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Decay estimates for the quadratic tilt-excess
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Abstract

This paper concerns integral varifolds of arbitrary dimension in an
open subset of Euclidean space with its first variation given by either a
Radon measure or a function in some Lebesgue space. Pointwise decay
results for the quadratic tilt-excess are established for those varifolds.
The results are optimal in terms of the dimension of the varifold and the
exponent of the Lebesgue space in most cases, for example if the varifold
is not two-dimensional.
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Introduction

Overview This paper investigates pointwise regularity properties of integral
varifolds satisfying integrability conditions on its generalised mean curvature
where pointwise regularity is measured by the decay of the quadratic tilt-excess.
As classical regularity may fail on a set of positive measure, see Allard ﬂm,
8.1(2)] and Brakke , 6.1], the notion of tilt-excess decay serves as a weak
measure of regularity suitable for studying regularity near almost every point
of a varifold. In fact, aside from being used as an intermediate step to classical
regularity, see Allard M], decay estimates have been employed as a tool for
both perpendicularity of mean curvature in Brakke M] and locality of mean
curvature in Schétzle [Sch0d, Sch04, [Sch01].

In the present paper it is established that there is a qualitative change in the
nature of the results obtainable when the Sobolev exponent corresponding to
the integrability exponent of the mean curvature drops below 2. The core of the
proof of the pointwise results relies on the harmonic approximation procedure
introduced by de Giorgi in [DG61] (see also [DGOG, p. 231-263]) and Almgren
in ] and used in the present setting by Allard in M] and Brakke in

. Additionally, to obtain the present pointwise results, a new coercive
estimate is proven, the Sobolev Poincaré type estimates of M] are adapted
and a new iteration procedure is introduced.

*The research was carried out while the author was at the ETH Ziirich and put in its final
form while the author was at the AEI Golm. AEI publication number: AEI-2009-093.
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Known results The notation follows Federer [Fed69] and, concerning vari-
folds, Allard |All72], see Section [

Hypotheses. Suppose m and n are positive integers, m <n, 1 < p < oo, U is an
open subset of R, V € IV,,(U), ||6V] is a Radon measure and, if p > 1,

= —[g(z)eh(V;2)d|V|(2) whenever g € 2(U,R"),
h(V, ) p(||VH L K,R™) whenever K is a compact subset of U.

Consider the question for which 0 < a <1 the given hypotheses imply

1/2

limsupr_a_m/Q( ISy — Ty|?dV(2,5)) '~ < o0

0t fU(a,r)XG(n,m)

for V almost all (a,T) € U x G(n, m). Brakke has shown that one can take any
0<a<lincasep=2and o = 1/2 with “< 0co0” replaced by “= 0" in casep = 1
in [Bra78, 5.5,7]. Schétzle |Sch04] has used results on viscosity solutions from
Caffarelli [Caf89] and Trudinger [Tru89] to establish several regularity results,
in particular that if p > m, p > 2 and n — m = 1 then one can take a = 1, see
also Schétzle [Sch01] for a special case. Moreover, Schétzle showed in [Sch09,
Theorem 3.1] that if p = 2 then the key to the general case is to prove existence
of an approximate second order structure of the varifold. Namely, if p = 2 and
there exists a countable collection C' of m dimensional submanifolds of R™ of
class 2 with [|V|[(U ~|JC) = 0 then one can take o = 1.

Whereas consideration of varifolds associated to submanifolds of class 2
clearly shows that a@ = 1 is the largest o possibly having this property, in
case sup{2,p} < m and "’L"_p < 2 it can be seen from the examples in [Men09a,

1.2] that one cannot take a > . Comparing this to Brakke’s results, little

2(
is known for the case 1 < p < 2 and also in case p = 1 and m > 2 there is a
gap between known positive results for a < 1/2 and known counterexamples for

o > —(m )

Results of the present paper In case 2 <m < p and mm—f; < 2 these gaps
are closed by the following corollary.

Corollary. Suppose m, n, p, U, and V are as in the preceding hypotheses,
and either m =2 and 0 < 7 < 1 or sup{2,p} <m and 7 = 2(m p) <1.

Then there holds for V' almost all (a,T) € U x G(n,m) that

hm%l}rpr /Q(fU ()X G (nm) |Sh T,> dV (=, S)) 7 < .

From the afore-mentioned examples it follows that 7 cannot be replaced by
any larger number if m > 2, see[87 However, it will be shown in [Men09d| that
“< 00" can be replaced by “= 07. The corollary is a direct consequence of the
following pointwise result.

B3] Theorem. Suppose m, n, and p are as in the preceding hypotheses, Q is
a positive integer, eitherp =m=1o0or1 <p<m,0<d<1,0<a <1,
0<7<1l,andT =1 ifmzl,p/2§7'<% ifm:2and7':% if
m > 2.

Then there exist positive, finite numbers € and I' with the following property.



Ifa e R", 0 < r < oo, VelIV,(U(a,r)), V is related to p as in the
preceding hypotheses, 1 is the measure defined by ¥ = ||0V| if p = 1 and
v =hWV;)P|\V|ifp>1,T¢e Gn,m), w: RN{t:0<t <1} - R with
w(t) =t if ar <1 and w(t) = t(1 + log(1/t)) if aT = 1 whenever 0 <t <1,
and 0 < v <,

O ([[Vll,a) 2@ —144, [V[|U(a,r) < (Q+1—d)a(m)r™,

(= [18y — o2 dV (2, 9)) * < 4,
[VI(B(a,0) N {z:@"(|V],2) < Q —1}) <ea(m)e™ for0<o<r,
gl_m/pw(B(a, Q))l/p < vl/T(Q/r)a forO< o<,

then @™ (||[V|,a) = Q, R = Tan™(||V]|,a) € G(n,m) and
m 1/2
(o fU(a,g)xG(n,m)|Sh — Ry|?dV(z,9)) / <Thw(o/r) whenever 0 < o <.

In order to explain this theorem, assume m > 2.

In case 2 = 2, the theorem states that if the mean curvature expressed in
terms of ¢ decays with power a < 1 so does the tilt-excess of the varifold pro-
vided essentially that the tilt-excess is initially small and the density, restricted
to the complement of a set with small density at a, is lower semicontinuous at
a. If a = 1, the modulus of continuity w obtained is optimal as demonstrated
by an example in B3] in particular one cannot take w(t) = t. Moreover, this
sharp result seems not to be obtainable using classical excess decay methods as
will be explained below.

In the case mm—_’;) < 2, the situation is different. Comparing it to the case of a
weakly differentiable function v : R™ — R™™" whose distributional Laplacian
is given by a function locally in L, (£, R"~ ™), the analogous quantity to prove
decay for would be

(07" fos(e.y D) — Dufe) * d.g™z) "

for c € R™, 0 < ¢ < oo. However, this quantity not even needs to be finite.
Still, in the varifold case, decay of the mean curvature with power « implies,
under the same assumptions as before, decay of the tilt-excess with some smaller
power at with 7 = %. This number 7 cannot be replaced by any larger
number, see 8.4

Overview of proof As indicated above the main tool in the pointwise regu-
larity proof is the harmonic approximation procedure introduced by de Giorgi
and Almgren, see [DG61, [DGOG, IAlm68]. Tt requires the varifold to be weakly
close to a plane with density ) and strongly close to a varifold with density at
least Q. Initially, the latter condition was phrased as @™ (||V|,z) > @ for |[V||
almost all z € U(a,r) in Allard [All72, §8], however the set of points a not satis-
fying this condition for suitable @ and r may have positive | V|| measure even if
the hypotheses are satisfied with p = oo, see Allard [All72, 8.1 (2)] and Brakke
[Bra7g, 6.1]. Replacing the condition by the requirement on ®"™ (||V]],-) to be
[[V]| approximately (lower semi) continuous, Brakke was able to treat almost
all points with p = 2 using an approximation by Almgren’s “Q-valued” func-
tions, i.e. functions with values in Qo (R"~ ™), see below. Additionally, Brakke



established a coercive estimate which allowed him to obtain partial results also
for the case p = 1.

Taking this as a starting point, it will be described, firstly, the new ingredient
needed to obtain the optimal modulus of continuity for the case p = 2, secondly,
the new ingredient needed to obtain optimal results in case p < 2 and, thirdly,
how these new ingredients can be implemented within the known framework of
a (partial or pointwise) regularity proof.

Obtaining the optimal modulus of continuity for p =2 For this pur-
pose a new iteration procedure is introduced which is now presented in the sim-
ple case of the Laplace operator. Suppose ¢ € R™, u € WH2(U(c,1),R"™™),
Te 2'U(1),R"™),

T(0) = _fU(c,1)D9 eDud?™ for § € 2(U(c,1),R"™™),

i.e. T is the distributional Laplace of u, and assume for some 0 < v < co and
0 < a <1 that

Q_m/2|T(9)| S 79a|D9|2;c,g

whenever § € 2(U(c,1),R"™™) with sptf C U(c,0) and 0 < ¢ < 1, where
|fl,.., denotes the seminorm of [f| € Ly(£™ L U(c,0)). Define J = RN
{r:0< o<1}, for each o € J choose u, : U(c,p) — R"™™ harmonic with
boundary values given by u, i.e.

up € &(U(c,0),R"™™) with Lapu, =0,
u— uQ € W(1)12(U(cv 9)7 Rnim)v

define ¢1 : J — R and ¢2 : J x Hom(R™, R"~™) — R by
$1(0) = |D2u9|oo;c,g/27 $2(0,0) = Q_m/2|D(U - U)|2;c,g
for (p,0) € J x Hom(R™,R"~"™) and choose 0, € Hom(R™,R"~") such that
$2(0,0,) < ¢2(0,0) whenever o € Hom(R™,R"™™), p € J.

Using a priori estimates, see [GT01, Theorems 7.26 (ii), 8.10, 9.11], one estimates
61(0/4) = 61(0) < 1D2(tg = tgy)l s s < Do~ 21Dty =ty e g1
< AT T (ID(u = wgsa) gy ya D (U= Up)lg,e ) < 28707

for some positive, finite number A depending only on n and

¢2(Qa JQ) < Q_m/2(|D(u - uQ)lQ;c,g + |D(u9 - Du@(c))|2;c,g)
< 70% + a(m)'? 061 (0),
hence obtains the two iteration inequalities

d1(0/4) < ¢1(0) + Tyo® ™', ¢2(0,0,) < T(001(0) + 70*)

for o € J where T’ = sup{2A, 1, a(m)/?}.



Now, if 0 < 1 < 00, ¢1(0) < 710! and a < 1 then

d1(0/4) < (0/H)* (4 'y + 1) < mle/4)* "

provided v; > (1 — 4171y, noting 4! < 1. Similarly, if 0 < v; < o0,
#1(0) <71(1+41log(1/p)) and o =1 then

¢1(0/4) < (1 +1og(4/e)) — (log4)y1 + 'y < 71 (1 + log(4/0))

provided v; > Ty(log4)~!. In both cases it has been used crucially that the

factor in front of ¢ (o) in the first iteration inequality is 1. This is the reason for
choosing ¢ rather than ¢o as leading iteration quantity. The decay of ¢2(p, o)
in terms of o then follows.

Classically, an excess decay inequality of type

P2(A0, 0x0) < T1AP2(0,0,) + Toy0* for 0 <A <1/2,0<0<1

where 1 < T'; < oo for ¢ € {1,2} is used, see e.g. [Fed69, 5.3.13] or Duzaar
and Steffen [DS02, (5.14)]. Sometimes, I's additionally depends on A. However,
concerning the case o = 1, the optimal modulus of continuity cannot be deduced
from such an inequality since if 1 < T'; < 0o and 1/e < T's < oo then it does
not exclude that ¢2(p,0,) may equal yo(1 + log(1/p))® for some s > 1 with
2571 <T'; and (2s/e)® < 2I's.

Treating the case p < 2 The second new ingredient in the regularity
proof will be described focusing on the case m > 2. In doing so, a quantity of

type
1-m . 1/
o ! /q(fB(a_’Q) dist(z — a, T)?d|[V]|2) *

for U and V as in the hypotheses with a € R™, 0 < ¢ < o0, B(a,0) C U,
T € G(n,m) and 1 < g < co will be referred to as g-height. To derive sharp re-
sults with respect to the integrability of the mean curvature two observations will
be essential. Firstly, the dependence on the mean curvature in Brakke’s coercive
estimate, see [Bra78, 5.5], can be improved at the price of using the g-height with
q= WQLTQ instead of the 2-height, see B.I3l Secondly, in order to control the ¢-
height, the Sobolev Poincaré type estimates of [Men09H] are adapted. However,
a subtlety arises. The mentioned estimates are in full strength only available
for the g-height on the set H of points satisfying a smallness condition on the
mean curvature, see also the discussion in [Men09b, 3.6]. As estimating the ¢-
height on the complement of H by mean curvature would be insufficient for the
present purpose, the coercive estimate of Brakke has to be improved a second
time by showing the g-height on H, mean curvature and 2-height are actually
sufficient to control the tilt-excess, see [3.91 This is accomplished by construct-
ing a possibly noncontinuous cut-off function with properties reminiscent of a
weakly differentiable function, including a partial integration formula, Sobolev
embedding and approximate differentiability, see and 37l These properties
are deduced directly from the construction rather than from a general theory.

Implementation of proof Finally, it will be indicated briefly how the
previously described pieces fit into the well known pattern of a partial reg-
ularity proof. As usual, one assumes the varifold to be close to () parallel



planes with respect to mass, tilt-excess and first variation. Fixing a suitable
orthogonal coordinate system, one approximates the varifold by a Lipschitzian
Qg (R"™™) valued function f. Recall that Qg (R"™™) may be described as the
Q@ fold product of R™™™ divided by the action of the group of permutations
of {1,...,Q}. The accuracy of this approximation is controlled by tilt-excess
and mean curvature. To obtain the comparison functions u,, one considers the
Dirichlet problem with the linear elliptic system with constant coefficients given
by a suitable linearisation of the nonparametric area integrand and boundary
values given by the “average” g of f. This is somewhat different from the
usual procedure where the comparison functions are often constructed either
within contradiction arguments (see e.g. Allard |All72, 8.16] or Brakke |Bra7g,
5.6]) or by an “A-harmonic approximation lemma” which confines the contra-
diction argument to the situation of linear systems with constant coefficients
(see e.g. Simon [Sim83, 21.1] or Duzaar and Steffen [DS02, 3.3]); however see
also Schoen and Simon [SS82] for a different approach. The distributional right
hand side for g — u, can be estimated by mean curvature and a small mul-
tiple of the tilt-excess provided a suitable weak norm is employed, namely a
norm dual to the norm mapping a smooth function with compact support to
the Loo (£, Hom(R™, R™™™)) norm of its derivatives. This only yields small-
ness of g — u, in Lebesgue spaces with exponent below —=- if m > 1, e.g.
in L1 (Z™ L U(e, 0), R*™™), here ¢ € R™ corresponds to a € R", see [[A(T).
However, assuming that the set of points with density strictly below @ is small
with respect to ||V||, the graph of g coincides with the varifold on a large set,
hence using interpolation (Section [B]) and estimates for the approximation by f
(see Section M), one can ultimately convert L;(.Z™ L U(c, 9), R*~™) closeness
of g to an affine function via the coercive estimate to control of the tilt-excess
of the varifold with respect to the corresponding plane.

From these estimates one readily obtains modified versions of the iteration
inequalities which — upon simultaneous iteration — yield the result.

Organisation of the paper Section[lintroduces the notation and is followed
by Section [2] where definitions and basic properties of Qg (V) valued functions
are given. In Section [J] the coercive estimate is established. In Section M an
approximation of an integral varifold by Qqo(R"™ ™) valued functions is carried
out, in particular providing the required adaptions of [Men09b]. In Section
an interpolation inequality allowing to neglect certain small exceptional sets is
proven. In Section [6] some standard estimates for linear elliptic equations are
gathered. In Section [ the core estimates and the iteration procedure are carried
out. Section [§] provides the pointwise regularity theorem and its corollary.
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1 Notation

The notation follows |Fed69], see the list of symbols on pp. 669-671 therein. In
particular, recall the following maybe less common symbols: &2 denoting the



positive integers, U(a,r) and B(a,r) denoting respectively the open and closed
ball with centre a and radius r, ©"(V, W) and ()" V denoting the vector space of
all  linear symmetric functions (forms) mapping V* into W and R respectively,
and the seminorms ¢,y for 1 < p < oo corresponding to the Lebesgue spaces

b (f) = (f1£Pd¢)"" in case 1 < p < oo,
Boo) (f) = E(R N {t:$(X N {w:|f ()| > t}) = 0})

whenever ¢ measures X, Y is a Banach space, and f : X — Y is ¢ measurable,
see |[Fed69, 2.2.6,2.8.1, 1.10.1, 2.4.12]. The notation for the Lebesgue seminorms
is particularly convenient when longer expressions replace the measure ¢ as will
repeatedly be the case in L8 (g]).

Additionally, the following symbols are taken from Allard [All72, 2.3, 2.5,
3.1, 3.5, 42]: T+, Gy, Vi, RV, IV, ||V, 6V, and ||6V]|. Moreover, the
following slight modifications and additions apply. (For the convenience of the
reader in this section for nearly every symbol the appropriate reference to its
definition in [Fed69] is given at its first occurrence.)

Following [Kel55, p.8], one defines f[A] = {y:(z,y) € f for some y € A}
whenever f is a relation and A is a set.

Following Almgren |Alm00, T.1(9)], for m,n € &, m <n, T € G(n,m), T,
is characterised by, see [Fed69, 2.2.6, 1.6.2],

Ty € Hom(R",R"), T} = Th*’ TyoTy =1y, imT,="1T.

Similar to Allard’s definition in |All72, 8.10], the closed cuboid C(T,a,r,h)
is defined by

C(T,a,r,h) =R"N{z:|T}(z — a)| < r and |ThJ‘(z —a)| <h}

whenever m;n € Z, m <n,T € G(n,m),a € R",0 <r < oo, and 0 < h < c0.
One abbreviates C(T, a,r,00) = C(T, a,r)

Also, following Almgren [AlmS86, p. 464], whenever n € & the number 3(n)
denotes the least positive integer with the following property, see [Fed69, 2.8.14]:
If F is a family of closed balls in R™ with sup{diam S: S € F'} < oo then there
exist disjointed subfamilies F, ..., Fg,) of F' such that, see [Fed69, 2.8.8, 2.8.1],

{z:B(z,7) € Fforsome 0 <r <oo} CUU{Fi:i=1,...,8(n)}.

As in |Men094, 2.3] whenever m € & the smallest number with the fol-
lowing property will be denoted by v(m): If n € &, m < n, V € RV,,,(R"),
[IVII(R™) < oo, and ||§V[|(R™) < oo, then

IVIR™ N {z:0"(|V]l,2) = 1)}) < v(m)|[V[(R")™[sV](R").

Whenever m,n € &, m < n, U is an open subset of R", V € V,,(U), and
|6V is a Radon measure, the generalised mean curvature vector of V at z is
defined to be the unique h(V; z) € R™ such that

h(V;z)ev=— lim (V) (bz,r - v)

(CLICE N R"
A VB VS

!The symbol C(T), a, ) is used by Allard in [All72, 8.10] to denote R"N{z: |T}(z — a)| < 7}.



where b, , is the characteristic function of B(z,r), see [Fed69, 1.7.1]; hence
z € dmnh(V;.) if and only if the above limit exists for every v € R™. This
definition is adapted from Allard [All72, 4.3] in the spirit of [Fed69, 4.1.7].

Whenever ¢ measures X, 0 < ¢(A) < oo, Y is a Banach space, and f €
Li(¢L A,Y) the symbol §, fd¢ denotes p(A)~! [, fde, see [Fed69, 2.4.12].

Suppose m € &, U is an open subset of R™, ey, ..., e, denote the standard
base of R™, Y is a finite dimensional Hilbert space, k is a nonnegative integer,
and w is an £™ L U measurable function with values in Y. Then u is called k
times weakly differentiable in U if and only if

(1) ue Li(Z™LK,Y) for every compact subset K of U,

(2) defining T € 2'(U,Y) by T(0) = [,0 e udZ™ for 6 € 2(U,Y), the
distributions D*T corresponding to all « € Z(m,) and i = 0,...,k are
representable by integration and the measures || D*T|| are absolutely con-
tinuous with respect to £™ L U, see [Fed69, 1.9.2, 1.10.1, 2.9.2, 4.1.1,
4.1.5], (o is sometimes called “multi-index of length i”).

In this case for ¢ = 0,...,k the £™ L U measurable functions Diu with values
in ©'(R™,Y) are characterised by the following two conditions (here and in the
following O'(R™,Y’) is equipped with an inner product as in |[Fed69, 1.10.6]):

(3) DT (0) = [, 0(x) ® {¢*,D'u(x)) d.£™x whenever § € Z(U,Y) and a €
=(m, i) where e® = (e1)*' @+ - - O (e, )*™ is constructed from the standard
base e1,...,en of R™, see [Fed69, 1.9.2, 1.10.1]; in particular Diu is 0
times weakly differentiable in U.

(4) D'u(a) = lim, o4 £, " Diud.Z™ whenever a € U; hence a € dmn Dy
if and only if the preceding limit exists.

Also, 1 times weakly differentiable in U is abbreviated to weakly differentiable
in U and D'u to Du. In particular, the symbols D?, D will not be used in the
sense of [Fed69, 1.5.2, 2.9.1, 4.1.6]. W*P(U,Y) denotes the Sobolev space of all
k times weakly differentiable functions in U with values in Y such that D'u €
L, (Xm LU, O (R™, Y)) whenever i = 0, ..., k; the corresponding seminorm of
u is given by Zfzo(fm LU) ) (D), see [Fed69, 2.4.12]. WEP(U,Y) denotes
the closure of 2(U,Y) in W*P(U,Y). Note that in these definitions neither in
the Sobolev spaces nor in the Lebesgue spaces functions agreeing .£™ L U almost
everywhere are treated as single elements; instead condition () is employed.

If m € &, U is an open subset R™, Y is a separable Hilbert space,
1 <p< oo, Ais an Z™ LU measurable set, and u and v are £ L U mea-
surable functions with values in Y then |ul, , = (£ A)()(u) and, pro-
vided [, [u(z) @ v(z)|dL"x < o0, (u,v) 4 = [, u(x) e v(x)d.L™x. Moreover,
[ul s = ltlpuam and (w,v), . = (u,0)y(,,,) Whenever a € R™, 0 <7 < oo
with U(a,r) C U, see |[Fed69, 2.8.1]. These notions extend [Fed69, 5.2.1]. If
additionally, ¢ is a nonpositive integer, 1 <p < oo, 1 <g<oo, 1/p+1/¢=1,
T is a real valued linear functional on 2(U,Y), and V is an open subset of U,
then

T, oy =supT[2(U,Y)N{0:]D76] ., <1 and sptf C V}]
and |T| = |T|i7p;U(a7T) whenever a € R™, 0 < r < oo with U(a,r) C U.

v,pia,r



The notation for functions with values in Qg(R"~™) for m,n,Q € & with
m < n which originate from Almgren’s work in [Alm00] will be introduced in
Section [2] together with basic properties.

Finally, each statement asserting the existence of a positive, finite number,
small (¢) or large ('), will give rise to a function depending on the listed pa-
rameters whose “name” is ey, or I'yy where x.y denotes the number of the
statement.

2 Basic facts for Qg(V) valued functions

This section provides some basic definitions for Qg (V') valued functions mainly
taken from Almgren |[Alm00] in 27] -2 and 2-4land a proposition from [Men09h]
in[2:3l Finally, the first variation for the varifold associated to the “graph” of a
Qo (R"™™) valued functions is given in and

1 (cf. |AlmO00, 1.1(1)(3), 2.3(2)]). Suppose @ € & and V is a finite dimen-
sional Euclidean vector space.
Qq(V) is defined to be the set of all 0 dimensional integral currents R such

that R = 2?:1[[1'1]] for some z1,...,2¢ € V. A metric 4 on Qg(V) is defined
such that

¢ (L2102, £ Id) = inf { (T2 1o~y )57 € PQ)}

whenever z1,...,29,¥1,...,yg € V where P(Q) denotes the set of permuta-
tions of {1,...,Q}. The function ng : Qg(V) — V is defined by

no(R) =Q ' [zd|R||(z) whenever R € Qq(V).

If R= 2?21[[5’31]] for some z1,...,1g € V, then ng(R) = % 2?21 z;. Lipng =

Qfl/Q-
Whenever f: X — Qg(V) one defines
(

X xV)n{(z,v):vespt f(z)}
and with g : X — V also f (+)g: X — Qg(V) by
= (

(f (+) 9) ()

2 (cf. |Alm00, 1.1(9) (10)]). Suppose m,n,Q € & and m < n.
A function f : R™ — Qg(R"™ ™) is called affine if and only if there exist
affine functions f; : R™ - R"™™, ¢ =1,...,Q such that

graphg f =

Ty(z))#(f(x)) whenever z € X.

f(z) = Z?Zl[[fz(z)]] whenever z € R™.

fi,-.., fo are uniquely determined up to order. Moreover, one defines

/1= (22, IDfi(0)2) 2,

Letae ACR™ and f: A — Qg(R"™ ™). fis called affinely approzimable
at a if and only if @ € Int A and there exists an affine function g : R™ —
Qg (R"™™) such that

lim & (f(z), g(x))/|zx — a| = 0.

r—a



The function ¢ is unique and denoted by Af(a). f is called strongly affinely ap-
prozimable at a if and only if Af(a) has the following property: If Af(a)(z) =
Z?Zl[[gz(z)]] for some affine functions ¢g; : R™ — R"™ and g;(a) = g;(a) for
some ¢ and j, then Dg;(a) = Dg;(a). The concepts of approzimate affine approz-
imability and approximate strong affine approzimability are obtained through
omission of the condition a € Int A and replacement of lim by ap lim. The
corresponding affine function is denoted by ap Af(a).

2.3. The following proposition, see [Men09b, 1.3, 6], will be used for calculations
involving Lipschitzian Qg (R"™~"™) valued functions.

If mn,Q € &, m < n, Ais L™ measurable, f : A — Qg(R"™™) is
Lipschitzian, I is countable, and to each i € I there corresponds a function
Ji C graphg f with Z™ measurable domain and Lip f; < Lip f such that

card{i: fi() = y} = (| f(x)l,y) whenever (z,y) € A x R"™,
then f is approxzimately strongly affinely approzimable with
ap Af(@)(v) = YserwLfi (@) + (v,ap Dfi(@))]  whenever v € R™
at L™ almost all a € A where I(a) =IN{i:a € dmnap Df;}. Moreover, such

functions f; do exist whenever m, n, QQ, A, and f are as above, in particular
graphg, f is countably m rectifiable. If A is open, then ap Af may be replaced

by Af.

2.4 Definition. Suppose m,n,Q € &, m < n, A C B C R™, Ais ™
measurable and f : B — Qg(R"™ ™) is Lipschitzian, C; = dmnap Af, Cy =
dmn Af, and g: B — R and h; : C; — R for i € {1,2} are defined by

g(x) =9 (f(2),Q[0]) forz € B,
hi(z) =|ap Af(z)| forx € Cy, ha(x)=|Af(x)] forz € Cs.

Then one defines for 1 < p < oo, noting 23]

|f|p;A:|g|p;Aa |apAf|p;A:|h1|p;A,
|Af|p;A = |h2|p;A if A is open.

Moreover, if U(a,r) C B for some a € R™, 0 < r < oo, then

|f|p;a77‘ = |f|p;U(a7r)v | ap Af|p;a,r = |ap Af|p;U(a,T)a
|Af|p;a,r = |Af|p;U(a,7‘)‘
2.5. Suppose U is an open subset of R™, Y is a Banach space and T' € 2'(U,Y).
Then T has a unique extension S to &(U,Y) N {f:sptf NsptT is compact}
characterised by the requirement

S(0) = S(n) whenever sptT C Int{x:0(z) = n(zx)}.

The extension will usually be denoted by the same symbol T'.
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2.6. Suppose m,n,Q € & with m < n.
Following |Fed69, 5.1.9], the projections p € O*(n,m), q € O*(n,n —m)
are defined by

p(Z):(Zl,...,Zm>, q(Z):(Zm+1,...,Zn>
whenever z = (z1,...,2,) € R™. In case
z=p (@) +q"(y) = (1, Tms Y1y -+, Yn—m) forzx e R™ yeR"™™

sometimes (z,y) will be written instead of z, f(z,y) instead of f(z) for functions
f with dmn f C R™ and G(n,m) instead of G,,(R™ x R"™™).

If U is an open subset of R™, A is an .Z" measurable subset of U, f :
A — Q@(R" ™) is Lipschitzian, and f; for ¢ € I are as in 23] then defining
V € IV, (p~t[U]) by the requirement

IVI(Z) = [yap-11.4 @ (If (P())]], a(2)) d#™ 2

for every Borel subset Z of p~1[U], a simple calculation shows
(V)@ 000P) = ies [y s, (DO(x), DU (ap Df(x))) L™z

whenever § € 2(U,R"™™); here \Ifg denotes the nonparametric integrand at 0
associated with the area integrand U, i.e. \Ilg : Hom(R™,R" ™) — R with

(o) = (X7 [Aio?)? for o € Hom(R™, R™™™),

see [Fed69, 5.1.9], and the convention 25 is used.

3 A coercive estimate

In the present section two improved versions of Brakke’s coercive estimate in
[Bra78, 5.5] are derived in and BI3 First, some computations for the
catenoid are carried out in which are used in to rule out a certain gen-
eralisation of the coercive estimate. Then, some basic facts about approximate
differentiability with respect to the weight measure of a varifold are given in
which are needed to construct a cut-off function in Finally, the coercive es-
timate for rectifiable varifolds satisfying a lower bound on the density is proven
in B9 and a simpler version for general varifolds is indicated in

3.1. Frequently, the following estimates from Allard [All72, 8.9 (5)] will be used:
Suppose m,n € 2, m <n, T € G(n,m) and ny,n2 € Hom(S, S+). If

Si=R"N{z:z+n(2):2€ S} fori=1,2,
then

151)g = (S2)all < llm = mel;
(L= 11(S1)5 = Sl I = m2ll* < (1 + [lmal*) 1(S1)5 — (S2)el|.
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3.2 Example. Suppose m =2, n=3,and f: RN{t:1 <t < oo} = R as well
as N, T, and Pr are defined by

f(t) =log (t+ (t* = 1)/?) for 1 < ¢ < o0,
N =R’n{z:]a(2)| = f(Ip(2)))}, T =imp”,
Pr=R*>nN{z:|q(2)] =log(2R)} for 2 < R < co.

Then there exists a universal, positive, finite number I' with the following
two properties:

(1) fRi’*nB(o R) | dist(z, Pr)|>d(s#? L N)z <TR? for 2 < R < cc.
2) Jrsnm(o Ry | Tan(N, z); — Ty?d(s? N)z >T tlogR for 2 < R < 0.

Construction of example. First, note

1 t

! = > _—
f(t)7t+(t2—1)1/2 <1+(t21)1/2> for 1 <t < oo,

hence (I';)~1~! < f/(t) < Tyt~ ! for 2 < t < oo and some universal, positive,
finite number ', in particular Lip fIR N {s:s > 2} < cc.
To prove (), one estimates
fc(T,o,R) ~ C(T,0,2) dist(z, PR)2 d(%Q LN)z <T(a1 + a)

where I's is a universal, positive, finite number and

a1 =[50 r) ~B(0.2)| 108(2R) — log(2|z])* A2z,
a2 = [g0.m) ~ B0 108212 — f(|l2])]* 2%

Concerning a;, note
ar = 27 [ |log(t/ R)[*t ALt < 2 R? [ |log(t)|*t ALt < o

To estimate ag, define h : RN {t:t >0} — R by h(t) = t'/? and note for
2<t< 0

|log(2t) — log(t + (t* — 1)*/?)| < Lip(log |R N {s:s > t})|t — (t? — 1)1/?|
<t 'Lip(h|RN{s:s > (1> —1)}) <t7127 (2 —1)"V/2 < 271/272

hence as < 7Tf2Rt_3 Azt < /8. Together, the estimates for a; and as yield

@). By Bl it follows
| Tan(N, 2); — Ty < f'(Ip(2)]) < Tilp(2)| ™
for z € N~ C(T,0,2), hence by BIlwith S, S, Sy replaced by T, Tan(N, z), T,
| Tan(N, 2); — Ty| > | Tan(N, 2); — Ty|| > f'(Ip(2)])/2 = (201) " p(2)| ™"
for z € N~ C(T,0,2I'1). Noting for 2 < R < o0

ft) < f(R)<2R for1 <t<R, NNC(T,0,R) c R*NB(0,3R),

12



this implies for 2sup{I';, 1} < R < oo that

| Tan(N, 2)y — Ty d(#* L N)z
| Tan(N, 2); — Ty[* d(s#% L N)z

fR3ﬂB 0,3R)

= fc(T,o,R) ~ C(T,0,2I'1)
> (20) 2 fop t71 A2 = (201) "2 log(R/(201)).

Since [gsqp(o.2) | Tan(N, 2); — Ty|? d(#2 L N)z > 0, one infers (). O

3.3. The following situation will be studied: m,n € &, m<n, 1 <p<oo, U
is an open subset of R, V € V,,,(U), ||6V|| is a Radon measure and, if p > 1,

=—[g(z)eh(V;2)d||V|(z) whenever g € 2(U R"),
h(V, ) p(HVH L K,R"™) whenever K is a compact subset of U.

If p < 0o then the measure v is defined by
Y=oV ifp=1 ¢=MhV;)PV] ifp>1

3.4. Suppose m, n, p=1, U and V are as in[33l Then §V € 2'(U,R") will be
extended to Ly (|[6V||,R") by continuity with respect to ||0V[|1) and (6V')(g)
will be used to denote this extension for g € Lq(||6V||, R™) as in |[Fed69, 4.1.5].

3.5 Lemma. Suppose m,n € &£, m < n, U is an open subset of R", and
V e RV,,,(U).
Then the following four statements hold:

(1) If f : U — R is |V| measurable and A denotes the set of all z € U
such that f is (||V||,m) approximately differentiable at z, then A is |[V]]
measurable and (||[V'||,m) ap D f(z)o Tan™(||V||, 2)y depends |V ||. A mea-
surably on z.

(2) If f : U — R is Lipschitzian, then f is (||[V||,m) approzimately differen-
tiable at ||V|| almost all z.

(3) If f; : U — R is a sequence of functions converging locally uniformly to
f:U — R and sup{Lip f;:i € P} < o0, then

[{9(2), (IVIl,m) ap Dfi(2)) dl[V]|z — [{g(2), (V]I m)ap Df(2)) d[|V]]=

as i — oo whenever g € Ly(||V|,R") with g(z) € Tan™(||V'||, 2) for |V
almost all z.

(4) If f : U — R™ is a Lipschitzian function with compact support in U and
I6V]| is a Radon measure, then (see[3Z)

oV(f) =[S e ((IVI,m)ap Df(z) o Sy) dV (2, S).

Proof of M) and @). Since ||[V||(UN{z: @ (||[V]l,2) =occ}) = 0, a set B is
IV || measurable if and only if BN {z: ©®*™(||V]|, 2) > 0} is %™ measurable by
[Fed69, 2.10.19 (1) (3)]. Hence (@) and @) follow from [Fed6d, 3.2.17-19, 3.1.4,
2.10.19 (4), 2.9.9]. =
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Proof of [@). Clearly, the assertion needs only to be verified for elements g of
some subset X of Ly (|[V][,R™) whose span is |[V[(1) dense in Ly (||V]|,R") N
{g:9(z) € Tan™(||V||, 2) for z € U}. Therefore one may first assume ||V =
A LW for some (™, m) rectifiable and ™ measurable subset of U by
[Fed69, 3.2.19, 2.10.19(4), 2.9.9] and then m = n, |V] = Z™ by [Fed69,
3.2.17-20, 3.1.5, 2.9.11]. This case can be treated with X = Z2(R™, R™) using
partial integration. |

Proof of {@). @) readily implies (@) by means of convolution. O

3.6 Lemma. Suppose m, n, p, U, V, and ¢ are as m 33 p < m, V €
RV, (U), ®"(|V]l,z) > 1 for |V| almost all z, K is a compact subset of U,
0<d< 4—10, and H is the set of all z € spt ||V such that

IVIB(z,r) > 6™ (y(m)m)~™r™ whenever 0 < r < oo, B(z,r) C K.

Then there exists a Baire function f: U — RN{t:0 <t <1} satisfying for
g€ 2(UR")

R*N{z:f(2) #0} C K, |VI(UN{z: f(2) # 1} ~H) = 0,
fis (|V|,m) approzimately differentiable at |V|| almost all z,
/S5 0 Dg(2)f(2)dV (2, 8) = 6V (fg) — [ (Si(9(2)),ap Df(2)) dV (=, S),
IV ]|y (lap Df[) < 6(400)™ ¢ (K)"/,
IVI(U N {z: f(2) # 0}) < Ty(K)™/ P
(see[54) where I’ = ((400) ™ (m)m)™m»/ (m=p)

Proof. Let B= (U~H)N{z:07(]|V]],2) > 1} and assume B # (). First, the
following assertion will be shown: Whenever z € B there exists 0 <t < oo such
that B(z,10t) C K and

| VIB(2, 106) /P < 6(400)™ 1 (B(z, 1)) /P,
V|| B(z,10t) < T ¢(B(z,t))™/ (m=P),

For this purpose choose 0 < r < oo with B(z,r) C K and
VIB(z,r) < 6™ (y(m)m)~"r™,
let P denote the set of all 0 < t < r such that
VIB(z,t) < (206)™ (y(m)m) =™

and @) the set of all 0 <t < 2T_0 such that {s:t < s < 20t} C P. One notes for
30 Ss<r

s "V B(z,s) < (20)"r [V B(z,7) < (206)™ (y(m)m)~"™,

hence 35 € Q. Let ¢ = inf @ and note ¢ > 0 since 206 < 1 and (y(m)m)™™ <
a(m), cf. e.g. [Men09a, 2.4]. Clearly, {s:0 < s < 200} C P. Also, whenever
0 <5< 200

s~ "IV B(z,5) = (20)"" 0" ™[V B(z, ) = 6™ (y(m)m)™™
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because p € Clos({s:s < g} ~ P}).
Define a: {s:0<s<r} -Rand f:{s:0<s<r} —Rby

a(s) = [VIB(z,5), B(s) =9(B(z,5)""
whenever 0 < s < r. Then by [Men08, A.7]H

v(m)t < a(s)V/ " (|[6V]| Bz, 8) + o (5))
for £ almost every 0 < s < r, hence by Holder’s inequality

(my(m)™! < a(s)/™VPB(s) + (/™) (s)

for .#! almost every 0 < s < r. This inequality implies the existence of p < t <
20 satisfying

~La(10t)/7 < 5(400)™B(t);

in fact if this were not the case, then for .#' almost all p < s < 2p, recalling
{s,10s} C P,
(v(m)m)~t = (a¥™)(s) < a(s)"/™/P(400) "™ s a(10s) /P
< (1/2)(y(m)m)~",
(200)(y(m)m) ™" < (1/2)(v(m)ym) ™" < (o) (s),

hence, using a/™ (o) = (208)(y(m)m)~' o and [Fed69, 2.9.19], one would obtain
for p < s <29

o™ (s) > o™ (o) + [ (@™ () LM > (200) (v(m)m) s, s ¢ P.
The second part of the assertion now follows, noting 10t < 20p, from
IVII(B(z, 106)) /21" < 716 Iy (m)m |V ]| (B(z, 101)) /7
< (400)™~(m)m (B(z,t))"/?.
By the preceding assertion and [Fed69, 2.8.5] there exist a nonempty, count-
able set I and z; € B, 0 <t; < oo and u; : U — R for ¢ € I such that
u;(z) = sup{0,1 — dist(z, B(z;, 5¢;))/t;} for ze U, i€ I,
sptu; C B(z;,10t;) C K fori € I,
B(z;,t;) N B(zj,t;) =0 whenever i,j € I, # j,
IV Il (lap Dus]) < 6(400)™ (B(zi, t:))"/?,
[V B(2i, 10t;) < T (B4, )™ "7,
B C U{B(Zi;5ti 11 E I}
Define vy : U — R by

vy(z) =sup({0} U{u,(z):j € J}) forzeU

2A similar statement can be found in Leonardi and Masnou [LM0Y, Proposition 3.1].
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whenever J C I, and f =v;. Note 0 < f <1 and
u;(z) =1 whenever z € B(z;,5¢;), i € I, f(z)=1 for z € B.
Noting BHI([2) and defining g = sup{|ap Du;|:i € I}, one estimates for J C T
IVl (@) < SacrllVll (| ap Dusly?
< BPA00)™S (B (50, 1) < 6P (400) (Y,
IVIU N {z: £(2) > va(2)})

< Vit s IVIBGi, 106) T3 cp o (B, t)™ ("7

ST (e s Blai )™ "7 < Top(rey/m=n),
Choose a sequence J(k) with J(k) C J(k+1) C I, card J(k) < oo for k € &
and (J{J(k):k € £} = 1. Then

VIO N {{z: f(2) > vy (2)} b € 2}) =0,

hence f is (||V]|,m) approximately differentiable at ||V|| almost all z and

sup{|ap Dv)(2)],|ap Df(2)|} < g(2) for ||V almost all z,
IVl (lap Dvyy —ap Df|) = 0 ask — oo

by [Fed69, 2.10.19 (4)] and BE([). The integral formula holds with f replaced
by vy for k € &2 by BAIHE), hence, taking the limit k& — oo, also for f. O

3.7 Remark. The function f cannot be required to be continuous at ||V|| almost
all z. To prove this let mp/(m —p) < n < oo, n = m+ 1, U = R"™, apply
[Men09a, 1.2] with a1g1 = aege = 1 to obtain p and T and define V' by the
requirement ||V|| = u. Take £ € T with @™ (¢, &) = 0; the existence of such &
follows from [Fed69, 2.10.19 (4)] as (') = 0. (Alternately, it follows from the
estimates in [Men09a, 1.2] that one can take any £ € T.) Let 0 < r < 1 and
K = B(&,2r). One verifies the existence of € > 0 depending only on V, §, n,
and m such that

B(&,7)N{z:0 < dist(z,T) < e} N H = .

Therefore any such function f would have to satisfy f(z) = 1 for ||[V| almost
all z e TNU(,r), hence

VI N{z:f(2) # 0}) = a(m)r™

which would be incompatible with the last inequality of for small r even if
I" would be allowed to depend additionally on V and §.

3.8. Ifa>0,6>0,c>0andd>0 then
inf{at® + =40 <t < o} = ((d/c)c/(c+d) + (d/c)_d/(c+d))ad/(c+d)b0/(c+d).

3.9 Lemma. Suppose m, n, p, U, V, and ¢ are as m[Z3, p < m, V €
RV, (U), ®"(|V]l,z) > 1 for |V| almost all z, K is a compact subset of U,
H is the set of all z € spt |V|| such that

IVIIB(z,7) > (40)"™(y(m)m)~™r™ whenever 0 < r < oo, B(z,r) C K,
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p€2°U),0< ¢ <1, sptp CK,1<qg<o0, 1I/p+t1l/g>1,acR"
T € G(n,m), h:U — R with h(z) =dist(z — a,T) for z € U, and
1/2

a =K, B = ([o(=)IS; - Ty aV(z,8))"",

v = (VI H),(h) if ¢ < o0,

v =sup{h(z):z € spt [V, ¢(2) > 0} if ¢ = oo,

§ = (IVI[e H) ) (| D[ ).
Then

32 < F(amp/(m—p) + (Cw)l/(l/pH/Q)) + (16 + 4m)€?

where I" is a positive, finite number depending only on m, p, and q.

Proof. Assume a = 0, hence h(z) = |T;~(2)| for z € U. Use 3.6 with ¢ = 1 to
obtain f and define V4, V5 € RV,,,(U) by

Vi(A) = [ f(z)dV(z,8) for AC U x G(n,m)
and Vo =V — V4. Using |[Fed69, 2.10.19 (4)], one remarks
f(z)=1and apDf(z) =0 for |V| almost all z € U~ H,
J6(2)%[S; — To[? dVi(z, ) < 4mIgg(m, p) ™/ "7,
[6Vall < (1= HI6VI[ + [ap DFIVI, [Vl (lap Df]) < (400)™a.
Defining g = ¢?(T;-|U), one obtains
J6(2)?1S; — Ti* dVa(z, 8) < 4/(6V2)(9)| + 167

as in [Braf78, 5.5]. If 1/p+ 1/q = 1 then the conclusion is a consequence of the
preceding remarks and Holder’s inequality. Therefore suppose 1/p + 1/q > 1,
hence p < oo and g < oc.

Letting 0 < t < oo, r =1—¢(1 —1/p), and defining n: {s:0 < s < 00} —
{5:0 < s <1} by n(s) = inf{l,¢ts7"} for 0 < s < 0o, one observes 0 < r < 1
and

0 <sn(s) < ts'™"  whenever 0 < s < o0,

|sn(s)| 4+ |1 —n(s)] <1 whenever t'/" < s < c.
Moreover, defining 7, : U — R", 2 : U — R" by
m(z) = (T EDTER), mlz) = (O — (T () )T (2)
whenever z € U,
Zy=Un{z:0<h(z) <t'"}, Zo=Un{z:t"" < h(2)},
one notes 1y + N2 = TbJ-|U and computes

T, (z) e w

WTHL(Z) + (1= (T () )Ty (v)

(v, Dia(2)) = = (1T (2)1)
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for z € Z5, v € R™, hence
[Dn2(2)]| <1 for z € Zy
and for z € U
m(2)| <th(x)'™" ifr<1,  m(z)| <t ifr=1.
Letting g1 = ¢*n1, g2 = ¢n2, one notes g; + g2 = g and infers [g1]| = ¢*|m,
IDga(2)]l < 2(2)|Dd(2) () + ¢°(2) ]| D2 (2) |
< 20%(2) + |Dg(2)|*h(2)* < 26° ()t~ h(2)? + |De(2)[*h(=)?

for z € Z. Since Dga(z) = 0 for z € Z; and ¢, D¢, and h are continuous,
approximating g; and go by smooth functions yields that |(6V2)(g)| does not
exceed

t6Vall(6*h' =) + m||Vall (2t 9" ¢°h% + [DG*%) if r < 1,
t6Vall(¢%) +m|Val| (2¢96°h? + |Dgh?) if r =1,

hence, using Holder’s inequality and recalling the remarks of the first paragraph,
one obtains

[(6Va)(g)] < t(800)™any ™" + 2mt~ /"9 + me? if r < 1,
|(0V2)(g)| < t(800)™ar + 2mt~%y? + mg? if r = 1.
The conclusion is now a consequence of O

3.10 Remark. Using the inequality relating arithmetic and geometric means (cf.
[Fed69, 2.4.13]), one obtains for 0 < A < co

1/(1/p+1 2(1/p+1/q)—1 T 2
(ay)V/ /P10 < (117/]07%(@/)\)2(1/;#1/@ T4 m()\q) )

Note, concerning the exponent of «, if 1/g = 1/2 — 1/m, then W =
mp

m—p’

3.11 Remark. The estimate for |(§V2)(g)| is adapted from Brakke [Bra78g, 5.5]
where p € {1,2} and ¢ = 2.

3.12 Remark. One cannot replace h by the distance from two planes parallel
to T, as may be seen from the estimates for the catenoid in considering
R — o0. This behaviour is in contrast to the Sobolev Poincaré type inequality
in [Men09b, 3.4].

3.13 Lemma. Suppose m, n, p, U, and V are as in[Z3, ¢ € 2°(U), ¢ > 0,
1<¢< o0, 1/p+1/g>1,ae R, T € G(n,m), h: UHszthh():
dist(z — a,T) for z € U, and

a=VI(¢*) ip=1  a=@IVDeph(V;) ifp>1,
= (Jo(22IS; — Ty aV(2,8)) "%, &= (IVI) ) (ID|R),
v = (EIVINh) Fa<oo, 7= (SIVI) e (h) ifq=00
Then
5 < T(ay)/V/PHYD 4 (16 + 4m)¢?

where I' is a positive, finite number depending only on m, p, and q.
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Proof. The proof of has been designed such that a proof of the present
assertion results when the arguments involving the function f are omitted. O

4 Approximation by Qg(R"™"™) valued functions

The purpose of this section is to establish the necessary adaptions and ex-
tensions of the approximation by Qg(R"™ ™) valued functions carried out in
[Men09b, 2.18]. This is done in 8 [{)-() and supplemented by a basic esti-
mate concerning the partial differential equation satisfied by the “average” of
the approximating function in [ ([@) leaving the estimates more directly related
to the purposes of the present paper to Section[fl The results are based on those
in [Men09b, §2]. However, as their statements are sometimes rather long, only
the statement of the “multilayer monotonicity with variable offset”, has been
duplicated here in

4.1 Definition. A subset of a topological space is called universally measurable
if and only if it is measurable with respect to every Borel measure on that space.

A function between topological spaces is universally measurable if and only
if every preimage of an open set is universally measurable.

4.2 Remark. The corresponding definition for measures defined on Borel families
can found for example in |[CV77, I11.21].

4.8 Remark. If f : X — Y is a Borel function and A is a universally measurable
subset of Y, then f~1[A] is universally measurable as may be verified with the
help of [Fed69, 2.1.2].

4.4 Remark. The universally measurable sets form a Borel family.
4.5 Lemma. Suppose X is a complete, separable metric space, Y is a Hausdorff
topological space, f : X — Y 1is continuous, B is a Borel subset of X, and

g: B — {t:0<t< o0} is a Borel function.
Then h:Y — {t:0 <t < oo} defined by

h(y) = Z g whenever y €Y
BNf~1[{y}]
is universally measurable.

Proof. |Fed69, 2.10.10, 2.3.1 (6)] may be adapted by use of [Fed69, 2.2.13, 2.3.3]
to obtain the conclusion. O

4.6 Lemma (Multilayer monotonicity with variable offset, cf. [Men09b, 2.12]).
Suppose n,Q € Z, 0< M < o0, >0, and 0<s<1.
Then there exists a positive, finite number e with the following property.
Ifme Z m<n ZCR"TecG(nm),0<d<oo 0<r < oo,
O0<t<oo, f:Z—-R",

ITy(21 — 22)| < slz1 — zal,  [Th(f(21) — f(22))| < slf(21) — f(22)],
f(z)—2€TnB(0,d), d<Mt, d+t<r

for z, 21,20 € Z, V€ IV, (U{U(z,7): 2 € Z}), |6V is a Radon measure,
2.ez®0(IVIL2) 2 Q—1+06, [[V[U(z,r) < Ma(m)r™
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whenever z € Z Nspt ||V||, and
18V B(z, 0) < e |[V[[(B(z,0)' "1/,
JBs0)xcmm|S: = Tel AV (€, 9) < [VIIB(2, 0),
whenever 0 < p <7, z € ZNspt||V|, then
IVIU{O(f(2),6) N {€:Th(§ — 2)] > sl€ — 2[}:2 € Z}) > (Q — §)au(m)t™.

4.7 Lemma. Suppose X, Y are normed vector spaces, f : X — Y 1is of class
lL,ae X,0<r<oo, Q€ P, z €Bar) fori =1,...,Q, and v =
Lip(D/[B(a,)).

Then

< 7.

1 1 &
0 ;f(%) —f <é;$z>
Proof. Let P : X — Y by defined by P(z) = f(a) + (x — a,Df(a)) for z € X.
Then for = € B(a,r)

f(z) = P(x)| = |{(z — a, [y Df(a+t(x — a)) — Df(a) dLt)] < (v/2)r.
Since é 2?21 P(z;) = P(Q™1 2?21 x;), this implies the conclusion. O

4.8 Lemma. Suppose n,QQ € Z, 0< L <00, 1< M < o0, and0<§; <1 for
1€{1,2,3,4,5}.
Then there exists a positive, finite number ¢ with the following property.
IfmeZ m<n, 0<r<oo,0<h<oo, h>20r, T=imp",

U=MR"xR"""™)N{(z,y):dist((z,y), C(T, 0,7, h)) < 2r},
V eIV, (U), |6V] is a Radon measure,
(Q =1+ d0)a(m)r™ < [[V[(C(T,0,r,h)) < (Q+ 1 = d2)a(m)r™,
IVII(C(T, 0,7, h + 047) ~ C(T,0, 1, h — 2447)) < (1 — 3)ex(m)r™,
IVII(U) < Me(m)r™,

0 < & < e, B denotes the set of all z € C(T,0,r,h) with @ (||V||,z) > 0 such
that

either  ||0V || B(z, 0) > & |V]|(B(z,0)*"Y™ for some 0 < o < 2r,
or fB(z,g)xG(n,m)|Sh —Ti|dV (&, S) > ||V B(z,0) for some 0 < o < 2r,

A =C(T,0,r,h)~B, A(x) = An{z:p(z) =a} for x € R™, X is the set of
all z € R™ N B(0,r) such that

>eea®@" (VI 2)=Q and O™(||V],2) € Z U{0} for z € A(x),
Xo is the set of all x € R™ N B(0,r) such that
d>eeawm®@"(VIL2) Q-1 and O™(|V],2) € ZU{0} for z € A(x),

N =R"NB(0,r)~(X1 UXs), and f : X1 — Qg(R™ ™) is characterised by
the requirement

O™ (|V|,z) = O°||f(z)|,q(z)) whenever x € X1 and z € A(x),

then the following nine statements hold:
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(1) X1 and X5 are universally measurable, and L™ (N) = 0.
(2) A and B are Borel sets and

q[ANspt |[|[V]]] € B(0, h — dar).

(3) PLAN {z: @™ (V] 2) = Q} € X1.
(4) The function f is Lipschitzian with Lip f < L.
(5) For Z™ almost all © € X, the following is true:
(a) The function f is approzimately strongly affinely approximable at x.
(b) If (x,y) € graphg, f then
Tan™(||V]], (z,y)) = Tan (graphg ap Af(z), (z,y)) € G(n,m).
(6) If a € C(T,0,7,h), 0 < o <1 —|p(a)|, |ala)| + ds0 < I, and

Ba,o = C(T,a,0,610) N B,
Ca,e = B(p(a), 0) ~(X1~P[Ba,);
Da,o = C(T,a,0,040) NP~ '[Cal,
then Bg , is a Borel set and C, , and D, , are universally measurable.
(7) If a, 0, Ba,g, Ca,o, and Dy, are as in @) and
graphg, f[B(p(a), 0) C C(T'a, 0,040/2),
IVIC(T: a, 0,040)) = (Q — 1/4)x(m) ™,
then
L™ (Cae) +IVI(Da,e) < Ty [VII(Bae)
with Ty = 3+ 2Q + (12Q + 6)5™.
(8) Suppose H denotes the set of all z € C(T,0,r,h) such that
18V U(z,2r) < e |V[(U(z,2r)' 1™,
JutzamxammlS — Tl dV(z,8) < e||[V[|U(z,2r),
VI B(z,0) > dsax(m)o™ for 0 < o < 2r.

Then there exists a positive, finite number € depending only on m, d2,
and §4 with the following property:

Ifce R"NU(0,7), 0 <o <7 —lc|, Z™(B(c,0) ~X1) < gga(m)o™,
0 # P C C(T,p*(c),0), for every z € P and = € B(c, 0) there exists y
with (z,y) € P and |y — q(2)| < |z — p(2)|, and d : C(T,p*(c),0,h) = R
and g : X1 N B(e, 0) — R are defined by

d(z) =inf{|q(§ — 2)[: £ € P,p(§) =p(2)}  for z € C(T,p*(c),0,h),
g(x) = sup{d(z,y):y € spt f(z)} for x € X1 NB(c,0),
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then Lipd < 22, Lipg < 2Y/2(1 + L), and
(Ve HNC(T, p*(c), 0, 1)) (o (d)
<TQ((ZL™LB(c,0) N X1),(9) + L™ (B(c, 0) ~ Xp) /4™
whenever 1 < q < oo where ') is a positive, finite number depending
only on m.
(9) If a, 0, Cu,o; Da,o are as in (@),
gra'th f|B(p(a)a Q) C C(Ta a, o, 649/2)5
g:R™ — R"™, Lipg < oo, g|X1 = ngo f, 7 € Hom(R™, R"™™),
0 € 2(R™,R"™), € PO (R7™),
spt0 C U(p(a),0), 0<n(y) <1 foryeR"™,
sptn C U(q(a),d10),  Bla(a),dse/2) C Int(R*™™ N {y:n(y) = 1}),
and U8 denotes the nonparametric integrand associated to the area inte-
grand ¥, then
Q[ (DO(x), D¥(Dg(x))) dL™x — (6V)((noq) - (q" 0O op))]
<1 Qm'/? Lipgfca Q|D9| dzm
oL o, DO ap Af(@) (+)(—r) 2 A2
w2, D((oq)- (" 000 p)d|V]

where
v = sup | D2WH[|[B(0,m*/? Lip g)],
%2 = Lip (D*W§[B(0,m"*(L + 2| 7)),
Ea,, = B(p(a),0) N X1 N {z:0°(| f()], 9(x)) # Q}.

Choice of constants. One can assume 2L < d4 and d5 < (2y(m)m)~™/a(m)

whenever m € & with m < n.
Choose 0 < sg < 1,0 < s <1 close to 1 satisfying

(so? = D)Y?<64/2, (s72—1)"? <inf{6s/4, L}

and define € > 0 so small that
1-ne?2>1/2, (1-ne?)(Q—1/4)>Q —1/2
and not larger than the infimum of the following numbers corresponding to
m e P with m <n
E[Menogb, 2.18] (TL —m,m, Q7 L7 M7 517 525 537 545 55)7 (27(m>)71’
gg(n, Q@+ 1, M,inf{d2/2, (2y(m)m)~" /a(m)}, )  eqgg(n, Q,M,1/4,s),

€[Men09H, 2.13] (TL —m,m, 17 527 05 50, M)

Clearly, § satisfies the same inequalities as € and one can assume r = 1. [
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Proof of (1) @) @) @)). The sets X7 and X5 are universally measurable by (4]
and Noting the sets Y and Z defined in the proof of [Men09h, 2.18 (1) (2)]
equal X; and X5 and satisty .£™(B(0,1) ~(Y U Z)) = 0, the assertion follows
from [Men09b, 2.18 (1) (2) (4) (7)]. O

Proof of @). Let n = inf{d2/2, (2y(m)m)~™/a(m)}, consider z € A with
0" (|[Vl,z) = Q, Z = A(p(2)), note, using @), that

U(é- - p*(p(z))a 1) N {H: |Th("€ - 6) > Slﬁ - §|} - C(Ta Oa 1) h)
for £ € A(p(z)) and apply [.6] with

Q,0,d,r, t,and f
replaced by Q + 13 7, 1) 2) 1’ and T*p*(p(Z))|Z

to obtain 3¢ c 4(p(2)) O IV, €) < Q +mn, hence [Men09a, 2.5] implies @). O

Proof of (6). The set p[Ba,,] is universally measurable by [Fed69, 2.2.13], hence
Cla,0, Da,, are universally measurable sets by 3] L4 O

Proof of (). Let v denote the Radon measure characterised by
v(Z) = [, Am(BIS)| AV (=, S)
whenever Z is a Borel subset of U, and note
|Sy — Tyl <e for V almost all (z,5) € A x G(n,m),

hence 1 — [[An(p|S)|| < 1 — [|An(T4]S)||* < me? for those (z,S5) by [Men09b,
2.16]. Therefore

(1—me?)|[V|[LA<vLA.
This implies the coarea estimate

(1 =me*) [IVI(C(T,a,0,800) NP~ [W])
< VII(Bape NP7 W) + QL™X1 N W) +(Q — NL™(X2NW)

for every subset W of R™; in fact the estimate holds for every Borel set by
[Fed69, 3.2.22(3)] and p4(||V|| L Ba,,) is a Radon measure by [Fed69, 2.2.17].
In particular, taking W = B(p(a), ) yields
(1 - mEQ)HV”(C(Ta a, 9, 649)) < ||V||(BG7Q) + Qa(m)gma
thus one can assume, since 8Q + 6 < I'(g), that
IVII(Bae) < jax(m)o™.

Next, it will be shown that this assumption implies

Z™(X1NB(p(a),0)) > 0;
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in fact, using the coarea estimate with W = B(p(a), 0), one obtains

(@ —1/2)a(m)e™
< (1=me”)|[VI[(C(T, a, e, 640))
< VI[(Ba,) + QL™ (X1 N B(p(a), 0)) + (@ — )L™ (X2 N B(p(a), 0))
< (@ —1/2)a(m)e™ + £™ (X1 NB(p(a), ) — ;L™ (X2 N B(p(a), 0)),
); 0)

ZL"(X2NB(p(a),0) <4.2™(X1NB(p(a),0)), ZL™(X1NB(p(a),0)) >0.

In order to estimate £ (X2NB(p(a), 0)), the following assertion will be proven.
If x € XoNB(p(a), o) and O™ (L™ L R™ ~ Xa,2) =0, then there exist { € R™
and 0 <t < oo with

z € B(¢,t) C B(p(a),0), L™ B((,5t) <65 |V[[(Bae NP~ [B(C, 1)
Since .2™ (X1 NB(p(a), 0)) > 0, some element B(C,¢) of the family of balls
{B((1 —0)x + 0p(a),fp):0 < 6 <1}
will satisfy

z € B((,1) CB(p(a),0), 0<ZL"(X1NB((1)) < 32™(X2NB((1)).

1
2
Hence there exists n € X1 NU((,t). Noting for £ € A(n)

U(Tp-(c—p(€),1) CPT'B(C )], € € spt f(n) € Blala), d10/2),
(s72 = 1)Y2|p(k — &)| < 04t/2 < b40/2 for k € p~LB((,1)],

with @™ (||V]],&) >0

the inclusion
U(Tpe(c—m (), 0) N {k:[p(K = &) > sl — €[} € C(T,a,0,010) NP~ [B((,1)]
is valid for such ¢ and can be applied with

6, Z, d, r, and f replaced by
1/4, A(n) n{&: @™ ([|V],£) > 0}, ¢, 2,
and T« ¢ |A(n) N{E: @™ (|V]],€) > 0}

to obtain
(Q = 1/4)a(m)t™ < ||V[|(C(T,a, 0,610) NP~ ' [B((,1)])-

The coarea estimate with W = B((,t) now implies

(@ — 1/2)a(m)t™ — ||[V[|(Ba,, NP~ B(C,1)])
< ng(Xl N B(Cat)) + (Q - 1)$m(X2 N B(C,t))
=(Q —1/2)a(m)t™ + 3.2™ (X1 N B((, 1) — 32 (X2 NB((, 1),

hence, recalling £™ (X1 NB((,t)) < 32™(X2 NB((, 1)),

FLM(B(G 1) < LM(X2NB(C 1) < 4| VI[(Bae NP~ B(S,1)])
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and the assertion follows.
The assumption of the last assertion is satisfied for .£™ almost all z €
X2 NB(p(a), ) by [Fed69, 2.9.11] and [Fed69, 2.8.5] implies

L7 (X2 NB(p(a), 0)) < 6-5"(|V][(Ba,e)-
Clearly,
L (P[Ba]) £ ™ (Bae) < |VI(Bao)-
Since Cy,o ~ N C (X2 NB(p(a),0)) Up[Ba,l, it follows
gm(ca,y) < (1 +6- 5m)HV||(Ba,Q)-
Finally, applying the coarea estimate with W = C,, , yields

(1 =me?)||V[|(Da,p) < [IVII(Ba,o) + QL™ (Cayo)
<(14+Q+6Q-5™)|VI](Ba,)

and the conclusion follows. O

Proof of (). Choose 0 < A <1 such that

A < inf{A{penogt, 2.18 (4)] (1, 02, 04), Antenoon, 2.13] (™, 02, 50)/2}

and define e@g) = (1/2)(A/6)™ < 1.
Suppose z1,22 € C(T,p*(c),0,h) and & € P with p(&) = p(z1). Then
there exists & € P such that p(&2) = 22 and |q(& — &)| < |p(&1 — &2)], hence

la(§2 — 22) <la(§2 — &)+ [alén — 2z1)| + [a(z1 — 22)]
< 2Y2)21 — 2| + |a(& — 1))

and Lipd < 21/2.
Suppose 21,22 € X1 N B(c,0), y1 € spt f(z1). Then there exists yo €
spt f(z2) with |y1 — yo| < L|x; — x2|, hence

d(w1,y1) < 27%|(21,91) — (@2, 92)| + d(w2,y2) < 2V2(L+ L)|21 — 22| + g(22)
and Lipg < 2Y/2(1 + L).

First, the case ¢ < oo will be treated. Note ANspt|V| € H and H N
p'[X,] = graphg f by [Men09b, 2.18 (4)], let ¢ = ||[V|[ . H N C(T, p*(c), 0, h)
and recall

(PxY) e X1 <2(pg(ve H))L Xy <2027 X)
with v as in the proof of (). Using

HNC(T,p*(c),0,h) Np [X1]N{z:d(2) >~}
CHNp '[X1NB(c,0) N{z:g(x) >}

for 0 < v < o0, one infers

(wLpil[Xl])(q)(d) <2Q(ZL™ L X1NB(c, Q))(q)(g)-
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Therefore it remains to estimate (¢ U ~p~1 [X1]) (g (d).

Whenever € B(c, g) ~ Clos X; there exist ( € R™, 0 <t < (26@)1/7”9 =
A0/6 such that

z € B((t) CB(c,0), ZL™(B((1)NX1) =2"(B(( 1)~ X1)
as may be verified by consideration of the family of closed balls
{B(0c+ (1 —0)2,00):0 < 0 < (2¢g)"/™}.

Therefore |Fed69, 2.8.5] yields a countable set T and ¢; € R™, 0 < ¢; < \o/6
and z; € X; NB((;,t;) for each i € I such that

B(G,ti) C B(c,0), ZL™(B(G,ti) N X1) =27 (B(G, i) ~ X1),
B((i i) NB(¢,t;) =0 whenever i,j € I with i # j,
B(c, 0) ~Clos X1 C U{E;:i € I} C B(c,0)

where E; = B((;,5t;) N B(c, ) for i € I. Let
hi = g(zi),  Zi = A(zi)) N {&: O™ (V] ) € 7}

foriel, J=IN{i:h; >24t;},and K =1~ J.
In view of [Men09H, 2.18 (5)] there holds

(LU ~p ' [X1]) (@)
< (ep  ULE; 15 € TY) (@) + (e p ULBR k€ K}))(, (d).

In order to estimate the terms on the right hand side, two observations will be
useful. Firstly, ifi € I, 2 € HN C(T,p*(c), 0,h) Np~[E;], then

d(Z) < 24t; + h;;

in fact |p(z) — ;| < 6t; < Ao < X and [Men09b, 2.18 (4)] yields a point & € Z;
with |q(z — &)| < L|p(z — £)|, hence

[z =&l <A+ L)p(z =& = (1 + L)|p(2) — @] < 12¢;,
d(z) < 2Y2|z — €|+ d(€) < 24t; + hy.

Moreover, since
HNOC(T,p*(c),0,h) NP~ [E] € U{B(E, 126:) : € € Zi},
one may apply [Men09b, 2.13 (1)], verifying
U(z = p" (i), 1) N {&: [p(§ = 2)| > s0l¢ — 2[} € C(T,0,1, 1)
whenever z € A(z;) with the help of (), with
m, n, 01, s, A\, X, d, v, t, {, u, and 7 replaced by

n—m,m, 17 05 A[Menogb, 2.13(1)](m752550)7 Zi7 17 25 15 7p*($1)7 HV||7 and 12t;

26



to obtain the second observation, namely

7/’(P_1[Ei]) <(Q+ Da(m)(12t;)™ wheneveri € I.

Now, the first term will be estimated. Note, if j € J, then
d(z) <2h; whenever z € HNC(T,p*(c),0,h) N pfl[Ej],
2h; <3g¢(x) whenever x € X1 NB((;, ),
because
9(x) = g(x;) — 4lx; — x| = hy — 8t; = 2h;/3.

Using this fact and the preceding observations, one estimates with J(vy) = J N
{j:2h; >~} for 0 <y < o0

PP HULE; 15 € TN {z0d(2) > 7)) < 350 ¥ (PTE])
< Djesn(@Q + Da(m)(12t;)™
< (@Q+1)(12)™2™ (U{B(¢ 1) 5 € J(1)})
<2(Q+1)(12)" 2™ (U{X1NB(G t5) 5 € J(1)})
<2(Q+ 1)(12)"L™(X1 N B(c, 0) N{x:g(x) > ~v/3},
hence
(e ULE) 1) € T}, (d) < Q12)™ (2™ L X1 N B(c, 0)) ) (9)-
To estimate the second term, one notes
d(z) < 48t whenever k € K, z € HNC(T,p*(c), 0,h) N p ' [Ex].

Therefore one estimates with K(vy) = K N {k:48t; > v} for 0 < v < oo and
u: R™ — R defined by u =Y. _;t;b; where b; is the characteristic function of

B(Gi, t;)
PP THULER: k€ K} N{z:d(2) > 7}) < Xperei? (P [Er])
< D ke (@ + Do(m)(12¢)™

< (@+1)(A2)" L™ (UN{B(Ck, t) - k € K(v)})
< (@+1(A2)"Z™MR™ N {z:u(x) > v/(48)}),

icl

hence
(Wep  ULER:k € K}))(,)(d) < Q2™ 2.2 ) (w).
Combining these two estimates and
L™ (UB(G, 1) 11 € 1)) < 22™(B(e, 0) ~ X1),
|t d2™ = a(m)~ ™S, LT (B(G 1)) Y™
< a(m)™ ™ (S, L (B (G 1) T
(L) (W) < dax(m) ™™ L™ (B(e, 0) ~ Xy ) at/m,

one obtains the conclusion for ¢ < co.
The case g = oo follows by taking the limit ¢ — oo with the help of [Fed69,
2.4.17]. O
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Proof of [@). Let I, f; be associated to f as in 23] and define C; = dmn f; for
i € I and G = graph, f. Note

Gn p_l[B(p(a), Q) ~ Cll,Q] =GN C(T, a, o, 649/2) Np_l[ca g]a

)

p[Ba,g] C Cua,ps IV (C(Ta a,0,040) ~(GU p_l[ca,g])) =0.

Therefore one computes using and recalling that C, 5, Dg o, and, by £3]
also p~1[C,,,] are universally measurable

Y JeinBm@ .o~ .. DO@), DU (ap Df;(x)) ) L™

el
=5(Vu(@np ' [B(p(a),0)~Ca,l) x G(n,m))(q" 0 6 o p)
=6(V(GNC(T,a,0,610/2) ~P'[Ca,l) x G(n,m))((noq) (a" o0op))
=0(VL(C(T,a,0,610) ~P ' [Ca,]) x G(n,m))((noa) - (q" 00 op))
=(V)((neq)-(q*ebop)) —d(VL(Da, x G(n,m)))((noq)-(q"obop)),

hence
Q[ (Do(= > DW{(Dg(x))) ALz — (§V)((noq) - (4" 06 op))
=QJc, (DO x), DU} (Dg(x))) dL™x
+ Q(fB(p(a),Q) NCQ,Q<D9($)7 DW§(Dg(x))) L™

1
0 Z meB(p(a)yg) Nca,Q<D9($), D\I/g(ap Dfi(z))) dfmx)
i€l

—6(V (Day x Gn,m))) (o) - (a" 00 0p)).
The first summand may be estimated using
DU(0) =0, [D¥i(a)] < < ~ym'/? Li
0(0) =0, [[D¥5(a)]| <mlaf <ym/“Lipg

for « € Hom(R™,R"™ ™) with ||a|] < Lipg. The second summand can be
treated noting

Z ap Dfi(x) where I(z) =IN{i:x € dmnap D f;}
ze](w)
for ™ almost all x € B(p(a), 9) ~ Cq,, and applying 7] with
X,Y, f,a,r and {z1,...,20}
replaced by Hom(R™, R"~™), Hom(Hom(R™,R"~™),R), DU}, 7,
Q Y ap Af(z) (+)(—7)|, and {ap Dfi(x):i € I(z)}

for £ almost all € E, 5~ Cq, . Finally, the third summand is estimated by
use of

S, @ 3] <mY?|B| for S € G(n,m), 3 € Hom(R",R"). O
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4.9 Remark. Concerning measurability, note that £ measurability of W does
not imply ||V|| measurability of p~![W] but only v measurability. An example is
provided by taking n —m =1, m > 1, W to be a s#™~! nonmeasurable subset
of S"~tand V € IV,,(R™ x R"~™) such that ||V = 5™ L p~1[S™ ] as may
be verified by use of |[Fed69, 2.2.4, 2.6.2, 3.2.23]. In the case W = C, , this
difficulty could also have been resolved by making use of p~![X; ~p[Ba,]] N
B, = 0.

4.10 Remark. If a and p are as in (@), a € A, O™(|V],a) = Q, 0 < s < 1,
(572 = 1)12 <4y, < grg(n, Q, M,1/4, s), then

Ul(a, 0) N{¢:[p(§ —a)| > 5§ —al} € C(T'a, 0,010)
and applied with

6, Z,d, r,t, and f replaced by
1/4,{a}, 0, 2, o, and 144y

yields
IVI(C(T,a, 0,010)) = (Q — 1/4)ax(m)o™.

Moreover, if additionally L < d,/2 then (3)) implies a € graph, f and

graphg, f|B(p(a), 0) C C(T'a, 0,010/2).

5 An interpolation inequality

In this section an interpolation inequality for weakly differentiable functions
defined in a ball U(a,r) with a € R™, 0 < r < oo with values in R"~™ is proven
(see[53) which states that the Lebesgue seminorm of a function can be controlled
by a small multiple of a suitable Lebesgue seminorm of its weak derivative and
a large multiple of the L (£™ L A, R"~™) seminorm of the function where A is
subset of U(a,r) which is large in £ measure. The possibility to neglect a set
of small Z™ measure will be important in Section[7l The proof is accomplished
following essentially the usual lines (see e.g. |[GT01, Theorem 7.27]). The case of
Lipschitzian functions with values in Qg(R™ ™) then is a simple consequence
of Almgren’s bi-Lipschitzian embedding of Qg(R"™™) into RF? for some P,
see 0.4l Finally, two auxiliary statements are included in and for later
reference.

5.1 Lemma. Suppose m,n € £, 1 < ( < m < n, either ( = m =1 or
(<m,g=o00ifm=1,¢g=m{/(m—C) if m > 1, U is an open, bounded,
convex subset of R™, A is an L™ measurable subset of U with £™(A) > 0,
uwe WHHU,R"™™) and h = f, udZ™.

Then

|U _ hlq;U S F(dlam U)

W|DU|C;U

where I' is a positive, finite number depending only on m and (.
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Proof. If ( = m = 1 then u is £'LU(a,r) almost equal to an absolutely
continuous function by [Fed69, 4.5.9 (30), 4.5.16] and the assertion follows from
[Fed6d, 2.9.20).

If ¢ < m this fact can be obtained by combining the method of |[GT01,
Lemma 7.16] with estimates for convolutions, see e.g. O’Neil [O’NG3)]. O

5.2. Suppose a,2 € R™, 0< p <2r < oo,z € U(a,r) and b= aif [z —a| < 9/2
and b = = + (0/2)(a — x)/]a — x| else. Then one readily verifies U(b, 9/2) C
U(a,r) NU(z, o).

5.3 Lemma. Suppose mn€ P, 1< (<m<n, either(=m=1or<m,
g=ocoifm=1,qg=m¢/(m—C)ifm>1,1<6<¢q, (<s<q,0< A< o0,
a€R™, 0<r<oo,uc Wht(U(a,r),R*™™), A is an L™ measurable subset
of U(a,r), and L™ (U(a,r)~A) <X < (1/2)a(m)r™.

Then

<TAVS VoDl 4 252NV ),

|’u’|q;a,r —

where I' is a positive, finite number depending only on m and .

Proof. Define A1 = EEII )T128mA2 A, = 2mHl and T = 21mHIA,.
Let o = \Y/™a +1/m note o <2r and define

E(b,t) = U(a,r) N U(b,t) whenever b€ R™, 0 <t < 00.
One estimates, using 5.2

LB, 0)~A) <A =2""""a(m)e™ < L™(B(b,0))/2 < LT (ANE(b, 0)),
LM (E(b, 0)) < a(m)o™ = 2",

whenever b € U(a, ). Therefore one applies 5.1 with hy, = fAﬁE(b 2 wd L™ to
obtain

[ty 5,0) < TE(ms 22" () ™ Dl g, ) + 207D INY 4y
for b € U(a,r). Using Holder’s inequality, this yields
|u|q;E(b,g) S Al)\l/g_l/leuls;E(b,g) + AQ)\l/q_l/§|u|£;AﬁE(b,g)

for b € U(a,r). If ¢ = oo, the conclusion is now evident.
If ¢ < oo, choosing a maximal set B (with respect to inclusion) such that

B c U(a,r), {E(b,0/2):be B} is disjointed,
one notes for z € B and S, = BN {b: E(b, 0) N E(x, 0) # 0}

U(a,r) C U{E(b,0):b€ B}, cardS, < 2'™;
in fact for the estimate one uses to infer

E(b,0) C E(xz,30) whenever b € S,
(card Sp)a(m)272™ ™ < 3oy L™ (E(b, 0/2))
< LM (E(x,30)) < a(m)3™ o™
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Therefore, as ¢ > sup{s, ¢},

Zb€B|Du|g‘E(bg < (Zb€B|Du|z~E bg))q/s < (24m|D“|sar) )

q/§
ZbeB|“|g,AnE(b,g) (Zb€B|u|§ AmE(b,g)) < (24m|“|§;A) J

hence one obtains form the estimate of the preceding paragraph

|u|q sa,r < 2q712b€B ((A Al/C 1/S|Du|s ;E(b,0) ) + (A2)\1/q71/§|u|§;AﬁE(b,Q))q)
S (24m+1A1A1/<_1/&|Du|s;a,7‘) + (24m+1A2)\1/q_1/€|u|f;A)q'
and the conclusion follows. O

5.4 Lemma. Suppose m,n,QQ € Z m<n,q=0c0ifm=1,2<gq < o0 if
m=2,2<qg<2m/(m—=2)ifm>2,a€R", 0<r <oo, f:U(a,r) —
Qo (R™™ ™) is Lipschitzian, 0 < n < 1/2, and A is an L™ measurable subset
of U(a,r) with Z™(U(a,r) ~A) < no(m)r™, then

P f] g ST 2 A gl f )
where I' is a positive, finite number depending only on n, @Q, and q.

Proof. Let P and € : Qg(R"™™) — RP? with Lip& < oo be as in Almgren
|AIm00, 1.2 (3)]. Defineu=£&o f, pu=1/g+1/m—-1/2>0,v=1-1/¢>1/2,
¢(=1ifm=1and ¢ = gm/(m+¢q) if m > 1, hence 1 < ( < m and
¢m/(m —¢) = ¢qif m > 1. From B3 applied with A\, s and £ replaced by
na(m)r™, 2, and 1 one obtains

Py < A(prtmm/2 |Dulyg,q . + 07" uly, )

Ga,r
where A = sup {Ij5g(m, {)a(m)'/¢=1/2 25m+2q(m)1/9=1} . Since
£Qo]) =0, 0< Lipé’ < oo, &isunivalent, Lip&!
(Lip€)~fu(2)| < ¥(f(2),Q[0]) < Lip&~" |u(x)| for z € U(a,r),
|Du(z)| < L1p£ |Af(x)| for z € dmn Du
by Almgren [Alm00, 1.1 (6), 1.2(3), 1.4 (3)], the conclusion follows. O

5.5 Lemma. Suppose k,m,n € &, m <n,a € R™, 0<r < oo, and u :
U(a,r) = R"™™ is of class k.
Then
E i1 k| nk
Zi:OrlezulooaT — ( |D u|ooa7‘ r m|u|1;a,r)
where I" is a positive, finite number depending only on k and n.

Proof. Assuming r = 1, this is a consequence of Ehring’s lemma, see e.g.
[Wlo87, Theorem1.7.3], and Arzeld’s and Ascoli’s theorem. O

5.6 Lemma. Suppose m,n € &, m < n,a € R™, 0 <r < oo, and u €
WL2(U(a,r), R"™™).
Then there exists h € R"™™ with

|u — h|2;a,T < FT|Du|2;a7T
where I' is a positive, finite number depending only on n.

Proof. This is Poincaré’s inequality, see e.g. |GT01, (7.45)]. O
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6 Some estimates concerning linear second or-
der elliptic systems

The purpose of the present section is to gather some standard estimates precisely
in the form needed in Section[fl Proofs are included for the convenience of the
reader.

6.1. The following situation will occur repeatedly: m,n € £, m <n, 0 < c <
M < oo, and T € O Hom(R™, R"~™) with ||| < M is strongly elliptic with
ellipticity bound ¢, i.e. T is an R valued bilinear form on Hom(R™, R"™™)
with Y (o,7) < M|o||7| whenever o,7 € Hom(R™,R"~™) and

[Y(DO(x), DO(z)) — c|DO(z)|* d.L™x > 0 whenever § € Z2(R™, R"™™).
Following [Fed69, 5.2.11], one associates to any T € (O Hom(R™, R"™™) a

linear function S : ©*(R™, R ™) = (O*R™)@R"™ — R"™ characterised
by

(€oY)y,S)ev={_(Ey,¥v), )+ ((¢y,£v),T)

whenever £,1 € O'R™, y,v € R"™™; here £y € Hom(R™,R"™™) is given
by (£y)(z) = &(x)y for x € R™. Applying this construction with the area
integrand ¥ to Dzlllg(a) for each 0 € Hom(R™,R" ™), one obtains a function
C: Hom(R™, R"~™) — Hom ( ©*(R™,R"~™),R"~™) which satisfies

m n—m n—

(@, ClN=>_ Y>> ((Xivj, Xgvr), DU (o) ) (d(ei, ex) 0 vj)vr

i=1 j=1 k=1 I=1

for € O*(R™,R"™) where ey, ..., em and X1, ..., X are dual orthonormal
bases of R™ and @1 R™, and vy, ..., v,_m form an orthonormal base of R"~™.
Hence whenever U is an open subset of R™, v € W21 (U, R"~™) is Lipschitzian,
v e WEHU R ™), 0 € Hom(R™,R"™™), and § € 2(U,R"~™) one obtains
by partial integration the formulae

— [, (DO(x), D\Pg(Du(z)) ydL e = [,0(x) e (D*u(z), C(Du(z))) AL,
—[,{DO(z) ® Du(z), D*T§(0) ) d.L™x = [, 0(x) ¢ (D*v(x),C(0)) d.L™x,
here ® denotes multiplication in (), Hom(R"™,R"~"™), see [Fed69, 1.9.1].

6.2 Lemma. Suppose m, n, ¢, M, and Y are as in[61, a € R™, 0 < r < 00,
ve WH(U(a,r),R"™™), T € 2'(U(a,r),R"™) with |T|_, ,.,, < oo.

Then there exists an £™ . U(a,r) almost unique u € WH2(U(a,r), R"™™)
such that

—Ju(an (PO(x) ©Du(),T) dL"z =T(0) for 0 € 2(U(a,7), R"™™),
u—veWy*(U(a,r), R"™).
Moreover, for every affine function P : R™ — R"™™

|D(u - v)|2;a,r < Cil(M|D(’U o P)|2;11,T + |T|_112?‘1’T)'
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Proof. To prove existence, assume v = 0, let R denote the extension of T to
W (U(a,r),R*™™) by continuity and observe that one can take u to be a
minimiser of

3 Ju(am (Du(@) ©Du(2),T) 4Lz + R(u)

in Wy (U(a,r), R*™™)
To prove the estimate, assuming P = 0 by possibly replacing u, v, P by
u— P, v— P, 0, one lets  approximate u — v in Wé’Q(U(a, r), R"™™) to obtain

2
C|D(U - U)|2;a,7‘ < (M|D(U - P)|2;a,7" + |T|—1,2;a,7") |D(’U, - U)

|2;a,7“

The uniqueness follows from the estimate. O

6.3 Remark. If T = 0 then u is £™ L U(a,r) almost equal to an analytic T
harmonic function by [Fed69, 5.2.5, 6].

6.4 Lemma. Suppose m,n, c, M, Y, and S are as m[6.1, 0 < a <1, a € R™,
0<r<oo,u:Ular) — R"™ is of class 2, D*u locally satisfies a Hélder
condition with exponent o, f : U(a,r) — R"™™, and S o D*u = f.

Then

rialDQ’u‘loo;a,T/Q + ha (D2U|B(a’5 T/2>) S F(r72ia7m|u|1;a7r + ha(f))
where I is a positive, finite number depending only on n, ¢, M, and a.

Proof. Interpolating by use of Ehring’s lemma, see e.g. [Wlo87, Theorem1.7.3],
and Arzela’s and Ascoli’s theorem, it is enough to prove the assertion remaining
when the term r=%|D?u| is omitted.

Considering slightly smaller r, one may assume h, (D?u) < co.

Applying [Fed69, 5.2.14] to the partial derivatives of u and using Ehring’s
lemma as above, one infers the existence of a positive, finite number A depending
only on n, ¢, M, and « such that

ha(D2u[B(b, 8)) < 25" h(D?u[B(b, 25))
+ A(‘37270‘77n|u|1;b,25 + ha(-ﬂB(b’ 28)))
whenever b € R™, 0 < s < oo and B(b,2s) C U(a,r).
Defining  : U(a,r) — R by h(z) = 1 dist(z, R™ ~U(a,r)) for z € U(a,r),

= sup {h(b)*** " h, (D*u|B(b, h(b))) :b € U(a,r)}

ocoja,r/2

and noting pu < r2to*™mh, (D?u) < oo, one estimates for b € U(a, )
he (D?*u|B(b, k(b)) < 275 ™h,(D?*u|B(b, 2h(b)))
+ARB) T ul g, + half)),
[h(b) — h(c)| < (Liph)|b —¢| < h(b)/2, h(b) < 2h(c) for ¢ € B(b, 2h(b)),
B>y (D2u[B(b, 2h(1))) < 24+,
h(b)*F M ho (D*u[B(b, 1(b))) < 11/2 + Alulyy,, + T ha(f)),
hence
(r/4)*To+™h, (D?*u|B(a,r/2)) < 257"y < 26+7"A(|u|1;a_’r + r2+a+mha(f))

and the remaining assertion is evident. |
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6.5 Remark. Similar absorption procedures can be found for example in [Fed69,
5.2.14] or |GT01, Theorem 9.11].

6.6 Lemma. Suppose m, n, ¢, M, and Y are as inl61], 2 < p < oo, a € R™,
and 0 <r < oo.

Then for every f € Ly(Z™ L U(a,r), R"™™) there exists an L™ Ula,r)
almost unique u € WP (U(a,r), R"™™) such that

_fU(W) (DO(z) © Du(x),T) L™z = (0, f),, for € 2(U(a,r),R*™).
Moreover, u € W2P(U(a,r), R"™™) and

2 -2y
Zi:or 2|D ulp;a,r S 1—‘|f|p;a,r
where I' is a positive, finite number depending only on n, ¢, M, and p.
Proof. See |Giu03, p. 368-370]. O

6.7 Remark. The condition p > 2 can, of course, be replaced by p > 1. For
example |[Giu03, Theorem 10.15] extends to this case via duality and the esti-
mate of the second order derivatives can be carried out by using the method
of difference quotients starting from a suitably localised version of the theorem
cited.

6.8 Lemma. Suppose m, n, ¢, M, and Y are as in[61, a € R™, 0 <r < o0,
ue Wyl (U(a,r),R*™), T € 2'(Ula,r), R*™™), and

—Juta » (DO(z) © Du(x),Y) ALz =T(0) for 0 € 2(U(a,r),R"™™).
Then
|u|1;a,r S FrlTlfl,l;a,T
where I' is a positive, finite number depending only on n, ¢, and M.

Proof. Let p=2m and ¢ = p/(p — 1) and assume r = 1.
Whenever § € 2(U(a,r), R"~™) one obtains n € W ?(U(a, ), R"~™) from
such that with Ay = Iigg(n, ¢, M, p)

~foan (D¢@) © D), T) 42z = (,0),, for ¢ € 7(U(a,1),R"™),
Z?:O|Din|p;a7l S A1|9|p;a713
hence by |[GT01, Theorem 7.26 (ii)]

|Dn|oo;a,1 S A2(|D77|p;a,1 + |D277|p;a,1) S A1A2|9|p;a,1

where As is a positive, finite number depending only on n and p. Approximating
and u by ¢ € 2(U(a,1), R*™™) in W' (U(a, 1), R*™) and 7 by a sequence
1, € 2(U(a,r), R"~"™) such that

7; — N in Wl’p(U(a, 1),R" ™) asi— oo, lim |Dn;l = |Dn|

ooja,l ooja,l?
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one obtains
(97u)a,1 = _fu(a,1) (Dn(z) © Du(z),T) L™z < |T|71,1;a,1|D77|oo;a,1'
Therefore (cp. [Fed69, 2.4.16])
|U|1;a,1 < a(m)l/p|u|q;a,1 < a(m)l/pA1A2|T|—1,1;a,1

and one may take I' = sup{a(i)'/PA1Ay:n > i € P}. O
6.9 Remark. If m > 1 the estimate may be sharpened to

sup {t£™(U(a,r) N {z: |u(z)| > tHi-Ym 0 <t < oo} < DIT| ) 1
in fact one may follow the same line of arguments with the Lorentz space Ly, 1
replacing L,,.

7 Estimates concerning the quadratic tilt-excess

The estimates of the present section constitute the core of the proof of the
pointwise regularity theorem, Theorem [B3] in Section B All constructions
are based on the approximation by a Qg (R"~™) valued function of Section [l
First, in[Z.J]and [.2 some lower mass bounds are derived by a simple adaption of
[Sim83, Theorem 17.7] and a straightforward use of Allard |All72, 6.4]. Then, in
[[3] several auxiliary estimates concerning the approximation by a Qq(R"~™)
valued function in L8 are carried out. In [Z.4] the main elliptic estimates are
established, see below for a more detailed description. Finally, a reformulation
of a special case of [[A([@]) replacing any reference to the specific approximating
functions used there by quantities more tightly connected to the varifold is
provided in [C.H for use in [Men09d].

Next, an overview of the constructions in [[4]is given. One considers cylin-
ders centred at a fixed point a € R™ with projection ¢ € R™. For any radius o
functions u, solving a Dirichlet problem in Ul(c, ¢) for a suitable linear elliptic
system with constant coefficients with the “average” g of the approximating
Qo (R ™) valued function f as boundary values are defined. It is readily seen
in[ZA@) that ¢1(0) = |D2u|OO;C,Q/2, the leading quantity in the iteration, is con-
trolled by the tilt-excess of the varifold and mean curvature. More importantly,
an estimate of |u — g|,.. , mainly in terms of mean curvature is established in
[CA[@) by use of Using this estimate, the iteration inequality for ¢ fol-
lows in [[A(). In order to derive an iteration inequality for the tilt-excess of
the varifold, i.e. controlling the tilt-excess basically by ¢; and mean curva-
ture, the estimate [LA(T) is established. It asserts that |f (+)(—P)[;.x with
P:R™ — R"™ ™ an affine function and X a large (with respect to -Z™) subset
of U(c, 0/2) together with mean curvature essentially controls the tilt-excess.
Here the coercive estimates of SectionBl the interpolation procedure of Section[H]
and the adaptions of the Sobolev Poincaré type estimates of [Men09h] in .8 (&)
are used. Assuming that f agrees with its “average” g on a large set, for exam-
ple because the density of the varifold is at least ) on a large set, the iteration
inequality for the tilt-excess is then primarily a consequence of Taylor’s expan-
sion, see [[AI([I0). Finally, both iteration inequalities are iterated in [ 4([I1]) as
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long as the afore-mentioned density condition is satisfied on the scales involved.
As all the preceding estimates only hold under various side conditions which
have to be checked at each iteration step and the interdependence of the various
constants occurring is not entirely straightforward, the iteration procedure is
presented in some detail to ease verification.

Finally, it should be mentioned that the current iteration procedure has to
be carried out within a fixed coordinate systems as differences of functions cor-
responding to different iteration steps have to be computed, see the Introduction
and [CA(®). Though this fact does not pose a serious difficulty it nevertheless
contributes significantly to the level of technicality, see for example the definition
of J; and[L3I([®). However, regarding a possible application of the techniques of
the present paper in partial regularity problems for systems of elliptic equations,
this difficulty as well as several other technicalities would not be present.

7.1 Lemma. Suppose m,n € &, m < n,a € R", 0 < r < oo, V €
Vi (U(a,r),acspt||[V|, 1<p<oo0,0<a<1,0<M< oo, and

16V B(a, 0) < M[|V]|(B(a,0))' /o™ PH* 1™ for0 <o <r.
Then
(™" IVI U(a, )" + Mp~'a 1"
is monotone increasing in o for 0 < o < r. In particular, 0 < O™ (||V]|,a) < co.

Proof. Suppose 0 < A < 1 and ¢ € &°(R) with ¢/ < 0 and ¢(t) = 1 for
—co<t<Aand ¢(t) =0forl <t<ooand f: RN{p:0<p<r} - Ris
defined by f(0) = 0™™ [¢(0~ |z — a])d||V||z for 0 < o < r. Then one obtains
as in [Sim83, Theorem 17.7] that

f'(e) = o771 (oV): (¢ |z — al)(z — a))
> —M(Q_’”IIVII U(Z, Q))l_l/pga_lT_a > _M()\—mf()\_1g))1—1/an—1r—oz
for 0 < o < Ar, hence multiplying by p~!f(0)'/?~! and integrating yields
F@YP = F()17 = =Mp~r e [LOT F o/ N/ (@) PerT dL e

for 0 < s <t < Ar. Thus, approximating the characteristic function of R N
{t:t < 1} by such ¢ and letting A tend to 1 implies the conclusion. O

7.2 Lemma. Supposen,Q € Z,0<a<1,1<p<oo, and0<d<1.
Then there exists a positive, finite number ¢ with the following property.
Ifn>me P, acR", 0<r<oo, U=U(ar)N{z:[T;"(z — a)| < dr},
V eIV, (U), ¢ is related to V and p as in[33 T € G(n,m),

O ([Vll,a) > Q@ -1+, f|Su — Ty dV(z, S) < er™,
Qlfm/pi/)(U N B(a, Q))l/p <e(o/r)* whenever 0 < o <,

then

IVIU) = (Q = d)ee(m)r™.
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Proof. If the lemma were false for some n, @, «, p, and ¢, there would exist a
sequence ¢; with €; | 0 as ¢ — oo and sequences m;, a;, i, U;, Vi, ¥;, and T;
showing that ¢ = ¢; does not have the asserted property.

One could assume for some m € &, a € R", T € G(n,m)

mi=m, a=a, r;, =1, T;=T

whenever i € &. Abbreviating U = U(a,1) N {z: |ThL(z —a)| < 6} one would
deduce for large @

Vill(UNU(a, 0) > (Q —1+43/2)c(m)e™ whenever 0 < o < ¢
from [Tl in conjunction with Holder’s inequality. Clearly, also
|Vil[(U) < (Q — 8)ax(m) for i€ 2.

By Allard |All72, 6.4], possibly passing to a subsequence, there would exist
V € IV, (U) such that §V =0 and

Vi(f) = V(f) asi—oofor fe X (UxG(n,m)),
S =T forV almost all (z,5) € U x G(n,m),

hence, noting [Men09b, 2.1],
" (IVl,a) > Q, a(m)Q <|[V|(U) < a(m)(Q - 9),
a contradiction. O

7.3 Lemma. Suppose the hypotheses of[{.8 are satisfied with h = 3r, i.e. sup-
pose myn,Q € Z, m<n, 0<L <oo, 1 <M<oo, and0 < <1 for
i€ {132533455}7 €= @(naQaLaMa 61362;63;64365); 0<r<oo, T = lmp*;

U = (R™ x R"™™) 1 {(z, ) dist((x, ), C(T, 0,7,3r)) < 21},
V eIV, (U), |I6V] is a Radon measure,

(Q =1+ 6b)a(m)r™ < |VI(C(T,0,7,3r)) < (Q+1 - d2)a(m)r™,
IVII(C(T,0,7,3r + d47) ~ C(T,0,7,3r — 2047)) < (1 — d3)ax(m)r™,
IVIIU) < Moa(m)r™,

0 < § <e, B denotes the set of all z € C(T,0,r,3r) with @ ™ (||V||, z) > 0 such
that

either  ||6V || B(z, 0) > 0 ||V|(B(z,0))' "™  for some 0 < o < 2r,
o [a0oxGmml St — Tl dV(E,9) > [V B(z,0) for some 0 < o < 2r,

A=C(T,0,r,3r)~B, A(x) = AN{z:p(z) =} for x € R™, X; is the set of
all z € R™ N B(0,r) such that

Yeea@®@ " (VIL2) =Q and ©™(|V]],2) € Z U{0} for z € A(x),
and f: X1 — Qo(R™ ™) is characterised by the requirement
O™ (|[V|],2z) = ®°(||f(@)|l,a(z)) whenever x € X; and z € A(x).

Suppose additionally:
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(1) Suppose L < 6,/8, 6 < inf{l,(2v(m))~1}, a € Int C(T,0,7,3r), ¢ = p(a),
and 0 < K < o0.

(2) Suppose F': R™ — Qq@(R"™™) with F|Xy = f and Lip F < I'g) Lip f
where Uy is a positive, finite number depending only on n —m and Q,
see [Alm00, Theorem 1.3 (2)]. Moreover, let g =mng o F.

(3) Suppose either p=m =1 or 1 < p <m and p, ¥ are related to V as in
[Z3

(4) Define J ={0:0< o < o0} and ¢ : J x G(n,m) — R and ¢3 : J — R,

bs:J — R by
$2(0, R) = (gimf(UﬂC(T,a,g,zhg))XG(n,m)|Sh - Re[? v (z, S))1/2
3(0) = o' ~"PY(U N C(T, a, 0,840))""
Bal) = 5P/ (") gy (g ) ifm>1,
$a(0) =0 if m=1,

whenever p € J, R € G(n,m)E
(5) For 0 < g < oo suppose T, € G(n,m) is defined such that

¢2(0,T,) < ¢p2(0, R) whenever R € G(n,m).

(6) Define
Jo=JN{0:0< o <r—|pla)l,|q(a)] + ds0 < 3r},
Ji=Jn{e:p[T,] =R™}
Jo = J N {o:[8VI(UNC(T,a,0,610)) < k™3,
I3 = J {0 [unc(T.a.06:0) x Glnm) S8 — Thl AV (2,.5) < k0™ },
Jy=JdN{p:0+t/0s € JoNJ3 for 0 <t < 2r},
Js = Jo N{o:[IVI(C(T,a,0,010/4)) > a(m)(Q — 1/4)0™}.
and T, = 0, € Hom(R™,R"™™) for o € J;.
(7) Define Bq,,, and Cq,, for o € Jo as in[L.3 @), i.e.
Ba,Q = C(T7 a, 0, 64@) N Ba Ca,g = B(p(a)a Q) N(Xl Np[Ba,Q])a

and H as in[{-8@), i.e. H denotes the set of all z € C(T,0,r,3r) such
that

16V U(z,2r) < & |V[[(U(z,2r) /™,
fU(z,Qr)XG(n,m)|Sh - Th| dV(Z, S) <e ||V|| U(Zv 2T)5
VI B(z,0) > dsax(m)e™ for 0 < o < 2r.

Then the following six conclusions hold:

3The symbol ¢1 will denote the leading iteration quantity introduced in [Z4](3).
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(8) There exists a positive finite number e depending only on m, 04, and §
with the following property.

IfRe G(n,m), |[Ry—Ty| <6/2, o€ JoNJy, k < E@®> then
0 " IVI|(Ba,e) < 27B(n) (40 %¢2(20, R)* + 64(20)) -
Moreover, 46~ 2¢2(20, R)? may be replaced by 6 k.

(9) There exists a positive, finite number eg) depending only on m, s, Js,
and € with the following property.

If 8r/04 € Jo N J3 and k < eq), then H is the set of all z € C(T,0,r,3r)
such that

IVIIB(z,t) > dsax(m)t™ whenever 0 <t < 2r.

(10) If 0 < a < 1 and 0 < ¢ < 1 then there exists a positive, finite number
emm depending only onn, Q, 64, p, o, and é¢ with the following property.

If®*m(||V||,a) > Q -1 +56; [YAS JO N JB; K < Em; and
¢3(t) <emm(t/o)® for0 <t <o,
then o € J5.

(11) There exists a positive, finite number €y depending only on n, 4, and 0
with the following three properties.

(a) If o€ JoNJy, k < eqm, and ¢4(20) < 27mB3(n)"ta(m)(1/8), then
[VI(C(T,a, 0,610)) < (Q + 1/2)cx(m)o™.
(b) If, additionally to the conditions of ([I1al), ¢ € J5, then
graphy, f|B(c, 0) € C(T', a, 0,040/2).
(c) If, additionally to the conditions of [[Ia) and ([IIL), 0 < A < oo,
k<277 B(n) ol m) A2 (@, m)) 14,
$4(20) < 27" B(n) " a(m)A g (Q.m)) ",
then
L"(Ca,p) < Ax(m)o™.
(12) If g € JaN Js, k < inf{eg(m,64,6), eqm(n, 64,0)}, and
o € Hom(R™,R"™), |lo|| <n~Y25/2, o=ReG(n,m)),
then

0" fisten A (@) (+)(~0)? L™ < Tz (d2(20. R)? + $4(20)

where I' g is a positive, finite number depending only on n, Q, and 6.
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(13) If o€ JoNJ1, 0/8<s<t<p, 0<A<1, and

HO’QH < n_1/2/4a ¢2(Qa Tg) < )\1/22_2m_3a(m)1/2,
IVI(C(T, a,s,045)) > Aax(m)s™,

then t € J; and
log = oull < A7V222 " R a(m) T 2 g2 (0, T,).
Proof of ). Let
e@ = inf {(1/2)(4y(m)m)' " (64)™ "4, (45 (m)m) ™™ (84)™ 3 }.
Define the sets By, , and By , by

B ,= Ba,N{z:|0V|B(z,t) >4 IVII(B(z,t))~™ for some 0 < t < 2r},
Bg,g = Ba,gNB;,Q

and D to be the set of all z € spt ||V|| such that

oV||B(z,t
RN 1 4 b 1EX

> 0.
t—o+ [[VI[(B(z,1))t=1/m

Note ||V|[(D) = 0 by [Fed69, 2.9.5].
First, the following assertion will be shown. If m = 1 then Bl’w ~D =0 and
if m > 1 then for z € B;,Q ~ D there exists 0 < t < d40 such that

VI B(z,t) < 6~m2/m=plyp(B(z, t))™/ (m=P),

For this purpose assume z € B(’L o~ D and define

t =inf {s:[|6V|B(z,s) > 0[|V|(B(z, s))lfl/m}.
One infers 0 < ¢t < 2r and

JVIB(z,8) = 8 [VI(B(z, )™ > (5/ A1)
by [Men09a, 2.5] where A; = (2y(m)m)™~! since § < (2y(m))~!. Noting

o+t/6s € Jay B(z,t) CUNC(T,a,0+t/04,04(0+t/d4)),

one obtains

(6/AN™ Y < k(o+t/60)™ Y, m>1,
t < (0+1/04)(RAL/)V "D < (0 +1/04)04/2, t < dso0.

The assertion now follows from the definition of ¢ in conjunction with Holder’s
inequality.
The preceding assertion yields

IVI(B,,) =0 ifm=1,
IVI(B,,) < 6~m/(m=P)B(n)y(U N C(T, a,20,2640))™ ™) if m > 1;

40



in fact if m > 1 there exist countable disjointed families F1, ..., Fjg(,) of closed
balls such that

B, ,~DcUU{Fi:i=1,...,8(n)},
IVIS) < AsplS) D), § € U C(T,a20,2510
whenever S € |J{F;:i=1,...,8(n)} where Ay = §~™P/(m=P) hence

IVII(BLp) = IVII(B],~D) < A 520 S g prap(§)m/ )
< A7 (ZSEF ()™ < AaB()U(U N C(T, 0, 20,2510))™/ 7).
Next, it will be shown that for z € By , there exists 0 <t < d40 such that
||VH B(z, t) < 4572f13(27t)x(;(n,m)|sh - Rh|2 dV(Za S)7
IVIB(2,t) < 07" [y mm S — Tl AV (2, 5).

In fact, one can take any 0 < t < 2r satisfying the last inequality since this
firstly implies, using [Men09a, 2.5], § < (2y(m))~! and o +t/84 € J3,

(2 (m)m) ™ < [VIB(t) < 57 iy St — Tel AV (=, S)
5 JUnc(Tanert /s 5a(ort/s0)xGmmy St — Tal AV (2,8) < (/8)(0 +1/64)™,
t < (2y(m)m)(k/6)"™ (0 +1/84) < (0+1/62)34/2, < dao,
and secondly, using |Ry — T} < §/2 and Holder’s inequality,
IVIB(8) <267 fg 1w |55 — Bal V(2. S),
IVIB(z,1) <4672 [0ty xcnm 1S5 — Bal? AV (2, ).
Since 29 € J3 and

B(z,t) cUNC(T,a,20,2040) whenever z € B!

a,Q0’

0 <t <dqp,
the assertion implies

IVII(B,) < 4572/3(n)fUmC(Ta 20,2610)) % G (n,m) 8 ~ Ry|*dV (z,9),

IVII(Bg,) < B(n)d~ k(20)™
and the conclusion follows. O
Proof of ([@). Defining

e = e inf {4177 (6™ (Bex(m)) 1=V, 47 () s ex(m)
one estimates for z € C(T,0,r, 3r)
16V || U(z,2r) < ||[6V (U NC(T, a,4r,8r))
< K(8r/84)™ 1t < 5(65a(m)(2r)m)1_1/m,

fU(z,Qr)xG(n,m)|Sh —Ty|dV(z,5) < f(UﬂC(T,aAT,ST))XG(n,m)|Sh —Ty|dV (2, 5)
< k(8r/d4)™ < edsa(m)(2r)™

and the conclusion follows. O
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Proof of (). Defining eqq) = (04)"q77(n, Q, o, p, inf{ds, 04/4}) and noting

Y(B(a,t) N {z:dist(z — a,T) < da0/4})V/? <(C(T a,t, 84 inf{t/8s, 0/4}))"/?
< eqm(t/64) ™/ 07 < ey (84) T PEm/PrOT g

for 0 <t < p, the assertion follows from with 4, r replaced by inf{dg, d4/4},
0. ([l

Proof of (). Define eq) to be the infimum of all numbers
inf {27"8(n) " a(i)(1/8)5,27*n " (i), e (4,64, 6) }

corresponding to n > i € .
If the conclusion of ([IL) were not true, one would infer

spt f(x) ~B(a(a), 610/4) # 0,
ZyEB(q(a),54Q/4)ﬂspt f(z)gO(Hf(‘T)H’y) < Q -1

whenever z € dmn f|B(c, 0) by () and E8@) and therefore by EZ () () and
, 3.2.22 (3)] one would obtain

Jotrassearsral Am@IS) V(2 8) < (@ — Dam)e™,
hence by ﬂm, 2.16] and (®) with R replaced by T, noting ¢ € J4 C Js,

IVII(C(T, a, 0,610/4)) — (Q — Dex(m)e™
<NV (Baro) + 20 [ pisroyn|S: = Tel AV (2,8) < (1/2)ex(m) g™

in contradiction to ¢ € Js.
Using similarly

ZyGA(I)GO(HV”v (xay)) S Q for x S X1 U XQ,

one obtains (ITal).
To prove ([IId), one estimates with L8([7)) and (§) with R replaced by T'

ZL"(Ca,0) < Tggm (@ m)IV[I(Ba,e) < Ac(m)e™. O

Proof of (I2). Denote by X the set of all z € X; such that L8[ is true for
2 and note £™(X; ~ X]) = 0. Since

lap AF(z) (+)(—0)| < (14 Lip F)(Qm)"/? < (1+ Ty (n — m, Q))(Qm)"/?
for z € dmnap AF, one may assume
$4(20) < 27" B(n) e (m)(1/8).
Next, it will shown with G = graph,, f
B(c,0) N X{N{z:|ap Af(z) (+)(—0)| > 7}

C P[C(T. 0. 0,840) N G {z:| Tan™ (V] 2); — Re| > 271(@Qm)~"/%4})]
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whenever 0 < v < oco. In fact, if  is a member of the first set there exist
y € spt f(z) and 7 € Hom(R™,R" ™) such that

T = Tanm(HVHa (may))’ |T - U| > Q_1/27’
hence, noting [lo]] < 1 and || Tan™ IV}, (2, 9))e — Ty]| < 7]l < L < 1/2 by BT
lo =7l < 2| Tan™([[V]], (z,9))s — Ry||

by B1] and the inclusion follows, since (z,y) € C(T,a, 0,40) by (I1B). There-
fore, since @™ (||V],z) > 1 for z € G,

IVI(C(T, . 0,810) N {z:| Tan™ ||V, 2); — Ry| > 271 (Qm)™"/?})
> #™(C(T, a,0,000) NG N {z:| Tan™(||V]], 2); — Ry > 271(Qm)"/?y})
> L™ (B(c,0) N X1 N {z:|ap Af(x) (+)(—0)| > 7})

and one obtains
0 e oo, | AP AF (@) (4) (=0) 2 L™ < 272 Qm 6o(20, R).
Recalling the first paragraph of the proof, and noting
Ry = Ty < n'?||Ry = Ty|l < n'/2[lo]| < 6/2

by B and U(c, p) ~ X1 C C,,, the conclusion follows combining (I11), () and
LI (@). O

Proof of [[3). Using Holder’s inequality, one obtains

(T2)s — (Tp)sl < IVIC(T, a,s,048)) 2 (82 6a(t, Th) + 0™ *¢2(0, T,))
< )\71/222m+1a(m)71/2¢2(g, Tg);

since t™/2¢y(t, Ty) < 0™/ ?¢2(0,T,). Noting by B1]

[(T2)y — Tyl < [(Th)g — (Tp)g| + [(T,)y — Tt
< AR (m) T 2650, T,) + 2|0 || < 1/2,
||(Tt)h_Th||§1/2’ Ttﬁkerp:{O}, te Jy,

one applies B with S, Sy, S> replaced by T, T, T} to infer

loell* < (1 + lloel*)IN(T2)s — Till?,
loel® < 1(To)g = Tel? /(1 = I(T2)s — Tol*) < 20/(T)s — T)1* < 1/2,

Now, BTl with S, S1, Sz replaced by T, Ty, T, implies
ot — ol < 2[(Ty)y — (To)sl- O
7.4 Lemma. Suppose m, n, Q, L, M, 01, d2, 03, 64, 05, ¢, 7, T, U, V, d, Xy,

f; a, ¢, R, F; Yz 1/1; J7 ¢2; ¢37 ¢47 Tg7 J07 J17 J27 J37 J47 J57 and Op are as m
[73 Suppose additionally:

(1) Suppose ¥ and C are as in[61l
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(2) Whenever ¢ € Ji suppose u, denotes the unique analytic function in

WLH2(U(e, 0), R*™™) such that
(D*uy(x),C(0,)) =0 for z € U(c, 0),
u, — g € Wy (U(c, 0), R"™™),
see BIHBA and [Fed6d, 5.1.2, 10].
(3) Define the function ¢1 : J1 — R by ¢1(p) = |D2ug|oo;c,g/2 for o€ Ji.

(4) SupposeO<T§1andT:1ifm:l,p/2§7'<%ifmzZand

T= 2(;’;—51)) if m > 2.
Then the following seven conclusions hold:
(5) There exists a positive, finite number I'g) depending only on n such that
DQ\II(%(U) 1s strongly elliptic with ellipticity bound (F@)_l,
ID*W(0)]| < T

whenever o € Hom(R™, R"™™) with |o|| < 1.

(6) If o € JuN Js, 20 € Jo N J1, |loa,|| < n~Y2inf{6/2,1/4}, and

$2(20,Ta,) < 272 Hax(m)"/?,

Kk < inf{a@@(m, 04,9), m(n, 04,0)},

then
$1(0) < T o' (42(20, Too) + h4(20)/?)
where I' ) is a positive, finite number depending only on n, Q, and §.
(7) If o€ LN Jin s, ool <1, 20 € Ju, [lozell < n71/20/2,
k< inf{s@@(m, d4,0), E@m(n, d4,0)},
$1(20) < 27" B(n) " a(m)(1/8),
then
QimilluQ - g|1;c,g S Fm (¢2(2Q’ T2Q)2 + ¢3(29))

where I is a positive, finite number depending only on m, n, Q, d4, 9,
and p.

ere exists a positive, finite number € epending only on n, é4, an
8) Th st iti it ber e d di l 1) dd
with the following property.

IfoeJ,20€ JoNJy, |lol| <n125/4, k < e, and for s € {0/4, 0}
s€JiNJs,  ¢a(25) <27"B(n) ' a(m)(1/8),
then
o1(0/4) < ¢1(0) + T (d1(0)d2(0, Tp) + 0~ (¢2(20, T2p)* + ¢3(20)))

where I'g) is a positive, finite number depending only on m, n, Q, 64, §
and p.
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(9)

(10)

(11)

There exists a positive, finite number eg) depending only on m, n, Q, 02,
g, 0, and p with the following property.

164 = 1, 65 = (40)"(v(m)m) ™ /a(m), 0 < 5 < 277, P i R™ —
R™™ ™ is affine, Lip P < n~'/2§/2, R =im D(p* +q* o P)(0), o€ J, X
is an L™ measurable subset of Ule, 0/2) N X7,
w=1/2 ifm=1, p=1/m ifm>1,
0/2€ yNJs, 8reJonJs, oelJi, ol <n V252,
k<em, ¢3(0)<e@, £L"(Ulc0/2)~X)<na(m)(o/2)™,

then for0 < A <1

d2(0/4, R) < T (A + 62(0. T)/ ™) da(0.T,) + (A + 1) 2(e, R)
T F () (Pl x + AT s(0))

where I'@) is a positive, finite number depending only on m, n, Q, 6, p,
and T.

There exists a positive, finite number ) depending only on m, n, Q, d2,
g, 0, and p with the following property.

If 64 =1, 05 = (40) "™ (y(m)m) ™ /a(m), 0 <n < 2™™, p € J,
w=1/2 ifm=1, p=1/m ifm>1,
{0/2,0} C JunJs, 20€ JonNJi, ool <n Y25/4,
8reJonds, k<em, ¢3(20) <emm,
L™(U(c, 0/2) ~{z:©°(||f(2)], 9(2)) = Q}) < nex(m)(0/2)™,
then for0 < A <1

¢2(0/4, TQ/4) < Fm (()\ + "+ 77*1(;52(2@, ng)inf{1,2/m})¢2(29, T2Q)
£ 0o1(0) + (71 + A T)és(20)7)

where I'qy) s a positive, finite number depending only on m, n, Q, §, p,
and T.

Let 8y = 1, 05 = (40)"™(y(m)m)~™/a(m), & = inf{l ¢, (2v(m))~"},
0<a<l,and0<ds <1.

Then there positive, finite numbers ~y; for i € {1,2,3} and a positive, finite
number e both depending only on m, n, Q, L, M, 01, d2, 63, p, T, «,
and dg with the following property.

Ifa € C(T,0,r/2,2r), @ (|[V|l,a) > Q-1+, 0<t < =, 0<y <1,

64’
287, T) <eqm, ¢2(87,Tsr) < eam,
[VI(C(T,a,0,0) N{z:@"(|V],2) < Q —1}) < egme(m)o™

whenever t < o <r/8, and

d3(0)T < vv3(0/r)*”  whenever 0 < o < 8r,
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then, in case aT < 1,

o€ i and o¢1(0) < ym(o/r)*" fort <o <r/4,
$2(0,Ty) < yy2(0/m)*" fort<o<r

and, in case at =1,

ee i and opi(0) < ym(e/r)(1 +log(r/e)) fort <eo<r/4,
$2(0, Ty) < vy2(e/r)(1 +log(r/0)) fort <o<r.

Proof of (). This follows from [Fed69, 5.1.2,10]. O
Proof of ([@). Note by [[3([I3) applied with g, s, t, A replaced by 2p, o, 0, 1/2
0€J1, ool < llowell + 2P a(m) "2 a(20, Th,) < 1.

Since u, — 09, is DQKIIg(oQ) harmonic, applying [Fed69, 5.2.5] yields, noting (&),

|D2ug| < AlQilim/QlD(ug - 029)

005¢,0/2 |2;c,9

where Ay = 2" D g (n)" sup{a(i)~1/2:n > i € P}. Using 62, one
obtains

|D(UQ - 02@)|2;c,g S |D(UQ - g)|2;c,g + |D(g - UQQ)'Q;C,Q S AQlD(g - 02@)|2;c,g

where Ay = 1 + F@(n)Q. Taking I'g) = AlAgm(n,Q,é)l/Q, the conclu-
sion now follows from [3/(I2)) with o replaced by oa,. O

Proof of (). Suppose B, and By, Cy, for t € Jy are as in[.3l Define S, R €
2'(U(c, 0), R"™™) by

S(0) = = fu(e.p){ PO@), DYG(Dg()) ) dL ™,
R(8) = — [0,y { DO(@) © Dg(), D*W(0,) ) AL ™
whenever 0 € 2(U(c, o), R"™™). Since u, is D?¥}(o,) harmonic,
lup — g|1;c,g < A19|R|_1,1;C,Q I

by and (@) where A; = Ijgg(n, T (n)~!, Tg(n)). One computes for z €
dmn Dg

DU (Dg(x)) — DY§(0,) — (Dg(x) — 0,) 2 DU (0,)
= (Dg(x) = 00) 2 [y D*T§(tDg(x) + (1 — t)a,) — D*T(a,) LM,
ID*WG(tDg(x) + (1 - t)o,) — D*W(o,)|
< Lip(D*W{[B(0,7)) t|Dg(z) — o, for0<t<1
where v = m!/?sup{1,T' g (n — m, Q)}, hence, since

fU(Cyg) (Df(x),B) dL™x =0
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for 0 € P(Ulc, 0), R™™) and € {DWY(0,), 00 2 D*T(0,)},
oS — R|71,1;c,g < Agg_me(c,gﬂDg(x) - U@|2 dZ™

where As is a positive, finite number depending only on n and Q. Therefore by
[C3([@2) with o replaced by o2,

oS — R|_1,1;c,g < As (¢2(297 T3,)” + ¢4(29)) (II)

where Az = Aoli7 g (n, Q, 0).

Let 0 € 2(U(c, p), R"~™) with | D0 <1landne 2°(R"™) with

o060 —

sptn C U(q(a),ds0), B(q(a),dse/2) C Int(R"™™ N {y:n(y) = 1}),
0<n(y) <1, [Dn(y)| <4(6s) o™ for y € R*™™.

From A8([@) with 7 replaced by o2, one infers with D, , = C(T,a, g,d10) N
P~ [Cag), noting (TR and [0]._..., < o,

03¢0 —

|QS(0) + (0V)((noq)-(q" cfop))|
< Ay (L™(Cao) + Ju(e.p) AF () (+)(=020)? ALz + |V (Dao))

where Ay is a positive, finite number depending only on n, @, and d4. By [ZSI([@),
noting [73/({ID), and [C3([2) with o replaced by o2,

o "QS(0) + (6V)((n o) - (a" 00 o p))
< AT Q. m)e ™V II(Bao) + AaTirgrs (. Q. 8) (62(20, Too)* + 64(20))

Therefore one obtains in view of [L3(8), since |(T,)y — Ty < n'/2||(Tao)y — Tyl <
n!/?|loz| < 6/2 by BT

0"QS(0) + (3V)((noq) - (a" 0 0op))| < As(¢2(20,Tn,)* + ¢4(20))  (III)

where Ajs is a positive, finite number depending only on n, @, d4, and . Also,
using [[3](ITa) and Holder’s inequality, recalling |9|OO_C,Q <o,

0" "(6V)((nea) - (a* 0 fop))| < (a(m)(@+1/2))' " Pgs(0). (IV)

Finally, noting

$5(20) = 664(20) " < 5(27B(n) La(m)(1/8)) ™ it m > 1,
$4(20) < A6p3(20)

1_m—p

where Ag =07 (27™B(n) " ta(m)(1/8)) ", the conclusion may be obtained

by combining (I), (II), (III) and (V). O
Proof of (). Define g to be the infimum of all numbers

inf {m(z, 64, 6), g7 3 (1 04, 6), 274 2 (i) 6%}

corresponding to n > i € .
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Noting
¢1(Q/4) < ¢1(Q) + |D2(ug/4 - u9)|oo;c,g/8’

only |D2(ug/4 — Up)|
o € J4, one notes

0ic,0/8 needs to be estimated. Since p < 2r as 2p € Jy and

20€ J3,  $2(20,Tz,) < 62(20,T) < (2m'/%k)1/2.

Therefore one may apply L3 (@3] for each t € {0/4, 0/2, 0} with o, s, A replaced
by 20, 0/4, 1/2 to obtain {g/4, 0/2, 0} C J; and

sup{llog/all, gzl llogl} < llozgll + 22 ax(m) =262 (20, Top) < n~*/25/2.

Computing for x € U(c, o/4)

(D*(ug = tg/a) (), C(0g/a)) = <D2ug(:1:), C(0g74) — C(ay)),
one infers from [6.4] with ¢, M, T, a, a, r, and u replaced by F@(n)*l, T (n)
DQ\IJ(%(O—Q/4)7 ]‘/2ﬂ c, Q/4, and Ug — Up/4 that
|D2(ug — Ug/4)|oo;c,g/8

<A (072 ™ up — gl pya + 0%y j2(D?u,|B(c, 0/4))||0g/a — 0,ll)
where A is a positive, finite number depending only on n. Since
0'/*hy 5(D%uy|B(c, 0/4)) < Az (o)

by m, 5.2.5] and (@) for some positive, finite number Ay depending only on
n, the conclusion now follows, noting [C3(I3), by applying (@) twice, once with
o0 as given and once with g replaced by o/4. O

Proof of ([@). Deﬁneq:ooifmzlandq:(%qtéfl—l))*lifm>1andnote

2<g<ooifm=2and ¢g=2m/(m—2)if m>2 and

p+1/e>1, 7=(201/p+1/q)-1)7"
With §4 =1 and 5 = (40) """ (y(m)m)~™/a(m) define

A; =inf { qm@(m, 04, 5),qmm(m, 04, 05,€), m(n, 04,9),
27mﬁ(n)71a(m)qm@(m,52,54)(2F|mm (Q,m))"6},
Ay =inf {1, (2y(1))"'},

Az = inf {1, 27" B(n) " a(m) inf{&m@ (m, b2, (54)(21—‘@@(@,771))_1, 1/8}},
e@ = inf {Al, 27 Im Y2 A, 5(A3)1/p71/m}, Ay =sup{2"I[57(n, Q,q), 1},
As = sup {21"@(71, Q,0), 2" TN, Q,2), 1}, Ag= 73 (1 Q.85

A7 = sup{QIggg (M), 1}, As= 2m 2572 3(n),
Ag =19/(21/2-40+19), Ay =TIgTg(m,p.q) ifm=1,
Ay = Igg(m,p,q) ifm>1,
Aqp = 2" sup {2(A10)"/2,2(16 + 4m) /2| Ag — 17471},
A1z = (4(As + As5)A7(A8)67 7 + 1)A11, DI = A12(2+ Ag).
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It will be shown that eg) and ') have the asserted property.
Suppose B, A, Bgt, Cot, and H for ¢ € Jy are as in[7.3
Since /2 € Jo N Jy, it follows

0/2<2r, 0€Js, ¢a(0,Ty) < $a(0,T) < (2m'/?k)"/2.
One therefore obtains
k<AL ¢2(0,T,) <1, ¢3(0) <As,  ¢a(0) < As. (I)

Applying B4 with a, r, f, and A replaced by ¢, 9/2, F (+)(—P)|U(c, 0/2),
and X, noting L8], one obtains

o M UF (1) (= P) e 02 )
< Aa(@PIAE (1) (=P))lgie,gp2 + 0T (H) (=P yx)-
Similarly, one obtains
Q_l_m/QlF(+)(_P)|2;c,Q/2
< As (110”2 LAF (1) (—P)ae, o +07 07" T () (=P yx)-

Applying T3([@2)) applied with o, o replaced by o/2, DP(0) yields, noting
d4(0) <1 by (M) and 1/2 > 7(1/p — 1/m),

0" IAE ()(=P))aye g2 < Do (d2(0. B) + d3(0)").- (IV)
Define d : R™ — R by
d(z) = inf{(Ip(z = O)* + |a(z = O)"/*: £ € R", P(p(€)) = a(&)}
whenever z € R™ and note, taking £ = (p* + q* o P)(p(z)),

(I11)

d(z) < |P(p(2)) — a(2)] for = € R™.

Hence, defining dggg and grgg to be the functions defined in E8I(8) under
the names “d” and “g” with

o, P replaced by ¢/2, C(T,p*(c), 0/2) N{z: P(p(2)) = a(2)},
one infers
d|C(T,p"(c), 0/2,3r) < dzgm)

E=m (©) <9 (f(2), Q[P (@)]) =4 ((f (+)(=P))(z), Q[0])
for x € X1 NB(c, 0/2). Therefore AR (®]) with o, P replaced as in the definition
of qm@ and HIRE) yields, noting

LM (B(c,0/2) ~ X1) < L7 (Capr2) < qrgm) (M 02, 64)c(m)(0/2)™
by [L3([IId) with o replaced by ¢/2 and (),
(IVIIle HN C(T,p*(c), 0/2,3r)) 4 (d)

\%
< A7(|F(+)(_P)|s;c,g/2 + 2™(B(c, 0/2) NX1)1/S+1/m) (V)

49



whenever 1 < s < co. Using ([0 with ¢ replaced by ¢/2 in conjunction with
[Z3I[IL) with o replaced by p/2, one estimates

LM (B¢, 0/2) ~ X1) < L™ (Cag2) < TaRm (@) [V[[(Bag/2),
hence by [L3(®) with ¢ and R replaced by ¢/2 and T,, noting (I) and |(T,); —
Ty < n'2|(Ty)s — Tl < n'/?|lo,|l < 6/2 by BT
0L (B(c,0/2) ~ X1) < As(62(e,T,)* + da(0))- (V)

In order to apply 3.9, first define K = C(T',p*(c), 0, 0) and Hgy to be the
set defined in B9 under the name “H”, i.e. the set of all z € spt ||V|| such that

IV B(z,t) > (40)"" (y(m)m)~™t™ whenever 0 < ¢t < oo, B(z,t) C K.
One infers that
C(T,a,0,0)Nspt |V| C Hgg ifm=1,
Hgg N C(T,a, Ago, Ago) C H;

in fact the first inclusion follows by [Men094, 2.5] and (Il) whereas concerning
the second inclusion 7 < 27™ implies by [3(I10) with o replaced by o/2 the
existence of ¢ € AN C(T,a,0/4,0/4) hence, verifying 1/4 < Ag < 1/2 and
23/2Ng/(1—Ag) < 12 one obtains for z € C(T', a, Agp, Ago), (1—Ag)o < t < 2r

€ — 2| <2%/2Ag0 < 2°/2Agt/(1 - Ag) < 35t B(z,t) D B(£,¢/(20)),

VI B(z,t) = [VIIB(&,t/(20)) = (40)™" (y(m)m)~"t™ = dsc(m)t™

by [Men094, 2.5] since § < (2y(m))~! and, noting (I), the inclusion follows from
T3 @) as B(z, (1 — Ag)o) C K. Choose ¢ € 2°(U) such that

0<¢(x) <1 and |Dé(z) <2-(Ag—1/4)"to " for x € U,
p(z) =1 forx e C(T,a,0/4,0/4),
spt ¢ C C(T',a, Moo, Ago) C K NInt C(T', a, 0/2,0/2).

One now applies if m=1and if m > 1 both with @ and T replaced by
(p* +q* o P)(0) and im D(p* + q* o P)(0) to obtain with a,, =0 if m =1 and
Ay, = (gl’m/pa)ﬂln_i’ ifm>1

07 "B < Arg(aum + (01 PapT T ay) Y APTL/O) 4 (16 + 4m) o™,

here o, f3, v, and ¢ are as in B9 and B3 respectively. Noting (a,,)/? <
¢3(0)7, since ¢3(0) <1 by (), and using the inequality relating arithmetic and
geometric means as in .10, one infers

92(0/4,R) < Auy (o™ UV || L H N C(T, p*(c), 0/2,31) () ()
+ATT05(0)" + o7 TA(IVIILH N C(T, p7(c), 0/2,31)) 2 (d)).-
Finally, the estimates ([I)—(VII) are combined as follows: Firstly,
#2(0/4, R) < A A" "é3(0)"
+ ATARACT (| F (1) (<P e ggp + L (Ble, 0/2) ~ XM
+ A7 T (F (1) (= P)lyye, g2 + L (Ble, 0/2) ~ X))

(VII)
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by (VII) and (). Then, by (), (), and (VI)

$2(0/4, R) < A A " ¢3(0)"
+ A7 AL (Ag 4+ A5) A+ 7)o P JACE (4)(=P))lgse 2
+ A7 A (Ag + Ag) (T 4 e f (H)(=P)l1.x
+ 207 (As) VT M AL N (G2(0, Tp)?1T2/™ + gu(0)M/9T1/™)
+ 207 (D) ET ™AL (92(0, Tp) 2™ + pa(0) /2T ™).

Finally, using ¢2(0,7,) < 1 and ¢4(p) < 1 by (@), ¢ > 2, and 7 < 5L

7 <
2(m—p) —
(% +1) mm—_";) if m > 1 this simplifies to

62(0/4, B) < Az (X 76a(0)" + (A + 62(0, 7)) b (0. T,)
+ A7)0 AF () (=Pl gro + 17 " S (+)(=Plyx )
and the conclusion is a consequence of (IV]). O
Proof of (). With 6, = 1 and 85 = (40)~™ (y(m)m)~™ /a(m) define

A = inf{am@(m,54,5),m(n,54,5),5@(771,71,@,52,5,5,1))},
Ay = 6(2mL g (n))" M a(m) 2, Az = Ay (Dg(n)® +1),
Ay = AgTirgmy (7, Q,6)'/2,

As = inf {272 Sa(m)n =125, (Ag) " tn" 126 /4,1},

Ag = inf {1, 27 "e@(m,n,Q,ds, ¢, 5,p)},

A7 =inf {(A4)?n~16%27%, 27" B(n) La(m)(1/8),27 "},
eqm = inf {A1,27 ' m 7 Y2(A5)%, Ag, 5(A7)/P/m Y

Moreover, define

Ag =T (m,n,Q,04,6,p), Ag =Txg(n)e(m)'/?,
A10 = AQFBHIZD (TL, Qv 5)1/25 A11 = 2m+1F(27 TL),
Ajs = Ay sup{a(m), Ag + 2mA10(5_T},
A = (Q+1)2a(m) ?Argn'? + 27, Ary = Q'? sup{a(m), As},
Fm = F@) (m, n, Q, 5,p, T) (2m+1 + 2A13 + A14).
It will be shown that ey and I'gg) have the asserted property.
Since ¢ € J4 and 2p € Jy, it follows

0<2r, 20€Js, ¢a(20,T) < (2m'/2k)Y2.

One therefore obtains

k<A1, 02(20,T) < As,  ¢3(20) < As,  da(20) < Ar,
o€ i, ool <n7'25/2;

M
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in fact the first four inequalities are directly implied by the definition of € gg) and
the last two statements follow from [[3I([I3]) applied with g, s, ¢, A replaced by
20, 0, 0, 1/2 since ¢2(20, Ts,) < 272" Pa(m)n~1/2§ by the second inequality.

Define P : R™ — R™™ ™ by P(z) = u,(c) + (x — ¢, Du,(c)) for z € R™.
One verifies

Lip P = | DP(0)| < n~25/2; (I1)
in fact using [Fed69, 5.2.5], 6.2, [L3([I2) with o replaced by 0, and ()
IDP(0)]| = || Duy(c)l| < Aze™™/?|Dugly,,
< AQQ_m/2(|D(uQ - g)|2;c,g + |Dg|2;c,g)
< A3 2| Dyl , < Aa(h2(20,T) + ¢4(20)'/%) < n=/26/2.
Taylor’s expansion yields
Q_m_1|u9 - Pll;c,g/2 < a(m)Q|D2uQ|oo;c,g/2‘ (III)
Noting (I)), one obtains from (7)) that
Q_m_1|U’Q - gll;c,g S AS (¢2(2Q? T29)2 + ¢3(2Q)T) (IV)

By B8 with a, 7, u replaced by ¢, 0/2, (g — 0,)|U(c, 0/2) there exists an affine
function R : R™ — R™™ ™ with DR(0) = o, such that

Q_m_1|g - Rll;c,g/2 < Agg_m/2|D(g - R)|2;c,g/2’
hence by [[3([I2) with g, o replaced by 0/2, o,, noting (I),
07" Mg = Rl pyn < Aro(d2(0,Ty) + ¢4(0)'/?). (V)
Since by B.Al with k&, a, r, u replaced by 2, ¢, /2, P — R
|DP(0) — 00| = [D(P ~ R)(0)] < Auio™ ' ™|P = Rl .0
< A11Q_1_7TL(|P - u@ll;c,g/? + |U’Q - gll;c,g/2 + |g - R|1;c,g/2)’

one obtains from ([II)-(V]), noting sup{d2(20, T2,), ¢3(20), #4(0)} < 1 by (I
and 1/2 > 7(1/p — 1/m),

|DP(0) — 0, < A12(001(0) + ¢2(20, Tap) + ¢3(20)7),
hence using [[3/({1a) and B
$2(0.5) < Aus(edi(e) + d2(20, Top) + ¢3(20)7) (VI)

where S = im D(p* + q* o P)(0).
Define X = U(c, 0/2) N X1 N {x:0°(|| f(2)],9(x)) = Q} and note

|f (+)(*P)|1;X < Q1/2(|g - qul;c,Q + |u — P|1;c,g/2)-
Combining this with ([II) and ([V]) yields
i (H)(=P)l1.x < Ara(ogr(0) + ¢2(20, T2,)? + ¢3(20)7).
Therefore noting (), (II) and ER(d) and applying (@) with R replaced by S,

one obtains in conjunction with (V1)) the conclusion. O
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Proof of (I)). As the assertion does not involve k it may be restricted to a
specific value. One defines

Ay = sup{T'gy(m,n, Q,d4,0,p), Ly (m,n,Q,d,p,7),1},
n = inf {(48A1)7", 27"},
Kk = inf {am@(m, 04, 5),qmm)(n, Q,04,p,,06), m(n, 04,9),
e @ (1, 61,8), 228 (n) " e (m) T (@),
eam (M, n, Q,62,€,0,p) },
A = inf {1,278 (n) " a(m) inf {n(4ljggey (@, m)) ', 1/8} },

Az = inf {2*2’” sup{(Q + 1)ex(m), 1} 'x, 1, e (m,n, @, d2,¢,0,p),
(Ag)V/P=1/ms 279 sup{Me(m), 1} 'k},
Ay = inf {(A3/8)T,m(n,Q,54,p,a,56)7,
(apa(m)/P((Q =14 86)/7 = (Q = 1+ 66/2)'/7))" },
As = inf {2_2m(Q + 1)_1/2a(m)_1/2/€, 2_m_2a(m)1/2},
Ag =n""2inf {5/4,27" L sup{(Q + ax(m), 1} 1 As },
A7 = inf {n"Y?inf{5/2,1/4}, Ae/2},

Ag=1—-4°""1 ifar <1,

Ag =logd ifar =1,

Ag = inf {272 (m)/?, 272 a(m) /2 (1 — 27°7) Ag, 27 A, 1,
(3A1) 7' Ag, 515 (A1) *nAs, (48A1) " 1" },

A =T g(n,Q,9),

Aqp = inf {67277 (A19) 7t L As(A) T,

)24
A= (48A1)71,
Ars = (248, (7 + A7),
72 = (e/4)Ay,

Y1 =n(24A1) s,
v3 = inf{Ay4, A1171, D272},
ean = inf {27 sup{Ma(m),1} ', 270m =4y (m)1/2,
275m73a(m)1/2A7, 97 ML 274 T (A1) "Ly, 2736y, 77/2};
here e denotes Euler’s number. It will be shown that v; and egq have the
asserted property.

Suppose Cy ¢ for t € Jp is as in [[3
First, note that

#3(0)” < yy3(0/r)*™ for 0 <t < 8r (1)
implies, noting v3 < Ay,

#3(0) <Az and ¢4(0) < Ay whenever 0 < g < 8r. @)
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Next, some auxiliary assertions will be shown:

RnN{o:0< o< r/2} C J, (II)
RnN{e:gz<o<r}C, (I1IT)

RN{o: & <0< 8} C N s, (IV)

RN{o:g; So<dr} CJy, V)
Rn{o:igg<eo<r/2}C s, (VD)

IVI(C(T,a,0,0) > (Q —1464/2)ax(m)e™ whenever 0 < p <r/2, (VII)
llogll < A7 whenever g7 <o <, (VIII)

Proof of ([I). This follows from a € C(T,0,r/2,2r).

Proof of (V). For g5 < ¢ < 8r one computes, using Holder’s inequality and
(@,
I8VI(UNC(T, a,0,0) < |VII(U)"Py(U N C(T,a,8r,8r)"/”
< sup{Ma(m), 1}7“m7m/p(8r)m/p71¢3(87°)
< Agsup{Ma(m), 1}297"(&)’"_1 < ko™ L,

Jncra.o.0)xGmm! S = Til AV (z,8) < [VI[(U)/2(8r)™/¢a(8r, T)

< sup{Ma(m),1}2%"eqm (g7)™ < Ko™
Proof of (V). This follows from ([V]).

Proof of (VI). Let g3 < o < /2. One computes for 0 < t < p, () and
v3 < Ay,

¢3(t) < (A4)1/T (t/r)a < m(na Qv 547p5 «, 56)(t/g)a'
Therefore, noting ([I) and ([[¥), (V1)) is implied by [Z3|[Q).

Proof of (VII). Applying [T with », M, o replaced by o, (A4)'/7, o in
conjunction with Holder’s inequality, noting () and v3 < Ay, yields

(o™ ™IVI(C(T, a, o, @)))1“’ > ((Q — 1+ dg)au(m)) /P — (A Ta p!
> ((Q — 1+ dg/2)ax(m))V/P.

Proof of (III) and (VII). Let g5 < ¢ < r. Using Holder’s inequality and
0/2 < inf{p,r/2} € J5 by (VI), one estimates

I(To)y = Toll < V(U N C(T, a,0,0) 0™ (¢2(0, Tp) + ¢2(0, T))
< a(m)—1/22m/2+3/2¢2(g’ T) < a(m)_1/225m+2¢2(8r, T)

< a(m) V2252 < 1/2,
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hence T, Nkerp = {0} and ¢ € J1, i.e. ([II). Now, B applied with S, S1, S2
replaced by T, T', T, yields
loell* < (1 + lloI)I(Te)s — T4lI?,
logll® < 1(Tp)e — THll?/ (1 = 1(Tp)y — Tll*) < 20I(Tp)s — T3l
logll < 2(Tp); — Tyl < ex(m) /225 e < Aq.
Having shown the auxiliary assertions ([I)—(VIII), one chooses j € & such

that &7 < 47t < {& and defines t; = 47717t whenever i € &, i < j 41 in order
to show inductively the following assertions whenever i € &, i < j + 1:

RnN{o:ti<o<r}CJy (IX)
RnN{o:t; <po<r/2} CJs, (X)
Rn{o:ti<po<r}cCJy, (XI)
ol < Ag for t; <o <, (XII)
d2(0,T) <Ay fort; <o<r, (XIIT)
#1(0) < yy10 TP whenever t; < o < 71/4, aT < 1, (XIV)
#1(0) <yt (1 +1log(r/e)) whenever t; < o <71/4, aT = 1,

#2(0,T,) < vy2(o/r)*"  whenever t; < o <r, ar <1, (XV)

¢2(0,T,) < vy2(0/7)(1 + log(r/e)) whenever t, < p<r, ar =1.
One verifies that (XYJ), implies

b2(0,T,) < Ag(0/r)*™?  whenever t; < o <7, X3)

$2(0,T,) < Ag(1 +1log(r/0))™" whenever t; < o <r, ar =1; X¥T)

here and in the remaining proof references to equations involving the inductive

parameter will be supplemented by the value of this parameter as index.

Proof of (IX);, (X); and (XI),. Since t; = 47t > Z the assertions follow
from (¥), (IT)) and (VI).

Proof of (XII),. Since t; > g5 and A7 < Ag, this follows from (VIII).

Proof of (XIII),. Fort; <o<r
$2(0,T) < 2°"¢o(8r,T) < 2°™eqm) < As.

Proof of (XIV)),. Let & < ¢ <r/4 and note

o€ JinJds by () and (VI), 20€ JoNJi by () and (),
o2l < m~*/?inf{6/2,1/4} by (IO,
$2(20, Trp) < 2™ o (87, T) < 2'™eqm < 272" 1a(m)"/2.

Therefore by (@), using ¢4(20) < 1 by (M), 1/2 > 7(1/p — 1/m), ([) and 3 <
A,

001(0) < A1o(¢2(20, Tap) + 64(20)'7%) < A1o (2" 62 (81, Tsr) + 07 ¢3(20)7)
< 7A10(24m€(m + 577—A11’Y1) < 'Y'Ylé <mle/r)*".
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Proof of (XV]),. For g7 < ¢ <7 one estimates

$2(0,T,) < 2°™ o (8r, Ty ) < 2 ey < 1Yoy < 172(0/7)*7.

Therefore the assertions (IX]),—~(XV]), are proven in the case i = 1. Suppose
now that the assertions (IX]),—~(XV]), hold for some i € & with i < j. Note
ti <ty =47t < 5. Since t; € JoN Jy by () and (X)), and

$a(2t;) < Ao <27"B(n) " e(m)(1/8)
by (M), L3 ([[Ta) with o replaced by t; implies

IVIC(T,a,0,0) < (Q+1)a(m)d™e™ for t;y1 <o <t;. (XVI)

Proof of (X)), ,, X),,, and XI),,,. Let t;;1 < o <t;. Note o € Jy by
(II). One estimates, using Holder’s inequality, (XVII) and (),

[8V[(C(T,a, 0,0)) < |[V|(C(T,a,0,0) " /*(C(T,a,t;, t;))"/*
< sup{(Q + 1)ax(m), 1}4™ 0™ " Ay < k™,

hence ¢ € J. Similarly, using (XIII)),,
fC(T,a,g,g)XG(n,m) |Sh - Th' dV(Z’ S)

1/2
S HVH(C(Tv a, o, Q))1/2 (fC(T,a,ti,ti)xG(n7m)|Sh - Th|2 dv(zﬂ S))
< (Q+ 1)1/2a(m)1/24QOA5 < KQm

and ¢ € J3. Together with (IX]); this implies
RN{s:tiy1 <s<2r}Cconds, RN{s:tiz1 <s<r}CJy

hence (IX]),, ;. One computes for 0 < ¢ < g, using (II), () and v3 < Ay,
¢3(t) < (A4)1/T (t/r)a < m(na Qa 547p5 a, 56)(t/g)a'

Therefore, noting ([l) and (X)), ,, C3(I0) implies [X),,,. To prove ¢ € Ji,

one estimates

I(To)s — Tl < IVI(C(T,a, 0, 0)) /%™ * (¢2(0, T,) + ¢2(0, T))
< NVIC(T, astigr, tigr)) 2 (6)™ 2 ($2(ti, Tr,) + da(t:, T))
< a(m)V22M(Ag 4+ As) < 1/2

by 0., and (X¥I),, (XII),, hence

T,Nkerp = {0}, o€ Ji.

Proof of (]KE[I)Z-H. Let t;41 < o < t; and define g, = 4*~1p for k € . Since
0 <t; <r/4, there exists | € & such that {z < o <r/4. Note

or € JJ1NJs fork=1,...,1
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by XI),,, and X)), . Also, by (XII)),,
0|l <n1/2/4 whenever k€ 22,2 <k <1
and, by (X¥I),,
b2(0k, Tp,) < Ag < 272 4a(m)'/?  whenever k € 2,2 <k <.

Now, applying [[3I([@3) with o, s, t, A replaced by ok, 0k—1, 0k—1, 1/2 and using

(X¥I),, one obtains
o0y = 0|l < 22" Pa(m) = 2¢n 0k, Tp,) < 22" a(m) =12 Ao(or /r)*7/?
whenever k € &, 2 < k <. Therefore by (VIII)
l
ool < lloall + 2 k=2lloer 1 = ool

< A;+ 22m+3a(m)—1/2A9T—0¢T/22€c:2(41@'—1@)@7’/2

< A7 + 22m+30£(m)71/2A9(4l71Q/’I’)QT/QZZ.;027IM‘T

S A7 + 22m+3a(m)_1/2(1 - 2_0”—)_1A9 S AG-

Proof of (]XIH])Z.H. For t;11 < 0 <t 0 € Jy by () and
2(0,T) < d2(0,T,) + 0~ 2|VI(C(T, a, 0,0)"?|T; — (T,)s]

by Holder’s inequality. By (XVI), and (XVI)

$2(0,T) < 2™Ag 42" sup{(Q + L)ax(m), L}T} — (T, ).
Also by B1] noting ¢ € Ji by (XI),,, and (XII),, ,,

Ty = (To)al < n'2ITy = (Tp)sll < 020, < n'/?A,

hence

$2(0,T) < 2™Ag + 2™ sup{(Q + )ax(m), 1}n'/2Ag < As.

Proof of (]XIE)Z.H. Let t;41 < 0 < t;. It will be shown that the hypotheses
of [) are satisfied with g replaced by 4p; in fact o < t; < 16

8o JonJi by @ and XI);, ool <n ?5/4 by (XI),,
and for s € {p, 40}
seJynJs by (X)), , and [X),,,,
¢4(25) < 27"B(n) " e(m)(1/8) by ().

Therefore, in case ar < 1, () implies, using (XIV)),, X¥I),, XV),, ¢3(80) <1
by @, @ and 2 = (24A1)n~ 'y, 13 < A,
d1(0) < ¢1(40) + A1 (1 (40)d2(40, Tag) + 0~ (¢2(80, Tso)* + ¢3(80)))
<o TP (497 + A Agyr + 8A1AgY2 + 8A17s3)
<Ay T (As + A1Ag 4+ 192(A1)°n T Ag + 8A1A)

—1l+ar,.—aTt

<o r
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Similarly, in case ar = 1, ) implies, using (XIV),, X¥I),, XY),, @) and
Y2 = (24A1)n 'y, 3 < A,

$1(0) < ¢1(40) + A1 (¢1(40) P2 (40, Tup) + 0 ' (¢2(80, Tso)? + $3(80)))
< r (1 +1og(r/0) — log4)y1 + A1 Agy1 + 8A1Agy2 + 8A173)
S 7717"_1 ((1 + lOg(T‘/Q) — Ag) + AlAg + 192(A1)2’I]_1A9 + 8A1A11)
<1+ log(r/0))-
Proof of (]ﬂl)iﬂ. Let t;11 < o < t;. First, it will be shown that the hy-

potheses of [[3([A1H) and [3([IId) are satisfied with o, A replaced by 20, 1/2;
in fact

20€ JyNJs by [X);,, and X)), ,,

61(40) < 2™ B(n) " a(m) inf {1(4Tirg (@ m) "L, 1/8} by @).
Next, it will be shown that the hypotheses of ([I0) are satisfied with o replaced
by 4p; in fact, noting ¢t < o < ¢,

{20,40t C JaNJ5 by (m)i-l-l’ and GX])H-D
8o€ JonJi by @) and XI);, s, <n'/?6/4 by XID),,
8r e JQQJS by (m)a ¢3(8Q) ng(m’naQa(SQaEa&ap) by (IIﬂ)a
U(c, 20) ~{az: @°(| f(2)]], 9()) = Q}
c 011729 U p[C(Ta a, 2@5 2@) N {Z : Q > ®m(||v||7 Z) € ‘@}]5
by [L3(IIL) with g replaced by 20, hence
L™(U(e,20) ~{z: ©%(|[ f(@)]], g(2)) = @})
< (n/2)a(m)(20)™ + egmx(m)(20)™ < no(m)(20)™

by [[3I[IId) with o, A replaced by 20, /2. Therefore, in case ar < 1, ([I0)
implies, using mi, mz'v (m)iv (m)ﬂ and 7= 77(24A1)71727 73 < A1272;

P2(0,T,) < Aq ((A + 771/n i 77_1¢2(8Q’ ng)inf{m/m})@(gg, Tx,)

+ 1 061 (40) + (171 + N T)és(80)" )
< 'Y(Q/r)m— (8A1 ()\ + nl/n + ,,7—1(A9)1/n),y2
+4A I + 84 (7 + /\_7)73)

<A(o/m) (g2 + g2+ 72 + §72 + 372) = 72(0/7)7.
Similarly, in case a7 = 1, ({I0) implies, using (XVI),, K¥),, XIV),, (@), and
v =1(24A1) " 2, 3 < Arae,

62(0,T,) < Y(o/r)(1 +10g(r/0)) (821 (A + 0!/ + 17 (29)1/") 3
+AA Iy +8A (T + )\_7)73)

<7y2(e/r)(1 +log(r/0)).

Therefore the assertions ([X]),~(XV]), are verified whenever i € &, i < j+1.
The conclusion now follows from (XII) JIny XT1V) i1 and (e JIny O
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7.5 Lemma. Supposem,n,Q € &, m <n, eitherp=m=1orl<p<m=2
0T1§p<m>2andmm—_’;):2,0<5§1, and 1 < M < co.
Then there exist positive, finite numbers € and I" with the following property.
Ifae R", 0<r <oo, VeIV, (Ua,br)), v and p are related to V as in
3 T € G(n,m), Z is a |V| measurable subset of C(T,a,r,3r),
(@ — 1/2)a(m)r™ < [[VI(C(T,a,r,3r)) < (Q + 1/2)a(m)r™,
IVI(C(T,a,r 4r) ~C(T, a,r,r)) < (1/2)a(m)r™,
[VIIU(a,6r) < Ma(m)r™, |VI(C(T,a,r/2,7/2)) = (Q — 1/4)a(m)(r/2)"™,
IVI(C(T a,7,3r) ~ 2) S ealmy™,  (fI8;— T2V (z,8))"? < e/,
then

—m 1/2
(T fC(T,a,r/4,r/4)><G(n,m) |Sh - Th |2 dV(Z’ S))

< 5(T7me(T,a,r,r)><G(n,m) |Sh - Th|2 dV(Z, S))
+ T (r~m7 [ dist(z — a, T) d||V ||z + 7' =™/P(U(a, 67)) /7).
Proof. Define

1/2

L=1/8, 61 =0=03=1/2, 04=1, 6&5=(40)""(v(m)m)~"/a(m),
Ay = ggy(n, Q, L, M, 51, 062,03,04,05), Az = inf {1, (27(m))_1,A1},
w=1/2 ifm=1, pu=1/m ifm>1 Ags :Fm@)(m,n,Q,Ag,p,l),
n = inf {§/1(4A3) 7/  27m 1 XN =inf {§(44A5) 7, 1},

Kk = inf {qﬂm(m,n, Q, 02, A1, Ag,p),qmm(n, YIVACHR

27" 2B (n) " a(m)nlgge (@, m) " Az},
Ay =inf {(Ma(m)) 227"k, a(m) /227" 40" 2A,,
(Ma(m))~1/26m/2(405)7m/2},
€ = inf {A4, 2*’”*177},
As =27"B(n) " a(m) inf {NIgRm (@, m) 1 /4,1/8},
Ag = inf{(Ma(m))l/p*121*mn,qﬂm(m,n,Q,52,A1, Ay, p),
A2(A5)1/p71/m}’
T = sup {A5Q"n™", AsA™!, (4(Q + Dex(m)m) '/ (Ag) ™'}
It will be shown that € and T" have the asserted property.
Suppose a, 7, V, ¢, p, T, and Z satisfy the hypotheses in the body of the

lemma.
By the definition of I and

T_me(T,a,r/4,r/4)XG(n,m)|Sh —T,[?dV(z,5) < 4(Q + Da(m)m
one may assume that
=Py (U (a, 6r)) P < Ag.
Additionally, one may assume that Z is a Borel set and that ¢« = 0, T' = im p*

using isometries and identifying R™ ~ R™ x R*™™.
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Deﬁning A, Xl, f, C, ¢2, gf)g, ¢4, Tg, Jl, JQ, Jg, J4, J5, Op, and Ca,g as in
[[3and X = U(e,r/2) N X1 ~p[A~ Z], next, the hypotheses of [[4([@) with J,
P, o replaced by As, 0, r will be verified. The £ measurability of X is a
consequence of L8 ([2) and |[Fed69, 2.2.13]. One estimates

1Sy — Ty | dV (2, 5) < (Ma(m)2rm Ay, < k(r/2)™,
|6V U(a, 6r) < (Ma(m))lfl/prmflAG < k(r/2)m1,

hence r/2 € Jy N J5 and 8r € Jo N Js5. Also

() = ol < [VI(C(T, a,7/2,7/2)) /262 (6r, T) (6r)™/?
< 2™ 2a(m) V2N, < 1/2,
T, Nkerp={0}, re.J

and, using B with S, Sy, Se replaced by T, T, T,

lowl* < (1 + low )T )s — Tl
ol < 1(T0) = T/ (1 = I(Tr)s = Tlf*) < 20(T3)s — Thll?,
llovll < 2I(T3); = Tyl < 2" FPa(m) 284 <n™1/2A5/2.

Noting ¢4(r) < As, one infers from [[3([IId) with g, A replaced by r/2, n/2 that
LM (Cary2) < (n/2)e(m)(r/2)™.
Combining this with

LMPplA~Z]) < (A~ Z) < VIC(T,a,7,3r) ~ Z) < (n/2)a(m)(r/2)™,
U(e,7/2)~ X CCyrya UP[A~Z],

one obtains
Z"(U(e,r/2) ~ X) < na(m)(r/2)™.
Now, applying [ A@) with 6, P, o, and 7 replaced by Asg, 0, r, and 1 yields
62(r/4,T) < A5 (A + (Ma(m)) 220>/ + (A 1)) 62(r, T)
T A ()
<Oa(r, T)+T(Q 72 ™ Y flyx + d3(r).
Finally, noting
Xn{z:9(f(2),Q[0]) > QV*y} Cp[ANZ N {z:dist(z — a,T) > 7}]
for 0 < v < o0, one obtains
Q| fly iy < [, dist(z — a,T) d[[V]2

and the conclusion follows. O
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8 The pointwise regularity theorem

Here, after verifying the hypotheses of the approximation by a Qo (R"™™) val-
ued function in B2 the pointwise regularity theorem is deduced from [Z.4]([IT)
inR3 An example demonstrating the sharpness of the modulus of continuity
obtained in case a7 = 1 and m > 1 is provided in Finally, a corollary
concerning almost everywhere decay rates is included in

8.1 Lemma. Suppose 1 <n€ P, 0<5i<1,0<A<1,and0 <M < .
Then there exists a positive, finite number € with the following property.
Ifn>me P, aceR",0<r<oo, TeG(nm), VeIV, (Ua,r)) and

IV U(a,r) < Ma(m)r™, ||§V]| U(a,r) < e||V[[(U(a, 7)) /™,
[18; =Ty dV (2, S) < ||V U(a, ),
VI B(a, ) > da(m)o™ for0<o<r,

then
VIO (a,r) n{z:[Ty(z — a)] > Alz —al}) = (1 = 6)ac(m)r™.
Proof. This is a special case of [Men09H, 2.2]. O

8.2 Lemma. Suppose m,n,Q € &, m < mn, eitherp=m=1o0r1<p<m,
0<a<1l,1<M<o0,0<u<1,and0<d; <1 forie{l,2}.

Then there exists a positive, finite number € with the following property.

IfaeR", 0<r<oo, VeIV, (U(a,r)), ¢ is related top and V as in[33,
T € G(n,m),

A =inf {p, (1+ M7V (1~ (1—58/2)Y™(1 - 61/4)7 ™)},
0" ([Vll,a) 2 Q —=1+d2, [[V][U(a,r) <(Q+1—d1)a(m)r™,
J18; = Te|dV (2, 8) < er™,
0 Py (B(a, )P < e(o/r)*  whenever 0 < o <,
then with s = Ar
IVI(C(T,a,s,Ms)~C(T,a,s,d2s)) < daax(m)s™.

Proof. Define A as in the hypotheses of the body of the lemma, A\ = (1 —
1/2

(Ad2/4)%) 77,
A = m(n,inf{(?y(m)m)_m/a(m), 01/4}, M, 2(Q + 1)),
let € be the infimum of the following five numbers

qra(n, Q, o, p,inf{d1/3,Ad2/2}), ((Q + 1) (m))/P= 4y (m)m) ~™ A,
(4y(m)m) ™A, (2*7(7)1))_17 (52Ama(m)ﬁ(n)_1)1/p_1/m(27(m))_1

and suppose that m, a, r, V, ¥, T' and s satisfy the hypotheses in the body of
the lemma.
First, note by [[21 with § replaced by inf{d;/3, Ady/2}

IVI(U(a,r) N {z:|T; (2 = a)| < 825/2}) = a(m)(Q — 61/3)r™.
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Define A to be set of all z € spt ||V such that
18V B(2, ) < (27(m)) IV [(B(z, 1)) /™

whenever 0 < ¢t < oo and B(z,t) C U(a,r). Next, the following assertion will
be proven:

ANC(T,a,s,Ms) C C(T,a,s,d2s).

For this purpose suppose z € ANspt||V| N C(T,a,s, Ms) and abbreviate t =
dist(z,R" ~U(a,r)). Since A < (1 + M?)~/2, one notes C(T,a,s, Ms) C
U(a,r) and ¢ > 0. From [Men09a, 2.5] one obtains

[V B(z,0) > (2y(m)m)~™e™ for 0 <o <t.
Therefore, noting
t>r—(1+M)YV2Ar,  (t/r)™ > (1—61/2)(1—0,/4)"1 > 2/3,
VI[U(z,t) < [V][U(a,r) < (Q + Da(m)r™ < 2(Q + 1)ax(m)t™,
16V] Uz, ) < [16V] Ula,r) < ((Q + Dex(m))' ™ /Perm=1
< (@ + Va(m)) ™" (dy(mym)™ e[| V| (U(z, 1) /™
< A[V](U(z, 1)),
Ser™ <e(dy(m)m)™ V[ U(z,t) < AV U(2,1),
one uses Rl with §, M, a, and r replaced by inf{(2y(m)m)~"/a(m), 1 /4},
2(Q +1), z, and t to infer
VIO, t) n{E: [Th(§ — 2)| > Al§ — 2[}) = (1 = 61/4)a(m)t™
> (1 —61/2)a(m)r™.

Since ||[V|| U(a,r) < (Q +1 —d1)ax(m)r™, this implies together with the second
paragraph that the intersection of

TH[U(z,t) N {E:|TH(E = 2)] > M€ = 2[}] and R™N{E: [T} (§ — a)| < d2s/2}
cannot be empty. Now, estimating for £ € U(z,t) with [T} (£ — z)| > A|§ — 2|
T (€ = 2)] < (1= N)V2(E — 2 < 2(1 = A)VPr = 6y5/2,

one obtains |Thl- (z — a)| < s and the inclusion follows.

If m =1 then A = spt||V] and the conclusion is evident. Hence suppose
m > 1. The assertion of the preceding paragraph implies with the help of
Besicovitch’s covering theorem and Holder’s inequality the existence of count-
able disjointed families of closed balls F1, ..., Fg(,) such that

spt |V NC(T,a,s,Ms)~C(T,a,s,d28) CUU{Fi:i=1,...,8(n)},
ScUr),  VIS) < Asp(s)™/ 7P
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whenever S € J{F;:i=1,...,B8(n)} where Ay = (2y(m))™?/(m=P)  hence
IVI(C(T .5, Ms) ~ C(T,a,5,625)) < Ao TG T w(8)™ "7

< M3 (Sser ()™ < AaBln)(Ula, )™/
< (29(m)e)™P/ (M=) G (n)r™ < Syar(m)s™. O
8.3 Theorem. Suppose m,n,Q € P, m <n, eitherp=m=1o0or1<p<m,
0<d6<1,0<a<l,0<7<1, and7‘=1ifm:1,p/2§7‘<%if
m =2 andrz% if m> 2.
Then there exist positive, finite numbers € and I" with the following property.
IfaeR", 0 <r<oo, VelIV,(U(a,r)), p and ¢ are related to V as in
B3 TeGnhm),w: RN{t:0<t <1} = R with w(t) =t*7 if ar < 1 and
w(t) =t(1 4+ log(1/t)) if ar = 1 whenever 0 <t <1, and 0 < v < ¢,
0" ([Vll,a) 2Q -1+, [[V[U(a,r) <(Q+1—d)a(m)r™,
(r 18— T2 av(z,8))* <7,
VII(B(a,0) N{z:0™(|[V],2) < Q@ —1}) < ea(m)o™ for 0 <o<r,
o' T PY(B(a, 0))P < 4MT(o/r)* for0< o<,

then O™ (||[V|,a) = Q, R = Tan™(||V]|,a) € G(n,m) and
(Qime(a,g)XG(n,m)lsh — Ry|*dV(z,9)) V2 < Tyw(o/r) whenever 0 < o <.
Proof. Define, noting (y(m)m)~™ < a(m) by, e.g., [Men09a, 2.4],
Ay =inf {1/6,(17)72(1 - (1 - 6/2)Y™(1 - 5/4)7/™)},
01=10/2, d2=06/4, d3=1—-0/4, d1=1,
d5 = (40)""(y(m)m)"" Jau(m), b6 =0, L=04/8, M= (A1)""(Q+1),
' = inf {15 (TL, Q7 L7 M7 517 525 537 545 55)7 (2’7(7’)@))71}7
n=nf{l,(Q+1-6/2)/"(Q+1-36/4)""/" -1}
and apply [LA(]) with § replaced by ¢’ to obtain ~y; for ¢ € {2,3}. Define
Ay = inf {(Q+1-35/4)"/7 —(Q +1-08)"7,
Q—-140)""—(Q—1+45/2)"/7},
AB = inf {(Al)m/Qm(mv n, Qv Lv Ma 517 52; 53,]7, T, Q, 66)7 73}7
e = inf{(apa(m)/PAy)7,
(Q + 1)_1/2a(m)_1/2(m5 n, Qapa Q, 45 1/63 5) mf{n, 6/4})5
gA(m,n, Q. p,,4,1/6,6,inf{n, /4})7, Ag, 1}
and also
Ay =sup {12(A1A3) 71 (A) T2 Ay =(1-2727)7! ifar <1,
As=2+2log2 ifar=1, Ag= 2m+25_1a(m)_1/2A4A5,
L=As+(Q+ 1) 2a(m)/?As.
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Suppose a, 7, V, ¢, T, and w satisfy the hypotheses of the body of the
theorem.

Let s = Ayr. Applying [I.T] twice with M replaced by €7 in conjunction with
Holder’s inequality, one deduces the mass bounds:

(Q—1+0/2)a(m)e™ < [[V[[U(a,0) < (Q+1—36/4)a(m)e™

for 0 < o < r. From applied with M, p, 61, d2 replaced by 4, 1/6, 4,
inf{n, §/4} one obtains, noting [ |Sy — Ty|dV (z, S) < (Q + 1)/ 2a(m)'/2er™ by
Hoélder’s inequality,

IVII(C(T,a,s,48) ~C(T,a,s,ms)) < (§/4)cx(m)s™.
Together this implies, noting (1 +n)s < r,

VIIO(a, (1 +n)s) < (Q+1—36/4)a(m)(1 +n)"s™
<(Q@+1-46/2)a(m)s™,

C(T, a,5,35) C (C(T,a,5,45) ~ C(T, a,5,75)) U U(a, (1 + 1)s)
[VI(C(T,a,s,35)) < (Q +1—0/4)a(m)s™,
IVI(C(T,a,s,3s)) = [[V[|U(a,s) = (Q — 1+ /2)a(m)s™,
hence, using isometries and identifying R" ~ R™ x R"™"™, one may assume
that a = 0, and the hypotheses of [[3] and [[4] are satisfied with r, § replaced by

s, 0.
Defining ¢ : (RN {p:0< ¢ <r}) x G(n,m) — R by

—m 1/2
¢(Qa R) = (Q fU(a,Q)Xg(n,m)lsh - Rh|2 dV(Za S))
for 0 < ¢ <7, R € G(n,m) and choosing T, € G(n,m) such that
#(0,T,) < ¢(0,R) whenever 0 < o <r and R € G(n,m)

and noting € < Ag and A; < 1/4, one obtains from [CA([]) with r, § and =,
replaced by s, ¢ and v/Ag that

00, Ty) < (v/As)vw(o/s) for 0 < p<s.
One infers the tilt estimate
#(0,T,) < Ayyw(p/r) for 0 < o <r.

Next, it will be shown that a similar estimate holds with 7T}, replaced by a
suitable R € G(n,m). Using the lower mass bound, one notes for 0 < p/2 <
t<o<r

(T,)s — (T1)s] < 26 Tau(m) Y2072 (0™ ¢(0, T,) + t™/2¢(t, T3))
<2725 La(m) 2 g(o, T,).

This implies inductively for 0 <t < p <r

(T2)s — (Tp)sl < 2726 () /23002 0(27 0, Tav,),
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hence, noting that the tilt estimate yields
0?2770, Tavy) < Auyd 207 (2770/7)*T = AuAsyw(o/r) if aT <1,
20 ®(27 0. Tavy) < Auy3 27 o(2770/) (1 4 1og(r/e) + vilog2)
< Agy(o/r)(1 +log(r/0)) (2 +log 2570727 v) = AsAsyw(o/r)
if ar =1, there exists R € G(n,m) with
|Ry — (Tp)y| < Agyw(o/r) whenever 0 < o <.

Combining this with the tilt estimate, one obtains, using the upper mass bound,
o(0,R) < 90, T,) + (Q + DY 2a(m) 2 Agyw(o/r) < Tyw(o/r) for 0 < o <r.

Since 0 < ©™(||V||,a) < oo by [[I] one now infers from Allard [All72, 6.4]
in conjunction with, e.g., [Men09b, 2.1] that

o " [f((z—a)/o,S)dV(z,S) — QfRf(z,R)d%mz as o — 0+
for f € Z(R"™ x G(n,m)), hence @™ (||V],a) = Q and R = Tan™(||V||,a). O

8.4 Remark. If ar < 1 and m > 2, then 7 cannot be replaced by any larger
number.

An example is provided as follows. Defining n = ma—fp, choosing for each

i € & an m dimensional sphere M; of radius g; = 271=M=2 with M; C
U(a,27") ~B(a,27%71), one readily verifies that one may take V € IV,,(R")
such that ||V|| = Q™ T + A#™ . M where M = |J;=, M; and r sufficiently
small.

8.5 Remark. In case ar = 1, m > 1, it can happen that

.. —m 1/2 _
lim inf (g fU(a,g)XG(n,m)|Sh - Rh|2dV(z,S)) / w(o/r)~t > 0.

0—0+

To construct an example, assume n —m = 1, with C = R? take v : C — R
of class 1 such that

u(re'?) = r*(logr) cos(20) for 0 <r < oo, § € R,
and verify, using the homogeneity of u,

Lapu(rei‘g) =4cos(20) for0<r<oo,d€eR,
|Diu(x)| < T|z[>~*(1 4+log(1/|z])) for x € U(0,1)~{0}, i € {1,2}

where T is a positive, finite number, hence computing with C' as in [l noting
[Fed69, 5.1.9],

<D2u(x), C(Du(z))) = Lapu(z) + <D2u(:c), C(Du(z)) — C(0))
for z € R? ~{0}, one obtains, since Du(0) = 0,

(D*u,C o Du) € Lo (£ LU(0,1)),
ulU(0,1) € W>4(U(0,1)) for 1 < ¢ < oo.

Choosing g € O*(m, 2) and defining f = u o g, one may now take V associated
to f as in 2.6 with Q = 1.
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8.6 Corollary. Suppose m, n, p, U, and V are as in[F3, either m € {1,2}
and0<7'<10rsup{2,p}<mand7'f2( 7 <1, andV €IVy, (U).
Then there holds for V' almost all (a,T) € U x G(n,m) that
12 _

hm%l}rpr T m/Q(fUaT)XGnm 1Sy — Ty2 AV (2, S)) < 00.

Proof. From [Fed69, 2.9.13,5] one infers that for ||V| almost all a € U there
exists @ € & and T € G(n,m) such that for f € Z(R" x G(n,m))

Er(r)lJrr "Nz —a),8)dV(2,8) = Q[ f(z,T)dA#A™ 2,

" (|[Vl{z:0"([Vl,2) <Q—1},a) =0, O™ (¢,a) < o0,

hence for such a one may apply [8.3] with r sufficiently small and o = 1 to infer
the conclusion. |

8.7 Remark. The examples in [Men094, 1.2] with ¢ = g2 = 2 and a1 = o
slightly larger than "’L"—p show that 7 cannot be replaced by any 1arger number
provided m > 2. However, it will be shown in [Men09d] that “< co” can be

replaced by “= 0.

Max-Planck-Institute for Gravitational Physics (Albert-Einstein-Institute), Am Miih-
lenberg 1, DE-14476 Golm, Germany
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