Sim83, 21.1] or Duzaar and Steffen [DS02, 3.3]); however see
also Schoen and Simon [SS82] for a different approach. The distributional right
hand side for g — u, can be estimated by mean curvature and a small mul-
tiple of the tilt-excess provided a suitable weak norm is employed, namely a
norm dual to the norm mapping a smooth function with compact support to
the Loo (£, Hom(R™, R™~™)) norm of its derivatives. This only yields small-
ness of g — u, in Lebesgue spaces with exponent below —=5 if m > 1, e.g. in
Li(Z™LU(c0), R"™™), here ¢ € R™ corresponds to a € R"™, see [A(0).
However, assuming that the set of points with density strictly below @ is small
with respect to ||V]|, the graph of g coincides with the varifold on a large set,
hence using interpolation (Section [B]) and estimates for the approximation by f
(see Section [Bl), one can ultimately convert Li(.Z™ L U(c, 0), R"™™) closeness
of g to an affine function via the coercive estimate to control of the tilt-excess
of the varifold with respect to the corresponding plane. From these estimates
one readily obtains modified versions of the iteration inequalities which — upon
simultaneous iteration — yield the result.

Acknowledgement The author offers his thanks to Prof. Dr. Reiner Schéatz-
le from whose education the author benefited greatly in writing the present
paper. Additionally, the author would like to thank Prof. Dr. Tom Ilmanen for
several related discussions.

1 Notation

General The notation follows [Fed69], see the list of symbols on pp. 669—
671 therein. In particular, recall the following maybe less common symbols:
& denoting the positive integers, U(a,r) and B(a,r) denoting respectively the
open and closed ball with centre a and radius r, ©'(V, W) and (' V denoting
the vector space of all i linear symmetric functions (forms) mapping V¢ into W
and R respectively, and the seminorms ¢, for 1 < p < oo corresponding to the



Lebesgue spaces

S () = ([1£Pde)"" in case 1 < p < oo,
Blooy (f) = If (RN {t:$(X N {2 |f(2)] > t}) = 0})

whenever ¢ measures X, Y is a Banach space, and f : X — Y is ¢ measurable,
see |[Fed69, 2.2.6, 2.8.1, 1.10.1, 2.4.12]. The notation for the Lebesgue seminorms
is particularly convenient when longer expressions replace the measure ¢ as will
repeatedly be the case in B (8]).

Moreover, the following slight modifications and additions apply. (For the
convenience of the reader in this section for nearly every symbol the appropriate
reference to its definition in |[Fed69] is given at its first occurrence.)

One defines f[A] = {y: (x,y) € f for some z € A} whenever f is a relation
and A is a set, see [Kel55, p. 8].

If m,ne 2, m<n, T e G(n,m) then T} is characterised by, see [Fed69,
2.2.6, 1.6.2, 1.7.4],

Ty € Hom(R",R"), T, = Tb*’ ThoTy =T, imTy=T

and T+ = ker T}, see Almgren |Alm00, T.1(9)] and Allard [All72, 2.3].
Similar to Allard’s definition in |All72, 8.10], the closed cuboid C(T,a,r,h)
is defined by

C(T,a,r,h) =R"N{z:|T}(z —a)| < r and |ThJ‘(z —a)| <h}

whenever m,n € Z, m <n,T € G(n,m),a € R",0 < r < 0o, and 0 < h < oc.
One abbreviates C(T, a,r,c0) = C(T,a,r). (The symbol C(T,a,r) is used by
Allard in [All72, 8.10] to denote R" N {z:|T}(z — a)| < r}.)

Whenever ¢ measures X, 0 < ¢(4) < oo, Y is a Banach space, and f €
Li(¢L A,Y) the symbol f, f d¢ denotes ¢p(A)~* [, f do, see [Fed69, 2.4.12].

Following Almgren [Alm86, p. 464], whenever n € & the number B(n)
denotes the least positive integer with the following property, see [Fed69, 2.8.14]:
If F' is a family of closed balls in R™ with sup{diam S:S € F'} < oo then there
exist disjointed subfamilies Fi, ..., Fjg(,) of I such that, see [Fed69, 2.8.8, 2.8.1],

{z:B(z,1) € F for some 0 <r < oo} CUU{Fi:i=1,...,8(n)}.

Varifolds The meaning of the symbols V,,,, RV,,,, IV, ||[V||, 6V, and |6V
will be introduced in accordance with Allard |All72, 3.1, 3.5, 4.2].

Suppose U is an open subset of R™ and the Grassmann manifold G(n,m)
of all m dimensional subspaces is equipped with the usual topology, see [Fed69,
3.2.28 (4)]. An m dimensional varifold V in U is a Radon measure on U x
G(n,m). The weight |V of V is given by ||[V|(A) = V(4 x G(n,m)) for
A C U. The distributional first variation with respect to area of a varifold V is
given by

6V(0) = [DO(z) @ S;dV (z,S) whenever § € 2(U,R")
with associated Borel regular measure ||§V|| characterised by

I6VI(Z) = sup{éV(0):0 € 2(U,R") with spt§ C Z and |g(z)| <1 for z € U}



whenever Z is an open subset of U, see [Fed69, 4.1.1, 2.2.3]. If V is an m
dimensional varifold in U and ||[6V|| is a Radon measure, the generalised mean
curvature vector of V' at z is the unique h(V;z) € R"™ such that

e 0V) (e - v)

h(V;z)ev=—
Viz)ev=— I v BGn

for v € R"
where b, , is the characteristic function of B(z,r); hence z € dmnh(V;-) if and
only if the above limit exists for every v € R™. This modifies Allard’s definition
|[All72, 4.3] in the spirit of |Fed69, 4.1.7].

An m dimensional varifold V in U is rectifiable if and only if there exist
sequences ¢;, A; and M; such that 0 < ¢; < oo, M; are m dimensional subman-
ifolds of class 1, A; are ™ measurable subsets of M; and

V(f) = Z;’ilcifAif(z,Tan(Mi,z)) dst™z for f € H (U x G(n,m)),

see |Fed69, 3.1.21, 2.5.14, 2.10.2]. In this case 0 < O™ (||V|,z) < oo and
Tan™(||V ], z) € G(n,m) for ||V|| almost all z and

V(f) = [f(zTan™([V]],2))0"(|V],2) d#™z for f € H (U x G(n,m)),

see [Fed69, 2.10.19, 3.2.16]. A rectifiable varifold is called integral if and only if
O™ (||IV|l, z) is a positive integer for ||V|| almost all z. The set of all rectifiable
[integral] m dimensional varifolds in U is denoted by RV, (U) [IV,,(U)].

As in [Men09, 2.2-2.4] whenever m € & the smallest number with the
following property will be denoted by v(m): If n € £, m <n, V € RV,,,(R"),
IVII(R™) < oo, and [|dV[|(R™) < oo, then

IVIR™ N {z:0™(|V]],2) = 1)}) < v(m)|[V[[(R")™ |5V (R").

Note m™ta(m)~Y/™ < y(m) < oco.

Weakly differentiable functions and distributions Supposem € &, U is
an open subset of R™, eq,..., e, denote the standard base of R™, Y is a finite
dimensional Hilbert space, k is a nonnegative integer, and w is an .£™ L U mea-
surable function with values in Y. Then u is called k times weakly differentiable
in U if and only if

(1) u e Li(Z™ L K,Y) for every compact subset K of U,

(2) defining T € 2'(U,Y) by T(0) = [,0 e udZ™ for € 2(U,Y), the
distributions D*T corresponding to all « € =(m, i) and ¢ = 0,...,k are
representable by integration and the measures || D*T|| are absolutely con-
tinuous with respect to Z™ U, see [Fed69, 1.9.2, 1.10.1, 2.9.2, 4.1.1,
4.1.5], (o is sometimes called “multi-index of length ).

In this case for i = 0,...,k the £™ U measurable functions D’u with values
in ©'(R™,Y) are characterised by the following two conditions (here and in the
following (O'(R™,Y) is equipped with an inner product as in [Fed69, 1.10.6)):
(3) D*T(0) = [, 0(x) ® (¢, D'u(x)) d.£™x whenever § € Z(U,Y) and « €
E(m, i) where e® = (1) ©- - - @ (€, )*™ is constructed from the standard

base e1,...,e, of R™, see [Fed69, 1.9.2, 1.10.1]; in particular Du is 0
times weakly differentiable in U.



(4) Diu(a) = lim, 0+ fB(a " Diud.Z™ whenever a € U; hence a € dmn Dy
if and only if the preceding limit exists.

Also, 1 times weakly differentiable in U is abbreviated to weakly differentiable
in U and D'u to Du. In particular, the symbols D?, D will not be used in the
sense of [Fed69, 1.5.2, 2.9.1, 4.1.6]. W*P(U,Y') denotes the Sobolev space of all
k times weakly differentiable functions in U with values in Y such that Diu €
L, (Xm LU, O (R™, Y)) whenever ¢ = 0,.. ., k; the corresponding seminorm of
u is given by ZLO(.Z’” LU) ) (D'u), see [Fed69, 2.4.12]. Wg’p(U,Y) denotes
the closure of 2(U,Y) in W*P(U,Y). Note that in these definitions neither in
the Sobolev spaces nor in the Lebesgue spaces functions agreeing £ . U almost
everywhere are treated as single elements; instead condition () is employed.

If m € &, U is an open subset R™, Y is a separable Hilbert space,
1 <p<oo, Aisan Z" LU measurable set, and u and v are £ L U mea-
surable functions with values in Y then |ul,, = (£ A))(u) and, pro-
vided [, |u(z) @ v(z)]dL"x < o0, (u,v) 4 = [, u(x) ® v(z)dL™z. Moreover,
ulpr = ltlpuam and (w,v), . = (u,v)y(,,,) Whenever a € R™, 0 <r < oo
with U(a,r) C U, see |[Fed69, 2.8.1]. These notions extend [Fed69, 5.2.1]. If
additionally, ¢ is a nonpositive integer, 1 <p < o0, 1 < g < o0, 1/p+1/g=1,
T is a real valued linear functional on 2(U,Y), and V is an open subset of U,
then

T, poy =supT[2(U,Y)N{0:|D0| ., <1 and sptf C V}]

and |T| = |T|ip'U(a ) whenever a € R™, 0 < r < co with U(a,r) C U.

4,P3a,T
Almgren’s multiple valued functions The notation for functions with val-
ues in Qg (R"™™™) for m,n,Q € & with m < n which originate from Almgren’s
work in |[Alm00] will be introduced in Section [ together with basic properties.

A convention Finally, each statement asserting the existence of a positive,
finite number, small (¢) or large (I'), will give rise to a function depending on the
listed parameters whose “name” is exy or I'yy where x.y denotes the number
of the statement. Occasionally, also )y y is used similarly.

2 Basic facts for Qg(V) valued functions

This section provides some basic definitions for Qg (V') valued functions mainly
taken from Almgren [Alm00] in 2] 22land 2:4land a proposition from [Men10al]
in[2.3 Finally, the first variation for the varifold associated to the “graph” of a
Qo (R"™™) valued functions is given in and

1 (cf. [Alm00, 1.1(1) (3), 2.3(2)]). Suppose @ € & and V is a finite dimen-
sional Euclidean vector space.
Qo (V) is defined to be the set of all 0 dimensional integral currents R such

that R = 2?21 [z:] for some z1,...,2g € V. A metric 4 on Qg(V) is defined
such that

G (S [xil, S lw) = inf{(zfillm — )i € P(Q)}
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whenever z1,...,2Q,¥1,...,yQ € V where P(Q) denotes the set of permuta-
tions of {1,...,Q}. The function 0y : Qq(V) — V is defined by

no(R) = Q' [zd|R||(z) whenever R € Qq(V).

IfR= 2?21[[%]] for some z1,...,7g € V, then ng(R) = % ZZQ:l z;. Lipng =

Q71/2.
Whenever f: X — Qg(V) one defines
(

graphg f = (X x V) N {(z,v):v € spt f(z)}
and with g : X — Vo also f(+)g: X — Qq(V) by
(f (H)9)(z) = (7

2 (cf. [AlmO00, 1.1(9) (10)]). Suppose m,n,Q € & and m < n.
A function f: R™ — Qg(R"™ ™) is called affine if and only if there exist
affine functions f; : R™ — R"™™ i =1,...,@Q such that

f(z) = Z?:l[[fz(ac)]] whenever z € R™.

Tg(x))#(f(x)) whenever z € X.

fi,..., fo are uniquely determined up to order. Moreover, one defines

1l = (21D f:(0)[%)

Letae ACR™and f: A — Qg(R"™™). fis called affinely approzimable
at a if and only if @ € Int A and there exists an affine function g : R™ —
Qg (R"™™) such that

1/2

lim &(f(x), g(2))/|z — a| = 0.

The function ¢ is unique and denoted by Af(a). f is called strongly affinely ap-
proxzimable at a if and only if Af(a) has the following property: If Af(a)(z) =
ZZ'Q:1 [g:(z)] for some affine functions g; : R™ — R"™™ and g;(a) = g;(a) for
some ¢ and j, then Dg;(a) = Dg;(a). The concepts of approzimate affine approzx-
imability and approximate strong affine approximability are obtained through
omission of the condition a € Int A and replacement of lim by ap lim. The
corresponding affine function is denoted by ap Af(a).

2.3. The following proposition, see [Menl0a, 2.5, 8], will be used for calculations
involving Lipschitzian Qg (R"~™) valued functions.

Ifmn,Q € Z, m <n, Ais L™ measurable, f : A — Qg(R"™™) is
Lipschitzian, I is countable, and to each i € I there corresponds a function
Ji C graphg f with £™ measurable domain and Lip f; < Lip f such that

card{i: fi(x) =y} = O°(|f(2)|l,y) whenever (z,y) € A x R"™™,
then f is approzimately strongly affinely approximable with

ap Af(a)(v) = Xicr(o)fi(z) + (v,ap Dfi(x))]  whenever v € R™

at L™ almost all a € A where I(a) =IN{i:a € dmnap Df;}. Moreover, such
functions f; do exist whenever m, n, Q, A, and f are as above, in particular

graphg f is countably m rectifiable. If A is open, then ap Af may be replaced
by Af.
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2.4 Definition. Suppose m,n,Q € &, m <n, A C B C R™, Ais Z™
measurable and f : B — Qg(R"™™) is Lipschitzian, C; = dmnap Af, Cy =
dmn Af, and g: B — R and h; : C; — R for i € {1,2} are defined by

9(x) =9(f(x),Q[0]) forz € B,
hi(z) =|ap Af(z)| forx € C1, ha(x)=|Af(x)| forz e Cs.

Then one defines for 1 < p < oo, noting 23]
|flpa = 19lpa,  TaPASl, 4 = |Ral, 4,
|Af|p;A = |h2|p;A if A is open.
Moreover, if U(a,r) C B for some a € R™, 0 < r < 0o, then
|f|p;a7r = |f|p;U(a,T)’ |a‘p Af|p;a7r = |a’pAf|p;U(a1r))
|Af|p;a,r - |Af|p;U(a,r)'

2.5. Suppose U is an open subset of R™, Y is a Banach space and T' € 2'(U,Y).
Then T has a unique extension S to &(U,Y) N {0 :sptd NsptT is compact}
characterised by the requirement

S(0) = S(n) whenever sptT C Int{x:0(z) = n(zx)}.
The extension will usually be denoted by the same symbol T

2.6. Suppose m,n,Q € & with m < n.
Following |Fed69, 5.1.9], the projections p € O*(n,m), q € O*(n,n —m)
are defined by

p(z)=(z1,.- -y zm), A(z) = (Zm+1y---,2n)
whenever z = (z1,...,2,) € R". In case
z = p*(l'> + q*(y) = (xlv ey Tmy Y1, - - 'ayn7m> for x S Rma ) S Rnim

sometimes (z,y) will be written instead of z, f(z,y) instead of f(z) for functions
f with dmn f C R™ and G(n,m) instead of G(R™ x R™"™" m).

If U is an open subset of R™, A is an .Z™ measurable subset of U, f :
A — Qg(R"™ ™) is Lipschitzian, and f; for ¢ € I are as in [Z3] then defining
V € IV,,(p~}[U]) by the requirement

IVI(Z) = [70p-114/©° (£ (P())]] a(2)) d72™ 2
for every Borel subset Z of p~![U], a simple calculation shows
(V)@ 000P) =Y ic; [inn 5, (DO(x), DU (ap D () d.L™a

whenever § € (U, R"™"™); here \Ilg denotes the nonparametric integrand at 0
associated with the area integrand ¥, i.e. \Ilg : Hom(R™,R"™™) — R with

(o) = (X7, [ A ol2)'? for o € Hom(R™, R"™™),

see |[Fed69, 5.1.9], and the convention 2.8 is used.
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3 Some preliminaries

The purpose of this section is to list several known statements for convenient
reference. This includes, in B} some of Almgren’s results on Qg(R') val-
ued functions obtained in [Alm00, §1], and, in B2H3.T4, adaptions of the ap-
proximation techniques of integral varifolds by such functions originating from
Almgren |AlmO00, §3] and Brakke [Bra7& §5] carried out by the author in
[Men0g&, Men09, Menl0al.

3.1 Theorem (cf. Almgren |Alm00, 1.1(6), 1.2(3), 1.3(1)(2), 1.4(3)]). Sup-
pose Q,l € L.

Then there exist P € & and maps € : Qo(R!) — RF? and o : RF? — RP¢
such that

E(Q[0]) =0, Lipé <oo, ¢ isunivalent, Lip&~ ' < oo,
Lipp <oo, pop=yp, imp=im¢,
[D(§ o f)(x)] < (Lip&)|Af(x)] for x € dmnD(§ o f)

whenever f maps an open subset of R™ into QQ(Rl). In particular, a function
f mapping a subset of R™ into Qq(R!) admits an extension F : R™ — Qg (R!)
such that Lip F < T Lip f with ' = Lip& Lip o Lip &£~ 1.

3.2 Lemma (cf. [Men08, A.7]). Suppose mn€ P, m<n,a€R", 0<r<
oo, V€ RV, (U(a,r)), |0V is a Radon measure, @™ (|V],z) > 1 for ||V||
almost all z, a € spt ||V, and a: {s:0 < s <r} — R satisfies

a(s) = ||[V||B(a,s) whenever 0 <s <.
Then
7(m) ™t < a(s) 1|6V Bla, ) + o (s))
for £ almost all 0 < s < 7.

3.3 Remark. A similar statement can be found in Leonardi and Masnou |[LMO09,
Proposition 3.1].

3.4 Lemma (cf. [Men09, 2.5]). Supposem,n € &, m <n,a € R",0<r < o0,
V € RV,,(U(a,r)), ||0V] is a Radon measure, @™ (||V||,z) > 1 for ||V|| almost
all z, a € spt ||V]|, and

16V || B(a,s) < (2v(m)) " |V](B(a,s)' Y™  whenever 0 < s < r.
Then
V] B(a, s) > (2m~y(m))~™s"™ whenever 0 < s < r.

3.5 Remark. Both and B4] are variants of Allard [All72, 8.3]. Moreover, in
view of Allard [All72, 5.5] one could replace RV, by V,, in and [3.4]

3.6 Lemma (cf. [Menl0Oa, 3.1]). Suppose m,n € &, m<n,a€R", 0<r <
oo, T € G(n,m), V € IV, (U(a,r)), 6V =0, S =T for V almost all (z,5),
and R(z) = U(a,r)N{{: £ — 2z €T} for z € R™.

Then THJ‘ [spt ||[V|l] is discrete and closed relative to Thl‘ [U(a,r)] and

©"(|Vl,2) € # and |V]LR(z) = ©@"(|V]],2)H™ L k()

whenever z € spt || V]].
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3.7 Remark. This is a variant of Almgren |Alm00, 3.6].

3.8 Lemma (cf. [MenlOa, 3.2]). Suppose 1 <ne€ P,0<d<1,0< A<,
and 0 < M < oo.

Then there exists a positive, finite number ¢ with the following property.

Ifn>me P, aceR",0<r <00, T € G(n,m), VeIV, (Ua,r)) and

VI U(a,r) < Ma(m)r™, ||5V]|U(a,r) < e|[V[|(U(a,r)' /™,
J1S5 =T dV (2, 8) < e|V| U(a,7),
VI B(a,0) = da(m)e™ for 0 <o<r,
then
IVI(U(a,r) n{z:[Ty(z — a)] > Alz —al}) = (1 = §)a(m)r™.

Proof. Assume M > 1 and take s = A\, d =0, ¢ =r, and ¢ = 0 in [MenlOa,
3.2]. O

3.9 Remark. This is a simple consequence of Allard’s compactness theorem for
integral varifolds, see e.g. |All72, 6.4] or [Sim83, 42.8].

3.10 Lemma (Multilayer monotonicity with variable offset, cf. [Menl10a, 3.11]).
Suppose n,Q € Z,0< M < o0, d >0, and 0 < s < 1.
Then there exists a positive, finite number € with the following property.
Ifn>meP, ZCR", TeGn,m),0<d<oo,0<r <o, 0<t< oo,
f+Z—-R",

Ty (21 — 22)| < slz1 — 22|, [Th(f(21) = f(22))] < s[f(21) — f(22)],
f(z)—2€TnB(0,d), d<Mt, d+t<r

for z,21,20 € Z, V € IV, (U{U(z,7) : 2 € Z}), ||6V|| is a Radon measure,
>ezO0(IVIL2) 2 Q—1+46, |[V[U(z,r) < Ma(m)r™
whenever z € Z Nspt ||V]|, and

[0V B(z,0) < ||Vl

(B(z ) 1—1/m’
= Tp|dV (€,

) 0
fB(z,g)XG(n,m)"S’h S) < EHVHB(ZaQ)a
whenever 0 < p <7, z € ZNspt ||V, then
IVIU{O(f(2),6) N {€:Th(§ — 2)] > sl€ — 2[}:2 € Z}) > (Q — §)au(m)t™.
3.11 Remark. This is an extension of Brakke |Bra78, 5.3].

3.12 Lemma (cf. [Menl0a, 3.12]). Suppose m,n,Q € &, m <n, 0 < <1,
0<90<1,0<s<1,0<s5<1,0<M<o0, and0< <1 is uniquely
defined by the requirement

2ym/2 _ (50)” \™2 0
(1— A2/ 7(1,52”(1_0@) ™,

Then there exists a positive, finite number € with the following property.
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IfZCcR", TeGnm),0<d<oo,0<r<oo,0<t<oo, (€R"
cardTy[Z] =1, CeTNB(0,d), d<Mt d+t<r,
VeIV, (U{U(z,r):z € Z}), |6V is a Radon measure,

O"(|V|,z)e &P forzeZ,
2.ez®"(IVIL2) =@, VIIU(z,r) < Ma(m)r™  for z € Z,

and whenever 0 < o <r, z € Z

I8V (| B(2, 0) < e |[V[[(B(z,0)' /™,
fB(z,g)xG(n,m)|Sh —Tp|dV(&, S) < |V B(z,0)

satisfying

IVI(ULE € Uz + ¢, )1 [Th(€ = 2)| > sol§ — 2[}:2 € Z3)
<(Q+1—d2)a(m)t™,

then the following two statements hold:
(1) If 0 < 7 < Xt, then

IVI(U{B(z,7):2 € Z}) < (Q + d1)ex(m)7™.

(2) If £ € R™ with dist(¢, Z) < A\t/2 and
IVIIB(&, 0) > d1cx(m)o™  for 0 < o < 1 dist(€, Z),
then for some z € Z
Ty(§ — 2)| = s]€ — 2],
3.13 (cf. [Menl04d, 3.13]). If m,n € &, m <mn, and S,T € G(n,m), then
2
1= AL (TSI < m|I Ty — Sp1%.

3.14 Lemma (Approximation by Qg(R"™™™) valued functions, cf. [Menl0d,
3.15]). Suppose m,n,Q € P, m<n,0< L <oo,1<M<oo,and0<d; <1
fori e {1,2,3,4,5} with 05 < (2v(m)m)~"/a(m).

Then there exists a positive, finite number € with the following property.

If0<r<oo,0<h<oo, h>20r, T =imp*,

U=MR"xR""™) n{(x,y):dist((z,y), C0,r,h,T)) < 2r},

V eIV, (U), |6V] is a Radon measure,

(@ — 1401 )a(m)r™ < [[V[(C(0,7,h,T)) < (Q + 1 — d2)x(m)r™,
IVII(C(0, 7, h+ 47, T) ~ C(0,7,h — 2647, T)) < (1 — d3)ax(m)r™,
IVI(U) < Ma(m)r™,
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0 < d < ¢, B denotes the set of all z € C(0,r,h,T) with @™ (||V|],2) > 0 such
that

either |6V B(z,0) > 0 ||[V|(B(z,0)' "™  for some 0 < o < 2r,
or fB(z,g)XG(n,m)|Sh —Ti|dV (&, S) > || V| B(z,0) for some 0 < o < 2r,

A =C(T,0,r,h)~B, A(x) = An{z:p(z) =a} for x € R™, X is the set of
all z € R™ N B(0,r) such that

2eea@®@ "IV 2)=Q and O™(||V],2) € Z U{0} for z € A(z),
Xo is the set of all x € R™ N B(0,r) such that
2eea®@"(VIL2) Q-1 and O™(|V],2) € ZU{0} for z € A(z),

N =R™NB(0,r)~(X; UXy), f: X1 = QoR" ™) is characterised by the
requirement

" (|V],z) = @°(||f(x)|,a(z)) whenever x € X; and z € A(x),
and H denotes the set of all z € C(0,r,h,T) such that

16V U(z,2r) < e ||[V[[(U(z,2r)) 1/,
fU(z,Qr)XG(n,m)|Sh - Th| dV(é—’ S) <e ||V|| U(Za 27”)7
IVIIB(z, 0) > dsax(m)og™ for 0 < o< 2r,

then the following siz statements hold:
(1) £™(N)=0.
(2) A and B are Borel sets and
a[AnNspt [|[V]]] € B(0, h — dar).
(3) The function f is Lipschitzian with Lip f < L.
(4) For L™ almost all x € X1 the following is true:

(a) The function f is approzimately strongly affinely approximable at x.
(b) If (x,y) € graphg f then

Tan"™ (||V'], (2, y)) = Tan (graphg ap Af(z), (z,y)) € G(n,m).

(5) If z € H, then |q(2)| < h—04r and for x € X1NB(p(2), \gr) there exists
& € A(x) satisfying

O"(IV[,§) € # and |T; (& —=2)| < LITy(€ —2)],
where 0 < A\@) < 1 depends only on m, 92, and d4. Moreover,

Anspt||V|C H and HNp~'[X;] = graphg f.

(6) (L™ +px([[VIIe H)) ((Clos X1) ~ X1) = 0.
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Proof. Assume r = 1. First, note that the sets Y and Z defined in the last
paragraph of the proof of [Men10a, 3.15 (1) (2)] equal X; and X2 and are shown
there to satisfy .2 (B(0,1) ~(X UY)) = 0. Hence part () is evident and the

parts (@), @), [ al), @), and (@) correspond to parts (2), (1), (7a), (4), and (5) of
[Men10a, 3.15] respectively. Finally, part (dh)) is implied by [Men10ad, 3.15 (7b)]
in conjunction with the last statement of [Menl0a, 3.15 (4)]. O

3.15 Lemma. Suppose k,m,n € &, m < n, a € R™, 0 < r < oo, and
u:U(a,r) = R" ™ is of class k.
Then

P B
Zizorlezuloo;a,r S I‘(rk|l)k’u’|oo;a,r +r m|u|1;a,r)
where I" is a positive, finite number depending only on k and n.

Proof. Assuming r = 1, this is a consequence of Ehring’s lemma, see e.g. [W1o81,
Theorem 1.7.3], and Arzeld’s and Ascoli’s theorem. ([l

3.16 Lemma. Suppose m,n € &, m <n,a € R™, 0 <r < oo, and u €
Wi2(U(a,r), R"™).
Then there exists h € R™™™ with

|u - h|2;a,r < FT|Du|2;a,r
where T is a positive, finite number depending only on n.

Proof. This is Poincaré’s inequality, see e.g. |GT0L, (7.45)]. O

4 A coercive estimate

In the present section two improved versions of Brakke’s coercive estimate in
[Bra78, 5.5] are derived in and BI4l First, some computations for the
catenoid are carried out in which are used in to rule out a certain gen-
eralisation of the coercive estimate. Then, some basic facts about approximate
differentiability with respect to the weight measure of a varifold are given in
which are needed to construct a cut-off function in L7 Finally, the coercive es-
timate for rectifiable varifolds satisfying a lower bound on the density is proven
in [£10 and a simpler version for general varifolds is indicated in ET4

4.1. Frequently, the following estimates from Allard [All72, 8.9 (5)] will be used:
Suppose m,n € P, m <n, T € G(n,m) and ny,n, € Hom(S, S+). If

Si=R"N{z:z+n(2):2€ S} fori=1,2,
then

151)5 = (S2)all < llm = mal;
(L= 11(S1)5 = Sl I = m2ll* < (1 + [lm2l*) 1(S1)5 — (S2)el|.
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4.2 Example. Suppose m =2, n=3,and f: RN{t:1 <t < oo} = R as well
as N, T, and Pr are defined by

f(t) =log (t+ (t* = 1)/2) for 1 < ¢ < o0,
N =R’n{z:]a(2)| = f(Ip(2)))}, T =imp",
Pr=R*>nN{z:|q(z)] =log(2R)} for 2 < R < oc.

Then there exists a universal, positive, finite number I' with the following
two properties:

(1) fR3ﬂB(O R) | dist(z, Pr)|>d(s#? L N)z <TR? for 2 < R < cc.
2) Jrsnm(o | Tan(N, z); — Ty?d(s? N)z >T tlogR for 2 < R < 0.

Construction of example. First, note

1 t

! = -1 _—
f(t)*t+(t2f1)1/2 <1+(t21)1/2> for 1 <t < oo,

hence (I';)~1~! < f/(t) < Tyt ! for 2 < t < co and some universal, positive,
finite number ', in particular Lip fIR N {s:s > 2} < cc.
To prove (), one estimates
Jo@0.r) ~ cr.0,2) dist(z, PR)*>d(% L N)z < Ty(a1 + a2)

where I's is a universal, positive, finite number and

a1 =[50 r) ~B(0.2)| 108(2R) — log(2|z])* A2z,
a2 = [g0.1) ~ B0 1082l2]) — f(l2])]* 2%

Concerning aj, note
ar = 27 [ |log(t/ R)[?t ALt < 2 R? [ |log(t)|*t ALt < o

To estimate ag, define h : RN {t:t >0} — R by h(t) = t'/? and note for
2<t< o

|log(2t) — log(t + (t* — 1)*/?)| < Lip(log |R N {s:s > t})|t — (t? — 1)1/?|
<t 'Lip(h|[RN{s:s > (> —1)}) <t71271(? —1)"V/2 < 271/272

hence as < 7Tf2Rt_3 Az < /8. Together, the estimates for a; and as yield

). By &1l it follows
| Tan(N, 2); — Ty < f'(Ip(2)]) < Tilp(2)| ™
for z € N~ C(T,0,2), hence by EIlwith S, Sy, Sy replaced by T, Tan(N, z), T,
| Tan(N, 2); — Ty| > | Tan(N, 2); — Ty|| > f'(Ip(2)])/2 = (201) " p(2)| ™"
for z € N~ C(T,0,2I';). Noting for 2 < R < o0

ft) < f(R)<2R for1 <t<R, NNC(T,0,R) c R*NB(0,3R),
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this implies for 2sup{I';,1} < R < oo that
JesnB0.3m)| Tan(lV, 2); — T,*d(s* L N)z
> fC(T,O,R) ~C(T,0,2F1)| Tan(N, z)y — Th|2 d(A*LN)z
> (20) 2 fop t71 2L = (201) "2 log(R/(201)).

Since [gsqp(o.2) | Tan(N, 2); — Ty|? d(#2 L N)z > 0, one infers (2)). O

4.3. The following situation will be studied: m,n € &, m <n, 1 <p<oo, U
is an open subset of R, V € V,,,(U), ||6V|| is a Radon measure and, if p > 1,

(6V)(9) = —[g(z) e h(V;2)d||V]/(z) whenever g € 2(U,R"),
h(V;-) e Ly,(]|V]|c K,R"™) whenever K is a compact subset of U.

If p < 0o then the measure v is defined by
Y=oV ifp=1  ¢=MhV;)PV] ifp>1

4.4. Suppose m, n, p=1, U and V are as in[3l Then §V € 2'(U,R") will be
extended to Ly (|[6V||,R") by continuity with respect to ||0V[|1) and (6V')(g)
will be used to denote this extension for g € L;(||6V||, R") as in |[Fed69, 4.1.5].

4.5 Lemma. Suppose m,n € £, m < n, U is an open subset of R"™, and
V e RV,,,(U).
Then the following four statements hold:

(1) If f : U — R is |V| measurable and A denotes the set of all z € U
such that f is (||V||,m) approximately differentiable at z, then A is |[V]]
measurable and (||V'||,m)ap D f(z) o Tan™(||V]|, 2)y depends |V ||L A mea-
surably on z.

(2) If f : U — R is Lipschitzian, then f is (||[V]|,m) approzimately differen-
tiable at ||V|| almost all z.

(3) If f; : U — R is a sequence of functions converging locally uniformly to
f:U — R and sup{Lip f;:i € P} < o0, then

J{g(2), (IVIl,;m)ap Dfi(2)) d[[Vilz = [ {g(2), (IV]l,m) ap Df(2)) d||V']|=

as i — oo whenever g € Ly(||V|,R") with g(z) € Tan™(||V'||, 2) for |V
almost all z.

(4) If f : U — R™ is a Lipschitzian function with compact support in U and
16V is a Radon measure, then (see[{.4)

oV(f) =[S e ((IVI,m)ap Df(z) o Sy) dV (2, S).

Proof of [M) and [@). Since ||[V||(UN{z: @ (||[V]l,2) =oc0c}) = 0, a set B is
IV || measurable if and only if BN {z: ©®*™(||V]|, 2) > 0} is ™ measurable by
[Fed69, 2.10.19 (1) (3)]. Hence (@) and @) follow from [Fed6d, 3.2.17-19, 3.1.4,
2.10.19 (4), 2.9.9]. =
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Proof of [@). Clearly, the assertion needs only to be verified for elements g of
some subset X of Ly (|[V][,R™) whose span is |[V|(1) dense in Ly(||V]|,R") N
{g:9(z) € Tan™(||V||, 2) for z € U}. Therefore one may first assume ||V =
A LW for some (™, m) rectifiable and ™ measurable subset of U by
[Fed69, 3.2.19, 2.10.19(4), 2.9.9] and then m = n, |V] = Z£™ by [Fed69,
3.2.17-20, 3.1.5, 2.9.11]. This case can be treated with X = Z2(R™, R™) using
partial integration. |

Proof of ). @) readily implies (@) by means of convolution. O

4.6 Remark. Concerning the possible use of (||V]|, m) approximate differentials
for a similar purpose, see Federer [Fed86, §2, p. 415]. Also, an argument similar
to the proof of @) and (@) is indicated in Hutchinson [Hut90, p. 60].

4.7 Lemma. Suppose m, n, p, U, V, and ¢ are as im[{.3 p < m, V €
RV, (U), ®"(||V]l,z) > 1 for |V| almost all z, K is a compact subset of U,
0 <6 < 45, and H is the set of all z € spt ||V|| such that

IV B(z,7) > (y(m)m)~"r™ whenever 0 < r < oo, B(z,r) C K.

Then there exists a Baire function f: U — RN{t:0 <t <1} satisfying for
g€ 2(UR")

R*N{z:f(2) #0} C K, |VI[(UN{z:f(z) # 1} ~H) =0,
f s (|V|,m) approzimately differentiable at |V|| almost all z,
[Sz 0 Dy(2)f(2) dV(z, ) = 0V (fg) = [ (Si(g(2)),ap Df(2)) dV (2, ),
IV (1ap D) < 5(400)™ (K17,
IVI(U N {z: f(2) # 0}) < Typ(K)™/ P
(see[4) where T = ((400)™~(m)m)™»/(m=p),

Proof. Let B= (U~H)N{z:07(]|V]],z) > 1} and assume B # (). First, the
following assertion will be shown: Whenever z € B there exists 0 < t < oo such
that B(z,10t) C K and

t7H|VIB(z,106) /7 < 5(400)™ (B2, t))"/?,
|V B(z,10t) < Dp(B(z, )™/ (m=P),

For this purpose choose 0 < r < oo with B(z,r) C K and
VIB(z,r) < 6™ (y(m)m)=™r™,
let P denote the set of all 0 <t < r such that
VIB(z,t) < (206)™ (y(m)m) =™

and @ the set of all 0 <t < 2T_0 such that {s:t < s < 20t} C P. One notes for
50 Ss<r

s " [VIB(z, ) < (20)"r™ ™[V B(z,7) < (206)™ (y(m)m)~"™,
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hence g5 € Q. Let ¢ = inf @ and note ¢ > 0 since 206 < 1 and (y(m)m)™"™ <
a(m). Clearly, {s:0 < s <200} C P. Also, whenever ¢ < s < 200

s~ [VIB(z,5) = (20)"" "™V B(z, 0) = 6™ ((m)m)~™

because g € Clos({s:s < g} ~ P).
Define a: {s:0<s<r} »Rand B:{s:0<s<r} —-Rby

a(s) = |VIIB(z,5), B(s) =$(B(z,5))"/"
whenever 0 < s < 7. Then by

v(m)™t < a(s)V/" (V]| Bz, 8) + o (5))
for £ almost all 0 < s < r, hence by Hélder’s inequality

(my(m)~! < a(s)/™HPB(s) + (/™) (s)

for £ almost all 0 < s < r. This inequality implies the existence of o < t < 2p
satisfying

t~La(106)YP < §(400)™ B(t);
in fact if this were not the case, then for .#' almost all p < s < 2p, recalling
{s,10s} C P,
(v(m)m)~t = (a¥™)(s) < a(s)"/™/P(400) "™ s a(10s) /P
< (1/2)(y(m)m)~",
(200)(y(m)m) ™" < (1/2)(v(m)ym) ™" < (a'/™)'(s),

hence, using '/ () = (208)(y(m)m)~'p and [Fed69, 2.9.19] or [AFP0(, 3.29],
one would obtain for p < s < 2p

o/ (s) = 0¥/ (g) + [*(aX/™) (1) ALt > (206) (v(m)ym)~Ls, s ¢ P.
The second part of the assertion now follows, noting 10t < 20, from

IVI[(B(z,106)) /P~ <715~ y(m)m ||V || (B(z, 10£)) /7
< (400)™y(m)m ¢ (B(z,1))"/7.

By the preceding assertion and Vitali’s covering theorem, see e.g. [Fed69,
2.8.5] or [Sim83, 3.3], there exist a nonempty, countable set I and z; € B,
0<t; <ooandwu; :U— R for i € I such that

u;(z) = sup{0, 1 — dist(z, B(z;, 5¢;))/t;} for ze U, i€ I,
sptu; C B(z;,10t;) C K fori eI,

B(z,t;) N B(zj,t;) =0 whenever i,j € I, # j,
IVl (| ap Dus) < 8(400)™ (B4 ) '/?,
IVIIB(zi, 10t:) < Tap(B(zi, 1)/ "7,

B C U{B(ZZ, 5t1> (1€ I}
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Define vy : U — R by
vy(z) =sup({0} U{u;(z):j € J}) forzeU
whenever J C I, and f =v;. Note 0 < f <1 and
u;(z) =1 whenever z € B(z;,5¢;), i € I, f(z)=1 forz € B.
Noting EHI[@]) and defining g = sup{|ap Du;|:i € I}, one estimates for J C I
IVl (9)P < 2icrlIV Il ) (1 ap Dug])?
< 67(400)™7 3 e (B2, 1)) < 67 (400)"Ph(K),
IVIUN{z: f(z) > vi(2)})
< Vit s IVIBGzi, 106) ST 3 cp o (B, t3)™ (7P
ST (Sier o s Blz 1) ™" < Dopr)™ 0,

Choose a sequence J(k) with J(k) C J(k+1) C I, card J(k) < oo for k € &
and (J{J(k) :k € &} = 1. Then

VIO NN {H{z:f(2) > vy (2)} k€ 2}) =0,
hence f is (||V||, m) approximately differentiable at ||V|| almost all z and

sup{|ap Dv ;) (2)|,|ap Df(2)|} < g(z) for |[V| almost all z,
IVl (lap Dvyy —ap Df|) = 0 as k — oo

by [Fed69, 2.10.19 (4)] or [Sim83, 3.5] and EHI(). The integral formula holds
with f replaced by v for k € & by A5, hence, taking the limit k& — oo,
also for f. O

4.8 Remark. The function f cannot be required to be continuous at ||V|| almost
all z. To prove this let mp/(m—p) <n < oo, n =m+1, U =R", apply [Men09,
1.2] with a1 = aega = 1) to obtain p and T and define V' by the requirement
|[V]] = p. Take £ € T with ®™ (¢, &) = 0; the existence of such £ follows from
[Fed69, 2.10.19 (4)] or [Sim83, 3.5] as ¥(T) = 0. (Alternately, it follows from
the estimates in [Men09, 1.2] that one can take any £ € T.) Let 0 < r < 1 and
K = B(&,2r). One verifies the existence of e > 0 depending only on V, 4§, 7,
and m such that

B(&,7)N{z:0 < dist(z,T) < e} N H = 0.

Therefore any such function f would have to satisfy f(z) = 1 for ||V almost
all z € TNU(E, ), hence

IVIUN{z:f(z) # 0}) = a(m)r™

which would be incompatible with the last inequality of [4.7] for small r even if
I" would be allowed to depend additionally on V and 6.

4.9. Ifa>0,b>0,c>0 and d > 0 then

inf{at®+bt=%:0 <t < oo} = ((d/c)c/(Cer) + (d/c)fd/(Cer))ad/(Cer)bc/(Hd).
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4.10 Lemma. Suppose m, n, p, U, V, and ¢ are as in[{.3 p < m, V €
RV, (U), ®"(||V]l,z) > 1 for |V almost all z, K is a compact subset of U,
H is the set of all z € spt ||V such that

V] B(z,7) > (40) "™ (y(m)m)~™r™ whenever 0 < r < oo, B(z,r) C K,
peP°U),0<¢<1,spt¢p CK, 1<qg<oo, 1/p+1l/g>1,acR",
T € G(n,m), h: U — R with h(z) =dist(z — a,T) for z € U, and

1/2
a=p(E)?, §=([d(2)?S, — T,*dV(=.5))"
v =(*|VIIcH),(h) if ¢ < oo,
~v =sup{h(z):z € spt ||V, #(z) > 0} if ¢ = o0,
= (VI H) ) (|Do|R).
Then
B2 < F(amp/(m—p) + (Cw)l/(l/zﬂrl/Q)) + (16 + 4m)€?
where T" is a positive, finite number depending only on m, p, and q.

Proof. Assume a = 0, hence h(z) = |T;~(2)| for z € U. Use &1 with § = = to
obtain f and define V1,V, € RV,,,(U) by

Vi(A) = [, f(2)dV(z,S) for AC U x G(n,m)
and Vo =V — V;. Using [Fed69, 2.10.19 (4)] or [Sim83, 3.5], one remarks
f(z) =1and apDf(z) =0 for |V| almost all z € U~ H,
Jo()1S: = Thf* dVa(z, §) < dmligg(m, p) o™/ "),
[oVal < (1 = D6V + [ap DFIVI, IVl (lap Df]) < (400)™a.
Defining g = ¢*(T;-|U), one obtains
[6(2)%|S; — Tp|* dVa(z, S) < 4](6V2)(9)| + 16¢°

as in [Bra78, 5.5]. If 1/p+ 1/q = 1 then the conclusion is a consequence of the
preceding remarks and Holder’s inequality. Therefore suppose 1/p +1/q > 1,
hence p < o0 and g < oc.

Letting 0 < t < 0o, 7 =1 —¢g(1 — 1/p), and defining n: {s:0 < s < 00} —
{5:0 < s <1} by n(s) = inf{l,ts7"} for 0 < s < oo, one observes 0 < r < 1
and

0 <sn(s) < ts'™"  whenever 0 < s < o0,
|sn(s)| 4+ |1 —n(s)] <1 whenever t'/7 < s < c.

Moreover, defining 71 : U — R", 2 : U — R" by
m(z) =n(T5 ()T (2),  m2(2) = 1 —n(| T (2)])T; (=)
whenever z € U,

Zi=Un{z:0<h(z) <t'/"}, Zy=Un{z:t"" <h(2)},
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one notes 1y + Nz = ThJ-|U and computes

7“l zZ)evu
%Tm) + (=T DT )

(v, Dia(2)) = = (|15 (2)])

for z € Z, v € R™, hence
[Dn2(2)]| <1 for z € Zy
and for z € U
m(2)| <th(z)'™" ifr <1,  |m(z)| <t ifr=1.

Letting g1 = ¢?n1, g2 = ¢?12, one notes g1 + go = g and infers |g1| = ¢%|m|,

IDg2(2)| < 26(2)| Do (2)|h(2) + ¢*(2)[| Do (2) |

< 20%(2) + [D(2)[*h(2)” < 2% (2)t 9" h(2)1 + [D(2)[h(2)°

for z € Zy. Since Dga(z) = 0 for z € Z; and ¢, D¢, and h are continuous,
approximating ¢g; and go by smooth functions yields that |(6V2)(g)| does not
exceed

t|6Val (2R ") + m||Va| (26797 ¢?h7 + |Dg|*h?) if r < 1,
t0Val[(¢?) + ml|[Va|| (2t™9¢°h? + |Dg|*h?) if r =1,

hence, using Holder’s inequality and recalling the remarks of the first paragraph,
one obtains

[(6V2)(g)] < t(800)™ay' ™" + 2mt~9"~9 4 me? ifr < 1,
|(0V2)(g)| < t(800)™ar + 2mt~Iy? + me?  if r = 1.
The conclusion is now a consequence of O

4.11 Remark. Using the inequality relating arithmetic and geometric means (cf.
[Fed69, 2.4.13]), one obtains for 0 < A < oo

1/(1/p+1 2(1/p+1/q)—1 P71 1 2
(ary) /A/p+1/a) < W(Q/A) 7T /DT W(Aw .
Note, concerning the exponent of «, if 1/¢ = 1/2 — 1/m, then 72(1/}@_31/(1)_1 =
mp
m—p’

4.12 Remark. The estimate for [(6V2)(g)| is adapted from Brakke [Bra78, 5.5]
where p € {1,2} and ¢ = 2.

4.13 Remark. One cannot replace h by the distance from two planes parallel
to T, as may be seen from the estimates for the catenoid in considering

R — o00. This behaviour is in contrast to the Sobolev Poincaré type inequality
in [Men10a, 4.4].

4.14 Lemma. Suppose m, n, p, U, and V are as in[f-3, ¢ € 2°(U), ¢ > 0,
1<g¢g< o0, 1/p+1/g>1,aeR", T e G(n,m), h: U — R with h(z) =
dist(z — a,T) for z € U, and
a=[sV(¢*) ifp=1,  a=(@VI)ph(V;) ip>1,
1/2

B=([o(2)’IS — Ty aV(2,9)) ", €= (VI (IDdIh),
1= @IVID@h) Ffa<oo,  v=(8*6VI)oo)(h) if q=c0.

24



Then
B2 < T(ay) /P9 4 (16 + 4m)€>

where I is a positive, finite number depending only on m, p, and q.

Proof. The proof of .10 has been designed such that a proof of the present
assertion results when the arguments involving the function f are omitted. O

5 Approximation by Qo(R"™") valued functions

The purpose of this section is to establish the necessary adaptions and ex-
tensions of the approximation by Qg(R"™ ™) valued functions carried out in
[Men10a, 3.15]. This is done in EXA()—@) and supplemented by a basic es-
timate concerning the partial differential equation satisfied by the “average”
of the approximating function in [B.71([0)) leaving the estimates more directly re-
lated to the purposes of the present paper to Section[@ The results are based on
those in [Menl0d, §3]. To effectively treat measurability questions the concept
of universal measurability is recalled in

5.1 Definition. A subset of a topological space X is called universally measur-
able if and only if it is measurable with respect to every measure ¢ on X which
has the property that all closed sets are ¢ measurable.

A function between topological spaces is universally measurable if and only
if every preimage of an open set is universally measurable.

5.2 Remark. Among the basic properties of the concept of universal measura-
bility are the following:

(1) The universally measurable sets form a Borel family containing the Borel
sets. (Note that “Borel family” is termed “o-algebra” in [Sim83, 1.1] and
“tribe” in [CV74, IIL, §0].)

(2) The preimage of a Borel set under a universally measurable function is
universally measurable.

(3) The preimage of a universally measurable set under a Borel function is
universally measurable.

(4) If X is a complete separable metric space, A is a Borel subset of X, Y is
a Hausdorff space and f : X — Y is continuous then f[A] is universally
measurable.

(@) is evident and implies (), @) is readily verified by means of [Fed69, 2.1.2]
and () is a consequence of [Fed69, 2.2.13].

5.3 Example. The following classical example illustrates the use of B2 ) in
the proof of B.7(6). There exists a Borel subset A of R? and an orthogonal
projection f : R? — R such that f[A] is not a Borel subset of R. A proof may
be obtained by appropriately combining the results in [Fed69, 2.2.9,11].

5.4 Remark. The present definition can be shown to be a special case of the
concept introduced in [CVT77, II1.21].
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5.5 Lemma. Suppose X is a complete, separable metric space, Y is a Hausdorff
topological space, f : X — Y is continuous, B is a Borel subset of X, and
g: B —{t:0<t < o0} is a Borel function.

Then h:Y — {t:0 <t < oo} defined by

h(y) = Z g whenever y €Y
Bnf=t[{y}]

is universally measurable.

Proof. One may adapt [Fed69, 2.10.10, 2.3.2 (4)—(6), 2.3.3] by use of B2/ @)
to obtain the conclusion. [l

5.6 Lemma. Suppose X, Y are normed vector spaces, f : X — Y is of class
l,ae X,0<r<oo, Q€ P, z € Bla,r) fori =1,...,Q, and v =
Lip(Df[B(a,r)).

Then

< 77’2.

1 & 1 &
oy (ak)

Proof. Let P : X — Y by defined by P(z) = f(a) + (x — a,Df(a)) for z € X.
Then for z € B(a,r)

|f(z) = P()| = [z — a, [y Df (a+ t(z — a) = Df(a) dL)| < (v/2)r*.
Since é 2?21 P(z;) = P(Q™1 2?21 x;), this implies the conclusion. O

5.7 Lemma. Supposen,Q € P, 0< L <00, 1< M <00, and0<d; <1 for
1€{1,2,3,4,5}.
Then there exists a positive, finite number € with the following property.
IfmeZ m<n, 0<r<oo,0<h<oo, h>2r, T=imp*,
U= R"xR"™)N{(z,y) : dist((z,y), C(T,0,r,h)) < 2r},
V eIV, (U), |6V] is a Radon measure,

(@~ 1+ B)am)™ < [VI(CIT,0,1,1) < (Q + 1 br)ar(m)r™,
IVI(C(T,0,7, h+ d47) ~ C(T,0,r, h — 2641)) < (1 — d3)ax(m)r™,
IVI[(U) < Ma(m)r™,

0 < & <e, B denotes the set of all z € C(T,0,r,h) with @ (||V||,z) > 0 such
that

either |6V B(z, 0) > 0 ||[V||(B(z,0)' "™  for some 0 < o < 2r,
or fB(z,g)xG(n,m)|Sh —Ty|dV (g, S) > §||V|B(z,0) for some 0 < g < 2r,

A =C(T,0,r,h)~B, A(x) = An{z:p(z) =a} for x € R™, X1 is the set of
all z € R™ N B(0,r) such that

ZZeA(I)Qm(HVH,z) =Q and O"(|V],z) € ZU{0} for z € A(x),
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Xo is the set of all x € R™ NB(0,7) such that
Yoeea@®@ " (IVIL2) <@ =1 and O"(||V],2) € ZU{0} for z € A(x),

N =R"NB(0,r)~(X1 UX2), and f : X1 — Qg(R™ ™) is characterised by
the requirement

O™ (|V],z) = || f(z)|l,a(z)) whenever x € X1 and z € A(z),
then the following nine statements hold:

(1) X1 and X5 are universally measurable, and £™(N) = 0.
(2) A and B are Borel sets and

a[ANspt V][] € B(0, h — dar).
(3) p[AN{z:0™(|[V],2) = Q}] C X1.
(4) The function f is Lipschitzian with Lip f < L.

(5) For L™ almost all x € X1 the following is true:

(a) The function f is approzimately strongly affinely approxzimable at x.
(b) If (z,y) € graphg, f then

Tan™(||V |, (z,y)) = Tan (graphg ap Af(z), (z,y)) € G(n, m).
(6) If a € C(T,0,r,h), 0 < 0o <r—|p(a)l, |ala)| + ds0 < h, and

Ba,g = C(Ta a, 0, 64@) N Ba
Ca,e = B(p(a), 0) ~(X1~Pp[Ba,l),
Dy, = C(T,a,0,640) NP~ ' [Cal,

then B, , is a Borel set and C, , and D, , are universally measurable.
(7) If a, 0, By, Ca,o, and Dg , are as in (@) and

graphg f|B(p(a), 0) C C(T, a, 0,010/2),
IVI(C(T, a,0,010)) > (Q — 1/4)ax(m)e™,

then
gm(ca,g) + ||V||(Da,g) < F(IZZ[) HVH(Ba,Q)
with Ty = 3+ 2Q + (12Q + 6)5™.
(8) Suppose H denotes the set of all z € C(T,0,r,h) such that

[V U(2,2r) < e ||[V]|(U(z,2r)) /™,
fU(z,Q’r)XG(n,m)lsh - Thl dV(Z’ S) <e ||V|| U(Z5 QT),
[V B(z,0) > dsa(m)o™ for 0 < o < 2r.
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(9)

Then there exists a positive, finite number e, depending only on m, da,
and d4 with the following property:

Ifce RMNU@0,7), 0 <o <r—lc|, £"(B(c,0) ~X1) < gga(m)o™,
0 #£ P c C(T,p*(c),0), for every z € P and x € B(c, o) there exists y
with (x,y) € P and |y — q(z)| < |z — p(z)|, and d : C(T,p*(c),0,h) = R
and g : X1 NB(c,0) = R are defined by

d(z) = inf{la(§ — 2)[: £ € P,p(§) =p(2)}  for 2 € C(T,p*(c),0,h),
g(x) = sup{d(z,y):y € spt f(z)} for z € X1 NB(c, 0),
then Lipd < 22, Lipg < 2Y/2(1 + L), and
(Ve HNC(T,p*(c), 0, h)) ()
<TQ((L™ L B(c,0) N X1) ) (9) + L™ (B(c, 0) ~ X1) /1™

whenever 1 < q < oo where 'y is a positive, finite number depending
only on m.

Ifa7 0, Ca,g; Da7g are as in (@’
graphy, f|B(p(a), o) C C(T',a, 0,010/2),

g:R™ = R"™™, Lipg < oo, g|X1 = ngo f, 7 € Hom(R™, R"™™),
0 € PRM R,y e PR,

spt & C U(p(a), 0), 0<ny) <1 foryeR"™,
sptn C U(a(a),d10), Bl(a(a),ds0/2) C Int(R"™™ N {y:n(y) =1}),

and U8 denotes the nonparametric integrand associated to the area inte-
grand ¥, then

Q[ (Db(x), D¥G(Dg(w))) dL™x — (§V)((noa) - (a" o 0 op))|
<mQm'*Lipgf, |DOldL™
+%2fp, e, ,IDO@)||ap Af (z) (+)(~7)[ AL ™x
+m'? [, |D((noq)-(a"ebep))|dV]
where
1 = sup || D*¥E|[[B(0,m'/* Lip )],

72 = Lip (D*Wg[B(0,m"*(L + 2|7])))).
Eq., = B(p(a), 0) N X1 N {z:0°(| f(2)]| 9(z)) # Q}.

Choice of constants. One can assume 2L < ¢4 and d5 < (2y(m)m)~"/a(m)
whenever m € & with m < n.
Choose 0 < sg < 1,0 < s <1 close to 1 satisfying

(s9° = V2 <d4/2, (572 =1V <inf{0s/4, L}
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and define € > 0 so small that
1-ne? >1/2, (1-ne?)(Q—1/4)>Q—1/2

and not larger than the infimum of the following numbers corresponding to
mée X withm < n

Em(m,n,Q,L,M,61,62,53,64,55), (2’7(m))_1’
g0 Q + 1, M, inf{62/2, 2y(m)m)™™ /a(m)}, s)  ggag(n, Q. M,1/4,s),
(M 1, 1, 02,0, 50, M).

Clearly, J satisfies the same inequalities as € and one can assume r = 1. [

Proof of (M) @) @ @). By B.IA@), 521@) and B3 the sets X; and X5 are uni-
versally measurable. Hence the assertion follows from BI4(D) @) @) @). O

Proof of @). Let n = inf{d2/2, (2y(m)m)~™/a(m)}, consider z € A with
O™ (|[V]l,2) = Q, Z = A(p(2)), note, using (@), that

U(§ - p*(p(Z)), 1) N {Ii: |T‘h("<a - 5) > Slﬁ - §|} C C(Ta Oa 1) h)
for £ € A(p(z)) and apply BI0 with

Q,6,d,r, t,and f
replaced by @ +1, 1, 1,2, 1, and T_p-(p2)|Z

to obtain 3 cc 4 p(x)) @4 ([IVI],€) < @ + n, hence Bl implies (3). O

Proof of ([@). Recalling (@), the set p[By,] is universally measurable by B2,
hence Cy 4, Dq,, are universally measurable sets by () and B21() @)). O

Proof of ([@). Let v denote the Radon measure characterised by
v(Z) = [, A (pIS)] AV (. 5)
whenever Z is a Borel subset of U, and note
|Sy —Ty| < e for V almost all (z,5) € A x G(n,m),

hence 1 — A (PIS)| < 1 = AL (TS < me? for those (z,S) by BI3
Therefore

(1—me?) ||[V|[LA<vLA.
This implies the coarea estimate
(1 = me?) [[V[|(C(T, a, 0,610) NP~ [W])
<|VI(Bao NP ' W]) + QL™X1NW) +(Q — 1)L™(Xo N W)

for every subset W of R™; in fact the estimate holds for every Borel set by the

coarea formula, see e.g. [Fed69, 3.2.22 (3)] or [Sim83, 12.7], and PV L Ba,o)
is a Radon measure by , 2.2.17]. In particular, taking W = B(p(a), 0)

yields
(1= me*)[VI(C(T, a, 0,640)) < [V|(Ba,e) + Qex(m)o™,
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thus one can assume, since 8Q) + 6 < I'ry), that
IVI[(Bae) < jex(m)o™.
Next, it will be shown that this assumption implies
Z™(X1NB(p(a), ) > 0;
in fact, using the coarea estimate with W = B(p(a), 0), one obtains
(Q —1/2)a(m)o™

< (1=me?)|[VII(C(T, a, 0,010))

< [VI[(Ba,) + Q2™ (X1 N B(p(a), 0)) + (Q — 1)ZL™ (X2 N B(p(a), 0))

< (@ —1/2)a(m)e™ + £™ (X1 NB(p(a), 0)) — ;L™ (X2 N B(p(a), 0)),
Z™(X2NB(p(a),0)) <4£™(X1NB(p(a), 0), ZL™(X1NB(p(a)e) > 0.

In order to estimate £ (X2NB(p(a), 0)), the following assertion will be proven.
If x € XoNB(p(a), o) and O™ (L™ L R™ ~ Xa,2) = 0, then there exist { € R™
and 0 < t < oo with

z € B((,t) € B(p(a),0), Z™B((,5t) <6-5™ [V][(Ba,e NP~ [B((1)]).

Since .2 (X; N B(p(a), 0)) > 0, some element B(¢,t) of the family of balls
{B((1 —0)z + 6p(a),00):0 < 6 <1}
will satisfy
z € B((,t) CB(p(a),0), 0<ZL™(X1NB(( 1) < 3L"(X2NB((1)).
Hence there exists n € X; NU(, t). Noting for & € A(n) with @™(||V|,€) >0
U(Tpec-n(€):t) CPTIBCG )], € €sptf(n) C Bla(a),dae/2),
(572 = 1)"?|p(r — &) < dat/2 < 840/2 for k € p~'B((, 1)),

the inclusion

U(Tpe (¢ (©): 1) N {r:[p(k — )| > sk — €[} € C(T,a, 0,010) NP~ [B(C, )]
is valid for such ¢ and can be applied with

6, Z, d, r, and f replaced by
1/4, A(n) n{&: @™ ([|V],£) > 0}, ¢, 2,
and T« ¢ [A(n) N {E: @™ (|V]|,€) > 0}

to obtain

(Q — 1/H)a(m)t™ < |VII(C(T a, 0,610) NP~ [B(C, 1)]).

The coarea estimate with W = B((, t) now implies

(Q —1/2)a(m)t™ — |V |[(Bao NP~ [B(C, 1))
<QLM(XiNB(() +(Q - 1)L (X2 NB((1))
=(Q —1/2)a(m)t™ + 3. 2™ (X1 N B((, 1)) — 52 (X2 NB(C, 1)),
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hence, recalling 2™ (X; NB((, ) < 1.2™(X, NB((, 1)),
32M(B( 1) < 2M(X2NB(G 1) < 4|VII(Bae N~ [B(S,1)])

and the assertion follows.

The assumption of the last assertion is satisfied for .£™ almost all z €
X>NB(p(a), o) by [Fed69, 2.9.11] or [AFPOO, 3.65] and Vitali’s covering theorem,
see e.g. |Fed69, 2.8.5] or [Sim&3, 3.3], implies

L™ (X2 NB(p(a),0) <6-5™[[V][(Ba,)-
Clearly,
Z"(P[Ba,o]) < A (Ba,e) < |V[(Ba,e)-
Since Cy,o ~ N C (X2 NB(p(a),0)) Up[Ba,,l, it follows
gm(ca,y) < (1 +6- 5m)HV||(Ba,Q)-
Finally, applying the coarea estimate with W = C,, , yields

(1 =me?)[V[[(Dae) < IV[(Ba,g) + QL™ (Cap)
<(1+Q+6Q-5™)VI][(Ba,e)

and the conclusion follows. O

Proof of ). Choose 0 < A <1 such that

A< mf{)m@(m, 52, 64); m(ma 62’ SO)/2}

and define e@g) = (1/2)(A/6)™ < 1.
Suppose z1,22 € C(T,p*(c),0,h) and & € P with p(&) = p(z1). Then
there exists & € P such that p(&2) = 22 and |q(&1 — &)| < |p(§&1 — &2)], hence

la(€a — 22)| <la(€a — &) + A& — z1)| + [a(z1 — 22)]
<2221 — 2| + |a(& — 21)|

and Lipd < 2'/2.
Suppose z1,22 € X1 N B(c,0), y1 € spt f(z1). Then there exists yo €
spt f(z2) with |y1 — yo| < L|x; — x2|, hence

d(z1,1) < 22 |(21,91) — (w2, 92)| + d(22,92) < 2V/2(1+ L)|wy — 22| + g(22)

and Lipg < 2Y/2(1 + L).
First, the case ¢ < oo will be treated. Note ANspt|V| € H and H N
p![Xy] = graphg f by BTAE), let ¢ = ||V||. H N C(T,p*(c), ¢, h) and recall

(p#1/))\_X1 < 2(p#(lj\_H))\_X1 < 2Q$nI_X1
with v as in the proof of (). Using

HNC(T,p*(c),0,h) Np ' [X1] N {z:d(z) >~}
C Hnp '[X1NB(c,0) N{z:g(x) > ~}]
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for 0 < v < o0, one infers
(1/}Lp71[X1])(q) (d) <2Q(ZL™ L X1 NB(c,0)) 4, (9)-

Therefore it remains to estimate (¢ U ~p~! [X1]) (g ().

Whenever z € B(c, ¢) ~ Clos X; there exist ( € R™, 0 <t < (26@)1/’"9 =
Ao/6 such that

z € B((, 1) CB(c0), ZL™(B(( 1) NXy) =ZL™(B(( 1)~ X1)
as may be verified by consideration of the family of closed balls
{B(0c+ (1 —0)2,00):0 < 0 < (2¢)"/™}.
Therefore Vitali’s covering theorem, see e.g. [Fed69, 2.8.5] or [Sim83, 3.3], yields
a countable set I and ¢; € R™, 0 < t; < A\g/6 and z; € X1 N B((;, ;) for each

i € I such that

B(Clatz) C B(C, Q)a gm(B(Clatz) N Xl) - gm(B(Clatz) NXI))
B((i,ti) NB((j,t;) =0 whenever 4,5 € I with ¢ # j,
B(c,0)~Clos X7 C | J{E;:i €I} CB(cp)

where E; = B((;,5t;) N B(c, o) for ¢ € I. Let
hi = g(z:),  Zi = A(zi)) N {&: O™ (|V]],€) € 7}

fori eI, J=1InN{ih; >24t;}, and K = I ~J.
In view of B.I4I(@]) there holds

(U~ [X1) (@)
< (e ULE; 15 € T1) (@) + (p  ULBR & € K}))(, (d).

In order to estimate the terms on the right hand side, two observations will be
useful. Firstly, ifi € I, 2 € HN C(T,p*(c), 0,h) Np~[E;], then

d(Z) < 24t; + h;;

in fact |p(z) — x| < 6t; < Ao < X and BT @) yields a point £ € Z; with
la(z = &) < Lip(z = §)|, hence

|z =& < (T+L)p(z — &) = (1+ L)|p(z) — x| <12,
d(z) < 2Y2|2 — €| +d(€) < 24t; + h.

Moreover, since
HNC(T,p*(c),0,h) Np [E;] C U{B(&,12t) : € € Z;},
one may apply BI2 (), verifying

U(z = p*(2:), 1) N{€: [p(€ — 2)[ > s0l¢ — 2]} € C(T,0,1,h)
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whenever z € A(z;) with the help of (), with

01, 8, A, X, d, r, t, {, u, and 7 replaced by
1, 0, 312m (m, 62, 50), Zi, 1, 2, 1, =p* (=), [V, and 12¢;

to obtain the second observation, namely

7/’(P71[Ei]) <(Q+ Da(m)(12t;)™ wheneveri € I.

Now, the first term will be estimated. Note, if j € J, then

d(z) < 2h; whenever z € HNC(T,p*(c),0,h) Np [E;],
2hj <3g¢(x) whenever x € X; NB((;,t;),

because
g(x) > g(xj) — 4lxj — x| > hj — 8t; > 2h;/3.
Using this fact and the preceding observations, one estimates with J(v) = J N
{j:2h; >~} for 0 <y < o0
PP THULE) j € NN {z:d(2) > 1)) < e ¢ (07 E)])
< Zje](y)(Q + 1)a(m)(12tj)m
< (Q+1)(A2)™ 2™ (U{B(Gty) 5 € J(1)})
<2(Q+1)(12)" 2™ (X1 N B(G.t5):5 € J(1)})
<2Q+1)(12)" 2™ (X1 NB(e,0) N {z: g(x) > v/3},
hence
Wep  ULE; 15 € JH) ) (d) < Q12)™FH(L™ L X1 N B(c, 0)) ) (9)-
To estimate the second term, one notes

d(z) < 48t;, whenever k € K, z € HNC(T,p*(c), 0,h) Np~ ' [Ex].

Therefore one estimates with K(v) = K N {k:48t; > v} for 0 < v < oo and
u:R™ — R defined by v = > _._, t;b; where b; is the characteristic function of

B((i,t)
PP ULE k€ K} N{z:d(2) > 7}) < Ypern? (P [Ex])
< D ker(n (@ + Do(m)(12t)™

< (@+1)(A2)" L™ (U{B(Ck, t) - k € K(v)})
< (@+1D(A2)"L™R™ N {z:u(x) > v/(48)}),

icl

hence

WP U{Ek kb € K}])(,(d) < Q2™ L™ (w).
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Combining these two estimates and
LM(UB(Gi, ta) -1 € T}) <227(B(c, 0) ~ X1),
fIUqu«i”” = a(m)~ "y L (B(G )

a(m )q/m(ziagm( (Gt )))1+q/m
('Zm)(q)(“)S‘la(m) m gom(B(c, o) ~ X )Y/ atL/m,

one obtains the conclusion for g < oc.

The case ¢ = oo follows by taking the limit ¢ — oo with the help of [Fed69,
2.4.17]. O

Proof of [@). Let I, f; be associated to f as in 23] and define C; = dmn f; for
i € I and G = graph, f. Note

Gn p_l[B(p(a), Q) ~ Cll,Q] =GN C(T, a, o, 649/2) Np_l[ca g]a

)

p[Ba,g] C Cu,s IV (C(T, a,0,040) ~(GU pil[ca,gb) =0.

Therefore one computes using [Z.6] and recalling that C, o, Dq o, and, by B2@]),
also p~1[C,,,] are universally measurable

Z JonBp(a).o ~c., { DO), DV (ap Dfi(x))) AL

= 5(VL(Gﬂp‘1[ (p(a), 0) ~ Ca]) x G(n,m))(q" o o p)
=6(VL(GNC(T,a,0,610/2) ~p ' [Ca,l) X G(n,m))((noq) - (q" 06 op))
= 0(V L(C(T,a,0,810) ~ P~ '[Cae]) x G(n,m))((nea)-(a"cfop))

= (0V)((noa) (" ob0op)) —d(Vi(Da, x G(n,m)))((noq)-(q"o0op)),

hence
Q[ (DO(w), DW}(Dg(2))) L™ — (8V)((noa) - (" o0 o p))
= cha,g<D9<sc>, DW(Dg(x)) ) dL™x
+ QS e o ~ 0., DO(), DUY(Dy(x)) ) dL™
-5 ; JesnBipar.e~ e, ( DO(), DV (ap D fi(z)) ) d.,sfmx)
—6(V(Da,e x G(n,m)))((noaq)-(q"ofop)).
The first summand may be estimated using

DYG(0) =0, [ID¥G(a)l| < yila] < yim'/*Lipg

for « € Hom(R™,R"™ ™) with ||a|] < Lipg. The second summand can be
treated noting

Z ap Dfi(x) where I(z) =IN{i:x € dmnap D f;}
ze](w)
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for .£™ almost all x € B(p(a), 9) ~ C,,, and applying with
X,Y, f,a,r, and {z1,...,20}
replaced by Hom(R™, R"~™), Hom(Hom(R™, R"~™),R), DU}, 7,
Q™'?lap Af(x) (+)(=7)|, and {ap Dfi(x):i € I(x)}

for £™ almost all x € E, ,~ Cy . Finally, the third summand is estimated by
use of

Sy o B| <m'2|B| for S € G(n,m), B € Hom(R",R"). O

5.8 Remark. If a and ¢ are as in [@), a € A, O™ (||[V|,a) = @, 0 < s < 1,
(572 —1)12 < 4§y, < 1o, @, M, 1/4, s), then

U(a, 0) N{&: p(§ —a)| > s|¢ —al} € C(T a,0,d10)
and 310 applied with

6, Z,d, r, t,and f replaced by
1/4,{a}, 0, 2, o, and 144

yields

IVI(C(T, a,0,040)) = (Q — 1/4)ax(m)o™.

Moreover, if additionally L < d,/2 then (@) implies a € graph, f and

graphg, f|B(p(a), 0) C C(T'a, 0,010/2).

6 An interpolation inequality

In this section an interpolation inequality for weakly differentiable functions
defined in a ball U(a,r) with a € R™, 0 < r < oo with values in R"~™ is proven
(seel3)) which states that the Lebesgue seminorm of a function can be controlled
by a small multiple of a suitable Lebesgue seminorm of its weak derivative and
a large multiple of the Ly (£™ L A, R™ ™) seminorm of the function where A is
subset of U(a,r) which is large in £ measure. The possibility to neglect a set
of small .Z™ measure will be important in Section[@ The proof is accomplished
following essentially the usual lines (see e.g. |GT01, Theorem 7.27]). The case of
Lipschitzian functions with values in Qg(R™ ™) then is a simple consequence
of Almgren’s bi-Lipschitzian embedding of Qg (R"™™) into RF? for some P,
see

6.1 Lemma. Suppose m,n € £, 1 < ( < m < n, either ( = m =1 or
(<myg=oc0ifm=1,g=m¢/(m—C) if m > 1, U is an open, bounded,
convex subset of R™, A is an L™ measurable subset of U with £™(A) > 0,
we WHHU,R"™™) and h = f, udZL™.

Then

(diam U)™

_ <"’
|u hlq;U—F Zm(A)

|Du|<;U

where I' is a positive, finite number depending only on m and (.
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Proof. If ( = m = 1 then u is 'L U(a,r) almost equal to an absolutely
continuous function by [Fed69, 4.5.9 (30), 4.5.16] and the assertion follows from
[Fed69, 2.9.20]; alternately one may use [AFPOQ, p. 139].

If ¢ < m this fact can be obtained by combining the method of |[GT01,
Lemma 7.16] with estimates for convolutions, see e.g. O’Neil [O’N63]. O

6.2. Suppose a,z € R™, 0< p <2r < oo,z € U(a,r) and b= aif [x—a| < 9/2
and b = = + (0/2)(a — x)/]a — x| else. Then one readily verifies U(b, 9/2) C
U(a,r) NU(z, o).

6.3 Lemma. Suppose mn€ P, 1< (<m<n, either(=m=1or<m,
g=ocoifm=1,qg=m¢/(m—C)ifm>1,1<6<¢q, (<s<q,0< A< o0,
a€R™, 0<r<oo,uc Wht(U(a,r),R*™™), A is an L™ measurable subset
of U(a,r), and L™ (U(a,r)~A) <X < (1/2)a(m)r™.

Then

< TAVSVe D, 4 252NV )

|’u’|q;a,r —

where I' is a positive, finite number depending only on m and C.

Proof. Define A1 = IEIq )T128mA2 A, = 2mHl and T = 21mHIA,.
Let o = \Y/™a +1/m note o <2r and define

E(b,t) =U(a,r) N U(b,t) whenever b€ R™, 0 <t < 0.
One estimates, using 6.2

LB, 0)~A) <A =2"1""a(m)e™ < L™(B(b,0))/2 < LM (ANE(b, 0)),
ZLM(E(b, 0)) < a(m)o™ = 2",

whenever b € U(a,r). Therefore one applies with hy = fAﬁE(b 2 udZ™ to
obtain

.0y < TE(ms Q22" () ™ Dl ) + 207D INY 4y
for b € U(a,r). Using Holder’s inequality, this yields
|u|q;E(b,g) S Al)\l/g_l/leuls;E(b,g) + AQ)\l/q_l/£|u|£;AﬁE(b,g)

for b € U(a,r). If ¢ = oo, the conclusion is now evident.
If ¢ < oo, choosing a maximal set B (with respect to inclusion) such that

B c U(a,r), {E(b,0/2):be B} is disjointed,
one notes for z € B and S, = BN {b: E(b, 0) N E(x, 0) # 0}

U(a,r) C U{E(b,0):b€ B}, cardS, < 2'™;
in fact for the estimate one uses to infer

E(b,0) C E(xz,30) whenever b € S,
(card Sp)a(m)272M ™ < 30y L™ (E(b, 0/2))
< ZLM(E(x,30)) < a(m)3™ o™
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Therefore, as ¢ > sup{s, ¢},

] q/s q
ZbeB|D“|g;E(b,g) < (Zb€B|Du|Z;E(b,g)) < (24m|Du|s;a,T) )

¢ q/§ q
Zb€B|u|Z;AﬂE(b,Q) < (Zb€B|u|§;AﬁE(b,g)) < (24m|u|§;A) J

hence one obtains form the estimate of the preceding paragraph

|l gear < 2‘1_121763((A1A1/<_1/S|D“|5;E(b,g))q + (A2)‘1/q_1/£|“|§;AﬂE(b19>)q)
< (24m+1A1)\1/(71/s|Du|s;a7r)q + (24m+1A2>\1/¢I*1/§|u|£;A)q.

and the conclusion follows. O

6.4 Lemma. Suppose m,n,QQ €  m<n,q=0c0ifm=1,2<gq < o0 if
m=2,2<qg<2m/(m—=2)ifm>2,a€R™, 0<r <o, f:U(a,r) —
Qq(R"™™) is Lipschitzian, 0 < n < 1/2, and A is an L™ measurable subset
of U(a,r) with Z™(U(a,r) ~A) < no(m)r™, then

T_m/q|f| < F(nl/q+1/m_1/2rl_m/2|Af|2;a,r + nl/q_lr_m|f|1;,4)

aa,r =
where I' is a positive, finite number depending only on n, Q, and q.

Proof. Suppose P and ¢ : Qo(R"™™) — RF? are as in Bl Define u = o f,
w=1/¢g+1/m—-1/2>0,v=1-1/¢>1/2,(=1ifm=1and { = gm/(m+q)
if m > 1, hence 1 < ¢ < m and ¢(m/(m — () = ¢ if m > 1. From [6.3] applied
with A, s and £ replaced by na(m)r™, 2, and 1 one obtains

r*m/q|u| < A(nurlfm/2|Du|2;a,T + Uﬁyrim|u|1-,4)

q;a,T 5

where A = sup {Ijgg(m, {)a(m)'/¢=1/2 25m+2q(m)1/9=1} . Since

(Lip&) ™' fu(2)| < 4 (f(2), QI0]) < Lip&™" |u(x)| for = € Ula,r),
|Du(z)| < Lip&|Af(x)| for z € dmn Du

by Bl the conclusion follows. O

7 Some estimates concerning linear second or-
der elliptic systems
The purpose of the present section is to gather some standard estimates precisely

in the form needed in Section[@ Proofs are included for the convenience of the
reader.

7.1. The following situation will occur repeatedly: m,n € &Z, m <n, 0 <c <
M < o0, and T € O Hom(R™,R"~™) with ||| < M is strongly elliptic with
ellipticity bound ¢, i.e. T is an R valued bilinear form on Hom(R™, R"~™) with
Y(o,7) < M|o||7| whenever o,7 € Hom(R™, R"~"™) and

[Y(DO(x), DO(z)) — c|DO(z)|* ALz > 0 whenever § € Z(R™,R"™™).
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Following [Fed69, 5.2.11], one associates to any T € (O? Hom(R™, R"™™) a
linear function S : ©*(R™, R ™) = (0> R™)@R"™ — R"™ characterised
by

(Eov)y,S)ev=_(({y,vv),T)+ ((¥y,§v),T)

whenever &, € @1 R™, y,v € R"™; here £y € Hom(R™,R"™ ™) is given
by (£y)(z) = &(x)y for z € R™. Applying this construction with the area
integrand ¥ to DQ\I/?)(O') for each 0 € Hom(R™,R™ ™), one obtains a function
C : Hom(R™,R"™ ™) — Hom (@2 (R™,R"~™),R"~™) which satisfies

m n—m n—

(¢,C(0)) = Z Z Z Z ((Xivj, X)), D*UE(0) Y(dlei, ex) 0 vj)vr

i=1 j=1 k=1 I=1

for ¢ € @2 (R™,R" ™) where ey,. .., e, and X1, ..., X, are dual orthonormal
bases of R™ and @1 R™, and vy, ..., v,_m,m form an orthonormal base of R"~™.
Hence whenever U is an open subset of R™, u € W21 (U, R"~™) is Lipschitzian,
v e WEHU R ™), 0 € Hom(R™,R"™™), and 0§ € 2(U,R"~™) one obtains
by partial integration the formulae
— [ {(Do(z), D\I/(%(Du(z)) Yd Lz = [,0(x) e (D*u(z),C(Du(z))) d.L ™z,
—[(DI(z) ® Do(z), D2Wi(0))dgL™a = [, 0(z) o (D*v(z),C(0)) dL ™z,

here ® denotes multiplication in (), Hom(R"™, R"~™), see [Fed69, 1.9.1].

7.2 Lemma. Suppose m, n, ¢, M, and Y are as in[71, a € R™, 0 < r < oo,
ve WH(U(a,r),R"™™), T € 2'(U(a,7),R"™™) with |T|_, ,.,, < oo.
Then there exists an £™ . U(a,r) almost unique v € WH2(U(a,r), R"™™)
such that
—Juan (PO(x) ©Du(z),T) dL"z =T(0) for 0 € 2(U(a,7), R"™™),
u—ve€Wy*(U(a,r), R*™™).

Moreover, for every affine function P : R™ — R"™™

|D(’U,*’U) < Cil(M|D(’07P)|2;a,T+ |T|—1,2;a,r)'

|2;a,r

Proof. To prove existence, assume v = 0, let R denote the extension of T' to
W (U(a,r), R*™™) by continuity and observe that one can take u to be a
minimiser of

1 fU(a,T) (Du(z) ® Du(z),Y) dZ"z + R(u)

in Wy*(U(a,r), R*™™)

To prove the estimate, assuming P = 0 by possibly replacing u, v, P by

u— P, v— P, 0, one lets # approximate u — v in Wé’2(U(a7 r), R"™™) to obtain
2

D —=)l5,, < (MID( = P)ly, . +|T|_; 50,,) ID(u — v)

|2;a,r'

The uniqueness follows from the estimate. [l
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7.3 Remark. If T = 0 then v is Z™ L U(a,r) almost equal to an analytic T
harmonic function by [Fed69, 5.2.5, 6].

7.4 Lemma. Suppose m, n, c, M, T, and S are as in[71, 0 < a <1,a € R™,
0<r<oo,u:Ular) — R"™™ is of class 2, D*u locally satisfies a Hélder
condition with exponent o, f : U(a,r) — R"™™, and S o D*u = f.

Then

1| D%ul oy 0 + Mo (D?u[B(a,7/2)) S T(r7>7""ful,, , +ha(f))
where I is a positive, finite number depending only on n, ¢, M, and a.

Proof. Interpolating by use of Ehring’s lemma, see e.g. [Wlo87, Theorem1.7.3],
and Arzela’s and Ascoli’s theorem, it is enough to prove the assertion remaining
when the term r=%|D?u| is omitted.

Considering slightly smaller 7, one may assume h, (D?u) < oco.

Applying |[Fed69, 5.2.14] to the partial derivatives of u and using Ehring’s
lemma as above, one infers the existence of a positive, finite number A depending
only on n, ¢, M, and « such that

ocoja,r/2

h, (D?u|B(b,s)) < 275"™h,(D?u|B(b, 2s))
+ A2 ul gy o0 + ha(fIB(D, 25)))

whenever b € R™, 0 < s < oo and B(b,2s) C U(a,r).
Defining  : U(a,r) — R by h(z) = 1 dist(z, R™ ~U(a,r)) for z € U(a,r),
p = sup {h(b)*T* " hy (D*u[B(b, k(b)) :b € U(a,r)}
and noting pu < r2to*™mh, (D?u) < 0o, one estimates for b € U(a,r)
h (D?u|B(b, k(b)) < 275 ™h,(D?u|B(b, 2h(b)))
+ ARG uly,,, + ha(f)),

Ih(b) — h(c)| < (Liph)lb— ¢ < h(b)/2, h(b) < 2h(c)  for c € B(b, 2h(b)),
h(b)*T** " ho (D*u[B(b, 2h(b))) < 27+,
h(b)2+a+mha(D2U|B(b’ h(b))) S lu’/2 + A(|u|1;a,')ﬂ + r2+a+mha(f)))

hence
(r/4)* " ho(D*ulB(a, 7/2)) < 227" < 27 A(July, . + 77T ha(f))
and the remaining assertion is evident. O

7.5 Remark. Similar absorption procedures can be found for example in [Fed69,
5.2.14] or |GT01, Theorem 9.11].

7.6 Lemma. Suppose m, n, ¢, M, and Y are as in[7.1, 2 < p < o0, a € R™,
and 0 < r < oo.

Then for every f € L,(Z™ L U(a,r), R"™™) there exists an L™ U(a,r)
almost unique u € WP (U(a,r), R"™™) such that

—fU(am) (DO(z) © Du(z),Y) L™z = (0, f),, for0 € Z(U(a,r),R"™™).
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Moreover, w € W2P(U(a,r), R"™™) and

Yo Dl < TIf]

pa,r pia,r
where I' is a positive, finite number depending only on n, ¢, M, and p.
Proof. See |Giu03, p. 368-370]. O

7.7 Remark. The condition p > 2 can, of course, be replaced by p > 1. For
example |Giu03, Theorem 10.15] extends to this case via duality and the esti-
mate of the second order derivatives can be carried out by using the method
of difference quotients starting from a suitably localised version of the theorem
cited.

7.8 Lemma. Suppose m, n, ¢, M, and Y are as in[71, a € R™, 0 < r < o0,
ue W' (U(a,r),R"™™), T € 7'(U(a,r), R"™™), and

7fU(a " (DO(z) ® Du(x),Y) dL"x =T(0) for 0 e 2(U(a,r),R"™™).
Then
|u|1;a,7‘ S FrlTl—l,l;a,T
where I' is a positive, finite number depending only on n, ¢, and M.

Proof. Let p=2m and ¢ = p/(p — 1) and assume r = 1.
Whenever § € 2(U(a,r), R"~"™) one obtains n € W (U(a, ), R"~™) from
such that with Ay = Ii7g(n, ¢, M, p)

ot (DC(x) @ D), ) AL = (C.0),, for ¢ € 2(U(a,1),R"™™),
2 i
Zi:O|D n|p;a71 S A1|9|p;a713
hence by |[GT01, Theorem 7.26 (ii)]
|Dn|oo;a,1 S A2(|D77|p;a,1 + |D277|p;a,1) S A1A2|9|p;a,1

where As is a positive, finite number depending only on n and p. Approximating
and u by ¢; € 2(U(a,1), R"™™) in W' (U(a,1), R*™) and 5 by a sequence
n; € 2(U(a,r), R"™™) such that

n; —n in WHP(U(a,1),R"™™) as i — oo, Zlirglo 1D%iloecar = 1PN a1
one obtains
(6’,u)a’1 = _fU(a,1) (Dn(x) ® Du(z),T) dL"x < |T|7111;a11|Dn|00;a11.
Therefore (cp. [Fed69, 2.4.16])
|U|1;a,1 < a(m)l/p|u|q;a,1 < a(m)l/pA1A2|T|_1,1;a’1
and one may take I' = sup{a(i)'/?PA1 Ay :n > i € P}. O

7.9 Remark. If m > 1 the estimate may be sharpened to
sup {t.£™(U(a,r) N {z:|u(z)| > tHi-Vm .0 <t < oo} < OIT| 100

in fact one may follow the same line of arguments with the Lorentz space Ly, 1
replacing L.
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8 A model case of partial regularity

The present section uses the new iteration technique in the setting of pointwise
decay estimates for the Euler Lagrange differential operator associated to an
integrand satisfying a quadratic growth condition. Its purpose is to indicate
applications in the study of partial regularity for elliptic systems as well as to
outline some of the techniques used in Section@in a significantly simpler setting.
However, the results of this section are not needed in the remaining sections.
They depend only on Section [0 and B.15]

8.1. Suppose myn € ¥, m<n,0<c< M <oo,and F: Hom(R™,R"™™) —
R is of class 2 such that for 0,7 € Hom(R™, R"™™)

(0©0,D*F(r)) = clo|?, [|ID*F(r)|| < M.

8.2 Lemma. Suppose m, n, ¢, M, and F are as m[81l a € R™, 0 < r < o0,
u € WL2(U(a,r),R"™), T € 2(U(a,r),R*™™), and

_fU(a,r) (DO(z), DF(Du(x))) L™z =T(0) for 0 € 2(U(a,r),R"™™).
Then there holds for every affine function P: R™ — R"™™
Tﬁm/2|D(u - P)lz;a,r/z < F(rilimlu - P|1;a,r + rim/2|T|71,2;a,r)

where I is a positive, finite number depending only on m, n, ¢, and M.
Proof. Assume r = 1 and abbreviate v = u — P. Observing

—fU(am) (DO(x) ©® Du(z), A(z)) ALz =T() for 0 € 2(U(a,1),R"™™)

where A(z) = [ DF(tDu(x) + (1 — t)DP(z)) d.Lt,
one may infer, e.g. as in [Fed69, 5.2.3], that
Dol , < 071/2M1/2971|”|2;b,zg + 071|T|—1,2;b,2g

whenever b € R™, 0 < ¢ < oo with U(b, 20) C U(a, 1).

From |GT01, Theorem 7.26 (i)] and Ehring’s lemma, see e.g. [W1o87, The-
orem1.7.3], it follows that for every 0 < k < oo there exists a positive, finite
number A depending only on n and k such that

9_1|U|2;b,2g < 6|DU|2;b,29 + Ag_l_m/2|v|1;b,29

whenever b € R™, 0 < ¢ < oo with U(b,20) C U(a,1). Therefore one readily
verifies the conclusion by use of Simon’s absorption lemma [Sim97, p. 398]. O

8.3. If m, n, ¢, M, and F are as in BIlthen D?F is uniformly continuous if and
only if there exists Q: {¢t:0 <t < oo} = {t:0 <t < 2M} such that

Q is continuous at 0 with Q(0) =0, Q2 is concave,
|D?*F(c) — D*F(7)|| < Q(j]o —7|) for 0,7 € Hom(R™,R"™™).

Observe that such Q is nondecreasing and satisfies Q(st) < s'/2Q(t) for 1 < s <
oo and 0 <t < oo.
Moreover, let 0 < o <1 and define w: {t:0 <t <1} —» {t:0<t <1} by

wt) =t ifa<l, w(t)=t1+logl/t) ifa=1

whenever 0 < ¢t < 1.
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8.4 Theorem. Suppose m,n € P, m<n,0<c< M <oo, and 0 < a < 1.
Then there exists a positive, finite number € with the following property.
Ifae R, 0<r<oo, F, Q, w are related to m, n, ¢, M, o as in[81] and

B3 uve WL2(U(a,r),R*™), T € 9'(U(a,r),R"™), 0 € Hom(R™,R"™™),

0<~v<o0, and

Q) <e fa<l, Qt) <e(1+log(y/t)™' forO<t<~yifa=1,
—Ju(an (PO(x), DF(Du(z))) 4™z =T(0) for 0 € 2(U(a,r),R""™),

(JCU(a,T)|D(U*U)|2d$m) <,
Qim/2|T|71,2;a,g <~(o/r)* for0O<o<r,

1/2

then a € dmn Du and
A 1/2
(fU(a,Q)|D(u — Du(a))|2 d.Z ) / <Tw(o/r)y forO<o<r

where I' is a positive, finite number depending only on m, n, ¢, M, and .

Proof. Define

A1 = sup{a(m), a(m) 2} Tgg(n, ¢, M), Az = 275 (m + 1™+ (M /ey,
Az = sup{2*T?™ n(n — m)Hg(n, e, M,1/2), Ay =2A3sup{A, 2™ Az},
As = a(m) 222 ig(m, n, e, M),  Ag = Assup{l + Ay, a(m)},
Ay = I‘m(n, c, M, 1/2)(A1(2M +1)+ a(m)F(n)).

Moreover, define

Ag=1-4°"1 ifa<1, Ag =logd if a=1,

Ag = sup{2™ 3 A7, 2A4A8_1}, Aqp = sup{2™2 8A¢},

Aqp = sup{s'/?(1 +1log(1/s)):0 < s <1}, A= (8Ag(1+ 2Ai{2))_1,
Az = inf {Ass, (A(2A17) 1+ AT)) T Ag/2},
= sup{Ag, AipArz}, 72 =Aptm, =A%
Ay =1+4"1 ifa<l, Ay = (4/3)+ (4/9)logd if a =1,
Ays =701, T =7+ 2" A
Suppose a, r, F', Q, w, u, T, o, and ~ satisfy the hypotheses in the body of
the theorem with e.

Assume r = 1.
Define o, = fU(a pPudL™ € Hom(R™,R"™™ ™) for 0 < ¢ < 1 and note

Jo(a,0Pu =02 dL™ < [y, D — 1) dL™

whenever 0 < ¢ < 1 and 7 € Hom(R™,R"~"™). Denote by u, the unique
function such that, see [[2[7.3],

up € &(U(a, 0),R"™™), u—u,€ Wé’Q(U(a, 0), R"™™),
fU(a,g) (DO(z) ® Duy(x), D*F(o,)) dL ™z =0 for 6 € 2(U(a,0),R"™)
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whenever 0 < ¢ < 1. Define ¢; : {0:0 < o < 1} — R for i € {1,2,3} and
So, Re € 7'(U(a, 0), R"™™) by
(bl(g) = |D2u9|00;a,g/2’ ¢2(Q) = a(m)_1/2g_m/2|D(u - UQ)|2;a,g’
¢3(9) = Q_m/2|T|71,2;a,g’
R,(0) = _fU(a,g) (DO(z) ® D(u — u,)(z), D*F(0,)) d.L ™z,
Se(0) = 7fU(a7Q) (DO(x), DF (Du(z))) dL™x
whenever 0 € 2(U(a, 0), R"™™) and 0 < ¢ < 1. Moreover, define P, : R™ —

R"™™ by P,(x) = up(a) + Duy(z — a) for x € R™.
Next, the following four inequalities valid for 0 < ¢ < 1 will be established.

0 M u = gy, , < A1 (Qd2(0))02(0) + d3(0)) ey
$1(0) < Azo™(d2(0) + ¢3(0)), (I1)

P1(0/4) < d1(0) + As (2(0))(d1(0) + 0 " d2(0)) + Q_1¢3(9)() : |

11

pa(0/4) < DNe (001 (0) + Qd2(0))2(0) + ¢3(0))- (Iv)

To prove (), compute for £™ almost all z € U(a, 9) by means of Taylor’s
formula

DF(Du(x)) = DF(0,) + (Du(z) — 0,) s D*F(0,)
+ (Du(e) — 0,) 4 oy D*F(tDu(z) + (1 - t)o,) — D*F(a,) AL
and observe for § € 2(U(a, 0), R"™™)
(So = Ro)(0) = = [i54,) (PO(x) ©D(u = 0,)(2), A(z)) &L
where A(z) = [ D*F(tDu(x) + (1 — t)o,) — D*F(0,) AL,
hence, one readily estimates by use Holder’s inequality and Jensen’s inequality
a(m)_lé’_mlRQ - SQ|—1,1;a,Q < fU(a7g)|D(u —0o)|(Q20|D(u—0,)))dL™

< Q(¢2(0))92(0),
0 "Rl 1 1,0, < @(m)QU¢2(0))¢2(0) + (m)'¢3(0)

for 0 < p < 1. Consequently, one infers (Il) by [[.8l
To prove ([I), note for every affine function Q : R™ — R»~™

¢1(Q) S Im(na & M’ 1/2)972*771('“@ - ull;a,g + |’LL - Q|1;a,g)

by [.4 hence (I) and B.I6 imply (II)).
To prove ([II)), first compute

Jotaoyn) (PO@) © D(up = uyya)(w), D2F(04/4)) AL
= [O(a.gya) (PO() ® Duy(x), D*F(04/4) = D*F(0,)) d£™x
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for 0 € 2(U(a, 0/4), R"™). Therefore, noting
|0g/a = 00| <27 02(0),  d2(0/4) < 2™da(0),  ¢3(0/4) < 2™ ¢3(0),
0'/*h12(D?uy|B(a, 0/4)) < D21 (0)
by |[Fed69, 5.2.5], one uses [ and (1)) to infer
|D2(U’Q - ug/4)|oo;a,g/8
< AB (9_2_m|ug - ug/4|1;a,9/4 + Q(|JQ/4 - UQ|)91/2h1/2(D2uQ|B(a’ 9/4)))
< Ay (U2(0))(d1(0) + 0 d2(0)) + 0 d3(0))

and ([II) follows.
To prove ([V)), apply B2 with r, u, T, and P replaced by ¢/2, u|U(a, 0/2),
S,/2 and P, to infer

$2(0/4) < As (9_1_m(|“ - uyll;a,g + |ug — Pyll;a,g/z) + ¢3(9))

and use ([) and Taylor’s formula to verify (V).
Next, it will be shown

P1(0) <710 w(o),  ¢2(0) < Yy2w(0) (V)
for0 < p<1.1f1/4 < p <1 then (V) holds for g since by (II)
$1(0) < 2" T2 A7(da(1) + ¢3(1)) < vm < yyie 'w(o),
P2(0) < 2Ma(1) <422 0% < yyw(0).

Suppose now (V) holds for some 0 < ¢ < 1. In case a < 1, noting Q(y7y2) <
721/29(’)’) < Ay < Ay, (I) and (V) imply

P1(0/4) < yne/9)* (47 + Au(y2) (1 + AL) + Ay Y) < ymle/4)*,
$2(0/4) < vy2(0/4)* (4062412 + 75 1)) < v72(0/4)*
and ([Y)) holds for g/4. In case o = 1, noting

Q(y720(1 +1og(1/0))) < (12A11)"2Q(70"/?)
<2017 Ass(1 + log(1/0) 7! < 2A117 A,

(D) and (IVY)) imply
61(0/4) < 771 ((1+10g(1/0)) (1 + AaQ(r720(1 + log(1/0)))(1 + AT))
+ Aﬂfl)

<y ((1+10g(1/0)) + 284A12(1 + AR Ars + AgAFY)

< m (1 +log(4/0)),

< yy20(1 4 1og(1/0))As A1z + Qyy20(1 +log(1/0))) + 75 1),
< yyaw(o/4) (486 A12(1 + 2A11%) + 4A0ATY)

< 72w(e/4)

P2(0/4

~—
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and ([V)) holds for o/4. Hence the assertion follows in both cases.
One readily estimates by use of (V)

Sl 0®2(4770) < Apsyw(o) for0<p<1

hence, noting |0, — 05| < 2™, (p) if 0/4 < s < p, one infers the existence of
7 € Hom(R™, R"™™) such that

|7 — 0, <2™M Asyw(e) for 0 < o < 1.

Therefore, noting (),
(fU(a,Q)|D(u —7)|? d.f’")l/2 <Thw(p) for0< o<1,

in particular @ € dmn Du with 7 = Du(a). O

8.5 Remark. A similar but simpler argument shows the following proposition:
Ifne€ & and 0 < ¢ < M < oo then there exist positive, finite numbers
e and T such that if n > m € &, a € R™, 0 < r < o0, A : U(a,r) —
O?Hom(R™,R"™) is ™ U(a,r) measurable,

lA(a)|| < M, Ala) is strongly elliptic with ellipticity bound c,
sup{(1 + log(r/|z — a]))[[A(z) — Aa)||: z € U(a,r) ~{a}} <e,

(RS W172(U((177")7 Rnim)’ T e -@/(U(aa 7’), Rnim% 0 < 7 < oo,
Jo(a (DO(x) ©Du(z), A(x)) ALz =T(0) for 6 € 2(U(a,r),R""™),

gfm/2|T|_172;a7g <~ for0O<p<r
then with 0o = fy(, ,PudL™

0™ D(u — o,) < F(r‘m/2|Du|2;a7T +7) for0O<o<r.

|2;a,g —

One may use the example exhibited by Jin, Maz’ya and Van Schaftingen in
[JMVSQ9, Proposition 1.6] to verify that “< ¢” cannot be replaced by “< M”
even if n —m = 1 and T = 0. Moreover, if F' : Hom(R™,R"™™) — R is of
class 2, © is related to FFas inB3 0 < 8 < 1,0 < <o0,1 <A < o0,
v € W22(U(a,r), R"™™), v is of class 1, hg(Dv) < Aér~—?, o = Dv(a),

|D?F(0)|| < M, D?F(0) is strongly elliptic with ellipticity bound c,

Q(t) < A7Y28e(1 4 log(d/t)) ™1 for 0 <t <4,
fU(am) (DO(x), DF(Dv(z))) A&z =0 for § € 2(U(a,r),R"™ ™),

then the preceding proposition applies with A, u, T', and ~y replaced by D?FoDw,
Djv, 0, and 0 whenever i € {1,...,m}.

8.6 Remark. More information and references on the regularity questions for
elliptic systems may be found in the surveys of Mingione [Min06] and Duzaar
and Mingione [DMO09]. The latter specifically describes the approximation tech-
niques originating from De Giorgi |[DG61] which are used also in the present
paper in modified form.
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9 Estimates concerning the quadratic tilt-excess

The estimates of the present section constitute the core of the proof of the
pointwise regularity theorem, Theorem [[0.2] in Section All constructions
are based on the approximation by a Qg (R"~™) valued function of Section
First, in and some lower mass bounds are derived by a simple adaption
of [Sim83, 17.7] and a straightforward use of Allard’s compactness theorem for
integral varifolds, see [All72, 6.4] or [Sim83, 42.8]. Then, in[@.3 several auxiliary
estimates concerning the approximation by a Qg (R™™ ™) valued function in[5.7]
are carried out. In the main elliptic estimates are established, see below for
a more detailed description. Finally, a reformulation of a special case of [0.41 (@)
replacing any reference to the specific approximating functions used there by
quantities more tightly connected to the varifold is provided in for use in
[Men10H].

Next, an overview of the constructions in in comparison to the estimates
(M) in the proof of the model case B4l is given. One considers cylinders
centred at a fixed point ¢ € R™ with projection ¢ € R™. For any radius ¢
functions u, solving a Dirichlet problem in Ul(c, ¢) for a suitable linear elliptic
system with constant coefficients with the “average” g of the approximating
Qg (R"™ ™) valued function f as boundary values are defined. It is readily seen
in @A1(6) that ¢1(0) = |D2ug|oo;c7g/27 the leading quantity in the iteration, is
controlled by the tilt-excess of the varifold and mean curvature, compare[R.4](II).
More importantly, an estimate of |u—gl,., ,, compareBAI(), mainly in terms of
mean curvature is established in [@4([7) by use of Using this estimate, the
iteration inequality for ¢, compare[84(II), follows in[@.ZI([®). In order to derive
an iteration inequality for the tilt-excess of the varifold, i.e. controlling the tilt-
excess basically by ¢1 and mean curvature, the estimate [0.4([@) is established.
It asserts that | f (+)(—P)|,.x with P: R™ — R™™™ an affine function and X
a large (with respect to f’"y) subset of U(c, p/2) together with mean curvature
essentially controls the tilt-excess. Here the coercive estimates of Section [l the
interpolation procedure of Section [6]l and the adaptions of the Sobolev Poincaré
type estimates of [Menl0a] in B7(8) are used. Assuming that f agrees with
its “average” g on a large set, for example because the density of the varifold
is at least @@ on a large set, the iteration inequality for the tilt-excess, compare
RA(IV), is then primarily a consequence of Taylor’s expansion, see [0.4](I0).
Finally, both iteration inequalities are iterated in AT as long as the afore-
mentioned density condition is satisfied on the scales involved, compare R4l (V]).
As all the preceding estimates only hold under various side conditions which
have to be checked at each iteration step and the interdependence of the various
constants occurring is not entirely straightforward, the iteration procedure is
presented in some detail to ease verification.

Finally, it should be mentioned that the current iteration procedure has to
be carried out within a fixed coordinate systems as differences of functions cor-
responding to different iteration steps have to be computed, see the Introduction
and [@4([8). Though this fact does not pose a serious difficulty it nevertheless
contributes significantly to the level of technicality, see for example the definition
of Jy and @3 @]).

9.1 Lemma. Suppose myn € £, m < n,a € R", 0 <r < oo, V €
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Vi(U(a,r)), a€spt||[V], 1<p<o0,0<a<1,0<M< oo, and
16V (| B(a, 0) < M[[V[|(B(a, 0))' " /Po™/PT*~1r=%  for 0 < o <r.
Then
(e IVI Ula,0))""" + Mp~'a™" gr
is monotone increasing in o for 0 < o < r. In particular, 0 < O™ (||V]|,a) < co.

Proof. Suppose 0 < A < 1 and ¢ € &°(R) with ¢’ < 0 and ¢(t) = 1 for
—co<t<Aand ¢(t) =0for 1 <t<oocand f: RN{o:0<p<r} = Ris
defined by f(0) = 0™™ [¢(0~ |z — a|)d||V||z for 0 < o < r. Then one obtains
as in [Sim83, 17.7] that

f(0) > 0™ HoV). (607 |z — a|)(z — a))
> —M(g™|[V]| U(z, 0)) /P> 1r= > —M(A"™ f(A1p)) TP gty

for 0 < o < Ar, hence multiplying by p~'f(0)'/?~! and integrating yields

FO7 = F(&)17 = =Mp™h T [T o/ N/ f(@)' e e

for 0 < s < t < Ar. Thus, approximating the characteristic function of R N
{t:t <1} by such ¢ and letting A tend to 1 implies the conclusion. O

9.2 Lemma. Supposen,Q € Z, 0<a<1,1<p<oo, andd<j<1.
Then there exists a positive, finite number € with the following property.
Ifn>me Z,ac R, 0<r < oo, U:U(a,r)ﬂ{z:|ThJ‘(z—a)| < dr},
V eIV, (U), ¥ is related to V and p as in[{.3 T € G(n,m),

O ([[Vl,a) >Q —1+4, [|S—Ty|dV(z,S) <er™,
o TPy(U N B(a, 0))P < e(o/r)®  whenever 0 < o < T,
then
IVIIU) > (Q — §)ex(m)r™.
Proof. If the lemma were false for some n, @, «, p, and ¢, there would exist a
sequence ¢; with €; | 0 as ¢ — oo and sequences m;, a;, i, U;, Vi, ¥;, and T;
showing that ¢ = ¢; does not have the asserted property.
One could assume for some m € #, a € R", T € G(n,m)

mi=m, a=a, 1, =1, T;=T

whenever i € &. Abbreviating U = U(a,1) N {z: |ThL(z —a)| < 6} one would
deduce for large ¢

ViU NU(a,0)) > (Q — 14+ 6/2)a(m)e™ whenever 0 < p < 4§
from in conjunction with Hélder’s inequality. Clearly, also

IVill(U) < (Q — 8)ae(m) for i € 2.
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By Allard’s compactness theorem for integral varifolds, see e.g. [AllT2, 6.4] or
[Sim83, 42.8], possibly passing to a subsequence, there would exist V € IV,,,(U)
such that 6V = 0 and

Vi(f) = V(f) asi—oofor fe X (UxG(n,m)),
S =T forV almost all (z,5) € U x G(n,m),

hence, noting [3.6]
0" ([[V],a) 2Q, a(m)Q <|V[[(U) < a(m)(Q —9),

a contradiction. O
9.3 Lemma. Suppose the hypotheses of [5.7 are satisfied with h = 3r, i.e. sup-
pose mn,QQ € Z, m<n, 0<L <oo, 1 <M<oo, and0 < d <1 for
(AS {15 27 35 47 5}) €= E'm(nﬂ Q7 L7 M7 517 525 537 545 55)7 0<r< 00, T = lmp*a

U=MR"xR""™)n{(x,y):dist((x,y), C(T,0,r,3r)) < 2r},
V eIV, (U), |6V] is a Radon measure,

(Q -1+ 61)a(m)7“m < HVH(C(Ta 0,7, 3T)) < (Q +1- 52)a(m)7°m,
IVII(C(T,0,r,3r + d47) ~ C(T,0,7,3r — 2047)) < (1 — d3)ax(m)r™,
IVI(U) < Ma(m)r™,

0 < § <e, B denotes the set of all z € C(T,0,7,3r) with @™ (||V||, z) > 0 such
that

either  ||6V|| B(z,0) > 0 ||[V|(B(z,0)' Y™  for some 0 < o < 2r,
or fB(z,g)xG(n,m)|Sh —Ty|dV (g, S) > §||V|B(z,0) for some 0 < g < 2r,

A=C(T,0,r,3r)~B, A(x) = An{z:p(z) =} for x € R™, X; is the set of
all z € R™ N B(0,r) such that

2ecaw®@"(IVIL2) =Q and ©"(||V]],2) € Z U{0} for z € A(x),
and f : X1 — Qo(R"™™ ™) is characterised by the requirement
O™ (|V|,2) = O°||f(z)|,a(z)) whenever x € X1 and z € A(x).

Suppose additionally:

(1) Suppose L < 384/8, § < inf{l, (2y(m))~'}, a € Int C(T,0,r,3r), ¢ = p(a),
and 0 < Kk < 00.

(2) Suppose F': R™ — Qq(R"™™) with F|X; = f and Lip FF < I'gy Lip f
where I'g) is a positive, finite number depending only on n —m and Q,
see[Zdl Moreover, let g =mgo F.

(3) Suppose either p=m =1 or 1 < p <m and p, ¥ are related to V as in

£33
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(4) Define J = {p:0< g < oo} and ¢ : J x G(n,m) - R and ¢3 : J = R,

¢s:J =R by
6200, B) = (7" fwnc(Ta.p.sse) xcmam S5 = Bal* AV (2, $)"?
¢3(0) = o' TPY(U N C(T, a, 0,610)) /"
ba(0) = 5P/ mP) g ()Pl () ifm>1,
$4(0) =0 ifm=1,

whenever g € J, R € G(n,m)[
(5) For 0 < g < oo suppose T, € G(n,m) is defined such that

¢2(0,T,) < ¢p2(0, R) whenever R € G(n,m).

(6) Define

Jo=JN{e:0<e<r—|p(a)lla(a)] +dso < 3r},
Ji=Jn{e:p[T,] =R™}

Jo = J N {e:[|6V[(UNC(T,a,e,610)) < ko™ '},

J3=JnN {9:f(Umc(T,a,g,54g))xG(n,m)|Sh —Ty|dV(z,S) < Ko™},
Jy=JdN{p:0+1t/0s € JoNJ3 for 0 <t < 2r},

Js = Jo N{e:|[VI(C(T,a,0,d10/4)) > a(m)(Q — 1/4)0™}.

and T, = 0, € Hom(R™,R"™™) for o € J;.
(7) Define Bq o, and Cq,, for o € Jo as in[54(@), i.e.
Ba,g = C(Ta a, o, 54@) N B, Ca,g = B(p(a), Q) N(Xl Np[Ba,Q])v

and H as in[5]@®), i.e. H denotes the set of all z € C(T,0,r,3r) such
that

16V (| U(z,2r) < e ||[V][(U(z,2r) Y™,
fU(z,Qr)XG(n,m)|Sh - Th| dV(Z, S) <e ||V|| U(Z, 2T)5
VI B(z,0) > dsax(m)o™ for 0 < o < 2r.

Then the following sixz conclusions hold:

(8) There exists a positive finite number @) depending only on m, 04, and §
with the following property.

If Re G(n,m), |[Ry —Ty| <0/2, o€ JoN Jy, k < £y, then

0 " IVII(Ba,e) < 27"B(n) (467%¢2(20, R)* + $4(20)) -

Moreover, 46~ 2¢2(20, R)? may be replaced by 6 k.

IThe symbol ¢; will denote the leading iteration quantity introduced in [1.21(3]).
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9) There exists a positive, finite number egy depending only on m, d4, 05,
@
and € with the following property.

If 8r/04 € Jo N J3 and k < @), then H is the set of all z € C(T,0,r,3r)
such that

IV B(z,t) > dsax(m)t™ whenever 0 <t < 2r.

(10) If 0 < a < 1 and 0 < ¢ < 1 then there exists a positive, finite number
em depending only onn, Q, 04, p, o, and d¢ with the following property.

If®*m(||V||,a) > Qi 1+56; o€ JOmJ3; K < @), and
¢3(t) <eam(t/0)* for 0 <t <o,
then o € Js.

(11) There exists a positive, finite number ey depending only on n, d4, and 0
with the following three properties.

(a) If o€ JoNJy, k < eqm), and ¢4(20) < 2=mB(n)"ta(m)(1/8), then
IVI(C(T a; 0,040)) < (Q + 1/2)cx(m)o™
(b) If, additionally to the conditions of (I1a), o € Js, then
graphy, f|B(c, 0) C C(T',a, 0,040/2).
(¢) If, additionally to the conditions of ([I1al) and (EED, 0 <A< oo,
Kk < 27"B(n 2@ Q,m
¢u@@)<2‘mﬁ 2q§]@DQ, ,
then
L™(Cay) < N(m)e™
(12) If o € JyN Js5, k < inf{egg)(m,ds,9),eqm(n,d4,0)}, and
o € Hom(R™,R"™), ol <nY%5/2, o=ReG(n,m),
then
0 [ AF (@) (+)(=0)F 2™ < Ty (6220, R)? + 64(20)
where I'g) is a positive, finite number depending only on n, Q, and d.
(13) Ifo€ JoNJy, 0/8<s<t <0, 0<A<1, and

||UQ|| < n71/2/4a ¢2(Qa Tg) < )\1/2272m73a(m)1/2,
||V|| (C(Ta a, s, 643)) Z )\a(m)sm,

then t € J; and

log — o] < ATH222 20y (m) 72650, T)).
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Proof of ). Let
e@ = inf {(1/2)(4y(m)m)' =" (84)™ 714, (4y(m)m) ™" (d4)™ 3}
Define the sets B;, , and By , by
By, = Ba,N{z: |0V B(z,t) > ¢ IVII(B(z,t))~/™ for some 0 < t < 2r},
Brlzl,g = Ba,@ NB:z,g
and D to be the set of all z € spt ||V|| such that

s VB 1)
ot VB, )17

Note ||V||(D) = 0 by [Fed69, 2.9.5] or [Sim83, 4.7].
First, the following assertion will be shown. If m =1 then B{w ~D =10 and
if m > 1 then for z € B, ,~ D there exists 0 <t < d40 such that

> 0.

V(I B(=, ) < 6=/ (= Pgp(B(z, )™/ (7).

For this purpose assume z € B;, ,~ D and define

t =inf {s:[|6V| B(z,s) > 0||V|(B(z, s))l_l/m}.
One infers 0 < ¢ < 2r and

16V B(z,1) = 8 [V [[(B(=z,0))' /™ > (6/Ar)e™
by B4 where A = (2y(m)m)™~! since § < (24(m))~!. Noting

o+t/0s€ Jo, B(z,t) CUNC(T,a,0+t/04,04(0+t/b4)),
one obtains
6/ANt™ " < k(o +t/60)™ 7 m> 1,
t < (041t/04) (KA1 /)Y ™D < (04 1/64)04/2, t < ds0.

The assertion now follows from the definition of ¢ in conjunction with Holder’s
inequality.
The preceding assertion yields

IVIBL,) =0 ifm=1,
IVII(BL,) < 65~/ P) B(n)(U N C(T, a, 2, 26:0))™ P if m > 1;

in fact if m > 1 there exist countable disjointed families F1,. .., Fjg,) of closed
balls such that

B, ,~DcUU{F:i=1,....8(n)}
IVII(S) < Agp(S)™/m=P) S c UNC(T,a,20,2040)

whenever S € |J{F;:i=1,...,B8(n)} where Ay = §~™P/("m=P) hence
IVI(BL,) = IVI(Bl,~D) < A3 2005 pap(S)™/(m=p)
< AP (T gm0 (9) ™Y < AuB(n)(U N C(T, a, 20, 2640))™/ 7).

o1



Next, it will be shown that for z € B(’;Q there exists 0 < t < 40 such that
HVH B(Za t) S 4672fB(27t)><G(n,m)|Sh - Rh|2 dV(Za S)’
”V” B(Z’ t) < 5_1fB(z7t)xg(n,m)|Sh - Th| dV(z, S)-

In fact, one can take any 0 < t < 2r satisfying the last inequality since this
firstly implies, using B4 § < (2y(m))~! and o +t/84 € J3,

(2y(m)m)™™ ™ < VI B(2,1) <67 [, 1w gn,m S5 — Tel AV (2, 9)

O e aott/sess(ort/on) xGinmySs = Tl AV (2, 8) < (5/6) (0 +¢/04)™,
t < (2v(m)m)(k/8)"/™ (0 +t/62) < (0 +1/62)84/2, t < up,

and secondly, using |Ry — T}| < §/2 and Holder’s inequality,
HVH B(Za t) S 2671fB(z7t)XG(n1m)|Sh - Rhl dV(Za S)’
IVIB(2,1) < 4672 [ ) xcn,m)|S5 — Ral* AV (2, ).
Since 29 € J3 and

B(z,t) cUNC(T,a,20,2640) whenever z € B/

a,0’

0 <t <40,
the assertion implies

IVII(BY ,) < 467°B(n 1) [ 0nC(T a,20.2500))x G nam) | St — Ry|* Vv (z,9),

IVI(BL ,) < B(n)s~"k(20)™
and the conclusion follows. O
Proof of [@). Defining

@ = einf{47™(6,) ™ (050(m)) ™ 47 (8,) s (m) ),
one estimates for z € C(T,0,r,3r)
16V || U(z,2r) < ||6VI(U N C(T, a,4r,8r))
< K(8r/80)" " < e(Sza(m)(2r)™) ™,

fU(z,2r)><G(n,m)|Sh Th| dV(Z S < fUﬁC T,a,4r,87)) x G(n, m)|Sh Th| dV(Z, S)
< Kk(8r/84)™ < edsax(m)(2r)™

and the conclusion follows. O
Proof of (). Defining eqq) = (04)"qg7|(n, Q, o, p, inf{ds, 04/4}) and noting

Y(B(a,t) N{z:dist(z — a,T) < 610/4})"/? < $(C(T a,t,64inf{t/04, 0/4}))"/?
< eqm(t/64)™PTOT 07 < ey (84) T PEm/PrOT g

for 0 <t < p, the assertion follows from with 4, r replaced by inf{dg, d4/4},
0. [l
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Proof of (). Define ey to be the infimum of all numbers

inf {27"8(n) ' a(i)(1/8)5,2 *n" (i), eg) (4,64, 6) }

corresponding to n > i € .
If the conclusion of (I were not true, one would infer

spt f(2) ~ B(a(a), 610/4) # 0,
ZyEB(Q(a),54Q/4)ﬁspt f(z)GO(”f(z)Hﬂy) <@-1

whenever z € dmn f|B(c, ¢) by ) and E7@) and therefore by B7() ) and
the coarea formula, see e.g. [Fed69, 3.2.22 (3)] or [Sim83, 12.7], one would obtain

fc(T,a,g,54Q/4)nA I A (PIS)IIAV (2, 8) < (Q — 1)ex(m)o™,
hence by B I3l and (8) with R replaced by T, noting ¢ € Jy C Js,

IVI(C(T, a, 0,610/4)) — (Q — Da(m)o™
NV (Baro) + 20 f i pissayn|S: — Tel AV (2,5) < (1/2)ex(m) g™

in contradiction to ¢ € Js.
Using similarly

ZyeA(z)QO(”VHa (:L',y)) <Q forxe X;UXs,

one obtains (ITal).
To prove ([IId), one estimates with B.7(7) and () with R replaced by T

L (Ca0) < Trpm (Q m)IVI[(Ba,e) < Aa(m)e™. O

Proof of [I2). Denote by X the set of all z € X; such that E7(E) is true for
2 and note £™(X; ~ X7) = 0. Since

lap AF () (+)(=0)| < (1 + Lip F)(@m)"/* < (1+ Ty (n — m, Q))(Qm)"/?
for z € dmnap AF, one may assume
$a(20) < 27" B(n) " a(m)(1/8).
Next, it will shown with G = graph, f

B(c,0) N X1 N{x:|ap Af(z) (+)(=0)| > v}
C p[C(T,a,0,610) N G {z: | Tan™ (| V]|, 2)y — Ryl > 27 (Qm)~/?~}]

whenever 0 < v < oco. In fact, if x is a member of the first set there exist
y € spt f(z) and 7 € Hom(R™,R" ™) such that

7 =Tan"([|V], (z,y)), [r—0o|> Qil/?’y’
hence, noting [|o|| < 1 and || Tan™(|V|[, (z,y)); — T4|| < |7l < L < 1/2 by BT}

lo =7l < 2| Tan™(|V]], (,))s — Rs]
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by BTl and the inclusion follows, since (z,y) € C(T, a, 0, 640) by ([IL). There-
fore, since @™ (||V||,z) > 1 for z € G,

IVII(C(T, a, 0,610) N {z: | Tan™ (| V]|, 2)5 — Ry| > 271 (Qm)~"/?7})
> A" (C(T, a,0,610) NG N {z:| Tan™ (| V[|, 2); — Ry| > 271 (Qm)~/?4})
> ZL"(B(c,0) N X1 N{x:|ap Af(z) (+)(=0)| > 7})

and one obtains
07" [ute.pnx, | AP Af(2) () (—0)* dL™ < 27F2Qm ¢ (20, R)*.
Recalling the first paragraph of the proof, and noting
|Ry = Ty < n'?|| Ry = Ty < n'/?|lo]| < 6/2

by EIland Ul(e, p) ~ X1 C Cy,p, the conclusion follows combining (11L), () and
E7(@). O

Proof of (I3). Using Holder’s inequality, one obtains

(T2)e = (T)el < IVI(C(T, 0,5,845)) "2 (1" 260 (t, T) + 0" 260, T,))
< ATV292mH o (m) T2 ¢y(0, T,),

since t"™/ 2y (t, Ty) < 0™/ ?¢2(0,T,). Noting by Bl

[(Ty)g — Tyl < [(Tt)y — (To)ul + (Ty)y — T4
< A2 oy (m) T2 gy (0, Ty) + 0?0l < 1/2,
H(Tt)h_ThHSl/Q’ T;Nkerp = {0}, teJy,

one applies A1l with S, Sy, Sy replaced by T', T, T} to infer

loell> < (1 + lloelP)INT)s — Tyl
lowell> < I1(Te)y — Tull?/ (1 = [(Te)y — Toll*) < 2(Ty)y — ThI* < 1/2,

Now, @Il with S, S1, S2 replaced by T', Ty, T, implies
llow = ool < 2|(T2); — (Tp)sl- 0
9.4 Lemma. Suppose m, n, Q, L, M, 61, 2, 03, 04, 05, ¢, v, T, U, V, §, X1,

f; a, ¢, R, F7 Yz w7 J; ¢27 ¢37 ¢4; TQ; JO; Jl; J2; J3; J4; J5; and 0o are as m
[B3 Suppose additionally:

(1) Suppose ¥ and C are as in[7.1]

(2) Whenever o € J1 suppose u, denotes the unique analytic function in
WLH2(U(c, 0), R"™™) such that

<D2u9(z), O(UQ)> =0 forxeU(eo),
Up — g € Wé,Q(U(C’ Q)’ Rn_m)a

see [TIHT.3 and [Fed69, 5.1.2, 10).
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(3) Define the function ¢1 : J1 — R by ¢1(0) = |D2ug|oo;c7g/2 for o € Ji.

(4) Supp0560<'r§1andelifmzl,p/2§T<2(:Z—fp)ifm:2and

P ifm > 2.

7= 30m—p)

Then the following seven conclusions hold:

(5) There exists a positive, finite number I'g) depending only on n such that

DQ\II(%(U) is strongly elliptic with ellipticity bound (F@)fl,
ID*T(0)]| < T

whenever o € Hom(R™, R"™™) with ||o| < 1.
(6) If o € JuN Js5, 20 € Jo N J1, ||o2,l| < n~Y2inf{6/2,1/4}, and
b2(20, Th,) < 272 4 (m)/?,
r < inf{qggm (M, 04, 6), qg 3 (1 94, 0)},
then
¢1(0) < T@o ™ (62(20. Top) + $4(20)?)
where I') is a positive, finite number depending only on n, Q, and J.

(7) If o€ JiNJyiNJs, ||ogll 1, 20 € Ji, [z, < n~1/25/2,

Kk < inf{qﬂ@(m,54,5),qmm(n,54,5)},
$4(20) <27"B(n) " te(m)(1/8),

then
Qimil |U’Q - gll;gg S Fm (¢2(2Q’ T2Q)2 + ¢3(2g))

where I' gy is a positive, finite number depending only on m, n, Q, o4, 9,
and p.

(8) There exists a positive, finite number g, depending only on n, 04, and §
with the following property.

Ifo€ J, 20€ JoNJu, |logell < n71/26/4, k < eqg), and for s € {0/4, 0}
seJynJds, ¢a(28) <27"B(n) ta(m)(1/8),
then

d1(0/4) < ¢1(0) + Ty (d1(0)2(0, Tp) + 0~ (d2(20, T2p)* + $3(20)))

where I'g) is a positive, finite number depending only on m, n, Q, d4, §
and p.
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(9) There exists a positive, finite number @) depending only on m, n, Q, d2,

(10)

(11)

g, 0, and p with the following property.
If 64 = 1, 05 = (40)""(y(m)m)""/a(m), 0 < n < 27", P: R™ —
R™ ™ is affine, Lip P < n~/2§/2, R=im D(p* +q* o P)(0), o€ J, X
is an L™ measurable subset of Ule, 0/2) N X1,
w=1/2 ifm=1, p=1/m ifm>1,
0/2€ yNJs, 8redonNJs, o€, o, <n125/2,
k<em, ¢3(0) <e@, L"(Ulco0/2)~X)<na(m)(e/2)™,

then for 0 < A <1

é2(0/4, R) < T (A + 620, T)/ ™) b0, Tp) + (A + 1) (e, R)
+0 o () (=P)lyx + >\_7¢3(9)7)

where T'@) is a positive, finite number depending only on m, n, Q, d, p,
and T.

There exists a positive, finite number ) depending only on m, n, Q, d2,
g, 0, and p with the following property.

If 64 =1, 05 = (40) "™ (v(m)m) "™ /a(m), 0 <n < 2™™ p € J,
w=1/2 ifm=1 p=1/m ifm>1,
{0/2,0} CJunJs, 20€ JoNJy, ool <n~Y2%5/4,
8reJands, k<emm, ¢3(20) <emm,
L™ (U(c, 0/2) ~{z: ©°(| f(2)], 9(x)) = Q}) < nex(m)(0/2)™,
then for 0 < A <1

62(0/4, Tyss) < Ty (A + 1 + 07 6220, Tag "2/ ™) (20, T,
+ 1 061(0) + (71 + A T)ds(20)")

where I' ) is a positive, finite number depending only on m, n, Q, 6, p,
and T.

Let 64 = 1, 65 = (40)""(y(m)m)~™/a(m), 6 = inf{l,e, (2y(m))~},
0<a<l1,and0<dg <1.

Then there positive, finite numbers ~; for i € {1,2,3} and a positive, finite
number ey both depending only on m, n, Q, L, M, &1, b2, 63, p, T, a,
and dg with the following property.

Ifae C(T,0,7/2,2r), " (||[V],a) > Q-1+, 0<t < g5, 0<y <1,

¢2 (87", T) < E(ﬂm)a ¢2 (87", TST) < E(E:D’Ya
IVI(C(T,a,0,0) N {z:0"(|V],2) < Q — 1}) < egmee(m)o™

whenever t < o <r/8, and

d3(0)" < yv3(0/T)*T  whenever 0 < o < 8r,
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then, in case at < 1,

oeJi and op1(0) <ym(o/r)*" fort <o <r/4,
$2(0,Ty) < yy2(0/r)*" fort < o<r

and, in case at =1,

o€ i and op1(e) <ynle/r)(1+log(r/e)) fort <o <r/4,
$2(0, Tp) < vy2(e/r)(1 +log(r/e)) fort<o<r.

Proof of (). This follows from [Fed69, 5.1.2,10]. O
Proof of ([@). Note by @3I([I3)) applied with g, s, ¢, A replaced by 2p, o, 0, 1/2
0€J1, ool < llowell + 22" e (m) "2 s(20, Tip) < 1.

Since u, — 09, is DQ‘Ifg(Ug) harmonic, applying [Fed69, 5.2.5] yields, noting (&),

|D2ug| < AlQilim/QlD(ug - ‘72@)

005¢,0/2 |2;c79

where A = 2"t g (n)" sup{a(i)/2:n > i € P}. Using [, one
obtains

| D(up — UQQ)'Q;C,Q < [D(up — 9)'2;5,@ +|D(g — 029)|2;c,g < A2|D(g - 02@)|2;c,g

where Ay = 1+ I'gg(n)?. Taking I'g) = AlAgImm(n,Q,é)l/Q, the conclu-
sion now follows from @.3/(I2)) with o replaced by og,. O

Proof of ([[). Suppose B, and B, , Cy, for t € Jy are as in[0.3] Define S, R €
2'(U(c, 0), R™™™) by

S(0) = = fu(e.p) { PO(), DG (Dg()) ) ALz,
R(0) = = [ys(c.0){ DO(x) © Dg(x), D*¥f(0,) ) L™
whenever 0 € Z(U(c, o), R"™™). Since u, is D>¥}(o,) harmonic,
lug — g|1;c7g < A1Q|R|_1,1;C,Q (VD)

by [L8 and (B) where A; = I7g(n, T (n)~',Ig(n)). One computes for 2 €
dmn Dg

D‘I’g(Dg(x)) - DW%(UQ) - (Dg(m) - U@) JDQ‘I%(UQ)
= (Dg(z) — 0,) = [y D*W§(tDg(x) + (1 — t)o,) — D*¥i(o,) AL,
|D25(tDg(z) + (1 — t)o,) — D*T§(oy,)||
< Lip(D*W§|B(0,7)) t|Dg(z) — 0|  for0<t <1
where v = m!/? sup{1,T g (n — m,Q)}, hence, since

Jotee) (DO@),8) dZ™5 =0
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for § € 2(U(c, 0), R"™™) and § € {D‘I’g(%)v Op DQ\IJ?)(”Q)},
oS — lel,l;c,g < AQQ_me(QQﬂDg(x) - 09|2 L™

where A, is a positive, finite number depending only on n and Q. Therefore by
O3 ([@2) with o replaced by o2,

07 "S = RI_y .., < As(¢2(20,Tap)” + 64(20)) (VII)

where Az = Aolg gy (n, @, 0).

Let 0 € 2(U(c, 0), R"™™) with | D8] <1landne 2°R" ™) with

03,0 —

sptn C U(q(a),ds0), B(q(a),ds0/2) C Int(R"™™ N {y:n(y) =1}),
0<n(y) <1, |Dn(y)| <4(64) o™ for y e R ™.

From BE7([@) with 7 replaced by o2, one infers with D, , = C(T,a, g, d10) N
P~ [Cag), noting E(IIE) and [0]_..,, < o,

ooiC,0 —

|QS(0) + (0V)((noa) - (q" o op))
<Ay (gm(ca,g) + fU(c7g)|AF(:c) (+)(7O—29)|2 dZL™"z + ”V”(Da,g))

where Ay is a positive, finite number depending only on n, @, and é,. By B.1(T),
noting [03/(I1D), and @3I([I2)) with o replaced by o2,

0 "QS(0) + (0V)((neaq) - (q" o6 op))
< Al (Q,m)o™ ™ [V [[(Ba,e) + Adlig) (1, Q. 0) (¢2(20, T2o)* + 64(20))

Therefore one obtains in view of @3], since |(T,)y — Ty < n'/2||(T2p); — Tyl <
n!/?|loz]| < 6/2 by BT,

07"QS(0) + (3V)((noa) - (a" 00 op))| < As(¢2(20,T2p)* + ¢4(20)) (VIII)

where Ajs is a positive, finite number depending only on n, @, d4, and §. Also,
using [L.3(ITa) and Holder’s inequality, recalling |6] .. » <o,

0" "(8V)((nea) - (a* 0 fop))| < (a(m)(@+1/2))' " Pgs(0). (IX)

Finally, noting

$3(20) = 664(20) " < 5(27™B(n) La(m)(1/8)) ™ if m > 1,
$4(20) < Asp3(20)

where Ag = 07 (27™B(n) " La(m)(1/8)) T , the conclusion may be obtained

by combining (V1)), (VII), (VIII) and (IX]). O
Proof of ). Define g to be the infimum of all numbers

inf {m@ (4,04, 6), g9y (- 64, 6), 274 2 (i)6% )

corresponding to n > i € .
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Noting
¢1(Q/4) < ¢1(Q) + |D2(ug/4 - u9)|oo;c,g/8’

only |D2(ug/4 — Up)|
o € J4, one notes

0ic,0/8 needs to be estimated. Since o < 2r as 2p € Jy and

20€ J3,  $2(20,T2,) < $2(20,T) < (2m'/%k)1/2,

Therefore one may apply [@3([I3) for each t € {0/4, 0/2, o} with g, s, X replaced
by 20, 0/4, 1/2 to obtain {g/4, 0/2, 0} C J; and

sup{l[og/all, o2l llogl} < llozll + 22" ax(m) =242 (20, Tap) < n~1/26/2.

Computing for x € U(c, 0/4)
<D2(u9 - ug/4)(x), 0(09/4)> = <D2u9(‘r)’ 0(09/4) - C(Ug)> )
one infers from [(4] with ¢, M, Y, a, a, r, and u replaced by F@(n)’l, Cm(n)
DQ\I/(%(O'Q/4), 1/2, ¢, o/4, and u, — Ug/4 that
|D2(UQ - UQ/4)|oo;c,g/8

<A (072 ™ u, — Y2 15(D?u,|B(c, /4 —

< Ag (077 M ug — tgyalye g + 017 y2(Dug|B(c, 0/4))llog/a — )
where A; is a positive, finite number depending only on n. Since

0'/?hy 2 (D%u,|B(c, 0/4)) < A2 (o)

by ﬂm, 5.2.5] and () for some positive, finite number Ay depending only on
n, the conclusion now follows, noting [@.3([I3), by applying (@) twice, once with
o as given and once with o replaced by o/4. O

Proof of [@). Deﬁneq:ooifm:Iamdq:(%Jr%f%)’1 if m > 1 and note

2<g<ooifm=2and ¢g=2m/(m—2)if m>2and

/p+1/a>1, 7=(201/p+1/q)=1)7"
With d4 = 1 and 5 = (40) " (y(m)m)~™/a(m) define

A = inf { m@(m, 04,9), m@(m, 04, 05,€), mm(n, 04,9),
2= B(n)~" (1) (s 02, 61) (i (@) 6,
Ay =inf {1, (2y(1)) 7'},

Az = inf {1, 27" B(n) " a(m) inf{em(m, 02, 54)(2F|5:ka) (Q,m)) 1, 1/8}},
e@ = inf {Al, 27 Im Y2 A, 5(A3)1/p71/m}, Ay = sup{2"'Tjgz(n, Q, ), 1},
As = sup {2[jg7(n, Q, ), 2" Tg(n, @, 2), 1}, A = Ngyry (n, Q,6)"/?577,

A7 = sup{QI57g (m), 1}, As = 2m 2523 (n),
Ag =19/(21/%.40+19), Ay =Tg1g(m,p.q) ifm=1,
Ayo = Iig(m, p,q)  if m > 1,
Aqp = 2" sup {2(A10)"/2,2(16 + 4m) /% [Ag — 1/471},
A1y = (4(As+ As5)A7(Ag)* 7 +1)A11, I = A12(2+ Ag).
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It will be shown that eg) and I'g) have the asserted property.
Suppose B, A, Bg.t, Cot, and H for t € Jy are as in[0.3
Since 9/2 € Jy N Jy, it follows

0/2<2r, 0€Js, 62(0.T,) < a0, T) < (2m'/2k)'V2,
One therefore obtains
k<AL 02(0,T,) <1, ¢3(0) <Az, ¢du(0) < As. I

Applying 64 with a, r, f, and A replaced by ¢, 0/2, F (+)(—P)|U(c, 0/2),
and X, noting B.71(), one obtains

o T UF (4)(=P) gre 2 a
< Ag (07 PIAMF (1) (= P))lgye o + 1M 0T (H)(=P)]; x )
Similarly, one obtains
Q_l_m/2|F(+)(_P)|2;c,Q/2
< As (0 P AF (1) (—P)aie,go +0 07" I () (=Pl yx)-

Applying @3I([I2) applied with o, o replaced by 0/2, DP(0) yields, noting
d4(0) <1 by @) and 1/2 > 7(1/p — 1/m),

0" IAE ()(=P))ase g2 < Do (9200, B) + ¢3(0)").- (IV)
Define d : R™ — R by
d(z) = inf{(Ip(z = )" + la(z = O)'/*:€ € R", P(p(€)) = a(¢)}
whenever z € R™ and note, taking £ = (p* + q* o P)(p(z)),

(I11)

d(z) < |P(p(2)) — a(2)| for z € R",

Hence, defining dy7m and g5g to be the functions defined in B.7I(8) under
the names “d” and “g” with

o, P replaced by 0/2, C(T',p"(c), 0/2) N{z: P(p(2)) = a(2)},
one infers
dIC(T, p*(¢), 0/2,3r) < d7im,
Bam(2) <Y(f(2), Q[P (@)]) = 4((f (+)(—P))(x), Q[0])

for x € X1 NB(c, 0/2). Therefore B (®]) with o, P replaced as in the definition
of m and B1E) yields, noting

L™ (B(c, 0/2) ~ X1) < L (Capr2) < g5 (M 62, 64)a(m) (0/2)™
by B3([IId) with o replaced by o¢/2 and (1),
(Ve H N C(T,p*(c), 0/2,31)) (5 (d)

< A7 (|F () (=Pl e g0 + L™ (Ble 0/2) ~ X)) )
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whenever 1 < s < oo. Using B ([[) with ¢ replaced by ¢/2 in conjunction with
[@3I[IID) with o replaced by p/2, one estimates

L™ (B(e; 0/2) ~ X1) < L™ (Clop2) < Txpim (@) [V (| (Bag/2),
hence by @3I(8) with ¢ and R replaced by ¢/2 and T}, noting (I) and |(7,); —
Ty < n'2|[(T)s — Tyl < n'/?|lo,ll < 6/2 by BT
0" L™ (B(c,0/2) ~ X1) < As(62(0,T,)* + ¢a(0))- (VD)

In order to apply BLI0 first define K = C(T',p*(c), 0, 0) and Hgq to be
the set defined in under the name “H”, i.e. the set of all z € spt ||V]| such
that

IV B(z,t) > (40)"™(y(m)m)~™t™ whenever 0 < t < o0, B(z,t) C K.
One infers that
C(T,a,p,0)Nspt||V] C Hpgg ifm=1,
HggN C(T,a, g0, Agp) C H;

in fact the first inclusion follows by B4 and ([) whereas concerning the second
inclusion 1 < 27 implies by B3([1D) with o replaced by /2 the existence of
¢ € ANC(T, a, 0/4, 0/4) hence, verifying 1/4 < Ag < 1/2and 23/2Ag/(1—Ag) <
é—g, one obtains for z € C(T,a, Ago, Agp), (1 — Aglo <t < 2r

€ = 2| < 22000 < 27200t/ (1 - Ao) < 55t. B(,t) D B(&,1/(20)),

VI B(z,t) = [V B(£,t/(20)) > (40)"™ (y(m)m) "™ = d5c(m)t"™
by Bl since § < (2y(m))~! and, noting (1)), the inclusion follows from [1.3] (@) as
B(z, (1 — Ag)p) C K. Choose ¢ € 2°(U) such that

0<¢(xr) <1 and |D¢(z)| <2 -(Ag—1/4)"1o'  forazeU,
o(x) =1 for x € C(T,a,0/4,0/4),
spt ¢ C C(T, a,Ago, Ago) C K NInt C(T',a,0/2,0/2).

One now applies T4l if m = 1 and if m > 1 both with @ and T replaced
by (p* + q* o P)(0) and im D(p* 4+ q* o P)(0) to obtain with a,,, =0if m =1
and oy, = (0 ~™/Pa)mr if m > 1

07 "B < Ao (aum + (0" PagT T ay) Y APTI/O) 4 (16 + dm) o™

here «, B3, v, and ¢ are as in 10 and ET4] respectively. Noting ()2 <
¢3(0)7, since ¢3(0) < 1 by (), and using the inequality relating arithmetic and
geometric means as in [£.I1] one infers

62(0/4, R) < Ay (A (V[ H O C(T, p* (c), 0/2,31)), (d)
+ATT3(0)" + o AV L H N C(T, p¥(e), 0/2,31)) (9 (d)).
Finally, the estimates ([I)—(¥II) are combined as follows: Firstly,
d2(0/4, R) < AutA ™7 d3(0)”
+ A7AL AT T U(|F (1) (=P oo + LT (Bl 0/2) ~ Xy) AT m)
+ A7A1 Qilim/2(|F (+)(_P)|2;c,g/2 +Z£"(B(c, 0/2) NX1)1/2+1/m)

(VII)
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by (VII) and (). Then, by (I, (), and (VI)

2(0/4, R) < A1 AT d3(0)”
+ A7 (As 4 As) A+ 7)o" ™ JAF () (= P))lgse. 2
+ A7 AL (A + As)(n T 47T T F () (= P)
+ 207 (Ag) VT A N (o0, Ty) Y T 4 4 (o)1 7™
+ 207 () ET ™AL (92(0, Tp) 2™ + pa(0)/2HH™).

Finally, using ¢2(0,7,) < 1 and ¢4(p) < 1 by (@), ¢ > 2, and 7 < 52

2(m—p) —
(% + %)mm—_"; if m > 1 this simplifies to

62(0/4, B) < Az (X 760(0)" + (A+ 020, 7)) b (0. T,)
+ A7)0 2 AF (1) (=Pl g0 + 17 0" NS (+)(=Plyx )
and the conclusion is a consequence of (IV]). O
Proof of (). With 6, = 1 and 65 = (40)~™ (y(m)m)~™ /a(m) define

A = inf{m@(m,54,5),qmm(n,54,5),5@(771,71,@,52,5,5,]))},
Ay = 6(2ml g (n)™ M a(m) 2, Az = Ay (Dg(n)? +1),
Ay = Aslggm) (n,Q,8)Y?,

As = inf {272 Sa(m)n =126, (Ay) " tn 126 /4,1},

Ag = inf {1,27 e (m, n, Q, 2,¢,6,p) },

A =inf {(A4)*n~16%27%, 27" B(n) La(m)(1/8),27 "},
eqm = inf {A1,27 'm™Y2(Ag)%, Ag, (A7) Y/P7/m

Moreover, define

Ag =T@(m,n,Q,04,6,p), Ag= F(n)a(m)l/Q,
Aig = Agfm(n,Q,(S)l/Q, A = 2m+1F(2,n),
Ays = Ayg sup{a(m), Ag +2M A1 7},
Az = (Q+ 1) 2a(m) 2 Aan?? + 2™, Ary = QY *sup{a(m), As},
oy = T@(m,n,Q,0,p, (2™ 12403 + Ayy).
It will be shown that egg) and I'gg) have the asserted property.
Since o € J4 and 2p € Jy, it follows

0<2r, 20€Js, $2(20,T) < (2m"/?k)'2.
One therefore obtains

k<A1 02(20,T) < As,  ¢3(20) < As,  da(20) < Ar,
o€ i, ool <n”V26/2;

@
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in fact the first four inequalities are directly implied by the definition of € ) and
the last two statements follow from [@3I([I3) applied with o, s, ¢, A replaced by
20, 0, 0, 1/2 since ¢2(20, Ts,) < 272" 2a(m)n~1/2§ by the second inequality.

Define P : R™ — R"™ ™ by P(z) = u,(c) + (z — ¢, Du,y(c)) for z € R™.
One verifies

Lip P = | DP(0)|| < n~%/%5/2; (I1)
in fact using [Fed69, 5.2.5], (.2} B3(I2) with o replaced by 0, and (I
IDPO)]| = [[Dug(e)ll < Azo™"/?|Dugly,.,
< AQQ_m/2(|D(uQ - g)|2;c,g + |Dg|2;c,g)
< N30 ™?|Dgly,. , < Aa(h2(20,T) + ¢4(20)"/%) < n=/26/2.
Taylor’s expansion yields
Q_m_1|u9 - Pll;c,g/? < a(m)Q|D2uQ|oo;c,g/2' (III)
Noting ({)), one obtains from () that
Q_m_llug - g|1;c19 S A8 (¢2(2Q5 T29)2 + ¢3(2Q)T) (IV)

By BI6 with a, 7, u replaced by ¢, 0/2, (9 — 0,)|U(c, 0/2) there exists an affine
function R: R™ — R™™ "™ with DR(0) = o, such that

Q_m_llg - R|1;c,g/2 < A99_m/2|D(9 - R)|2;c,g/2’
hence by @3([I2) with g, o replaced by 0/2, o,, noting (I),
0" Mg = Rl pya < Aio(h2(0, Ty) + 64(0)'?). (V)
Since by B.I8l with k, a, r, u replaced by 2, ¢, 0/2, P — R
|DP(0) — 0| = [D(P = R)(0)] < Ao "™|P = Ry,
< All@_l_m(lp - “Q|1;c,g/2 + |up — g|1;c,g/2 + 19— Rll;c,g/2)’

one obtains from ([II)-(V]), noting sup{d2(20,T2,), ¢3(20), #4(0)} < 1 by (I
and 1/2 > 7(1/p—1/m),

|DP(0) — 0p| < A12(001(0) + ¢2(20, T2p) + ¢3(20)7),
hence using [@3|(ITa) and 1]
b2(0, ) < Az(091(0) + P2(20, Tap) + ¢3(20)7) (VD)

where S = im D(p* 4+ q* o P)(0).
Define X = U(c, 0/2) N X1 N {z:@°(|| f(x)||,g(x)) = Q} and note

|f (+)(*P)|1;X < Q1/2(|9 - Ug|1;c,g + |up — P|1;c,g/2)~
Combining this with ([II) and ([V]) yields
o M f () (=P)ly,x < Awa(ogr(0) + d2(20, T20)? + ¢3(20)7).
Therefore noting (Il), ([I) and BEZ() and applying [@) with R replaced by S,

one obtains in conjunction with (V1)) the conclusion. O

63



Proof of (). As the assertion does not involve k it may be restricted to a
specific value. One defines

Ay = sup{T'g)(m,n, Q,d4,0,p), Ly (m,n,Q,d,p,7),1},
n = inf {(48A1)7",27"},
k = inf {m@(m, 04,9), &mm(n, Q,04,p, a, 5g), m(n, 04,9),
e (1.64,8), 2728 (n) " alm)Tggm (Q.m) ",
em (M, n, Q,62,€,8,p) },
A = inf {1,27"B(n) " a(m) inf {n(4lj577m (Q,m)) ", 1/8} },
inf {2*2’” sup{(Q + Da(m), 1} 'k, 1, e (m,n, @, d2,¢,0,p),
(Ag)t/P=1/ms 279 sup{Me(m), 1} 'k},
Ay = inf {(A3/8)T,Em(n,@,54,p,a,66)7,
(apa(m)'/?P((Q — 1+ 66)/P — (Q — 1+ 56/2)'/7)) "},
inf {272™(Q + 1) 2a(m) 12k, 27" 2 (m) /2],
Ag =n"Y2inf {5/4,27" L sup{(Q + ax(m), 1} A5},
A7 = inf {n""?inf{5/2,1/4}, Ag/2},
Ag=1—-4°""1 ifar <1,
Ag =logd ifar =1,
Ag = inf {272 (m)/?, 272 e (m) /2 (1 — 27°7) A, 27 A, 1,
(3A1) 7' Ag, 555 (A1) 7*nAsg, (48A1) """},
Ao =T g(n,Q,9),
Aqp = inf {572_7(A10)_1 lAg(Al)_l},

L
I

e
I

) 24
A= (48A1)71,
Alg = (24A1(’I7_1 + )\_T))_l,
72 = (e/4)Ao,

m = 1(2481) "1,
v3 = inf{Ayg, A11v1, A2y},
eqn = inf {27 sup{Ma(m),1} ', 27m=4a(m)'/2,
275m73a(m)1/2A7, 975, 24T (A1) Ly, 2750y, 77/2};
here e denotes Euler’s number. It will be shown that v; and egg have the
asserted property.

Suppose C, ¢ for t € Jp is as in
First, note that

¢3(0)” < vys(e/r)*" for 0 <t <8r @
implies, noting 3 < Ay,

#3(0) < Az and  ¢4(0) < Ay whenever 0 < g < 8r. @)
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Next, some auxiliary assertions will be shown:

RnN{o:0<po<r/2} CJy, (I1)

RN{o:gz <0<} C U, (I11)

RN{o:& <o<8)C N (IV)
Rﬂ{g:égggélr}ch, (V)

RnN{o:gz <0< r/2} C U5, (VI)

IVIKC(T,a,0,0)) > (Q — 1+ ds/2)ax(m)p™ whenever 0 < p <r/2, (VII)
llogll < A7 whenever g7 <o <r, (VIII)

Proof of (). This follows from a € C(T,0,r/2,2r).

Proof of (IV]). For g3 < o < 8r one computes, using Holder’s inequality and
(@),
ISVII(U N C(T, a,0,0)) < [V (U)'/P4(U N C(T, a,8r,8r))"/?
< sup{Ma(m), 1}r™=™/P(87)™/P~1p4(8r)
< Agsup{Ma(m), 1}29’"(&)’"_1 < ko™ 1,
Jwnctao.0) xcmm! S = il AV (z,8) < [VI[(U)/2(8r)™/2¢a(8r, T)
< sup{Ma(m), 1}2%" e (7)™ < wo™

Proof of (V). This follows from ([Y]).

Proof of (VI). Let 55z < ¢ < /2. One computes for 0 < t < p, () and
v3 < Ag,

¢3(t) < (A4)1/T (t/r)a < mm(nﬂ Q7 54ﬂp7 Q, 56)(t/g)a
Therefore, noting ([I)) and ([[¥)), (V1) is implied by @.3({Q).

Proof of (VII). Applying with 7, M, o replaced by o, (A4)'7, o in
conjunction with Holder’s inequality, noting (Il) and v3 < Ay, yields

(o™ IVII(C(T,a, 0,0)) """ > (Q — 1+ d6)a(m)) /P — (Ag) /7~ p~!
> ((Q — 1+ d6/2)ax(m))"/7.

Proof of (III) and (VII). Let g5 < ¢ < r. Using Holder’s inequality and
0/2 < inf{p,r/2} € J5 by (Y1), one estimates

(To)y = Toll < IVII(UNC(T, a, 0,0)) 0™ *(¢2(0,To) + ¢2(0, T))
< a(m)_1/22m/2+3/2¢2(g,T) < a(m)_1/225m+2¢2(8r, T)
< a(m) 220 e < 1/2,
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hence T, Nkerp = {0} and g € Jy, i.e. (I). Now, 1] applied with S, S1, S2
replaced by T', T', T, yields
logll* < (1 + lloeI*)I(Te)s — T4lI%,
logll® < 1(To)s — Tell*/ (1 = 1(Te)s — Tll*) < 2/(Tp)e — Thll?,
logll < 2(Tp)s — Tyl < ex(m) /225 e < Aq.
Having shown the auxiliary assertions ([I)—(VIII), one chooses j € & such

that &7 < 47t < {& and defines t; = 47717t whenever i € &, i < j 41 in order
to show inductively the following assertions whenever i € &, i < j + 1:

Rn{o:t;i<o<r}cCdy (IX)
RN{p:t; <o<r/2} C Js, (X)
Rn{o:t;<po<r}cCJ, (XT)
ol < Ag fort; <o<r, (XII)
02(0,T) < A5 fort; <p<r, (XIIT)
#1(0) <o T whenever t; < o < 1/4, aT < 1, (XIV)
é1(0) < yyr (1 +1log(r/e)) whenever t; < o < 7/4, aT =1,

02(0,T,p) < vvy2(0/r)*" whenever t; < o <r, ar <1, (XV)

02(0,T,) < vv2(0/r)(1 +log(r/e)) whenever t; < o <r, ar = 1.
One verifies that (XV)), implies

$2(0,T,) < Ag(0/m)*™/?  whenever t; < p <7, XN

#2(0,Tp) < Ag(1 +1log(r/0))~" whenever t; <o <r, ar =1; x3r)

here and in the remaining proof references to equations involving the inductive

parameter will be supplemented by the value of this parameter as index.

Proof of (IX);, (X); and (XI),. Since t; = 4/t > Z the assertions follow
from (V]), (II) and (VI).

Proof of (XII),. Since t; > g5 and Ay < Ag, this follows from (VIII).

Proof of (XIII),. Fort; <o<r
$2(0,T) < 27"y (8r,T) < 2°™ ey < As.

Proof of (XIV)),. Let & < ¢ <r/4 and note

o€ JinJs by () and (VI), 20€ JoNJi by () and (),
lozell <n/2inf{6/2,1/4} by (VIII),
$2(20,Tap) < 24" (8r,T) < 2™ e < 272 (m)V/2.

Therefore by (@), using ¢4(20) < 1 by (M), 1/2 > 7(1/p — 1/m), ([) and 3 <
Ay,

061(0) < Avo(p2(20, Tap) + ¢4(20)'?) < A1 (22 (8r, T,) + 6" ¢03(20)7)
<A1 (2M e + 0T Anm) < < nle/r)eT.
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Proof of (XV)),. For g7 < ¢ < one estimates

d2(0,T,) < 2™ o(8r, Tay) < 2°"eqmyy < YY2eg < ¥72(0/7)7.

Therefore the assertions (IX)),—(XY]), are proven in the case i = 1. Suppose
now that the assertions ([X]),—(XV]), hold for some i € & with i < j. Note
ti <ty =4t < . Since t; € JoN Jy by () and (X)), and

$a(2t;) < Do <27"B(n) " e(m)(1/8)
by (M), B3 ([[Ta) with o replaced by t; implies

IVII(C(T,a,0,0)) < (Q+1)a(m)d™o™ fortiy1 <o <t (XVI)

Proof of (X)), ,, (X)), ., and XI),,,. Lett;;1 < o <t;. Note o € Jy by
(). One estimates, using Holder’s inequality, (XVI) and (),

16V[(C(T,a, 0,0)) < |[V|(C(T,a, 0, 0) " /*%(C(T, a, t;, t:))"/?
< sup{(Q + 1)ax(m), 1}4™ 0™ " Ay < k™,

hence ¢ € J,. Similarly, using (XIII)),,
fC(T,a,Q,Q) X G(n,m) |Sh - Thl dV(Z’ S)

1/2
< ||V||(C(T,a, 0, 9))1/2(fC(T,a,ti,ti)xG(mm)|Sh - Tu|2dV(Z,S))
< (Q+ 1)1/2a(m)1/24QOA5 < KQm

and p € J3. Together with (IX]), this implies
RN{s:tiy1 <s<2r}cConds, RN{s:itiz1 <s<r}CJy,

hence (X)), ,. One computes for 0 <t < p, using (), () and y3 < Ay,

¢3(t) S (A4)1/T (t/,,,)a S mﬂlﬂ)(na Qa 545p7 «, 56)(t/9)a'

Therefore, noting (II) and (X)), ,, B3(I0) implies (X)),,,. To prove ¢ € Ji,

one estimates

I(Tp)s — Tl < IVI(C(T,a, 0, 0) /%™ (¢2(0, Tp) + ¢2(0, T))
< VI(C(T, astiv, tivr) 2 ()™ (2t Te,) + po(ti, T))
< a(m)~V22M(Ag + As) < 1/2

by (0),,, and (X¥I),, (XIII),, hence

T,Nkerp = {0}, o€ .

Proof of (]KE[I)Z-H. Let t;y1 < 0 < t; and define g, = 4*~1p for k € 2. Since
0 < t; <r/4, there exists | € & such that {z < o < r/4. Note

or € JiNJs fork=1,...,1
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by XI)),,, and X)), . Also, by (XII)),,
0]l <n1/2/4 whenever k€ 22,2 <k <1
and, by (X¥I),,
b2 (0, T, ) < Ag < 272 4a(m)'/?  whenever k € 2,2 <k <.

Now, applying @3I([I3) with o, s, ¢, A replaced by ok, 0k—1, 0k—1, 1/2 and using

(X¥I),, one obtains
o0y = oo |l < 22 ax(m) 262 (0r, Ty, ) < 22" Pau(m) =12 Na (o1 /1)
whenever k € 2, 2 < k < [. Therefore by (VIII)
1
oll < lloall + 2k=2lloor 1 = Torll

< A7 + 22m+3a(m)_l/QAg'f"_aT/2Z§€:2(4k_1g)a7/2

< A7 + 22m+3a(m)71/2A9(4l719/,’,)ar/22;1027ka7

< Aq 422 Ha(m) 21— 279T) T Ay < As.

Proof of miﬂ. For t;11 <o <t o€ Jy by () and
$2(0,T) < ¢2(0,Ty) + 0~ 2|VII(C(T, a, 0,0)"?|T; — (T,)y]

by Holder’s inequality. By (XVI), and (XVI)

$2(0,T) < 2™Ag + 2" sup{(Q + L)ax(m), L}T} — (T, ).
Also by B] noting ¢ € J; by (XI),,, and (XII),, ,,

Ty = (To)sl < n' 2Ty = (To)sll < n'/2log|| < n'/2A,

hence

$2(0,T) < 2™ Ag + 2™ sup{(Q + )ax(m), 1}n'/2Ag < As.

Proof of mi-H' Let t;11 < 0 < t;. It will be shown that the hypotheses

of [) are satisfied with  replaced by 4p; in fact o < t; < 16

8o€JonJi by @) and &I);,  |los,ll <n™'/?6/4 by (XII),,
and for s € {p, 40}

seJynJs by (X)), and X),,,,
¢a(25) <27 B(n) " re(m)(1/8) by ().
Therefore, in case ar < 1, ) implies, using (XIV)),, X¥I),, XV),, ¢3(80) <1
by (@), @M and 2 = (24A1)n 71, 3 < A,
$1(0) < ¢1(40) + A1 (¢1(40)p2(40, Tag) + 0 ($2(80, Tso)* + ¢3(80)))
<y THOTPTOT (497 4 Ay Agyr + 8A1 A9, 4 8A173)
<Ay TP (As + A1 Ag 4+ 192(A1)°n 7 Ag + 8A1A)

—14+ar,.—aTt

<o r
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Similarly, in case ar = 1, () implies, using (XIV),, X¥I),, XV),, @) and
Y2 = (24A1)n " 1, 13 < A,

$1(0) < ¢1(40) + A1 (P1(40)P2(40, Tap) + 0 (¢2(80, Tso)? + $3(80)))
<yrt ((1 +log(r/o) —log4)y1 + A1Agy1 + 8A1 A9y + 8A173)
S ’Y’Yl’l”_l((l + IOg(T‘/Q) — Ag) + AlAg + 192(A1)27’]_1A9 + 8A1A11)
<1+ log(r/0))-
Proof of miﬂ. Let t;11 < o < t;. First, it will be shown that the hy-

potheses of @3([A1H) and @3([IId) are satisfied with o, A replaced by 2o, 1/2;
in fact

20e€ JyNJs by [X);,, and (X)), ,,,

61(40) < 27™B(n) " a(m) inf {1(4Ti (@ m) "L, 1/8} by @),
Next, it will be shown that the hypotheses of ([I{) are satisfied with p replaced
by 4p; in fact, noting ¢t < o < ¢,

{20,40} C JsNJs by M)H-l’ and mi—i-la
8o€ JonJi by @) and (XI),,  |los,]l <n~/%5/4 by (XII),,
8T€J20J3 by (m)a ¢3(8Q)ng(m’naQa(SQaEaéap) by (IID),
U(c, 20) ~{z: @°(|| f(2)]], 9(x)) = Q}
C C&QQ U p[C(Ta a, 2@5 2@) N {Z : Q > @m(HV”,Z) € ‘@}L
by @3I(IID) with e replaced by 29, hence
L™(U(e,20) ~{z:©°(|| ()], 9(x)) = Q})
< (n/2)a(m)(20)™ + egmex(m)(20)™ < nax(m)(20)™
by @3I([IId) with o, A replaced by 2o, /2. Therefore, in case ar < 1, ([I0)
imphesa uSing M)iﬂ (IXE)Z-, (m)iv (m)v and M= 77(24A1)71727 V3 < Al?’Y?v
¢p2(0,T,) < Ay ((/\ + nl/n 4 n—1¢2(8g, ng)inf{l,Q/m})¢2(8g, Ts,)
+ 17 061(40) + (17" + A )u(80)")
< ’Y(Q/?“)O”— (8A1 ()\ + nl/n + ,'7—1(A9)1/n),y2
+AA I + 84 (7 + /\_7)73)
<H(o/m) (g2 + g2+ 72 + §72 + 372) = 172(0/7)7.
Similarly, in case a7 = 1, ([I0) implies, using (XV0),, EV),, XIV),, (@), and
v =1(24A1) " 2, 13 < Arae,
d2(0,T,) < ~v(o/r)(1 + 1og(r/g))(8A1()\ + nl/n n nfl(Ag)l/n)72
+4AA T +8A (T + )\_T)%)

< 72(e/r)(1 + log(r/e))-

Therefore the assertions (IX]),~(XV]), are verified whenever i € &, < j+1.
The conclusion now follows from (X)) i1 XTV) i1 and (:av) i1 O
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9.5 Lemma. Supposem,n,Q € &, m <n, eitherp=m=1orl<p<m=2
0T1§p<m>2and"’7_pp:2,0<5§1, and 1 < M < oco.
Then there exist positive, finite numbers € and I' with the following property.
IfaeR", 0<r <oo, VeIV, (U(a,br)), v and p are related to V as in

{3 T € G(n,m), Z is a ||V| measurable subset of C(T,a,r,3r),

(Q —1/2)a(m)r™ < IVI(C(T,a,7,3r)) < (Q+ 1/2)a(m)r™,
IVI(C(T, a,r,d4r)~C(T,a,r,r)) < (1/2)a(m)r™,
V]| U(a,6r) < Ma(m)r™, |[[VI(C(T,a,r/2,7/2)) > (Q — 1/4)ea(m)(r/2)"™,
IVI(C(T, a,7,3r) ~ Z) < calm)r™, ([|Ss — Ty|>dV (2, 8))"/? < erm/2,
then

_m 1/2
(r fC(T,a,r/4,r/4)xG(n,m)|Sh ~T,?dV(z,9))

< (" o (Tamr) x G (mm) S5 — T;[* dv(z,S))
+D(r ™, dist(z — a, T) d||V ||z + =Py (U a, 6r))1/”).
Proof. Define
L=1/8, 6 =08=050=1/2, 6=1, b = 40)""(v(m)m)"™/a(m),
Ay = g5m(n, Q, L, M, 1,8, 85,64,05), Ao = inf {1,(2v(m))™", Ay},
w=1/2 ifm=1 p=1/m ifm>1, Asz= I]ﬂl@)(m,n,Q,Ag,p,l),
n = inf {51 (4A3)7 1/ 27m X =inf {§(44A5) 71, 1},
Kk = inf {qﬂk@)(m, n, Q, 2, A, Ag,p),m(n, 04, As),
27" 2B (n) " a(m)nlge (@, m) " As
Ay = inf {(Ma(m))_1/22_mm, a(m)l/22m=4p =2 A,
(Ma(m))~V/25m/2(485)"™/2)}
e = inf {A4, 2*’”*177},
As =27"B(n) " a(m) inf {nl57m (Q,m) " /4,1/8},
Ag = inf {(Ma(m))l/p*121*mn,qﬂ@(m,n,@,ég, A1, As,p),
AQ(AE,)V?”U’”},
T = sup {A5Q"n™", AsA ™!, (4(Q + De(m)m)'/?(Ag) '}

1/2

It will be shown that € and I" have the asserted property.

Suppose a, 7, V, ¢, p, T, and Z satisfy the hypotheses in the body of the
lemma.

By the definition of I and

T_me(T,a,T/4,T/4)XG(n,m)'Sh ~ T2 dV(z,S) <4(Q + )a(m)m
one may assume that
=Py (U (a, 6r) P < Ag.
Additionally, one may assume that Z is a Borel set and that a = 0, T = im p*

using isometries and identifying R® ~ R™ x R®»™™.
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Deﬁning A, Xl, f, C, ¢2, gf)g, ¢4, TQ, Jl, JQ, Jg, J4, J5, Op, and Ca,g as in
O3 and X = U(e,7/2) N X1 ~p[A~ Z], next, the hypotheses of [@.4([@) with J,
P, o replaced by As, 0, r will be verified. The Z™ measurability of X is a
consequence of B.7([2) and |Fed69, 2.2.13]. One estimates

[18: = TV (z.9) < (Ma(m))/*™ Ay < w(r/2)™,
18V U(a, 6r) < (Mar(m))*=7r™ =1 Ag < (/2" ",

hence r/2 € Jy N J5 and 8r € Jo N J3. Also

I(T)e = Tl < IVI(C(T, a,r/2,7/2)) /26561, T) (6r)™/*
<22 (m)H2A, < 1/2,
T, Nkerp={0}, re.J

and, using [£1] with S, Sy, So replaced by T, T, Ty,

lowl* < (1 + llow )T )s = Tl
ol < 1(T2)s = Tll?/ (1 = I(T0)s — Tl < 20(T3)s — Thll?,
llovll < 2I(T7); = Tyl < 2" FPa(m) 2 A4 <0205 /2.

Noting ¢4(r) < Ag, one infers from [0.31(I1d) with o, A replaced by r/2, /2 that
L™ (Cary2) < (n/2)a(m)(r/2)™.
Combining this with

L (plA~Z]) < (A~ Z) < |VI(C(T,a,r,3r) ~ Z) < (n/2)a(m)(r/2)™,
U(e,r/2)~ X CCyryp Up[A~Z],

one obtains
L7(U(e,r/2) ~ X) < na(m)(r/2)™.
Now, applying [@4([@) with 6, P, o, and 7 replaced by As, 0, 7, and 1 yields
62(r/4,T) < g (A + (Ma(m)) 2802/ + (A 1)) 62(r, T)
T fl o+ AT ()
<062(n T) + T(Q72 77! flyx + ¢3(r)).
Finally, noting
Xn{z:9(f(2),Q[0]) > QV*y} Cp[ANZ N {z:dist(z — a,T) > 7}]
for 0 < v < oo, one obtains
Q72 flyx < [y dist(z —a, T)d|[V]|2

and the conclusion follows. O
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10 The pointwise regularity theorem

Here, after verifying the hypotheses of the approximation by a Qq(R"~ ™) val-
ued function in [[0.J] the pointwise regularity theorem is deduced from [0.4] (1)
in An example demonstrating the sharpness of the modulus of continuity
obtained in case ar = 1 and m > 1 is provided in [[0.4]1 Finally, a corollary
concerning almost everywhere decay rates is included in

10.1 Lemma. Suppose m,n,Q € &, m <n, eitherp=m=1or1 <p<m,
0<a<1l,1<M<oo,0<u<l,and0<d; <1 forie{l,2}.
Then there exists a positive, finite number € with the following property.
Ifae R", 0<r <oo, VeIV, (U(a,r)), ¢ is related to p and V as in[{.3,
T € G(n,m),

A =inf {p, (1+M*) 72 (1 = (1= 61/2)™(1 = 61/4)"™) ],
O (|V|,a) > Q —1+0d,, |[V||U(a,r) < (Q+1—d1)e(m)r™,

[18y = Ty|dV (2, S8) < er™,
0 TPy (B(a, 0))/P < e(o/r)*  whenever 0 < o < r,
then with s = Ar
IVII(C(T,a,s, Ms)~C(T,a,s,ds)) < dacx(m)s™.
Proof. Define A as in the hypotheses of the body of the lemma, \ = (1 -
(Ad2/4)?)"”,
Ay = ggg(n, inf{(2y(m)m)~" /a(m),61/4}, A, 2(Q + 1)),
let € be the infimum of the following five numbers

qug(n, Q, o, p, inf{d1/3,Ad2/2}),  ((Q + 1)e(m))/P~  (dy(m)m) "™ Ay,
(4’7(m)m)_mA1’ (2’7(7”))_1, ((SgAma(m)ﬂ(n)_l)1/P—1/m(27(m))—1

and suppose that m, a, r, V, ¥, T and s satisfy the hypotheses in the body of
the lemma.

First, note by with ¢ replaced by inf{d;/3, Ady/2}
IVII(U(a,r) N {z:|T; (2 — a)| < 825/2}) > a(m)(Q — 81/3)r™.
Define A to be set of all z € spt ||V such that
18V B(z, ) < (23(m)) M IVI[(B(z, 1)) /™

whenever 0 < ¢t < oo and B(z,t) C U(a,r). Next, the following assertion will
be proven:

ANC(T,a,s,Ms) C C(T,a,s,d2s).

For this purpose suppose z € ANspt||V| N C(T,a,s, Ms) and abbreviate t =
dist(z,R" ~U(a,r)). Since A < (1 + M?)~/2, one notes C(T,a,s, Ms) C
U(a,r) and ¢t > 0. From [B4] one obtains

IV B(z,0) > (2v(m)m) ™™ for 0 < o <t.
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Therefore, noting

t>r—(14+M)YV2Ar,  (t/r)™ > (1 —8,/2)(1 -8, /4)~ > 2/3,
IV UGz 8) < IV Ua,r) < (Q + Da(m)yr™ < 2Q + Da(m)t™,
I8V U(=,1) < V] Ula,r) < ((Q + () Permt
< (@ + Dex(m)) ™" (y (mym)™ e[V (U=, 1) Y/
< A V(U 1) Y,
JooxamlSs = ThldV (£, 8) < [1S; = Ti dV(E, 5)
< er™ < e(dy(m)ym)™ V]| Uz, 1) < Ay V]| Uz, 1),

one uses B.8 with §, M, a, and r replaced by inf{(2y(m)m)~™/a(m),d1/4},
2(Q + 1), z, and t to infer

VIO (z, 1) N {€:Th(E = 2) > Al§ = 2[}) = (1 = 61/4)x(m)t™

>
> (1—61/2)a(m)r™.

Since | V]| U(a,r) < (Q + 1 — d1)ax(m)r™, this implies together with the second
paragraph that the intersection of

TGOz, ) N{E:Th(€ — 2)| > Me = 2[}] and R" N {&:[T; (€ — a)| < 825/2}
cannot be empty. Now, estimating for £ € U(z,t) with |T;(& — 2)| > M| — 2]
T (€ —2) < (1= N)V21E =2 < 2(1 = N)V2r = 6ps/2,

one obtains |T;"(z — a)| < d2s and the inclusion follows.

If m = 1 then A = spt||V]| and the conclusion is evident. Hence suppose
m > 1. The assertion of the preceding paragraph implies with the help of
Besicovitch’s covering theorem and Holder’s inequality the existence of count-
able disjointed families of closed balls F1, ..., Fj(,) such that

spt [V 1 C(T, a, 5, Ms) ~ C(T, a,5,655)  UU{Fi i = 1,...., Bn)},
SCUr),  [VI(S) < Agu(s)m/ ")

whenever S € J{F;:i=1,...,B8(n)} where Ay = (2y(m))™?/(m=P)  hence

IVI(C(T,a,s, Ms)~C(T,a,s,d2s)) < AQZﬁ(" S sep (S ym/ (m=p)

< MY P (T (5))™ TP < AoB(n)y(Ua, r))™ (D)
< (29(m)e)™P/(M=P) ()™ < Syau(m)s™. O

10.2 Theorem. Suppose m,n,Q € &, m <mn, eitherp=m=1o0r1 <p<m,
0<d6<1,0<a<l,0<7<1l,and7T=14fm=1, p/2<7<m—p)zf
2(7n—p if m > 2.
Then there exist positive, finite numbers € and I" with the following property.
IfaeR", 0 <r<oo, VeIV, (U(a,r)), p and ¢ are related to V as in
3 TeGnm),w: RN{t:0<t <1} - R with w(t) =t*7 if ar <1 and

m=2and T =
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w(t) =t(14+log(1/t)) if ar =1 whenever 0 <t <1, and 0 <y <e¢,

(r=™ 1Sy = Ty|? dV (2, N <4,
VII(B(a,0) N {z:0"(|V],2) < Q —1}) <ea(m)o™ for0<o<r,
o' TPy(B(a, 0))P <AV (/1) forO<o<r,

then @™ (||V|,a) = Q, R = Tan™(||V||,a) € G(n,m) and

O ([Vlla) 2@ =1+46, [V[U(a,r) <(Q+1—d)a(m)r™,

—m 1/2
(o fU(a,g)xG(n,m)|Sh — Ry|*dV(z,9)) 2 < Iyw(g/r) whenever 0 < g <.

Proof. Define, noting (y(m)m)~™ < a(m),

Ay =inf {1/6,(17)7Y2(1 - (1 - 6/2)Y™(1 - 5/4)7Y™)},
61=10/2, 6,=10/4, 63=1-0/4, 6,=1,

65 = (40) " (v(m)m)"" Jee(m), 6 =6, L=04/8, M =(A1)""(Q+1),
&' =inf {1, e57(n, Q, L, M, 61,62, 03,04, 05), (2y(m)) " },
n=1inf{l,(Q+1—8/2)"/™(Q+1—36/4)"/™ -1}

and apply @[] with 6 replaced by ¢’ to obtain v; for ¢ € {2,3}. Define

Ao = inf {(Q+1-35/4)" —(Q +1—9)"/7,
(Q—1+08)"" —(Q—1+5/2)"/7},
As = inf {(Al)m/Qam(m(m,n,Q,L,M, 81,062,05,p, 7,0, 86),73 },
e = inf{(apa(m)/PAy)7,
(Q+ 1)_1/2a(m)_1/26m(m, n,Q,p,a,4,1/6,0,inf{n,5/4}),
o™ n, Q,p, o, 4,1/6,9,inf{n, 6 /4})7, Az, 1}

and also
Ay =sup {12(A143) 71 (A) T2 As=(1-2727)7 ifar <1,
As=2+2log2 ifar=1, Ag= 2m+2671a(m)71/2A4A5,
L =As+ (Q+ 1) 2a(m)?As.

Suppose a, 7, V, ¢, T, and w satisfy the hypotheses of the body of the
theorem.

Let s = Ayr. Applying 0] twice with M replaced by €7 in conjunction with
Hoélder’s inequality, one deduces the mass bounds:

(Q—1+0/2)a(m)e™ < [[V[[U(a,0) < (Q+1—35/4)a(m)e™
for 0 < ¢ < r. From [I01] applied with M, u, 61, d2 replaced by 4, 1/6, 4,
inf{n, §/4} one obtains, noting [ |Sy — Ty dV (2, S) < (Q + 1)/ 2a(m)/2er™ by
Hoélder’s inequality,

IVI(C(T,a,s,45) ~C(T, a,s,ns)) < (6/4)c(m)s™.
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Together this implies, noting (1 +n)s < r,

V][ U(a, (1 +n)s) <(Q+1—356/4)a(m)(L+n)"s™
<(Q@+1-46/2)a(m)s™,
C(T,a,s,3s) C (C(T,a,s,48) ~C(T,a,s,ns)) UU(a, (1 +n)s)
IVI(C(T,a,s,3s)) < (Q+1—6/4)a(m)s™,
IVI(C(T,a,s,3s)) = [V| Ula,s) = (Q =1+ 6/2)a(m)s™,

hence, using isometries and identifying R” ~ R™ x R"™™, one may assume
tha’s a = 0, and the hypotheses of [@.3] and are satisfied with r, ¢ replaced by
) 6beﬁning ¢:(RN{p:0<p<r}) x G(n,m) — R by
$(0,R) = (07" [0 (a.0) x G (nm) S5 — RV (z,5))""
for 0 < o <r, R € G(n,m) and choosing T, € G(n,m) such that
#(0,T,) < ¢(o,R) whenever 0 < o <r and R € G(n,m)

and noting ¢ < Az and A; < 1/4, one obtains from Q4[] with r, § and ~,
replaced by s, 6" and v/Ajz that

d(0,T,) < (v/As)yaw(o/s) for 0<p<s.
One infers the ¢ilt estimate
d(0,T,) < Ayyw(o/r) for 0 < p<r.

Next, it will be shown that a similar estimate holds with T, replaced by a
suitable R € G(n,m). Using the lower mass bound, one notes for 0 < p/2 <
t<po<r

(Tp)s = (T)s| < 2716 a(m) ™20 ™2 (0™ 200, Tp) + t7/29(t, T2))
<275 La(m) 2 g(o, T,).

This implies inductively for 0 <t < p <r
(T2 — (Tp)el < 2726 La(m) ™ /23202 1 0(277 0, Tovy),
hence, noting that the tilt estimate yields

Yoo 0d(27V 0, To-vy) < Auyd 02 o(2770/1)°T = AgAsyw(o/r) if aT < 1,
D 0?2770, Ta-vp) < Auyd707o(2770/7)(1 + log(r/ o) + vlog2)
< Agy(o/r)(1 4 log(r/0)) (2 +1log2) "7 (27 ) = AsAsyw(e/r)

if ar =1, there exists R € G(n,m) with
|Ry — (Tp)y| < Agyw(o/r) whenever 0 < o <.
Combining this with the tilt estimate, one obtains, using the upper mass bound,

o0, R) < ¢(0,T,) + (Q + 1) 2c(m) /2 Agyw(o/r) < Tyw(o/r) for0< o <r.
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Since 0 < @™ (||V]|,a) < oo by[@.T] one now infers from Allard’s compactness
theorem for integral varifolds, see e.g. [All72, 6.4] or [Sim83, 42.8], in conjunction
with, e.g., that

o " [f((z—a)/o,S)dV(z,S) — QfRf(z,R) ds#™"z as o — 0+
for f € A (R™ x G(n,m)), hence @™ (||V]|,a) = Q and R = Tan™(||V||,a). O
10.3 Remark. If ar < 1 and m > 2, then 7 cannot be replaced by any larger

number.
An example is provided as follows. Defining n = mo‘—fp, choosing for each

i € & an m dimensional sphere M; of radius g; = 271=m=2 with M; C
U(a,27%) ~B(a,27%"1), one readily verifies that one may take V € IV,,(R")
such that ||V = Q2™ T + ™ . M where M = |J;=, M; and r sufficiently

small.

10.4 Remark. In case at = 1, m > 1, it can happen that

o 1/2 _
hggér}rf (0 fU(a,g)XG(n,m)|Sh — Ry[?dV(2,9)) "w(o/r)"" > 0.

To construct an example, assume n —m = 1, with C = R? take u : C = R
of class 1 such that

u(reie) = r2(logr) cos(20) for 0 <r < oo, § €R,
and verify, using the homogeneity of u,
Lapu(rew) =4cos(20) for 0 <r < oo, f€R,
|D'u(z)] < T|z|>7*(1+1log(1/|z])) for z € U(0,1)~{0}, i € {1,2}

where T' is a positive, finite number, hence computing with C as in [LI] noting
[Fed69, 5.1.9],

(D?u(z),C(Du(z))) = Lapu(z) + (D?u(z), C(Du(z)) — C(0))
for z € R? ~{0}, one obtains, since Du(0) = 0,
(D*u,C o Du) € Lo (£? . U(0,1)),
u|U(0,1) € W4(U(0,1)) for 1 < ¢ < o0.
Choosing g € O*(m, 2) and defining f = u o g, one may now take V associated

to f as in 2.0 with Q = 1.

10.5 Remark. Considering V; € IV;(R* x R*) and V2 € IV,(C x C) charac-
terised by

IVill = 27 c RE x RY) 0 {(w,9) : 2f* = [y[*},
IVa|| = 72 L (C x C) N {(w, 2) :w® = 2%}
one may verify the necessity of the hypotheses
T[Sy — Ty?dV (2, 8)dV (2, S) <
VII(B(a, o) N{z:0"([[V],2) <Q —1}) <ea(m)e

E’
m o for0<o<r
even if V' corresponds to an absolutely area minimising current, see Bombieri,

de Giorgi and Giusti [BDGG69, Theorem A], [Fed69, 5.4.19], and Allard |All72,
4.8 (4)].
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10.6 Corollary. Suppose m, n, p, U, and V are as in[{.3 either m € {1,2}
and 0 <7 <1 orsup{2,p} <m and 7 = Q(;ln—fp) <1, and V € IV,,(U).
Then

lim sup P2 (fU(

18 — T2V (2,8)) % < o0
r—0-+

a,r)XG(n,m

for V almost all (a,T).

Proof. From [Fed69, 2.9.13,5] one infers that for ||V|| almost all a € U there
exists @ € & and T € G(n,m) such that for f € Z(R" x G(n,m))

lim v~ [f(r~'(z —a),S)dV(z,S) = Q[ f(z,T)d#"™z,

r—0+
" ([VIfz:@"([V],2) <@ —1},a) =0, ©™(4,a) < o,

hence for such a one may apply [[(0.2] with r sufficiently small and o = 1 to infer
the conclusion. |

10.7 Remark. The examples in [Men09, 1.2] with ¢; = ¢2 = 2 and a1 = an
slightly larger than mm—_’;) show that 7 cannot be replaced by any larger num-
ber provided m > 2. However, using the present result and [Men09, 3.7 (i)],
[Menl10H, 3.6], it is shown in [Menl0h, 4.2 (1)] that “< 0o” can be replaced by

“: 077

10.8 Remark. Tt is shown in [MenlOb, 4.2 (2)] that the conclusion holds with
T=1lifm=1orm=2andp>1orm>2andp>2m/(m+2) by use of @0
and [MenlOb, 3.6].
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Am Miihlenberg 1, DE-14476 Potsdam, Germany
Ulrich.MenneQaei.mpg.de
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