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Abstract

This paper concerns integral varifolds of arbitrary dimension in an
open subset of Euclidean space with its first variation given by either a
Radon measure or a function in some Lebesgue space. Pointwise and al-
most everywhere decay results for the quadratic tilt-excess are established
for those varifolds. The results are optimal in terms of the dimension of
the varifold and the exponent of the Lebesgue space in most cases, for
example if the varifold is not two-dimensional.

Introduction

Overview This paper investigates pointwise and almost everywhere regularity
properties of integral varifolds satisfying integrability conditions on its gener-
alised mean curvature where pointwise regularity is measured by the decay of the
quadratic tilt-excess. As classical regularity may fail on a set of positive mea-
sure, see Allard [All72, 8.1 (2)] and Brakke [Bra7&, 6.1], the notion of tilt-excess
decay serves as a weak measure of regularity suitable for studying regularity
near almost every point of a varifold. In fact, aside from being used as an in-
termediate step to classical regularity, see Allard ], decay estimates have
been employed as a tool for both perpendicularity of mean curvature in Brakke
m and locality of mean curvature in Schitzle [Sch09, [Sch04, Sch01].

In the present paper it is established that there is a qualitative change in the
nature of the results obtainable when the Sobolev exponent corresponding to
the integrability exponent of the mean curvature drops below 2. The core of the
proof of the pointwise results relies on the harmonic approximation procedure
introduced by de Giorgi in [DG61] (see also [DGOG, p. 231-263]) and Almgren
in ] and used in the present setting by Allard in M] and Brakke in

. Additionally, to obtain the present pointwise results, a new coercive
estimate is proven, the Sobolev Poincaré type estimates of M] are adapted
and a new iteration procedure is introduced. The almost everywhere results then
follow by combining results from the pointwise case with those of M] using
ﬂm,] and techniques introduced by Schiitzle in [Sch0].
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Known results The notation follows Federer [Fed69] and, concerning vari-
folds, Allard [AlLl72], see Section [l

Hypotheses. Suppose m and n are positive integers, m < n, 1 < p < oo, U is an
open subset of R™, V € IV,,,(U), |0Vl is a Radon measure and, if p > 1,

=—[g(z) eh(V;2)d||[V||(z) whenever g € 2(U,R"),
h(V, ) p(||V|| LK, R") whenever K is a compact subset of U.

Consider the question for which 0 < a <1 the given hypotheses imply

. —a—m 12 _
hm%tipr /2(fB(a7r)><G(n,m)|Sh Ty|* dV (2, S))

for V almost all (a,T) € U x G(n,m). Brakke has shown that one can take any
0<a<lincasep=2and o = 1/2with “< co0” replaced by “= 0" in casep = 1
in [Bra78, 5.5,7]. Schétzle [Sch04] has used results on viscosity solutions from
Caffarelli [Caf89] and Trudinger [Tru89] to establish several regularity results,
in particular that if p > m, p > 2 and n — m = 1 then one can take a = 1, see
also Schétzle [Sch01] for a special case. Moreover, Schétzle showed in [Sch09,
Theorem 3.1] that if p = 2 then the key to the general case is to prove existence
of an approximate second order structure of the varifold. Namely, if p = 2 and
there exists a countable collection C' of m dimensional submanifolds of R™ of
class 2 with [|V][(U ~|JC) = 0 then one can take oo = 1.

Whereas consideration of varifolds associated to submanifolds of class 2
clearly shows that o = 1 is the largest a possibly having this property, in
case sup{2,p} < m and ﬂT_” < 2 it can be seen from the examples in [Men09a,
1.2] that one cannot take o > (— Comparing this to Brakke’s results, little
is known for the case 1 < p < 2 and also in case p = 1 and m > 2 there is a
gap between known positive results for o < 1/2 and known counterexamples for

o> —(m i)

Results of the present paper These gaps are closed by the following theo-
rem.

Theorem. Suppose m, n, p, U, and V are as in the preceding hypotheses.
Then the following two statements hold:

(1) If either m =2 and 0 < 7 < 1 or sup{2,p} < m and 7 = < 1 then

2(m p)

1/2

lim r*f*mﬂ(fB(W)XG(W)|5*h ~T,?dV(z,8)) " =0

r—0+
for V almost all (a,T) € U x G(n,m).

(2) If either m =1 orm =2 and p > 1 or m > 2 and mp > 2(m — p) then

limsupr 1~ m/g(fB () % G (m.m) |Sh T, dV (2, S))1/2
r—0+4

for V almost all (a,T) € U x G(n,m).



From the afore-mentioned examples it follows that 7 cannot be replaced
by any larger number in () if m > 2, see Therefore with the exception
of the case (m,p) = (2,1) this provides a complete description of the almost
everywhere decay rates of the quadratic tilt-excess. In contrast to this, little
appears to be known for non-quadratic tilt-excess, i.e. tilt-excess measured in
Lebesgue spaces with exponent different from 2. Apart from [Men08b] the main
ingredient in the proof of this theorem are pointwise estimates which also lead
to the following result.

B3 Theorem. Suppose m, n, and p are as in the preceding hypotheses, @Q is
a positive integer, eitherp =m=1o0or1 <p<m,0<i<1,0<a<1,
0<7<1l,and7T=1 ifmzl,p/2§7<% ifm=2 andT:% if
m > 2.

Then there exist positive, finite numbers € and I' with the following property.

Ifa e R", 0 <r < oo, VelIVy,(Ua,r)), V is related to p as in the
preceding hypotheses, ¥ is the measure defined by ¢ = |6V if p = 1 and
v =hV;)PIV]ifp>1,T¢€ Gn,m), w: RN{t:0<t <1} — R with
w(t) =t if ar < 1 and w(t) = t(1 +1log(1/t)) if ar = 1 whenever 0 < t <1,
and 0 < vy <eg,

O™ ([[V],a) >Q—1+4, [[V][U(a,7) <(Q+1—3d)a(m)r™,
(rmf18, — TP AV(2,8))? < 7,
[VII(B(a,0) N {z: @™ (||[V],2) <Q —1}) < ea(m)e™ for0<o<r,
o' " Pp(B(a, 0)) P <47 (o/r)™ for0< o<,

then @™ (||V||,a) = Q, R = Tan™(||V||,a) € G(n,m) and
—m 1/2
(0 fU(a,g)xG(n,m)|Sh — Ry|?dV(z,9)) / <Tyw(g/r) whenever 0 < o <.

In order to explain this theorem, assume m > 2.

In case mm—f;j = 2, the theorem states that if the mean curvature expressed in
terms of ¢ decays with power a < 1 so does the tilt-excess of the varifold pro-
vided essentially that the tilt-excess is initially small and the density, restricted
to the complement of a set with small density at a, is lower semicontinuous at
a. If a = 1, the modulus of continuity w obtained is optimal as demonstrated
by an example in B3l in particular one cannot take w(t) = t. Moreover, this
sharp result seems not to be obtainable using classical excess decay methods as
will be explained below.

In the case mm—i) < 2, the situation is different. Comparing it to the case of a
weakly differentiable function v : R™ — R™™ ™ whose distributional Laplacian
is given by a function locally in L, (™, R"~™), the analogous quantity to prove

decay for would be
—m 2 m 1/2
(Q fU(C7g)|Du(m) —Du(c)|*d¥ m)

for c € R™, 0 < ¢ < oo. However, this quantity not even needs to be finite.
Still, in the varifold case, decay of the mean curvature with power « implies,
under the same assumptions as before, decay of the tilt-excess with some smaller
power a1 with 7 = 2(::5 77+ This number 7 cannot be replaced by any larger
number, see [8.4]




Overview of proof As indicated above the main tool in the pointwise regu-
larity proof is the harmonic approximation procedure introduced by de Giorgi
and Almgren, see [DG61, [DGOG, IAIm68]. Tt requires the varifold to be weakly
close to a plane with density @ and strongly close to a varifold with density at
least @. Initially, the latter condition was phrased as @™ (||V]|, z) > @ for ||V]|
almost all z € U(a,r) in Allard |ALLT2, §8], however the set of points a not satis-
fying this condition for suitable @ and r may have positive ||V|| measure even if
the hypotheses are satisfied with p = oo, see Allard |All72, 8.1 (2)] and Brakke
[Bra7g, 6.1]. Replacing the condition by the requirement on @™ (||V],-) to be
||[V]] approximately (lower semi) continuous, Brakke was able to treat almost
all points with p = 2 using an approximation by Almgren’s “Q-valued” func-
tions, i.e. functions with values in Qg (R"™™ ™), see below. Additionally, Brakke
established a coercive estimate which allowed him to obtain partial results also
for the case p = 1.

Taking this as a starting point, it will be described, firstly, the new ingredient
needed to obtain the optimal modulus of continuity for the case p = 2, secondly,
the new ingredient needed to obtain optimal results in case p < 2 and, thirdly,
how these new ingredients can be implemented within the known framework of
a (partial or pointwise) regularity proof.

Obtaining the optimal modulus of continuity for p =2 For this pur-
pose a new iteration procedure is introduced which is now presented in the sim-
ple case of the Laplace operator. Suppose ¢ € R™, u € W12(U(c,1),R*™™),
Te2'U(,1),R"™),

T(9) = —fU(c,l)DH eDud¥™ for 0 e 2(U(c,1),R"™™),

i.e. T is the distributional Laplace of u, and assume for some 0 < v < co and
0 < a <1 that

gim/2|T(9)| S PygalD9|2;c,g

whenever § € 2(U(c,1),R"™™) with sptfd C U(c,p) and 0 < p < 1, where
|f],.., denotes the seminorm of [f| € Ly(£™U(c,0)). Define J = RN
{r:0 < o<1}, for each o € J choose u, : U(c,p) — R" ™ harmonic with
boundary values given by u, i.e.

up € &(U(c,0),R"™™) with Lapu, =0,
U— Uy € Wé’g(U(c7 0), R"™™),
define ¢; : J — R and ¢9 : J x Hom(R™, R"™™) — R by
$1(0) = [D?ugl s s $2(0,0) = 0D (u—0)l,,,
for (p,0) € J x Hom(R™,R"~™) and choose ¢, € Hom(R™,R"~") such that
$2(0,0,) < ¢2(0,0) whenever 0 € Hom(R™,R"™™), p € J.
Using a priori estimates, see [GT01, Theorems 7.26 (ii), 8.10, 9.11], one estimates
61(0/4) — 61(0) < 1D (g — gys)l ey < D01~ "21D (1t — 119/ 0,4/
< Agflim/2(|D(u — Ug/a)l9;c 074 + [D(u— u9)|2;c7g) < 208707t



for some positive, finite number A depending only on n and

$2(0,0,) < Q_m/2(|D(u - ug)|2;c,g + [D(u, — Due(c))b;c,g)
< 70" + a(m)?o¢1 (o),

hence obtains the two iteration inequalities
¢1(0/4) < d1(0) +Tve™ ', 2(0,00) <T(0¢1(0) +70%)

for o € J where T' = sup{2A, 1, a(m)'/?}.
Now, if 0 < 1 < 00, ¢1(0) < 710* ! and a < 1 then

P1(0/4) < (0/D)* (4% 'y + Ty) < mle/4)*!

provided v; > (1 — 4%~1)71y, noting 4%~ < 1. Similarly, if 0 < 71 < oo,
d1(0) <71(1+1og(1/9)) and o = 1 then

¢1(e/4) < (1 +1og(4/e)) — (log4)y + Iy < 7 (1 +log(4/0))

provided ; > I'y(log4)~!. In both cases it has been used crucially that the
factor in front of ¢4 (o) in the first iteration inequality is 1. This is the reason for
choosing ¢ rather than ¢o as leading iteration quantity. The decay of ¢2(g, op)
in terms of o then follows.

Classically, an excess decay inequality of type

D2(N0,0x) < T1AP2(0,0,) +Toy0* for0<A<1/2,0<0<1

where 1 < T'; < oo for i € {1,2} is used, see e.g. [Fed69, 5.3.13] or Duzaar
and Steffen [DS02, (5.14)]. Sometimes, I'; additionally depends on A. However,
concerning the case « = 1, the optimal modulus of continuity cannot be deduced
from such an inequality since if 1 < T'; < oo and 1/e < T's < oo then it does
not exclude that ¢2(p,0,) may equal vo(1 + log(1/p))® for some s > 1 with
2571 <T'; and (2s/e)® < 2I's.

Treating the case p < 2 The second new ingredient in the regularity
proof will be described focusing on the case m > 2. In doing so, a quantity of

type
em ) 1
o~1-m/a (fB(a’g) dist(z — a, 7)?d||V||2) a

for U and V as in the hypotheses with a € R™, 0 < ¢ < o0, B(a,0) C U,
T € G(n,m) and 1 < g < oo will be referred to as g-height. To derive sharp re-
sults with respect to the integrability of the mean curvature two observations will
be essential. Firstly, the dependence on the mean curvature in Brakke’s coercive
estimate, see [Bra7g, 5.5], can be improved at the price of using the g-height with
q= WQLTQ instead of the 2-height, see 313l Secondly, in order to control the ¢-
height, the Sobolev Poincaré type estimates of [Men(09h] are adapted. However,
a subtlety arises. The mentioned estimates are in full strength only available
for the g-height on the set H of points satisfying a smallness condition on the
mean curvature, see also the discussion in [Men09b, 3.6]. As estimating the g-
height on the complement of H by mean curvature would be insufficient for the




present purpose, the coercive estimate of Brakke has to be improved a second
time by showing the g-height on H, mean curvature and 2-height are actually
sufficient to control the tilt-excess, see .91 This is accomplished by construct-
ing a possibly noncontinuous cut-off function with properties reminiscent of a
weakly differentiable function, including a partial integration formula, Sobolev
embedding and approximate differentiability, see and 37l These properties
are deduced directly from the construction rather than from a general theory.

Implementation of proof Finally, it will be indicated briefly how the
previously described pieces fit into the well known pattern of a partial regular-
ity proof. As usual, one assumes the varifold to be close to @ parallel planes with
respect to mass, tilt-excess and first variation. Fixing a suitable linear coordi-
nate system, one approximates the varifold by a Lipschitzian Qo (R™™™) valued
function f. Recall that Qo(R"™ ™) may be described as the @ fold product of
R™ ™ divided by the action of the group of permutations of {1,...,Q}. The
accuracy of this approximation is controlled by tilt-excess and mean curvature.
To obtain the comparison functions u,, one considers the Dirichlet problem with
the linear elliptic system with constant coefficients given by a suitable lineari-
sation of the nonparametric area integrand and boundary values given by the
“average” g of f. This is somewhat different from the usual procedure where
the comparison functions are often constructed either within contradiction argu-
ments (see e.g. Allard |All72, 8.16] or Brakke |Bra78, 5.6]) or by an “A-harmonic
approximation lemma” which confines the contradiction argument to the situ-
ation of linear systems with constant coefficients (see e.g. Simon [Sim83, 21.1]
or Duzaar and Steffen [DS02, 3.3]); however see also Schoen and Simon [SS82]
for a different approach. The distributional right hand side for g — u, can be
estimated by mean curvature and a small multiple of the tilt-excess provided a
suitable weak norm is employed, namely a norm dual to the norm mapping a
smooth function with compact support to the Lo, (£, Hom(R™, R"~"™)) norm
of its derivatives. This only yields smallness of g — u, in Lebesgue spaces with
exponent below —= if m > 1, e.g. in Ly (Z™ L U(c,0), R"™™), here ¢ € R™
corresponds to a € R™, see [[A([@). However, assuming that the set of points
with density strictly below @ is small with respect to ||V||, the graph of g co-
incides with the varifold on a large set, hence using interpolation (Section [l
and estimates for the approximation by f (see Section Hl), one can ultimately
convert Ly (Z™ L U(c, p), R"™™) closeness of g to an affine function via the co-
ercive estimate to control of the tilt-excess of the varifold with respect to the
corresponding plane.

Having these estimates at one’s disposal, one readily obtains modified ver-
sions of the iteration inequalities which — upon simultaneous iteration — yield
the result.

Concerning the interdependence of the various results of the author on the
present subject, the reader might also want to consult [3.4] for a brief description.

Organisation of the paper Section [l introduces the general notation and
is followed by Section [2] where definitions and basic properties of Qg (V') valued
functions are given. In Section [3 the coercive estimate is established. In Section
[ an approximation of an integral varifold by Qo(R"™™ ™) valued functions is
carried out, in particular providing the required adaptions of [Men09h]. In Sec-



tion Bl an interpolation inequality allowing to neglect certain small exceptional
sets is proven. In Section [6lsome standard estimates for linear elliptic equations
are gathered. In Section [1 the core estimates and the iteration procedure are
carried out. Section [§] provides the pointwise regularity theorem and Section
contains the proof of the almost everywhere decay rates.
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1 Notation

The notation follows [Fed69], see the list of symbols on pp. 669671 therein. In
particular, recall the following maybe less common symbols: & denoting the
positive integers, U(a,r) and B(a,r) denoting respectively the open and closed
ball with centre a and radius 7, O (V, W) and ()" V denoting the vector space of
all 4 linear symmetric functions (forms) mapping V* into W and R respectively,
and the seminorms ¢,y for 1 < p < oo corresponding to the Lebesgue spaces

o) (f) = ([IfIP dfb)l/p in case 1 < p < oo,
P(oo) (f) = iInf(RN{t: (X N{x:[f(z)| > t}) = 0})

whenever ¢ measures X, Y is a Banach space, and f : X — Y is ¢ measurable,
see |[Fed69, 2.2.6,2.8.1, 1.10.1, 2.4.12]. The notation for the Lebesgue seminorms
is particularly convenient when longer expressions replace the measure ¢ as will
repeatedly be the case in L8 (g]).

Additionally, the following symbols are taken from Allard [All72, 2.3, 2.5,
3.1, 35,4.2): T+, Gy, Vi, RV, IV, |V, 6V, and ||6V|. Moreover, the
following slight modifications and additions apply. (For the convenience of the
reader in this section for nearly every symbol the appropriate reference to its
definition in [Fed69] is given at its first occurrence.)

Following [Kel53, p.8], one defines f[A] = {y:(z,y) € f for some y € A}
whenever f is a relation and A is a set.

Following Almgren |Alm00, T.1(9)], for m,n € &, m <n, T € G(n,m), T,
is characterised by, see [Fed69, 2.2.6, 1.6.2],

T, e Hom(R",R"), T,=T;, TyoT,=T, imT,=T.

Similar to Allard’s definition in |All72, 8.10], the closed cuboid C(T,a,r,h)
is defined by

C(T,a,r,h) =R"N{z:|T}(z — a)| < r and |ThJ‘(z —a)| < h}

whenever m,n € Z, m<n,T € G(n,m),a € R" 0 <r <oo,and 0 < h < oc.
One abbreviates C(T, a,r,00) = C(T, a,r)

Also, following Almgren |Alm86, p. 464], whenever n € & the number 3(n)
denotes the least positive integer with the following property, see [Fed69, 2.8.14]:

I The symbol C(T, a,r) is used by Allard in [All72, 8.10] to denote R"N{z: |Ty(z — a)| < r}.



If F' is a family of closed balls in R™ with sup{diam S:S € F'} < oo then there
exist disjointed subfamilies Fi, ..., Fg() of I such that, see [Fed69, 2.8.8, 2.8.1],

{z:B(z,7) € F for some 0 <7 < oo} C UU{Fi:i=1,...,8(n)}.

As in [Men09d, 2.3] whenever m € & the smallest number with the fol-
lowing property will be denoted by v(m): If n € &, m <n, V € RV,,,(R"),
IVII(R™) < oo, and ||[6V||(R™) < oo, then

IVIR™ N {z:0@"(|VI]l,2) > 1)}) < v(m)|[V[(R")™[|sV[|(R").

Whenever m,n € &, m < n, U is an open subset of R", V € V,,,(U), and
|[6V]] is a Radon measure, the generalised mean curvature vector of V at z is
defined to be the unique h(V; z) € R™ such that

h(V:2)ev = — Tim O 0zr )

N INTREE T f R”L
BV B S

where b, , is the characteristic function of B(z,r), see [Fed69, 1.7.1]; hence
z € dmnh(V;-) if and only if the above limit exists for every v € R™. This
definition is adapted from Allard [All72, 4.3] in the spirit of [Fed69, 4.1.7].

Whenever ¢ measures X, 0 < ¢(4) < oo, Y is a Banach space, and f €
Li(¢L A,Y) the symbol §, fd¢ denotes p(A)~! [, fde, see [Fed69, 2.4.12].

Suppose m € £, U is an open subset of R™, eq, ..., e, denote the standard
base of R™, Y is a finite dimensional Hilbert space, k is a nonnegative integer,
and w is an £ L U measurable function with values in Y. Then u is called k
times weakly differentiable in U if and only if

(1) v e Li(ZL™ L K,Y) for every compact subset K of U,

(2) defining T' € 2'(U,Y) by T(0) = [,0 e udZ™ for 6 € 2(U,Y), the
distributions D*T corresponding to all « € Z(m,i) and i = 0,...,k are
representable by integration and the measures ||D*T || are absolutely con-
tinuous with respect to £™ LU, see |[Fed69, 1.9.2, 1.10.1, 2.9.2, 4.1.1,
4.1.5], (« is sometimes called “multi-index of length i”).

In this case for ¢ = 0,...,k the £™ U measurable functions D’u with values
in ©"(R™,Y) are characterised by the following two conditions (here and in the
following (O'(R™,Y) is equipped with an inner product as in [Fed69, 1.10.6]):

(3) D°T(0) = [, 0(z) ® {¢*,D'u(zx)) d-£™x whenever § € Z(U,Y) and « €
E(m, 1) where e* = (e1)** ®- - -® (e,)*™ is constructed from the standard
base e1,...,en of R™, see [Fed69, 1.9.2, 1.10.1]; in particular Diu is 0
times weakly differentiable in U.

(4) D'u(a) = lim, o+ fg(, ) D'udZL™ whenever a € U; hence a € dmn D'y
if and only if the preceding limit exists.

Also, 1 times weakly differentiable in U is abbreviated to weakly differentiable
in U and D'u to Du. In particular, the symbols D?, D will not be used in the
sense of [Fed69, 1.5.2, 2.9.1, 4.1.6]. W*P(U,Y') denotes the Sobolev space of all
k times weakly differentiable functions in U with values in Y such that Diu ¢
L, (.,?m LU, O'(R™, Y)) whenever i = 0, ..., k; the corresponding seminorm of



u is given by Zfzo(.,?m LU) ) (D), see [Fed69, 2.4.12]. WEP(U,Y) denotes
the closure of 2(U,Y) in W*P(U,Y). Note that in these definitions neither in
the Sobolev spaces nor in the Lebesgue spaces functions agreeing £ L U almost
everywhere are treated as single elements; instead condition (@) is employed.

If m € &, U is an open subset R™, Y is a separable Hilbert space,
1 <p< oo, Ais an Z™ LU measurable set, and u and v are £™ L U mea-
surable functions with values in Y then |ul,, = (£™ L A)((u) and, pro-
vided [, |u(z) @ v(z)|dL™x < o0, (u,v), = [, u(z) @ v(x)dL™x. Moreover,
[ulyqr = ltl,u@r and (w,v), . = (4, v)y(,,,) Whenever a € R™, 0 <r < oo
with U(a,r) C U, see [Fed69, 2.8.1]. These notions extend [Fed69, 5.2.1]. If
additionally, ¢ is a nonpositive integer, 1 <p < oo, 1 <g<oo, 1/p+1/q¢=1,
T is a real valued linear functional on 2(U,Y), and V is an open subset of U,
then

|T|; poy =supT[2(U,Y)N{0:|D0] ., <1 and sptf C V}]

and |T|; ., = |T|; p0(a,r) Whenever a € R™, 0 <r < oo with U(a,r) CU.

The notation for functions with values in Qg(R"~™) for m,n, Q € & with
m < n which originate from Almgren’s work in [Alm00] will be introduced in
Section [2] together with basic properties.

Finally, each statement asserting the existence of a positive, finite number,
small (¢) or large (I'), will give rise to a function depending on the listed pa-
rameters whose “name” is ex, or I'yy, where x.y denotes the number of the
statement.

2 Basic facts for Qg(V) valued functions

This section provides some basic definitions for Qg (V') valued functions mainly
taken from Almgren [Alm00] in 2] 222 and 24 and a proposition from [Men09b)|
in[2:3l Finally, the first variation for the varifold associated to the “graph” of a
Qo (R" ™) valued functions is given in and

2.1 (cf. |Alm00, 1.1(1) (3), 2.3(2)]). Suppose Q € & and V is a finite dimen-
sional Euclidean vector space.
Qo(V) is defined to be the set of all 0 dimensional integral currents R such

that R = Z?:1[[xz]] for some x1,...,29 € V. A metric 4 on Qq(V) is defined
such that

9 (X2 lel. DL ) = inf { (C2 e — a0 )" 7 € PQ)}

whenever z1,...,29,¥1,-..,Y0 € V where P(Q) denotes the set of permuta-
tions of {1,...,Q}. The function ny : Qq(V) — V is defined by

no(R) = Q' [zd|R||(z) whenever R € Qq(V).

If R= 2?21[[551]] for some z1,...,2g € V, then ng(R) = %Z?Zl z;. Lipng =

Qfl/Q'
Whenever f: X — Qq(V) one defines

graphg f = (X x V)N {(z,v):v € spt f(z)}



and with g : X — V also f(+)g: X — Qq(V) by

(f (+)9)(x) = (Tg(a))#(f(x)) whenever z € X.

2 (cf. [Alm00, 1.1(9) (10)]). Suppose m,n,Q € & and m < n.
A function f: R™ — Qqo(R" ™) is called affine if and only if there exist
affine functions f; : R™ — R®»™™ i=1,...,Q such that

f(z) = Z?Zl[[fl(x)]] whenever z € R™.

fi,-.., fo are uniquely determined up to order. Moreover, one defines

1/2
1= (S DsRO)P) "
Letac ACR™and f: A — Qg(R" ™). f is called affinely approzimable

at a if and only if @ € Int A and there exists an affine function g : R™ —
Qo (R™ ™) such that

lim 4(f(z), g(x))/|z —al = 0.

The function ¢ is unique and denoted by Af(a). f is called strongly affinely ap-
prozimable at a if and only if Af(a) has the following property: If Af(a)(xz) =
ZlQ:l[[gz(a:)]] for some affine functions g; : R™ — R"™™ and g¢;(a) = g;(a) for
some 7 and j, then Dg;(a) = Dg;(a). The concepts of approzimate affine approz-
imability and approximate strong affine approzimability are obtained through
omission of the condition a € Int A and replacement of lim by ap lim. The
corresponding affine function is denoted by ap Af(a).

2.3. The following proposition, see [Men09b, 1.3, 6], will be used for calculations
involving Lipschitzian Qg (R"™™ ™) valued functions.

If mn,Q € &, m < n, Ais L™ measurable, f : A — Qg(R"™™) is
Lipschitzian, I is countable, and to each i € I there corresponds a function
Ji C graphg, f with £™ measurable domain and Lip f; < Lip f such that

card{i: fi(z) = y} = O°(|f(2)[l.y) whenever (z,y) € A x R ™™,
then f is approxzimately strongly affinely approzimable with
ap Af(a)(v) = Xicralfi() + (v,ap D fi(z))]  whenever v e R™

at L™ almost all a € A where I(a) =IN{i:a € dmnap Df;}. Moreover, such
functions f; do exist whenever m, n, Q, A, and f are as above, in particular
graphg, f is countably m rectifiable. If A is open, then ap Af may be replaced

by Af.

2.4 Definition. Suppose m,n,Q € &, m < n, A C B C R™, Ais ™
measurable and f : B — Qg(R" ™) is Lipschitzian, C1 = dmnap Af, Cy =
dmn Af,and g: B — R and h; : C; — R for i € {1,2} are defined by

g9(x) =94 (f(x),Q[0]) forz € B,
hi(z) =|ap Af(z)| forx € C1, he(z) =|Af(x)| for z e Cs.
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Then one defines for 1 < p < oo, noting 23]

|f|p;A = |g|p;A7 |apAf|p;A = |h1|p;A’
|Af|p;A = |h2|p;A if A is open.

Moreover, if U(a,r) C B for some a € R™, 0 < r < oo, then

|f|p;a,r = |f|p;U(a,r)a | ap Af|p;a,r = |ap Af|p;U(a7r)7
|Af|p;a,r = |Af|p;U(a,'r)'

2.5. Suppose U is an open subset of R™, Y is a Banach space and T' € 2'(U,Y).
Then T has a unique extension S to &(U,Y) N {#:sptfd NsptT is compact}
characterised by the requirement

S(0) = S(n) whenever spt T C Int{x:0(z) = n(z)}.
The extension will usually be denoted by the same symbol 7.

2.6. Suppose m,n,Q € & with m < n.
Following |Fed69, 5.1.9], the projections p € O*(n,m), q € O*(n,n —m)
are defined by

p(z) =(z1,.-y2m), aA(z) = (Zm+1,---,2n)

whenever z = (z1,...,%,) € R". In case

z=p"(x)+q4"(y) = (1, -, Tm, Y1, -+ -y Yn—m) forz e R™ yecR"™
sometimes (z,y) will be written instead of z, f(z,y) instead of f(z) for functions
f with dmn f € R™ and G(n,m) instead of G,,,(R™ x R"™™).

If U is an open subset of R™, A is an Z™ measurable subset of U, f :
A — Q@(R"™™) is Lipschitzian, and f; for ¢ € I are as in 2.3 then defining
V € IV, (p~![U]) by the requirement

IVIZ) = [y 2@ F P a(=)) do

for every Borel subset Z of p~1[U], a simple calculation shows
(@V)(A 00 0P) = Yics Jomn g, (DO(@), DYG(ap Dfi(x))) AL

whenever 0 € 2(U,R"™™); here \Ilg denotes the nonparametric integrand at 0
associated with the area integrand U, i.e. \Ilg : Hom(R™,R"™ ™) — R with

V(o) = (X7 hiol?)? for o € Hom(R™, R*™™),

see |Fed69, 5.1.9], and the convention [Z5]is used.

3 A coercive estimate

In the present section two improved versions of Brakke’s coercive estimate in
[Bra78, 5.5] are derived in B9 and BI3l First, some computations for the
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catenoid are carried out in which are used in to rule out a certain gen-
eralisation of the coercive estimate. Then, some basic facts about approximate
differentiability with respect to the weight measure of a varifold are given in
which are needed to construct a cut-off function in[3.6l Finally, the coercive es-
timate for rectifiable varifolds satisfying a lower bound on the density is proven
in B9 and a simpler version for general varifolds is indicated in

3.1. Frequently, the following estimates from Allard |All72, 8.9 (5)] will be used:
Suppose m,n € Z, m <n, T € G(n,m) and 01,72 € Hom(S, S+). If

Si=R"N{z:z+ni(z):2€ S} fori=12,
then

151)s = (S2)ell < llm — mel,
(1= 11(S0)s = Sl llm = n2ll* < (1 + [Im2l*) 1(S1)s — (S2)ell.

3.2 Example. Suppose m =2, n=3,and f: RN{t:1 <t < oo} — R as well
as N, T, and Pg are defined by

ft) =log (t+(t2—1)1/2) for 1 <t < oo,
N=R’n{z:la(2)| = f(lp(2)])}, T =imp",
Pr=R3n{z:|q(z)] =log(2R)} for 2 < R < 0.

Then there exists a universal, positive, finite number I with the following
two properties:

(1) fR?’ﬁB(O R) | dist(z, Pr)|?d(s#%_N)z <TR? for 2< R < 0.
(2) Jrsnm(o.ry | Tan(N, 2); — Ty?d(s#? N)z >T " !logR for 2 < R < 0.
Construction of example. First, note

1 t

/ — _— . —_—
f(t)_t+(t2—1)1/2 <1+(t2—1)1/2> for 1 <t < oo,

hence (I'1)~'~! < f/(t) < T'1t7! for 2 < t < oo and some universal, positive,
finite number I'1, in particular Lip fl[R N {s:s > 2} < 0.
To prove (), one estimates

Jo@o.r) ~ cr.0.2) dist(z, Pr)*d(A#* L N)z < Ta(a1 + az)
where I's is a universal, positive, finite number and

a = fB(O,R)NB(O,2)| log(2R) — log(2|z|)|* d.£%x,
az = fB(07R)~B(0,2)| 10g(2|m|) - f(|$|)|2 dg%«

Concerning ai, note

ar = 27 [ |log(t/ R)[?t AL < 2 R? [ |log(t)|*t ALt < oo

12



To estimate ap, define h : RN {t:¢t >0} — R by h(t) = t'/? and note for
2<t< o0

|log(2t) — log(t + (t* — 1)Y?)| < Lip(log |R N {s:s > t})|t — (t? — 1)}/?]
<t 'Lip(h|RN{s:s> (2 —1)}) <t 127 (12 —1)"V/2 < 271/2%72,

hence a; < 7Tf2Rt_3 dZ' < /8. Together, the estimates for a; and as yield

(@. By Bl it follows
| Tan(N, 2); — Tt < f'(Ip(2)]) < T1lp(2)|™
for z € N~ C(T,0,2), hence by Bdlwith S, S, Sy replaced by T, Tan(N, z), T,
Tan(N, 2); — Tyl = || Tan(N, 2); — T4l = £(1p(2)])/2 = (201) ' p(2)| "
for z € N~ C(T,0,2I'1). Noting for 2 < R < o0
fO<f(R)<2R for1<t<R,  NNC(T,0,R)C R®*NB(0,3R),
this implies for 2sup{I';,1} < R < oo that
)|Tan(N,Z)h — Th|2d(%2LN)Z
> fC(T,O,R) ~oroor| Tan(N, 2); — T)> d(A#? L N)z
> (201) 2 [yt t71 A2 = (2T) 2 log(R/(21)).

fRS NB(0,3R

Since fRSmB(o oy | Tan(N, z); — Ty|? d(#2 L N)z > 0, one infers (). O

3.3. The following situation will be studied: m,n € &, m<n, 1 <p<oo, U
is an open subset of R™, V € V,,,(U), ||0V|| is a Radon measure and, if p > 1,

(6V)(g) = —[g(z) e h(V;2)d||V|(z) whenever g € Z2(U,R"),
h(V;-) e Ly,(]|V||c K,R"™) whenever K is a compact subset of U.

If p < 0o then the measure v is defined by
p=|6V]l ifp=1 =[hV;)P|V] ifp>1

3.4. Suppose m, n, p=1,U and V are as in[33 Then §V € 2'(U,R"™) will be
extended to Li(|[6V||,R") by continuity with respect to ||0V|y and (6V')(g)
will be used to denote this extension for g € Lq(||[6V]|,R") as in |[Fed69, 4.1.5].

3.5 Lemma. Suppose m,n € £, m < n, U is an open subset of R"™, and
V eRV,,(U).
Then the following four statements hold:

(1) If f : U — R is |V|| measurable and A denotes the set of all z € U
such that f is (||V|,m) approxzimately differentiable at z, then A is ||V||
measurable and (||V'||,m)ap D f(z)o Tan™(||V]|, 2)y depends ||V | . A mea-
surably on z.

(2) If f : U — R is Lipschitzian, then f is (||[V||,m) approzimately differen-
tiable at ||V|| almost all z.
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(3) If fi : U — R is a sequence of functions converging locally uniformly to
f:U — R and sup{Lip f; :1 € ¥} < o0, then

J{92), (IVIl,m)ap Dfi(2)) d[[Vllz — [ {g(2), (IVIl,m)ap Df(2)) d||[V]|z

as i — oo whenever g € Li(||V||,R™) with g(z) € Tan™(||V||,2) for |V]|
almost all z.

(4) If f : U — R™ is a Lipschitzian function with compact support in U and
10V is @ Radon measure, then (see[3F)

SV (f) =[Sy e ((IVI,m)ap Df(z) o Sy) dV (2, S).

Proof of M) and @). Since [|V|[(U N{z:@""(||V|,z) =o0}) = 0, a set B is
[[V]| measurable if and only if BN {z:©®*"(||V]|,2) > 0} is 5™ measurable by
[Fed69, 2.10.19 (1) (3)]. Hence (@) and () follow from |Fed69, 3.2.17-19, 3.1.4,
2.10.19 (4), 2.9.9]. O

Proof of [@). Clearly, the assertion needs only to be verified for elements g of
some subset X of Ly (||[V][,R™) whose span is |[V|(1) dense in Ly(||V]|,R") N
{g:9(z) € Tan™(||V||, 2) for z € U}. Therefore one may first assume ||V =
H LW for some (™, m) rectifiable and ™ measurable subset of U by
[Fed69, 3.2.19, 2.10.19(4), 2.9.9] and then m = n, ||V| = £™ by |Fed69,
3.2.17-20, 3.1.5, 2.9.11]. This case can be treated with X = Z2(R™, R™) using
partial integration. O

Proof of ). @) readily implies [l by means of convolution. O

3.6 Lemma. Suppose m, n, p, U, V, and ¢ are as m[Td p < m, V €
RV, (U), @ (||V]],z) > 1 for |V| almost all z, K is a compact subset of U,

0 <8< 4, and H is the set of all z € spt ||V|| such that

IVIB(z,r) > 6™ (y(m)m)~™r™ whenever 0 < r < oo, B(z,r) C K.
Then there exists a Baire function f : U — RN {t:0 <t < 1} satisfying for
g€ 2(U.R")
R"N{z:f(z) #0} C K, [VI(UN{z:f(2) #1} ~H) =0,
fis (|V]|, m) approximately differentiable at |V'|| almost all z,
[S; @ Dg(2)f(2)dV (2, 8) = 6V (fg) — [ (Si(9(2)),ap Df(2)) AV (2, 5),
V]| (lap Df]) < 6(400)™ ¢(K)'/P,
VI N {z: f(2) # 0}) < T ()™ P

(see[37) where T = ((400)™~(m)m)m/(m=p),

Proof. Let B= (U~H)N{2:07(]|V]],2) > 1} and assume B # ). First, the
following assertion will be shown: Whenever z € B there exists 0 < t < oo such
that B(z,10t) C K and

Y| VB2, 106) /7 < 5(400)™ 3 (B(z, £))V/?,
IVIIB(z,10¢) < F¢(B(zjt))m/(mfp)'
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For this purpose choose 0 < r < oo with B(z,r) C K and
IVIB(z,r) < 6™ (y(m)m)~"r™,
let P denote the set of all 0 < ¢t < r such that
IVIB(2,t) < (206)™ (v (m)m)~ "1™

and @ the set of all 0 < ¢ < 55 such that {s:¢ < s <20t} C P. One notes for
2Lo <s<r

s " [VIB(z,5) < (20)™r ™ [[V[[B(z,7) < (206)™ (y(m)m)~"™,

hence 55 € Q. Let o = me and note ¢ > 0 since 200 < 1 and (y(m)m)~™ <
a(m ), cf e.g. [Men094, 2.4]. Clearly, {s:0 < s < 20p} C P. Also, whenever
0 <5< 200

s " VIIB(z,5) = (20)"" o™V B(z, 0) = 6™ (y(m)m)~™

because g € Clos({s:s < o} ~P}).
Define a: {s:0<s<r} -Rand 8:{s:0<s<r}—Rby

a(s) = [[VIB(zs), B(s) = (B(z5)"/?
whenever 0 < s < r. Then by [Men08d, A.7[

v(m)~t < a(s)/ ™|V Bz, 5) + o (5))
for #1 almost every 0 < s < r, hence by Holder’s inequality

(my(m)™! < a(s)/™PB(s) + (/™) (s)

for Z* almost every 0 < s < r. This inequality implies the existence of p < t <
20 satisfying

~la(100)17 < 5(400)™ B(1);

in fact if this were not the case, then for ! almost all o < s < 2p, recalling
{s,10s} C P,

(y(m)m)~t = (@™ (s) < a(s)Y/™ /P (400) ™6 s a(10s) /P
< (1/2)(y(mym) 1,
(200) (v(m)ym) ™ < (1/2)(v(m)m) ™" < (/™) (s),

hence, using o/ (o) = (208)(y(m)m)~'p and [Fed69, 2.9.19], one would obtain
for p < s <29

o™ (s) > o™ (o) + [ (@M ™) () AL > (206)(v(m)m) s, s ¢ P,
The second part of the assertion now follows, noting 10t < 20, from
V][ (B(z, 106)/7~1/7 < =15 Ly(m)m | V| (B(2, 108))/*
< (400)"y(m)m ¢(B(z,1)V/7.

2A similar statement can be found in Leonardi and Masnou [LMO0Y, Proposition 3.1].
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By the preceding assertion and [Fed69, 2.8.5] there exist a nonempty, count-
able set I and z; € B, 0 < t; < oo and u; : U — R for ¢ € I such that

u;(z) = sup{0, 1 — dist(z, B(z;,5¢t;))/t;} forzeU,iel,
sptu; C B(z;,10t;) C K fori € I,
B(z,t;) N B(zj,t;) =0 whenever i,j € I, i # j,
IVl (| ap D) < 6(400)™ (B (=, 8:))"/?,
IV B(zs, 108;) < T (B2, 8:))™/ "7,
B C U{B(Z1,5t1) RS I}
Define vy : U — R by
vy(z) =sup({0} U{u;(z):j € J}) forzeU
whenever J C I, and f =v;. Note 0 < f <1 and
u;(z) =1 whenever z € B(z;,5%;), i € I, f(z)=1 forze B.

Noting BHI([@) and defining g = sup{| ap Du;|:4 € I}, one estimates for J C I

HVH(p) (9" < Z’LEI||V||(p)(| ap Du;|)?
< 0P(400)™PY 7, 1 h(B(zi, 1)) < 6P (400) Py (K),
IVIUN{z:f(2) > vi(2)})
<Y ier~ VI B(zi,10t;) < FZieINJqp(B(zi’ti))m/(m*p)
<T (Xier~s¥Bla, ti))m/(m_p) < Top(K)™/(m=p),

Choose a sequence J(k) with J(k) C J(k+ 1) C I, card J(k) < oo for k € &
and (J{J(k):k € &} =1. Then

IVIHU NN {{z: f(2) > vy (2)} k€ 2}) =0,
hence f is (||V]|, m) approximately differentiable at ||V|| almost all z and

sup{|ap Dv ;) (2)|,|ap Df(2)|} < g(z) for |[V| almost all z,
IVl (lap Dvyx) —ap Df[) — 0 as k — oo

by [Fed69, 2.10.19 (4)] and BEI([). The integral formula holds with f replaced
by vy for k € & by BAH), hence, taking the limit k& — oo, also for f. O

3.7 Remark. The function f cannot be required to be continuous at ||V|| almost
all z. To prove this let mp/(m —p) < n < oo, n = m+ 1, U = R"™, apply
[Men09a, 1.2] with ayq1 = asg2 = 7 to obtain u and T and define V' by the
requirement ||V|| = u. Take £ € T with @™ (v, &) = 0; the existence of such &
follows from [Fed69, 2.10.19 (4)] as /(') = 0. (Alternately, it follows from the
estimates in [Men09a, 1.2] that one can take any £ € T.) Let 0 < r < 1 and
K = B(&,2r). One verifies the existence of e > 0 depending only on V, §, 7,
and m such that

B¢, 7r)N{z:0 < dist(z,T) <e}NH = .
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Therefore any such function f would have to satisfy f(z) = 1 for ||V| almost
all z€ TNU(&,r), hence

IVIUN{z:f(2) # 0}) > a(m)r™

which would be incompatible with the last inequality of for small r even if
I" would be allowed to depend additionally on V' and §.

3.8.Ifa>0,6>0,c>0andd> 0 then

inf{at®+bt~%:0 <t < oo} = ((d/c)c/(c+d) + (d/c)_d/(c+d))ad/(c+d)bc/(c+d).

3.9 Lemma. Suppose m, n, p, U, V, and ¢ are as in[T3, p < m, V €
RV, (U), ™" (||V]],2) > 1 for |V| almost all z, K is a compact subset of U,
H is the set of all z € spt |V|| such that

(IVIIB(z,7) > (40)~™(v(m)m)~™r™ whenever 0 < r < 0o, B(z,7) C K,

¢ €M), 0<¢<1spt¢g CK 1<qg<oo 1/p+1l/g>1 acR"
T € G(n,m), h LU — R with h(z) =dist(z — a,T) for z € U, and

a=d(K)P, B=([e(=)?]S - T*dV(z,9)"?,

v = (V]I H),(h) if q < o0,

v =sup{h(z):z €spt ||V, d(z) >0}  ifg=o0
¢ = (VI H) o) (1Dg|R).

Then
32 < F(amp/(m*p) + (a,y)l/(l/pﬂ/q)) + (16 + 4m)¢>

where I' is a positive, finite number depending only on m, p, and q.

Proof. Assume a = 0, hence h(z) = |T;-(z)| for z € U. Use B8 with § = 45 to
obtain f and define V1,V, € RV,,,(U) by

= [1f(2)dV(z,8) for ACU x G(n,m)
and Vo =V — V4. Using |[Fed69, 2.10.19 (4)], one remarks

f(z)=1and apDf(z) =0 for |V| almost all z€ U~ H,
J6(2)%[8y = To* dVi(z, S) < 4mljgg(m, p) ™/ 777,
[6Vall < (L= D)6V + [ap DIV, IVl (lap Df]) < (400)

Defining g = ¢*(T;-|U), one obtains
Jo(2)?1Sy — Ty? dVa(z, S) < 4/(0V2)(g)| + 16¢>
as in [Braf78, 5.5]. If 1/p+ 1/q = 1 then the conclusion is a consequence of the

preceding remarks and Hélder’s inequality. Therefore suppose 1/p + 1/ > 1,
hence p < o0 and g < oc.
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Letting 0 < t < o0, r =1 —¢(1 — 1/p), and defining : {s:0 < s < 0} —
{5:0 < s <1} by n(s) = inf{1,¢s7"} for 0 < s < o0, one observes 0 < r <1
and

0 <sn(s) < ts'™"  whenever 0 < s < o0,
|sn/(s)| + |1 —n(s)] <1 whenever t/" < s < oo.
Moreover, defining 7, : U — R", 2 : U — R"™ by
(=) = T ENTEE), m(e) = (1= (T )T ()
whenever z € U,
Zy=Un{z:0<h(z) < tl/r}, Zy=UnN {z:tl/r < h(z)},

one notes 1y + 12 = TNJ-|U and computes

(v, Dip(2)) = =0’ (|1T5(2)]) T (2) + (1 = n(I T3 (2)]) T3 (v)

for z € Z5, v € R™, hence
[Dn2(2)|| <1 for z € Zy
and for z € U
I (2)] < th(z)'™" ifr <1, Imz)| <t ifr=1.
Letting g1 = ¢*n1, ga = ¢°12, one notes g1 + g2 = g and infers [g1| = ¢|n],
IDg2(2)| < 26(2)| Do (2)|h(2) + ¢*(2)[| Dz (2) |
< 2¢°(2) + |De(2)|*h(2)* < 20° ()t h(2)? + |D(2)[*h(2)?

for z € Z5. Since Dgs(z) = 0 for z € Z; and ¢, D¢, and h are continuous,
approximating ¢g; and go by smooth functions yields that |(6V2)(g)| does not
exceed

Vel (62h1) + ml[Vall (2697 62h9 + |Dg[2h?) it r < 1,
HoVaII(62) + ml[Va]l (2¢796%hT + [Dg[h2) it r =1,

hence, using Holder’s inequality and recalling the remarks of the first paragraph,
one obtains

[(6V2)(g)| < £(800)™ay " 4 2mt~V/"y1 + mg? if r < 1,
|(0V2)(g)| < t(800)™ar + 2mt~ %y + me?  if r = 1.
The conclusion is now a consequence of O

3.10 Remark. Using the inequality relating arithmetic and geometric means (cf.
[Fed69, 2.4.13]), one obtains for 0 < A < 0o

1/(1/p41 2(1/p+1/q)—1 ey =Ry 2
(ary) /A/p+1/a) < W(Q/A)zmpﬂm T 4 m()\v) .

Note, concerning the exponent of «, if 1/q = 1/2 — 1/m, then W =
mp

m—p’
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3.11 Remark. The estimate for |(§V2)(g)| is adapted from Brakke [Bra78, 5.5]
where p € {1,2} and ¢ = 2.

3.12 Remark. One cannot replace h by the distance from two planes parallel
to T, as may be seen from the estimates for the catenoid in considering
R — oo. This behaviour is in contrast to the Sobolev Poincaré type inequality
in [Men09H, 3.4].

3.13 Lemma. Suppose m, n, p, U, and V are as in[33, ¢ € 2°(U), ¢ > 0,
1<q¢g<o0,1/p+1/g>1,a€e R, T € G(n,m), h: U - R with h(z) =
dist(z — a,T) for z € U, and

a=6V[[(¢*) ifp=1  a=(@*|V|])phV;)) ifp>1,
B=(Jo(=)%S; — T*dV(,9) "%, € = (IV]) o) (IDSIR),
v = @VIN(h) Fa<oo, 7= (G6VI)we(h) if g=o0.

Then
3% < T(ay)VA/PH/D 4 (16 + 4m)¢>
where I is a positive, finite number depending only on m, p, and q.

Proof. The proof of has been designed such that a proof of the present
assertion results when the arguments involving the function f are omitted. [

4 Approximation by Qg(R"™") valued functions

The purpose of this section is to establish the necessary adaptions and ex-
tensions of the approximation by Qqo(R"™ ™) valued functions carried out in
[Men09b, 2.18]. This is done in I8 [{)-() and supplemented by a basic esti-
mate concerning the partial differential equation satisfied by the “average” of
the approximating function in [ (@) leaving the estimates more directly related
to the purposes of the present paper to Section[ll The results are based on those
in [Men09b, §2]. However, as their statements are sometimes rather long, only
the statement of the “multilayer monotonicity with variable offset”, has been
duplicated here in

4.1 Definition. A subset of a topological space is called universally measurable
if and only if it is measurable with respect to every Borel measure on that space.

A function between topological spaces is universally measurable if and only
if every preimage of an open set is universally measurable.

4.2 Remark. The corresponding definition for measures defined on Borel families
can found for example in [CV 77, T11.21].

4.3 Remark. If f: X — Y is a Borel function and A is a universally measurable
subset of Y, then f~1[A] is universally measurable as may be verified with the
help of [Fed69, 2.1.2].

4.4 Remark. The universally measurable sets form a Borel family.
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4.5 Lemma. Suppose X is a complete, separable metric space, Y is a Hausdorff
topological space, f : X — Y 1is continuous, B is a Borel subset of X, and
g: B —{t:0<t< o0} is a Borel function.

Then h:Y — {t:0 <t < oo} defined by

h(y) = Z g whenever y €Y
BNf~t[{y}]

is universally measurable.

Proof. |Fed69, 2.10.10, 2.3.1 (6)] may be adapted by use of [Fed69, 2.2.13, 2.3.3]
to obtain the conclusion. O

4.6 Lemma (Multilayer monotonicity with variable offset, cf. [Men09b, 2.12]).
Supposen,Q € Z,0< M < o0, >0, and 0<s<1.
Then there exists a positive, finite number € with the following property.
Ifme Z m<n ZCR",T e Gnm),0<d<oo, 0<r < oo,
0<t<oo, f: Z—R",

Ty (21 — 22)| < slz1 — 22|, [Th(f(21) = f(22))] < s[f(21) — f(22)],
f(z)—2z€eTnNB(0,d), d<Mt, d+t<r

Jor z, 21,20 € Z, V€ IV, (U{U(z,7): 2 € Z}), ||6V]| is a Radon measure,
22.ez®0 (VI 2) 2 Q@ =146, [[V][U(z,7) < Ma(m)r™
whenever z € Z Nspt ||V, and

16V B(z, 0) < e|[V[[(B(z,0)" /™,
fB(z,g)XG(n,m)"S’h - Th' dV(f, S) <e ”V” B(Za 9)7
whenever 0 < o <r, z € ZNspt ||V, then
IVIU{Uf(2),8) N {E:Th(€ = 2)| > 5§ — 2|} :2 € Z}) > (Q — )ax(m)t™.
4.7 Lemma. Suppose X, Y are normed vector spaces, f : X — Y is of class
l,ae X,0<r<oo, Qe P, x € Bla,r) fori =1,...,Q, and v =

Lip(Df|B(a,r)).
Then

< ’yrQ.

1 & 1<
a1 (g %)

Proof. Let P : X — Y by defined by P(z) = f(a) + (x —a,Df(a)) for z € X.
Then for x € B(a,r)

|f(x) — P(x)| = ‘<x—a,f01Df(a—|—t(a: —a)) — Df(a) d$1t>| < (7/2)7’2.

Since é Z?Zl P(z;) = P(Q7! Z?:l x;), this implies the conclusion. O
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4.8 Lemma. Suppose n,Q € &, 0< L <oo, 1< M <o0, and0<6; <1 for
i€{1,2,3,4,5}.
Then there exists a positive, finite number € with the following property.
IfmeZ m<n, 0<r<oo,0<h<oo, h>20r, T =imp*,
U=@R"xR"™)N{(z,y) : dist((z,y), C(T,0,r,h)) < 2r},
V eIV, (U), ||6V] is a Radon measure,

(@ =1+ d)a(m)r™ < [V[[(C(T,0,7,h)) < (Q + 1 = &z)ex(m)r™,
IVI(C(T, 0,7, h+ d47) ~ C(T, 0,7, h — 2847)) < (1 — d3)ex(m)r™,
IVIIU) < Mea(m)r™,

0 < d <e, B denotes the set of all z € C(T,0,r,h) with @ (||V]|,2z) > 0 such
that

either |6V || B(z,0) > 6 ||V|(B(z,0) "™  for some 0 < o < 2r,
or fB(z,g)xG(n,m)|Sh —Ty|dV (&, S) > 0 ||[V||B(z,0) for some 0 < o < 2r,

A =C(T,0,r,h)~B, A(z) = An{z:p(z) =a} for x € R™, X1 is the set of
all z € R™NB(0,r) such that

2oeea@®@" (VI 2) =Q and O™ ([|V],2) € 2 U{0} for z € A(x),
Xo is the set of all x € R™ NB(0,r) such that
2eea@®@ " (VI2) Q-1 and O™(|V],2) € Z U{0} for z € A(x),

N =R"NB(0,r)~(X1 UXy), and f : X1 — Qg(R™ ™) is characterised by
the requirement

O™ (||[V|],z) = (|| f(@)|,a(z)) whenever x € X and z € A(x),
then the following nine statements hold:
(1) X1 and X5 are universally measurable, and L™ (N) = 0.

(2) A and B are Borel sets and

a[ANspt [|[V]]] € B(0, h — dqr).
(3) PIAN {2:0™(|V]],2) = Q}] C Xi.
(4) The function f is Lipschitzian with Lip f < L.

(5) For ™ almost all x € X1 the following is true:

(a) The function f is approzimately strongly affinely approximable at x.
(b) If (z,y) € graphg f then

Tan™(||V|], (z,y)) = Tan (grath ap Af(x), (x,y)) € G(n,m).
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(6) If a € C(T,0,7,h), 0 < o <r—|p(a)l, |a(a)| + d40 < h, and

Ba,g = C(Ta a, 0, 549) N Ba
Oa,g = B(p(a)a 9) N(Xl Np[Ba,Q])v
DU«»Q = C(T7 a, 0, 54@) N pil[ca,g]a

then Bq,, 5 a Borel set and Cq , and D, , are universally measurable.
(7) If a, 0, Ba,g, Ca,p, and D, , are as in (@) and
graphg, f|B(p(a), o) C C(T' a, 0,d40/2),
IVI(C(T, a, 0,040)) = (@ — 1/4)x(m)e™,
then
Z™(Cay) + |VI(Day) < Tey IVI(Ba,o)
with Ty = 3 +2Q + (12Q + 6)5™.
(8) Suppose H denotes the set of all z € C(T,0,r, h) such that
I8V(1U(2,2r) < e [[V][(U(z,2r))' 1™,
Jo2myxamml% = Tl dV(z,8) < e [V] U(z, 2r),
V] B(z, 0) > dsc(m)o™ for 0 < o < 2r.

Then there exists a positive, finite number ey depending only on m, d2,
and d4 with the following property:

Ifce R"NU(Q0O,r), 0 < o <71 —|c|, Z™(B(c,0) ~ X1) < ega(m)o™,
0§ £ P cC C(T,p*(c),0), for every z € P and x € B(c, o) there exists y
with (z,y) € P and |y — q(2)| < |z — p(2)|, and d: C(T,p*(¢),0,h) — R
and g : X1 N B(c,0) — R are defined by

d(z) = inf{|q(§ — 2)|: £ € P,p(§) =p(2)}  for z € C(T,p"(c),0,h),
g(x) = sup{d(z,y):y € spt f(z)} for x € X1 NB(c, 0),

then Lipd < 22, Lipg < 2Y/2(1+ L), and
(VL H A (T, p° (), 0, ) (d)
< T@Q((L™ L Ble,0) N X1) ) (9) + £ (B(e, 0) ~ X1)/oHH/m)

whenever 1 < q < oo where I'g) is a positive, finite number depending
only on m.

(9) If a, 0, Ca,p, Da,o are as in (@),
graphg, f|B(p(a), 0) C C(T a, 0,640/2),

g:R™ - R"™, Lipg < oo, g|X1 = ng o f, 7 € Hom(R™, R"™),
e 2R™ R"™), ne P°R™),

spt 0 C U(p(a), 0), 0<n(y) <1 foryeR"™,
sptn C U(q(a),ds0), B(q(a),ds0/2) C Int(R"™™ N {y:n(y) = 1}),
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and U8 denotes the nonparametric integrand associated to the area inte-
grand ¥, then

Q[ (Db(x), DU§(Dy(x))) AL ™z — (§V)((noaq) - (@ o 6 op))|
<nQm'*Lipg[, |DOldL™
F 2l o IDO@) D Af(@) (+)(—T) L™
+mY2f, D((noq)-(a*c0op)|d|V]
where
v = sup | D>W§||[B(0,m'/? Lip g)],
2 = Lip (D*W|B(0,m'/*(L + 2||7]]))),
Ea = B(p(a),0) N X1 N{z:0°(||f(2)], 9(x)) # Q}.

Choice of constants. One can assume 2L < §4 and d5 < (2y(m)m) ™ /a(m)
whenever m € & with m < n.
Choose 0 < sp < 1,0 < s < 1 close to 1 satisfying

(sg2 = 1)V2<d4/2, (s72—1)Y2 <inf{6,/4, L}
and define € > 0 so small that
1-ne? >1/2, (1-ne?)(Q—1/4)>Q—1/2

and not larger than the infimum of the following numbers corresponding to
me P withm<n

E, 2.18] (TL —m,m, Q7L7M7 517 52; 537 54; 55)7 (27(771’))717
gg(n, Q + 1, M,inf{d2/2, (2v(m)m)~™" /a(m)},s) qrg(n, Q,M,1/4,s),

E, 2.13] (TL —m,m, 1) 52) 07 S50, M)

Clearly, § satisfies the same inequalities as € and one can assume r =1. O
Proof of (M) @) @) @). The sets X; and X5 are universallg measurable by [£.4]

and Noting the sets Y and Z defined in the proof of ,2.18(1) (2)]
equal X; and X, and satisty .£™(B(0,1) ~(Y U Z)) = 0, the assertion follows

from [Men09b, 2.18 (1) (2) (4) (7)]. O

Proof of @). Let n = inf{d2/2, (2v(m)m)~"™/a(m)}, consider z € A with
" (|IVIl,z) = Q, Z = A(p(z)), note, using (), that

U(é - p*(p(z))a 1) N {H : |Th("$ - 5) > S|/€ - €|} c C(Ta 07 1a h)
for £ € A(p(z)) and apply [0l with

Q,0,d,r,t,and f
replaced by @ + 1,7, 1,2, 1, and T_p+(p(2))|Z

t0 obtain 3 4 p(2)) T (IVIl,€) < Q + 7, hence [Men09a, 2.5] implies [@). O
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Proof of (@). The set p[Ba,,] is universally measurable by |[Fed69, 2.2.13], hence
Ca,0; Dq,o are universally measurable sets by E.3] .4 O

Proof of (). Let v denote the Radon measure characterised by
= [, An(PIS)IdV (2, S)
whenever Z is a Borel subset of U, and note
|Sy —Ty| <e for V almost all (z,5) € A x G(n,m),

hence 1 — [|[An(p|S)|| < 1 — [|[Am(T4]S)||* < me? for those (z,S) by [Men09b,
2.16]. Therefore

(1—me?)|[V|[LA<vLA.
This implies the coarea estimate

(1 —me*) [VII(C(T,a, 0, 610) NP~ [W])
S IVI(Bae NP W) + QL™ (X1NW) +(Q — 1)L™(X2 N W)

for every subset W of R™; in fact the estimate holds for every Borel set by
[Fed69, 3.2.22(3)] and px(||V]| L Ba,,) is a Radon measure by |[Fed69, 2.2.17].
In particular, taking W = B(p(a), ) yields

(1= me?)|VI(C(T, a, 0,610)) < |V[[(Bae) + Qax(m)e™
thus one can assume, since 8Q + 6 < I'r), that
IVI(Ba) < ge(m)e™.
Next, it will be shown that this assumption implies
Z"(X10B(p(a), 0)) > 0;
in fact, using the coarea estimate with W = B(p(a), 0), one obtains

(Q —1/2)a(m)o™
< (1=me*)|[VI(C(T, a, e, 640))
< [IVII(Ba,e) + QL™ (X1 NB(p(a), 0)) + (@ — 1) L™ (X2 N B(p(a), 0))
< (Q—1/2)a(m)e™ + L™ (X1 NB(p(a), 0)) — L™ (X2 N B(p(a), 0)),
2" (X2 NB(p(a),0)) <4 2™(X1NB(p(a), 0)), Z™(X1NB(p(a),0)) > 0.

In order to estimate £™(X2NB(p(a), 0)), the following assertion will be proven.
Ifx € XonB(p(a),0) and @O (L™ L R™ ~ Xo,z) = 0, then there exist { € R™
and 0 < t < oo with

z € B((,t) C B(p(a),0), Z™B((,5t) <6-5™||[V](Ba,e NP~ [B((1)]).
Since .£™ (X1 NB(p(a), o)) > 0, some element B((,t) of the family of balls

{B((1 — )z + 0p(a),fp):0 < 6 <1}
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will satisfy
T E B(Cat) C B(p(a)a Q)a 0< gm(Xl N B(Cvt)) S %gm(XQ N B(Cvt))
Hence there exists n € X1 NU((, t). Noting for £ € A(n) with @™ (||[V|,€) > 0

U(Tpe(con(©),1) Cp B 0)]. € € spt f(n) C Bla(a), 8s0/2),
(s72 = 1)2[p( — €)] < 0at/2 < b10/2 for n € p~ [B(C, 1),

the inclusion
U(TP*(C—U) (5)7t) N {H: |p("€ - §)| > S|"$ - §|} C C(T7 a, o, 649) N pil[B(C7t)]
is valid for such £ and can be applied with

6, Z,d, r, and f replaced by
1/4, A(n) n{&:@™(|V],£) > 0}, ¢, 2,
and 7o« ¢ [A(n) N {£: @™ (V]| §) > 0}

to obtain
(Q — 1/ e(m)t™ < |V[[(C(T, a, 0,610) N P~ [B(C, 1)]).
The coarea estimate with W = B((,t) now implies

(Q = 1/2)a(m)t™ — |V[|(Bao NP~ [B(C, 1))
<QLM(XiNB((Y) + (@ - L™ (X2 NB(( 1))
=(Q — 1/2)a(m)t™ + 2™ (X1 N B((, 1)) — 3.2™(X2 N B((, 1)),

hence, recalling .Z™ (X1 NB((,t)) < 3.2™(X2NB((, 1)),
3L (B 1) < LM(X2NB(G 1) <4|VI[(Bae NP~ B(S1)])

and the assertion follows.
The assumption of the last assertion is satisfied for £™ almost all z €
X2NB(p(a), o) by [Fed69, 2.9.11] and [Fed69, 2.8.5] implies

2™ (XzNB(p(a),0)) <6-5"V|[(Ba,e)-
Clearly,
LM (P[Bagl) £ A" (Bao) < [IVI[(Ba,e)-
Since Cy,, ~ N C (X2 N B(p(a), 0)) Up|[By,,l, it follows
LM (Cap) < (1+6-5)[|V][(Ba,)-
Finally, applying the coarea estimate with W = C,, , yields

(1 = me*)|[V[[(Da,p) < |VII(Ba,p) + QL™ (Cav)
<(14+Q+6Q-5™)|V][(Ba,)

and the conclusion follows. O
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Proof of (). Choose 0 < A <1 such that

A < inf{A{MenogH, 2.18 (4)] (172, 02, 04), Apenoon, 2.13) (172, 02, 50)/2}

and define g = (1/2)(A/6)™ < 1.
Suppose z1,22 € C(T,p*(¢),p0,h) and & € P with p(&1) = p(z1). Then
there exists & € P such that p(§2) = 22 and |q(§1 — &2)| < |p(& — &2)], hence

la(&2 — 22)| < la(&2 — &)l +]a(§r — 21)] + la(z1 — 22)]
< 22021 — 2o +|a(é — 21|

and Lipd < 2'/2.
Suppose 1,22 € X1 N B(c,0), y1 € spt f(x1). Then there exists yo €
spt f(x2) with |y1 — ya| < L]z — 3], hence

d(z1,y1) < 22 (21, 91) — (w2, y2)| + d(22,y2) < 2Y2(1 4 L)|21 — 22| + g(22)

and Lipg < 2'/2(1 + L).

First, the case ¢ < oo will be treated. Note ANspt||V] € H and H N
p'[Xy] = graph, f by [Men09b, 2.18 (4)], let ¢ = [|V|[ . H N C(T, p*(c), 0, h)
and recall

(p#¢)|_X1 < 2(p#(V|_H))|_X1 < 2Q$nI_X1
with v as in the proof of (). Using

HNC(T,p*(c),0,h) Np ' [X1]N{z:d(z) >~}
CHNp '[X1NB(c,0) N{z:g(z) >~}

for 0 < v < o0, one infers
WLp ' [X1]) () (@) <2Q(L™ L X1 NB(c, ), (9)-

Therefore it remains to estimate (¢ U ~p~! [X1]) () ().

Whenever z € B(c, ) ~ Clos X; there exist ( € R™, 0 <t < (2¢g)"/ ™0 =
Ao/6 such that

HAES B(Cvt) C B(Cv Q)v gm(B(<7t) N Xl) = ‘i/pm(B(Ca t) NXl)
as may be verified by consideration of the family of closed balls
{B(@c+ (1 —0)x,00):0 <0< (25@)1/’”}.

Therefore [Fed69, 2.8.5] yields a countable set I and ¢; € R™, 0 < ¢; < \o/6
and z; € X1 NB((;,t;) for each i € T such that

B(G,ti) € Blc,0), L™ (B(G 1) N X)) = 27 (B(G, 1) ~ X1),
B(Gi,t;) NB(gj,t;) =0 whenever i, j € I with i # j,
B(c,0) ~Clos X1 C | U{E;:i €I} C Blc,0)

where E; = B((;,5t;) N B(c, o) for i € I. Let
hi = g(i),  Zi = A(z:i) N{€: (V]| £) € 2}
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foriel, J=1INn{i:h; >24t;},and K =1~ J.
In view of [Men09b, 2.18 (5)] there holds

(LU~ p [X1]) ()
< Wip  ULE; 5 € T1) (@) + (e UL Bk € K})) ) ().

In order to estimate the terms on the right hand side, two observations will be
useful. Firstly, ifi € I, 2 € HNC(T,p*(c), 0,h) Np~[E;], then

d(Z) S 24ti + hi;

in fact |p(z) — ;] < 6t; < Ao < X and [MenQ9b, 2.18 (4)] yields a point £ € Z;
with [q(z — §)| < L|p(z — §)|, hence

lz =& <A+ L)p(z =&l = 1+ L)|p(2) — | <12t;,
d(z) < 22|z — €|+ d(&) < 24t; + h,.
Moreover, since
H O C(T,p*(c)0.h) Np~ ' [Ei] € UB(E, 12t:) : € € Zi},
one may apply [Men09b, 2.13 (1)], verifying
U(z —p™(z:),1) N{&:[p(§ — 2)| > s0l¢ — 2[} € C(T,0,1,h)
whenever z € A(z;) with the help of (), with

m, n, 01, s, A\, X, d, r, t, ¢, u, and 7 replaced by
n—m,m, 1) Oa A[Menogh, 2.13(1)] (m552750)5 Ziv 1) 2) 1, _p*(ml)) ||V||7 and 12t;

to obtain the second observation, namely

Y(p'[E]) < (Q+ Da(m)(12t;)™  whenever i € I.

Now, the first term will be estimated. Note, if j € J, then
d(z) < 2h; whenever z € HNC(T,p*(c),0,h) Np [E]],
2hj < 3g¢(x) whenever x € X; N B((;,t5),
because
9(x) = g(x;) — 4laj — x| > h; — 8t; > 2h;/3.
Using this fact and the preceding observations, one estimates with J(v) = J N
{j:2h; >~} for 0 < v < o0
PP THULE; 5 € TN {z:d(2) > 7)) < X% (P HE])
< Zje](y)(@ + l)a(m)(12tj)m
< (Q+1)(A2)™ 2™ (U{B(Gty) 5 € J(1)})

<2(Q+ DY) L™ (U{X1 NB(G. 1) 5 € T(1)})
<2Q+1)(12)" L™ (X1 NB(e,0) N {z: g(x) > v/3},
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hence
(WP UE; 15 € JH) ) (d) € QU2)™ (L™ L X1 NB(e. 0)) ) (9)-
To estimate the second term, one notes
d(z) < 48t whenever k € K, z € HN C(T,p*(c), 0,h) Np ' [Eyx].

Therefore one estimates with K(y) = K N {k:48t; >~} for 0 < v < oo and
u: R™ — R defined by u = >_,_;t;b; where b; is the characteristic function of

B(Gi, ti)
PP THULER k€ K} N{z:d(2) > 7}) < Xpcpin? (P [Er])
< Dker () (@ + Da(m)(12t)™

< (Q+1)(A2)" L™ (U{B(Ch, tr) - k € K(7)})
< (Q+1)A2)"L™R™ N {z:u(x) > v/(48)}),

icl

hence

(ep Uk € K)]),)(d) < QL2)"2.2™ ) (u).

Combining these two estimates and

LM (UB(G 1) i € 1) < 227 (B(¢, 0) ~ X)),
fIUqufm—a( )Y e L (B(G i)

m m 14+q/m
am)~ ™ (e 2 (B(G 1)) T
(£ (“) <da(m) V"L (B(c, 0) ~ Xy,
one obtains the conclusion for g < oc.

The case q = oo follows by taking the limit ¢ — oo with the help of [Fed69,
2.4.17]. O

Proof of [@). Let I, f; be associated to f as in 23] and define C; = dmn f; for
i € I and G' = graph, f. Note

Gn p_l[B(p(a)a Q) ~ Ca,g] =GN C(T, a, o, 549/2) Np_l[ca,g]a
p[Ba,g] CCap VI (C(T, a,0,040) ~(GU p_l[ca,g])) =0.

Therefore one computes using and recalling that C, p, Dq, o, and, by 3]
also p~1[C,,,] are universally measurable

> JenBpa).) ~ ¢, { DO), DV (ap Dfi(z)) ) dL ™
el
=6(Vu(@np ' B(p(a), 0) ~ Ca,l) X G(n,m))(q* 00 op)
=6(VLU(GNC(T,a,0,610/2) ~p [Ca,l) X G(n,m))((noaq)-(q*obop))
=6(VL(C(T,a,0,640) ~p '[Cay,l) X G(n,m))((noq) - (q*cbop))
=(0V)((nea)- (@ obop)) —(VL(Da, x G(n,m)))((noq) (q"obop)),
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hence

Q[ {Db(x), D¥(Dg(x)) ) dL™x — (5V)((noq) - (q" 0o p))
= QJc, (Db(z), D¥(Dg(x))) dL™x
+ QS oy ~ 0., ( DO(), DUY(Dy(x)) ) dL™
1 m
- 5 2 Jenipimo~c.. (PO, DW(ap Dfi(x)) ) d2"x)
iel
—0(V'(Da,o x G(n,m)))(neq) - (a” o b op)).
The first summand may be estimated using
D¥{(0) =0, [D¥(a)| < milal <mm'/*Lipg
for @« € Hom(R™, R"™™) with ||a|] < Lipg. The second summand can be
treated noting
Dg(z) = é Z apDf;(x) where I(z) =IN{i:xz € dmnapDf;}
i€l (x)
for ™ almost all € B(p(a), 9) ~ C,,, and applying [4.7] with
X,Y, f,a,r, and {z1,...,20}
replaced by Hom(R™, R"™™), Hom(Hom(R™,R"™™),R), D\IJ?J, T,
Q™ '?|ap Af(z) (+)(=7)|, and {ap D fi(w) :i € I(x)}

for ™ almost all x € I, , ~ C, ,. Finally, the third summand is estimated by
use of

S, @ B <m!?|B| for S € G(n,m), 3 € Hom(R",R"). O

4.9 Remark. Concerning measurability, note that £ measurability of W does
not imply ||V|| measurability of p~![W] but only v measurability. An example is
provided by taking n —m =1, m > 1, W to be a ™! nonmeasurable subset
of S"~tand V € IV,,(R™ x R"~™) such that ||V = 5™ L p~1[S™ ] as may
be verified by use of |Fed69, 2.2.4, 2.6.2, 3.2.23]. In the case W = C, , this
difficulty could also have been resolved by making use of p~*[X1 ~p[Ba )] N
By, =0.
4.10 Remark. If a and ¢ are as in [@), a € A, O"(|V],a) = Q, 0 < s < 1,
(5_2 - 1)1/2 < 547 d < (TL, Q7M7 1/4) S)a then
U(a, 0) N{&:p(§ — a)| > s|¢ —al} € C(T, a, 0,d10)
and applied with
6, Z,d, r, t,and f replaced by
1/45 {CL}, 07 2; 0, and 1{11}
yields
IVI(C(T, a, 0,640)) 2 (Q — 1/4)ax(m)o™.
Moreover, if additionally L < 6,/2 then (3] implies a € graphg, f and

graphy, f|B(p(a), 0) C C(T',a, 0,640/2).
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5 An interpolation inequality

In this section an interpolation inequality for weakly differentiable functions
defined in a ball U(a, ) with a € R™, 0 < r < oo with values in R"~"™ is proven
(see@3) which states that the Lebesgue seminorm of a function can be controlled
by a small multiple of a suitable Lebesgue seminorm of its weak derivative and
a large multiple of the Lq (£ L A, R"™™) seminorm of the function where A is
subset of U(a,r) which is large in £ measure. The possibility to neglect a set
of small .Z™ measure will be important in Section [l The proof is accomplished
following essentially the usual lines (see e.g. |[GT01, Theorem 7.27]). The case of
Lipschitzian functions with values in Qg (R"™ ") then is a simple consequence
of Almgren’s bi-Lipschitzian embedding of Qg (R"™™) into R¥? for some P,
see 0.4l Finally, two auxiliary statements are included in and for later
reference.

5.1 Lemma. Suppose m,n € &£, 1 < ( < m < n, either ( = m =1 or
(<m,gq=0ifm=1q¢g=m{/(m—) if m > 1, U is an open, bounded,
convex subset of R™, A is an £™ measurable subset of U with £™(A) > 0,
uwe WHHU,R™™™) and h = f, udZ™.

Then

where T' is a positive, finite number depending only on m and C.

Proof. If ¢ = m = 1 then u is £ U(a,r) almost equal to an absolutely
continuous function by [Fed69, 4.5.9 (30), 4.5.16] and the assertion follows from
[Fed6d, 2.9.20).

If ¢ < m this fact can be obtained by combining the method of |[GT01,
Lemma 7.16] with estimates for convolutions, see e.g. O’Neil [O’NG3]. O

5.2. Suppose a,2 € R™, 0< p <2r < oo,z € U(a,r) and b=aif [z —a| < 9/2
and b = z + (9/2)(a — x)/|a — x| else. Then one readily verifies U(b, 0/2) C
U(a,r) N U(x, 0).

5.3 Lemma. Suppose mn € P, 1 <(<m<n, either(=m=1or(<m,
g=occifm=1qg=m{/(m—C)ifm>1,1<<q (<s<q, 0<A<o0,
aceR™ 0<r<oo,u€ WH(U(a,r),R"™™), A is an L™ measurable subset
of U(a,r), and L™(U(a,r)~A) <X < (1/2)a(m)r™.

Then

|l < TAYSTV3 D, 4 272NV ]y
where T' is a positive, finite number depending only on m and C.
Proof. Define A; = IE:q(m,C)a(m)_123m+2, Ay = 2L and T = 24mFIA,.
Let o = A/™a(m)~Y/™2M1/™ note o < 2r and define
E(b,t) =U(a,r)NU(b,t) whenever be R™, 0 <t < 0.
One estimates, using [5.2]
LM(E(b,0)~A) SA=2"""a(m)e™ < L™(E(b,0))/2 < L™(ANE(,0)),
ZL™M(E(b, 0) < a(m)e™ = 2"FIA,
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whenever b € U(a,r). Therefore one applies b1 with hy = fAmE(b o) udZ™ to
obtain

lulg: 0,0y < TETI(M C)2Qm+1a(m)_l|DU|C;E(b79) + 20Dy
for b € U(a,r). Using Holder’s inequality, this yields
|l g o9y < DAY TE Dl oy )+ DoAYV Ul a0

for b € U(a,r). If ¢ = oo, the conclusion is now evident.
If ¢ < 00, choosing a maximal set B (with respect to inclusion) such that

B c U(a,r), {E(b,0/2):be B} is disjointed,
one notes for z € B and S, = BN {b: E(b, o) N E(x, 0) # 0}

U(a,r) C U{E(b,0):b€ B}, cardS, <2™;
in fact for the estimate one uses to infer

E(b,0) C E(x,30) whenever b € S,
(card S,)a(m)272m ™ < Y ves, LM (E(b,0/2))
< ZL™(E(z,30)) < a(m)3™o™.

Therefore, as ¢ > sup{s, ¢},

s q/s am q
ZbeB|Du|z;E(b,g) S (Zb€B|Du|s;E(b7g)) S (2 |Du|s;a,’r) )

I3 qa/§ am q
ZbeB|u|g;AmE(b,g) = (Zb€B|u|§;AﬁE(b,g)) = (2 |“|5;A) ’

hence one obtains form the estimate of the preceding paragraph

|ulGsar < 2q_1ZbGB((Al)\l/c_l/s|Du|s;E(b,9))q + (AQ)‘l/q_l/é|u|€sAﬂE(b!9))q)
< (24m+1A1)\1/C*1/S|Du| )q + (24m+1A2)\1/q71/£|U|E;A)Q.

and the conclusion follows. |
5.4 Lemma. Suppose m,n,QQ € & m<n,q=o0c0ifm=1,2<gq < oo if
m=2,2<g<2m/(m—=2)ifm>2,acR", 0<r <oo, f:U(a,r) —

Qq(R"™ ™) is Lipschitzian, 0 < n < 1/2, and A is an L™ measurable subset
of U(a,r) with £™(U(a,r)~ A) < na(m)r™, then

T,fm/q|f|q;a7r < P(nl/q+1/m71/2r17m/2|Af|2;a7r + nl/qflrfm|f|1;A)

where I' is a positive, finite number depending only on n, Q, and q.

Proof. Let P and € : Qg(R"™ ™) — RP? with Lip& < oo be as in Almgren
[AIm00, 1.2 (3)]. Defineu=£&o f, p=1/g+1/m—-1/2>0,v=1-1/¢>1/2,
¢(=1im=1and ¢ = gn/(m+¢q) if m > 1, hence 1 < { < m and
¢m/(m—¢) = qif m > 1. From applied with A\, s and & replaced by
na(m)r™, 2, and 1 one obtains

Tﬁm/q|u|q;a,r < A(nHT17M/2|Du|2;a7T + nfllrfm|u|1;A)
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where A = sup {IEE(m, Q)a(m)l/6—1/2 25m+2q(m)t/a=11 . Since

E(Q[0]) =0, 0<Lipé <oo, &isunivalent, Lip& ' < oo,
(Lip &)~ Hu(x)| < 4(f(x),Q[0]) < Lip€~" |u(z)| for z € U(a,r),
|Du(x)| < Lip&|Af(z)| for xz € dmnDu
by Almgren |Alm00, 1.1 (6), 1.2 (3), 1.4 (3)], the conclusion follows. O

5.5 Lemma. Suppose k,m,n € &, m <n,a € R™, 0 <r < oo, and u :
U(a,r) — R ™ is of class k.
Then

ki _
Ei:OTZ|D1u|oo;a7r S F(rlekuloo;a,r +r mlull;mr)
where T' is a positive, finite number depending only on k and n.

Proof. Assuming r = 1, this is a consequence of Ehring’s lemma, see e.g.
[Wl1o87, TheoremI.7.3], and Arzeld’s and Ascoli’s theorem. O

5.6 Lemma. Suppose myn € P, m <n, a € R™, 0 < r < oo, and u €
WL2(U(a,r), R*™).
Then there exists h € R™™™ with

|U - h|2;a7r S FT|DU|2;G,T‘

where T' is a positive, finite number depending only on n.

Proof. This is Poincaré’s inequality, see e.g. [GT01, (7.45)]. O

6 Some estimates concerning linear second or-
der elliptic systems

The purpose of the present section is to gather some standard estimates precisely
in the form needed in Section [l Proofs are included for the convenience of the
reader.

6.1. The following situation will occur repeatedly: m,n € Z, m <n, 0 < ¢ <
M < oo, and T € O Hom(R™, R"~™) with || Y|| < M is strongly elliptic with
ellipticity bound ¢, i.e. T is an R valued bilinear form on Hom(R™, R"~™)
with Y (o, 7) < M|o||r| whenever 0,7 € Hom(R™,R"™™) and

[Y(DO(z), DO(z)) — | DO(z)|* d.L™x > 0 whenever § € Z(R™,R"™™).

Following [Fed69, 5.2.11], one associates to any T € (O° Hom(R™, R"~™) a
linear function S : ©*(R™, R ™) = (O?R™)@R" ™ — R"™ characterised
by

(€oY)y, S)ev=_((Ey,vv), L)+ ((¥y,{v),T)

@1 R™, y,v € R*™; here {y € Hom(R™,R"™™) is given

whenever £,v¢ €
= {(z)y for x € R™. Applying this construction with the area

by (£y)(x)
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integrand ¥ to Dzkllg(a) for each 0 € Hom(R™,R"™™), one obtains a function
C : Hom(R™, R"™) — Hom (O*(R™, R"™), R"~™) which satisfies

n—m

S ((Xovg, Xew), D*BY(0) ) (6leiren) o vy

for ¢ € QQ(Rm, R" ™) where e1, ..., e, and X1, ..., X,, are dual orthonormal
bases of R™ and @1 R™, and vy, ..., v, _m form an orthonormal base of R™~™.
Hence whenever U is an open subset of R™, u € W21(U, R"~™) is Lipschitzian,
v € W2LU,R"™™), 0 € Hom(R™, R"™™), and 0 € 2(U,R"™™) one obtains
by partial integration the formulae
— [,{(DO(x), DV} (Du(x)) ) dL ™z = [, 0(z) ¢ (D*u(z), C(Du(z))) 4Lz,
—[,{Db(z) @ Du(z), D*Tg(0) ) d.L™x = [, 0(x) o (D*v(z),C(0)) ALz,
here ® denotes multiplication in (), Hom(R™, R"™), see [Fed69, 1.9.1].
6.2 Lemma. Suppose m, n, ¢, M, and Y are as m[6.1, a € R™, 0 < r < oo,
ve WhH2(U(a,r),R"™), T € 2'(U(a,r), R"™™) with 1T 1 5.0, <00
Then there exists an ™ U(a,r) almost unique u € WH%(U(a,r), R"™™)
such that
—Ju(ar (PO(@) ©Du(z),T) dL"z =T(0) for 0 € 2(U(a,r),R"™™),
u—veWy*(U(a,r), R"™™).
Moreover, for every affine function P : R™ — R"»™™

ID(u—0)ly, < (MIDW = Py, +1T] 1 0:0.0)-

Proof. To prove existence, assume v = 0, let R denote the extension of T' to
W ?(U(a,r),R"™) by continuity and observe that one can take u to be a
minimiser of

2 Jo(an (Du(z) © Du(z), ) dL™z + R(u)

in Wy (U(a,r), R*™™)
To prove the estimate, assuming P = 0 by possibly replacing u, v, P by
u—P,v— P, 0, one lets 6 approximate u — v in Wé’Q(U(a, r), R"™™) to obtain

2
C|D(U - U)|2;a,r < (M|D(U - P)|2;a,r + |T|—1,2;a7r) |D(u - U)

|2;a,r'
The uniqueness follows from the estimate. O

6.3 Remark. If T = 0 then w is .£™ L U(a,r) almost equal to an analytic T
harmonic function by [Fed69, 5.2.5, 6].

6.4 Lemma. Suppose m, n, c, M, YT, and S are as in[6 1, 0 <a <1,a € R™,
0<r<oo,u:Ul,r) — R"™ is of class 2, D*u locally satisfies a Hélder
condition with exponent o, f : U(a,r) — R"™™, and S o D*u = f.

Then

r=|D?ul o+ ho(D?uB(a,7/2)) < T(r >=*""|ul,, . +ha(f))

oosa,r/

where T' is a positive, finite number depending only on n, ¢, M, and a.
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Proof. Interpolating by use of Ehring’s lemma, see e.g. |[Wl1o87, Theorem1.7.3],
and Arzela’s and Ascoli’s theorem, it is enough to prove the assertion remaining
when the term r~%|D?u| is omitted.

Considering slightly smaller r, one may assume h,,(D?u) < oco.

Applying |Fed69, 5.2.14] to the partial derivatives of u and using Ehring’s
lemma as above, one infers the existence of a positive, finite number A depending
only on n, ¢, M, and « such that

oosa,r/2

h, (D?*u|B(b,s)) < 27"™h,(D?u|B(b, 2s))
+ A(s*27‘3‘7m|u|1;b)25 + ho(f|B(b,2s)))
whenever b € R™, 0 < s < oo and B(b,2s) C U(a,r).
Defining i : U(a,r) — R by h(z) = § dist(z, R™ ~U(a,r)) for z € U(a,r),
1 = sup {h(b)* T h, (D?u|B(b, h(b))) :b € U(a,r)}
and noting pu < r2TT™h, (D?u) < oo, one estimates for b € U(a,r)

h, (D?u|B(b, k(D)) < 275" ™h, (D*u|B(b, 2h(b)))
+A(RB) T uly,, . +ha(f)),
|h(b) — h(c)| < (Liph)|b—c| < h(b)/2, h(b) < 2h(c)  for c € B(b,2h(b)),
h(b)*T*+™h,, (D?u|B(b, 2h(D))) < 2*T*Tmy,
h(b)** T ho (D*uB(b, h(b))) < 1/2 + A(luly,, , + 727 " ha(f)),

hence
(r/4)2 4™ (D2 B(a, 7/2)) < 2547 < 2550 A (July,o . + 1 hy(f))
and the remaining assertion is evident. O

6.5 Remark. Similar absorption procedures can be found for example in [Fed69,
5.2.14] or |GT01l, Theorem 9.11].

6.6 Lemma. Suppose m, n, ¢, M, and T are as in[6.1 2 <p < oo, a € R™,
and 0 <7 < co.

Then for every f € L,(ZL™ . U(a,r),R"™™) there exists an L™ U(a,r)
almost unique u € WP (U(a,r), R"™™) such that

Sty (DB() © Dula), X) 4L = (6.1),., for 6 € H(Ula,r),R™™)
Moreover, w € W2?(U(a,r), R"™™) and

Yoo Dl < TIf]

p;a,7 p;a,r

where I' is a positive, finite number depending only on n, ¢, M, and p.

Proof. See |Giu03, p. 368-370]. O

6.7 Remark. The condition p > 2 can, of course, be replaced by p > 1. For
example |Giu03, Theorem 10.15] extends to this case via duality and the esti-
mate of the second order derivatives can be carried out by using the method
of difference quotients starting from a suitably localised version of the theorem
cited.
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6.8 Lemma. Suppose m, n, ¢, M, and YT are as in[61l a € R™, 0 < r < o0,
ue Wyl (Ula,r),R*™™), T € 2'(U(a,r),R"™™), and

—fU(aﬂ (DO(x) © Du(z),YT) dZ"x=T(0) ford c 2(U(a,r),R"™™).
Then
|u’|1;a7r < FT|T|71,1;a,’r
where I is a positive, finite number depending only on n, ¢, and M.

Proof. Let p=2m and ¢ = p/(p — 1) and assume r = 1.
Whenever § € 2(U(a,r), R"~™) one obtains n € W (U(a, ), R"~™) from
such that with A; = Tigg(n, ¢, M, p)

_fU(a71) <D<($) @ Dn(m)a T> d"zﬂmx = (Cv 0)@,1 fOI‘ C € -@(U(av 1); Rn—m),
Z?:OlDinLD;a,l < A1|9|p;a,17
hence by |[GT01, Theorem 7.26 (ii)]

D1l 01 < A2(ID1tl 00 + Dnl,,1) < A1Ao]6)]

p;a,l

where As is a positive, finite number depending only on n and p. Approximating
and u by ¢; € 2(U(a,1), R"™) in W' (U(a, 1), R*™) and 7 by a sequence
n; € 2(U(a,r), R"™™) such that

ni —n in WH?(U(a,1),R"™™) as i — oo, lim | D] = |Dn|

ocosa,l ocosa,l?

one obtains

(9,u)a’1 = _fU(a,l) (Dn(z) ® Du(x), T) ALz < |T|7171;a71|D77|00;a71.
Therefore (cp. [Fed69, 2.4.16])

|uly0 < a(m)l/p|“|q;a,1 < a(m)l/pA1A2|T|7171;a71

and one may take I' = sup{a(i)'/?PA1Ay:n > i € P}. O
6.9 Remark. If m > 1 the estimate may be sharpened to

sup {tfm(U(a,r) N{z:|u(z)| > t})lfl/m 0<t< oo} < I‘|T|_1’1;a’r;
in fact one may follow the same line of arguments with the Lorentz space Ly, 1
replacing L,,.
7 Estimates concerning the quadratic tilt-excess

The estimates of the present section constitute the core of the proof of the
pointwise regularity theorem, Theorem [B3] in Section B All constructions
are based on the approximation by a Qg (R"~™) valued function of Section [l
First, in[ZTland [Z.21 some lower mass bounds are derived by a simple adaption of
[Sim83, Theorem 17.7] and a straightforward use of Allard |All72, 6.4]. Then, in
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[[3 several auxiliary estimates concerning the approximation by a Qq(R™™™)
valued function in A8 are carried out. In [[.4 the main elliptic estimates are
established, see below for a more detailed description. Finally, a reformulation
of a special case of [[L4I([@)) replacing any reference to the specific approximating
functions used there by quantities more tightly connected to the varifold is
provided in for use in Section [

Next, an overview of the constructions in [[4]is given. One considers cylin-
ders centred at a fixed point a € R™ with projection ¢ € R™. For any radius ¢
functions wu, solving a Dirichlet problem in Uf(c, p) for a suitable linear elliptic
system with constant coefficients with the “average” g of the approximating
Qo (R"™) valued function f as boundary values are defined. It is readily seen
in[CA(@) that ¢1(0) = |D2u|oo;cﬁg/2, the leading quantity in the iteration, is con-
trolled by the tilt-excess of the varifold and mean curvature. More importantly,
an estimate of |u — g |1;c, , mainly in terms of mean curvature is established in
[CA[@) by use of Using this estimate, the iteration inequality for ¢, fol-
lows in [[A(®). In order to derive an iteration inequality for the tilt-excess of
the varifold, i.e. controlling the tilt-excess basically by ¢; and mean curva-
ture, the estimate [LA(T) is established. It asserts that |f (+)(—P)[;.x with
P :R™ — R™ ™ an affine function and X a large (with respect to -£Z™) subset
of Ul(e, 0/2) together with mean curvature essentially controls the tilt-excess.
Here the coercive estimates of Section [3], the interpolation procedure of Section [l
and the adaptions of the Sobolev Poincaré type estimates of [Men09b] in [L.8](8)
are used. Assuming that f agrees with its “average” g on a large set, for exam-
ple because the density of the varifold is at least @ on a large set, the iteration
inequality for the tilt-excess is then primarily a consequence of Taylor’s expan-
sion, see [[AI([I0). Finally, both iteration inequalities are iterated in [ 4[] as
long as the afore-mentioned density condition is satisfied on the scales involved.
As all the preceding estimates only hold under various side conditions which
have to be checked at each iteration step and the interdependence of the various
constants occurring is not entirely straightforward, the iteration procedure is
presented in some detail to ease verification.

Finally, it should be mentioned that the current iteration procedure has to
be carried out within a fixed coordinate systems as differences of functions cor-
responding to different iteration steps have to be computed, see the Introduction
and [CA(®). Though this fact does not pose a serious difficulty it nevertheless
contributes significantly to the level of technicality, see for example the definition
of Jy and[[3([®). However, regarding a possible application of the techniques of
the present paper in partial regularity problems for systems of elliptic equations,
this difficulty as well as several other technicalities would not be present.

7.1 Lemma. Suppose mn € Z, m < n,a € R", 0 < r < o0, V €
Vi (U(a,r),acspt||[V|, 1<p<oo0,0<a<l,0<M< oo, and

15V (| B(a, o) < M||V||(B(a, @) /Pg™/Pre=1r=e  for0 < g <r.
Then
—m 1 — -1 o, .,—«
(o™ V]| U(a,0)) """ + Mp~ta~tgor

is monotone increasing in o for 0 < o < r. In particular, 0 < O™ (||V]],a) < oo.
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Proof. Suppose 0 < A < 1 and ¢ € &°(R) with ¢’ < 0 and ¢(t) = 1 for
—co<t<Aand ¢(t) =0for 1 <t<oocand f:RN{p:0<p<r} - Ris
defined by f(0) = 0~™ [¢(0~ |z — a])d||V||z for 0 < o < 7. Then one obtains
as in [Sim83, Theorem 17.7] that

f'(0) = 0™ H6V): (¢(07 2 — al) (2 — a))
> M0V U(z,0)) 7702717 = =M (A" f(A o) e
for 0 < p < Ar, hence multiplying by p’lf(g)l/V1 and integrating yields
F@OMP = F)VP = = Mp™e e [[A T o/ N/ F(@) e AL

for 0 < s < t < Ar. Thus, approximating the characteristic function of R N
{t:t < 1} by such ¢ and letting A tend to 1 implies the conclusion. O

7.2 Lemma. Supposen,QQ € Z,0<a<1,1<p<oo,and0<d<1.
Then there exists a positive, finite number € with the following property.
Ifn>me Z,aceR” 0<r < o0, U:U(a,r)ﬂ{z:|ThL(z—a)| < or},
V eIV, (U), ¢ is related to V and p as in[33, T € G(n,m),

O ([Vl,a) > Q —1+6, [|Sy—TydV(z,S) <er™,
o ™PY(U N B(a, 0))YP < e(o/r)*  whenever 0 < o < r,
then
VII(U) > (Q — d)a(m)r™.

Proof. If the lemma were false for some n, @, «, p, and ¢, there would exist a
sequence ¢; with €; | 0 as ¢ — oo and sequences m;, a;, 7, U;, Vi, ¥;, and T;
showing that ¢ = ¢; does not have the asserted property.

One could assume for some m € &, a € R", T € G(n,m)

mi=m, a=a, 1, =1, T;=T

whenever ¢ € &. Abbreviating U = U(a,1) N {z: |ThL(z —a)| < §} one would
deduce for large @

IVil(UNU(a,0) > (Q —1+6/2)a(m)o™ whenever 0 < p < ¢
from [Z1lin conjunction with Holder’s inequality. Clearly, also
IVill(U) < (Q — §)a(m) fori e .

By Allard [AllT2, 6.4], possibly passing to a subsequence, there would exist
V € IV,,,(U) such that §V =0 and

Vi(f) = V(f) asi—oofor f e X (UxG(n,m)),
S=T forV almost all (2,5) € U x G(n,m),

hence, noting [Men09b, 2.1],
O"(IVl,a) = Q, a(m)Q < |V|(U) < a(m)(Q —9),

a contradiction. O
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7.3 Lemma. Suppose the hypotheses of [{-8 are satisfied with h = 3r, i.e. sup-
pose myn,Q € Z, m<n, 0 <L <o, 1 <M<oo, and0 < d <1 for
S {172737475}7 €= @(H,Q,L7M7 61752763754755)¢ 0<r< 00, T= 1mp*7

U=MR"xR""™)n{(x,y):dist((z,y), C(T,0,r,3r)) < 2r},
V eIV, (U), ||6V] is a Radon measure,

(@ — 1+ d)a(m)r™ < [VI(C(T,0,r,3r)) < (Q +1—d2)a(m)r™,
IVI(C(T,0,7,3r + ds7) ~ C(T,0,r,3r —2547)) < (1 — §3)ax(m)r™,
IVI(U) < Ma(m)r™,

0 < § <e, B denotes the set of all z € C(T,0,7,3r) with @™ (||V||, z) > 0 such
that

either  ||0V || B(z, 0) > ¢ |V]|(B(z,0))*"Y™ for some 0 < o < 2r,
or fB(z,g)XG(n,m)'Sh _Th|dV(§,S) > 5||V||B(Z7Q) for some 0 < o< 27.7

A=C(T,0,r,3r)~B, A(x) = An{z:p(z) =z} for x € R™, X; is the set of
all z € R™NB(0,r) such that

Yoeea@®@ " (IVI2) =Q and ©™(||V],2) € ZU{0} for z € A(x),
and f: X1 — Qo(R"™ ™) is characterised by the requirement
O™ (|V],z) = ©°(||f(x)|,a(z)) whenever x € X; and z € A(x).

Suppose additionally:

(1) Suppose L < 6,/8, 6 < inf{l,(2v(m))~1}, a € Int C(T,0,7,3r), ¢ = p(a),
and 0 < Kk < o0.

(2) Suppose F': R™ — Qq(R"™™) with F|X, = f and Lip F < I'g) Lip f
where U'gy) is a positive, finite number depending only on n —m and Q,
see [AImO0, Theorem 1.3 (2)]. Moreover, let g =ng o F.

(3) Suppose eitherp=m =1 or 1 <p <m and p, ¥ are related to V as in
[Z3

(4) Define J ={0:0 < p < o0} and ¢2 : J x G(n,m) - R and ¢3 : J - R,

¢4:J — R by
#2(0, R) = (gimf(UﬂC(T7a7g764g))><G(n,m)|Sh - Rh|2dV(z,5’))1/2
¢3(0) = o' "P(U N C(T, a, 0, 840)) "7
b4(0) = 5fmp/(mfp)¢3(g)mp/(mfp) ifm>1,
$4(0) =0 ifm=1,

whenever p € J, R € G(n,m)E

3The symbol ¢; will denote the leading iteration quantity introduced in [ZZ(3).
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(5) For 0 < o < oo suppose T, € G(n,m) is defined such that

02(0,T,) < ¢p2(0, R) whenever R € G(n,m).

(6) Define
Jo=JN{e:0<e<r—Ip(a)]|a(a)] +ds0 < 3r},
Ji=Jn{e:p[T,] =R"}
Jo = JN{e:[|6V|[(UNC(T,a,0,610)) < ko™ '},
J3=JnN {9:f(UnC(T,a,g,54g))xG(n,m)|Sh —Ty|dV (2, S) < ko™},
Jy=JN{o:04+t/ds € N J5 for 0 <t < 2r},
Js = Jo N{o:|VI(C(T, a, 0,040/4)) = a(m)(Q — 1/4)0™}.
and T, = 0, € Hom(R™,R"™™) for p € Ji.
(7) Define Bq o, and Cq,, for o € Jo as in[L.§ (@), i.e.
Ba,e = C(T,a,0,050)N B,  Cu,p = B(p(a), 0) ~(X1~p[Ba,)):

and H as in[{.8®), i.e. H denotes the set of all z € C(T,0,r,3r) such
that

6V (| U(z,2r) < e ||[V[[(U(z,2r)' 1™,
fU(z,2r)><G(n,m)|Sh - Th| dV(Z, S) <e ||V|| U(Z, 2T)a
VI B(z,0) > d5c(m)o™ for 0 < o < 2r.

Then the following sixz conclusions hold:

(8) There exists a positive finite number €@ depending only on m, 04, and 0
with the following property.

If Re G(n,m), |[Ry —Ty| <0/2, 0€ JoNJs, k < £, then
0 " [VI(Bay) < 2™B(n) (46~ %¢2(20, R)* + ¢4(20)) -
Moreover, 46~ 2¢p2(20, R)? may be replaced by 6~ k.

(9) There exists a positive, finite number egy depending only on m, 64, Js,
and € with the following property.

If 8r/64 € Jo N J3 and k < @), then H is the set of all z € C(T',0,r,3r)
such that

V] B(z,t) > dsa(m)t™ whenever 0 <t < 2r.

(10) If 0 < a < 1 and 0 < d¢ < 1 then there exists a positive, finite number
emm depending only onn, Q, 04, p, o, and d¢ with the following property.

O™ (|Vl,a) >Q —1+ds, 0 € JoNJ3, £ < eqm), and

¢3(t) <emm(t/o)® for0 <t <o,

then o € Js.
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(11) There exists a positive, finite number ey depending only on n, 4, and 0
with the following three properties.

(a) If o€ JoN Jy, k < eqmy, and $p4(20) < 27"B(n) *a(m)(1/8), then
IVI(C(T, a, 0,610)) < (Q +1/2)cx(m)o™
(b) If, additionally to the conditions of (I1al), o € Js, then
graphg, f|B(c, 0) C C(T', a, 0,040/2).
(c) If, additionally to the conditions of (I1al) and (]mb, 0 <A< oo,
k<27"B(n 21'@@) (Q,m
64(20) < 2"”,6 AL 5m ( Q, ,
then
L™(Cqp) < Aax(m)e™.
(12) If o € JyN Js5, k < inf{eg)(m,ds, ), eqm(n,d4,0)}, and
o € Hom(R™ R"™™), |o| <n'2%5/2, o=ReG(n,m),
then
0 fion AP (@) (+)(=0) 2 2™z < D (62(20, R)? + 64(20))
where Iy is a positive, finite number depending only on n, Q, and §.
(13) If o€ JoNJ1, 0/8<s<t<p, 0<A<1, and

ool <n Y274, ¢a(o,T,) < AY2272m3a(m)Y/?,
||V|| (C(Ta a, s, 545)) > )\a(m)sm,

then t € J1 and

log = oell < X7V222 R a(m) T 2 (0, T).

Proof of (). Let
e = inf {(1/2)(4y(m)m)' =" (64)™ 16, (4y(m)m) " (64)™ 6}
Define the sets B; , and B,/ , by

By , = Ba,N{z:|6V|B(z,t) > [|V](B(z, t)IY/™ for some 0 < ¢ < 2},

"o _ /
Ba,g - Ba,QNBa,g

and D to be the set of all z € spt ||V such that

B
i sup I3V BE.1)

P VB ey
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Note ||V]|(D) = 0 by [Fed69, 2.9.5].
First, the following assertion will be shown. If m = 1 then By, ,~D = () and
if m > 1 then for z € B, ,~ D there exists 0 < t < d40 such that

VI B(z,1) < 672/ (m Py (B(z, )™/ ("),

For this purpose assume z € By, ,~ D and define

t =inf {s:]|6V| B(z,s) > 6 [|[V[(B(z,5)) /™.
One infers 0 < ¢ < 2r and

16V B(=,t) = 8 |[V[[(B(z,) =™ = (§/Ar)e™
by [Men09a, 2.5] where A; = (2y(m)m)™ ! since § < (2(m))~!. Noting

0+1t/és € Jay Blz,t) CUNC(T,a,0+t/04,04(0+t/04)),
one obtains
(6/ANt" T < k(e +t/60)™ 7, m>1,
t < (0 +t/6)(AL/)V D < (0 +1/84)84/2, t < bs0.

The assertion now follows from the definition of ¢ in conjunction with Holder’s
inequality.
The preceding assertion yields

IVI(B,,) =0 ifm=1,
V(B ,) < 6 ™/tm=P)B(n)y(U N C(T, a,20,2810))™ ™7 if m > 1;

in fact if m > 1 there exist countable disjointed families F1, ..., Fjg(,) of closed
balls such that

B’ NDCUU{F"izl,...,ﬁ(n)},
VIS ><A2w< ym/m=p) S UNC(T, a,20,2810)

whenever S € |J{F;:i=1,...,8(n)} where Ay = §~™P/(m=P) hence

IVII(B,) = V(B .~ D) < A2 g ip(S)™/ (P
< 232 (Sge ()™ "7 < AaB)U(U N C(T, a,20,2610))™/ 7).
Next, it will be shown that for z € By , there exists 0 <t < d40 such that
IVIB(2,t) <4672 [g. 0w |55 — Bal? AV (2, 9),
VI B(z,1) < 5_1fB(Z,t)><G(n7m)|Sh - Th| dV(z,S).

In fact, one can take any 0 < t < 2r satisfying the last inequality since this
firstly implies, using [Men09a, 2.5], § < (2y(m))~! and o +t/84 € J3,

2y (m)m) ™™ < [VIB(z1) < 6 [ o xcimm S — Tl dV(z.5)
1f(Umc(T a044/00.64 (0 /62))) x G (n,m) 198 = Tl AV (2, 5) < (k/6)(0 +/04)™,
t < (2y(m)m)(r/0)"™ (0 +t/6s) < (0 +1/02)04/2, t < dap,

<46~
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and secondly, using |Ry — Tj| < 6/2 and Holder’s inequality,
VI B(z,t) < 2571fB(z,t)><G(n,m)|Sh = Ry|dV(z, 9),
IVIIB(2,t) <4672 [5. 0w nam S — Bsl*dV (2, 5).
Since 29 € J3 and

B(z,t) c UNC(T,a,20,2640) whenever z € B’  0<t<d40,

a,0
the assertion implies

IVIBL,) < 467280 fyynorazezssxinm |5 — Rel AV (2, S),

IVI(BZ ,) < B(n)s~ s(20)™.
and the conclusion follows. O
Proof of ([@). Defining

e@ = inf{4' 7 (8)™ Gsx(m)) 7™ 47 (84) M 5 (m) b,
one estimates for z € C(T,0,r,3r)
16V | U(z,2r) < ||6VI(U N C(T, a,4r,8r))
< K(8r/dg)™ 1 < £(§5a(m)(2r)m)lfl/m,

fU(z72r)XG(n7m)|S“ —Ty[dV(z,5) < f(UnC(T,aAr,sr))xG(n,m)|Sh =Ty dV (2, 5)
< K(8r/ds)™ < edsax(m)(2r)™

and the conclusion follows. O
Proof of [IU). Defining eqq) = (1) qrp(n, Q, @, p,inf{ds, d1/4}) and noting

(B, 1) N {z:dist(= — a,T) < Sae/4)"/ < O(C(T, 0,1, 64 inf{t/ds, 0/4)) /7
< 6m(t/54)m/19+a—1g—a < e (54)—m/ptm/p+a_lg_a

for 0 < t < p, the assertion follows from with §, r replaced by inf{ds, d4/4},
0. [l

Proof of (). Define ¢y to be the infimum of all numbers
inf {27"8(n) ' a(i)(1/8)5,2 *n ' au(i), e @) (4,64, 6) }

corresponding ton > i € Z.
If the conclusion of ([ID) were not true, one would infer

spt f(x) ~B(a(a), ds0/4) # 0,
ZyGB(q(a),64g/4)ﬂspt f(z)eo(Hf(x)”?y) < Q -1

whenever & € dmn f|B(c, 9) by (@) and E8 @) and therefore by EJ () @) and
, 3.2.22(3)] one would obtain

Jotrnnsional A RIS AV (2, 9) < (@ — Da(m)o™,
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hence by ﬂm, 2.16] and (®) with R replaced by T, noting ¢ € J4 C Js,

IVI(C(T.a, 0.510/4)) — (Q — Lex(m) g™
<NV (Baro) + 20 f i pissayn|S: = Tel AV (2,5) < (1/2)ex(m) g™

in contradiction to ¢ € Js.
Using similarly

ZyEA(r)GO(ana(may)) SQ fOrmeXlL-JXQa

one obtains (ITal).
To prove ([IId), one estimates with L8([7) and (§) with R replaced by T

L (Ca0) < TgRm (Q m)IVII(Ba,e) < Aa(m)e™. O

Proof of ([I2). Denote by X the set of all z € X; such that [L8(E]) is true for
x and note .£™(X; ~ X7) = 0. Since

lap AF(2) (+)(—0)| < (1+ Lip F)(Qm)"/* < (1 4+ Ty (n — m, Q))(Qm)"/?
for z € dmnap AF, one may assume
$4(20) < 27™B(n) ta(m)(1/8).
Next, it will shown with G = graphy, f
B(c,0) N X1 N{z:lap Af(z) (+)(—0)| > 7}
C p[C(T,a,0,610) N G {z:| Tan™ (| V||, 2); — Ry| > 27" (Qm)~/?7}]

whenever 0 < v < oco. In fact, if x is a member of the first set there exist
y € spt f(z) and 7 € Hom(R™, R"™ ™) such that

T = Tanm(||V||, (x,y)), |T - U| > Q71/277
hence, noting o] < 1 and | Taw™ (V. (2,)); — T4 < 7] < < 1/2 by BT
lo = 7]l < 2| Tan™ ([|V']], (2,9))s — Ry|

by B1] and the inclusion follows, since (z,y) € C(T,a, 0,40) by (I1B). There-
fore, since @™ (||V]|,2) > 1 for z € G,

IVICT, 0,0,81) 0 {2+ | Tan™ (V1] 2)s — Byl > 24(@m) /27
> (C(T,a,0,040) "GN {z:| Tan™(||V], 2)y — Ry| > 271(Qm)71/2'y})
> 2™ (B(c,0) N X1 N{x:|ap Af(x) (+)(—0)| >1})

and one obtains
0" fu(e.onx, | AP Af (@) (+)(=0) | dL™ < 272Qm (20, R)*.
Recalling the first paragraph of the proof, and noting
Ry — Ty < n'?||Ry = Ty|| < n'/?[lo| < 6/2
by Bdland U(c, ) ~ X1 C C,,,p, the conclusion follows combining (I11), (8) and
EI@). O
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Proof of (I3). Using Holder’s inequality, one obtains
(T)s — (To)al < IVII(C(T,a,5,848) 2 (t2¢a(t, Ty) + 0™ *¢2(0,T))
< ATV a(m) T gy (0,T,),

since "™/ 2y (t, Ty) < 0™/ ?¢2(0,T,). Noting by B

[(Ty)y = Tul < [(T2) — (To)sl + 1(To)s — T

< A2 a(m) T 26y (o, T,) + 1?0, || < 1/2,
||(Tt)h—Th||§1/2, Ttﬁkerp:{O}, teJy,
one applies 3.1l with S, Sy, Sy replaced by T', T, T; to infer
loel® < (1 + llow|*)I(Te)s — T3)1%,
loell® < I(To)s — Tl /(1 = (T — Tll*) < 2[(T0)y — Toll* < 1/2,
Now, Bl with S, S1, Sz replaced by T, Ty, T, implies
llor — ol < 2[(Ty)y — (Tp)sl- O

7.4 Lemma. Suppose m, n, Q, L, M, 61, 62, 03, 04, 05, ¢, 7, T, U, V,§, Xy,
f} a, ¢, R, F: D, 1/)7 J; ¢27 ¢37 ¢4) Tg; JO; Jl; JQ; J3; J4; J57 and 0o are as mn
[73 Suppose additionally:

(1) Suppose W and C are as in[6.1]

(2) Whenever o € Ji suppose u, denotes the unique analytic function in
WH2(U(c, 0), R*™™) such that

(D?uy(z),C(0,)) =0 for x € U(c, 0),
up — g € Wy*(U(c,0), R™™™),
see [0 IHG.H and m, 5.1.2, 10].
(3) Define the function ¢1 : JJ1 — R by ¢1(p) = |D2ug|oo;c79/2 for o € Ji.

(4) SupposeO<T§1andT:1ifmzl,p/2§7<%ifm:2and

T= % if m> 2.
Then the following seven conclusions hold:
(5) There exists a positive, finite number '@ depending only on n such that
DQ\I!?J(U) is strongly elliptic with ellipticity bound (I‘@)*l,
ID*¥(0)] < T
whenever o € Hom(R™, R™"™™) with ||o|| < 1.
(6) If o € JuN J5, 20 € Jo N J1, ||o,|| < n~Y2inf{5/2,1/4}, and
$2(20, Tap) < 277" *a(m)'/?,

K< inf{m@(m, 04,9), mm(n, d4,0)},

then
$1(0) < Tgo " (62(20,Tao) + 64(20)"?)

where I'@) is a positive, finite number depending only on n, Q, and 9.
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(7) Ifoe JiNJiNJs, ool <1, 20 € Ji, |lo2,]| < n=Y/26/2,
K < inf{q7 g (M, d1, 8), 73 (7> 04, 0)},
$4(20) <27"B(n) " ta(m)(1/8),
then

Qim71|u9 - gll;c,g < 1_‘QZZI) (¢2(2Q7 T29)2 + ¢3(2Q))

where I is a positive, finite number depending only on m, n, Q, 04, 0,
and p.

(8) There exists a positive, finite number e, depending only on n, 04, and §
with the following property.

Ifoe J,20€ JoNJi, |02l < n~125/4, k < e@), and for s € {o/4, 0}
s€JinNJs, ¢a(25) <27™B(n) ta(m)(1/8),
then

P1(0/4) < ¢1(0) + T (01 (0)p2(0, Ty) + 0 (62(20, T2p)* + ¢3(20)))

where ') is a positive, finite number depending only on m, n, Q, 04, 6
and p.

(9) There exists a positive, finite number e depending only on m, n, Q, é2,
g, 6, and p with the following property.

If 83 = 1, 85 = (40) "™ (y(m)m) "™ /a(m), 0 < y < 2™, P s R™ —
R ™ is affine, LipP < n~'/2§/2, R =im D(p* + q* o P)(0), o € J, X
is an L™ measurable subset of U(c, 0/2) N X1,
w=1/2 ifm=1 pu=1/m ifm>1,
0/2€ uNJs, 8reJonNs, o€y, o] <n V252,
k<em, ¢3(0) <em, ZL"(U(c0/2)~X)<na(m)(e/2)™,
then for0 < A <1

02(0/4, R) < Ty (A + d2(0. T)™) 820, T,) + (A + 1) (2. R)
7 0T ()P oy + AT s(0)")

where I'm) is a positive, finite number depending only on m, n, Q, 9, p,
and T.

(10) There exists a positive, finite number ) depending only on m, n, Q, 02,
g, 6, and p with the following property.

If 64 =1, 65 = (40) "™ (y(m)m) ™ /a(m), 0 <n <27 ™ g€ J,
w=1/2 ifm=1 p=1/m ifm>1,
{0/2,0} C TN Js, 20€ JoN i, log,ll <n'25/4,
8reJonds, k<em, ¢3(20) <emm,
L™(U(c, 0/2) ~z:0°([| f ()], g(2)) = Q}) < nax(m)(e/2)™,
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then for 0 < A <1

62(0/4, Tpy2) < Dy (A1 + 07" 6220, Tag) "2/ ™) 6 (20, T,

+n ' op1(0) + (n7 "+ A_T)%(?Q)T)

where I'q) is a positive, finite number depending only on m, n, Q, 6, p,
and T.

(11) Let 64 = 1, 65 = (40)""(y(m)m)~™/a(m), 6 = inf{1,e, (2v(m))~ '},
0<a<l,and0<dg <1.

Then there positive, finite numbers ~y; fori € {1,2,3} and a positive, finite
number e both depending only on m, n, Q, L, M, 1, 02, 03, p, T, a,
and dg with the following property.

Ifa € C(T,0,7/2,2r), @ (||[V][,a) > Q -1+, 0 <t < 57,0 <y <1,

o287, T) <eam, ¢2(8nTsr) < eam,
[VI(C(T,a,0,0) N{z:@"(|V],2) < Q — 1}) < egpa(m)o™

whenever t < o <r/8, and
#3(0)" < yy3(0/r)*"  whenever 0 < o < 8r,

then, in case aT < 1,

o€ Ji and o¢1(0) <ym(o/r)?T fort <o <r/4,
#2(0,Ty) < yy2(o/r)*" fort<o<r

and, in case at =1,

o€ i and o¢1(0) <ymi(e/r)(1+log(r/e)) fort<o<r/4,
$2(0,Ty) < v72(0/r)(1 +1log(r/0)) fort <o <r.

Proof of ([@). This follows from ﬂm, 5.1.2,10]. O
Proof of ([@). Note by [[3([I3) applied with g, s, t, A replaced by 2p, o, 0, 1/2
0€J1, ool < llosell + 27 P a(m) "2 s(20, To,) < 1.

Since u, — 02, is D2\IJ§)(UQ) harmonic, applying M, 5.2.5] yields, noting (&),

|D2u9| < AIQ_l_m/QlD(UQ — 02,)

ooic,0/2 2.0

where Ay = 2" (n)"sup{a(i)~/?:n > i € #}. Using 62 one
obtains

|D(up — ‘729)|2;c,9 < |D(up — 9)|2;c,g +1D(g — U2g)|2;c,g < A2|D(g - ‘729)|2;c,g
where Ay = 14 I'gg(n)?. Taking I'g) = AlAgIM(n,Q,é)l/2, the conclu-

sion now follows from [[3(I2) with o replaced by og,. O
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Proof of ([@). Suppose B, and By ¢, Co+ for t € Jy are as in[Z.3l Define S, R €
2'(U(c, 0), R™™™) by

S(0) = = fiy(e.p) { PO(x), DG (Dg()) ) 4Lz,
R(8) = = fi5(c.0){ DO(x) © Dg(x), D*Vf(0,) ) L™
whenever 6 € 2(U(c, ¢), R"™™). Since u, is D?>¥}(0,) harmonic,
|U’Q - g|1;c’g S A1Q|R|—1,1;67Q (I)

by 6.8 and (B) where A; = Ijgg(n, Tg(n) "', Ig(n)). One computes for z €
dmn Dg

DW§(Dg(w)) = DU(0,) — (Dg(x) — ) s D* V(o)
= (Dg(x) = 05) s [y D*U§(tDg(w) + (1 = t)o,) — D*Wf(0,) AL,
ID*WE(tDg(x) + (1 =)o) — D*Wi(o,)]|
< Lip(D*W§[B(0,7)) t|Dg(z) — 0|  for0<t <1
where v = m!/?sup{1,I'g (n — m, Q)}, hence, since

Joe) (DO(2), B) A2z =0

for § € 2(U(c, ), R"™™) and § € {D¥(0,),0, 1 D2Vi(a,)},
oS — R|71,1;c,9 < AQQ_me(C,QﬂDg(x) - Ug|2 dz™x

where As is a positive, finite number depending only on n and Q. Therefore by
[C3([I2) with o replaced by o2,

08 = Ry 1y, < As(02(20,T2p)* + ¢4(20)) (IT)

where Az = Agm(n, Q,9).
Let 0 € 2(U(c, ), R"™™) with |DO]| .., < landn€ Z2°(R"~™) with

sptn C U(q(a),ds0), B(q(a),ds0/2) C Int(R"™™ N {y:n(y) = 1}),
0<n(y) <1, [Dn(y)|<4(@s) o' foryeR"™.

From E8@) with 7 replaced by o2, one infers with D, , = C(T,a, g, d10) N
P~ '[Ca,,l, noting LI(IID) and |0] .., < o,

|QS(0) + (0V)((noaq)-(q"cdop))|
< Ay (L7 (Cao) + Ju(e.pAF () (+)(=02)? AL + |V (Da,e))

where Ay is a positive, finite number depending only on n, @, and é,. By £J|(T),
noting [C3(I1D), and [C3([2) with o replaced by o2,

o "QS(0) + (5V)((nea) - (a"cfop))
< ATggm (Q. m)e™ ™ [VI[(Ba,e) + Aalirgmy (. Q. 0) (62(20, T20)* + $4(20))
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Therefore one obtains in view of [31(®), since |(T,); — Ty| < nl/?||(Tap)y — Tyl <
n'/2|log,|| < 6/2 by BTl

0"|QS(0) + (6V)((noa) - (a” 0§ op))| < As(¢2(20, Trp)* + ¢a(20))  (I1I)

where Ajs is a positive, finite number depending only on n, @, d4, and §. Also,
using [7.3)(I1a) and Holder’s inequality, recalling 0] .. , < o,

o "8V ((noa)- (a* 0 fop))| < (a(m)(Q+1/2))'Pd3(0). (IV)

Finally, noting

m—p

$3(20) = 064(20) 77 < 6(27™B(n) " La(m)(1/8)) ™ ifm > 1,
$4(20) < Ag3(20)

where Ag = 071 (27™B(n) " La(m)(1/8)) 1=%%"  the conclusion may be obtained

by combining (), (), (II) and (V). O
Proof of ). Define g to be the infimum of all numbers

inf { qrm (i 04, 8), G (- 04, 6), 274" 02 a(i)8°}

corresponding to n > i € .
Noting

61(0/4) < 61(0) + 1D (uyys — wg) e oy

only |D?(up/a — )] needs to be estimated. Since ¢ < 2r as 2p € Jy and

o € Jy, one notes

005¢,0/8

20€ Js,  $2(20,Tay) < 62(20,T) < (2m'/%k)"/2.

Therefore one may apply [[3I([I3) for each t € {0/4, 0/2, 0} with g, s, A replaced
by 20, 0/4, 1/2 to obtain {p/4, 0/2, 0} C J1 and

sup{[|ogall, og/2ll, lloall} < llozoll + 22 3a(m) =/ ?¢5(20, Tap) < n~"/?6/2.

Computing for x € U(c, o/4)
<D2 (uQ - u9/4)(x), 0(09/4)> = <D2u9(l‘), 0(09/4) - O(U9)> ’

one infers from [6.4] with ¢, M, T, «, a, r, and u replaced by F@(n)_l, Lm(n)
D2U(0,4), 1/2, ¢, 0/4, and up — uy/y that

|D2(u’9 - u9/4)|oo;c,g/8

<A (Q_Q_m|ug - u9/4|1;c,g/4 + 91/2h1/2(D2uQ|B(Ca 9/4))||Ug/4 - ‘79”)
where A is a positive, finite number depending only on n. Since
91/2h1/2(D2Ug|B(C, 0/4)) < Asx¢1(0)

by m, 5.2.5] and (@) for some positive, finite number Az depending only on
n, the conclusion now follows, noting [[3([3)), by applying (@) twice, once with
o0 as given and once with o replaced by o/4. [l
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Proof of [@). Define g =00 if m=1and ¢ = (%—i—%—%)’l if m > 1 and note
2<g<ooifm=2and ¢g=2m/(m—2)if m > 2 and

Up+1/q>1, 7= (2(1/p+1/q)—1)7"
With 64 =1 and 65 = (40) "™ (v(m)m)~™/a(m) define

A = inf { Em(m, 04,9), m(m, 04, 05,€), m(n, 04,9),
27" B(n) " a(m)erRim) (M, 82, 04) 2T Rim (@, m)) 6},
Ay =inf {1, (2v(1))"'},

Az = inf {1,27"8(n) " a(m) inf {1 (M, 52, 01) 21T Rm (@, m)) ", 1/8} ],
e@ = inf {Al, 27 Im=1/2 A, 5(A3)1/p*1/m}, Ay = sup{2mIEE|(n, Q,q),1},
As = sup {2057(n, Q, ), 2T (n, @, 2), 1}, Ag = Ly (n, Q,6)/%677,

A7 = sup{QI‘m@ (m),1}, Ag=2""25"28(n),
Ag =19/(21/2-40+19), Ay =Tg1g(m,p.q) ifm=1,
Aqo = Igg(m, p,q) ifm>1,
Apy = 2" sup {2(A10)"/?,2(16 + 4m) /2| Ag — 1/4] 7},
Arp = (4(Ag+ A5)A7(As)*077 + 1)A11, Ty = A12(2 + Ag).

It will be shown that @) and I'g) have the asserted property.
Suppose B, A, By, Cot, and H for t € Jy are as in[1.3]
Since 0/2 € Jy N Jy, it follows

0/2<2r, o€Js, ¢2(0.T,) < pa(0,T) < (2m*/?k)"/2.
One therefore obtains
R S Ala ¢2(Q7Tg) S 17 ¢3(Q) S A27 ¢4(Q) S A3' (I)

Applying 54 with a, r, f, and A replaced by ¢, /2, F (+)(—P)|U(c, 0/2),
and X, noting @), one obtains

Qilim/q|F(+)(_P)|q;c7g/2 (II)
< Ay(o mP|AF (F)(=P)lasc /2 +771/q_19_m_1|f(+)(_P)|1;X)-
Similarly, one obtains
0 T PIF (1) (=Pl o
< A5 (U#Q_m/2|A(F (+)(_P))|2;c,g/2 + n_lg_m_llf (+)(_P)|1,X)

Applying [T3([I2) applied with o, o replaced by p/2, DP(0) yields, noting
¢4(0) <1 by (@) and 1/2 > 7(1/p — 1/m),

0 "2 AF (1) (=P))lye g0 < Do(d2(0, R) + ¢3(0)7).- (IV)
Define d : R™ — R by
d(z) = inf{(lp(z — &)|* + |a(z — &)|*)/?: £ e R", P(p(€)) = a(§)}

(I11)
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whenever z € R™ and note, taking £ = (p* + q* o P)(p(z)),
d(z) < |P(p(2)) —q(z)| for z € R™.

Hence, defining dggym and grgg to be the functions defined in EII(8) under
the names “d” and “g” with

o, P replaced by 0/2, C(T,p"(c), 0/2) N {z: P(p(2)) = a(2)},

one infers

dIC(T, p* (c). 0/2.3r) < drzm.
M= (@) < 9(f(),QIP[)]) = 4((f (+)(~P))(), Q[0])

for z € X1 NB(c, 0/2). Therefore LA(®) with g, P replaced as in the definition
of cqm@ and AIm yields, noting

2™ (B(c,0/2) ~ X1) < L™(Ca pr2) < g Rym) (M 02, 04)x(m)(0/2)™
by [L3([IId) with o replaced by o/2 and (),

(V]| H 1 C(T.p"(0). 0/2,3r)) 0 (d) V)
< A?(lF(+)(—P)|S;C,Q/2 + Z™(B(c, 0/2) NX1)1/5+1/m)

whenever 1 < s < co. Using E8([@) with ¢ replaced by ¢/2 in conjunction with
[T3(Ih) with o replaced by p/2, one estimates

L™(B(c,0/2) ~ X1) < ZL™(Cayps2) < TaRim (@ m)IV[|(Ba,g/2),

hence by [3/(®) with ¢ and R replaced by ¢/2 and T,, noting (I) and |(T,); —
Ty < n'2|(Tp); — Tell < n'/2llo, |l < 6/2 by BT

0 "ML (B(c, 0/2) ~ X1) < Ag(d2(0,T,)* + d4(0))- (VD)

In order to apply B3 first define K = C(T',p*(c), 0, 0) and Hgxj to be the
set defined in B9 under the name “H”, i.e. the set of all z € spt ||V|| such that

IVIB(z,t) > (40) "™ (y(m)m)~™t™ whenever 0 < t < o0, B(z,t) C K.
One infers that

C(T,a,0,0)Nspt |V| C Hgg if m=1,
Hgg N C(T,a, A0, Ago) C H;
in fact the first inclusion follows by ﬂm, 2.5] and (Il) whereas concerning
the second inclusion 7 < 27™ implies by [3)(I1H) with o replaced by o/2 the

existence of £ € AN C(T,a,0/4,0/4) hence, verifying 1/4 < Ag < 1/2 and
23/2Ng/(1—Ag) < %, one obtains for z € C(T, a, Agp, Ago), (1—Ag)o < t < 2r

€ — 2] < 2%2Ng0 < 2%2Agt/(1— Ag) < 33t, B(z,1) D B(&,1/(20)),
VI B(2,t) > [V B(&,t/(20)) > (40) ™™ (y(m)m)~"t™ = dsax(m)t™
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by [Men09a, 2.5] since & < (2y(m))~* and, noting (I, the inclusion follows from
T3@) as B(z, (1 — Ag)o) C K. Choose ¢ € 2°(U) such that

0<¢(z) <1 and [Dé(z)| <2-(Ag—1/4)"" 0" for x € U,
¢(x) =1 forx € C(T,a,0/4,0/4),
spt ¢ C C(T,a,Agp, Agp) C KNInt C(T, a,0/2,0/2).

One now applies if m=1and if m > 1 both with a and T replaced by
(p* 4+ q* o P)(0) and im D(p* 4+ q* o P)(0) to obtain with a,, =0if m =1 and
o = (0 ™/Pa) w5 if mo> 1

0" < Ao (o + (@1 Parg Ay Y APHD) (16 + dm)g e,

here o, 3, v, and £ are as in and [BI3 respectively. Noting (a,,)"? <
#3(0)7, since ¢3(0) < 1 by (), and using the inequality relating arithmetic and
geometric means as in .10, one infers

¢2(0/4, R) < An(Ae™ ' ™I(|V| L H N C(T, p*(c), 0/2,37)) () (d)

VII
+ A Tgs3(0)" + 0 2(|V|| L H N C(T, p*(c), 0/2, 37)) 2 (d)). (VD

Finally, the estimates ([I)—(VII) are combined as follows: Firstly,
$2(0/4, R) < AuuA""d3(0)"
+ ArAUAGT T I(|F (1)(=P)| g gn + L7 (Blc, 0/2) ~ Xy)VHm)
+ A7Apo (IR () (=P)lae g2 + L™ (Blc, 0/2) ~ Xy) /2 m)
by (VII) and (V). Then, by (II), (), and (V)

$2(0/4, R) < A" "é3(0)"
+ A7 A1 (As+ A5) A+ 7)o P IAF (4)(=P)) g o2
+ A7 (A + As) (T 47T T £ (1) (P x
+ 207 (Ag) I M A N (20, T,) Y 1T2/™ + ¢4 (0) /4T ™)
+ 207 (88) 2T A L (d2(0, Tp) 2™ + Ga(0) /> ™).
Finally, using ¢2(0,T,) < 1 and ¢4(0) < 1 by [@[), ¢ > 2, and 7 < 72

2(m—p) =
(£ 4 %) if m > 1 this simplifies to

62(0/4.B) < D1z (X7 s(0)” + (A+ (0. T, ") (0. T,)
£ O 1) A ()Pl g+ 17 07" F (1)(P)ix )

and the conclusion is a consequence of ([V]). O

Proof of ([0). With §4 =1 and 5 = (40)"™(y(m)m)~™/a(m) define

Al = mf{gm@ (m7 547 5)7 Emm(na 547 5)7 E@ (ma n, Q7 527 g, 57p)}7
Ao =6(2mI g (n)™ M a(m) ™2, Ay =AM (Tg(n)® +1),
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Ay = D3l (n, Q,0) 2,
As = inf {272 Pa(m)n =125, (Ay) " tn Y25 /4,1},
Ag = inf {1, 27 "e@(m,n,Q,da,¢, 5,p)},
A7 =inf {(Ay)*n~6%274 27" B(n)  a(m)(1/8),27 "},
em = inf {A1,27 'm ™ Y2(A5)%, Ag, 5(A7)Y/P7H/m Y,

Moreover, define

Ag =T @(m,n,Q,04,6,p), Ag= I‘M(n)a(m)l/2,
Ao = Molrgymy (0, @, O)YV2 A =2 (2,n),
Ay = Ayg sup{a(m), Ag +2M A6 7},
Az = (Q + )Y 2a(m)2A1n? + 2™, A = QY?sup{a(m), As},
Fam =T (m,n,Q,6,p,7)(2™ " +2A15 + Ayy).

It will be shown that egg) and I'gg) have the asserted property.
Since ¢ € Jy and 2p € Jy, it follows

0<2r, 20€Js, ¢2(20,T) < (2m'/ k)2
One therefore obtains
k<AL $2(20,T) < As,  ¢3(20) < As,  04(20) < Av,
o€ Ji, ool < n_1/25/2;

@

in fact the first four inequalities are directly implied by the definition of ¢ gg) and
the last two statements follow from [[3I([I3]) applied with g, s, ¢, A replaced by
20, 0, 0, 1/2 since ¢2(20, T,) < 272" Sa(m)n~1/2§ by the second inequality.

Define P : R™ — R™ ™ by P(z) = uy(c) + (x — ¢, Du,y(c)) for x € R™.
One verifies

Lip P = |DP(0)|| < n~'/%5/2; (11)
in fact using [Fed69, 5.2.5],[6.2 [C31(12) with o replaced by 0, and (I
IDPO)]| = [[Dug(e)l| < Aoo™"/?|Duyls,,
< D007 (ID (g = 9)laie o + 1Dl )
< Aso "% Dygly,., < Au(2(20,T) + ¢4(20)'/?) <n~1/%5/2.
Taylor’s expansion yields

07" Hug = Pl pya < @(m)o| D?uy| (I11)

003¢,0/2°

Noting (), one obtains from (7)) that

0" Mug = glye, < As(2(20, Top)? + ¢3(20)7). Iv)

By 6.6 with a, r, u replaced by ¢, 9/2, (g — 0,)|U(c, 0/2) there exists an affine
function R : R™ — R™™ ™ with DR(0) = o, such that

o™ g - R|1;c,g/2 < AQQfm/2|D(9 - R)|2;079/2’
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hence by [[3([I2) with g, o replaced by 0/2, o,, noting (I,

Qimillg - R|1;c,g/2 < A10(¢2(Qa Tg) + ¢4(9)1/2)- (V)
Since by B3 with k&, a, 7, u replaced by 2, ¢, /2, P — R
IDP(0) — o, = [D(P — R)(0)] < Ao~ ~"|P — Rl
< Allgilim(lp - u’9|1;c79/2 + |u’9 - g|1;c,g/2 + |g - Rll;c,g/Z)v

one obtains from (III)-([V]), noting sup{p2(20,Ts,), ¢3(20), ¢4(0)} < 1 by (0
and 1/2 > 7(1/p — 1/m),

[DP(0) = 0| < Ara (01 (0) + 62(20, i) + ¢3(20)7),
hence using [73(ITa) and [31]

$2(0,5) < Ars(091(0) + ¢2(20, Tap) + ¢3(20)7) (VI)
where S = im D(p* + q* o P)(0).
Define X = U(c, 0/2) N X1 N {z:@°(||f(2)|, g(x)) = Q} and note
|f (D) (=P)l1.x < Q219 = tglypp + g = Plyg py2)-
Combining this with ([IIl) and (V) yields

o T (F)(=P)lyx < Avaodr(o) + d2(20, Tap)* + ¢3(20)7).

Therefore noting (), (IT) and I8 () and applying (@) with R replaced by S,
one obtains in conjunction with (V1) the conclusion. O

Proof of ([[d)). As the assertion does not involve x it may be restricted to a
specific value. One defines

Ay =sup{l'g(m,n, Q,04,6,p), L qm(m,n, Q,0,p,7),1},

n = inf {(48A1)7", 27"},

Kk = inf {am(m, 04, 0), g3 (1 @ 04, D, @, 06), 73y (M- 04, 6),
e@(n,04,8), 27" 2 B(n) " a(m) IR (Q.m) ',
Em(m,n,Q,ég,g,d,p)},

A = inf {1,277 B(n) " a(m) inf {n(AT xR (@.m)) 1, 1/8}),
Az = inf {272 sup{(Q + 1)ax(m), 1} 'k, 1, eqm(m, n, Q, 82, ¢, 6, p),
(Ap)Y/P=1/m s 979 sup{ M (m), 1}*1/~€},

Ay = inf {(A3/8)T,m(n,Q,54,p,a,56)7,

(ape(m)/P((Q = 14 d6)'/" = (Q =1+ 06/2)"/7)) "},
As =inf {272™(Q + 1) 2a(m) 2k, 27" 2a(m) /2 },
Ag =n"Yinf {5/4,27™ L sup{(Q + ax(m), 1} ' A5 },

Ar =inf {n~'/2inf{5/2,1/4}, Ag/2},
Ag=1—-4°""1 ifar <1,
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Ag=logd ifar=1,

Ay = inf {2727 au(m) /2,272 au(m) /2 (1 — 2—”)A6,2—m—1A5,1,
(BA1) " Ag, 575 (A1) "*nAs, (48A1) ™"},

Ay =Tg(n, Q, 5)

Ay =inf {672 "(Ao) ™, 2108(A1)” 1},
A= (48A,)7!

A = (24A1(77_1 + )‘_T))_l’
Y2 = (e/4) Ao,

Y1 =n(24A1) 1,
73 = inf{Ag, A1171, A1272},
eqn = inf {278 sup{Ma(m),1} ', 276m=4q(m)1/2,
9=5m=3 0y (m) /2 A7, 275 A5, 27T (A 1g) "Ly, 2756y 77/2}§
here e denotes Euler’s number. It will be shown that v; and egg have the
asserted property.

Suppose Cy ¢ for t € Jp is as in[T3]
First, note that

¢3(0)" < yys(o/r)*" for 0 <t <8r I
implies, noting 3 < Ay,
¢3(0) <Az and ¢4(0) < Az whenever 0 < p < 8r. @)

Next, some auxiliary assertions will be shown:

RnN{o:0<po<r/2} C Jo, (II)
RN{o:gz<o<ryC i, (III)

RN{o:gz <08} Cloans, (IV)
Rﬁ{g'&§g<4r}cJ4, (V)

Rn{o: g <o<r/2}C s, (VI)

IVI(C(T,a,0,0) > (Q -1+ 54/2) (m)e™ whenever 0 < o <r/2, (VII)
looll < A7 whenever g7 <o <, (VIII)

Proof of ([I). This follows from a € C(T,0,r/2,2r).

Proof of (IV]). For g1 < 0 < 8r one computes, using Holder’s inequality and

(m),
16VI[(UNC(T, 0,0, 0)) < [VI|(U)' /P9 (U N C(T, a, 81, 87)) /7
< sup{Ma(m), 1}r™=™/P(87) /P~ 14 (8r)
< Agsup{Ma(m), 1}27"(5)™ ! < ko™,
finitnn. Gl |55 — Tl AV (z8) < [VIU)2(8r)™ 26, (3, T)
< sup{Ma(m), 1325 e (g)™ < Ko™
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Proof of (V). This follows from ([V]).

Proof of (VI). Let & < ¢ < /2. One computes for 0 < t < p, () and
v3 < Ay,

¢3(t) < (A4)1/T (t/r)a < m(na Q7 54ap7 Q, 56)(t/g)a
Therefore, noting ([I)) and ([V]), (V) is implied by [T:3([I0).

Proof of (VII). Applying [ with r, M, o replaced by o, (A4)Y/7, o in
conjunction with Holder’s inequality, noting () and v3 < Ay, yields
“m 1 o1
(™ IVI(C(T.a,0,0)) " > (Q — 1+ dg)ex(m))/? — (M) e~ p
> ((Q — 1+ d6/2)cx(m)) /7.

Proof of (III) and (VII). Let g5 < ¢ < 7. Using Holder’s inequality and
0/2 < inf{p,r/2} € J5 by (V), one estimates

I(Tp)s = Toll < V(U N C(T, a, 0,0) /20" (d2(0, T,) + ¢2(0, T))

< a(m)~V22m/243/24, (0, T) < au(m)~1/225™ 25 (87, T)

< a(m)*1/225m+28m <1/2,
hence T, Nkerp = {0} and ¢ € Jy, i.e. (II). Now, B applied with S, S1, Sa
replaced by T, T', T, yields

logll* < (1 + llool*)I(Te)s — Tl1%,
logll? < 1(Te)s — THll*/(1 = [(Tp)y — Tull?) < 20(To)s — T4l1%,
llogll < 2II(T,)s — Tyl < a(m) /225" e < Ar.
Having shown the auxiliary assertions ([I)~(VIII)), one chooses j € & such

that & < 49t < % and defines ¢; = 47717t whenever i € &, i < j+ 1 in order
to show inductively the following assertions whenever i € &, i < j + 1:

RN{o:ti<o<r}C s (IX)

Rn{o:ti<po<r/2} CJs, (X)

RN{o:t; <o <r}CJy, (XT)

ool < Ag fort; <o<r, (X1I)

d2(0,T) <Ay fort; <o<r, (XIIT)
—1t+ar, —ar

d1(0) < vmo r whenever t; < o <r/4, ar <1, (XIV)

#1(0) <y H(1 +1log(r/e)) whenever t; < o <7/4, at = 1,
2(0,T,) < vy2(o/m)*"  whenever t; < p <7, ar <1,
¢2(0,T,) < vv2(0/7)(1 +log(r/p)) whenevert; < o <r, ar =1.
One verifies that (XV)), implies
p2(0,T,) < Ag(g/r)m/2 whenever t; < o < r, XWD)
#2(0,T,) < Ag(1 +1log(r/0))™" whenever t; < o <7, ar =1; x3r)

here and in the remaining proof references to equations involving the inductive
parameter will be supplemented by the value of this parameter as index.
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Proof of (IX);, (X); and (XI),. Since t; = 4/t > Z; the assertions follow
from (V]), (II)) and (V).

Proof of (XII);. Since t; > g5 and A7 < Ag, this follows from (VIII).

Proof of (XIII),. Fort; <op<r
$2(0,T) < 2°™(8r,T) < 2°eqry < As.

Proof of (XIV));. Let g < ¢ <r/4 and note

o€ JynJds by (V) and (VI), 20€ JoNnJi by () and (),
losell < n~*/?inf{5/2,1/4} by (VIII),
$2(20, Tap) < 2" o (81, T) < 2'™eqqy < 272" 1 (m)/2.

Therefore by (), using ¢4(20) < 1 by (M), 1/2 > 7(1/p — 1/m), @) and 3 <
A,

001(0) < Aro(h2(20,Ts,) + ¢4(29)1/2) < A1 (24 o (87, Ty) + 0~ " 9p3(20)7)
< yA10(2"eqm + 6T AnM) < vng < vmnle/r).
Proof of (XVI),. For & < o <7 one estimates

$2(0,T,) < 2o (8r, Tsy) < 2°"e@my < VY25 < ¥72(0/7)7.

Therefore the assertions (IX)),—(XV]), are proven in the case i = 1. Suppose
now that the assertions (IX]),~(XV]), hold for some i € & with i < j. Note
t; <t =4t < 5. Since t; € Jo N Jy by () and ([IX]), and

4(2t;) < Ay <27™B(n) ta(m)(1/8)
by (M), [C3([[Ta) with o replaced by ¢; implies
IVI(C(T,a,0,0) < (Q + 1)ax(m)d™ o™ for tiys < 0 <t;. (XVI)
Proof of miﬂ’ (IXI)iJrl and (Im)iﬂ. Let t;11 < 0 < t;. Note o € Jy by
(D). One estimates, using Holder’s inequality, (XVI) and (),
I6VII(C(T, a, 0,0)) < |VI(C(T,a, 0,0)) " /P(C(T, a, ti, t;)) /7
< sup{(Q + Da(m), 1}4™ ™ 1Az < ko™,
hence ¢ € Jo. Similarly, using (XIII)),,
fc(T,a,Q,Q)XG(n,mﬂSh - Th| dV(z,S)
S ||V||(C(T7 a, o, Q))l/Q (fC(T,a,ti,ti)XG(n,m)|Sh - Th|2 dV(Z, S))
<(Q+ 1)1/2a(m)1/24mgmA5 < ko™

1/2

and g € J3. Together with (IX]), this implies

Rﬁ{s:ti+1§s<2r}CJ20J3, Rm{s:ti+1§S§T}CJ4,
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hence (X)), ,. One computes for 0 < ¢ < p, using (), () and y3 < Ay,

$a(t) < (A)Y7(t/r)* < g7 (n: Q, 01, p, @, 66)(¢/0)”

Therefore, noting ([I)) and (X)), ,, C3(Q) implies (X)),,,. To prove ¢ € Ji,
one estimates

(To)s — Tl < IVI(C(T, a,0,0) 2™ (¢2(0, T,) + b2(0, T))
< IVIC(T, a, tiga, tiga)) ™2 ()™ ($a(ti, Th,) + po(ti, T))
< a(m)™V22™(Ag + As) < 1/2
by (IXDH-l and (XVI),, (XII)),, hence
T,Nkerp ={0}, p€ Jr.
Proof of (IEII)HI. Let tip1 < o < t; and define g = 4¥~1p for k € . Since
0 <t; <r/4, there exists | € & such that 7z < ¢y <r/4. Note
o € JiNJs fork=1,...,1
by XI),,, and X)), . Also, by (XII),,
ool <n1/2/4 whenever k€ 2,2 <k <1
and) by (m)ia
2(0k, Ty,,) < Ag < 2_2m_4()z(m)1/2 whenever k € &£, 2 <k <|.

Now, applying [[3I([@3) with o, s, t, A replaced by ok, 0k—1, 0k—1, 1/2 and using
;» one obtains

o0 = ol < 22" Pa(m) ™ 2 (or, Tp,) < 22" () ™12 Ag (r /r)*72
whenever k € 2, 2 < k < 1. Therefore by (VIII)
el < 0wl + Zizslloes . — oo
<At 22m+3a(m)—1/2A9T—a7/222:2(4]6—1@)(17'/2
< Ar+ 22m+3a(m)71/2A9(4l71Q/r)a7/22;0:027ka7
< A7 4+ 22" Fa(m) T2 (1-277) T Ay < A

Proof of (miﬂ. For t; 11 < 0 <t;, o€ Jy by (M) and
$2(0.T) < ¢a(0.Tp) + 0" 2| VI[(C(T, a, 0,0)"*|Ty — (T,)s|
by Holder’s inequality. By (XVI)), and (XVI)
$2(0,T) < 2™ Ag + 2" sup{(Q + 1)ax(m), 1}T} — (T, ).
Also by BTl noting ¢ € Jy by (XI),,, and XII), ,,
Ty = (To)sl < 02Ty = (Tp)sll < n'/2log|l < n'/? A,
hence

$2(0,T) < 2™ Ag + 2™ sup{(Q + ax(m), 1}n'/2Ag < As.
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Proof of (RIV)), ;. Let t;11 < o <t;. It will be shown that the hypotheses
of [®) are satisfied with g replaced by 4p; in fact o < #; < 16

8oeJonJi by @) and XI);,  [los,ll <n '/?6/4 by (XI),,

and for s € {p,4p0}

seJynJs by [X),,, and X, ,,
64(25) <27™B(n) ta(m)(1/8) by (M.
Therefore, in case ar < 1, (8) implies, using (XIV)),, (X¥1I),, (XY)),, ¢3(80) < 1
by (), (@) and v2 = (24A1)n 71, 13 < A,
$1(0) < ¢1(40) + A1(d1(40)P2(40, Tap) + 0~ ' ($2(80, Ts,)” + ¢3(80)))
< yoTOTrTOT (497 + A Agyr + 8A1A072 4 8A173)
< v T (A 4+ A1 Ag + 192(A1)n T Ag + 8A1 A1)

1+ar,,—aT

<vme T

Similarly, in case a7 = 1, ([8) implies, using (XIV)),, (XXT),, XV),, (@) and
= (24A1)n" "1, 3 < A,
P1(0) < ¢1(40) + A1 (d1(40) 2 (40, Tug) + 0~ ($2(80, Ts,)” + ¢3(80)))
< Ar7H((1+log(r/0) —log4)v1 + A1 Agy1 + 8414972 + 8A173)
< e (14 log(r/o) — As) + A1Ag +192(A1)*n ' Ag + 8A1 A1)
<y~ (1 + log(r/ ).

Proof of (IXE)Hl. Let t;11 < o < t;. First, it will be shown that the hy-
potheses of [3(ITH) and [C3([IId) are satisfied with o, A replaced by 20, 1/2;
in fact

20¢€ J4 ﬂJ5 by (X)), and X)), ,,
d4(40) <273(n) m) inf {n( (A7 gm (@, m )1, 1/8} by ().

Next, it will be shown that the hypotheses of (I0) are satisfied with o replaced
by 4p; in fact, noting t < o < 75,

{20,40} C JunJs by (]IXDier and (m)i+l’
8o€ JonJi by () and (XT),, osell <n~Y25/4 by (XI),,
8&r e JonJs by (V), ?3(80) < eqm)(m,n, Q,d2,¢,6,p) by (M),
U(e,20) ~{z: ©%(|| f ()|, g(=)) = @}
C Ca2o UP[C(Ta,20,20) N{2:Q > O™ (||[V]],2) € 2},

by [L3 ({1 with e replaced by 20, hence
L™(U(e,20) ~{z: (|| f(@)]], g(2)) = Q})
< (n/2)e(m)(20)™ + egmex(m)(20)™ < no(m)(20)™
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by C3I[IId) with o, A replaced by 2p, /2. Therefore, in case ar < 1, (I0)
impliesa uSing m)ia mw m)w (m)7 and Y= 77(24A1)71727 3 < A12'-)/27

$2(0,T,) < A ((A + 0" 07 (80, Tso) ™M) 92 (80, T,
1 p01(40) + (0™ + AT )éu(80)" )
< e/m) (821 (A 1" 457 (80) /")
+AA I +8A (7 YT)%)
< W(Q/T)QT(%W + %’72 + %’72 + %72 + %72) =772(0/r)*".

Similarly, in case ar = 1, ([I0) implies, using (XVI),, XV),, (XIV),, (@), and

Y1 =n(24A1) 12, v3 < Aoy,
62(0.7,) < (o/r) (1 +log(r/)) (BAI(A+ 0"/ 477 (29)!/")
+4Am Iy 8A (7! + >\7T)73)

< v2(0/r)(1 + log(r/0)).

Therefore the assertions (IX]),~(XV)), are verified whenever i € &, i < j+1.
The conclusion now follows from (XI),,,, XIV),,, and XV),, . O

7.5 Lemma. Suppose m,n,Q € &, m <n, eitherp=m=1orl<p<m=2
0r1§p<m>2andmm—f;):2,0<5§1, and 1 < M < oo.
Then there exist positive, finite numbers € and I" with the following property.
IfaeR", 0<r<oo,V e€IV,,(U(a,6br)), v and p are related to V as in
Z3 T € G(n,m), Z is a ||V| measurable subset of C(T,a,r,3r),

(@ —1/2)a(m)r™ < [[VI(C(T,a,r,3r)) < (Q + 1/2)a(m)r™,
IVI(C(T,a,r,4r)~C(T,a,r,r)) < (1/2)a(m)r™,
[VIIU(a,6r) < Ma(m)r™, [[VI(C(T,a,7/2,7/2)) > (Q — 1/4)a(m)(r/2)"™,

IVI(C(T,a,r,31) ~ 2) < calm)r™,  ([|S3— T dV(z,9))""* < a2,
then
—-m 2 1/2
(r fC(T,a,r/4,r/4)xG(n,m)|5h_Th| dv(z,9))

< 6(T_me(T,a,r,r)><G(n,m)|Sh - Th|2 dV(Z’ S))
+D(r~m 1, dist(z — a, T) d||V ||z + r=m/Py(U(a, 67'))””).

1/2

Proof. Define
L=1/8, 61=02=083=1/2, d4=1, 6&5=(40)""(v(m)m)""/a(m),
Ay =eqgg(n, Q. L, M,61,65,03,04,05), Ay =inf {1,(2v(m))~" A},
p=1/2 ifm=1, pu=1/m ifm>1 A; :Im@(m,n,Q,Ag,p,l),
0 = inf {6Y/1(4Az)" Y 27m = N = inf {§(445) 71, 1},
Kk = inf {m(m,n, Q, 02, A1, Ag,p),m(n, YIVACHR
27" 2B (n) " a(m) g (@, m) ' Az},
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Ay = inf {(Ma(m)) =227k, a(m) /22740 =12 A,
(Ma(m))~Y/26™/2(405)~™/2},
€ = inf {A4, 2_m_1r]},
As = 27™B(n) ta(m) inf {nI]m(m)(Q,m)*l/él, 1/8},
Ag = inf {(Ma(m))l/p*121*mfi,m(m,n,@ﬁg, Ay, Ag, p),
AQ(A5)1/”_1/’”},
I = sup {A3Q"*n~", AgA ™", (4(Q + Da(m)m)?(Ae) ™' }.
It will be shown that € and I" have the asserted property.
Suppose a, 7, V, ¢, p, T, and Z satisfy the hypotheses in the body of the

lemma.
By the definition of " and

Time(T,a,r/4,r/4)xG(n,m)'Sh - Th|2 dV(z,S) < 4(Q + 1)a(m)m
one may assume that
rt =Py (U(a, 6r)7 < As.

Additionally, one may assume that Z is a Borel set and that a = 0, T = im p*
using isometries and identifying R™ ~ R™ x R*»™™.

Defining A, X1, f, ¢, ¢2, ¢3, ¢4, Ty, J1, Ja2, J3, Ju, J5, 04, and C, , as in
3 and X = U(e,r/2) N X1 ~pl[A~ Z], next, the hypotheses of [A([@) with 4,
P, o replaced by As, 0, r will be verified. The "™ measurability of X is a
consequence of LY () and |[Fed69, 2.2.13]. One estimates

SISy — Ty | dV (2, S) < (Ma(m))l/zrmA4 < k(r/2)™,
[6V] U(a, 6r) < (Ma(m))~Prm =t Ag < k(r/2)™ 1,

hence r/2 € Jy N Js and 8r € Jo N J5. Also

() = Tyl < |VI(C(T,a,7/2,7/2)) /2262 (6r, T) (6r)™/?
<2 F20(m)TH2AL < 1/2,
T, Nkerp={0}, reJ

and, using [3.J] with S, S;, Ss replaced by T', T, T;.,

lovl2 < (1 + o 12T ) — T2,
ol < (T — TP/~ (T — Tel1P) < 20T — Tl
lovll < 20(T)g — Tell < 2™ +Pam) /224 < =2 A0 )2.

Noting ¢4(r) < As, one infers from [T3([IId) with o, A replaced by r/2, n/2 that
L7 (Capry2) < (n/2)a(m)(r/2)™.
Combining this with

LM(Pp[A~ Z]) < AT (A~ Z) < | VI(C(T, a,7,3r) ~ Z) < (n/2)a(m)(r/2)™,
U(e,7/2)~X C Cyryp Up[A~Z],
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one obtains
ZL™(U(e,r/2) ~ X) < na(m)(r/2)™.
Now, applying [[4([@) with §, P, o, and 7 replaced by As, 0, r, and 1 yields
62(r/4,T) < A5 (A + (Ma(m)) 280%™ + (A 1)) 62(r, T)

T fx AT (1)
< 0¢a(r,T) + 11(6271/27“777%1|f|1;x + ¢3(r)).
Finally, noting
Xn{z:9(f(2),Q[0]) > Q"*y} C p[ANZ N {z:dist(z — a,T) > 7}]
for 0 < v < 00, one obtains
Q2| flyx < [, dist(z — a, T) |V 2

and the conclusion follows. O

8 The pointwise regularity theorem

Here, after verifying the hypotheses of the approximation by a Qo (R™™™) val-
ued function in B2 the pointwise regularity theorem is deduced from [T
in An example demonstrating the sharpness of the modulus of continuity
obtained in case a7 =1 and m > 1 is provided in

8.1 Lemma. Suppose 1 <ne€ P, 0<5i<1,0<A<1,and0 <M < .
Then there exists a positive, finite number € with the following property.
Ifn>meZ,acR",0<r<o0, TeG(n,m), VeIV, (Ua,r)) and

IVIU(a,r) < Ma(m)r™, [|6V] U(a,r) < e[|[V[(U(a,r))' /™,
J185 = T|dV (2, 8) < e||V] U(a, ),
VI B(a,0) = dax(m)e™ for 0 <o<r,

then
IVII(U(a,r) N {z:[Ty(z = a)| > Alz = a[}) = (1 = §)e(m)r™.
Proof. This is a special case of [Men09b, 2.2]. O

8.2 Lemma. Suppose m,n,Q € &, m < mn, eitherp=m=1o0r1 <p<m,
0<a<1l,1<M<oo,0<pu<l, and0<d; <1 forie{l1,2}.

Then there exists a positive, finite number € with the following property.

IfaeR", 0<r<oo, VeIV, (U(a,r)), ¢ is related top and V as in[Z3,
T € G(n,m),

A=inf {p, (1+M?*)7V2(1 - (1 -6/2)Y™(1 - 6/4)7Y™)},
O (IVl,a) 2Q -1+d2, [V[[U(a,r) <(Q+1—d1)a(m)r™,
f|Sh — Th| dV(z,5) <er™,
glfm/pw(B(a, Q))l/p <e(o/r)* whenever 0 < o <r,
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then with s = Ar
IVI(C(T,a,s, Ms)~C(T,a,s,ds)) < dacx(m)s™.

Proof. Define A as in the hypotheses of the body of the lemma, \ = (1 —
(86:/4))"%,
Ay = ggq(n, inf{(2y(m)m)~" /a(m), 61/4}, A, 2(Q + 1)),

let € be the infimum of the following five numbers

T, Q. o, p,inf{81/3,A02/2),  ((Q + Dax(m)) 7~ (dy(m)m) " Ay,
(47(m)m)_mA17 (2'7(m))_1, ((SgAma(m)ﬂ(n)_l)l/P—l/m(2,7,(m))—1

and suppose that m, a, r, V, ¥, T and s satisfy the hypotheses in the body of
the lemma.
First, note by [[.2 with 0 replaced by inf{d1/3, Adz/2}

IVII(U(a,r)Nn{z: |ThL(z —a)| < 828/2}) > a(m)(Q — 61/3)r™.
Define A to be set of all z € spt || V]| such that
18V B (2, 1) < (2y(m))~H|V[(B(=, 1) /™

whenever 0 < t < oo and B(z,t) C U(a,r). Next, the following assertion will
be proven:

ANC(T,a,s,Ms) C C(T,a,s,d2s).

For this purpose suppose z € ANspt |[V|| N C(T,a,s, Ms) and abbreviate t =
dist(z, R" ~U(a,r)). Since A < (1 + M?)~'/2] one notes C(T,a,s, Ms) C
U(a,r) and ¢ > 0. From [Men09a, 2.5] one obtains

[VIB(z,0) = (2y(m)m)~ ™™ for 0 <o <t.
Therefore, noting
t>r—(1+M)YV2Ar,  (t/r)™ > (1—61/2)(1—0,/4)"1 > 2/3,
[VIU(z,t) <[V U(a,r) < (Q + Da(m)r™ < 2(Q + 1)ex(m)t™,
16V U(z,1) < [6V]| Ula,r) < ((Q + Lex(m)) '~ Perm=t
< ((Q+Da(m)' ™ (g (mym)" 1| VI|(U(z, 1) -1/
< ALVI(U(z, 1),
JotyxGmm|Ss = Tl AV (€, S) < [1Sy — Ty|dV (€, 5)
<er™ <e(dy(m)m)"[|V]U(z,t) < A[|V]]U(2,1),

one uses Bl with §, M, a, and r replaced by inf{(2y(m)m)~™/a(m),d1/4},

2(Q + 1), z, and ¢ to infer
IVII(U(z,8) 0 {€: | T(€ — 2)| > Al§ — 2[}) = (1 = 61/4)a(m)t™
> (1—01/2)a(m)r™.
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Since | V]| U(a,r) < (Q 41— d1)ax(m)r™, this implies together with the second
paragraph that the intersection of

T [U(z, ) N {&: |Ty(€ = 2)| > Mg — z[}] and RN {€: [Ty (€ — a)| < 6as/2}
cannot be empty. Now, estimating for £ € U(z,t) with |T;(§ — 2)| > M| — #|
T3 (€ = 2) < (1= N)V26 — 2] < 2(1 = N°)2r = b25/2,

one obtains |T;(z — a)| < d2s and the inclusion follows.

If m =1 then A = spt||V]| and the conclusion is evident. Hence suppose
m > 1. The assertion of the preceding paragraph implies with the help of
Besicovitch’s covering theorem and Hoélder’s inequality the existence of count-
able disjointed families of closed balls F1, ..., Fjg(,) such that

spt||V| N C(T,a,s, Ms)~C(T,a,s,d2s) CUU{Fi:i=1,...,8(n)},
ScU(a,r),  |VIS) < Agyp(s)™/ "V

whenever S € | J{F;:i=1,...,8(n)} where Ay = (24(m))™?/(m=P) hence
IVII(C(T, a, s, Ms) ~ C(T, a,5,825)) < Ao 320N g tp(S)™/ (=)

< MY PO (T g (8))™ TP < Ao B(n)(U a, )™/ P
< (29(m)e)™/ (MR B(n)r™ < Grar(m)s™. O

8.3 Theorem. Suppose m,n,Q € P, m <mn, eitherp=m =1 or1<p<m
0<d<1L,0<a<l,0<7<L,and7T=1ifm=1,p/2<71<5 = p) if
m me > 2.
Then there exist positive, finite numbers € and I' with the following property.
IfaeR", 0 <r <oo, VelIV,(U(a,r)), p and ¢ are related to V as in
B3 TeGnm),w: RN{t:0<t <1} - R with w(t) =t*7 if ar < 1 and
w(t) =t(1+1log(1/t)) if ar =1 whenever 0 <t <1, and 0 <y <¢,

m=2and T =

O ([Vl,a) >Q —1+46, [[V||U(a,r) < (Q +1—=8)e(m)r™,
(™ f18; — Ty[? AV (2.8))* < o,
[VI[(B(a,0) N{z:@"(|V],2) < Q —1}) <ea(m)o™ for0<o<r,
o' " Pp(B(a, 0)) P < AT (o/r)* forO< o<,

then @™ (||V||,a) = Q, R = Tan™(||V||,a) € G(n,m) and
(Q_me(a,g)xG(n,m)|Sh — Ry[*dV(z,9)) 1/2 < Thw(o/r) whenever 0 < o <r.
Proof. Define, noting (y(m)m)~™ < a(m) by, e.g., [Men09a, 2.4],
Ay =inf {1/6,(17)7Y2(1 - (1 - 6/2)Y™(1 - 5/4)~Y™)},
0 =46/2, 02=0/4, d3=1-4/4, d,=1,
ds = (40)"" (y(m)m)~"™/a(m), b6 =10, L=204/8, M=(A

1)~
5/ = inf {1’(na Q7L7M7 61752553754555)7 (27(7’”’)) 1}7
= inf{1,(Q+1—-6/2)"/™(Q+1-35/4)""/™ -1}

"(Q+1),
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and apply [LA(I]) with § replaced by ¢’ to obtain +; for ¢ € {2,3}. Define
Ay = inf {(Q+1—35/4)"P —(Q+1-4)7,
(Q-1+0)"" —(Q—1+6/2)"/7},
Az = inf {(Al)m/gqﬂkm(m, n,Q,L,M,0d1,02,03,p,T, 56),73},
e = inf{(apa(m)/PAy)",
(Q+ 1)*1/2a(m)*1/2(m, n,Q,p,a,4,1/6,6,inf{n,§/4}),
g(m,n, Q,p,a,4,1/6,0,inf{n,0/4})", As, 1}
and also
Ay =sup {12(A145) 7 (A) T2} As=(1-277)7 ifar <1,
As =2+2log2 ifar=1, Ag=2""25"ta(m) 2A,A;,
L =A4+(Q+1)Y2a(m)?Ag.

Suppose a, r, V, ¢, T, and w satisfy the hypotheses of the body of the
theorem.

Let s = Ayr. Applying [[.T] twice with M replaced by €7 in conjunction with
Holder’s inequality, one deduces the mass bounds:

(Q—=1+0/2)a(m)e™ < [[V[[U(a,0) < (Q+1—356/4)a(m)e™

for 0 < o < r. From applied with M, u, 61, d2 replaced by 4, 1/6, 9,
inf{n, §/4} one obtains, noting [ |Sy — Ty| dV (2, S) < (Q +1)*/2a(m)*/2er™ by
Holder’s inequality,

IVI(C(T,a,s,4s) ~ C(T, a, s,ns)) < (6/4)cx(m)s™.
Together this implies, noting (1 +n)s < r,
V[ U(a, (1 +n)s) <(Q+1—35/4)a(m)(1 +n)"s™
< (Q+1-8/2a(m)s™,

C(T,a,s,3s) C (C(T,a,s,4s) ~C(T,a,s,ns)) UU(a, (1 +n)s)
IVI(C(T,a,s,3s5)) < (Q+1—0/4)a(m)s™,
IVI(C(T,a,s,3s)) = [[V[|U(a, s) = (Q — 1+ /2)a(m)s™,
hence, using isometries and identifying R™ ~ R™ x R"™™", one may assume
that a = 0, and the hypotheses of [[3] and [(4] are satisfied with r, § replaced by

s, 0.
Defining ¢ : (RN {p:0 < o <r}) x G(n,m) — R by

¢(Q’ R) = (gime(a,Q)><Gr(n,m)|Sh o Rhl? dV(Z’ S))

for 0 < p <7, R € G(n,m) and choosing T, € G(n, m) such that

1/2

#(0,T,) < ¢(0,R) whenever 0 < 9o <r and R € G(n,m)

and noting € < Ag and A; < 1/4, one obtains from [T () with r, § and 7,
replaced by s, 6" and /A3 that

#(0,Tp) < (v/As)vow(o/s) for 0 < p<s.
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One infers the tilt estimate
0(0,T,) < Agyw(o/r) for0< p<r.

Next, it will be shown that a similar estimate holds with T, replaced by a
suitable R € G(n,m). Using the lower mass bound, one notes for 0 < g/2 <
t<o<r

(To)y = (To)el <2716 La(m) 2072 (0™ d(0, T,) + t™/?6(1, Ty))
< 2™ Ya(m) 2o, T,).
This implies inductively for 0 <t < o <r
(T — (Tp)el < 2726 La(m) = /23202 1 0(27 0, Tovy),
hence, noting that the tilt estimate yields
Yoot 0d(27 0, To-vy) < AuyY 02 o(2770/7)°T = AgAsyw(o/r) if aT < 1,

Do ®(2770, Tavy) < Agyd 02 0(2770/r)(1 +log(r/0) + vlog2)
< Ayy(o/r)(1+1og(r/o)) (2 +log2) 12 (27" v) = AyAsyw(o/T)

if ar =1, there exists R € G(n, m) with

|Ry — (Tp)y| < Agyw(o/r) whenever 0 < o <r.
Combining this with the tilt estimate, one obtains, using the upper mass bound,
¢(0, R) < ¢(0,T,) + (Q + 1)2a(m)'/* Agyw(o/r) < Tyw(e/r) for0< o<,

Since 0 < ®™(||V||,a) < oo by [[I] one now infers from Allard [All72, 6.4]
in conjunction with, e.g., [Men09b, 2.1] that

o " [f((z—a)/0,8)dV(2,8) = Q[rf(z,R)dHA ™2 as o — 0+
for f € ' (R™ X G(n,m)), hence @™ (||V]|,a) = Q and R = Tan™(||V||,a). O

8.4 Remark. If ar < 1 and m > 2, then 7 cannot be replaced by any larger
number.

An example is provided as follows. Defining n = mo‘—fp, choosing for each
i € & an m dimensional sphere M; of radius ¢; = 27772 with M; C
U(a,27%) ~B(a,27""1), one readily verifies that one may take V € IV,,(R")
such that ||V|| = Q™ T + 7™ M where M = |J;-, M; and r sufficiently
small.

8.5 Remark. In case ar = 1, m > 1, it can happen that

.. m 1/2 _
i inf (07" fisa,0)x @ nmy 1S5 = Bal* AV (2, 9)) Pule/r)™ > 0.

To construct an example, assume n —m = 1, with C = R? take v : C — R
of class 1 such that

u(reie) =r?(logr) cos(20) for 0 <r < oo, § € R,
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and verify, using the homogeneity of u,

Lapu(re?) = 4cos(20) for 0 <r < oo, f € R,
|D'u()| < T|z[>~ (1 +log(1/[x])) for z € U(0,1)~{0}, ¢ € {1,2}

where T is a positive, finite number, hence computing with C' as in [6I] noting
[Fed69, 5.1.9],

(D?u(z),C(Du(x))) = Lapu(z) + (D*u(z), C(Du(z)) — C(0))
for x € R% ~{0}, one obtains, since Du(0) = 0,

(D?*u,C o Du) € Lo (£*LU(0,1)),
u|U(0,1) € W9(U(0,1)) for 1 < ¢ < 0.

Choosing g € O*(m, 2) and defining f = u o g, one may now take V associated
to f as in 2.6 with Q = 1.

9 Decay rates of the quadratic tilt-excess almost
everywhere

In this section the results of the preceding section are combined with those of
[Men08h] to derive in almost everywhere decay rates of the quadratic tilt-
excess which are shown to optimal in all cases except (m,p) = (2,1), see
and

9.1 Theorem. Suppose m, n, p, U, and V are as in[Z3 V € IV,,(U) and

—m 1/2
(a7, T) = (1" fistaryx |95 — T2 dV(2,8)) "

whenever a € R™, 0 <r < oo, Ua,r) CU, and T € G(n,m).
Then the following two statements hold:

(1) If either m =2 and 0 < 7 < 1 or sup{2,p} <m andrz% <1 then

lir(r)1+ r "¢(a,r,T) =0 forV almost all (a,T) € U x G(n,m).

(2) If either m =1 orm =2 and p > 1 or m > 2 and mp > 2(m — p) then

limsupr'¢(a,r,T) < oo for V almost all (a,T) € U x G(n,m).
r—0+

Proof of (). From |Fed69, 2.9.13,5] one infers that for ||V|| almost all a € U
there exists Q) € &2 such that

©"([Vll,a)=@Q,  lim é(a,r, Tan™(|V],a)) =0,
O"(|[V[{z:0"([V]l,2) <Q—1},a) =0, O™ (¢,a) < o0,
hence for such a one may apply with r sufficiently small and o = 1 to infer
limsupr~"¢(a,r,T) < oo for V almost all (a,T) € U x G(n,m).

r—0+
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Next, one uses ﬂm, 3.7] to construct a sequence of maps R, : U —
Hom(R",R") of class 1 such that the sets A; = UN{a: R;(a) = Tan™(|V||,a)s}
cover ||V almost all of U. By the preceding paragraph and , 3.7 (1)]
one infers

. r—m 1/2
TEIE)I+T /2 (fB(a,r)xG(n,m)|Ri(z) - Sh|2 dV(Z,S)) =0

for ||V|| almost all a € A; and the conclusion follows. O

Proof of (). Assume either p = m = 1lor1 < p < m. If m > 2, assume
additionally -2 = 2.

From , 3.7] one obtains a countable collection C' of m dimensional
submanifolds of R™ of class 2 such that ||V|[(U~JC) = 0. Then by ﬂm,
2.10.19(4), 2.9.5] for ||V|| almost all a € U there holds for some @ € £,
T € G(n,m) and some M € C

T =Tan(M,a), O™(|V||.U~M,a) =0,

lim sup r~™/Py)(B(a, )P < oo,
r—0+
r" [ f(rN (2 = a),8)dV(2,8) = Q[ f(2,T)d#"z asr — 0+
whenever f € #(R"™ x G(n,m)). Note that

lim sup rfmfsz(T a3 M dist(z — a, T)d||V||z < o0
r—0+4 o

as M is a submanifold of class 2. It follows with § = 2773, A; = 7™(Q that
there exist 0 < R < 0o and 0 < v < oo such that U(a,6R) C U,

rfmflfC(T’amgr)mM dist(z — a, T)d||V]|z + rlfm/pw(U(a,, 67"))1/” <Ar

for 0 < r < R, and V satisfies the hypotheses of for each 0 < r < R
with ¢ = q7x(m,n,Q,p,d, A1) and M, Z replaced by Ay, C(T,a,r,3r) N M.

With g(r) = r*m/Q(fC(TaM)XG(n m) | Sy —Th|2dV(z,S))l/2 for 0 < r < R one
defines

Ao =Tprm(m, n,Q,p, 6, A1), Az =sup{2"3Ayy,2" 2R 1g(R)},
one inductively infers from
g(r) < Asgr whenever 0 < r < R;
in fact it holds for R/4 < r < R and, provided it holds for r,
g(r/4) < 2" (6Asr + Aoyr) < As(r/4)
by The conclusion is now evident. O

9.2 Remark. Having ﬂm, 3.7] at one’s disposal, the proof of (@) follows
Schatzle in M, Theorem 3.1] where the case p > 2 is treated. In extending
the result to the present case, the main difference is the use of the coercive
estimate in in the proof of replacing the use of corresponding estimate

in Brakke [Bra7g, 5.5] (see also Allard [Al72, 8.13]).
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9.3 Remark. Considering varifolds associated to submanifolds of class 2 shows
that the exponent —1 is optimal in (2I).

Concerning (), the examples in [Men094d, 1.2] with g1 = g2 = 2 and a3 = an
slightly larger than mm—f;) show that 7 cannot be replaced by any larger number
provided m > 2. If (m,p) = (2,1) analogy to the case of the Laplace operator
would suggest that one cannot take 7 = 1. However, none of the results of
(@) have analogs for the Laplace operator as was already pointed out in the

Introduction.

9.4 Remark. For the case sup{2,p} < m and £ < 2 the results of [Men09a,
Men(9h, Men08H] and the present paper may be summarised as follows. Consid-
ering a generic point a € U of V, using the isoperimetric inequality, in [Men(9a]
the size of the set where the mean curvature is large was studied by estimates
and counterexamples, showing in particular that the tilt-excess in U(a, r) caused
by this set vanishes with order r” as the radius r tends to 0. In [Men09hb] the
complement of this set, called H in (@), is shown to behave almost like
a Lipschitzian Qg(R™™ ™) valued function, implying in particular a Sobolev
Poincaré type embedding result of the varifold restricted to H by Almgren’s re-
sults on such functions. In the present paper this fact was used in combination
with an appropriate new coercive estimate, [3.9] to improve Brakke’s results in
[Bra7g, 5.1-7] to obtain the pointwise regularity theorem which shows that
on H the tilt-excess decays with order 7. Building on Brakke’s decay results
(alternately those of Section [ could be used), in [Men08H] a new method is
introduced to show the existence of an approximate second order structure of
the varifold. Finally, in the present section these results are used in conjunction
with the differentiability results of [Men09a, §3] to show that the tilt-excess
actually vanishes — and not just decays — with order r7.

Concerning the case m > 2 and % = 2, the situation is similar except
that in this case, firstly, the decay rate provided by the pointwise regularity
theorem almost everywhere is, of necessity, off by a logarithmic factor from
the optimal decay rate and, secondly, following Schétzle [Sch09, Theorem 3.1],
the special coercive estimate is used instead of the differentiability results
of [Men094d, §3].
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Max Planck Institute for Gravitational Physics (Albert Einstein Institute), Am Miih-
lenberg 1, D-14476 Golm, Germany

Ulrich.Menne@aei.mpg.de

References

[All72] William K. Allard. On the first variation of a varifold. Ann. of Math.
(2), 95:417-491, 1972.

[Alm68] F. J. Almgren, Jr. Existence and regularity almost everywhere of
solutions to elliptic variational problems among surfaces of varying
topological type and singularity structure. Ann. of Math. (2), 87:321—
391, 1968.

[Alm86] F. Almgren. Optimal isoperimetric inequalities. Indiana Univ. Math.
J., 35(3):451-547, 1986.

68



[AImO00] Frederick J. Almgren, Jr. Almgren’s big regularity paper, volume 1
of World Scientific Monograph Series in Mathematics. World Scien-
tific Publishing Co. Inc., River Edge, NJ, 2000. Q-valued functions
minimizing Dirichlet’s integral and the regularity of area-minimizing
rectifiable currents up to codimension 2, With a preface by Jean E.
Taylor and Vladimir Scheffer.

[Bra78] Kenneth A. Brakke. The motion of a surface by its mean curva-

ture, volume 20 of Mathematical Notes. Princeton University Press,
Princeton, N.J., 1978.

[Caf89] Luis A. Caffarelli. Interior a priori estimates for solutions of fully
nonlinear equations. Ann. of Math. (2), 130(1):189-213, 1989.

[CVTT7] C. Castaing and M. Valadier. Convez analysis and measurable mul-
tifunctions. Springer-Verlag, Berlin, 1977. Lecture Notes in Mathe-
matics, Vol. 580.

[DG61] Ennio De Giorgi. Frontiere orientate di misura minima. Seminario di
Matematica della Scuola Normale Superiore di Pisa, 1960-61. Editrice
Tecnico Scientifica, Pisa, 1961.

[DGO6] Ennio De Giorgi. Ennio De Giorgi Selected Papers. Springer-Verlag
Berlin Heidelberg, 2006.

[DS02] Frank Duzaar and Klaus Steffen. Optimal interior and boundary
regularity for almost minimizers to elliptic variational integrals. J.
Reine Angew. Math., 546:73-138, 2002.

[Fed69] Herbert Federer. Geometric measure theory. Die Grundlehren der ma-
thematischen Wissenschaften, Band 153. Springer-Verlag New York
Inc., New York, 1969.

[Giu03] Enrico Giusti. Direct methods in the calculus of variations. World
Scientific Publishing Co. Inc., River Edge, NJ, 2003.

[GTO01] David Gilbarg and Neil S. Trudinger. Elliptic partial differential
equations of second order. Classics in Mathematics. Springer-Verlag,
Berlin, 2001. Reprint of the 1998 edition.

[Kel55] John L. Kelley. General topology. D. Van Nostrand Company, Inc.,
Toronto-New York-London, 1955.

[LMO09] Gian P. Leonardi and Simon Masnou. Locality of the mean curvature
of rectifiable varifolds. Adv. Cale. Var., 2(1), 2009.

[Men08a] Ulrich Menne. C? rectifiability and Q walued functions.
PhD thesis, Universitdt Tibingen, 2008. available at
http://tobias-1ib.ub.uni-tuebingen.de/volltexte/2008/3518.

[Men08b] Ulrich Menne. Second order rectifiability of integral varifolds of locally
bounded first variation, 2008, 0808.3665v1.

[Men09a] Ulrich Menne. Some applications of the isoperimetric inequality for
integral varifolds. Adv. Calc. Var., 2, 2009.

69


http://tobias-lib.ub.uni-tuebingen.de/volltexte/2008/3518

[Men09b]

[O'N63]

[Sch01]

[Sch04]

[Sch09]

[Sim83]

[3582]

[Tru89)

[W1o87]

Ulrich Menne. A Sobolev Poincaré type inequality for integral vari-
folds, 2009, 0808.3660v2.

Richard O’Neil. Convolution operators and L(p, ¢) spaces. Duke
Math. J., 30:129-142, 1963.

Reiner Schéatzle. Hypersurfaces with mean curvature given by an
ambient Sobolev function. J. Differential Geom., 58(3):371-420, 2001.

Reiner Schétzle. Quadratic tilt-excess decay and strong maximum
principle for varifolds. Ann. Sc. Norm. Super. Pisa Cl. Sci. (5),
3(1):171-231, 2004.

Reiner Schéatzle. Lower semicontinuity of the Willmore functional for
currents. J. Differential Geom., 81(2):437-456, 2009.

Leon M. Simon. Lectures on geometric measure theory, volume 3 of
Proceedings of the Centre for Mathematical Analysis, Australian Na-
tional University. Australian National University Centre for Mathe-
matical Analysis, Canberra, 1983.

Richard Schoen and Leon Simon. A new proof of the regularity the-
orem for rectifiable currents which minimize parametric elliptic func-
tionals. Indiana Univ. Math. J., 31(3):415-434, 1982.

Neil S. Trudinger. On the twice differentiability of viscosity solutions
of nonlinear elliptic equations. Bull. Austral. Math. Soc., 39(3):443—
447, 1989.

J. Wloka. Partial differential equations. Cambridge University Press,
Cambridge, 1987. Translated from the German by C. B. Thomas and
M. J. Thomas.

70



	Introduction
	Notation
	Basic facts for QQ (V) valued functions
	A coercive estimate
	Approximation by QQ( Rn-m) valued functions
	An interpolation inequality
	Some estimates concerning linear second order elliptic systems
	Estimates concerning the quadratic tilt-excess
	The pointwise regularity theorem
	Decay rates of the quadratic tilt-excess almost everywhere
	References

