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Abstract

This paper concerns integral varifolds of arbitrary dimension in an open subset
of Euclidean space with their first variation given by either a Radon measure or
a function in some Lebesgue space. Pointwise decay results for the quadratic tilt-
excess are established for those varifolds. The results are optimal in terms of the
dimension of the varifold and the exponent of the Lebesgue space in most cases,
for example if the varifold is not two-dimensional.
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0. Introduction

Overview This paper investigates pointwise regularity properties of integral vari-
folds satisfying integrability conditions on their generalised mean curvature where
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pointwise regularity is measured by the decay of the quadratic tilt-excess. As clas-
sical regularity may fail on a set of positive measure, see ALLARD [2, 8.1(2)] and
BRAKKE [7, 6.1], the notion of tilt-excess decay serves as a weak measure of regu-
larity suitable for studying regularity near almost every point of a varifold. In fact,
aside from being used as an intermediate step to classical regularity, see ALLARD
[2], decay estimates have been employed as a tool for both perpendicularity of mean
curvature in BRAKKE [7] and locality of mean curvature in SCHATZLE [28-30].

In the present paper it is established that there is a qualitative change in the
nature of the results obtainable when the Sobolev exponent corresponding to the
integrability exponent of the mean curvature drops below 2. The core of the proof
of the pointwise results relies on the harmonic approximation procedure introduced
by DE GI0RGI in [10] (see also [11, pp. 231-263]) and ALMGREN in [3] and used in
the present setting by ALLARD in [2] and BRAKKE in [7]. Additionally, to obtain the
present pointwise results, a new coercive estimate is proven, the Sobolev Poincaré
type estimates of [24] are adapted and a new iteration procedure is introduced. The
latter may also be used in studying partial regularity for systems of elliptic partial
differential equations.

Known results The notation follows FEDERER [14] and, concerning varifolds,
ALLARD [2], see Section 1.

Hypotheses. Suppose m and n are positive integers, m < n, 1 < p < oo, U
is an open subset of R”, V is an m dimensional integral varifold in U, that is
V €IV, (U), and §V, its distributional first variation with respect to area, satisfies
the following boundedness conditions: [|[§V|| is a Radon measure and, if p > 1,
there exists a || V|| measurable R” valued function £ such that

(8V)(g) = —[g(z) @ h(z2)d||V |z whenever g € Z(U,R"),

(Hp)
heLy(|V|.K,R") whenever K is a compact subset of U. g

Any such £ will be || V|| almost equal to the generalised mean curvature h(V; -) of
V defined in Section 1.

The present research is motivated by the wish to identify for which 0 < o < 1 the
given hypotheses imply

lirri?)l}rp r_“_m/z(fU(a’r)XG(n)m)|SJ — Tu|2dV(z, S))l/2 < 00

for V almost all (a,T) € U x G(n, m). BRAKKE has shown that one can take
any 0 < o < lincase p = 2 and ¢ = 1/2 with “< 00” replaced by “= 0 in
case p = 1in [7, 5.5,7]. SCHATZLE [29] has used results on viscosity solutions
from CAFFARELLI [8] and TRUDINGER [34] to establish several regularity results,
in particular that if p > m, p = 2 and n —m = 1, then one can take ¢ = I,
see also SCHATZLE [28] for a special case. Moreover, SCHATZLE showed in [30,
Theorem 3.1] that if p = 2 then the key to the general case is to prove existence of
an approximate second order structure of the varifold. Namely, if p = 2 and there
exists a countable collection C of m dimensional submanifolds of R” of class 2
with |V ||(U ~ |J C) = 0, then one can take & = 1.
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Whereas consideration of varifolds associated to submanifolds of class 2 clearly
shows that @ = 1 is the largest « possibly having this property, in the case where
sup{2, p} < m and mm—_pp < 2 it can be seen from the examples in [23, 1.2] that one
cannot take o > #fp). Comparing this to Brakke’s results, little is known for the
case | < p <2 and alsoincase p = 1 and m > 2 there is a gap between known

positive results for « < 1/2 and known counterexamples for o > 2(%1
m—1)

Results of the present paper In the case where sup{2, p} < m and n:"_pp <2
these gaps are closed by the following corollary.

Corollary 10.6. Suppose m, n, p, U, and V are as in the preceding hypotheses
(Hp), and eitherm € {1,2} and0 < © < lorsup{2, p} <mandt = < 1.

mp
2(m—p)
Then

. —r— 1/2
lim (s)upr i m/z(fU(a,r)xG(n,m)Lgﬂ - Tﬂ|2dV(Z’ S)) ! <X
r—0+

for V almost all (a, T).
From the aforementioned examples it follows that T cannot be replaced by any

larger number if m > 2, see 10.7. However, using the present result, it will be
shown in [25] that “< 00 can be replaced by “= 07, see 10.7. The corollary is a
direct consequence of the following pointwise result.

Theorem 10.2. Suppose m, n, and p are as in the preceding hypotheses (H),), Q
is a positive integer, 0 < § < 1,0 <a < 1,0 <7t < 1, and

() ifm=1thenp=1landt =1,
2) ifm:2,thenl§p<mandp/2§r<ZOZ—KP),

. < — _mp
3) ifm>2thenl S p<mandt = on—p)-

Then there exist positive, finite numbers ¢ and I" with the following property.
Ifa e R",0<r <oo,VelV,(Ua,r)), Visrelated to p as in the preceding
hypotheses (Hp), ¥ is the measure defined by

v =18Vl ifp=1 and  =hV;)"|V] ifp>1,
TeGn,m),w:RN{t:0<t =<1} — Rwith
o) =1t*" ifat <1 and @) =t(1+1log(l/t)) ifat =1
whenever 0 <t < 1,and 0 < y < ¢,

O™ (|Vl,a) 2 Q—1436, |VIUa,r) =(Q+1—38a(m)yr™,
(18, — T2 dV(z, $) /> <y,

[VIBa, o) N{z:0"(|VI,2) = Q —1}) < ea(m)o™ forO <o <r,
o' Py B(a,o)/? <y (0/r)¥ for0 <o <,

then @™ (|V ||, a) = Q, R = Tan™ (|| V|, a) € G(n, m) and
_ 1/2
(Q me(a,g)XG(n,m)|S: — R dV(z, S)) / < Tyw(o/r) whenever0 <o < r.

In order to comment on this theorem, assume m > 2.
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In the case where == p = 2, the theorem states that if the first variation, that is
the mean curvature if p > 1 expressed in terms of ¥, decays with power o < 1 so
does the tilt-excess of the varifold, provided essentially that the tilt-excess is ini-
tially small and the density, restricted to the complement of a set with small density
at a, is lower semicontinuous at a. If @ = 1, the modulus of continuity @ obtained
is optimal as demonstrated by an example in 10.4, in particular, one cannot take
w(t) = t. Moreover, this sharp result seems not to be obtainable using classical
excess decay methods as will be explained below.

Inthe case .= < 2, the situation is different. Decay of the mean curvature with
power o 1mphes under the same assumptlons as before, decay of the tilt-excess
with some smaller power ot with T = =) ThlS number t cannot be replaced
by any larger number, see 10.3.

For comparison one may consider the analogous question replacing integral
varifolds by weakly differentiable functions and variation of mass by variation of
the Dirichlet integral. Therefore, suppose u : R™ — R"™" is weakly differen-
tiable, T is the distributional Laplacian of u, thatis, T € 2'(R™, R"™™) is given
by

T(0) = —[DO(x) e Du(x)dL"x ford € Z(R™,R"™"),

T is representable by integration and, if p > 1, T corresponds to a locally p-th
power summable function f. Then one may investigate which decay properties of

(foe.Dux) — 72 demx)'?

as 0 — 04, where (¢, 7) € R” x Hom(R", R"™™), are implied by decay hypoth-
eses on

o' MITIUG, 0 ifp=1, 0" Iflpe, ifp>1,

where [ - | .. , denotes the seminorm corresponding to L, (L™ L U(c, 0), R*™™),
Clearly, the varifold problem behaves less regularly than the problem for weakly
differentiable functions, as known examples show that a decay hypothesis on ¥
alone is not sufficient to infer decay of the tilt-excess, see 10.5. However, apart
from this the varifold problem behaves equally regularly if % = 2 as the same

decay implications hold and it even behaves more regularly if n:nTp < 2, since in
this case decay results are valid only in the varifold case (as Du may be not locally
square summable). In case p = 1 this latter phenomenon was already apparent
from the results of Brakke.

Summarising, the pointwise implications of Theorem 10.2 are essentially opti-
mal and identify the optimal « for which the answer to the initial question is in
the affirmative if m > 2 and p < 2m/(m + 2). Using the estimate 9.5 of the
present paper, the optimal « is determined whenm = 1 orm = 2 and p > 1 or
m > 2and p 2 2m/(m + 2) in [25], see 10.8. This then covers all cases except
(m, p) = (2, 1), where Corollary 10.6 solves the subcase o < 1.
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Overview of proof As indicated above, the main tool in the pointwise regular-
ity proof is the harmonic approximation procedure introduced by DE GIORGI and
ALMGREN, see [3,10,11]. It requires the varifold to be weakly close to a plane with
density Q and strongly close to a varifold with density at least Q. Initially, the
latter condition was phrased as @™ (|| V||, z) = Q for ||V || almost all z € U(a, r) in
ALLARD [2, §8], however the set of points a not satisfying this condition for suitable
Q and r may have positive ||V || measure even if the hypotheses are satisfied with
p = 00, see ALLARD [2, 8.1(2)] and BRAKKE [7, 6.1]. Replacing the condition by
the requirement on ®" (|| V||, -) to be || V|| approximately (lower semi-) continu-
ous, Brakke was able to treat almost all points with p = 2 using an approximation
by Almgren’s “Q-valued” functions, that is, functions with values in Qo (R"™"),
see below. Additionally, Brakke established a coercive estimate which allowed him
also to obtain partial results for the case p = 1.

Taking this as a starting point, it will be described, firstly, the new ingredient
needed to obtain the optimal modulus of continuity for the case p = 2, secondly,
the new ingredient needed to obtain optimal results in case p < 2 and, thirdly,
how these new ingredients can be implemented within the known framework of a
(partial or pointwise) regularity proof.

Obtaining the optimal modulus of continuity for p = 2 For this purpose a new
iteration procedure is introduced which is now presented in the simple case of
the Laplace operator. Additionally, in Section 8, it is shown how to implement
this method in a model case from partial regularity theory for second order ellip-
tic systems in divergence form. Suppose ¢ € R™, u € W1’2(U(c, 1), R*™™),
T € 2'(U(c, 1), R"™) is the distributional Laplacian of u, and assume for some
0y <oocand0 < a < 1 that

o "PITO)] < yo*1 DOy,

whenever 6 € 2(U(c, 1), R"™™) with sptd C U(c, 0) and 0 < ¢ < 1. Define
J=RN{r:0 <o = 1}, foreach ¢ € J choose u, : U(c, ) — R"™" harmonic
with boundary values given by u, that is,

up, € &(U(c,0), R"™™) with Lapu, =0,
u—uy € W(IJ’Z(U(C, 0), R"™™),

define ¢; : / — Rand ¢ : J x Hom(R™, R"™™) — R by
$10) = 1D’ uglocicor2s $2(0,0) = 07" ID = 0) e
for (0, 0) € J x Hom(R™, R"™™) and choose o, € Hom(R™, R"™"™) such that
$2(0,0,) = ¢2(0,0) whenever o € Hom(R",R"™), 0 € J.
Using a priori estimates, see [17, Theorems 7.26 (ii), 8.10, 9.11], one estimates

P1(0/4) — ¢1(0) < ID*(up — ttg/)lsvic.ors < A0~ "D (ug — tgsa)l.c.0/a
< Ao TE(IDW = wpa) e opa + D — Ul o) S 2Ay0% !
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for some positive, finite number A depending only on n and

$(0,0,) = Q_m/z(lD(M —ug)lric,o + Dy — DMQ(C))lz;c,g)
< yo® +am) o1 (0),

hence obtains the two iteration inequalities

d1(0/4) < ¢1(0) +Tyo*™", ¢2(0,0,) < T(01(0) + y0*)

for o € J, where I' = sup{2A, 1, a(m)'/?}.
Now, if 0 < y; < 00, ¢1(0) < y10* ! and o < 1, then

P10/ < (0/H* (@ 'y +Ty) < yile/* !,

provided y; > (1 —4*~1)~ITy, noting 4*~! < 1. Similarly, if 0 < y; < oo,
$1(0) = y1(1 +log(1/0)) and & = 1 then

#1(0/4) = yi(1+1og(4/0)) — (ogd)y1 + 'y = y1(1 +log(4/0)),

provided y; = 'y (log4)~!. In both cases it has been crucially used that the factor
in front of ¢1 (o) in the first iteration inequality is 1. This is the reason for choosing
¢1 rather than ¢, as leading iteration quantity. The decay of ¢, (o, 0,) in terms of
o then follows.

Classically, an excess decay inequality of type

$2(10, 020) = TiA2(0,0p) + oy for0 <A =1/2,0<p=1,

where | £ T; < oo fori € {1, 2} is used, see for example [14, 5.3.13] or DUZAAR
and STEFFEN [13, (5.14)]. Sometimes, "> additionally depends on A. However,
concerning the case o = 1, the optimal modulus of continuity cannot be deduced
from such an inequality since, if | < T'y < co and 1/e < I'y < oo, then it cannot
be excluded that ¢» (g, 0,) may equal yo(1 + log(1/0))* for some s > 1 with
25~1 <y and (2s/e)* < 2T.

Treating the case p < 2 The second new ingredient in the regularity proof will be
described by focusing on the case m > 2. In doing so, a quantity of type

1 . 1
071 (fy (g dist@ — a, T V1)

for U and V as in the hypotheses (H,) witha € R",0 < ¢ < o0, B(a,0) C U,
T € G(n,m)and 1 < g < oo will be referred to as g-height. To derive sharp results
with respect to the integrability of the mean curvature, two observations will be
essential. Firstly, the dependence on the mean curvature in Brakke’s coercive esti-
mate, see [7, 5.5], can be improved at the price of using the g-height with g = W%Tz
instead of the 2-height, see 4.14. Secondly, in order to control the g-height, the
Sobolev Poincaré type estimates of [24] are adapted. However, a subtlety arises.
The mentioned estimates are available in full strength only for the g-height on the
set H of points satisfying a smallness condition on the mean curvature, see also
the discussion in [24, 4.6]. As estimating the g-height on the complement of H by
mean curvature would be insufficient for the present purpose, the coercive estimate
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of Brakke has to be improved a second time by showing the g-height on H, mean
curvature and 2-height are actually sufficient to control the tilt-excess, see 4.10.
This is accomplished by constructing a possibly discontinuous cut-off function
with properties reminiscent of a weakly differentiable function, including a partial
integration formula, Sobolev embedding and approximate differentiability, see 4.7
and 4.8. These properties are deduced directly from the construction rather than
from a general theory.

Implementation of proof Finally, it will be indicated briefly how the previously
described pieces fit into the well known pattern of a partial regularity proof. As
usual, one assumes the varifold to be close to Q parallel planes with respect to
mass, tilt-excess and first variation. Fixing a suitable orthogonal coordinate sys-
tem, one approximates the varifold by a Lipschitzian Qo (R"™") valued function
f-Recall that Qo (R"™™) may be described as the Q fold product of R"~" divided
by the action of the group of permutations of {1, ..., Q}. The accuracy of this
approximation is controlled by tilt-excess and mean curvature. To obtain the com-
parison functions u,, one considers the Dirichlet problem with the linear elliptic
system with constant coefficients given by a suitable linearisation of the nonpara-
metric area integrand and boundary values given by the “average” g of f. This
is somewhat different from the usual procedure, where the comparison functions
are often constructed either within contradiction arguments (see for example AL-
LARD [2, 8.16] or BRAKKE [7, 5.6]) or by an “A-harmonic approximation lemma”
which confines the contradiction argument to the situation of linear systems with
constant coefficients (see for example SIMON [31, 21.1] or DuzAAR and STEFFEN
[13, 3.3]); however see also SCHOEN and SimoN [33] for a different approach. The
distributional right-hand side for g — u, can be estimated by mean curvature and
a small multiple of the tilt-excess, provided a suitably weak norm is employed,
namely a norm dual to the norm mapping a smooth function with compact sup-
port to the Lo (£, Hom(R™, R"™™)) seminorm of its derivatives. If m > 1 this
only yields smallness of g — u, in Lebesgue spaces with exponent below —=, for
example in L1 (Z™ L U(c, 0), R"™™), here ¢ € R™ corresponds to ¢ € R”, see
9.4 (7). However, assuming that the set of points with density strictly below Q is
small with respect to ||V ||, the graph of g coincides with the varifold on a large
set, hence using interpolation (Section 6) and estimates for the approximation by f
(see Section 5), one can ultimately convert L; (Z™ L U(c, 0), R"™™) closeness of
g to an affine function via the coercive estimate to control of the tilt-excess of the
varifold with respect to the corresponding plane. From these estimates one readily
obtains modified versions of the iteration inequalities which — upon simultaneous
iteration—yield the result.

1. Notation

General The notation follows [14], see the list of symbols on pp. 669—-671 therein.
In particular, recall the following, perhaps less common symbols: &2 denoting the
positive integers, U(a, ) and B(a, r) denoting, respectively, the open and closed
ball with centre a and radius r, O’ (V, W) and @’ V denoting the vector space of
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all 7 linear symmetric functions (forms) mapping Vi into W and R, respectively,
and the seminorms ¢, for 1 = p < oo corresponding to the Lebesgue spaces

bp)(f) = (flflpd¢>)1/P incase 1 < p < o0,
P(oo)(f) = inf(RN{r:p(X N{x:|f(x)| > 1}) =0},

whenever ¢ measures X, Y is a Banach space, and f : X — Y is ¢ measurable,
see [14, 2.2.6, 2.8.1, 1.10.1, 2.4.12]. The notation for the Lebesgue seminorms is
particularly convenient when longer expressions replace the measure ¢, as will
repeatedly be the case in 5.7 (8).

Moreover, the following slight modifications and additions apply. (For the con-
venience of the reader, in this section for nearly every symbol the appropriate
reference to its definition in [14] is given at its first occurrence.)

One defines f[A] = {y:(x, y) € f for some x € A} whenever f is a relation
and A is a set, see [20, p. 8].

Ifm,ne Z,m < n, T € G(n,m) then Ty is characterised by, see [14, 2.2.6,
1.6.2,1.7.4],

Tn (S Hom(R", Rn), Tn = Tﬂ*’ Tn o Tt = T:, im Tn =T

and T = ker T}, see ALMGREN [5, T.1(9)] and ALLARD [2, 2.3].
Similar to Allard’s definition in [2, 8.10], the closed cuboid C(T, a,r, h) is
defined by

C(T.a,r,h) =R"N{z:|Ty(z —a)| < rand |T;* (z — a)| < h}

wheneverm,n € Z,m <n, T € G(n,m),a €e R",0 <r <o0,and0 < h < oo.
One abbreviates C(T, a, r, 00) = C(T, a, r). (The symbol C(T, a, r) is used by
ALLARD in [2, 8.10] to denote R" N {z:|T,(z — a)| < r}.)

Whenever ¢ measures X, 0 < ¢(A) < oo, Y is a Banach space, and f €
Li(¢L A, Y) the symbol {, f de denotes ¢ (A)~! [, f dg, see [14, 2.4.12].

Following ALMGREN [4, p. 464], whenever n € & the number f(n) denotes
the best constant in Besicovitch’s covering theorem, that is, the least positive inte-
ger with the following property, see [14, 2.8.14]: If F is a family of closed balls
in R" with sup{diam S: S € F} < oo then there exist disjointed subfamilies
Fy, ..., Fgg of F such that, see [14, 2.8.8, 2.8.1],

{z:B(z,r) € Fforsome0 <r <ooyCc UU{Fi:i=1,...,Bn)}

Varifolds The meaning of the symbols V,,, RV,,, IV,,, ||V], §V, and |6V will
be introduced in accordance with ALLARD [2, 3.1, 3.5, 4.2].

Suppose U is an open subset of R” and the Grassmann manifold G(n, m) of all
m dimensional subspaces is equipped with the usual topology, see [14, 3.2.28 (4)].
An m dimensional varifold V in U is a Radon measure on U X G(n, m). The weight
IV of V is given by ||V |[(A) = V(A x G(n, m)) for A C U. The distributional
first variation with respect to area of a varifold V is given by

SV () = [DO(z) @ S;dV(z, S) whenever 6 € Z(U,R")
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with associated Borel regular measure ||§V || characterised by
18VI(Z) = sup{8V(0):0 € 2(U,R") with sptd C Z and |g(z)| £ 1 for z € U}

whenever Z is an open subset of U, see [14,4.1.1,2.2.3]. If V is an m dimensional
varifold in U and |8V || is a Radon measure, the generalised mean curvature vector
of V at z is the unique h(V; z) € R” such that

h(V;z)ev=— lim M
r—0+ ||V|B(z, r)

where b, , is the characteristic function of B(z, r); hence z € dmnh(V; -) if and
only if the above limit exists for every v € R”. This modifies Allard’s definition
[2, 4.3] in the spirit of [14, 4.1.7].

An m dimensional varifold V in U is rectifiable if and only if there exist se-
quences ¢;, A; and M; such that 0 < ¢; < 0o, M; are m dimensional submanifolds
of class 1, A; are ™ measurable subsets of M; and

V(f) = Z?ilcifAif(z,Tan(Mi, 2))ds"z for f € (U x G(n, m)),
see [14, 3.1.21, 2.5.14, 2.10.2]. In this case
0<O"(|V],z) <oco and Tan™(||V],z) € G(n,m)

forv € R",

for || V|| almost all z and
V()= [f@ Tan" (|V],2)0"(|VI.2)ds#"z for f € # (U x G(n, m)),

see [14, 2.10.19, 3.2.16]. A rectifiable varifold is called integral if and only if
O™ (||V], z) is a positive integer for ||V almost all z. The set of all rectifiable
[integral] m dimensional varifolds in U is denoted by RV, (U) [IV,,(U)].

Asin [23, 2.2-2.4], whenever m € &2 the smallest number with the following
property will be denoted by y (m): If n € &2, m < n, V € RV,,(R"), |[V|(R") <
00, and |8V || (R") < oo, then

IVIR" N{z:@"(IV]l,2) = DD < pm)[VIRD™ 8V (R").

Note m~ta(m) ™1™ < y(m) < oo.

Weakly differentiable functions and distributions Suppose m € £, U is an
open subset of R”, ey, ..., e, denote the standard base of R, Y is a finite dimen-
sional Hilbert space, k is a nonnegative integer, and u is an . . U measurable
function with values in Y. Then u is called k times weakly differentiable in U if
and only if

(1) ueli(ZL"LK,Y) for every compact subset K of U,

(2) defining T € 2'(U,Y) by T(®) = fUG e ud?" for® € P(U,Y), the
distributions D*T corresponding to all « € E(m,i) andi = 0, ...,k are
representable by integration and the measures || D*T || are absolutely contin-
uous with respect to £ L U, see [14, 1.9.2, 1.10.1,2.9.2,4.1.1, 4.1.5], (« is
sometimes called “multi-index of length i”).

In this case fori = 0, ...,k the %™ U measurable functions D'y with values
in ' (R™, Y) are characterised by the following two conditions (here and in the
following (' (R™, Y) is equipped with an inner product as in [14, 1.10.6]):
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(3) D*T () = [, 0(x) o (¢*, D'u(x)) dL"x whenever 6 € Z(U,Y) and o €
Z(m,i) where e* = (e])*! © --- © (e;)% is constructed from the standard
base e, ..., e, of R™, see [14, 1.9.2, 1.10.1]; in particular Diyu is O times
weakly differentiable in U.

4) Diu(a) = lim,_ o4 fon Diu d.%™ whenever a € U; hence a € dmnD/u if
and only if the preceding limit exists.

Also, 1 times weakly differentiable in U is abbreviated to weakly differentiable
in U and D'u to Du. In particular, the symbols D', D will not be used in the
sense of [14, 1.5.2, 2.9.1, 4.1.6]. Wk’p(U, Y) denotes the Sobolev space of all
k times weakly differentiable functions in U with values in Y such that Diu e
L, (,,Sfm LU, O (R™, Y)) wheneveri = 0, .. ., k; the corresponding seminorm of
u is given by 35 (£ L U)(py(D'u), see [14, 2.4.12]. WS”’ (U, Y) denotes the
closure of 2(U, Y) in WXP (U, Y). Note that in these definitions, in neither the
Sobolev spaces nor the Lebesgue spaces are functions agreeing £ . U almost
everywhere treated as single elements; instead condition (4) is employed.

If m € &, U is an open subset of R”, Y is a separable Hilbert space,
1 < p oo, Aisan ¥" L U measurable set, and u and v are £™ . U measurable
functions with values in Y then [u] ,. 4 = (Z™ L A)(p)(u) and, provided fA lu(x)e
v(x)|[dL"x < o0, (u,v)4 = fA u(x) o v(x)dZ"x. Moreover, |ul,.,, =
lul p.u@,ry and (u,v),, = (4, v)yg,r whenevera € R", 0 < r < oo with
U(a,r) C U, see [14, 2.8.1]. These notions extend [14, 5.2.1]. If additionally, i is
aninteger withi £ 0,1 S p< 00,1 < g < 00,1/p+1/g =1, T is areal valued
linear functional on Z(U, Y), and V is an open subset of U, then

IT); v =supT[2(U,Y)N{0:|D 0],y < Landspto C V}]

and IT; p.a.r = Tl p;U(a,r) Whenevera € R, 0 < r < oo withU(a,r) C U.

Almgren’s multiple valued functions The notation for functions with values in
QoR"™™) form,n, Q € & with m < n which originate from Almgren’s work
in [5] will be introduced in Section 2 together with basic properties.

A convention Finally, each statement asserting the existence of a positive, finite
number, small (¢) or large (I"), will give rise to a function depending on the listed
parameters whose “name” is &xy or I'xy, where x.y denotes the number of the
statement. Occasionally, Ay y is also used similarly.

2. Basic Facts for Q¢ (V) Valued Functions

This section provides some basic definitions for Qo (V) valued functions, taken
mainly from ALMGREN [5] in 2.1, 2.2 and 2.4 and a proposition from [24] in 2.3.
Finally, the first variation for the varifold associated to the “graph” of a Qo (R"™™)
valued functions is given in 2.5 and 2.6.
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2.1 (see [5, 1.1(1)(3), 2.3(2)]) Suppose Q € & and V is a finite dimensional
Euclidean vector space.
Qo (V) is defined to be the set of all 0 dimensional integral currents R such

that R = Zl%l[[x,-]] for some x1,...,xp € V. A metric 4 on Qg (V) is defined
such that

9(X2 1l X2, 0i0) = min { (22,15 =y ) 7 € P(O))

whenever x1,...,xg, y1,...,yp € V, where P(Q) denotes the set of permuta-
tions of {1, ..., @}. The function 5 : Qo (V) — V is defined by

no(R) = Q7' [xd|R||lx whenever R € Qo(V).

If R = zinlllxi]] for some x1,...,x9 € V, then ny(R) = éZinlx,-. Note

Lipng = o172,
Whenever f : X — Qo(V), one defines

grathf =X xV)N{x,v):vespt f(x)}
and withg : X — Voalso f (+) g : X — Qg(V) by

(f (+) 8)(x) = (Tg(x))#(f(x)) wheneverx € X.

2.2 (see[5,1.1(9)(10)]) Suppose m,n, Q € & andm < n.
A function f : R — Qg(R"™™) is called affine if and only if there exist
affine functions f; : R — R"™" i =1, ..., O such that

fx) = ZlQ:l[[fi(x)]] whenever x € R™.

f1, ..., fo are uniquely determined up to order. Moreover, one defines

1/2
1= (Z2,1DfO)P)".
Leta e ACR"and f : A — QoR"™™). fis called affinely approximable at
a if and only if @ € Int A and there exists an affine function g : R" — Qo (R"™™)
such that

lim &(f(x), g(x))/Ix —al = 0.

The function g is unique and denoted by Af (a). f is called strongly affinely ap-
proximable at a if and only if f is affinely approximable at a and Af(a) has
the following property: If Af(a)(x) = Z?: 1[Lgi (x)] for some affine functions
g :R"™ — R"™™ and g;(a) = g;(a) for some i and j, then Dg;(a) = Dg;(a).
The concepts of approximate affine approximability and approximate strong affine
approximability are obtained through omission of the condition ¢ € Int A and
replacement of lim by ap lim. The corresponding affine function is denoted by
ap Af(a).
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2.3 The following proposition, see [24, 2.5, 8], will be used for calculations involv-
ing Lipschitzian Qo (R"™™) valued functions.

Ifm,n, Qe P, m<n, Ais L" measurable, f : A — Qg (R"™") is Lips-
chitzian, then there exists a countable set I and functions f; corresponding toi € I
such that

dmn f; is £ measurable, fi C graphy, f, Lip f; < Lip f,
card{i : fi(x) = y} = ®°(| f(¥)Il, y) whenever (x,y) € A x R"™",

in particular f is approximately strongly affinely approximable at L™ almost all
a € A and graph, f is countably m rectifiable. Moreover, for any such family of
fi there holds

ap Af(a)(v) = Z,-e](a)[[fi(a) + (v, ap Df;(a))]l whenever v € R™

for L™ almost all a € A, where I (a) = IN{i:a € dmnap Df;}, and if A is open,
then ap Af may be replaced by Af.

Definition 2.4. Suppose m,n, Q € &, m <n, A C B C R", Ais £™ measur-

able and f : B — Qo(R"™) is Lipschitzian, C;{ = dmnap Af, Co = dmn Af,
and g: B— Rand h; : C; — Rfori € {1, 2} are defined by

gx) =9(f(x), 20N forx € B,
hi(x) =|apAf(x)| forx € C;, hy(x) =|Af(x)| forx € C,.

Then one defines for 1 £ p < oo, noting 2.3,

Iflp;A = |g|P§A’ IapAflp;A = Ihllp;A9
|Af1p;a = lh2lp;a if A'is open.

Moreover, if U(a, r) C B forsome a € R",0 < r < oo, then

|f|p;a,r = |f|p;U(a,r)v | ap Aflp;a,r = |ap Aflp;U(a‘r)v
|Af|p;a,r = |Af|p;U(a,r)'
2.5 Suppose U is an open subset of R™, Y is a Banach space and T € 9'(U, Y).
Then T has a unique extension S to &(U, Y) N {6 :spt& Nspt T is compact} char-
acterised by the requirement

S(@) = S(n) whenever spt T C Int{x:0(x) = n(x)}.

The extension will usually be denoted by the same symbol, 7.
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2.6 Suppose m,n, Q € & withm < n.
Following [14, 5.1.9], the projections p € O*(n, m), q € O*(n,n — m) are
defined by

Pi) = (21,5 Zm)s A@) = @m+1s -5 2n)

whenever z = (21, ..., z,) € R". In the case where
= p*('x) +q*(y) - (-xla s 7-xm7 yla LR ] yn—m) for-x G Rm’ y e Rn_’”,

sometimes (x, y) will be written instead of z, f(x, y) instead of f(z) for functions
f withdmn f C R", and G(n, m) instead of G(R” x R"™" m).

If U is an open subset of R”, A is an .£"" measurable subset of U, f :
A — Qo(R"™™) is Lipschitzian, and f; for i € I are as in 2.3, then defining
V elv, (p’1 [U]) by the requirement

IVI(Z) = fzﬁp—l[A]GO(”f(p(Z))”a q(z)) dA"z
for every Borel subset Z of p~![U], a simple calculation shows

BVYG* 00 0p) =i/ fumn {DOC), DY (ap DF; (x)))d.L"x

whenever 6 € 2(U, R"™™); here lIJ§ denotes the nonparametric integrand at 0
associated with the area integrand W, that is \I/§ : Hom(R™, R"™") — R with

o) = (X1 A 0l?)? foro € Hom@®R”, R"™),

see [14, 5.1.9], and the convention 2.5 is used.

3. Some Preliminaries

The purpose of this section is to list several known statements for convenient
reference. This includes, in 3.1, some of Almgren’s results on QQ(RI) valued
functions obtained in [5, §1], and, in 3.2-3.14, adaptions of the approximation
techniques of integral varifolds by such functions originating from ALMGREN [5,
§3] and BRAKKE [7, §5] carried out by the author in [22-24].

Theorem 3.1. (see ALMGREN [5, 1.1(6),1.2(3), 1.3(1)(2), 1.4 (3)]) Suppose Q, 1 €
.

Then there exist P € & and maps & : QQ(RI) — RP%and o : RP2 — RPQ
such that

E(QIO]) =0, Lip& < oo, & isunivalent, Lipéf1 < 00,
Lipo <00, pop =90, imp =im§,
|D( o f)(x)] = (Lip&)|Af (x)| forx € dmnD(§ o f),

whenever f maps an open subset of R™ into QQ(RI ). In particular, a function f
mapping a subset of R™ into QQ(RI) admits an extension F : R™" — QQ(RI)
such that Lip F < T'Lip f with T = Lip& Lipo Lip&£ .
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Lemma 3.2. (see [22, A.7]) Suppose m,n € &, m <n,a € R",0 < r < o0,
V € RV,,(U(a, r)), |I8V| is a Radon measure, ®" (||V||, z) = 1 for | V| almost
allzy,a espt||V|,anda : {s:0 < s < r} — R satisfies

a(s) = ||V B(a,s) whenever0 <s <r.
Then
ym) ™t < a8V Ba, s) + ' (5)
for £V almost all 0 < s < r.

Remark 3.3. A similar statement can be found in LEONARDI and MaAsNoU [21,
Proposition 3.1].

Lemma 3.4. (see [23, 2.5]) Suppose m,n € &, m < n,a € R, 0 <r < o0,
V € RV,,(U(a, r)), |8V | is a Radon measure, ®™ (|V ||, z) = 1 for |V | almost
all z, a € spt|| V|, and

18V B(a,s) < Qym)  IVIIBa, ) ™Y whenever0 < s < r.
Then
V] B(a,s) = Cmy(m))~""s"™ whenever0 <s <r.

Remark 3.5. Both 3.2 and 3.4 are variants of ALLARD [2, 8.3]. Moreover, in view
of ALLARD [2, 5.5] one could replace RV,, by V,, in 3.2 and 3.4.

Lemma 3.6. (see [24, 3.1]) Suppose m,n € &, m < n,a € R", 0 < r < o0,
T € G(n,m), V € IV,,(U(a,r)), 8V =0, S = T for V almost all (z, S), and
R(z) =U(a,r)N{&:&E —z € T}forz e R".

Then TDJ‘[spt IV ] is discrete and closed relative to THJ‘ [U(a, r)] and

O"(|Vl,2) € & and ||[V|LR(z) =0"(|V],2)H" L R(2)
whenever 7 € spt||V].
Remark 3.7. This is a variant of ALMGREN [5, 3.6].

Lemma 3.8. (see [24, 3.2]) Suppose 1| <n € 2,0 <8 <1,0< A < 1, and
0 M < oo
Then there exists a positive, finite number ¢ with the following property.
Ifn>meP,acR,0<r<oo, TeGn,m),V elV,(Ua,r)) and

IVIU@a.r) £ Memyr™, |8V Ua.r) < ]| V][ (UGa, r))' =",
[18; = T,1dV(z, S) < e[|V U(a, r),
IVIIB(a, o) = sa(m)o™ for0 <o <r,

then
IVII(Ua, r) N {z:|Ty(z — @) > Az —al}) = (1 — Se(m)r™.
Proof. Assume M > landtakes = A, d =0,t =r,and{ =0in [24,3.2]. O
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Remark 3.9. This is a simple consequence of Allard’s compactness theorem for
integral varifolds, see for example [2, 6.4] or [31, 42.8].

Lemma 3.10. (Multilayer monotonicity with variable offset, see [24, 3.11])
Supposen, Q € Z,0<M <00,8 >0,and0 < s < 1.
Then there exists a positive, finite number ¢ with the following property.
Ifn>meP, ZCcR, TeGn,m),05d<00,0<r <00, 0<t <00,
f:7Z—R"Y

ITy(z1 — 22| = slzr — 22l | T(f(21) — f@)] = s1f(z1) — f(z2)],
f(@)—zeTNBO,d), d<Mt, d+t=<r
forz,z1,220€ Z,V € IV,,(U{U(z,r) : z € Z}), |8V || is a Radon measure,
2200 VI 2 0—1+6, [IVIU@Er) = Ma(m)r™
whenever z € Z Nspt ||V ||, and
I8V B(z, 0) < e IVII(B(z, 0)' ",
Jo.0 G Sz = T AV(E. $) < e |V B(z. 0).

whenever 0 < o <r,z € ZNspt||V]|, then
IVIU{U(f @), ) 0 (T (6 = 2)| > sl —zl}:z € Z}) 2 (Q — 8)ae(m)r™.
Remark 3.11. This is an extension of BRAKKE [7, 5.3].

Lemma 3.12. (see [24, 3.12]) Suppose m,n,Q € P, m < n, 0 < §; < 1,
0<HS1L,0Ss<1,0Ss50<1,05M <00, and0 < A < 1 is uniquely
defined by the requirement

(50)2 )m/ZAm
1 — (s0)? '

Then there exists a positive, finite number & with the following property.
IfZCR, TeGn,m),0<d<00,0<r<00,0<t<o00¢eR"

card Ty [Z] =1, ¢eTNBO,d), d<Mt, d+t=r,
V e IV,,(U{U(z,r) :z € Z}), I8V || is a Radon measure,

O"(|Vl,z) e & forze Z,
>.c70"(IVIL2) =0, |IVIIU(zr) £ Ma(m)r™ forz e Z,

(=222 = (1= 8) + (

and whenever 0 < o <r,z € Z
I5VIB(z.0) S [VIB(z. o))"/,
fB(z,g)xG(n,m)lSD —Ty|dV(, S) S ¢||[VIIB(z,0)
satisfying
IVIU{UG +¢.0) N {E < |Ty(§ — 2)| > s0lé —zl}:z € Z})
S (Q+ 1 —=8)a(m)™,

then the following two statements hold:
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(1) If0 <t < At, then
IVI(UBG. 7):z € Z}) < (Q + sna(m)T”.
) If&é € R with dist(&, Z) < At/2 and
IVIBE, 0) = sra(m)o™ for 0 < o < 81 dist(§, 2),
then for some 7 € Z
Ty —2)| = 1€ —zl.
313 (see [24,3.13) Ifm,n € &P, m <n,and S, T € G(n, m), then
L= [ A (TIS)|* £ mI Ty = Sy12.

Lemma 3.14. (Approximation by Qo (R"™") valued functions, see [24, 3.15])
Suppose m,n, Q € Z, m <n 0 <L <00, ] M <00, and0 < § <1
fori €{1,2,3,4,5} with8s < Qy (m)m)™™ /a(m).
Then there exists a positive, finite number & with the following property.
If0<r <00,0 <h <00, h > 284r, T = imp*,

U=R®R"xR""™N{(x,y):dist((x, y), CO, r, h, T)) < 2r},
V eIV, (U), |6V | is a Radon measure,

(Q — 1+ dpa(m)r™ = |[VI(CO, r, h, T)) = (Q + 1 = d2)ee(m)r™,
IVI(CO, 7, h 4 84, T) ~ C(0, r, h — 2847, T)) < (1 — 83)ee(m)r™,
IVIIU) = Ma(m)r™,

0 < 8 < &, B denotes the set of all z € C(0, r, h, T) with @*"(||V||, z) > 0 such
that

either |8V || B(z,0) > 8 |VIIB(z, o) ™™ for some 0 < o < 2r,
or fB(z,g)xG(n,m)'SU —Ty|dV(,S) > 8§ IVIIB(z,0) forsome0O <o < 2r,

A=C(T,0,r,h)~B, A(x) = AN{z:p(z) = x} for x € R™, X is the set of all
x € R" N B(O, r) such that

2 eaw®@"UIVIL2) = Q and O"(|V,2) € P U{0} forze Alx),
X is the set of all x € R™ N B(0, r) such that
Dern@"UVIL2) =0 —1 and O"(|V|,z) € ZU{0} forze Ax),

N =R"NB@O,r)~(X1UX2), f: X1 = QoR"™™) is characterised by the
requirement

Q" (|VI,z) = Ol f (), q(z)) whenever x € X| and z € A(x),
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and H denotes the set of all z € C(0,r, h, T) such that

18V U(z, 2r) < & ||VI|(U(z, 2r)) =1/,
Juc2nxGum S = Tl dVE. S) S e VIV, 2n),
IVIIB(z. 0) 2 dse(m)™ for0 <o <2r,

then the following six statements hold:

(1) £™(N)=0.
(2) A and B are Borel sets and

q[ANspt[VI[] C B0, h — é4r).

(3) The function f is Lipschitzian with Lip f < L.
(4) For L™ almost all x € X the following is true:
(a) The function f is approximately strongly affinely approximable at x.

(b) If (x,y) € graph, f then
Tan™ (| V]|, (x, y)) = Tan (grath ap Af (x), (x, y)) e G(n, m).

(5) Ifz € H, then |q(z)| £ h — 84r and for x € X1 N B(p(z), A5)r) there exists
& € A(x) satisfying

©"(|VI.&) € 2 and |T,"( —2)| £ L|Ty( - 2)l,
where 0 < A5y < 1 depends only on m, 8, and 84. Moreover,
ANspt|VlC H and HNp~'[X(]= graph, f.
©) (L™ +ps(IVI H)) ((Clos X1) ~ X1) = 0.

Proof. Assume r = 1. First, note that the sets Y and Z defined in the last paragraph
of the proof of [24, 3.15(1)(2)] equal X and X, and are shown there to satisfy
LB, 1) ~(X UY)) = 0. Hence part (1) is evident and the parts (2), (3), (4a),
(5), and (6) correspond to parts (2), (1), (7a), (4), and (5) of [24, 3.15] respectively.
Finally, part (4b) is implied by [24, 3.15 (7b)] in conjunction with the last statement
of [24,3.15(4)]. O

Lemma 3.15. Suppose k,m,n € &, m < n,a € R",0 <r < oo, and u :
U(a, r) — R"™™ is of class k.
Then

k i i k| nk —
Zi:orllDluloo;a,r § F(I‘ |D uloo;a,r +r mlull;a,r)
where T is a positive, finite number depending only on k and n.

Proof. Assuming r = 1, this is a consequence of Ehring’s lemma, see for example
[35, Theorem1.7.3], and Arzela’s and Ascoli’s theorem. 0O
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Lemma 3.16. Suppose m,n € £, m < n,a € R", 0 <r < oo, andu €
Wh2(U(a, r), R"™™).
Then there exists h € R"™" with

lu — h|2;a,r § FrIDM|2;a,r
where T is a positive, finite number depending only on n.

Proof. This is Poincaré’s inequality, see for example [17, (7.45)]. O

4. A Coercive Estimate

In the present section two improved versions of BRAKKE’S coercive estimate
in [7, 5.5] are derived in 4.10 and 4.14. First, some computations for the catenoid
are carried out in 4.2 which are used in 4.13 to rule out a certain generalisation of
the coercive estimate. Then, some basic facts about approximate differentiability
with respect to the weight measure of a varifold are given in 4.5 which are needed
to construct a cut-off function in 4.7. Finally, the coercive estimate for rectifiable
varifolds satisfying a lower bound on the density is proven in 4.10 and a simpler
version for general varifolds is indicated in 4.14.

4.1 The following estimates from ALLARD [2, 8.9 (5)] will be frequently used:
Suppose m,n € &, m <n, T € G(n,m) and n1, n2 € Hom(S, S1). If

Si={z+n@:z€S8} fori =1,2,
then

1(SD: = (S2):ll = llm — n2ll,

(1= 1Sz = S:lP) I — m2ll* = (1 + [m2lI?) 1(SDz — (2511
Example 4.2. Suppose m =2,n =3,and f : RN{r:1 <1 < oo} — Ras well
as N, T, and Pg are defined by

f@)=log (t + (> = DY?) for1 <t < oo,

N=R’N{z:|q@)| = f(p@D}, T =imp*
Pr =R3*N{z:|q(z)| = log(2R)} for2 < R < oo.

Then there exists a universal, positive, finite number I" with the following two
properties:

(D) Jrsnpo.r) | dist(z, PR)|?d(A#?_N)z STR?* for2 < R < co.
) Jrero.r) | Tan(N, 2); — T.>d(#? L N)z 2T 'logR for2 < R < cc.
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Construction of example. First, note

1 t
t+(t2—1)]/2.<1+(t2—1)]/2) for 1 <t < oo,

hence (I')~'+~! < f/(t) £ 117! for 2 < t < oo and some universal, positive,
finite number I'y, in particular Lip fIRN {s:s = 2} < oo.
To prove (1), one estimates

@) =

Jero.r) ~ 02 distz, PR)*d(#2 L N)z < Ta(ar + az)
where I'; is a universal, positive, finite number and

ay = fB(O,R) NB(0’2)| log(2R) — log(2|x|)|2 d$2X,
@ = [po.p) ~Bo0.2) 102D — F(IxD? d.L7x.

Concerning ay, note
ar =27 [ [og(t/R) Pt ALt < 27 R2 [ |log(1) %1 L1 < o0,

To estimate ay, define 7 : RN {r:t >0} — R by h(t) = 12 and note for
25t <

|log(21) — log( + (* — 1)'/?)] < Lip(log[R N {s:5 = )|t — (¢* = 1)!/?|
<t 'Liph RN {s:s = (2 = DY <2712 — 1)~ 12 <2722,

hence ap < 7Tf2Rl_3 d.Z't < /8. Together, the estimates for a; and a> yield (1).
By 4.1, it follows

ITan(N, 2); — Toll < f'(Ip2)) £ T1lp2)| ™"
forz € N~C(T,0,2), hence by 4.1 with S, Sy, S, replaced by T, Tan(N, z), T,
| Tan(N, 2); — Ty| Z [ Tan(N, 2); — Tyl = f'(Ip(2)))/2 = @)~ ' p2) ™
forz € N~ C(T,0,2T'}). Noting for2 < R < o0
f() < f(R)<2R for1 <t <R, NNC(T,0,R) C R®*NB(0,3R),
this implies for 2 sup{I'{, 1} £ R < oo that

Jrorsosr)| TN, 2); — To* d( L N)z
> fC(T,O,R) ~c(r.0.ory| Tan(N, )y — TnI2 A2 L N)z
> @r) 2 for, 171 d2" = @) "2 log(R/(2I)).

Since [panp(0.2) | Tan(N, 2)y — Tx[> d(A L N)z > 0, one infers (2). O
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4.3 The following situation will be studied: m,n € Z,m <n,1 < p < oo, U is
an open subset of R", V € V,,,(U), ||§V | is a Radon measure and, if p > 1,

BV)(g) = —fgz eh(V;z)d||V|z whenever g € 2(U,R"),
h(V;) e L,(IV]l. K,R") whenever K is a compact subset of U.

If p < oo then the measure  is defined by
vy =8Vl ifp=1, ¢ =hV;)"IV] ifp> 1.

4.4 Suppose m, n, p = 1, U and V are as in 4.3. Then 8V € 2'(U, R") will be
extended to L1 (||6 V||, R") by continuity with respect to |6V || (1) and (8V)(g) will
be used to denote this extension for g € L{(||§V ||, R") as in [14, 4.1.5].

Lemma 4.5. Suppose m,n € 2, m < n, U is an open subset of R", and V €
RV, (V).
Then the following four statements hold:

() If f : U — Ris||V| measurable and A denotes the set of all z € U such that
fis (IVIl, m) approximately differentiable at z, then A is |V | measurable
and (| V||, m) ap Df (z) o Tan" (|| V||, z)y; depends ||V || . A measurably on z.

(2) If f : U — Ris Lipschitzian, then f is (|| V||, m) approximately differentiable
at ||V almost all z.

3) If fi : U — R is a sequence of functions converging locally uniformly to
f U — Randsup{Lip fi :i € &} < 00, then

J{g@, (IVI,m)ap Dfi(2)) dIVliz — [{g(2), (IVIl,m)ap Df (2)) d||Vliz

as i — oo whenever g € L1(||V|, R") with g(z) € Tan™(||V |, z) for |V ||
almost all z.

@) If f : U — R" is a Lipschitzian function with compact support in U and
I8V || is @ Radon measure, then (see 4.4)

8V(f) = [S; e ((IVIl.m)ap Df (2) o S) dV (z, S).

Proof of (1) and (2). Since |[V||(UN{z:O®*"(||V|,z) = oo}) =0,asetBis| V]|
measurable if and only if B N {z: ®@*"(||V||, z) > 0} is 5™ measurable by [14,
2.10.19(1) (3)]. Hence (1) and (2) follow from [14, 3.2.17-19, 3.1.4, 2.10.19(4),
299]. O

Proof of (3). Clearly, the assertion needs to be verified only for elements g of
some subset X of L (]|V|, R") whose span is ||V]|(1) dense in L;(||V],R") N
{g:g(z) € Tan" (|| V||, z) for z € U}. Therefore, one may first assume ||V| =
™ LW for some (S, m) rectifiable and 27" measurable subset of U by [14,
3.2.19,2.10.19(4), 2.9.9] and then m = n, |V | = Z™ by [14, 3.2.17-20, 3.1.5,
2.9.11]. This case can be treated with X = Z(R™, R™) using partial integration.
O

Proof of (4). (3) readily implies (4) by means of convolution. O
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Remark 4.6. Concerning the possible use of (|| V||, m) approximate differentials
for a similar purpose, see FEDERER [15, §2, p. 415]. Also, an argument similar to
the proof of (3) and (4) is indicated in HUTCHINSON [18, p. 60].

Lemma 4.7. Suppose m, n, p, U, V, and ¥ are as in4.3, p <m, V € RV, (U),
O"(||V|,z) 2 1 for |V almost all z, K is a compact subset of U, 0 < § < %,
and H is the set of all z € spt ||V || such that

IVIB(z,r) = 8" (y(m)m)~"r"™ whenever 0 <r < oo, B(z,r) C K.

Then there exists a Baire function f : U — RN {r:0 <t < 1} satisfying for
g€ ZU.R"

R'N{z: f(x) #0} C K, [IVIWUN{z:f(2) #1}~H) =0,
fis (|VIl, m) approximately differentiable at ||V || almost all z,
[S:0Dg(2) f(2)dV(z, ) =8V (fg) — [(S:(2(2)), ap Df (2)) AV (z, S),
IVl (lap DS 1) < 8(400)" ¥ (K)'/7,
IVIW N {z: f(z) #0h < Ty (K)™/ =),
(see 4.4) where T = ((400)™ y (m)m)"P/m=p),

Proof. Let B = (U~ H) N {z:O7(||V|,2) = 1} and assume B # @. First, the
following assertion will be shown: Whenever z € B there exists 0 < t < 0o such
that B(z, 10t) C K and

VB, 100)1/7 < §(400)™ ¥ (B(z, 1)\/?,
IVIB(z, 10t) < T ¢ (B(z, 1))/ "—P).

For this purpose, choose 0 < r < oo with B(z,r) C K and
IVIB(z,r) = 8" (y (m)ym)~"r",
let P denote the set of all 0 < ¢ < r such that
[VIB(z, 1) = (208)" (y (m)ym) "™

and Q the setof all 0 < t = 55 such that {s:7# < s < 20t} C P. One notes for
A SsSr
20 =° =

sTMIVIB(z, ) = 20)"r |V B(z, ) = (208)™ (y (m)m)™",

hence 57 € Q. Let o = inf Q and note ¢ > 0 since 205 < 1 and (y (m)m)™" <
a(m). Clearly, {s : 0 < s < 200} C P. Also, whenever o < s < 200

sTIVIB(z, 8) 2 20" " VIB(z, @) = 8™ (y (m)m)™™

because ¢ € Clos({s:s < o}~ P).
Definea : {s:0 <s<r}—-RandB:{s:0<s <r} — Rby

a(s) = |V B(z,5), B(s)=vB(z,s)"7
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whenever 0 < s < r. Then by 3.2
ym)~' < a@)/" T 8VIB(, 5) + ()
for £ almost all 0 < s < r, hence by Holder’s inequality
(mym) ™" < a)/" VP B(s) + @'/ (5)

for #! almost all 0 < s < r. This inequality implies the existence of o < 1 < 20
satisfying

1~ (106)1/7 < §(400)" B(1);

in fact if this were not the case, then for ! almost all 0 < s < 2p, recalling
{s,10s} C P,

(ymm)~ = @™ (s) < a(s)/"1P400) s s (105) /P
< (1/2)(ymym) ™1,
208) (y (m)m)~" < (1/2)(p (m)m)~" < (@™ (s),

hence, using /" (0) = (208)(y (m)m)~' o and [14,2.9.19] or[1, 3.29], one would
obtain for p < s < 2p

a!Ms) 2 @M e) + @™ (1) d Lt > @08)(y mym)~'s. s ¢ P.
The second part of the assertion now follows, noting 10 < 20p, from

IVIIB(z, 10e) /P < =15~y mym |V Bz, 100)'/P
< (400)"y (m)m ¥ (B(z, 1))"/7.

By the preceding assertion and Vitali’s covering theorem, see for example [14,
2.8.5] or [31, 3.3], there exist a nonempty, countable set / and z; € B,0 < t; < 00
and u; : U — R fori € I such that

u;(z) = sup{0, 1 — dist(z, B(z;, 5¢;))/t;} forz e U,i e,

sptu; C B(z;,10;) C K fori € I,

B(zi, ;) NB(zj,t;) =¥ wheneveri, jel,i # ],

IV 1l (1 ap Dui) < 8(400)™ ¥ B(zi, ;)7

IVIIBzi, 106) < Ty Bz, )" "7,

B C U{B(Zi, 5t):i € I}.
Define vy : U — R by

vy(z) =sup({0}U{u;(z):jeJ}) forzelU

whenever J/ C I,and f = v;.Note 0 £ f < 1 and

u;(z) =1 whenever z € B(z;,5t),i €1, f(z) =1 forz e B.
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Noting 4.5 (2) and defining g = sup{|ap Du;|:i € I}, one estimates for J C [

VIl ()7 < Sics IV Iy (| ap Dui )P
< 87(400)"7 S ¥ Bzi, 1) < 8 (400)"Pyr (K),
IVIW N {z: £) > v (D))
< i IVIBGE, 106) ST Y, v Bz, ;)™ =P
ST (ier~ ¥ B, )" " P < Ty k) on,

Choose a sequence J (k) with J(k) C J(k+ 1) C I, card J(k) < oo fork € &
and (J{J (k) :k € &} = I. Then

IVIHU NN {{z: f2) > viw @)}k e 2}) =0,
hence f is (|| V||, m) approximately differentiable at || V|| almost all z and

sup{|ap Dv;x)(2)|, |ap Df (2)|} = g(z) for ||V almost all z,
VI (ap Dvygy —ap Df|) - 0 ask — oo

by [14, 2.10.19(4)] or [31, 3.5] and 4.5(1). The integral formula holds with f
replaced by v« for k € & by 4.5(4), hence, taking the limit k — oo, also for f.
O

Remark 4.8. The function f cannot be required to be continuous at ||V || almost
all z. To prove this let mp/(m — p) < n <oo,n =m+ 1, U = R", apply [23,
1.2] with @1q1 = apg2 = n to obtain u and T and define V by the requirement
IV = w. Take & € T with @™ (¢, &) = 0; the existence of such & follows from
[14, 2.10.19(4)] or [31, 3.5] as ¥ (T) = 0. (Alternately, it follows from the esti-
mates in [23, 1.2] that one can take any § € T.) Let 0 < r < 1 and K = B(§, 2r).
One verifies the existence of ¢ > 0 depending only on V, §, 1, and m such that

BE,r)N{z:0 <dist(z, T) e} NH =@.

Therefore any such function f would have to satisfy f(z) = 1 for || V|| almost all
z€ T NUE,r), hence

IVIU N{z: f(z) # 0} = a(m)r™

which would be incompatible with the last inequality of 4.7 for small r even if '
would be allowed to depend additionally on V and é.

49 Ifa 20,b>20,c > 0andd > 0 then

inf{ar® + bt :0 < t < 00} = ((d/c)/ T + (d/c) I/ HD) g/ (D pe/(cHd)
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Lemma 4.10. Suppose m, n, p, U, V, and r are asin4.3, p <m, V € RV, (U),
O"(||V|,z) Z 1 for | V| almost all z, K is a compact subset of U, H is the set of
all z € spt || V|| such that

IVIB(z,r) = (40) " (y (m)ym)™"r"™ whenever 0 < r < oo, B(z,r) C K,
e °U0),0<p < 1,sptp CK, 1<g=o00 1/p+1/qg =1, acR"
T € G(n,m), h : U - Rwith h(z) = dist(z —a, T) for z € U, and

172
a=y()"", p=([e@S:~ LAV )

y = @IVl H)y)(h) ifq < o,
y =suplh(z):z € spt||VI, ¢ (z) > 0} ifg = oo,
£=(|VIl. H)o)(ID@|h).

Then
132 < F(amp/(m—l?) + (ay)l/(l/p+l/q)) + (16 + 4m)§2
where T is a positive, finite number depending only on m, p, and q.

Proof. Assume a = 0, hence h(z) = |THJ- (z)| for z € U. Use 4.7 with § = % to
obtain f and define Vi, V> € RV, (U) by

Vi(A) = [, f(2)dV(z,S) forA CU x G(n,m)
and V, =V — V. Using [14, 2.10.19(4)] or [31, 3.5], one remarks

f(@) =1landap Df(z) =0 for ||V]| almostallz € U ~ H,
[o@2%18; — T, dVi(z, §) < 4mTy7(m, p) o™/ =P,
[6Vall = (1 = OISV + [ap DFIIVIL VIl (I ap DfI) = (400)™ .

Defining g = ¢2(TUJ-|U ), one obtains

(1S, — Ty)* dVa(z, ) < 4/(8Va)(g)] + 1682

asin [7,5.5].If 1/p 4+ 1/q = 1, then the conclusion is a consequence of the pre-
ceding remarks and Holder’s inequality. Therefore, suppose 1/p + 1/ > 1, hence
p <ooandg < oo.

Letting0 <7 < 00, r =1 —¢q(1 —1/p), and defining n : {s:0 < s < o0} —
{s:0<s <1} by n(s) =inf{l,zs7"} for 0 < s < o0, one observes 0 < r < 1
and

0 <sn(s) <ts'™" whenever 0 < s < 00,
lsn’ ()] + |1 = n(s)] <1 whenever 1'/" < s < 0.

Moreover, defining n; : U — R", ny : U — R" by

Mm@ =n(T-@DT @), m@ =0 - (T @)
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whenever z € U,
Zi=Un{z:0 <h(z) <t'"}, Zy=Un{z:t"" < h(2)},
one notes 11 + 1y = T:J-lU and computes

TDL(Z) oV

N L L ERRC—
(v, Dip(2)) = =1 (IT;- (@) X0

T, @) + (= (T @I T (v)

for z € Zp, v € R", hence
[Dn2(@) =1 forz € Zp
and forz e U
Mm@ < th)'™ ifr <1,  Im@I < ifr=1
Letting g1 = ¢*11, g2 = ¢p*n2, one notes g1 + g2 = g and infers |g1| = ¢2|n1l,

IDg2(2)|l < 26(2)| D (2)|h(z) + ¢ (2) | D2 (2) |
< 2¢%(2) + DO (2)h(2)* < 2¢°(2)t ™9 h(2)? + | D¢ (2)|*h(z)?

forz € Z,. Since Dgs(z) = Oforz € Zy and ¢, D¢, and h are continuous, approx-
imating g1 and g> by smooth functions yields that [(§V2)(g)| does not exceed

HI8Vall(@*h' ™) + mlVall(26~47¢%h? +|DGIPh?) if r < 1,
HI8VaIl @) + mVall (27962hY + |DGPA?) if r =1,

hence, using Holder’s inequality and recalling the remarks of the first paragraph,
one obtains

1(8V2) ()] < 1(800)"ay ' ™" + 2mt =17 y9 4+ mg?  ifr < 1,
1(8V2) ()| < 1(800)"a + 2mt 999 + mE> ifr = 1.

The conclusion is now a consequence of 4.9. 0O

Remark 4.11. Using the inequality relating arithmetic and geometric means (see
[14, 2.4.13]), one obtains for 0 < A < oo

1/(1/p+1/q) < 2(/p+1/g9)—1 =T 1 2
(ay) /(1/p+1/q < W(a/A)ZU/PH/W T4 W(Ay) .

mp

Note, concerning the exponentof «r,if 1 /g = 1/2—1/m, then Wzl/q)—l = ey

Remark 4.12. The estimate for |(§V»)(g)| is adapted from BRAKKE [7, 5.5] where
pe{l,2}and g = 2.

Remark 4.13. One cannot replace /4 by the distance from two planes parallel to 7',
as may be seen from the estimates for the catenoid in 4.2 considering R — ©oo.
This behaviour is in contrast to the Sobolev Poincaré type inequality in [24, 4.4].
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Lemma 4.14. Suppose m, n, p, U, and V are as in 4.3, ¢ € 2°U), ¢ = 0,
1£g< o0 1/p+1/g=21,aeR, T eGn,m),h:U— Rwithh(z) =
dist(z —a, T) for z € U, and

a=[8VI@*) ifp=1 a=@ IVI)phV:)) ifp>1,
B= (6@~ T,2dV(z. 9)) &=V (DgIh),
y =@ V) ifg<oo, y=(@[8VIDo(h) ifq=oco.
Then
B> < T(ay)/VPHVD 4 (16 + 4m)&>

where I is a positive, finite number depending only on m, p, and q.

Proof. The proof of 4.10 has been designed such that a proof of the present asser-
tion results when the arguments involving the function f are omitted. O

5. Approximation by Qo (R"~") Valued Functions

The purpose of this section is to establish the necessary adaptions and exten-
sions of the approximation by Qo (R"~™) valued functions carried outin [24, 3.15].
This is done in 5.7 (1)—(8) and supplemented by a basic estimate concerning the
partial differential equation satisfied by the “average” of the approximating func-
tion in 5.7(9), leaving the estimates more directly related to the purposes of the
present paper to Section 9. The results are based on those in [24, §3]. To effectively
treat measurability questions the concept of universal measurability is recalled in
5.1-5.5.

Definition 5.1. A subset of a topological space X is called universally measurable
if and only if it is measurable with respect to every measure ¢ on X which has the
property that all closed sets are ¢ measurable.

A function between topological spaces is universally measurable if and only if
every preimage of an open set is universally measurable.

Remark 5.2. Among the basic properties of the concept of universal measurability
are the following:

(1) The universally measurable sets form a Borel family containing the Borel sets.
(Note that “Borel family” is termed “c-algebra” in [31, 1.1] and “tribe” in [9,
111, §01.)

(2) The preimage of a Borel set under a universally measurable function is uni-
versally measurable.

(3) The preimage of a universally measurable set under a Borel function is uni-
versally measurable.

(4) If X is a complete separable metric space, A is a Borel subset of X, Y is
a Hausdorff space and f : X — Y is continuous, then f[A] is universally
measurable.
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(1) is evident and implies (2), (3) is readily verified by means of [14, 2.1.2] and (4)
is a consequence of [14, 2.2.13].

Example 5.3. The following classical example illustrates the use of 5.2 (4) in the
proof of 5.7 (6). There exists a Borel subset A of R? and an orthogonal projection
f : R? — Rsuch that f[A] is not a Borel subset of R. A proof may be obtained
by appropriately combining the results in [14, 2.2.9,11].

Remark 5.4. The present definition can be shown to be a special case of the concept
introduced in [9, II1.21].

Lemma 5.5. Suppose X is a complete, separable metric space, Y is a Hausdorff
topological space, f : X — Y is continuous, B is a Borel subset of X, and
g:B — {t:0 =t < oo} is a Borel function.

Thenh : Y — {t:0 <t < 00} defined by

h(y) = Z g whenevery €Y
BNf=1[{y)]

is universally measurable.

Proof. One may adapt [14, 2.10.10, 2.3.2(4)—(6), 2.3.3] by use of 5.2(1)(4) to
obtain the conclusion. 0O

Lemma 5.6. Suppose X, Y are normed vector spaces, f : X — Yisofclass1,a €
X,0<r<oo, Qe P x;€Ba,r)fori=1,...,0,andy = Lip(Df|B(a, r)).
Then

1 2 1 <
E;f(xi)—f 5;& < yri.
Proof. Let P : X — Y by defined by P(x) = f(a) + (x —a, Df(a)) forx € X.
Then for x € B(a, r)
1f(x) = P)| =|(x —a. [y Df (a+1(x — a) — Df (@) dL"1)| < (v/2)r%.
Since ]E Z?:l P(x;) = P(Q~! Z,Q:1 x;), this implies the conclusion. O

Lemma 5.7. Supposen, Q € 2,0 <L <00, | £ M < o00,and 0 < §; < 1 for
i €{1,2,3,4,5}
Then there exists a positive, finite number & with the following property.
Ifme P, m<n0<r<oo0<h<o0, h>284r, T=imp*

U=R®R"xR""™N{(x,y):dist((x, y), C(T,0,r, h)) < 2r},
V eIV, (U), |18V | is a Radon measure,

(Q — 1+ dpa(m)r™ = |[VI(C(T, 0,7, ) = (Q + 1 = 82)a(m)r"™,
[VI(C(T, 0,7, h 4 84r) ~C(T,0,r,h —284r)) < (1 — 83)oc(m)r",
IVIU) = Ma(m)r™,
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0 < 8 < &, B denotes the set of all z € C(T, 0, r, h) with @ (||V ||, z) > 0 such
that

either ||8V||B(z,0) > 8 |VIIB(z, o) ™™ for some 0 < o < 2r,
or fB(z,g)xG(n,m)'Sﬂ —Ty|dV(,S) > §IVIB(z,0) forsome0O <o < 2r,

A=C(T,0,r,h)~B, A(x) = AN{z:p(z) = x} for x € R™, X is the set of all
x € R" N B(O, r) such that

D can@" VI, 2) = Q and O"(|V],z) € U{0} forz e A(x),
X is the set of all x € R™ N B(0, r) such that
2eam@" VL) = Q—1 and O"(|VI,2) € ZU{0} forz € A(x),

N =R"NBO,r)~(X1UX2), and f : X1 — QoR"™™) is characterised by
the requirement

0" (|VI,z) = (")O(||f(x)||, q(z)) whenever x € X1 and z € A(x),

then the following nine statements hold:

(1) X1 and X are universally measurable, and ™ (N) = 0.
(2) A and B are Borel sets and

q[ANspt[VI[] C B0, h — é4r).

(3) plAN{z:@"(IVI,2) = Q}] C X1.

(4) The function f is Lipschitzian with Lip f < L.

(5) For L™ almost all x € X the following is true:
(a) The function f is approximately strongly affinely approximable at x.
(b) If (x,y) € graph, f then

Tan™ (|V ||, (x, y)) = Tan ( graphy ap Af (x), (x, y)) € G(n, m).
(6) IfaeC(T,0,r,h),0<o0=r—|p@)l lq@)l+ds0 = h, and

B(l,g = C(T7 aa Qa 84@) m B9
Ca,Q = B(P(Cl), Q) ~(X1 Np[Ba,Q]),
Dg,o = C(T,a,0,80) N p_l[Ca,g]a

then B, , is a Borel set and Cy , and D, , are universally measurable.
(7) Ifa, 0, Bu,p, Ca,p, and Dy, are as in (6) and

grath le(p(a)v Q) - C(T, a, o, 84@/2)7
IVIC(T, a, 0, 840)) = (Q — 1/Ha(m)o™,

then
LM (Ca0) + IVII(Dayo) Ty IVII(Ba,o)
with 7y =34+ 20 4 (120 + 6)5™.
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(8) Suppose H denotes the set of all z € C(T, 0, r, h) such that
18V UGz, 2r)  e[[VII(Uz, 2r))' 1™,
JueamxGam!S: = T:1dV(z, 8) £ e[|V Uz, 2r),
[VIIB(z, 0) 2 dsa(m)o™ for0 <o <?2r.

Then there exists a positive, finite number £y depending only on m, 8, and
84 with the following property:

Ife e R"NUO.7), 0 < 0 7 —lcl, Z"Ble.0)~X1) < ealm)o”,
W+ P C C(T,p*(c), 0), forevery z € P and x € B(c, o) there exists y with
(x,y) € Pand|y — q(z)| £ |x — p@)|, and d : C(T, p*(c), 0, h) — R and
g : X1 NB(c, 0) — R are defined by

d(z) = inf{|q€ —2)|:& € P, p(§) =p(2)} forz € C(T,p*(c), 0. h),
g(x) =sup{d(x, y):y €spt f(x)} forx € XiNB(c, o),
then Lipd < 212, Lipg <221 + L), and
(IVIIeHNCT, p*(c), 0. h) ) (@)
ST Q((L™" LB, 0) N X1) ) (8) + L B(c, o)~ X1)/4H/™)

whenever 1 < g < oo, where I'g) is a positive, finite number depending only
on m.
9 Ifa, 0, Cag Da,o areasin (6),

grath f|B(p(a)v Q) C C(T, a, o, 84Q/2)7

g R" - R"™ Lipg < oo, g|X1 = ng o f, T € HomR",R"™"),
0 € ZR",R"™), ne 2°R"™),

spt0 C U(p(a),0), 0=n(y)=1 foryeR"™,
sptn C U(q(a), 840), B(q(a),840/2) C Int(R"™™ N {y:n(y) =1}),

and V¥ denotes the nonparametric integrand associated to the area integrand
W, then

|0 [(D6(x), DW(Dg(x)))dL™"x — (8V)((noq) - (q* 06 op))]
< y1Qm'?Lipg e, |DO|dL"
+ 12 5, ~cpp PO ap Af (0) () (—T)* AL
+m'2 [, Do) (@ 0bop)|d|V],
where

y1 = sup || D*Wg | [B(O, m"/* Lip g)]1.

ys = Lip (D*W§ B0, m'2(L + 2||7|]))),

Eqo =B(p(a).0) N X1 N {x:0°(|f(x)]. g(x)) # Q}.
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Choice of constants. One can assume 2L < §4 and 85 < Qy(m)m)™"™ Ja(m)
whenever m € & withm < n.
Choose 0 < s9p < 1,0 < s < 1 close to 1 satisfying

(sg° = D> =64/2, (77— DY? < min{84/4, L)
and define ¢ > 0 so small that
1—ne2 2172, (1—ne>)(Q—1/4)=20—1/)2

and not larger than the infimum of the following numbers corresponding tom € &
withm < n

e31a(m,n, Q, L, M, 81,8,83,84,85), (y(m))~",
e310(n, Q + 1, M, inf{8,/2, Qy (m)m)™™ Ja(m)}, s) e3.10(n, Q, M, 1/4,5),
e312(m,n, 1,82,0,s0, M).

Clearly, § satisfies the same inequalities as € and one can assume r = 1. O

Proof of (1)(2)(4)(5). By 3.14(2), 5.2(2) and 5.5 the sets X and X, are univer-
sally measurable. Hence the assertion follows from 3.14(1)(2)(3)(4). O

Proof of (3). Let n = inf{8>/2, Qy(m)m)~"" /a(m)}, consider z € A with
0" (|IVll,z) = Q, Z = A(p(z)), note, using (2), that

UE - p*(p(@), DN {ic: | Tk — &) > sk — &[]} € C(T, 0, 1, h)
for & € A(p(z)) and apply 3.10 with

Q,8,d,r,t,and f
replaced by QO + 1,7, 1,2, 1, and T_p+(p(;))| Z

to obtain ZSEA(p(Z)) O (IVI, &) < Q + n, hence 3.4 implies (3). O

Proof of (6). Recalling (2), the set p[By ] is universally measurable by 5.2(4),
hence Cy o, Dy, , are universally measurable sets by (1) and 5.2(1)(3). O

Proof of (7). Let v denote the Radon measure characterised by
v(Z) = [N, @IDHIAV(z, S)
whenever Z is a Borel subset of U, and note
|S; — T:| < ¢ for V almostall (z, S) € A x G(n, m),

hence 1 — [A,, @I = 1 — A, (TLI? < me? for those (z, S) by 3.13.
Therefore

A—meH)||V|LA < vLA.
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This implies the coarea estimate

(1 —me*) IV (C(T, a, 0, 810) N p~ ' [W1)
SAVI(Bao NP W] + 02" (X1 N W) + (0 — DL (X2 N W)

for every subset W of R™; in fact the estimate holds for every Borel set by the
coarea formula, see for example [14, 3.2.22(3)] or [31, 12.7], and px(|| V|| L B4 o)
is a Radon measure by [14, 2.2.17]. In particular, taking W = B(p(a), o) yields

(1= meM)|[VI(C(T, a, 0.840)) < IV[|(Ba,p) + Qa(m)o™,
thus one can assume, since 8Q + 6 < I'(7), that
IVII(Bag) S ge(mio™.
Next, it will be shown that this assumption implies
ZL"(X1 NB(p(a), 0)) > 0;
in fact, using the coarea estimate with W = B(p(a), o), one obtains

(Q — 1/2)a(m)o™
< (1 —=me)|VI(C(T, a, 0, 840))
S IVI(Ba,p) + QL™ (X1 NB(p(a), 0)) + (Q — L™ (X2 NB(p(a), 0))
< (0 - 1/2a(m)e™ + L™(X1 NB(p(a), 0)) — 3.2 (X2 NB(p(a), 0)).
L™ (X2 NB(p(a), 0)) < 4.2™(X1 NB(p(a), 0)), L™(Xi NB(p(a),0)) > 0.

In order to estimate £ (X> N B(p(a), 0)), the following assertion will be proven.
If x € Xo NB(p(a), ) and O" (L™ LR™ ~ X5, x) = 0, then there exist { € R™
and 0 <t < oo with

x € B(Z,1) CB(pa),0), L" B, 51) 65" ||V[(BaoNp~ ' [BE,1)]).
Since 2" (X1 N B(p(a), 0)) > 0, some element B(¢, t) of the family of balls
{B((1 —6)x +0p(a),00):0 <6 < 1}
will satisfy
x € B, 1) CB(P@a),0), 0<L"(XiNBE, 1)) < 1L (X2NBE, ).
Hence there exists n € X1 NU(¢, t). Noting for & € A(n) with @ (||V,€) > 0

U(tpsc—n)(©), 1) Cp B, D], £ €sptf(n) CB(qla), 810/2),
(72 = D"2p(c — &)| < 8a2/2 < 840/2 fork € p~'[B(, 1)1,

the inclusion

U(tpec—p (), ) N {ic: [plec — §)] > slc — €]} C C(T, a, 0, 820) N p~ ' [B(, 1)]
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is valid for such & and 3.10 can be applied with

8,Z,d,r,and f replaced by
1/4, A N{E: @™ (I VII, §) > 0}, 1,2,
and Tpc—p|A() N{E: O™ (V] §) > 0}

to obtain
(Q — 1/Ham)i™ < |VI(C(T, a, 0, 810) N p B, n1).

The coarea estimate with W = B(¢, t) now implies
(0 — 1/2)a(m)t™ — |V [|(Bao N p ' B, D))
S QZL"(X1NBE, 1))+ (Q - DL (X2N B, 1)
= (Q — 1/Dam)i™ + L 2"(X, N B, 1) — L.2™(X2 N B, 1),
hence, recalling £ (X1 NB(¢, 1)) < %Z”’ (X, NB(, 1)),
FLBEL D) S L (X2NBE, 1)) S4|VI(Bap NP~ B, 1)])

and the assertion follows.

The assumption of the last assertion is satisfied for £ almost all x € X, N
B(p(a), 0) by [14,2.9.11] or [1, 3.65] and Vitali’s covering theorem, see for exam-
ple [14, 2.8.5] or [31, 3.3], implies

LM (X2 NB(P(a), 0)) = 6-5"[V][(Ba,o)
Clearly,

L™ (PlBa,l) = A" (Ba) = IVII(Bayo)-
Since Cy o~ N C (X2 NB(p(a), 0)) Upl[By,el, it follows

L (Cao) = (1+6-5)[IV[(Ba,o)-
Finally, applying the coarea estimate with W = C, , yields
(1 = me)||VII(Da,p) < IVII(Bag) + QL™ (Cay)
SA+0+60-5VI(Ba,)
and the conclusion follows. O
Proof of (8). Choose 0 < A < 1 such that
A = inf{A3.14(5)(m, 82, 84), A3.12(m, 82, 50)/2}

and define &gy = (1/2)(1/6)™ < 1.
Suppose 71, z2 € C(T, p*(¢), 0, h) and &; € P with p(&§1) = p(z1). Then there
exists & € P such that p(&) = z2 and |q(&1 — £&)| = [p(§1 — &)|, hence

lq&2 — 22)| = 1962 — DI+ 1q€1 — zD)| + |q(z1 — 22)]
<221z — 2o + 1qE1 — )]

and Lipd < 21/2,
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Suppose x1, x2 € X1NB(c, 0), y1 € spt f(x1). Thenthere exists y, € spt f(x2)
with [y; — y2| £ L|x; — x|, hence

d(x1, y1) £ 22 |(x1, y1) — (x2, y2)| + d(x2, y2) S2V2(1 + L) |x1 — x2| + g(x2)

and Lipg < 2'2(1 + L).
First, the case ¢ < oo will be treated. Note ANspt || V|| C H and Hnp~'[X] =
graph, f by 3.14(5), let y = [|[V||. H N C(T, p*(c), o, h) and recall
Ps¥) L X1 S 2(ps(ve H)) L Xy 22027 L X,

with v as in the proof of (7). Using

HNC(T,p*(), 0, ) Np ' [X11N{z:d(z) > v}
CHNp X1 NB(c,o)N{x:g(x) >y}

for 0 < y < oo, one infers
W Lp ' [X1]) ) (@) £ 20(L" L X1 NB(c, 0)) () (8)-

Therefore it remains to estimate (¥ L U ~ p’1 [Xl])(q)(d).
Whenever x € B(c, 0) ~Clos X there exist £ € R™,0 < < (28(3))1/’"9 =
Ao/6 such that

x €B@, 1) CB(c,0), Z"BE& HNX1)=2L"BE, 1)~ X1),
as may be verified by consideration of the family of closed balls
{B(Oc+ (1 —0)x,00):0 <6 < (2e)"™}.

Therefore Vitali’s covering theorem, see for example [14, 2.8.5] or [31, 3.3], yields
a countable set / and ; € R™,0 < t; < Ap/6 and x; € X| N B(¢;, t;) for each
i € I such that

B, 1) CB(c,0), ZL"B, )N X)) =L"B, 1)~ Xy),
B¢, ;) NB(¢gj,tj)) =¥ wheneveri, j € I withi # j,
B(c,0)~ClosX| C | J{E;i:i € I} C B(c, 0),

where E; = B(¢;, 5t;) N B(c, o) fori € I. Let
hi =g(x), Zi=Ax)N{E:O"(|V],§) € &)

foriel,J=IN{i:h; 224}, and K =1~ J.
In view of 3.14(6) there holds

WL U~p '[X1]) ) (@)
S @Wop ' ULE ) € I )@ + (W cp ™ TULER -k € K1), (@)

In order to estimate the terms on the right-hand side, two observations will be
useful. Firstly, ifi € I, z € H N C(T, p*(c), 0, h) N p~'[E;], then

d(z) < 24t + h;
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in fact |p(z) — xi| £ 61; < Ao < A and 3.14(5) yields a point £ € Z; with
lq(z — &)| = LIp(z — &)|, hence

lz =&l = (1 +L)pz—8&| =0+ L)pk) — x| = 124,
d(z) £ 2%z — &| +d (&) < 244 + h;.

Moreover, since
HOC(T. p (). 0.y NP~ [Ei] € UBG, 126) :€ € Zi),
one may apply 3.12 (1), verifying
UGz —p*(x), DN{E:[p(§ — 2)| > 50l —z[} C C(T,0, 1, h)
whenever z € A(x;) with the help of (2), with

81,8, A, Z,d, r,t, ¢, and T replaced by
1,0, A3.12(1y(m, 82, 50), Zi, 1,2, 1, —p*(x;), and 121,

to obtain the second observation, namely

¥ (p~'E) £ (Q + Da(m)(124;)™  wheneveri € I.

Now, the first term will be estimated. Note, if j € J, then

d(z) £ 2h; wheneverz € HNC(T, p (), 0, h) N p_l[Ej],
2h; < 3g(x) whenever x € X1 NB(¢}, 1)),

because
gx) 2 g(xj) —4|x; —x| 2 h; —8t; 22h;/3.

Using this fact and the preceding observations, one estimates with J(y) = J N
{j:2hj > y}for0 <y < o0

Y(p MULE) j € NN {z:d@) > v} £ X ieson ¥ (p7'E))
<3 e (@ + Da(m)(12t)"
S (Q+ D" L™ (UBE), 1)) € J(»)))

< 2@+ Ha)" 2" (UIX1 NB(&;, 1)) j € J(¥)))
= 2(0 + DHUD"ZLM(X1 NB(c, 0) N{x:g(x) > y/3}),

hence
Wop  TULE; 1) € 1D,y (@) £ 012" (L™ L X1 NB(c. 0) ) (2)-
To estimate the second term, one notes

d(z) < 481, wheneverk € K,z € HNC(T, p*(c), 0, h) Np~ ' [Ex].
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Therefore one estimates with K(y) = K N {k:48t; > y} for 0 < y < oo and
u:R"™ — Rdefinedby u = >, <1 tibi where b; is the characteristic function of

B(¢&i. 1)

V(P TULE k€ KNN{z:d () > v}) £ Xhekin¥ (P [ER])
< Dkek () (Q + Da(m)(126)™
< (Q+ D" L™ (UB&, ) :k € K(y)})
< (Q+ DAL R™ N {x:u(x) > y/@8))),

hence
W op T TULE 1k € K]y (d) S Q12" 22" g (w).
Combining these two estimates and

LB, 1) i € 1)) £ 2.2™(B(c, 0) ~ X1),
[lul? dL™ = a(m)™4/™S L™ B, 1)) T4/

< a(m) 4" (X, L B, 1)) T

(L™ W) < do(m) ™" L™ (B(c, 0) ~ X)) VAT,

one obtains the conclusion for g < co.

The case q = oo follows by taking the limit ¢ — oo with the help of [14,
24.17]. O

Proof of (9). Let I, f; be associated to f as in 2.3, and define C; = dmn f; for
i € I and G = graph, f. Note

GNp ' B(p(a), 0) ~Cupol = GNC(T,a,0, 840/2) ~p [Ca,l,
P(Baol C Cuyp. IIVINC(T,a,0,840)~(GUp '[Cyspl) = 0.

Therefore one computes using 2.6 and, recalling that C, o, Dy o, and, by 5.2(3),
also p’1 [Ca,o] are universally measurable

> Je:oBpa .o~ co, | PO, DY (ap Df;(x)) )"
iel

5(VL(G NP~ [B(@). )~ Caol) X G(n,m))(g" 6 op)

5(V LG NC(T. a.0.840/2) ~ P '[Ca ) x G, m)) ((10.Q) - (q" 06 0 p))
J

)

V L(C(T,a,0,840) ~P '[Caol) x G(n,m))(noq) - (g 06 op))
V) (noq)-(@* 08 op)) —8(VL(DgoxG(n,m)))((noq)-(q°obop)),
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hence

Q0 [(D6(x), DY (Dg(x)))dL™x — V) ((noq) - (q* 06 op))
= 0Jc, (D), DY (Dg(x)))dL"x

+Q(fB(p(a)’Q)NCa,Q(DG(x), DY (Dg(x)))d.L"x

1 ‘
5 > om0~ cu, | PO, DY @p Df; () ) d.2"x)
iel

—8(V L(Dao x G(n,m)))((noq)-(q* o6 op)).

The first summand may be estimated using
DYG(0) =0, [D¥(@)] < yile| < yim'Lipg
for « € Hom(R™, R"™™) with |la|| < Lip g. The second summand can be treated
noting
1 .
Dg(x) = — Z ap Df;(x) where I(x) =1N{i:x € dmnap Df;}
iel(x)
for Z™ almost all x € B(p(a), 0) ~ C,,, and applying 5.6 with
X,Y, f,a,r,and {x1, ..., xp}
replaced by Hom(R”, R*~), Hom(Hom(R", R"~"), R), DW¥S, 7,
Q~'?lap Af (x) (1) (=), and fap Df; (x) :i € I(x)}

for ™ almostall x € E, , ~ C,,,. Finally, the third summand is estimated by use
of

S, o B| < m!/?|B| for S € G(n,m), B € Hom(R", R").
O

Remark 5.8. If a and ¢ are as in (6), a € A, O"(|V],a) = 0,0 < s < 1,
(572 =D < 84,8 S e310(n, Q, M, 1/4,5), then

Ula,0) N{5:Ip(§ —a)| > 51§ —al} C C(T, a, 0, 840)
and 3.10 applied with

8,Z,d,r,t,and f replaced by
1/4,{a},0,2, 0, and 1{y)

yields

IVIKC(T, a, 0, 840)) = (Q — 1/Hee(m)o™.

Moreover, if additionally L < §4/2 then (3) implies a € graph, f and

grath f|B(p(a)’ Q) C C(T’ a, Q’ 64—9/2)
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6. An Interpolation Inequality

In this section an interpolation inequality for weakly differentiable functions
defined in a ball U(a, r) witha € R™, 0 < r < oo with values in R"™ is proven
(see 6.3), which states that the Lebesgue seminorm of a function can be controlled
by a small multiple of a suitable Lebesgue seminorm of its weak derivative and
a large multiple of the L1 (£ L A, R"™™) seminorm of the function, where A is
subset of U(a, r) which is large in . measure. The possibility of neglecting a set
of small £ measure will be important in Section 9. The proof is accomplished
following essentially the usual lines (see for example [17, Theorem 7.27]). The case
of Lipschitzian functions with values in Qg (R"™") then is a simple consequence
of Almgren’s bi-Lipschitzian embedding of Qo (R"™™) into R”2 for some P, see
6.4.

Lemma 6.1. Suppose m,n € &, 1 S ¢ <m <n,either; =m=1o0r¢ <m,
gq=o00ifm=14g=m¢/(m—2¢)ifm > 1, U is an open, bounded, convex subset
of R, A is an L™ measurable subset of U with £ (A) > 0, u € Wh1(U, R"™™)
andh = f, udZ".

Then

(diam U)™

—hl,y =T
|u |q,U_ fm(A)

|Du|§;U

where T is a positive, finite number depending only on m and ¢.

Proof. If = m = 1thenu is 2" L U(a, r) almost equal to an absolutely continu-
ous function by [14, 4.5.9 (30), 4.5.16] and the assertion follows from [14, 2.9.20];
alternately one may use [1, p. 139].

If £ < m this fact can be obtained by combining the method of [17, Lemma
7.16] with estimates for convolutions, see for example O’NEIL [27]. O

6.2 Supposea,x € R",0 < 0 £ 2r <o00,x € Ula,r)andb = aif |x—a| < 0/2
and b = x 4+ (0/2)(a — x)/|a — x| else. Then one readily verifies U(b, 0/2) C
U(a,r) NU(x, 0).

Lemma 6.3. Suppose m,n € &, 1 S ¢ <m <n,eitherf =m=1o0r¢ <m,
g=oifm=1,g=m¢/m—¢)ifm>1,1=6=q(=5=q0<i<o00
aceR" 0O<r<oouc Wl'l(U(a, r), R"™™), A is an L™ measurable subset
of U(a, r), and L™ (U(a,r)~A) <1 < (1/2)a(m)r™.

Then

litlgar S TAVETVS Dl + 27" 20N E fur)
where T is a positive, finite number depending only on m and ¢.

Proof. Define A; = [g1(m, )a(m)™123"+2 Ay = 2"l and T = 249" +HIA .
Let o = A/ (m)~1/m21+1/m note o < 2r and define

E(b,t) =U(a,r) NU(,t) wheneverb € R", 0 <t < c0.
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One estimates, using 6.2,

L™(E(b, 0)~A) SA=2""""a(m)o™ < L™ (E(b, 0)) /25 L™ (AN E(b, 0)),
ZL™E(b, 0)) < a(m)o™ =2"T1),

whenever b € U(a, r). Therefore one applies 6.1 with h;, = fAﬂE(b ol dZ™ to
obtain

luly: £p.0) < Dot (m, 22" Hla(m) ™ Duly. g gy + 29014 |y
for b € U(a, r). Using Holder’s inequality, this yields
il e .0y = MRS DUl ey ) + A2A IV E Nl anE b0

for b € U(a, r). If ¢ = oo, the conclusion is now evident.
If ¢ < oo, choosing a maximal set B (with respect to inclusion) such that

B c U(a,r), {E(,0/2):b € B} is disjointed,
one notes for x € Band Sy = BN{b: E(b,0) N E(x, 0) # @}

Ua,r) C \U{E(b,0):b € B}, cardS, < 2%
in fact, for the estimate one uses 6.2 to infer

E(b,0) C E(x,30) wheneverb € Sy,
(card S)a(m)2 "™ < > o L"(E(b. 0/2))
s Z™(E(x,30)) = a(m)3"o™.

Therefore, as g = supls, £},

q q/s 4 q
ZbeBlDuls;E(b,Q) = (ZbeB|D”|§;E(b,g)) s (2 ’"|Du|m,,) ,

q & q/§ 4 q
ZbeBluls;AﬂE(b,Q) g (ZbeBluls;AﬂE(b,g)) é (2 mlI’tIS;A) ’

hence one obtains from the estimate of the preceding paragraph

ld < 297 e (AR DU s )+ (822l s, 0) )
g (24m+1Al)‘vl/g_l/leuls;a)r)q + (24m+1 Az)\’l/q—l/?::|M|%_;A)‘]7

and the conclusion follows. 0O
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Lemma 6.4. Suppose m,n,Q € , m <n, q=0ifm=12<qg < o0if
m=22<qg<2m/m—-2)ifm>2,ac R",0<r <oo, f:U@a,r) —
Qo (R"™™) is Lipschitzian, 0 < n < 1/2, and A is an L™ measurable subset of
U(a, r) with ™ (U(a, r) ~ A) < noe(m)r™, then

P flgar S T (VIR AL g I T f] ),

where T is a positive, finite number depending only on n, Q, and q.

Proof. Suppose P and & : Qo(R"™™) — RP? are as in 3.1. Define u = £ o f,

w=1/g+1/m—-1/220,v=1-1/g 2 1/2,¢ = 1if m = 1 and

=qgm/m+q)ifm > 1,hencel ¢ <mandim/(m —¢) =qifm > 1.

From 6.3 applied with A, s and & replaced by na(m)r™, 2, and 1 one obtains
r_m/qlulq;a,r g A(nurl_m/leulza,r + n_vr_mlull;A)v

where A = sup {T63(m, {)oe(m)'/¢=1/2, 25m+ 24 (m)1/4=1} . Since

Lip&) " Hux)| £ G (f(x), QIO < Lip&~! [u(x)| forx € U(a,r),
|Du(x)| £ Lip& |Af(x)| forx € dmn Du

by 3.1, the conclusion follows. O

7. Some Estimates Concerning Linear Second Order Elliptic Systems

The purpose of the present section is to gather some standard estimates pre-
cisely in the form needed in Section 9. Proofs are included for the convenience of
the reader.

7.1 The following situation will occur repeatedly: m,n € @, m < n,0 < ¢ <
M < oco,and YT € @2 Hom(R™, R"™™) with | Y| £ M is strongly elliptic with
ellipticity bound c, that is Y is an R valued bilinear form on Hom (R, R"~") with
Y (o, t) £ M|o||t| whenever o, T € Hom(R™, R"~™) and

[T (DO(x), DO(x)) — c|DO(x)|>d.L"x =0 whenever € Z(R", R"™).

Following [14, 5.2.11], one associates to any Y € @2 Hom(R™, R"™™) a lin-
ear function S : @2(R”’, Ry = (@2 R") @ R"™™ — R"™™ characterised
by

(EOY)y.S)ev=_(Ey. ¥yv), T)+((¥y.§v),T)

whenever &, ¢ € @1 R™, y,v € R*™™; here £ y € Hom(R",R"™™) is given
by Ey)(x) =& (x)y for x € R™. Applying this construction with the area inte-
grand W to DZ\IJ (o) for each 0 € Hom(R™, R"™™), one obtains a function
C : Hom(R", R*) — Hom (@ (R™, R"~™), R"~™) which satisfies

m n—m

(6. C) =D D D ((Xivj. Xev), DS (o) )($ei. ex) @ vj)vy

i=1 j=1 k=1 I=1

n—

S
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for ¢ € QZ(R’”, R"™™) where ey, ..., e, and X, ..., X,, are dual orthonormal
bases of R™ and @l R™, and vy, ..., v,_, form an orthonormal base of R"~".
Hence, whenever U is an open subset of R”, u € W2'1(U , R"™™) is Lipschitzian,
v e W2I(U,R"™), 6 € Hom(R”, R"™™),and 6 € Z(U, R"™™) one obtains by
partial integration the formulae

—fU(DG(x), D\P§(Du(x)))d$mx = fUQ(x) ° <D2u(x), C(Du(x))> dL"x,
— [, Do) @ Du(x), DU (0))d.L"x = [,0(x) e <D2v(x), C(rr)> 4.y,
where O denotes multiplication in (), Hom(R™, R"™™), see [14, 1.9.1].

Lemma 7.2. Suppose m, n, ¢, M, and Y are asin 7.1, a € R, 0 < r < o9,
ve W2(U(a, r),R"™), T € 2'(U(a, r), R"™™) with | T|_| 5.4, < 0.

Then there exists an Z™ . Ul(a, r) almost unique u € W =(U(a, r), R"™™)
such that

~Ju@r (POG) ©Du(x), T) dL"x = T(®) foro € Z(U(a, r), R"™),
u—veWyi(U,r), R"™™).
Moreover, for every affine function P : R™ — R"™™"
ID@ — Vo, < ¢ (MID@ = P)laa, +1T1-1 2:0.,)-

Proof. To prove existence, assume v = 0, let R denote the extension of T to
W(l)’z(U(a, r), R"™™) by continuity and observe that one can take u to be a mini-
miser of

! fowr Du(x) ©Dux), 1) d2"x + R(w)

in W) (U(a, r), R"™™)
To prove the estimate, assuming P = 0 by possibly replacing u, v, P by u — P,
v — P, 0, one lets 6 approximate # — v in W(l)‘z(U(a, r), R*7™) to obtain

ch(u - U)l%;a,r é (MlD(U - P)|2;a,r + |T|—1,2;a,r)|D(u - U)lZ;a,r'
The uniqueness follows from the estimate. O

Remark 7.3. If T = 0 then u is £ . U(a, r) almost equal to an analytic Y har-
monic function by [14, 5.2.5, 6].

Lemma 7.4. Suppose m, n, ¢, M, Y, and S are asin7.1,0 < @ < 1, a € R",
0 <r <oou:U,r) — R"™is of class 2, D?u locally satisfies a Holder
condition with exponent o, f : U(a,r) — R*™ and S o D*u = f.

Then

r DUl oo.arj2 +ha(D*uB(a, 7/2)) £ T(r """ |uly.0, +ha(f))

where T is a positive, finite number depending only on n, ¢, M, and o.
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Proof. Interpolating by use of Ehring’s lemma, see for example [35, Theorem1.7.3],
and Arzela’s and Ascoli’s theorem, it is enough to prove the assertion remaining
when the term r | D%u loo;a,r/2 1s omitted.

Considering slightly smaller r, one may assume h, (D%u) < oo.

Applying [14, 5.2.14] to the partial derivatives of u and using Ehring’s lemma
as above, one infers the existence of a positive, finite number A depending only on
n, c, M, and « such that

he (D*u|B(b, 5)) < 275h, (D?u|B(b, 25))
FA(ST T ul 05 + e (F B, 25)))

whenever b € R”,0 < s < oo and B(b, 2s5) C U(a, r).
Defining 4 : U(a,r) - Rby h(x) = L dist(x, R" ~U(a, r)) forx € Ua, r),

1 = sup {h(b)** T hy (D*u|B(b, h(b))):b € U(a, r)}
and noting 1 < r2T*th, (D?u) < oo, one estimates for b € U(a, r)

he (D*u(B(b, h(b))) < 27 "hy (D*u|B(b, 2h(b)))
+A(RB) 2 U0 +ho (),
|h(b) — h(c)| £ (Liph)|b — c| £ h(b)/2, h(b) < 2h(c) forc € B(b, 2h(b)),
h(B)* " hg (D?ulB(b, 2h(b))) < 247"y,
h(b)* T hg (D*u[B(b, h(5))) < /2 + A(luly.q, + r* T e (f)),

hence
(r/4)> g (D*u[B(a, r/2)) £ 22" S 2 A(lul g, + 2 ha (f))
and the remaining assertion is evident. 0O

Remark 7.5. Similar absorption procedures can be found, for example, in [14,
5.2.14] or [17, Theorem 9.11].

Lemma 7.6. Suppose m, n, ¢, M, and Y areasin7.1,2 < p < 00, a € R™, and
0<r < oo

Then for every f € L,(Z" . U(a,r), R"™™) there exists an Z™ _U(a,r)
almost unique u € W(l)""(U(a, r), R*™) such that

= Jut@r (PO ©Du(x), 1) dL"x = 0, fla,r fort € 2(Ua,r), R"™).
Moreover, u € W>?(U(a, r), R"™™) and

Z,’z:o”i_2|Di”|p;a,r = Flflp;a,r
where T is a positive, finite number depending only on n, ¢, M, and p.

Proof. See [16, pp. 368-370]. O
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Remark 7.7. The condition p = 2 can, of course, be replaced by p > 1. For
example [16, Theorem 10.15] extends to this case via duality and the estimate of
the second order derivatives can be carried out by using the method of difference
quotients starting from a suitably localised version of the theorem cited.

Lemma 7.8. Suppose m, n, ¢, M, and Y are asin7.1,a € R", 0 < r < 00,
ueWy' (U, r),R"™™), T € 7'Ua, r), R”"™), and

—fU(W) (DO(x) ©Du(x), Y) dL"x =T(®O) ford € 2(U(a,r), R"™™).
Then
luliar STPIT 110,
where T is a positive, finite number depending only on n, ¢, and M.

Proof. Let p =2m and g = p/(p — 1) and assume r = 1.
Whenever 0 € 2(U(a, r), R*™™) one obtains 1 € W(l)’p(U(a, r), R"™) from
7.6 such that with A} = T'76(n, c, M, p)

—Ju@.n (PE@) ODn(x), T) dL"x = (£,60),, for¢ € 2(Ua, 1), R"™),
Z%:OIDinlp;a,l é Ay |9|p;a,1,
hence by [17, Theorem 7.26 (ii)]
|Dn|oo;a,l é AZ(lDr/lp;a,l + |D2n|p;a,l) é A1A2|9|p;a,17
where A is a positive, finite number depending only on n and p. Approximating
and u by ¢; € Z(U(a, 1), R"™™) in W(l)’l(U(a, 1), R"™™) and n by a sequence
n; € 2(U(a, r), R"™) such that

ni —n inWH?(U(a, 1),R" ™) asi — 00, lim |Dnilog.a.1 = ID0logia1s
11— 00

one obtains
.01 =~ fy.n) P10 ©ODu), T) dL"x STy 110,117l cia 1
Therefore (compare [14, 2.4.16])
lul a1 S (m)Plulyr < a(m)P ATy 10,1
and one may take I' = sup{a(i)l/l’AlAz:n >ie ). 0O
Remark 7.9. If m > 1 the estimate may be sharpened to
sup {£. 2™ (U(a, r) N{x: ju@x)| > D" 10 <t <00} STIT| 1.0y

in fact, one may follow the same line of argument with the Lorentz space L, 1
replacing L.
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8. A Model Case of Partial Regularity

The present section uses the new iteration technique in the setting of pointwise
decay estimates for the Euler Lagrange differential operator associated to an inte-
grand satisfying a quadratic growth condition. Its purpose is to indicate applications
in the study of partial regularity for elliptic systems as well as to outline some of
the techniques used in Section 9 in a significantly simpler setting. However, the
results of this section are not needed in the remaining sections. They depend only
on Section 7 and 3.15, 3.16.

8.1 Supposem,n € P, m <n, 0 <c <M < oo, and F : Hom(R",R" ") —
R is of class 2 such that for o, T € Hom(R™, R"™™)

(000 D*F@) 2 clo?, ID*F@)] £ M.

Lemma 8.2. Suppose m, n, ¢, M, and F are as in 8.1, a € R", 0 < r < oo,
ue W2(U(a,r),R"™™), T € 2(U(a,r), R*™), and

—fU(W) (DO(x), DF(Du(x))) dL"x =T(©0) for6 € 2(U(a,r), R"™™).
Then there holds for every affine function P : R™ — R"™™
r D = P)lyap ST (™ 7" = Plig, +r7" 21T 0 )
where T is a positive, finite number depending only on m, n, ¢, and M.
Proof. Assume r = 1 and abbreviate v = u — P. Observing
—fU(W) (DO(x) ©Dv(x), A(x)) dL"x =T(©O) for6 € 2(U(a, 1),R"™™)
where A(x) = [i D*F(1Du(x) + (1 — )DP(x)) d.Z'1,
one may infer, for example as in [14, 5.2.3], that

[Dvlyp = C_l/le/zg_llvlz;b,zg + C_1|T|71,2;b,2g
whenever b € R™, 0 < o < oo with U(b, 290) C U(a, 1).

From [17, Theorem 7.26 (i)] and Ehring’s lemma, see for example [35, Theo-
rem1.7.3], it follows that for every 0 < x < oo there exists a positive, finite number
A depending only on n and « such that

—1-m/2

-1
0 lap2p = 81DVl 00 + A0 [vl1;5,20

whenever b € R, 0 < ¢ < oo with U(b, 20) C U(a, 1). Therefore, one readily
verifies the conclusion by use of Simon’s absorption lemma [32, p. 398]. O
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83 If m, n, c, M, and F are as in 8.1 then D*F is uniformly continuous if and
only if there exists Q : {:0 <1 < 00} — {r:0 < r < 2M} such that

2 is continuous at 0 with Q(0) = 0, Q2 is concave,
|D*F(0) — D*°F(1)|| £ Q(J]o —t|) foro, t € Hom(R"”, R"™™).

Observe that such €2 is nondecreasing and satisfies Q (st) < s1/2Q(r) for 1 < 5 <
occoand 0 <t < co.
Moreover, let0 <o < landdefinew : {r:0 <t <1} - {r:0<r < 1} by

) =1 ifa <1, @) =rt(1+log(1/1) ifa=1
whenever 0 <t < 1.

Theorem 8.4. Suppose m,n € 22, m <n, 0 <c <M <00, and0 <a < 1.

Then there exists a positive, finite number ¢ with the following property.

Ifa e R", 0 <r < oo, F, 2, ware related to m, n, ¢c, M, o as in 8.1 and
83, u € W-2(U(a,r),R"™), T € 2" (U(a, r),R"™™), ¢ € Hom(R™, R*™™),
0<y < o0, and

Q) Se ifa<l, Q@) Sel+logy/n)™" for0O<t=yifa=1,

~ Jutar (DO), DF(Du(x))) dL"x = T(®) for6 € Z(U(a.r), R"™™),

1/2
(J[‘U(a,r)|D(u - O_)|2d$m) / § Vs
Q_m/lelfl,Z;a,Q é V(Q/r)a forO <0 é r,
then a € dmnDu and
1/2
(foa.o)P@ = Du@)? d2™)* < Tw(o/r)y for0 <o <r,

where T is a positive, finite number depending only on m, n, ¢, M, and «.
Proof. Define

Ay = supa(m), a(m)'*} T 8(n, ¢, M), Ay = 2" (m + 1)" (M /ey,

Az = sup(2**?" n(n — m))T74(n, ¢, M, 1/2), Ay = 2A3sup{A1, 2" As},

As = a(m)" /22" Ty 5(m,n, ¢, M),  Ag = Assup{l + A1, a(m)},

A7 =T74(n,c, M, 1/2)(A12M + 1) + a(m)T3,16(n)).
Moreover, define

Ag=1—4"" ifa <1, Ag=logd ifa=1,

Ag = sup{2" A7, 28448}, Ajg = sup{2”*?, 8¢},

App = sup{s'2(1 +1og(1/s):0 <5 < 1}, A = (8A¢(1+2A11%) 7",

. 2 Z1y -1

Az =inf {A, (AQAD (1 +AR))  Ag/2},

Y1 =sup{Ao, AjpAn), 1 =Any, &= A13V27]/2,

Ap=0+4"" ifa<1, Anu=4/3)+4/9log4 ifa =1,

Ais=yA1, T =y +2" A,
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Suppose a, r, F, Q, w, u, T, o, and y satisfy the hypotheses in the body of the
theorem with ¢.

Assume r = 1.

Define 0, = fU(a’Q)Du d.Z™ € Hom(R™, R"™) for 0 < ¢ < 1 and note

Jotoy P —0)PdL™ < [y 0D — D) AL

whenever 0 < ¢ < 1and v € Hom(R™, R"~"). Denote by u, the unique function
such that, see 7.2, 7.3,

ug € €(U(a, 0), R"™), u—u, € Wy*(Ua, 0), R"™),
Jotwe (PO © Dug(), D2F (o)) d2™x =0 for ¢ € 7(Ula, 0), R"™)

whenever 0 < ¢ < 1. Define ¢; : {0:0 < 0 £ 1} — Rfori € {1,2,3} and

Sy Ry € 2'(U(a, 0), R"™™) by

$10) = 1D%Ugloia o2 $2(0) = ()™ 20" 2 ID(u — 09) 2,4
$30) = 01T | 1 2:0,0-
Roe®) = ~ fyao) <D9(x) O DU — up)(x). D2F(GQ)> d.e"x,
S0(0) = = [u(a.0) (PO(x), DF Du(x))) d.L"x
whenever 6 € 2(U(a, 0), R"™™) and 0 < ¢ < 1. Moreover, define P, : R" —

R"™ by Py(x) = uy(a) + (x — a, Duy(a)) for x € R™.
Next, the following four inequalities valid for 0 < ¢ < 1 will be established.

07! Ml = ugliiag £ A1(R62(0)82(0) + $3(0)). M
$1(0) = Ar0™' (92(0) + ¢3(0)), 0y

$1(0/4) £ 61(@)+54 (620 $1(0) + 076200 + 0 '93(0))

(IIT)

$2(0/4) = Ao(061(0) + 2(2(0))92(0) + $3(0))- v)

To prove (I), compute for ™ almost all x € U(a, ¢) by means of Taylor’s
formula

DFDu(x)) = DF(0y) + (Du(x) — o0p) 2 DZF(UQ)
+(Du(x)—0p) 5 fy DPF(Du(x) + (1 — 1)ap) — D*F(ap) &L

and observe for 8 € Z(U(a, 0), R"™™)

(So — Rp)(0) = —fU(a,Q) (DO(x) ©D(u — 0)(x), A(x)) d.L"x
where A(x) = [if D*F(Du(x) + (1 — 1)ap) — D*F(0,) dL't,
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hence, one readily estimates by use Holder’s inequality and Jensen’s inequality
a(m) 0" [Ry = Sol_1, 1300 S ey DU — 0I(R 0 D — 0)]) d.L™
= Q(¢2(0)2(0),
0" Rol-1 1.0, S €(M)Q($2(0))2(0) + &(m)'*$3(0)

for 0 < ¢ < 1. Consequently, one infers (I) by 7.8.
To prove (II), note for every affine function Q : R” — R"™"

$1(0) = T74(n, e, M. 1/2)07> " (lug — ult.q0 + 11— Qlia0)
by 7.4, hence (I) and 3.16 imply (II).
To prove (III), first compute
Jotaorm (POG) © Dlatg = tg/) (), DXF (0g0)) 42"
= futos <D9(x) © Duy(x), D*F(044) — DZF(O‘Q)> d.g"x
for0 € 2(U(a, 0/4), R*~™). Therefore, noting
|og/4 — 0ol 2" 1 $2(0).  d2(0/4) < 2"$2(0).  ¢3(0/4) < 2"3(0),
0'hi 2 (D?u,[Bla, 0/4)) £ Aagi(o)
by [14, 5.2.5], one uses 7.4 and (I) to infer
1D (ug — tg/a)losiaors
< A3(07 Mg — tosaliia e + R(0gsa — 5phe i a(D%uo|B(a, 0/4)))
< 24 (262000 @1(@) + 07 2(0) + 07 83(0))

and (III) follows.
To prove (IV), apply 8.2 withr, u, T, and P replaced by 0/2,u|U(a, 0/2), Sy/2
and P, to infer
$2(0/4) = As(o™ " (lu — gl 100+ g = Polia o) +¢3(0)

and use (I) and Taylor’s formula to verify (IV).
Next, it will be shown

$1(0) £ yyi0 'w(0), ¢2(0) £ yyr0(0) (V)

for0 <o < 1.If 1/4 < o £ 1 then (V) holds for g since by (1)
d1(0) £ 2"2A7(ha(1) + ¢3(1) < yy1 < yyi0 ' w(0),
$2(0) £ 2" (1) < ¥2" 0% < yyr0(0).

Suppose now (V) holds for some 0 < ¢ < 1. In case a < 1, noting Q(yy2) <
¥, ?Q(y) £ Ar3 £ App, (1D and (IV) imply
P1(0/4) < yyi(e/H* (4 Ay ) A+ ALY+ Asy ) Syyie/H*
$2(0/4) < yy2(0/H* (486A1 + 15 D)) £ yra(0/4”
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and (V) holds for o/4. In case o = 1, noting
Q(yy20(1 +10g(1/0))) = (2811)"*Q(ye'/?)
< 2A1 A1 +log(1/0) ™ £ 2417 A,
(IIT) and (IV) imply

B1(0/4) = vy (1 +log(1/0) (1 + A4 (yya0(1 +log(1/@))(1 + AT))

+ A4y1_1)

<y ((1+log(1/0)) + 284A12 (1 + ATH A + AgAgY)
< yy1(1 +log(4/0)),

$2(0/4) < yyro(l +log(1/0) As(A12 + 2 (yy20(1 +log(1/0) +v5 1),
< vy (0/) (06 A12(1 +2A117) +486A 7))
< yrnw(o/4)

and (V) holds for /4. Hence the assertion follows in both cases.
One readily estimates by use of (V)

Dovso#2(47"0) £ Ajsyw(e) for0 <o <1

hence, noting |0, — 05| < 2"y (0) if 0/4 < s < o, one infers the existence of
T € Hom(R™, R"™™) such that

It — 0ol £2" T Ajsyw(o) for0 <o £ 1.
Therefore, noting (V),
(fo@oPu — DPdL™) ' < Tyw(e) for0 <o <1,
in particular a € dmn Du with t = Du(a). O

Remark 8.5. A similar but simpler argument shows the following proposition: If
neZand0 < c < M < 00, then there exist positive, finite numbers & and T such
thatifn >m e P, a e R, 0 <r < o0, A:U(a,r) — (> Hom(R™, R"™"™) is
™ _U(a, r) measurable,

lA(a)|| £ M, Al(a) is strongly elliptic with ellipticity bound c,
sup{(1 + log(r/|x —al)IIA(x) — A(@)|:x € U(a,r) ~{a}} = e,

ue Wh2(U(a, r),R*™), T € 2'(U(a, r),R"™),0 < y < o0,
Jur (POK) ©Du(x), A(x)) dL"x = T(©0) foro € Z(U(a,r),R"™™),
Q_m/lel—l,Z;a,g § y for0 < o § r,

then with o, = JCU(a oDu d.gm

0 "D — 0)l2ap T (r " *Dulyy,, +v) for0<o=r.
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One may use the example exhibited by JiN et al. in [19, Proposition 1.6] to ver-
ify that “< ¢ cannot be replaced by “< M” evenif n —m = 1 and T = 0.
Moreover, if F : Hom(R”, R"™™) — R is of class 2, Q is related to F' as in 8.3,
0<B<1,0<8<00,lSA<o0,vE WZ’Z(U(a,r), R"™™), v is of class 1,
hg(Dv) £ ASr=F, 0 = Dv(a),

ID*F(o)| £ M, D*F(o) is strongly elliptic with ellipticity bound ¢,
Q1) < A™12Be(1 +1og(s/1)~" for0 <t <3,
Jotar (POG), DF(Dv(x))) d.£"x =0 for6 € Z(U(a,r), R"™),

then the preceding proposition applies with A, u, T, and y replaced by D*F o D,
Djv, 0, and O wheneveri € {1, ..., m}.

Remark 8.6. More information and references on the regularity questions for ellip-
tic systems may be found in the surveys of MINGIONE [26] and DuzAARr and
MINGIONE [12]. The latter specifically describes the approximation techniques
originating from DE GIORGI [10] which are used also in the present paper in mod-
ified form.

9. Estimates Concerning the Quadratic Tilt-Excess

The estimates of the present section constitute the core of the proof of the point-
wise regularity theorem, Theorem 10.2, in Section 10. All constructions are based
on the approximation by a Qo (R"~") valued function of Section 5. First, in 9.1
and 9.2 some lower mass bounds are derived by a simple adaption of [31, 17.7]
and a straightforward use of Allard’s compactness theorem for integral varifolds,
see [2, 6.4] or [31, 42.8]. Then, in 9.3 several auxiliary estimates concerning the
approximation by a Qo (R"™") valued function in 5.7 are carried out. In 9.4 the
main elliptic estimates are established, see below for a more detailed description.
Finally, a reformulation of a special case of 9.4 (9) replacing any reference to the
specific approximating functions used there by quantities more tightly connected
to the varifold is provided in 9.5 for use in [25].

Next, an overview of the constructions in 9.4 in comparison to the estimates
(D—(V) in the proof of the model case 8.4 is given. One considers cylinders centred
at a fixed point a € R" with projection ¢ € R™. For any radius o functions u,
solving a Dirichlet problem in U(c, o) for a suitable linear elliptic system with
constant coefficients with the “average” g of the approximating Qo (R"™) val-
ued function f as boundary values are defined. It is readily seen in 9.4 (6) that
d1(0) = IDZMQ loo:c,0/2+ the leading quantity in the iteration, is controlled by the
tilt-excess of the varifold and mean curvature, compare 8.4 (II). More importantly,
an estimate of |u — g|y.., o, compare 8.4 (I), mainly in terms of mean curvature is
established in 9.4 (7) by use of 7.8. Using this estimate, the iteration inequality for
¢1, compare 8.4 (III), follows in 9.4 (8). In order to derive an iteration inequality for
the tilt-excess of the varifold, that is controlling the tilt-excess basically by ¢ and
mean curvature, the estimate 9.4 (9) is established. It asserts that | f (+)(—=P)|;.x
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with P : R — R”"7 an affine function and X a large (with respect to .£"") subset
of U(c, 0/2) together with mean curvature essentially controls the tilt-excess. Here
the coercive estimates of Section 4, the interpolation procedure of Section 6 and
the adaptions of the Sobolev Poincaré type estimates of [24] in 5.7(8) are used.
Assuming that f agrees with its “average” g on a large set, for example because
the density of the varifold is at least Q on a large set, the iteration inequality for the
tilt-excess, compare 8.4 (IV), is then primarily a consequence of Taylor’s expan-
sion, see 9.4 (10). Finally, both iteration inequalities are iterated in 9.4 (11) as long
as the aforementioned density condition is satisfied on the scales involved, com-
pare 8.4 (V). As all the preceding estimates hold only under various side conditions
which have to be checked at each iteration step and the interdependence of the
various constants occurring is not entirely straightforward, the iteration procedure
is presented in some detail to ease verification.

Finally, it should be mentioned that the current iteration procedure has to be
carried out within a fixed coordinate systems as differences of functions corre-
sponding to different iteration steps have to be computed, see the Introduction and
9.4(8). Though this fact does not pose a serious difficulty, it nevertheless contrib-
utes significantly to the level of technicality, see for example the definition of Jy
and 9.3 (8).

Lemma 9.1. Suppose m,n € Z, m <n, 1< p<00,0<a <10 M < o0,
aeR,0<r<oo VeV,WUa,r)),aecspt|V|, and

18V B(a, @) < M|[VI(B(a, @)~ "+~ 1r™ for0 <o <r.
Then
(0™ IVIUG@, @) """ + Mp~'a"g"r
is monotone increasing in @ for 0 < o < r. In particular, 0 < @™ (||V||, a) < oo.
Proof. Suppose 0 < A < 1 and ¢ € &O(R) with ¢’ < 0 and ¢(¢r) = 1 for
—oco<t<randgp(t) =0forl £r<ocand f : RN{e:0<po <r} — Ris

defined by f(0) = 0™ f¢(g’1|z —al)d||V]z for 0 < o < r. Then one obtains,
asin [31, 17.7], that

@ ze" (V) (¢ Iz —aD(z —a)
> —M@E "IVIUG o) P Z M f ) T e

for 0 < o < Ar, hence multiplying by p~! £(0)!/P~! and integrating yields

FOYP — fHYP = —Mp™ e [T f /M) ) f (@) VP d Lo

for 0 < s < t < Ar. Thus, approximating the characteristic function of R N
{t :t < 1} by such ¢ and letting A tend to 1 implies the conclusion. O
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Lemma 9.2. Supposen, Q € Z,0<a<1,1<p <oo,and0 <8 < 1.
Then there exists a positive, finite number ¢ with the following property.
Ifn>me P, aecR,0<r <oo U =U(a,r)ﬂ{z:|Tul(z—a)| < dr},
V elV,,(U), V¥ is related to V and p as in4.3, T € G(n, m),

O (|Vl,a) =2 Q—1+48, [IS—T;dV(z, ) <er',
Ql_m/‘”l/f(U N B(a, Q))l/p < e(o/r)* whenever0 <o <r,
then
IVIKU) 2 (Q — 8)ae(m)r™.

Proof. If the lemma were false for some n, Q, «, p, and &, there would exist a
sequence &; with &; | 0 asi — oo and sequences m;, a;, i, U;, Vi, Vi, and T;
showing that ¢ = ¢; does not have the asserted property.

One could assume for some m € Z,a € R", T € G(n, m)

mi=m, a =a, rp=1, T;=T

whenever i € &. Abbreviating U = U(a, 1) N {z: |TDJ-(z —a)| < §} one would
deduce for large i

IVill(UNU(a, 0)) = (Q —1+6§/2)a(m)o™ whenever 0 < o < §
from 9.1 in conjunction with Holder’s inequality. Clearly, also
IVil(U) = (Q — 8)ee(m) fori € 2.

By Allard’s compactness theorem for integral varifolds, see for example [2, 6.4] or
[31, 42.8], possibly passing to a subsequence, there would exist V € IV, (U) such
that §V = 0 and

Vi(f) > V(f) asi — oofor f € Z (U x G(n,m)),
S=T forValmostall (z,S) € U x G(n, m),

hence, noting 3.6,
O"(|Vl],a) 2 Q. am)Q = [|V|(U) £ am)(Q —§),
a contradiction. O

Lemma 9.3. Suppose the hypotheses of 5.7 are satisfied with h = 3r, that is,
supposem,n, Q € Z, m <n, 0 <L <00, 1 <M < o0,and0 < §; <1 for
ie€{l,2,3,4,5}, e =¢e57(n,Q,L, M, 81,82,83,84,85),0 <r < oo, T =imp*,

U=®R"xR""™N{(x,y):dist((x, y), C(T,0,r,3r)) <2r},
V €IV, (U), |6V is a Radon measure,

(Q — 1+ dpa(m)r™ = |[VI(C(T,0,r,3r)) = (Q + 1 — S2)a(m)r™,
IVII(C(T, 0, r,3r + 84r) ~ C(T, 0, r,3r —284r)) < (1 — 83)a(m)r",
IVIU) = Ma(m)r™,
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0 < 8 < &, B denotes the set of all z € C(T, 0, r, 3r) with @ (| V||, z) > 0 such

that

either ||8V||B(z,0) > 8 |VIIB(z, o) ™™ for some 0 < o < 2r,

or fB(z,g)xG(n,m)'Sﬂ —T;1dV(,S) > 81IVIB(z,0) forsome0O <o < 2r,

A =C(T,0,r,3r)~B, A(x) = AN{z:p(z) = x} for x € R™, X is the set of
all x € R" NB(O, r) such that

2eam©@"UIVIL2) = Q and ©"(||V],2) € P U{0} for z € A(x),

and f : X1 — Qo (R"™™) is characterised by the requirement

O"(|VI,2) = ®O(||f(x)||, q(z)) wheneverx € X1 and z € A(x).

Suppose additionally:

)]
(@)

3)
“)

&)

(6)

Suppose L < 84/8, 8 < inf{l, Ry (m))~'}, a € Int C(T, 0, r, 3r), ¢ = p(a),
and 0 < k < oo.

Suppose F : R" — Qo(R"™™) with F|X| = f and Lip F < I'o)Lip f,
where T'(2) is a positive, finite number depending only on n —m and Q, see
3.1. Moreover, let g = ng o F.

Suppose either p =m = 1 or 1 < p < mand p, y are related to 'V as in 4.3.
Define J ={0:0 <o <ooland ¢r : J x G(n,m) - Rand ¢3 : J — R,
¢a:J — Rby

_ 2 172
¢2(0. R) = (0 mf(UﬁC(T,a,g,84g))><G(n,m)|Sﬂ —R7dV(z,9))

$3(0) = 0Py (U NC(T, a, 0, 810))"/”
Pa(0) = 8P/ =P s (0)mP/m=P) ifm > 1,
$1(0) =0 ifm =1,

whenever ¢ € J, R € G(n, m).1
For 0 < ¢ < oo suppose T, € G(n, m) is defined such that

$ (0, T,) = ¢2(0, R) whenever R € G(n, m).

Define

Jo=JN{0:0<o=r—Ipa)l lq@)]|+ds0 = 3r},

Ji =JN{o:plT,] =R"}

By =J0{o:[8VI(UNC(T, a0 80) < xg"™ '},

T3 =J 00 [net.a.0500)xGm|Ss = Te1dV (2, 8) = o™},

Jy=JN{o:0+1/84€ N J3for0 <t < 2r},

Js =JoN{e:IVIKC(T, a, 0, 810/4) = a(m)(Q — 1/4)0™}.
and T, = 0, € Hom(R™,R"™™) for ¢ € Ji.

! The symbol ¢ will denote the leading iteration quantity introduced in 9.4 (3).
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(7) Define B, o, and Cq , for ¢ € Jo as in 5.7(6), that is,

Ba,g = C(T7 a, Qv 84@) N B’ Ca,g = B(p(a)9 Q) N(Xl Np[Ba,Q])v

and H as in 5.7 (8), that is, H denotes the set of all z € C(T, 0, r, 3r) such
that

18V U(z, 2r) < & |VI|(U(z, 2r) =1/,
fU(z,Zr)xG(n,mﬂSn —T|dV(z, 8) < e || V| U(z,2r),
[VIB(z, 0) = dsa(m)o™ for0 <o <2r.

Then the following six conclusions hold:

®)

(€))

(10)

an

There exists a positive finite number g8y depending only on m, 84, and § with
the following property.
IfR e G(n,m), |[Ry—Ty| £8/2, 0 € JoN Js, k < &), then

0" IVII(Bag) £ 2"Bn) (45720220 R + ¢4(20))

Moreover, 4872 ¢,(20, R)? may be replaced by §~'«.

There exists a positive, finite number g9y depending only on m, 84, 85, and €
with the following property.

If8r/é4 € Jo N J3 and k < &), then H is the set of all z € C(T, 0, r, 3r)
such that

VI B(z,t) = 8sa(m)t™ whenever0 <t < 2r.

If0 <a < 1and0 < 8¢ < 1, then there exists a positive, finite number €(10)
depending only on n, Q, 64, p, a, and 8¢ with the following property.
FO™(|Vl,a) 2 Q =148 0 € JoN J3, k < &10), and

$3(1) S eqoy(t/e)® for0 <t <o,

then o € Js.
There exists a positive, finite number &1y depending only on n, 84, and §
with the following three properties.

(@) Ifo € JoNJa k < eary, and ¢4(20) < 27" B(n)~La(m)(1/8), then
IVI(C(T, a, 0,840)) = (Q + 1/2)a(m)™.
(b) If, additionally to the conditions of (11a), o € Js, then
graph, f[B(c,0) C C(T, a, 0, 840/2).
(c) If; additionally to the conditions of (11a) and (11b), 0 < X < oo,
Kk S 27" a(m)A(2Ts7)(Q, m)) '8,
$4(20) < 27" B(n) a(m)A(2Ts5.7(7)(Q. m) ™,
then

gm(ca,g) < da(m)o™.
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(12) Ifo € JaNJs, k < minfew)(m, 84, 8), e11)(n, 84, 8)}, and
o € HomR™, R"™), o £n"Y25/2, o =R € Gn,m),
then
07" Juteo) | AF () (1) (—0)1> d.L"x < Tz (4220, R)* + ¢4 (20)),

where I'(12) is a positive, finite number depending only on n, Q, and 8.
(13) IfoeJonNJ,0/8<s<t<0,0<A=<1,and

looll < n=1 274, $a(o, T,) < A2 Ba(m)!/?,
IVI(C(T, a, s, 845)) = Aae(m)s™,

thent € J| and
log —arll < 47222 Ram) ™20, Tp).
Proof of (8). Let
es) = inf {(1/2)(@y (m)m)' =" (84"~ '8, (dy (m)m) ™" (84)™8}.
Define the sets B, , and B, , by

B}, =BaoN{z:[8VIB(z. 1) > 8 [|V|(B(z, 1))~/ for some 0 < 1 < 2r},

"o ~ R/
Ba.Q_B“vQ Btl,Q

and D to be the set of all z € spt || V|| such that
. 18V B(z, 1)
lim sup -
i—0+ IVIB(z,0)t=1/m

Note || V|[[(D) = 0 by [14,2.9.5] or [31, 4.7].
First, the following assertion will be shown. If m = 1, then B, , ~ D = ) and
ifm > 1, then for z € BL’I)Q ~ D there exists 0 < t < 840 such that

> 0.

IVIIB(z, 1) < 87"P/ =Py Bz, 1))/ "~
For this purpose assume z € B,, , ~ D and define
t=inf {s: |8V B(z.5) > 8 [VI(B(z, 5)'~"/"}.
One infers 0 < ¢t < 2r and
I8VIB(z, 1) Z 8| VIB(, )~ = 8/A)1" !
by 3.4, where A = 2y (m)m)" !, since 8§ < (2y (m))~'. Noting

o+t/84€ 2, B(z,t) CUNC(T,a,0+1t/84,84(0 +1/84)),
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one obtains
/AN <o+ 1/8)™ ", m>1,
t < (0+1/8)(k A/ < (0 +1/84)84/2, t < a0

The assertion now follows from the definition of ¢ in conjunction with Holder’s
inequality.
The preceding assertion yields

IVI(B, ) =0 ifm=1,
IVI(B, ) < 87"/ =P B(n)y (U NC(T, a,20.28,0))™/ "7 ifm > I

in fact, if m > 1 there exist countable disjointed families F7, ..., Fg(,) of closed
balls such that

B, ,~DCcUUlF:i=1,....,8m)},

IVI(S) < Agyr($)™ =P S c UNC(T, a,20,2840)

whenever S € |J{F;:i =1,..., B(n)}, where Ay = §=mp/(m=p) hence
IVI(B, ) = IVI(B,,~D) < AP0 S oy (sym/m=p
< AP (Ssen ()" < MB)Y(U N C(T, a, 20, 2840)™ 7).
Next, it will be shown that for z € B , there exists 0 < t = 840 such that
IVIB(z, 1) £ 4872 [5- 1y xGnm IS — Rel?dV (2, ),
IVIB(, 1) < 87 fgiyxGoum!S: — Tel dV (2, ).

In fact, one can take any O < ¢ < 2r satisfying the last inequality since this firstly
implies, using 3.4, 8 < 2y (m))~" and o + /84 € J3,

Qym)m) """ < |V(B(z, 1) < 5_1fB(ZJ)XG(n’m)|Su —T;|dV(z, S)
< 87 UnCTanott /8 8s0st /5 x G Si— Tl AV (2, $) S (1c/8) (0+1/8)™,
1S Qymm)e/8)! ™ (0 +1/84) < (0 +1/84)84/2, 1 < Ss0,
and secondly, using |Ry — Ty| < §/2 and Holder’s inequality,
IVIBG 1) 267" [y oxGonm!S: — Rel AV, 9),
IVIB(z, 1) <4872 [g(..0)wGnm 1Sz — Ral?dV (2, S).
Since 2p € J3 and
B(z,t) cUNC(T,a,20, 2840) wheneverz € B"[,Q, 0 <t < 840,

the assertion implies
) 2
”V”(B:l/,g) é 48 ﬂ(n)f(UmC(T,a,2Q,254Q))XG(n,m)|St - Rt| dV(Z, S),
IVII(BY ) < B(m)s~ 'k (20)",

and the conclusion follows. 0O
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Proof of (9). Defining
£©) = einf(4! 7" (84)" 1 (8sa(m)) ! 71/ 47 (84)" Ssex ()
one estimates for z € C(T, 0, r, 3r)
18V U(z,2r) S I8V (U NC(T, a, 4r, 8r))
< Kk (8r/8a)" " < e (se(m)@r)) T

Juc2nsGuam!S: = Tl AV @ 8) = [yner.asrsmxGum S = Tl dV (&, 5)
= k(8r/8a)™ = edso(m)(2r)™,

and the conclusion follows. 0O

Proof of (10). Defining .10y = (64)"€92(n, Q, o, p, inf{d¢, 54/4}) and noting

Y (Ba, 1) N {z:dist(z—a, T) < 840/4D"/? S¢/(C(T. a, 1, 84inf{t/84, 0/4}))"/?
< e(10)(1/84)™ P97 < gy (84) M Py PTET g

for0 < ¢ < g, the assertion follows from 9.2 with § and r replaced by inf{8¢, 4/4}
andpo. O

Proof of (11). Define &(11) to be the infimum of all numbers

inf {27"B(n) " (i) (1/8)8, 27 n~ (i), £s) (i, 84, 8)}

corresponding ton > i € .
If the conclusion of (11b) were not true, one would infer

spt f(x) ~B(q(a), 840/4) # 0,
> yeBla@.sioanspt s @ ULS DI y) £ Q1

whenever x € dmn f|B(c, ¢) by (1) and 5.7 (4) and therefore by 5.7 (1) (2) and the
coarea formula, see for example [14, 3.2.22(3)] or [31, 12.7], one would obtain

Jeravsiomonl An®ISIAV (. 8) < (Q — Dam)e™,
hence by 3.13 and (8) with R replaced by T, noting o € J4 C J3,
IVI(C(T, a, 0. 840/4) — (Q — Dee(m)o™
SV I(Bao) +2m [ g ps0opy Sz = Tl AV (2. 8) £ (1/2)ee(m)™,

in contradiction to ¢ € Js.
Similarly, using

> eam @ UV, (x, ) £ @ forx € X; U Xy,

one obtains (11a).
To prove (11c), one estimates with 5.7(7) and (8) with R replaced by T

ZL"(Cao) = Ts7)(Q, mIVII(Ba,g) < ret(m)o™.
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Proof of (12). Denote by X’1 the set of all x € X such that 5.7(5) is true for x
and note £ (X; ~ X|) = 0. Since
lap AF (x) (+)(=0)| = (1 +Lip F)(@m)'? < (1 + Ty (n — m, Q))(@m)'/?
for x € dmnap AF, one may assume
$4(20) < 27" B(m) " ae(m)(1/8).
Next, it will shown with G = graph, f

B(c,0) N X| N{x:|ap Af (x) (+)(—0)| > ¥}
Cp[C(T,a,0,810) NG N {z: | Tan" (| V|, 2); — Rl > 27 (0m) ™1 /2y}]

whenever 0 < y < oo. In fact, if x is a member of the first set, there exist
y € spt f(x) and T € Hom(R™, R"™) such that

T =Tan"(|V], (x.y). |t—0|>Q 'y,
hence, noting ||o|| < L and | Tan™ (| V||, (x, )y — T3 | S lIzll £ L < 1/2by 4.1,
lo =zl <2 Tan” (V. (x, ) — Ry |

by 4.1, and the inclusion follows, since (x, y) € C(T, a, 0, 840) by (11b). There-
fore, since @" (|V||,z) = 1 forz € G,

IVINC(T, a, 0, 840) N {z:| Tan™ (| V[, 2); — R:| > 271 (Qm) ™2y}
> "™(C(T, a, 0,840) NG N {z:| Tan™ (| V||, 2); — Ry| > 271 (0m)~?y})
> 2™ (B(c,0) N X1 N{x:lap Af (x) (H)(=0)| > ¥}

and one obtains
07" [uteonx, | 8P Af () (H) (=) > d.L"x < 22 0m ¢ (20, R).
Recalling the first paragraph of the proof, and noting
IR — Tyl Sn' IR, — Ty < n' ol < 6/2

by 4.1 and U(c, o) ~ X1 C Cy,p, the conclusion follows combining (11b), (8) and
57(7). O
Proof of (13). Using Holder’s inequality, one obtains
I(TD)y — (Tp)s]l S IVIC(T, a, s, 845) (" 2o (t, T)) + 0" *$2(0, T,))
< a2 g (m) " s (0, T),

since "2 (t, T;) < 0™/*¢2(0, T,). Noting by 4.1

(T — Tyl = (T — (Tp)g| + (Tp)y — Tyl
< A2 o (m) " 2o (0, Tp) +n' o, | < 1/2,

I(T)s — T = 1/2, T, Nkerp= {0}, 1€/,
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one applies 4.1 with S, Sy, S> replaced by T, T, T; to infer

lol? < (1 + o DI, — Tyl
loel? < (T — Tyl?/ (= (T — Tyl £ 21Ty — Tyll> £ 1/2,

Now, 4.1 with S, Sy, S, replaced by T', T;, T, implies
llor — ool = 21(T1)y — (Tp)gl.
O

Lemma 9.4. Suppose m, n, Q, L, M, 81, 82, 83, 84,85, ¢, v, T, U, V, 8, X1, f, qa,
¢k, F,p,, J, ¢, @3, ¢4, Ty, Jo, J1, J2, J3, J4, J5, and o, are as in 9.3. Suppose
additionally:

(1) Suppose W and C are as in7.1.
(2) Whenever ¢ € Ji suppose u, denotes the unique analytic function in
W!2(U(c, 0), R*™™) such that
<D2u9(x), C(crg)> =0 forx € U(c,0),
up — g € Wy (U(c, 0), R"™),
see 7.1-7.3 and [14, 5.1.2,10].

(3) Define the function ¢1 : J1 — R by ¢1(0) = |D2ugloo;c,g/2f0rg e Ji.
4) Suppose0 <t < landt=1ifm=1p/2<1 < 2£—%ifm=2and

— __mp H
'L'—2(m—_p)lfm>2.

Then the following seven conclusions hold:
(5) There exists a positive, finite number I(5y depending only on n such that

D21p§ (o) is strongly elliptic with ellipticity bound (F(5))_1,
ID*¥;(0)] < s,

whenever o € Hom(R™, R"™™) with |lo|| < 1.
6) Ifo € JanJs, 20 € JoNJy, llogell < n/2inf(8/2,1/4)}, and

$2(20, Tag) < 277" *a(m)'/?,
k < inf{eg 38)(m, 84,8), €9.3(11)(n, 84, 8)},

then
$1(0) < Tigo~ (220, Top) + ¢4(20)'7?),

where T ) is a positive, finite number depending only on n, Q, and é.
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Ifoe iNJan s, llogl £ 1,20 € Jy, llogll < n™ 1282,

k < inf{eg 3s)(m, 84, 8), €9.311)(n, 84, 8)},
$4(20) 27" B() L (m)(1/8),

then

0" MNug — gli.co = Ti7y(2(20. Too)* + ¢3(20)).

where I'(7) is a positive, finite number depending only on m, n, Q, 84, 6, and
p-

There exists a positive, finite number g8y depending only on n, 84, and § with
the following property.

Ife€J.20 € JoNJi, lloggll < n~"28/4, k < es), and for s € {o/4. o)

sedsnNJs, ¢a2s) 27" B(n) a(m)(1/8),
then

$1(0/4) = $1(0) + Lis)(d1(0) 920, Tp) + 0~ ($2(20, Trp)* + $3(20))),

where T'g) is a positive, finite number depending only on m, n, Q, 84, § and
p-
There exists a positive, finite number g9y depending only onm, n, Q, 8, &, 6,
and p with the following property.
Ifé4 =1,85 = 40)""(y(m)m)™""/a(m), 0 < n <27 P :R" - R"™™"
is affine, Lip P < n=1/28/2, R = im D(p* +q* o P)(0), 0 € J, X is an L™
measurable subset of U(c, 0/2) N X1,

w=1/2 ifm=1, w=1/m ifm > 1,

0/2€ aNJs, 8rehNJs, ocli, logll<n %52,
K =e9), $300) =e9), ZL"(Ule,0/2)~X) = na(m)(o/2)",

then for0 < A < 1
92(0/4, ) = Loy (1 + d2(0. T)¥™) (0. T) + G+ )20, B

17 T S (=Pl + 2T 3(0)7),

where Ty is a positive, finite number depending only on m, n, Q, 8, p, and
T.
There exists a positive, finite number £(10y depending only on m, n, Q, 8, €,
8, and p with the following property.
If8s = 1, 85 = (40) ™ (y (m)m) ™" Jet(m), 0 < 0 <27, g € J,
nw=1/2 ifm=1, pu=1/m ifm>1,
{0/2, 0y CJaNJs, 20€JoNJi, llogl n~'/28/4,
8rehnNJs, k=eq0, ¢320) < eqo),

L7 (U(c, 0/2) ~{x: (I f ()], g(x)) = @) < nee(m)(0/2)",
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then for0 < A < 1

$2(0/4. Toa) = Tao)(( 4+ 0" + 0~ 6220, T2 ™2™ g3 20, Tap)
0" 01(0) + (17! + 2783 20)").

where I'(10) is a positive, finite number depending only on m, n, Q, 8, p, and
T.
Let 84 = 1, 85 = (40) ™" (y (m)m) ™" Ja(m), § = inf{1, e, Ry (m))~'}, 0 <
a<1,and0 < 8 < 1.

Then there are positive, finite numbers y; fori € {1, 2, 3} and a positive, finite
number g(11) both depending only on m, n, Q, L, M, 81, &3, 83, p, 7, o, and
86 with the following property.

Ifa e C(T,0,r/2,2r), @ (|V],a) 2 Q—1+860 <t < &, 0<y <1,

@8, T) < eary, 28, Ty,) < eqnyys
IVIKC(T,a,0,0) N{z:®"(IVI],2) £ Q — 1}) = eqna(m)o”

whenevert < o < r/8, and
$3(0)" < yy3(0/r)¥" whenever 0 < o < 8r,

then, in case at < 1,

o€ Ji and 0¢1(0) = yyi(o/r)*" fort < o = r/4,
$2(0.Tp) = yy2(o/r)*" fort <o =r

and, in case ot =1,

o€ Ji and 0¢1(0) = yyi(o/r)(1 +1log(r/o)) fort <o =r/4,
$(0, T,) = yya(o/r)(1 +log(r/o)) fort <o =r.

Proof of (5). This follows from [14, 5.1.2,10]. 0O

Proof of (6). Note by 9.3 (13) applied with g, s, t, A replaced by 20, o, 0, 1/2

o€ i, lopll < llosgll + 22" a(m) ™2y (20, Top) < 1.

Since uy, — 02, is D2\Il§ (0p) harmonic, applying [14, 5.2.5] yields, noting (5),

2 —1-m/2
|DUglovic.02 = A1e™ 2D (g — 020)l0:c.0-

where A| = 2" 15y (n)" sup{a(i)~/2:n > i € 2}. Using 7.2, one obtains

ID(tg—020)|2:0.0 S 1D —8) .o+ 1D(€—020) |20 0
§ AZlD(g_UZQ)b;c,Q’

where Ay = 1+ F(S)(n)z. Taking ') = A1A29312)(n, O, 5)]/2, the conclusion
now follows from 9.3 (12) with o replaced by 02,. O
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Proof of (7). Suppose B, and B, ;, C,; fort € Jy are as in 9.3. Define S, R €
2'(U(c, 0), R"™™) by

SO) = = [y DOGX), DUF(Dg(x)) ) d.L"x,

R(O) = = [yc.0)| DO(x) © Dg(x), D*W(0p) ) d.L"x

whenever 0 € 2(U(c, 0), R"™™). Since u, is DZ\IJ§ (0p) harmonic,
Iug_gll;c,g éAlglRl—],l;C,Q (VI)

by 7.8 and (5) where A1 = I'73(n, I'(s), (n)~ L, I'(5)(n)). One computes for x €
dmn Dg

DY (Dg(x)) — DW)(0,) — (Dg(x) — ) 3 D>V (ap)
= (Dg(x) — 0,) 1 Jy D2W§ (1 Dg(x) + (1 — 1)ap) — D*Wi(0p) AL,
ID*WG (1 Dg(x) + (1 — 1)ap) — D>V (ap) |
< Lip(D*W§[B(0, ) 1|1 Dg(x) — 0,  for0 <1 <1,
where y = m!/? sup{l, I'932)(n — m, Q)}, hence, since

Joe.) (DO, B) dL"x =0
for6 € 2(U(c, 0), R*™) and B € (D] (0,), 0, 1 DV (0p)},
0718 = RlI_11ico S D207 Jy(e.p)| DEX) — 0> AL x,

where A is a positive, finite number depending only on n and Q. Therefore by
9.3(12) with o replaced by o2,

0™ = Rl_1.1:c0 < A3(02(20, Top)? + $4(20)), (VII)
where Az = Ax93(12)(n, O, 6).
Let§ € 2(U(c, 0), R"™™) with | DO, < 1 and n € Z°(R"™™) with
sptn € U(q(a), 820), B(q(a), 820/2) C Int(R" ™ N {y:n(y) = 1)),
0<n(M =1, DI <46 0! fory e R

From 5.7(9) with 7 replaced by o3, one infers with D, , = C(T, a, 0, 840) N
P '[Cuol, noting 9.3 (11b) and 10| x0:c, < 0.

105(0) + (V)(10) - (q" 06 o p))]
< A4(L"(Carg) + fyep) | AF @) (+)(=020) 2 d.L"x + [V [|(Da o).

where A4 is a positive, finite number depending only on n, Q, and 84. By 5.7 (7),
noting 9.3 (11b), and 9.3 (12) with o replaced by o2, it follows

0 "Q0SO)+ V) ((noq) - (q“ 0 op)| = Asls77)(Q,m)o™ " VI(Ba,o)
+A4T93012)(n, @, 8)(¢2 (20, ng)2+¢4(2Q))-
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Therefore one obtains, in view of 9.3 (8), since |(T,); — Ty < n'/?|[(Tap); — Tyl <
n'2|ogll £ 8/2by 4.1,
07"0SO)+ V) ((noq) - (qF o6 op))| = As(¢(2e. Too)* + $4(20)). (VI
where Ajs is a positive, finite number depending only on n, Q, 84, and §. Also, using
9.3(11a) and Holder’s inequality, recalling |0, = 0,
oM@V (o@) - (@ obfop)| = (@m(Q+1/2) P30 1X)
Finally, noting
m=—p _ _ m=p
$3(20) = 8¢4(20) ™ < 8(27"B(m) ee(m)(1/8)) ™
$4(20) = Ae3(20),

where Ag = 871 (27" B(n) " La(m)(1/8)) 17%, the conclusion may be obtained
by combining (VI), (VII), (VIII) and (IX). O

itm > 1,

Proof of (8). Define &) to be the infimum of all numbers
inf {9.38) (i, 84, 8), 89,311y (1, 84, 8), 27" n (i)}

corresponding ton > i € Z.
Noting

$1(0/4) = ¢1(0) + |D* (s — )l ovic /8

only |D2(ug/4 — Ug)loo;c,o/8 NEEds to be estimated. Since o < 2r as 20 € Jp and
o0 € J4, one notes

20 € 3, $2(20, Top) < $2(20,T) < 2m'%10)1/2.

Therefore one may apply 9.3 (13) for each ¢ € {0/4, 0/2, 0} with g, s, A replaced
by 20, 0/4, 1/2 to obtain {0/4, 0/2, 0} C J; and

sup{llog/als logsll, llogll} < llosll + 22" Ha(m) "¢y (20, Trp) < n='28/2.

Computing for x € U(c, 0/4)
(D2 = 1) @), C(10)) = (D2up (), Clo012) = Ca)).

one infers from 7.4 with ¢, M, Y, «, a, r, and u replaced by 1"(5)(11)’1, ['5)(n)
D*W{ (04/4), 1/2, ¢, 0/4, and up — 14 that
1D? (g — o) locic.o/8
< A(e 72" lug — tg/aly;c.oa + 012 (D2ugBe, 0/4))llog/s — opll).
where A is a positive, finite number depending only on n. Since
0'*hu2(D%ug[B(e, 0/4)) < Aagi(o)

by [14, 5.2.5] and (5) for some positive, finite number A, depending only on n,
the conclusion now follows, noting 9.3 (13), by applying (7) twice, once with o as
given and once with p replaced by o/4. O
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Proof of (9). Defineg = ocoifm =1andg = (% + % — %)_1 if m > 1 and note

2<g<ooifm=2and g =2m/(m —2)if m > 2 and
Ip+1/gz1, t=Q0/p+1/p—D7".
With 84 = 1 and 65 = (40) ™" (y (m)m) ™" /ae(m) define

A1 = inf {€938)(m, 84, 8), £9.30)(m, 4, 85, €), £9.311)(n, 84, 8),
27" B(n) " a(m)es 3 (m, 82, 84) (2 s 7(7)(Q, m))715},

Ay =inf {1, 2y (1)},

Az = inf {1,27"B(n) " 'a(m) inf{es.7s)(m, 82, 82)(2T577)(Q, m)) ™", 1/8}},

e) = inf {A1, 27 'm ™12 Ay, 8(A3) /P 1mY,

Ay =sup{2"T64(n, Q. q), 1},

As = sup {2T'6.4(n, @, 00), 2" T64(n, Q,2), 1},

A¢ = Tosa2)(n, 0, 8)'/2677,

A7 = sup{QTs7@)(m), 1}, Ag =2""2572B(n),

Ao =19/(22 .40 4+19), A9 =T414(m, p,q) ifm =1,

Ao =Ta100m, p,q) ifm > 1,

Arr = 2" sup {2(A10)'/2,2(16 + 4m) /| Ag — 1/4] 71},

Ar = (4(As+ As)A7(Ag)*8 T +1)A11, Do) = A2+ Ag).

It will be shown that 9y and I"(<9) have the asserted property.
Suppose B, A, By 1, Cyq,1, and H for t € Jp are as in 9.3.
Since 9/2 € Jo N Jy, it follows

0/2<2r, 0€ )3, $2(0.Tp) = ha(0. T) < 2m'2i)'/2.
One therefore obtains
Kk S AL (0. Tp) =1, ¢3(0) = Ax, dua(0) = As. (0]

Applying 6.4 with a, r, f, and A replaced by ¢, 0/2, F (4+)(—P)|U(c, 0/2),
and X, noting 5.7 (4), one obtains

Q—l—m/q [F (+)(—P) Iq;c,g/Z

(1)
< As(0 " PIAF (5 (=P)acopp + 04 0™ f (H)(=P)l1x).
Similarly, one obtains
0 T RIF (H)(=Plae.op
(110)

< As(n o " IAF (D) (—P)lacop + 070" HE (B (=Pl x).

Applying 9.3 (12) applied with g, o replaced by 0/2, D P (0) yields, noting ¢4(0) <
Iby Mand 1/2 = t(1/p — 1/m),

0 "PIAF (1)(=P)lacopn < Ao(d2(0. B) + ¢3(0)7). (IV)
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Define d : R* — R by
d(z) = inf{(Ipz — ©)1* + laz — &)[)/*:£ e R", P(p(¥)) = q(&))
whenever z € R” and note, taking £ = (p* + q* o P)(p(2)),
d(z) £ |P(p(z)) — q(2)| forz e R".

Hence, defining ds7(gy and g57(g) to be the functions defined in 5.7 (8) under the
names “d” and “g” with

0, P replaced by 0/2, C(T, p*(c), 0/2) N {z: P(p(2)) = q(2)},
one infers

d|C(T,p*(c), 0/2.3r) = ds73),
8578 () =G (f(x), QP () ) =4 ((f (+)(=P))(x), O[OT)

for x € X1 N B(c, 0/2). Therefore 5.7 (8) with o, P replaced as in the definition
of ds 78y and g5.7(s) yields, noting

ZL"B(c,0/2)~ X1) £ LM (Cupp) = e578)(m, 82, 84)a(m)(0/2)"
by 9.3 (11¢) with o replaced by /2 and (I),
(IVIIe H N C(T, p*(c), 0/2, 3r)) (5) (d) "
< A (IF (B (=P)lyie.o2 + L Blc, 0/2) ~ X))

whenever 1 < s < oo. Using 5.7(7) with o replaced by /2 in conjunction with
9.3(11b) with p replaced by o/2, one estimates

L"B(c,0/2)~X1) = L (Cao2) = Ts53)(Q, m)||VII(Ba,g/2),

hence by 9.3 (8) with ¢ and R replaced by ¢/2 and 7, noting (I) and [(7},); — Ty| <
n'2|(Tp)y — Tyll < n'/log | < 8/2 by 4.1,

0 "L (B(c, 0/2) ~ X1) < As(¢a(o, Tp)* + ¢4(0)). (VD)

In order to apply 4.10, first define K = C(T, p*(c), 0, 0) and Hy 19 to be the
set defined in 4.10 under the name “H”, that is, the set of all z € spt || V|| such that

IVIB(z, ) = (40) " (y (m)m)~™¢™ whenever 0 <t < 00, B(z,1) C K.
One infers that

C(T,a,0,0)Nspt|V|| C Hyyo ifm=1,
Hy10 N C(T, a, Ago, Ago) C H;

in fact, the first inclusion follows by 3.4 and (I), whereas concerning the second
inclusion n < 27" implies by 9.3 (11b) with o replaced by /2 the existence
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of £ € ANC(T,a,o/4, 0/4) hence, verifying 1/4 < Ag < 1/2 and 23/ Ag/
(1—=Ag) < %, one obtains for z € C(T, a, Ago, Ag), (1 — Ag)o <t < 2r
& — 2] S22 Ag0 S22 Aot/(1 — Ag) < 3t B(£,1/(20)) C B(z, 1),
[VIB(z, 1) = VI B(,1/(20)) = (40)™" (y (m)ym)""t" = Ssa(m)t™
by 3.4 since § < (2;1(m))_1 and, noting (I), the inclusion follows from 9.3 (9) as
B(z, (1 — Ag)p) C K. Choose ¢ € 2°(U) such that

0<¢(x)<1 and |[Dp(x)| <2-(Ag—1/H"'o™"  forx eU,
¢(x)=1 forx € C(T,a,o0/4,0/4),
sptep C C(T,a, Ago, Ago) C KNInt C(T', a, 0/2, 0/2).

One now applies 4.14 if m = 1 and 4.10 if m > 1 both with a and T replaced by
(p* + q* o P)(0) and im D(p* + q* o P)(0) to obtain with o, = 0if m = 1 and
ay = (Ql_’”/pa)mfp!’ ifm>1

07" B < Aro(am + (@' T PagT Ay )V AIPTID) 4 (16 4 4m)o " E?;

here , B, y, and & are as in 4.10 and 4.14 respectively. Noting ()" < ¢3(0)7,
since ¢3(0) < 1 by (I), and using the inequality relating arithmetic and geometric
means as in 4.11, one infers

$2(0/4, R) < An(he™ TMA(IVIIL H N C(T, p*(c), 0/2.3r)) ) (@) i
+ 173" + o T AUIVIIL H N C(T, p¥ (). 0/2.31) o) (d)).

Finally, the estimates (II)-(VII) are combined as follows: Firstly,
$2(0/4, R) = Apid""¢3(0)°
FA7A1AQT T () (= P)lgie02 + L7 Ble, 0/2) ~ X)) 4™
+A781107 T (IF (1) (=Pl opp + L7 Blc. 0/2) ~ X)/FH™),
by (VII) and (V). Then, by (IT), (IIT), and (VI)
$2(0/4. R) < A11h " ¢3(0)"
+A7A11(Ag + As) A+ 00 PIAF (H) (= P)lose o2
+A7AL(As+ A0V 7 DT T (D= P)lyx
F2A7(A) YT A A (Ba(0, T 4H™ + da(o) Ve m)
+207(A) PV AL (g2 (0. To) M + da(o)/FHM).
Finally, using ¢2(0, T,) < 1 and ¢u(0) < 1by (I), g = 2, and v £ 5L~ <

= 2(m—p) =
1

(é + E)mm_fp’ if m > 1 this simplifies to

$2(0/4, R) = Alz()»_r¢3(9)r + (A + ¢2(0, T)™)pa(0, Tp)
0.+ 10 IAF () (=P)lasegp + 170" I ((=P)lix).

and the conclusion is a consequence of (IV). O
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Proof of (10). With 84 = 1 and §5 = (40) ™" (y (m)m) ™" /ae(m), define

Ay = inf{eg 3(8)(m, 84, 8), €9.311)(n, 84, 8), €9y (m, n, Q, 82, €, 8, p)},
A = 62mT s )" Ham) ™2, A3 = Ar(Ts(n)? + 1),
As = AsTo3a2)(n, 0, 8)'/2,
As = inf {272 Pa(m)n~ 128, (A»)"'n"125/4, 1},
Ag = inf {1,27"e)(m, n, Q, 82,¢,8, p)},
A7 = inf {(A)2n 7182274 27 B () e (m) (1/8), 27,
eqoy = inf {A1, 27 m™12(As)%, A, $(A7/PTHMY
Moreover, define
Ag =Ty (m,n, Q, 84,8, p), Ao =T315ma(m)/?,
Ajg = Aglg3(12)(n, O, OV A =2"11T515(2,n),
A1p = Aqpsup{a(m), Ag +2" A1pd™ "},
Az =(Q+ D'"Pam) P Apn' 2 +2m Ay = 0" supla(m), Ag),
Loy = Fy(m.n, Q.8, p, 1R + 2413 + Ar).

It will be shown that &(10y and I'(19) have the asserted property.
Since o € J4 and 2p € Jy, it follows

0<2r 20€J3 $220.T) = @m' i)'/
One therefore obtains

k= AL $220.T) = As, ¢3(20) = As, $a(20) = A7,

o (1)
o i, llogl £n='%8)2;

in fact, the first four inequalities are directly implied by the definition of &(jo) and
the last two statements follow from 9.3 (13) applied with g, s, t, A replaced by 2o,
0, 0, 1/2 since $2(20, Trp) < 272" Sa(m)n~1/2§ by the second inequality.

Define P : R™ — R"™™ by P(x) = uy(c) +(x — ¢, Duy(c)) forx € R™. One
verifies

Lip P = [ DP(0)| < n~'/28/2; (ID)
in fact, using [14, 5.2.5], 7.2, 9.3 (12) with ¢ replaced by 0, and (I)
IDPO)|| = [ Dug()ll £ Aao™""*|Dugly.c
< A0 (1D — )lnicp + 1D8lc.0)
< A307"PIDglacp S Aa($2(20. T) + ¢a(20)'/?) < n~128)2.
Taylor’s expansion yields

—m—1

0" Mg — Plicon < a(molDuglovc.opn- (I10)
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Noting (I), one obtains from (7) that

07" Mug = glieo S As(¢2(20, Tao)® + $3(20)7). av

By 3.16 with a, r, u replaced by ¢, 0/2, (g — 0,)|U(c, 0/2) there exists an affine
function R : R"™ — R"™" with DR(0) = o, such that

07" 18 = Rltc.o2 S 890 "*1D(§ = Rlye.op2;
hence by 9.3 (12) with g, o replaced by ¢/2, o,, noting (I),

0" g = Rli.cop < Aro(d2(0. Tp) + ¢4(0)'/?). V)
Since by 3.15 with k, a, r, u replaced by 2, ¢, 0/2, P — R

|IDP(0) — 0| = [D(P — R)(0)] < A110™ """ |P = Rl1.c.00
S AN (1P = tgliieopn g — &licor 18 = Rlico)2)

one obtains from (III)-(V), noting sup{¢2 (20, T2,), $3(20), p4(0)} < 1by (I)and
1/22<(1/p —1/m),

IDP(0) — 05| < Aa(0¢1(0) + $2(20. Top) + ¢3(20)7),
hence, using 9.3 (11a) and 4.1
$2(0, ) < A13(0¢1(0) + 220, Tap) + $3(20)7), (VD)

where S = im D(p* + q* o P)(0).
Define X = U(c, 0/2) N X1 N{x: ®O(||f(x)||, g(x)) = Q} and note

Lf (D(=P)lix < 0Y2(g —tglicp + g = Plisc.op)-
Combining this with (IIT) and (IV) yields
o M (H(=P)lix £ Aa(01(0) + $2(20, Trp)* + ¢3(20)7).

Therefore noting (I), (I1) and 5.7 (1) and applying (9) with R replaced by §, one
obtains in conjunction with (VI) the conclusion. O
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Proof of (11). As the assertion does not involve k it may be restricted to a specific
value. One defines

A1 = sup{T'®)(m, n, Q, 84,8, p), Taoy(m,n, 0,8, p, 1), 1},

n = inf {(48A1)7", 27"},

i = inf {£9.38)(m, 84, 8), £9.310)(n, Q. 84, p, &, 86), £9.3(11) (11, 84, 8),
£g)(n,84,8), 27" 2 B() " e (mnT's 77y (Q, m) ™",
eaoy(m,n, Q,8,¢,8, p)},

Ay = inf {1,27"B(n)~'a(m) inf{n(4Ts77)(Q, m) ", 1/8}},

Az = inf {272 sup{(Q + Da(m), 1}~ ke, 1, eq1oy(m, n, Q, 82, €, 8, p),
(A /P=ms 279 sup{Ma(m), 1}~ 'k},

A4 = inf {(A3/8), €9310)(n, Q. 84, p, &, 86)",
(apacm)'/P((Q —1+86)"7 — (Q — 1+ 86/2)'/7))"}.

As = inf {272(Q 4+ 1) Pa(m) ™2, 27 2a(m) /),

A =n""%inf {8/4,27" L sup{(Q + Da(m), 1} As},

A7 = inf {n~ "% inf(8/2, 1/4}, A¢/2},

Ag=1—4"""1 ifar <1,

Ag =log4 ifat =1,

Ag = inf 272" Ha(m)!/2, 272 e (m) 2 (1 — 277) A6, 27" A, 1,
(BAN T Ag, 15 (AN nAg, (48A1) 0"},

A =T, 0,9),

A =inf {87277(A10) 7", HAs(AD T
= 48AD7",

A= (248107 +27) 7,
y2 = (e/4) Ao,

yi =n4AD) ",
y3 = inf{Aq, A1y1, A2ye},
eqny = inf {278 sup{Ma(m), 1}, 278" 4 (m) /2,
27" B (m) P Ag, 27 A5, 27T (A1), 27 O, m/2)
here e denotes Euler’s number. It will be shown that y; and &(11) have the asserted
property.

Suppose C, for t € Jp is as in 9.3.
First, note that

$3(0)" = yy3(o/r)*" for0 <t = 8r ()
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implies, noting y3 < Ay,
¢3(0) £ A3 and ¢4(0) £ Ay whenever 0 < o < 8r. @ )

Next, some auxiliary assertions will be shown:

RN{0:0 <o <r/2} C Jo, (1)
RN{o:gg So=ricC, (11D
RN{o:gz S0o=8r}C Ny, av)
RN{o:gg So0=4r} C U, V)
RN{o:g S0 =r/2}C s, (VD)
IVI(C(T, a, 0,0)) = (Q — 1+ 84/2)a(m)o™ whenever 0 < o <r/2, (VII)
logll = A7 whenever &z <o = 7. (VIID)

Proof of (IT). This follows from a € C(T, 0, r/2, 2r).
Proof of (IV). For £ < o < 8r one computes, using Holder’s inequality and (I"),

I8VII(UNC(T, a,o,0)) < VI YPy U nC(T,a,8r, 8r)'/P
< sup{Ma(m), 137"~/ P (8r)" P~ $3(8r)
< Azsup{Ma(m), 1}27" (5" < ko™,

JwncT a0 xGam S = T AV, ) S VI 2 8r) " 2¢a(8r, T)
< sup{Ma(m), 112%" s (&)™ < ko™

Proof of (V). This follows from (IV).

Proof of (VI). Let gz = o < r/2. One computes for 0 <t < o, (I) and y3 = Ay,
$3(1) < (ADYT(/r)* < e93010)(n, Q, 84, p, @, 86)(1/0)".

Therefore, noting (I) and (IV), (VI) is implied by 9.3 (10).

Proof of (VII). Applying9.1 withr, M, o replaced by o, (A4)!/7, ¢ in conjunction
with Holder’s inequality, noting (I) and y3 < Ay, yields

_ 1 _ _
(@ " IVIC(T, a,0,00))""" = (0 = 1+ 8g)a(m) /P — (Ag) /7T p~!
> ((Q — 14 86/2)a(m)) /7.
Proof of (IIT) and (VIII). Let gz < ¢ = r. Using Holder’s inequality and 0/2 =
inf{p, r/2} € Js5 by (VI), one estimates

I(Tp): — Tl £ IVIU NC(T, a, 0,0) 20" ($2(0, Tp) + ¢2(0, T))
< a(m)”V2m2H32 ) (0, T) < a(m)™V/225" 24y (87, T)
< a(m)~122 ey < 1/2,
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hence T, Nkerp = {0} and ¢ € Ji, that is (II). Now, 4.1 applied with S, S1, S
replaced by T, T', T, yields
ool < (1 + oI I(Tp)s — T 1%,
ool < I1(Tp)s — Toll*/ (1 — I(Tp)y — Tyll*) £ 211(T,); — T2,
lopll < 21(Tp)y — Tyll < a(m)~1/225m ey < A7

Having _shown the auxiliary assert@ons (ID—(VII), one chooses j € & such
that gz < 4/t = 1 and defines t; = 47H1=1t wheneveri € 2,i < j + 1 in order
to show inductively the following assertions wheneveri € 22,0 < j + 1:

RNfo:tizo=r}Cs (IX)
RN{o:ti =0 =r/2} CJs, X)
RNfo:ti =0 =r}CJy, (XT)
logll = Ag fort; S0 =, (XII)
200, T) = As fort; <o =, (XIID)
$1(0) < yy1o T r " whenevert; < o <r/4,at <1,

(XIV)
$1(0) < yyir (1 +1log(r/0)) whenevers; <o <r/4,at =1,
$2(0, Tp) < yy2(0/r)*" whenevert; <o <r,at <1,

(XV)

20, Tp) = yy2(0/r)(1 +log(r/0)) whenevert; <o < r,at = 1.
One verifies that (XV); implies
$2(0. T,) < Ao(o/r)*™* whenevert; < o <r, XV?)

$2(0, Tp) = Ao(1 —l—log(r/g))*1 whenever; < o <r,at = 1; (XV”)

here and in the remaining proof references to equations involving the inductive
parameter will be supplemented by the value of this parameter as index.

Proof of (IX)1, (X); and (XI);. Since t; = 471 > é the assertions follow from
(V), (IIT) and (VI).

Proof of (XII);. Since #; = g7 and A7 < Ag, this follows from (VIII).
Proof of (XII);. Forty S o <r
$2(0. T) < 27" $2(8r, T) < 27"e1) < As.
Proof of (XIV);. Let &z < ¢ < r/4 and note
o€ JysNJs by(V)and (VI), 20 € JoNJ; by II) and (II),
loaell < n~"/%inf(8/2,1/4} by (VIII),
$2(20, Tag) £ 2" (8r, T) = 2611y £ 272" Ha(m) /2.

Therefore by (6), using ¢p4(20) < 1 by ('), 1/2 = t(1/p — 1/m), (I) and y3 <
Ay,

091(0) < A1o($220, Tap) + $4(20)'?) < A1o(2*"$2(8r, Ts) + 8 "3(20)7)
< y A2 ean + 8T ANN) S ynd S vvile/r)*T.
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Proof of (XV);. For g&; < o0 = r one estimates

$2(0. Tp) < 27" o (8r, Tgy) < 27" ey < vyagg = v2lo/r)™".

Therefore the assertions (IX);—(XV); are proven in the case i = 1. Suppose
now that th_e assertions (IX);—(XV); hold for some i € & withi < j. Note
i <=4t < = Since 1; € Jy N Jq by (I) and (IX); and

= T6°
$a(2t;) < Aa S 27" B(m)” ' ae(m)(1/8)
by (I'), 9.3 (11a) with g replaced by #; implies
IVIKC(T, a, 0,0)) = (Q + Da(m)d™o™ fortiy1 =0 =t (XVID)

Proof of (IX); 11, (X);+1 and (XI);11. Let ;41 < 0 < t;. Note o € Jo by (II).
One estimates, using Holder’s inequality, (XVI) and (I’),

IVI(C(T, a, 0,00 ™Y (C(T, a, t;,t;))"/?
sup{(Q + Dec(m), 1}4™0™ ' A3 < ko™,

I8VI(C(T, a, 0, 0))

A A

hence o € J,. Similarly, using (XIII);,

fC(T,a,Q,Q)XG(n,m)lSU - T:| dV(Z’ S)
1/2
S IVICT. a. 0. )" (JeanaxGom! S: — T dV (@ $) Y
<(Q+ D' 2am)!?4m o™ As < ko™

and o € J3. Together with (IX); this implies
RN{s:tii1 Ss<2rfchndz, RN{s:t;11 Ss<r}C g,
hence (IX);+1. One computes for 0 < ¢ < g, using (ID), (I) and y3 < Ay,
$3(1) < (ADVT(/r)* = 9310 (1, Q, 84, P,y 36)(1/0)".

Therefore, noting (II) and (IX); 41, 9.3(10) implies (X);+1. To prove o € Ji, one
estimates

I(Tp): — Tyll £ IVI(C(T, a, 0,0))"*0™*($2(0. T,) + d2(0. T))
SIVICC(T, a, tist, tie)) 2™ (92 (ti, T,) + o (1, T))
< a(m) V22" (Ag + As) £ 1/2

by (X)i+1 and (XV’);, (XIII);, hence

T, Nkerp = {0}, o € Ji.
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Proof of (XII); 1. Let ;.1 < o < ; and define ox = 4% !p for k € 2. Since
0 = t; = r/4, there exists | € & such that {z < o/ = r/4. Note

oreJiNJs fork=1,...,1
by (XDi+1 and (X);41. Also, by (XII);,
log | £n='%/4 wheneverk € 22,2 <k <1
and, by (XV’);,
b2(0k, Tp) < Ag 272" *a(m)'/? wheneverk € 22,2 <k < 1.

Now, applying 9.3 (13) with g, s, #, A replaced by ok, 0k—1, 0k—1, 1/2 and using
(XV’);, one obtains

o0, 1 — 0ol < 22" B am) ™2 pr (0k, Tp,) < 27" PBa(m) ™12 Ag(or/r)**/?

whenever k € 2,2 < k < [. Therefore, by (VIII)

logll < llogll + Xiallog, , — gl
< Ar+ 22m+3a(m)fl/ZAgrfar/Zzizz("_kflQ)ar/Z
< A7+ 22" Bam) T2 Ag@ o/ r) 23R 2R
< A7+ 27" Bam)2(1 =279 T Ag < As.

Proof of (XII); ;. Fort;11 < 0 <1, 0 € Jy by (II) and
$20.T) < $2(0. Tp) + 0 " 2IIVI(C(T . a, 0, 0)' | T, — (T,):]
by Holder’s inequality. By (XV’); and (XVI)
$2(0. T) < 2" Ag + 2" sup{(Q + Da(m), 1}|T, — (T,)4].
Also by 4.1, noting ¢ € J1 by (XI);+1 and (XII); 41,
Ty — (Tp)el < n'2| Ty — (T):ll < n'Pllogll < n'/2 A,
hence

$2(0, T) < 2" Ag + 2" sup{(Q + Da(m), 1}n'*Ag < As.
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Proof of (XIV); 1. Letf;1; < o < ;. It will be shown that the hypotheses of (8)
are satisfied with g replaced by 4¢; in fact o = 1 < £,

80 € JoNJi by Dand (XD);, llogoll <n 28/4 by (X1,
and for s € {p, 40}

s € JaNJs by (IX);4+1 and (X);+1,
$a(25) £ 27" B(n) " a(m)(1/8) by (I').
Therefore, in case at < 1, (8) implies, using (XIV);, (XV’);, (XV);, $3(80) < 1
by (I'), (1) and y» = (24A1)0 "'y, v3 = A,
$1(0) < ¢1(40) + A1 (p1(d0)¢2 (40, Tap) + 0 ' (¢2(80, Tso)* + $3(80)))
S yo TUTrTOT (49T o+ A Aoyr + 8A 1 Agys + 8A1Y3)
< yyio” T (Ag 4 A1 Ag + 192(A1) T Ag + 8A Ay )

< yyo eTreT

Similarly, in case «t = 1, (8) implies, using (XIV);, (XV”);, (XV);, () and y» =
Q4ADn 'y s £ Aun,
¢1(0) < p1(40) + A1 (1(40)$2(40, Tap) + 0~ (9280, Tso)* + $3(80)))

< yr (1 4+ log(r/o) — logd)y1 + A1 Aoyt +8A1Agys + 8A1y3)

< yyir (1 +1log(r/0) — As) + A1Ag + 192(A1) ' Ag + 8A1 A1)

< yyr~ (1 +log(r/e)).
Proof of (XV); 1. Let ;11 < ¢ < 1;. First, it will be shown that the hypotheses
of 9.3(11b) and 9.3 (11c) are satisfied with g, A replaced by 2o, 1/2; in fact,

20 € J4NJs by (IX);+1 and (X); 41,
$a(40) 27" B~ a(m) inf {n(4Ts.77(Q, m)) ™", 1/8} by ().
Next, it will be shown that the hypotheses of (10) are satisfied with o replaced by
40; in fact, noting t < 0 = ¢,
{20,40} C JaN Js by (IX)i4+1, and (X)i+1,

80 € JoNJi by () and (XDi, llosell < n~"/25/4 by (XD,

8r e LNJ3 by V),  #3(80) = eqoy(m,n, Q,8,¢,8, p) by (),

Ul(c, 20) ~x : @ (| F(0) I, g(x)) = O}

C CanoUP[C(T. a,20,20) N{z: Q0 > O"(|V|l.2) € 2}],
by 9.3 (11b) with o replaced by 2o, hence

L™ (U(c, 20) ~x : O F (0], g(x)) = O))
< (/2)a(m)(20)™ + eane(m)(2e)™ = noe(m)(20)™
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by 9.3 (11c) with o, A replaced by 20, /2. Therefore, in the case where et < 1, (10)
implies, using (XV*);, (XV);, (XIV);, (D), and y1 = n(24A1) 'y2, y3 < Ay,

b2(0. T) = A1 (40" + 57" 928, Tsg) ™2™ ) (80, Tip)
+1~"4og1(40) + (17! +37")ga(80)")
< y@/r (881 (41" 407 (20) /")y
A+ 88107 40T )
Sy@/N* (it it int it 1) = /N
Similarly, in case ot = 1, (10) implies, using (XV’);, (XV);, (XIV);, (), and
yi=nQ4A) "y, 13 £ Apya,
$2(0.Tp) < y(o/r)(1 + log<r/g>)(8A1 (A4 0"+ 071 (A9) M)y
A+ 88107 40T )
= yya(e/r)(1 +log(r/0)).

Therefore the assertions (IX);—(XV); are verified wheneveri € 2,0 < j + 1.
The conclusion now follows from (XI) 41, (XIV) ;41 and (XV);11. O

Lemma 9.5. Supposem,n, Q € #,m < n, eitherp=m=1orl <p<m=2
orl§p<m>2andWZ"Tp=2,O<8§1,and1§M<oo.
Then there exist positive, finite numbers € and I" with the following property.
Ifa e R, 0<r <oo, V e€lV,,(U(a,6r)), v and p are related to V as in
43, T € G(n,m), Z is a |V| measurable subset of C(T, a, r, 3r),

(Q — 1/2a(m)r™ < |VI(C(T,a,r,3r)) = (Q + 1/2)a(m)r™,
IVI(C(T,a,r,4r)~C(T,a,r,r)) < (1/2)a(m)r™,
IVIIU(a, 6r)=Ma(m)r™, |VI(C(T,a,r/2,r/2))2(Q—1/4)a(m)(r/2)",
IVIC(T, a,r,3r) ~ Z) < sa(m)r™, ([IS;— Ty2dV(z, $))"* < er/?,
then

_ 2 1/2
(r me(T,a,r/4,r/4)xG(n,m)|Su —T,I°dV(z. 9))

- 2
é 5(7‘ me(T,a,r,r)xG(n,m)"gu - Tﬂ' dV(Z’ S))
+0(rm= [, dist(z — a, T ||V ||z + 17"/ Py (U(a, 6r)) /7).

172

Proof. Define

L=1/8, 81=8=58=1/2, 84=1, 8 = 0)""(y(m)m) " /a(m),
Ay =es7(n, Q. L, M,51,8.83.84.85), Ay =inf {1, Qy(m)~", A1},
nw=1/2 itm=1, p=1/m iftm>1, Az =T9s9(m,n, Q, Az, p,1),
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n = inf {8'/4@A5) 1 27 1) 4 = inf {s5(4A3) 7", 1),
K = inf {89.4(9)(1’}1, n, Q, 8, A1, Az, p), g9311)(n, 84, A2),
272 B(n) e (m)nTs 77y (Q, m) "' As ),
Ag = inf {(Ma(m))~ 227, a(m) /2274 =12 A,
(Ma(m))~"/26m2(403)""/7},
e =inf {A4, 27" I},
As =27"B(m) " a(m) inf {nTs70(Q, m)~" /4, 1/8},
Ag = inf {(Ma(m)! /P12, 89 49y (m, 1, Q, 82, A1, Ao, p),
Ay(As)t /P,
I = sup {A3Q1/2U_l, AL (40 + l)a(m)m)l/z(Aﬁ)‘l}.

It will be shown that ¢ and I" have the asserted property.

Suppose a, r, V, ¥, p, T, and Z satisfy the hypotheses in the body of the
lemma.

By the definition of I" and

’_mfC(T,a,r/4,r/4)xG(n,m)|SJ - Tulde(z, S) = 4(Q + Da(m)m,
one may assume that
r! TPy (Ua, 6r)'P < A

Additionally, one may assume that Z is a Borel set and that ¢ = 0, T = im p*
using isometries and identifying R” ~ R™ x R"™".

Defining A, X1, f, ¢, 2, ¢3, ¢4, Ty, J1, J2, J3, J4, J5, 0y, and Cy , asin 9.3,
A =AN{z:0"(|V],z) € £}, and X = U(c, r/2) N X| ~p[A’ ~ Z], next, the
hypotheses of 9.4 (9) with 8, P, o replaced by Aj, 0, r will be verified. The £™
measurability of X is a consequence of 5.7 (1) (2) and 5.2 (1) (4). One estimates

[18; = T:1dV(z, §) < (Ma(m)/2r™ Ay < k(r/2)™,
I8V | U(a, 6r) < (Ma(m))' =1/ Pr"='Ag < ke (r/2)" 1,
hence r/2 € J4 N Js and 8r € J, N J3. Also
1Ty = Toll £ IVIKC(T, @, r/2,r/2)) /222 (6r, T) (6r)"/?
< 2" (m) 12 A4 £ 1/2,
T, Nkerp={0}, reJ;
and, using 4.1 with S, Sy, Sp replaced by T', T', T,
lor1* < (1 + llor I I(T7)y — Tl
low I < 1Ty — Tl /(1 = 1Ty — Tyl < 20(T); — T2,
lorl < 20(T)5 — Thll < 2" Pa(m) ™2 A4 < n7205/2.
Noting ¢4(r) £ As, one infers from 9.3 (11c) with o, A replaced by r/2, n/2 that
L™ (Carp2) < (n/2oe(m)(r/2)™.
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Combining this with

LA ~Z]) = A A~ ) S| VINC(T, a, 1, 3r) ~ Z) = (n/2)ee(m) (r/2)"™,
U(c,7/2)~ X C Cayppp UP[A'~ Z],

one obtains
Z"U(c,r/2) ~ X) = na(m)(r/2)".

Now, applying 9.4 (9) with §, P, o, and T replaced by Ay, 0, r, and 1 yields
D214, T) = A3 ( (34 (Meem) 2 AH™ + (4 1) b2, T)

7 07 )
< 8¢a(r, T) +T(Q72r M flix + ¢3().
Finally, noting
XN {x:9(fx), 010l > 02y} cp[A'NZN{z:distz —a,T) > y}]
for 0 < y < oo, one obtains
O 2 flix £ [, distz —a. T)d||V|z

and the conclusion follows. O

10. The Pointwise Regularity Theorem

Here, after verifying the hypotheses of the approximation by a Qo (R"™") val-
ued function in 10.1, the pointwise regularity theorem is deduced from 9.4 (11)
in 10.2. An example demonstrating the sharpness of the modulus of continuity
obtained in case «t = | and m > 1 is provided in 10.4. Finally, a corollary
concerning almost everywhere decay rates is included in 10.6.

Lemma 10.1. Suppose m,n, Q € &, m < n, eitherp=m =1orl1 < p <m,
0<a<1,1EM<00,0<u<1land0 <8 <1foriefl,?2).
Then there exists a positive, finite number ¢ with the following property.
Ifae R, 0<r<oo VelV,(Ua,r)), ¢ is related to p and V as in 4.3,
T € G(n, m),
A =inf {p, 1+ M) 7V2(1— (1 =8 /Y"1 =8 /4)71m™)},
@™ (IVll,a) 2 Q@ —1+6, [IVIU@,r) = (Q+1—38)a(m)r™,
1Sy = Ty1dV(z, S) < er™,
0" Py B(a, o)VP < e(o/r)* whenever0 <o <,
then with s = Ar

IVIC(T,a,s, Ms)~C(T,a,s, 8s)) =< Sra(m)s™.
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Proof. Define A as in the hypotheses of the body of the lemma, A = (1 —
1/2

(A8/47)'",
Ay = e3g(n, inf{Qy (m)ym)™" Joc(m), 81 /4}, 1, 2(Q + 1)),

let ¢ be the infimum of the following five numbers

e92(n, O, a, p,inf{81/3, A82/2}), ((Q + De(m)'/P~ 4y (mym)! ™Ay,
@Gymm)™ Ay, Qym)~'  (G2A™a(m)Bm)HYPTY ™2y (m)) !

and suppose that m, a, r, V, ¥, T and s satisfy the hypotheses in the body of the
lemma.

First, note by 9.2 with § replaced by inf{61/3, Ad>/2}
IVII(UGa, r) N {z: 1Tz — a)| < 825/2}) = a(m)(Q — 81/3)r"™.
Define A to be set of all z € spt || V|| such that
I8VIBGE. 1) < Qym)~ VIBE )~

whenever 0 < ¢ < oo and B(z, #) C U(a, r). Next, the following assertion will be
proven:

ANC(T,a,s,Ms) Cc C(T,a,s,s).

For this purpose suppose z € A Nspt||V || N C(T,a, s, Ms) and abbreviate t =
dist(z, R” ~U(a, r)). Since A < (1 + M*)~Y2, one notes C(T, a,s, Ms) C
U(a, r) and t > 0. From 3.4 one obtains

IVIB(z,0) = Qy(m)m) "™ for0 <o <t.
Therefore, noting

t2r—A+MH'PAr, /1" Z (=820 —-81/4H"" 22/3,
IVIUGE, 1) IV Ua, r) £ (0 4 Dam)r™ < 2(0 + Da(m)™,
I8V UG 1) < 18V U@, ) < ((Q + Der(m)) '~/ Perm !

< ((Q + Dam)' ™7 @y mym)" e VU, 1)~/

< AV (U, o)=Y,
JoenxGom!Se — Tl dVE, 8) £ [1S; = T, AV, S)

Ser™ < e(dymm)" |V UGz, 1) £ AV UGz, 1),

one uses 3.8 with §, M, a, and r replaced by inf{ 2y (m)m)=" /a(m), §1/4},2(Q +
1), z, and ¢ to infer

IVIIU@z, 1) N {E:T(E — 2)| > AlE —z[}) = (1 = 81/H)e(m)t™
= =6/2)a(m)r™.
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Since | V|| U(a, r) £ (Q + 1 — 8)a(m)r™, this implies, together with the second
paragraph, that the intersection of

T,HUGz, 0) N{E: Ty (E —2)| > Al —z]}] and R" N {E: [T (€ — a)| < 82s/2}
cannot be empty. Now, estimating for £ € U(z, t) with |T,(§ — 2)| > 1| — z|
ITHE — 21 < (=221 — 2] <201 = 32)2r = 852,

one obtains |TEL(Z — a)| £ 8,5 and the inclusion follows.

If m = 1, then A = spt|| V| and the conclusion is evident. Hence, suppose
m > 1. The assertion of the preceding paragraph implies, with the help of Besi-
covitch’s covering theorem and Holder’s inequality, the existence of countable
disjointed families of closed balls F1, ..., Fg(, such that

spt||VIINC(T, a,s, Ms)~C(T,a,s,&s) CUU{Fi:i=1,..., )},
ScU@r)., [VIES) < Ay(s)™ =

whenever S € |J{Fi:i =1,...,B(n)}, where Ay = 2y (m))"P/(m=D) hence

IVIC(T, a,s, Ms)~C(T.a,s,85)) < A > BV S sy (5)m/ =)

< AP (Sser, 0 ()™ < M)y (Uta, )y )
< Ry (m)e)"™/ =P B(n)r™ < Sya(m)s™.

m}

Theorem 10.2. Suppose m,n, Q € P, m < n, eitherp=m=1o0r1 < p <m,
0<8§1,0<a§1,0<r§1,andr=1ifm=1,p/2§t<#fp)if
m=2andt=2(n':’—fp)ifm>2.
Then there exist positive, finite numbers € and I" with the following property.
Ifa e R, 0 <r <oo, VelV,,(Ua,r)), pand ¥ are related to V as in
43, T e Gn,m), w :RN{t:0 <t <1} » Rwithw(t) = t*7 ifat < 1 and
w(t) =1t(1 +1og(1/t)) ifat = 1 whenever 0 <t < 1,and0 < y < ¢,

O™ (|Vll,a) = Q —1+8, IVIU@,r) <(Q+1—8am)r™,
(r 18— TPV 9)'* <,
IVIB(a,0) N{z:@"(IV].2) £ Q — 1}) < ea(m)o™ for0 <o <r,
o' Py B(a, o)'P <y /T (o/r)* forO <o <,

then @™ (|V|,a) = Q, R = Tan"(|V ||, a) € G(n, m) and

_ 12
(o me(a‘Q)XG(n’mﬂS; — R.|?dV(z, S)) / <Tyw(o/r) whenever(0 <o <r.
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Proof. Define, noting (y (m)m)™™ < a(m),

Ay =inf {1/6, A7)V (1 = (1 = 8/2)"/™ (1 — 8/4)~1/™)},

81 =258/2, 8, =208/4, S3=1—08/4, 8;4=1,

85 = (4O) " (y(m)ym)™" Ja(m), 86 =8, L =254/8, M= (A)T"(Q+1),
§ =inf {1, e57(n, Q, L, M, 81,85, 83,84,85), 2y (m)) "'},
n=inf {1,(Q+1—-38/2""(Q+1-38/4""" —1},

and apply 9.4 (11) with & replaced by &’ to obtain y; for i € {2, 3}. Define

Ay =inf {(Q+1-38/H"/7 —(Q+1-8)"7,
Q=1+ —(@—~1+8/2"/7},
Az = inf {(A)™?e94q11y(m, n, Q, L, M, 81,62, 83, p, T, . 86), v3},
e = inf {(apa(m)'/P )",
(Q+ 1) Pam)™ 101 (m. n, Q. p, e, 4,1/6, 8, inf{n, 8/4}),
er0.1(m, n, Q, p.a,4,1/6,8,inf{n, §/41)7, A3, 1},

and also

Ay =sup {18~ A As =1 —27) 7 ifer <1,
As=2+2log2 ifat =1, Ag=2""25"la(m) ">A4As,

I'= A4+ (Q+ D" 2am)'?Ag.

Suppose a, r, V, ¥, T, and w satisfy the hypotheses of the body of the theorem.

Lets = Ajr. Applying 9.1 twice with M replaced by €7 in conjunction with
Holder’s inequality, one deduces the mass bounds:

(Q — 1+6/2a(m)e™ < |V U(a, 0) = (Q + 1 —38/Ha(m)o"

for 0 < ¢ < r. From 10.1 applied with M, u, 81, 8> replaced by 4, 1/6, 8,
inf{n, §/4} one obtains, noting [ [S; — Ty|dV(z, S) < (Q + D2 (m)2er™ by
Holder’s inequality,

IVI(C(T, a,s,4s)~C(T,a,s,ns)) = (§/Ha(m)s™.
Together this implies, noting (1 + n)s < r,

IVIUG@, (14+n)s) < (Q+1—38/4a(m)(1+n)"s"

S (Q+1-68/2)a(m)s™,
C(T,a,s,3s) c (C(T,a,s,4s)~C(T,a,s,ns)) UU(a, (1+n)s)
IVIKC(T, a,s,3s) = (Q+1—8/4a(m)s™,
IVI(C(T,a,s,3s)) = IV U(a,s) = (Q — 1+ 8/2)e(m)s™,

hence, using isometries and identifying R” >~ R™ x R"™™, one may assume that
a = 0, and the hypotheses of 9.3 and 9.4 are satisfied with r, § replaced by s, §’.



Decay Estimates for the Quadratic Tilt-Excess of Integral Varifolds 79
Defining ¢ : (RN {0:0 < o <r}) x G(n,m) — Rby

_ 1/2

b0, R) = (Q me(a,Q)xG(n,m)|SD o RD|2dV(Z’ S)) /

for0 < o = r, R € G(n, m) and choosing 7, € G(n, m) such that
¢(0,Tp) < ¢(0, R) whenever 0 < ¢ < rand R € G(n, m)

and noting ¢ < Az and A; < 1/4, one obtains from 9.4 (11) with r, § and y,
replaced by s, 8" and y /A3 that

#(0.Tp) = (y/A3)yw(o/s) for0 <o <.
One infers the tilt estimate
(0. Tp) = Agyw(o/r) forO0 <o =r.

Next, it will be shown that a similar estimate holds with T, replaced by a suitable
R € G(n, m). Using the lower mass bound, one notes for0 < ¢/2 <t <o <r

I(Tp)s — (T)g] < 2" 8 a(m) ™ 2072 (0™ ¢ (0, T,) + "¢ (1. T1))
< 225 a(m) 2o, Ty).
This implies inductively for0 <t < o < r
(1)) — (Tp)gl < 2" P26 La(m) ™1 2302 10 (270, Trvp).
hence, noting that the tilt estimate yields

D 00h 270, Trvg) S Aay Y5202 "0/ N = AsAsyw(o/r) ifat <1,
20270, Trvg)  Aay 3020(27"0/r)(1 + log(r/0) + vlog2)
< Agy(o/r)(1 +1og(r/0) (2 +10g23752027"v) = AgAsyw(o/r),

if et = 1, there exists R € G(n, m) with
|R; — (Tp)s| < Agyw(o/r) whenever0 <o =r.
Combining this with the tilt estimate, one obtains, using the upper mass bound,
¢(0. B) = (0, Tp) + (2 + 1) 2a(m)!*Agyw(o/r) S Tyw(o/r)

forO0 <o =r.

Since 0 £ O™ (||V||, a) < coby9.1, one now infers from Allard’s compactness
theorem for integral varifolds, see for example [2, 6.4] or [31, 42.8], in conjunction
with, for example, 3.6 that

o "[fz—a)/o, 9 AV (z,8) = Q[ f(z, R)dH"z aso — 0+

for f € ' (R" x G(n,m)),hence ®" (||V||,a) = Qand R = Tan”(||V|,a). O
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Remark 10.3. If ot < 1 and m > 2, then 7 cannot be replaced by any larger
number.
An example is provided as follows. Defining n = m“—fp, choosing for each i €

& an m dimensional sphere M; of radius o; = 2712 with M; C Ula, 27y~
B(a,27i71), one readily verifies that one may take V € IV,,(R") such that | V| =
QA" T + ™ M where M = | J;2, M; and r sufficiently small.

Remark 10.4. In case ot = 1, m > 1, it can happen that

.. _ 2 1/2 -1
lz)rg(l)r_}-f (Q me(a,Q)xG(n,m)|St — R7dV(z, S)) w(e/r)—" > 0.

To construct an example, assume n — m = 1, with C = R2take u : C — R of
class 1 such that

u(reie) = r2(logr) cos(20) for0 <r < o0,6 €R,
and verify, using the homogeneity of u,

Lapu(reie) =4cos(20) for0 <r <o0,0 €R,
ID'u(x)| < Tlx|*7 (1 4+ log(1/[x])) for x € U0, 1) ~{0},i € {1,2}

where I' is a positive, finite number, hence computing with C as in 7.1, noting [14,
5.1.9],

<D2u(x), C(Du(x))> — Lapu(x) + <D2u(x), C(Du(x)) — C(0)>
for x € R% ~{0}, one obtains, since Du(0) = 0,
<D2u, Co Du> € Loo (L2 L U(0, 1)),
WU, 1) € W29 (U(0, 1)) for 1 < ¢ < oo.

Choosing g € O*(m, 2) and defining f = u o g, one may now take V associated
to f asin 2.6 with Q = 1.

Remark 10.5. Considering Vi € IV7(R* x R*) and V5 € IV,(C x C) character-
ised by

IVill = 27 C R x RY 0 {(x, )2 1x P = [y},
Vo]l = 2% L (C x C) N {(w, 2):w = 7%},

one may verify the necessity of the hypotheses

1S, — Ty 2 dV(z, $)dV(z, S) S e,
IVIB(a,0) N{z:@"(|V]l,z) £ Q —1}) = ea(m)o™ for0 <o <r,

even if V corresponds to an absolutely area minimising current, see BOMBIERI et
al. [6, Theorem A], [14, 5.4.19], and ALLARD [2, 4.8 (4)].
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Corollary 10.6. Suppose m, n, p, U, and V are as in 4.3, either m € {1, 2} and
0<t<lorsup{2,pl <mandt = 2(,':—51,) < 1,and V € IV,,(U).
Then

. —r— 1/2
limsupr—* m/z(fU(a,r)xG(n,m)|Sﬂ ~ Ty*dV(z, 9)) ”? < o0
r—0+

for V almost all (a, T).

Proof. From [14, 2.9.13,5] one infers that for || V|| almost all a € U there exists
Qe Zand T € G(n, m) such that for f € Z (R" x G(n, m))

rgx&r*mff(r*‘(z —a),$)dV(z,8) = Q[ f(z, T)d#"z,
O"(IVl{z:©@"(IVIl.2) £ 0 —1},a) =0, O™ (¥,a) < oo,

hence for such a one may apply 10.2 with r sufficiently small and « = 1 to infer
the conclusion. O

Remark 10.7. The examples in [23, 1.2] with g; = g2 = 2 and o] = a7 slightly
larger than mm—fp show that t cannot be replaced by any larger number provided
m > 2. However, using the present result and [23, 3.7 (1)], [25, 4.8], it is shown in
[25,5.2(1)] that “< 00” can be replaced by “= 0.

Remark 10.8. It is shown in [25, 5.2 (2)] that the conclusion holds with T = 1 if
m=1lorm=2and p>1lorm > 2and p = 2m/(m + 2) by use of 9.5 and [25,
4.8].

Acknowledgements. The author offers his thanks to Prof. Dr. REINER SCHATZLE from whose
education the author benefited greatly in writing the present paper. Additionally, the author
would like to thank Prof. Dr. Tom ILMANEN for several related discussions. Moreover, the
author expresses his thanks to the referee for his or her effort to improve the exposition.

References

1. AMBROSIO, L., Fusco, N., PALLARA, D.: Functions of Bounded Variation and Free Dis-
continuity Problems. Oxford Mathematical Monographs. The Clarendon Press, Oxford
University Press, New York, 2000

2. ALLARD, W.K.: On the first variation of a varifold. Ann. Math. (2) 95, 417-491 (1972)

3. ALMGREN, EJ. Jr.: Existence and regularity almost everywhere of solutions to ellip-
tic variational problems among surfaces of varying topological type and singularity
structure. Ann. Math. (2) 87, 321-391 (1968)

4. ALMGREN, F.: Optimal isoperimetric inequalities. Indiana Univ. Math. J. 35(3), 451-547
(1986)

5. ALMGREN, EJ. Jr.: Almgren’s big regularity paper. World Scientific Monograph Se-
ries in Mathematics, vol. 1. World Scientific Publishing Co. Inc., River Edge, 2000.
Q-valued functions minimizing Dirichlet’s integral and the regularity of area-minimiz-
ing rectifiable currents up to codimension 2, With a preface by JEAN E. TAYLOR AND
VLADIMIR SCHEFFER



82

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

ULRICH MENNE

. BomBIERI, E., DE GIoral, E., Grusti, E.: Minimal cones and the Bernstein problem.

Invent. Math. 7, 243-268 (1969)

. BRAKKE, K.A.: The Motion of a Surface by its Mean Curvature. Mathematical Notes,

vol. 20. Princeton University Press, Princeton, 1978

. CAFFARELLI, L.A.: Interior a priori estimates for solutions of fully nonlinear equations.

Ann. Math. (2) 130(1), 189-213 (1989)

. CASTAING, C., VALADIER, M.: Convex Analysis and Measurable Multifunctions. Lecture

Notes in Mathematics, vol. 580. Springer, Berlin, 1977

DE Gioral, E.: Frontiere orientate di misura minima. Seminario di Matematica della
Scuola Normale Superiore di Pisa, 1960-61. Editrice Tecnico Scientifica, Pisa, 1961
Dk Gioral, E.: Selected Papers. AMBROSIO, L., DAL MAso, G., FORTI, M., MIRANDA,
M., SPAGNOLO, S. (eds.) Springer, Berlin, 2006

DUuZzAAR, F., MINGIONE, G.: Harmonic type approximation lemmas. J. Math. Anal. Appl.
352(1), 301-335 (2009)

DuzaARr, F., STEFFEN, K.: Optimal interior and boundary regularity for almost mini-
mizers to elliptic variational integrals. J. Reine Angew. Math. 546, 73—-138 (2002)
FEDERER, H.: Geometric Measure Theory. Die Grundlehren der mathematischen
Wissenschaften, Band 153. Springer-Verlag New York Inc., New York, 1969
FEDERER, H.: Flat chains with positive densities. Indiana Univ. Math. J. 35(2), 413-424
(1986)

GiusTtl, E.: Direct Methods in the Calculus of Variations. World Scientific Publishing
Co. Inc., River Edge, 2003

GILBARG, D., TRUDINGER, N.S.: Elliptic Partial Differential Equations of Second Order.
Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition
HuTtcHINSON, J.: Poincaré-Sobolev and related inequalities for submanifolds of RN.
Pacific J. Math. 145(1), 59-69 (1990)

JiN, T., MAZ’ YA, V., VAN SCHAFTINGEN, J.: Pathological solutions to elliptic problems in
divergence form with continuous coefficients. C. R. Math. Acad. Sci. Paris 347(13-14),
773-778 (2009)

KELLEY, J.L.: General Topology. Springer, New York, 1975. Reprint of the 1955 edition
[Van Nostrand, Toronto, Ont.], Graduate Texts in Mathematics, No. 27

LeoNARDI, G. P., MAsNoOU, S.: Locality of the mean curvature of rectifiable varifolds.
Adv. Calc. Var. 2(1), 17-42 (2009)

MENNE, U.: c? Rectifiability and Q Valued Functions. PhD thesis, Universitét Tiibin-
gen, 2008. http://tobias-lib.ub.uni-tuebingen.de/volltexte/2008/3518

MENNE, U.: Some applications of the isoperimetric inequality for integral varifolds.
Adv. Calc. Var. 2(3), 247-269 (2009)

MENNE, U.: A Sobolev Poincaré type inequality for integral varifolds. Calc. Var. Partial
Differ. Equ. 38(3—4), 369—408 (2010)

MENNE, U.: Second order rectifiability of integral varifolds of locally bounded first
variation. J. Geom. Anal. (2011). doi:10.1007/s12220-011-9261-5

MINGIONE, G.: Regularity of minima: an invitation to the dark side of the calculus of
variations. Appl. Math. 51(4), 355-426 (2006)

O’NEIL, R.: Convolution operators and L(p, ¢) spaces. Duke Math. J. 30, 129-142
(1963)

SCHATZLE, R.: Hypersurfaces with mean curvature given by an ambient Sobolev func-
tion. J. Differ. Geom. 58(3), 371-420 (2001)

SCHATZLE, R.: Quadratic tilt-excess decay and strong maximum principle for varifolds.
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 3(1), 171-231 (2004)

SCHATZLE, R.: Lower semicontinuity of the Willmore functional for currents. J. Differ.
Geom. 81(2), 437-456 (2009)

SiMoN, L.: Lectures on geometric measure theory. Proceedings of the Centre for Mathe-
matical Analysis, vol. 3. Australian National University. Australian National University
Centre for Mathematical Analysis, Canberra, 1983


http://tobias-lib.ub.uni-tuebingen.de/volltexte/2008/3518
http://dx.doi.org/10.1007/s12220-011-9261-5

32.

33.

34.

35.

Decay Estimates for the Quadratic Tilt-Excess of Integral Varifolds 83

SIMON, L.: Schauder estimates by scaling. Calc. Var. Partial Differ. Equ. 5(5), 391-407
(1997)

SCHOEN, R., SIMON, L.: A new proof of the regularity theorem for rectifiable currents
which minimize parametric elliptic functionals. Indiana Univ. Math. J. 31(3), 415-434
(1982)

TRUDINGER, N.S.: On the twice differentiability of viscosity solutions of nonlinear
elliptic equations. Bull. Austral. Math. Soc. 39(3), 443—-447 (1989)

WLOKA, J.: Partial Differential Equations. Cambridge University Press, Cambridge,
1987. Translated from the German by C.B. THOMAS AND M.J. THOMAS

Max-Planck-Institute for Gravitational
Physics (Albert-Einstein-Institute),
OT Golm, Am Miihlenberg 1,
14476 Potsdam, Germany.
e-mail: Ulrich.Menne @aei.mpg.de

(Received June 8, 2011 / Accepted August 31, 2011)
Published online December 21, 2011 — © Springer-Verlag (2011)



	Decay Estimates for the Quadratic Tilt-Excess of Integral Varifolds
	Abstract
	0 Introduction
	1 Notation
	2 Basic Facts for QQ (V) Valued Functions
	3 Some Preliminaries
	4 A Coercive Estimate
	5 Approximation by QQ( Rn-m) Valued Functions
	6 An Interpolation Inequality
	7 Some Estimates Concerning Linear Second Order Elliptic Systems
	8 A Model Case of Partial Regularity
	9 Estimates Concerning the Quadratic Tilt-Excess
	10 The Pointwise Regularity Theorem
	Acknowledgements.
	References


