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ABSTRACT: We analyse the perturbative massive open string spectrum of even dimensional super-
string compactifications with four, eight and sixteen supercharges. In each of such cases, we focus
on universal states that exist independently on the internal geometry and other compatification
details. We analytically compute refined partition functions that count these states at each mass
level. Such refined partition functions are written in a super-Poincaré covariant form, providing
information on how supermultiplets transform under the little group and the R symmetry. Various
asymptotic limits of the partition functions and their associated quantities, such as the leading and
subleading Regge trajectories, are studied empirically and analytically. In the phenomenologically
relevant case of four supercharges, the partition function can be cast into the most compact form
and the asymptotic formula in the large spin limit is derived explicitly.
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1 Introduction

The purpose of this article is to compute the super Poincaré covariant perturbative open superstring
spectrum which is completely universal to all compactifications to 4, 6 or 8 spacetime dimensions
with 4, 8 or 16 supercharges. The number of such models is, of course, enormous and generic
representatives have their own characteristic spectrum. Nevertheless, for each given number of
supersymmetries (SUSYs), one can identify a set of physical states that exist independently on the
internal geometry and any other compatification details. In this sense, one of the main aims of
this work is to focus on universal statements about the spectrum in scenarios with various (even)
numbers of spacetime dimensions and supercharges. The basic quantity we compute in different
contexts is the number of model independent super Poincaré multiplets of given Lorentz and R
symmetry quantum numbers on each mass level of the superstring.

The existence of 4, 8 and 16 supercharges is compatible with various spacetime dimensions.
Theories with a fixed number of supercharges are related to each other through dimensional re-
duction. Note that the minimum number of supercharges existing in 4, 6 and 10 dimensions is
4, 8 and 16, labelled by Ny = 1, Ngg = (1,0) and ANjgq = 1 respectively. From each of such
theories, one can therefore obtain theories with the same amount of SUSYs in lower dimensions
via toroidal compactifications which preserve all the SUSYs [1]. In this paper, Kaluza-Klein and
winding modes are neglected, as these depend on compactification details. Thus, determining the
lower dimensional spectra becomes a group theoretical problem of branching the associated Lorentz
and R symmetry groups. The following Figure 1 gives an overview of the supersymmetric theories
for which we will work out the model independent subset of the open superstring spectrum.

d
N
8 Negg =1
b
6 Nea = (1,1) Nea = (1,0)
1 \:
4 Ny =4 Ny =2 Ny =1
—_——— | — [ ——
16 supercharges 8 supercharges 4 supercharges

Figure 1: Classes of superstring compactifications for which we will discuss the universal particle
content. The arrows within the columns represent dimensional reduction on a T2 torus.



In this paper we are providing for the first time a complete investigation of the universal massive
open string states of higher spin within supersymmetric compactifications of the open Type I super-
string. In particular, we will compute the partition functions of the universal open string spectra
for all type I compactifications with 4, 8 and 16 preserved supercharges. Spectra of the associated
Type ITA/B closed superstring theories with twice as many preserved supercharges can be easily
inferred from our open string results through a double copy of the open string Hilbert space, that
is why they will not be explicitly addressed in this paper.! Four dimensional superstrings subject
to Nzq = 1 super Poincaré invariance are especially worth to be studied, since Nyg = 1 compactifi-
cations with broken supersymmetry are expected to provide phenomenologically interesting string
solutions at low energies with the spectrum of certain extensions of the supersymmetric Standard
Model (see e.g. [2] for a stable low energy open string vacuum, the Standard Model™™ with two
Higgs fields). In addition to the light states, the knowledge of the universal massive string spectrum
is also important in order to compute string scattering amplitudes of massive open string states in
Nig = 1 string compactifications [3]. This task is particularly relevant, if the string scale is low
compared to the Planck mass, as it is true in large volume compactifications.

Refined partition functions

A convenient way to study the spectrum of string states is to compute a partition function that
counts such states with respect to their mass levels. Since the string states transform under rep-
resentations of super-Poincaré algebra, such a counting can be done in a representation theoretic
way, namely the partition function can be written in terms of an infinite power series such that
each power keeps track of the mass level and the coefficient of each term in the series comprises
irreducible characters of the super-Poincaré algebra. In this way, the symmetry of the problem is
manifest in the partition function and the characters contain information on how a supermultiplet
transform under the little group and the R symmetry. Moreover, knowing a partition function is
equivalent to knowing how many times a given representation appears at each mass level — also
known as the multiplicity. Hence, given a representation of super-Poincaré algebra, our aim is to
compute its multiplicity generating function, a power series such that each power keeps track of the
mass level and each coefficient are the multiplicity of this particular representation.

Such a way of counting of string states was already performed explicitly in [4, 5] for the case of
uncompactified (ten-dimensional) string theories. It has also been extensively applied to the study
of moduli spaces of supersymmetric gauge theories [6-14]; in such a context the partition function
is also known as the Hilbert series.

One can also view the partition function we are considering as a trace over the space of physical
states. In the trace, we grade the states according to their mass levels and global charges, but not
their spacetime fermion numbers. The variables used in keeping track of these levels and charges
are called fugacities. The fugacities for the global charges are indeed the ones that appear in the
character of a representation of the super-Poincaré algebra. In general, the partition function is
therefore a multivariate function. We call the insertion of global fugacities into the trace so as
to make the global symmetry manifest a refinement, and we refer to the corresponding partition
function as a refined partition function. On the other hand, in order to compute the total number
of states at each mass level, one can set the fugacities in the characters to unity. This amounts to
computing the dimension of the corresponding representation, and we call the resulting partition
function an unrefined one.

The term ‘refinement’ as for the insertion of the aforementioned types of fugacities has also
been used recently in various papers on elliptic genera and loop amplitudes. There are various

1For the case of heterotic string compactifications, the charged matter fields originate from closed strings, and
hence a priori one expects a different pattern of massive string states. In order to match the heterotic-type I massive
string spectrum via heterotic-type I string duality also non-perturbative states are needed.



‘synonyms’ that have been adopted in the literature, e.g. McKay-Thompson series [15], twining
characters [16, 17] and twisted elliptic genera [18-20]. We emphasise that, on the contrary to
elliptic genera or other types of characters that are used in loop amplitude computations, the states
that we trace over are not graded with a minus sign for spacetime fermions?. As a result, the
partition functions we are considering in this paper do not exhibit a modular invariant property?.

Open string states also carry Chan-Paton factors. The massless states and their massive exci-
tations that arise from open strings with both endpoints attached to a stack of D branes transform
in the adjoint representation of the Chan-Paton gauge group. Their character can therefore be ob-
tained by multiplying the character discussed here by the character of the adjoint representation®.
The massive states corresponding to unoriented strings, on the other hand, transform in various
representations according to the gauge symmetry (see e.g. Page 294 of [21] for further details), and
the character can be computed by multiplying an appropriate character of the gauge group to our
existing character at a given mass level. All partition functions computed in this paper allow for a
straightforward inclusion of the Chan-Paton contributions; hence, we shall not discuss Chan-Paton
factors in the subsequent.

The number of universal open string states

To give a first idea of the orders of magnitude governing the number of universal open string
states at individual mass levels, the following Table 1 summarizes their numbers at low levels
< 9 in scenarios with 4, 8 and 16 supercharges, respectively. They are obtained by expanding
the associated unrefined partition functions. For the cases of 4, 8 and 16 supercharges, the exact
generating functions are respectively given by (4.8), (5.5), (6.6) and their asymptotics at large
mass levels are respectively given by (4.17), (5.12), (6.10). Roughly speaking, the number of states
increases exponentially with respect to the square root of the mass level. The plot is depicted in
Figure 2.

Stable patterns and Regge trajectories

For any number of dimensions and supercharges, we can examine the multiplicities of a supermulti-
plet transforming under a given super-Poincaré representation. In four spacetime dimensions, such
a representation contains an SO(3) spin quantum number; this is half of the SO(3) Dynkin label.
For dimensions d > 4, we refer to the first SO(d — 1) Dynkin label as ‘spin’ in slight abuse of
terminology. This allows for the generalised notion of spin in higher dimensions. It is interesting
to study the multiplicities associated with large spin quantum numbers, i.e. a large spin limit.
There are certain crucial asymptotic patterns that universally appear for families of supermul-
tiplets, regardless of the number of dimensions and supercharges. In particular, there are certain
sets of numbers that repeatedly appear at various mass levels when spins are sufficiently large (and
other quantum numbers are kept fixed). As an example, it is convenient to consider table 3 where

2To illustrate this point, let us look at the first mass level for a 10d theory with 16 supercharges, there are 256
states in total (see Table 1). This number comes from (a) 44 spin two degrees of freedom and 84 three-form degrees of
freedom constituting the spacetime bosonic states, and (b) 128 spin 3/2 degrees of freedom constituting the spacetime
fermonic states. If we had included the grading with a minus sign for spacetime fermions into the trace, we would
have a zero here.

3To illustrate this point, we compare the unrefined partition functions presented in (5.3.37) of [21] and (9.1.14),
(9.1.15) of [22]. The former is the partition function we are interested in and it is clear that such a partition function
does not possess a modular invariant property. On the other hand, observe in the latter that if the grading with
a minus sign for spacetime fermions is introduced in the trace, the contributions from the fermionic and bosonic
excited states precisely cancel in the unrefined partition function, as exemplified in the preceding footnote.

4Furthermore, compactifications with intersecting D branes give rise to model dependent excitations of open
strings that end on different stacks of D-branes [23]. These non-universal states beyond the scope of this work
transform in the bifundamental representation.



’ a'm? ‘ # states for 4 supercharges ‘ # states for 8 supercharges ‘ # states for 16 supercharges

0 4 8 16

1 24 80 256

2 104 512 2.304

3 384 2.576 15.360
4 1.240 11.008 84.224

5 3.648 41.792 400.896
6 9.992 144.784 1.711.104
7 25.792 465.856 6.690.816
3 63.392 1.409.792 24.332.544
9 149.464 4.050.112 83.219.712

Table 1. The number of model independent open string states in compactifications with 4, 8 and 16
supercharges, respectively, up to mass level a/m? = 9.
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Figure 2: The logarithmic plot of the number of states N,, against the mass level m for the case
of 4 and 16 supercharges. The values of N,, are taken from the asymptotic formulae (4.17), (5.12)
and (6.10), which work well for large m.

such numbers are written in red. Since this set of numbers stabilises in the large spin limit, we
refer to it as a stable pattern. In fact, such a pattern appears not only in superstring spectra we are
considering, it also does so in spectra of the bosonic and various other types of string theories as
pointed out in [4]; there, the stable pattern is referred to as the leading Regge trajectory. We shall
henceforth use these two terms interchangably.

Let us explore the stable pattern in more details. For a fixed sufficiently large mass level M,
the stable pattern for a certain supermultiplet family starts appearing when the spin j increases
and reaches a certain value jmin(M). It then extends up to some maximum value jpax(M) where
the multiplicity becomes zero for spins j > jmax(M). As an empirical speculation, we observe that
for a sufficiently large M, the stable pattern appearing in the spin range jmin (M) < § < jmax(M)
occupies approximately half of the spin range 0 < j < jmax(M) of all non-zero multiplicities. As
an example, such a phenomenon is highlighted in red in each row of table 3.

Stated differently, for a given super-Poincaré representation, the highest spin with nonzero
multiplicity approximately scales linearly jmax(M) =~ (M — M) for large M where My is the mass



level at which the first non-zero red number appears. The onset of the stable pattern, on the other
hand, roughly follows a linear scaling, jimin(M) &~ 1(M — Mjy). The region of validity for the stable
pattern is therefore bounded by two straight lines whose slopes have the ratio % In this sense, the
stable pattern gives control over the essential part of the spectrum.

In addition to the stable pattern or the leading trajectory, there is also a notion of subleading
trajectories bounded by linear spin-mass relations with approximate slopes %, %, .... We shall not
go over any detail here and postpone the quantitative discussions to subsequent sections.

Outlines and key results

This article can be roughly divided into two parts. The first part develops the SCFT foundations
for refined superstring partition functions, using conventions from appendix A. Section 2 introduces
SO(d — 1) covariant characters for the degrees of freedom due to the superstring oscillators from
the spacetime SCFT. In order to describe compactification scenarios, the spacetime sector has to be
supplemented by SCFTs describing the internal dimensions. The SCFTs discussed in section 3 cap-
ture the universal states present in any compactification that preserves four and eight supercharges,
respectively.

Starting from section 4, we proceed to the second part of this work where spacetime- and in-
ternal characters are combined to super Poincaré covariant partition functions. Universal states of
four dimensional N3y = 1 supersymmetric string compactifications are thoroughly investigated in
section 4: We analytically derive the stable pattern for supermultiplet multiplicities, in manifest
agreement with the tabulated particle content up to mass level 25. Similarly, section 5 is devoted
to scenarios with eight supercharges — in both six and four spacetime dimensions. Finally, spec-
tra of maximally supersymmetric open superstring theories are discussed in section 6, a chain of
dimensional reductions encompasses d = 10, 8,6 and d = 4 compactifications.

The analysis of universal Ay = 1 supermultiplets in section 4 enjoys the highest phenomeno-
logical relevance and provides the most compact results. Hence, the reader might want to skip
subsections 2.4, 2.5 and 3.2 on higher dimensional generalizations upon the first reading.

Let us summarise the key results in this paper below.

e The exact unrefined partition functions and asymptotic expressions for the number of states
at each large mass level are given in (4.8)-(4.17), (5.5)—(5.12) and (6.6)—(6.10) for theories
with four, eight and sixteen supercharges respectively. The graphs of these numbers versus
the mass level are depicted in Figure 2.

e The exact multiplicity generating functions for theories of four, eight and sixteen supercharges
are respectively given in (4.61)—(4.62), (5.41) and (6.33).

e The asymptotic expressions for the multiplicity generating functions for the theory with four
supercharges are presented in (4.63) and (4.64)

Even though the tools for expanding the refined partition function to any mass level are pre-
sented for all the scenarios, exact formulae for multiplicities of particular multiplets generically in-
volve nested infinite sums. In particular, the bookkeeping of SO(d — 1) quantum numbers becomes
increasingly difficult in d > 4 spacetime dimensions. That is why we elaborate the phenomenologi-
cally relevant and mathematically most accessible Mgy = 1 case in particular depth.

2 The spacetime CFT in various dimensions

The aim of this section is to derive a refined partition function for the oscillator modes of the
worldsheet fields 0X*#,y* associated with the d directions of Minkowski spacetime. They carry



an SO(1,d — 1) vector index u = 0,1,...,d — 1. In the framework of lightcone quantization the

Ld—1 ¢i:2 }3ye,d—1 which carry

physical spectrum is obtained from transverse oscillators X =23
charges with respect to the 3 (d—2) Cartan generators of SO(1, d— 1) outside the lightcone directions.
We assign a separate fuga(nty Yk to each pair of X 1’ components (say (0X2F, 0X2¢+1)) such
that the fugacity subscript lies in the range 1 < k < %(d — 2). Since massive particles with d
dimensional timelike momentum form representations of the little group SO(d — 1), the dependence
on Lorentz fugacities yi necessarily arranges into characters of the massive little group.

It is instructive to first of all study the simplest non-trivial example d = 4 with one spacetime
fugacity. The first three subsections are devoted to the SO(3) covariant partition function of the
four dimensional spacetime SCEFT. As we will explain in later subsections, higher dimensional cases

follow by combining several copies of d = 4 building blocks.

2.1 Bosonic partition function in d =4

The contribution of the lightcone bosons to the refined partition function is

SO(3 q
5@y =PE[(12, - D)@+ +*+¢" +..)] = PE [([Q]y - 1)1_q]
G 1
= = 2.1
1;[ -y Q” —y72¢") (9% Do % Vo 21)
. L -1 U(Q)
=—iq2(Yy—y )55~ - (2.2)
7~91 (yza q)
The representation [2], — 1 = y? + y~2 in the plethystic exponential corresponds to the two com-
ponents OX 1, 0X~ perpendicular to the lightcone. The geometric series T =q+¢Z+¢3+.

on the other hand represents the infinite tower of positive frequency modes of OX¥* which act as
creation operators.

Explicitly, the first few terms in the power series of x
SO(3) characters [k], as

SO(3)(q,y) can be written in terms of

X' P (a,y) = 1+ q(12], — 1) + ¢®[4], + ¢*([2], + [6],) + ¢* (0], + 2[4], + [8],)
*(2[2], + (4], + 2[6], + [10],) + ¢5(2[0], + 2], + 3[4], + 2[6], + 2(8], + [12],)
(4[2] 3[4], + 4[6], + 2[8], + 2[10], + [14],) + ... . (2.3)

From such a power series, we are motivated to rewrite (2.1) as an infinite sum of the form

oo

xo" P (ay) = [kl fl) . (2.4)

k=0

for some function fx(q) which depends only on ¢ and not on y. The use of this form of the partition
function will become clear later.

In order to do so, we rewrite (2.1) using the g-binomial theorem® as
2(m n) >
SO(3 m+n
V=Y Z T = D fila) (2.5)
m=0n= O k=0

Before proceeding further, let us state an identity that we are going to use many times later. From
(A.5) and the residue theorem, we find that

do.n form=0,
drsou el = { ’ (2.6)
/ ! %wlm\,n - 5|m\,n+2) form #0 ,

n

5 ; 1 — z
The version we use states that = = > Go="



where the Haar measure of SO(3) is given by (A.9). It is clear from the absence of odd y powers
in (2.5) that only integer spin representations of SO(3) occur. We therefore have for11(q) = 0 for

all k, and the nontrivial coefficients to compute are®

for() = / dusow ®) X5 (1) (2K,

—1
_ Z qzm ro—+ lmg: 5m—n,k - 5m—n,k‘+1 qm+n + 1 f: 5"—7”719‘ - 57L—m,k+1 qm+n
=len T 257 (GDn(go)n 2 = (G Dm(E)n
© 2n+k
=3 G e
= (¢q)

(45 Qntkt1

3

— (g )2 P, (p+1)k+5p(p+1) pH1Y (. mq%m(mH) 1
= (@9 ) (=1 2 (1—=¢""")a:q)

NE
=L
NE
=

W(Q;Q);

I
=)
3
I
=)

p

(_1)71—1(1 _ qn)2an+%n(n—l) ) (27)

[M]8

=(g;9)2

Il
-

n

We obtain an SO(3) character expansion of the bosonic partition function:

o0

X2"a,y) = (@02 D (1) (1 - ¢")?

n=1

an—&-%n(n—l)pk/,]y ) (2.8)

M8

=
Il
o

Note that the pattern > oo, (—1)""1¢"¥[2k], ... (where the ... ellipsis does not depend on y and
k) is described in section 6 of [4] as an alternating sequence of additive and subtractive Regge
trajectories of slope % This is the source of stable patterns as described in the introduction in
bosonic string theory. We will rediscover these patterns in the counting of SUSY multiplets later

on.

2.1.1 Multiplicities of representations [2m] and their asymptotics

Let us determine the multiplicity of irreducible SO(3) representations [2m] at each mass level.
Recall the orthogonality of characters with respect to the Haar measure:

/ dpsog ()[mly[nly = Gmn - (2.9)

From (2.8), we find that the generating function of the multiplicity of [2m] is

M(x3® 12m);q) = / dusoe (y) 2mlyx 2" (4. y)
= (G2 Y ()" - q")2qznnlgnm (2.10)
n=1

Asymptotics as m — oo. The expression (2.10) found for multiplicity generating functions
greatly simplifies in the limit m — oo of large spin and mass level. In order to compute an
asymptotic formula in this regime, we apply Laplace’s method (see e.g. section 6.7 of [24]) to our
question. Since 0 < ¢ < 1, the terms in the series peak sharply near the n = 1 term as m — oc.
Therefore, it is expected that for any € > 0

1+ €]
M(XZO(S)’ [2m]; q) ~ (g; q>;02 Z (_1)n—1(1 _ qn)Qqén(n—l)qnm7 m— 0o . (2.11)

n=1

6In intermediate steps, we are making use of identities like >, q"(1+P) (@75 9) 00 = (45900 (@275 @) 0o -



Now let us write n = 1 + ¢, where t is small compared with 1. Note that
1
2" =1 4 5(loga)t +0(t*) | (2.12)

Substituting the leading term of this power series into the right hand side of (2.11) and extending

the region of summation to oo, we find that the leading behaviour of M(Xgo(?’), [2m]; q) is given by

SO _ =
MO [2m)iq) ~ (40032 3 (— 1)1 (1 — g2+
t=0

o (1 —q)? (1™

~ T T g (L )
g
= (059 Togn? — 00 (2.13)

The higher order corrections can be computed by taking into account the subleading terms of (2.12).
Note that the next to leading term of (2.13) is of order O(¢?™logq). Thus, asymptotic formula
(2.13) reproduces the exact result up to O(¢g*™1).

Interpretation and stable pattern. We can extract some information about bosonic string
states from (2.13).

e The representation [2m] appears first time in the bosonic partition function Xgo(g)(%y) at

mass level ¢".

e The multiplicities of [2m] at levels g™, for 0 < £ < m —1, are independent of m. We refer to
a set of these numbers as a stable pattern for bosonic string theory. The generating function
for such a stable pattern can be determined by taking a formal limit m — oo in (2.13):

Tim g M (", [2m]; )
= (%9l =[[a-¢"? (2.14)
k=2

=1+2¢* +2¢° + 5¢* +6¢° + 13¢° + 16¢" + 30¢® + 40¢” + 66¢*° + 90¢"*
+ 142¢'2 + 19243 + 290¢™* + 396¢*° + 575¢' + 782¢'7 + 111248
+ 15004 + 2092¢%° + 2808¢>! + 3848¢% + 5132¢* 4 6945¢%*
+9192¢% 4+ O(¢*%) . (2.15)

Note that terms with low orders in this power series are in agreement with the data presented
in Table 6b of [4].

2.2 The NS sector in d =4

Under NS boundary conditions, the worldsheet superpartners ¢’ of the lightcone bosons contribute

fns(gsy) = PEp | ([2]y — 1) lqjq
= ﬁ (42" ) (1 +y 2" 1?) (2.16)
n=1
L 95 (y?
— g7 37(71(/(1;‘1) (2.17)



to the spacetime partition functions. We shall rewrite this function as an infinite sum by means of
Jacobi’s triple product identity (see, e.g., subsection 19.8 of [25]) :

ﬁ(l—x M1+ 22 ) (1422 ) = i am (2.18)

n=1 m=—0o0

Applying identity (2.18) with 2 = ¢*/? and z = 3 to (2.16), we obtain

fxs(a,y) Z Y2 (2.19)
= (¢t Y. ™ (1 - g ) 2m], (2.20)
m=0

where (2.20) can be obtained by applying (2.6) and the orthogonality of the characters to (2.19) as
follows:

/d#50(3)(y) Ins(q,9)[2k], = (¢34 lzq 26, k= Z qm/5—mk+1

= (g:9) (qw %(’”N)
= (@) (1= g% (2.21)
Let us combine the bosonic partition function with the NS-sector contribution. Using (2.1),
(2.20) and the multiplication rule [2m] - [2k] = Zgﬁl;n mj[2l], we find that
XoeD(a,y) = x5V (g, y) fus(a,y) = —ig"(y - y‘l)m (2.22)

00 k+m

Z (L gm (L= g T Y e ST 2] (2.23)

k=0  (=|k—m)|

ﬁMx

The expression in the curly brackets {-- -} can be rewritten as Y ;- fimn(¢)[2k], for some function
Sfemn(q). In order to determine this function, we use the orthogonality of characters:

k' +m
fkmn(Q) = /d.uSO Z an Z 26]1} [Qk]y
=0 {=|k'—m/|
o k' +m
=2 " D
k=0 e=|k'—m|
k4m , nlk—m| _  n(k+m+1)
—q
U'=|k—m)|
Therefore, we obtain
SO O ny in(n—1)+m?
Xos a,y) = (@ 0)22 D0 3 (=) = g E) (1 — g gE D
m=0n=1
Z n\k m| _ (k+m+1)) [2]6} ) (225)
k=0



We emphasise that the SO(3) irreducible representations with odd Dynkin labels do not appear in

the partition function ng@)(q, Y).
In terms of a power series in ¢, this can be written as

a9 (g,y) =1+ q1/2<[21 —1) + q[2] + ¢*/2([0] + [4]) + ¢*([0] + 2[4]) + ¢*/*(2[2] + [4] + [6])
g>(3[2) + [4] + 2(6]) + ¢™/2(2[0] + 2[2] + 4[4] + [6] + [8])
q*(3[0] + 3[2] + 5[4] + 2[6] + 2[8])
+q9/2<[ |+ 7[2] + 4[4] + 6[6] + [8] + [10])
+ ¢°([0] + 9[2] + 7[4] + 7[6] + 2[8] + 2[10]) + ... (2.26)

Setting y = 1, we obtain the unrefined partition function

Xng gy = 1) = x5 (q,9) fns (g, y)

_ 1+4q¢" 1/2
H( 1—q" )

— _ ?9 17
= (q;9)>93(1,9) = q s¥s(La)

n(q)?

2.2.1 Multiplicities of representations [2j] and their asymptotics

(2.27)

Similarly to the bosonic partition function, we can read off the generating function for the multi-
plicities of the representations [2j] at different mass levels of the NS superstring

o0 oo

2
MRS, 120, 0) = (@033 D (1= g™ )= 3 (=1)" 11— g")g2" D x
m=0 n=1
(qn|j*m| _ qn(j+m+1)) ) (2.28)

Asymptotics as j — co. In this limit, we have |j — m| ~ j — m for a finite m. Futhermore, the
summand as a function of n is sharply peaked near n = 1, and so we can determine the leading
behaviour of the sum over n using Laplace’s method as follows:

oo
S ()L = gD (g — grltmaD)
n=1
1+ €] ‘ ‘
~(1-gq) Z {qn(rm) — q"(Jer“)} for e >0
n=1
~1-9Y [q<t+1>(j—m> _ q<t+1><j+m+1>]
t=0
_ (1 _ ) q]—m _ qj+m+1
= DT Zg=m — 1= gitm+
) 1 _ q2m+1
=¢ ™1 - - - . 2.29
¢ DG ) (2:29)

Therefore, we find that

SO(3 .
M(XNS( )a 127, q)

o . (1= g2m+1) (1_q%+m)
~(39) (1_‘1[2‘1 v m)(1+qj‘m)]

m=0
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_a . 1—q o Lo e A
~ (Q§Q)oo3qjm [ Z q2(m 1)°—3 (1 _ q2m+1) (1 . q2+m)1

= (g;9)3¢" ¢ ( ! _qq-) Us(1,q) . (2.30)

Note that asymptotic formula (2.30) reproduces the exact result up to the order ¢/ ~%. We em-
phasise that the representation [2j] appears first time at mass level ¢/ -3,

In [4], the individual n summands of (2. 28) are interpreted as an alternating sequence of additive
and subtractive Regge trajectories of slope ~. In the notation of equation (6.2) of that reference,

the M(Xf]g(g) [27],q) are expanded as
U2l = 80 - PR30 + ) -

= > (1) ") . (2.31)
=1

M (xys

Setting |j —m| = j —m in (2.28) leads to the following asymptotic expressions for the Té\ISZ

oo

1 1 2 1
79 = (o)l 1—-¢")) @M (1 -gmt2) (1 g (2.32)

m=0
We will later on rediscover this trajectory structure in the counting of SUSY multiplets.

The stable pattern. The generating function of the stable pattern can be determined by pro-
jecting the sum in (2.31) to the first term (or, equivalently, by taking the limit j — oco):

(39D 12,q) = ()

(q7q) q 1/2( )2193(17(]) (233)
= (2 + 2q 4 8¢° 4 14¢> + 34¢™ + 58¢° + 120¢° + 204¢" + 378¢° + 632¢°

lim ¢~/ M

j—o0

+1096¢"° + 1786¢" + 2968¢*2 + 4722¢"% + 7578¢** + 11818¢'° + .. .)+

1
+ (—+\/§+6q3/2+9q5/2+24q7/2+42q9/2+88q11/2+151q13/2

Va
+ 287¢"%/% + 4804¢"7/2 + 846¢'%/? + 1388¢°"/? + 2326¢%%/% + 3724¢%/?
+6025¢%7/2 + 9438¢2%/2 + . ) . (2.34)

Note that terms with low orders in the power series (2.34) are in agreement with the data presented
in Table 6¢ of [4].

2.3 The R sector in d =4

The R sector of the worldsheet superpartners 1* of the lightcone bosons contributes

fr(g,y) = (y+y " )PER {([Q}y - 1)13(1}

=(+y" H L+ (1+y %q") (235)

,_.

\_/

92(y* q)
Cn(g)

\ -

(2.36)

I
)
5
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to the spacetime partition function. Again, it will turn out to be beneficial to rewrite this function
as an infinite sum. We proceed as follows. Replacing z by xz in (2.18), we obtain

oo
H (1 —2®)(1 4 2?2)(1 + 2*" 2271 Z gmrmm (2.37)
n=1 m=—oo
Using the identity
H (1+22" 271 = H + el (2.38)
n=1 n=1
we arrive at
o] +oo m2+m m+1/2
(1+2%"2)(1+2?271) = m=—co ¥ : (2.39)
1;[ Hn 1(1 - x?n)

Applying identity (2.39) to (2.35) with = ¢'/? and z = y?, we have

+oo

fr(q,y) = (¢;9) Z 2L gm(me+1)/2

m=—0o0

q)ool Z q%m(m-‘rl)(l _ m+1)[2m+ 1]

gl Y ™A gmt)2m), (2.40)

mEZZo*F%

=4q

where the second equality follows from (2.6) and the orthogonality of the characters.
Let us combine the contribution from the R-sector with the bosonic part. Using (2.1) and
(2.35), we find that

50(3)(

SO(3
XRr ()(

4,Y) = Xp

(oo} oo
= (g Y. DDA - g TE)(1 - g gl

meZLyo+5 n=1

00 fnla.y) = —ify — y ) 2L (2.1

x Y (gl — )y ok 4 1] (2.42)
k=0

This resembles (2.25) up to a shift in the summations over m, k by 3. We emphasise that SO(3)
irreducible representation with even Dynkin labels do not appear in the R sector partition function

xal @ (a,y).
In terms of a power series, this partition function can be written as
il P (a,y) = (1] + 208lg + 2((1] + [3] + [5))a + (4[1] + 4[3] + 4[5] + 2[7)) ¢
+ (6[1] + 10[3] + 8[5] + 4[7] + 2[9])¢*
+ (12[1] + 18[3] + 16[5] + 10[7] + 4[9] + 2[11])¢°
+ (22[1] + 32[3] + 30[5] + 22[7] + 10[9] + 4[11] + 2[13])¢®
+ (36[1] + 58[3] + 56[5] 4 40[7] + 24[9] + 10[11] + 4[13] 4 2[15])q" + ...  (2.43)

Setting y = 1, we obtain the unrefined partition function

1+ _1 19 ]-7
xao g y=1) = 2H<1_Z> =q 5 (:9)>02(1,9) = ;( 9 (2.44)

n=1
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2.3.1 Multiplicities of representations [2j + 1] and their asymptotics

The generating function for the multiplicities of the representations [2j + 1] at different mass levels

are
. -3 — = m L(m+1)? = n— ny  sn(n—
M%), 125 +1,9) = ¢ 5 (@002 Y (1— g2 37 (L) (1 - g)g D x
m=0 n=1
(qnlj—m\ _ qn(j+m+2)) (2.45)

in close analogy to (2.28). In fact, one can obtain the above formula by shifting m — m + % and
j — j+ 3% in (2.28) and multiply by an overall factor q s,

Asymptotics as j — oo. Similarly to the NS-sector, we find that the leading behaviour of
SO(3) 1o - .
M(XR 9 [2.] + 1]7Q) 18

SO(s .
M(x5°® (25 +1],q)

= (03¢ + < ! ;4) ¥2(1,q) - (2.46)

Note that the representation [2j + 1] appears first time at mass level ¢/ and the asymptotic formula
reproduces the exact result up to the order ¢%7—1.
Also the multiplicity generating functions of the Ramond sector are suitable for an expansion

in terms of Regge trajectories:

SO . - . o
ML 12 +1],09) = @) - &) + ¥ — ...

o0

= S (=) ) (2.47)

{=1

The |j —m| = j —m asymptotics yield the following expressions for the £’th Ramond trajectory 73
ad 2
3 1 1 1
() = (@0l 0—q¢") ) ¢ (1 - g (1 - M) (2.48)
m=}

The stable pattern. The generating function of the stable pattern can be determined by taking
the limit 7 — oo:

Tim g MO 125+ 1) = ()
= (903 (1 = 9)*0a(1, ) (2.49)

=2+ 4qg + 10¢° 4 24¢° + 48¢* + 964° + 184¢° + 336¢" + 600¢° + 1048¢" + 1784¢"°
+ 2084¢" " + 4912¢'? + 7952¢"3 + 12704¢"* + 20048¢"° + 31256¢'¢ + 482244¢"7
+ 73680¢"® + 1115204 + 167368¢%° + O(¢*!) . (2.50)

Note that terms with low orders in the power series (2.50) are in agreement with the data presented
in Table 6d of [4].
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2.4 Bosonic partition function in d > 4
The bosonic partition function in d = 2n + 2 space-time dimensions can be written as
SO(2n n q
X" (g.y) = PE [([1,0,...,0]50<2 - 1)1_q} : (2.51)

where y = (y1,...,yn) and the character of the vector representation [1,0,...,0] of SO(2n + 1) is
given by (A.6). The 2n = d — 2 summands in [1,0,... ,0]50(%“) —1="0_(y? +y;?) reflect the
OX* components outside the lightcone. Using (A.8), we see that this choice of character allows us
to write

X2 B (q,y) = PE

T Z([2]yk - 1)]

l—q7

H S06) (y (2.52)

Observe that the (2n + 2)-dimensional partition function is simply a product of n copies of the four
dimensional partition function. From (2.8), we have

SO(2n+1)

X5 (@.y) = (G)" Y Z H rATH(1 — gna)2grakatanatmaDigg ] (2.53)

nezy keZ

with Z denoting the set of positive integers and Z>o = Z4 U{0}. For our purpose of resolving the
SO(2n + 1) content of the partition function, the aim is to rewrite (2.53) in the form

SO(2n+1 B,SO(2n+1
Ty = Y One )y GO0 ) (2.54)
A1 2220
where the summations run over highest weight vectors A := (A1, ..., \,) € Z" subject to inequalities
A1 > - > Ay >0, see Appendix A for the conversion rule to Dynkin label notation [a,. .., ay].

Since (2.51) involves only the vector representation and the plethystic exponential generates sym-
metrisations of the representation, there is no spinor representation of SO(2n + 1) appearing in

X;O(QHH)((], y); therefore,
B,S50(2n+1) .
Gyt @=0, A eEZ. (2.55)
In general, GB S?gin+1)( ) can be interpreted as a generating function for the multiplicities of the

SO(2n + 1) representation (Aq,...,A,) in the bosonic string partition function.

Some useful relations between SO(2n + 1) and SO(3) representations
B,50(2n+1)

In order to obtain compact formulae for the multiplicity generating functions G B (q), we
have to convert the SO(3) character products in (2.53) into a basis of (Aq,..., )\ )y7 i.e. we have
to find the A coefficients in the basis transformation

[T2kal. = D AQw . A2k, 2k) (M An)y - (2.56)

A=1 A>..>A,>0

In general, according to (5.10) of [4], it can be shown that the coefficients in this basis transformation
are given by

A()\h vy )‘na 2k17 XN an) = /d:u’SO(Qn+l) (y) ()\17 BERE) )\n)y H [2kA]yA
A=1
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1 2+ Aa—A—oa(A)
! Z sgn(o2) H Oira- Ataa( ()| (ko (4))
" 01,00€8,

n

=7 det (6547877 (ko) (2.57)

: A,B=1
gESy ’

where the function 07, (k) is defined as

o (k) = 1 iftm<k<n, (2.58)
" 0 otherwise . '

Note that for spinorial representations (A1 + %,..., A, + 3), (2.57) vanishes identically:

1

A<A1+2 JAn + = 2k1,...,2kn>0, VAeZ and Ay > --- > A, > 0. (2.59)

Thus, Eq. (2.57) implies the following expansion rule for SO(3) character products in terms of
SO(2n + 1) characters in Dynkin label notation:

n

H[ZkA]yA = Z (01 ln1,200]y A (2k1, . 2k A+ LA by lo+ oA Ly ly)
A=1 L€ZT

(2.60)

The inverse decomposition formula for an integer spin representation follows from the SO(2n + 1)
Haar measure (A.lO):

(01, b1, 2]y Z H [2kalys A+ Lo+ o4 Ly by 4 oAby o3 2k, 2k,
keZ”

(2.61)
where p(y) is defined as in (A.11) and £ = ({1,...,4,) € Z%,

Similarly, one can convert spinorial SO(3) character products to SO(2n + 1) characters via

A, A2kt + 1, 2k + 1) f:/duso(2n+1( ) M- H [2ka +1]
_ 1 det [ 92 Tra7A-B [ L\" 2.62
= Z et { O\, "t o(a) T 5 . (2.62)
" o€eS, A,B=1

For integer spin representations of SO(2n + 1), (2.62) vanishes identically:

AN 2k +1,0..,2k,+1)=0, VYA€Zand \y >---> X, >0. (2.63)
We thus have the following decomposition for products of spinorial SO(3) characters
n
[T2ka+10y, = D [a,. o lnr, 20, + 1]y
A=1 eezy,
1 1 1
A2k +1,...,2k, + 154 +€2+...+ién,€2+...+§€n,...,§£n , (2.64)
with inverse
1 n
(01,5 b 20 £ 1]y = 225 12k + 11y,
Py kezgo A=1
1 1
xA<€1+£2+ AL, + ot el 532k 2kn+1> . (2.65)

—15 —



Generating function for the multiplicities

According to (2.53), the bosonic spacetime partition function in 2n + 2 dimensions depends on
Lorentz fugacities through the factor

Z AL, A 2k, o, 2k g Rt Ak

E1yeeskn >0
. 2n+Aas—A—B n niki+...4+npkn
= E det(ep\A —A+B| (kA))A,leq 1

n

=det | > O3 AT AT (ka)g M . (2.66)

kaz0 A,B=1

s

Let us apply this to (2.53) to compute GB SO 2nﬂ)( ). For \y > --- >\, > n—1, the argument

An

in the absolute value is non-negative and so

Z A(Ala"'7)\n;2k17...,an)qnllir"‘nnkn
k1,..,kn>0

=T I @ —a)1—q"ts) forh 22 A 2n—1. (267)

A=1 1<B<C<n

It is pointed out by [4] and can be checked directly that the contribution from A, < n — 1 to the
bosonic string partition function is zero. Therefore, we have

Gfl,:SO&Qn+1)(q 2n Z H ’rLA 1 —q A)Qan()\AfAJrl)Jr%nA(nAfl)
nezy A=1
< JI (@< -a=)a-qete), (2.68)
1<B<C<n

forall Ay,..., A\, €Zand \; > ... > )\, >0.

2.5 The contributions from the NS and R sectors in d > 4
The contribution from the NS sector can be obtained by taking a product of n copies of (2.25):

SO(2n+1)
XNS( s H XNS q ya)
_ (q;q)gjn Z Z H nA+1 ( . qu—i-%) (1 . an>q%[nA(nA—1)+mi‘]x
mGZ o MELY A=1
Do Tl sl - grateasmath) o, (2:69)
kezt, A=1

Similarly for the contribution from the R sector, the product of n copies of (2.42):

n

SO(2n SO

xa B W g y) = T xa" (@)
A=1

=q 5 (q;9) " Z Z H 1)rati( _qu+1)(1_an)q%["A(nA—l)-&-(mA+%)2]X

mezZy nGZ”A 1
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[ (gmtkammal — gratkatmat2)y o, 4 1], . (2.70)
kezn, A=1

V3

The unrefined partition functions can be written as

7n/8 193(17 Q)n

g (g {yi = 1)) =« el (2.71)
SO(2n+1) oy UL
XR (¢ {yi =1}) = O (2.72)

3 Internal SCFTs

The SCFT description of four- and six dimensional string compactifications with Nyg = 1, Nyg = 2
or Ngq = (1,0) spacetime SUSY comprises universal sectors with enhanced Nog = 2,4 worldsheet
SUSY [26-29]. The purpose of this section is to collect the associated charged characters, starting
from the expressions given in [30, 31] but adapting the dependence on fugacities s,z and z of the
internal symmetries to the R symmetries of the spectrum.

3.1 N34 = 2 worldsheet superconformal algebra at ¢ =9

The internal SCFT universal to any four dimensional string compactification with AMyg = 1 space-
time SUSY enjoys Nag = 2 worldsheet SUSY. The resulting model independent partition function
receives contributions from characters of the Aoy = 2 superconformal algebra with central charge
¢ = 9. Its representations are characterized by the conformal weight h and the U(1) charge ¢ of
their highest weight state. The representations needed to describe Nyy = 1 compactifications have
(h,£) = (0,0) in the NS sector and (h,¢) = (£, 2) in the R sector.

The Aoy = 2 SCFT at ¢ = 9 can be split into two decoupled sectors, each of which enjoys a
U(1) symmetry. The first one carries central charge ¢ = 1 and can be completely bosonized; let
us denote the U(1) occurring in this sector by U(1); and its h = 1 current by J;. In addition,
there exists a second decoupled sector with ¢ = 8 which involves conformal primiaries g* of weight
%, see e.g. [29]. It enjoys an independent U(1), under which the g% have opposite charges. The
it that carry opposite charges under both
U(1); and U(1)y and factorize into conformal primaries of both sectors. The following figure 3
summarizes the decoupling SCFT ingredients.

c = 9 supercurrent can be split into two components G

internal Noy =2 SCFT Q ¢ =9
spacetime SCFT | b oo ]
S0(3) _ SO(3) & ¢ =1 sector ¢ = 8 sector
XNs 0 XRr . .
with U(1)1 with U(1)2

Figure 3: Universal SCFT ingredients of Ay = 1 scenarios.

Spacetime symmetries are generated by BRST invariant h = 1 SCFT operators, and it turns
out that only the current J; + J2 associated with the diagonal subgroup S(U(1); x U(1)2) is BRST
closed. Hence, only S(U(1); x U(1)2) can take the role of the U(1)r symmetry of the spectrum.
Accordingly, we have to define the charged internal character with respect to the diagonal current
J1 + Ja to see the U(1)g at the level of the partition function”.

"We cannot give a local representation of J2 in terms of the gjE fields from the ¢ = 8 sector, but we can
make its existence plausible through an analogy: The currents of the SO(d) Lorentz symmetry schematically read
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We denote the fugacity for charge under the S(U(1); x U(1)2) = U(1)g subgroup by s. On
the level of the charged characters, this leads to a different fugacity dependence compared to
(3.15)% of [30] where the internal charge is defined through the J; eigenvalue rather than the
Ji + J» eigenvalue®. For instance, the supercurrent components are products of operators from
both sectors, so G, are charged under both U (1); and U(1)2 but neutral under the diagonal

int

subgroup S(U(1)1 x U(1)2). The xﬁgg) factors in the following character formulae are due to the
oscillator modes of the stress energy tensor, the internal current and the supercurrents. U(1)g

neutrality of the latter forbids an s dependence at this point and sets the second argument of the

Xigg) characters to unity.

The NS-sector
The internal character in this sector is given by
qp2+p—% 52P
(14 qP72) (1 + ¢gt2)
L gP =% 5%

= (G920 *Q)ﬁs(hq)lgz T DAt oD
=1+4q+ (2+52)¢%? + (34 52)¢* + (4 + 82)¢°/? + (6 + 252)¢°

+ (10 4 482)q™/2 + (15 + 652)¢* + (20 + 852)¢”/? + (28 4 1252)¢°

+ (42 4 1959 + 54)¢*% + (59 + 2759 + 254)¢°

+ (78 4 3652 + 254)¢"3/2 + (107 + 5lsy + 3s4)q” + O(¢**/?) ,

Noa=2,c=9 (= \ _ SO(3
XNgL,ih:O,Z:O(q’ s)=(1- Q)XNS( )(Q» 1) E
pEeZ

where we have introduced the notation

Sn:{s +s™:n>0 (3.2)

1 :n=20
to compactly represent the fugacity dependence.

The unrefined internal character (i.e. setting s to unity) can be rewritten in terms of modular
functions as follows:

2d=2,C= 19 17q
X/lt{s‘fhj(’)’[fo(q; s=1)= ql/gzgq)?’> Is(1,¢%) — q1/4?92(17q2)} - (3.3)

The R-sector

The internal character in this sector is given by

qp2—1 §2p—1
(1 +¢) (1 + g 1)

Naa=2,c=9 50(3
XR nes si—s/2 (@ 8) = (L — a)xg @ (1) Z
PEZL

YryY + X[HoXV]. Even though X* itself is not a conformal field involved in the construction of the spectrum, the
product X[#5X*! is inevitable to form a BRST invariant completion of the h = 1 primary ¥*¥. The addition of
XaX"¥] for the sake of BRST closure is the spacetime SCFT analogue of the J» current.

8The R sector analogue of the NS character (3.15) is not explicitly displayed in [30] but must be inferred through
spectral flow.

9The author of [30] denotes by z the fugacity of charge under U(1);. For us, it makes sense to rescale the units of
internal charge by 3/2 which amounts to the correspondence s <+ 23/2 (in addition to the aforementioned inclusion
of J2). Moreover, the character in (3.15) of [30] is defined as the trace over g0 —¢/24 with ¢ = 9, instead of ¢%0. The
reason we consider the latter is because we are dealing with critical string theories, and so the total central charge
of all matter and (super) ghost sectors taken together vanishes; this explains the presence of q_g/24 factor in (3.15)
of [30] but not in (3.1).
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qp2 — % S2p7 1

-3
= (q;9)>(1 — q)Y2(1, 3.4
PEZ
= 51 + 2519 + 65147 + (253 + 1451)q> + (453 + 30s1)q*
+ (1083 + 6251)¢° + (24s3 + 12251)¢° 4 (5083 + 230s1)q" + O(¢®) .
The unrefined internal character can be rewritten in terms of modular functions as
—2,0= _1/4V2(1,q

a5 = 1) = 20 [0a(1,2) - 401,67 (35)

Some features

Let us discuss some properties of the above internal characters.

e The units of U(1)g charge are normalized such that all integer powers of s occur. According
to the infinite sums within (3.1) and (3.4), even powers sq, firstly occur along with q”zﬂ”l/?,
i.e. in the NS sector at mass level p? +p — 1. Odd powers sg,_1 of the U(1)g fugacity, on the

—5/8 10

other hand, firstly show up at power qu , i.e. in the R sector at mass level p? — 1

e The unrefined internal R character (3.5) can be derived from the NS counterpart (3.3) by
exchanging ¥, and 95 and multiplying by an overall factor ¢—3/8.

e In contrast to their cousins in [30], the charged characters (3.1) and (3.4) of the NS- and R
sector are not related by spectral flow because the internal fugacity s is defined through the
U(1)g symmetry current J1 + J» and not through the bosonizable U(1); current Ji.

e Both of the unrefined internal characters (3.3) and (3.5) are not modular invariant. This can
be seen from the modular transformation g — § = e=27%/7,

02 (1,9) =94, )V =it ,  n(@) =nl@QV—ir,  Us(1,q) =9s3(1,9)vV—it.  (3.6)

3.2 N4 = 4 worldsheet superconformal algebra at ¢ = 6

The existence of eight supercharges in four or six dimensional spacetime implies that the universal
part of the internal SCFT contains a sector with central charge ¢ = 6, enhanced Nay = 4 worldsheet
SUSY and SU(2) Kac Moody symmetry at level 1. The ¢ = 6 representations contributing to the NS
sector and R sector of Nyg = 2 and Ngg = (1,0) spectra are characterized by values (h,£) = (0,0)
and (h, () = (i, %), respectively, of the conformal weight h and the spin £ with respect to the SU(2)
Kac Moody symmetry.

The ¢ = 6 SCFT is governed by Nog = 4 worldsheet SUSY and SU(2) Kac Moody symmetry at
level k = 1. In the notation of [29], the supercurrent components are built from two spin fields A2
of conformal weight i which form a doublet under the SU(2); Kac Moody currents J4=%23 and
additional weight g fields g1,2 which decouple from the J A The g1,2 form a doublet under another
SU(2)s which is embedded into the SCFT sector decoupling from J4. Figure 4 summarizes the
mutually decoupling SCFT sectors involved in Mgq = (1,0) compactifications:

1(‘JThe onset of the s, at ¢ power qim2+%m+c‘m“ might seem counterintuitive in view of the bosonized operators
etsV3mH (with H a free boson) which contribute smq%m2 to the character. The mismatch between the g exponents
%m2 + %m and %m2 is caused by the fact that generic contributions to s, at fixed U(1)g =2 S(U(1)1 x U(1)2) charge
stem from composite fields with both U(1); and U(1)2 charges. The operator of lowest conformal weight along with
some Sy,>3 is charged under both U(1)1 and U(1)2. Since the internal fugacities in [30] only count U(1)1 charges
and are insensitive to U(1)2, the leading ¢ power associated with some sp, in the characters of the reference can be

directly traced back to the aforementioned operators etz V3mH
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NS »» AR

Figure 4: Universal SCFT ingredients of AVgg = (1,0) scenarios.

We shall use charged characters in the following where the fugacity r is defined with respect to
the diagonal subgroup within the two decoupling SU(2)’s acting on the A2 and g; » doublets. In
other words, the insertion into the character trace is the BRST invariant sum of the two SU(2); 2
Cartan generators associated with the SU(2)r symmetry of the spectrum. This makes sure that
the diagonal component Ag; + A2gs of the supercurrent is a singlet of the diagonal SU(2), as
required by the BRST invariance. The character formulae (21) and (22) in [31]'! are therefore
slightly modified in their  dependence.

The NS-sector

The internal character in this sector is given by

m, 1 —2
Nog=4,c=6 m2+L1 om 2 -
ar )Y g
XNS,h=0,(= olasr) = XNS — 1+ qm—%
> 1—q)(1—ghts .
= (g:9)0s(1,q) Y_[2Kk], 1 -g) —¢7%) e (3.7)

T (14 g 3) (1 + ¢4 3)
= (0] + [2lrg + (2] + [0]:)¢* + ([2], + 2[0))q® + (2[2] + 2[0],)¢*?
+ (402]r + 2(0],)¢® + ({4 + 5[2] + 4[0],)¢"* + (2[4 + 6[2], + 7(0])¢*
+ (2[4, + 10[2], + 8[0],)¢”* + (3[4], + 16[2] + 9[0],-)¢°
+ (6[4], + 21[2], + 15[0],)¢"/ + (9[4], + 27[2], + 23(0],)¢°
+ (12[4], + 39[2], + 27(0],)¢"*/* + ([6], + 17[4], + 56[2], + 33[0],)¢"
4 O(q15/2) .

The unrefined internal character for the NS-sector can be written as

c= J3(1,q 1+7
XJI\\Ifgd}L4ogGO(q’r1)q1/83;7(((l)) {12111/#( 5 ,T>:| , (3.8)

where p(u, 7) is an Appell-Lerch sum defined in (A.20); for our purpose, we have'?

1471 i qzm s
T =— , 3.9
“( 2 > 193(141)1%Z 143 (39)

where we have used the fact that ¢ (e2ﬂi(1+7)/2, q) = ¢ /895(1, q).

The R-sector

The internal character in this sector is given by

Nog=4,c=6 SO(3 omt1 4 L1241
XRzljfi; ;( r) = XRrR (g,1 E e 1 +q q2m 2™
meZ

M Note that the sign in the second pair of brackets in the numerator of Eq. (24) of [31] should be +.
12This function is also closely related to the function h3(q) introduced in [31-33].
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1 _3 - — A —¢") 1peysy
= 1 2 1
q 5(q;9) 5 92(1,q sz k+1 ey o VA (3.10)
= (1] + 2[1]rq + (23], + 4[1],)¢” + (4[3] +10[1],)¢*
+ (10[3],- + 20[1],-)g* + (2[5],- + 22[3],- + 38[1],-)¢°
+ (6[5],- + 44[3], + 72[1],)¢" + (14[5],- + 86[3], + 130[1],-)¢" + O(q®) .
The unrefined internal character for the R-sector can be written as
de 4,c=6 "‘92(13 q) <qm - 1) l'm,(7nJ,»1)
’ r=1)= 2
XR,h—i,Z:%(q’r ) n(q)3 n%:z 1+qm q
U2(1, q) K 2 ) Lim( +1)]
= 1 —_ qzm m
n(q)? XG:Z L4gm
_1892(1,9)? )
=g V82U 9018 (1/2,7)] 3.11
= (12 /2 )] (3.11)
where we have!?
. im(m+1)
1 qz
1/2,7) = — , 3.12
K20 =g S (3.12)

where we have used the fact that ¢1(—1,q) = 92(1, q).
Some features

e According to appendix A, characters [n], of SU(2)g follow the same highest weight notation
as for SO(3), i.e. we have [1], = r + r~! for the fundamental representation and [n], =
'Zli 2n /2 r2F in the general spin n/2 case. Again, the infinite sum representations allow to
read off the lowest level where individual SU(2)g representations contribute: Integer spin
representations [2k], firstly occur at power ¢¥*/2t5=1/2 j e at mass level'* |k2/2+k —1/2].
k2/2+3k/2—1/4’

Spinorial representations [2k + 1], on the other hand, firstly show up at ¢ ie.

at mass level k(k + 3)/2.1

e Observe that the unrefined internal characters in both NS and R sectors involve Appell-Lerch
sums, which are mock modular forms. Since the characters and are holomorphic in g, it is
immediate that they are not modular invariant. Also, as before in the Nyg = 2 SCFT, the
relation between NS and R characters through spectral flow is absent due to the adaption of
the internal fugacity to the SU(2)g symmetry.

4 Spectrum in N4 = 1 supersymmetric compactifications

This section opens up the main body of this work where the SCFT ingredients introduced so far
are applied to counting universal super Poincaré multiplets in the perturbative string spectrum?'®.

13 This function is also closely related to the function ha(g) introduced in [31-33].

14The floor function || picks out the nearest integer smaller than or equal to its argument.

15The lowest g power along with some SU(2)g representation [n], is generically caused by an operator charged
under both SU(2); and SU(2)2. That is why one cannot identify these leading ¢ exponents with the conformal
dimension of a simple CFT operator such as an exponential e¥9 | see the footnote at the end of subsection 3.1.
16The methods within this work are adapted to the representatives of physical states in the canonical superghost

pictures: After stripping off the superghost contributions e9? from the h = 1 vertex operators (with ¢ = —1 and
hle=®?] = % in the NS sector as well as ¢ = — 5 and h[e é/2) = % in the R sector) this amounts to counting operators
in the matter part of the SCFTs with welght h = 5 in the NS sector and h = g in the R sector.
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We start with the phenomenologocially relevant and mathematically most tractable Ny = 1 su-
persymmetric scenario. Its SCFT description requires the internal sector with enhanced Nog = 2
worldsheet SUSY introduced in subsection 3.1, independently on the compactification details. The
BRST invariant completion of the internal current takes the role of the U(1)z symmetry generator.
Lorentz quantum numbers enter through the partition functions (2.25) and (2.42) of the spacetime
SCFT for the 0X* and ¥* oscillators, expressed in terms of characters of the massive little group
SO(3) in four dimension.

The universal part of the Ny = 1 spectrum is built from both spacetime oscillators and
internal operators. On the level of its partition function XN4d:1(
a GSO projected product of NS- and R characters from the spacetime- and internal SCFT, see
(3.1) and (3.4) for the latter. In a power series expansion in ¢, the coefficient of the n’th power

q;9, s), this amounts to forming

q" comprises characters for the Ay = 1 super Poincaré multiplets occurring at the n’th mass level
with m? = n/a’. The aforementioned massive supercharacters are functions of SO(3) fugacity y
and U(1)g fugacity s.

The fundamental A3y = 1 multiplet!” consists of 2 real bosonic degrees of freedom and a
Majorana fermion with 2 real fermonic on-shell degrees of freedom after taking the Dirac equation
into account, see e.g. [34]. The two real bosonic degrees of freedom can be complexified to yield a
complex scalar and its complex conjugate; they transform as a singlet under the little group SO(3)
and each of them carries opposite R-charges +1 and —1. On the other hand, the two real fermonic
degrees of freedom transform as a doublet under the little group SO(3) and each of them carries
zero R-charge. Thus, these 242 states yield the character

ZWNw=1) = [, +(s+s7h). (4.1)

Any other massive representation of Nyg = 1 super Poincaré is specified by the little group SO(3)
quantum number n and the U(1)r charge @ of its highest weight state or Clifford vacuum. Its
SO(3) x U(1)g constituents follow from a tensor product:

[,Q] = ZWNaa=1)-5%n], = s9[n], (y + (s+s71) (4.2)
s (In+1] + (s+s ] + [n—1)) forn >1
B (] + (s+s7H[0]) forn=0

The super-Poincaré character [n, @] corresponds to 4(n + 1) states of spin 2L, 2 and (if n # 0)

"T_l that can be generated from a Clifford vacuum with spin n/2 and U(1)g charge @ + 1'®. Note
that @ is even whenever the maximum spin quantum number n + 1 is.
In this setting, we find the (GSO projected) Nyg = 1 partition function

Nia=1

Mgy, s) = xd' T laso (4:9,) + x

N4d:1
R

X laso (¢;y,5) , (4.3)

where GSO projection removes half odd integer mass level a/'m? € Z — % from the NS sector and
interlocks spacetime chirality with U(1)g charges in the R sector. We can capture this projection

17 As we shall see below, the fundamental multiplet does not appear on its own in both massless and massive spectra.
Representations appearing in the massive spectrum arise from certain non-trivial products with the fundamental
multiplet.

18In this terminology, the first label of [n, Q] refers to the average spin of the SO(3) irreducibles. We deviate
from the common practice that supermultiplets are referred to through the highest spin therein. The supercharacter
[3,0] = [4] + [2] + (s + s~1)[3], for instance, describes U(1)r neutral bosons of spin two and one, and two massive
gravitinos of opposite U(1)g charges.
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through!?:

- 1 _1| sog Nag=2,c=9 50(3 ; Nog=2,c=9 ;
XN Jaso (@) = e xS g ) XN 0 (@5) — XRs. (mig;y) XS om0 (€2 g 8)|
Nag=1 1 so@ Naa=2,c=9 i
W aso (@) = 5 xn 0 (@ Y) X rs/2(4:9) (4.4)

In order to compactly represent the leading terms in a power series expansion of the partition
function xV4¢=1, let us introduce the shorthand

[n,+@Q] + [n,—@Q] : @#0

[n, 0] Q=0 (45)

xa] -~ |

which exploits that U(1)r charges always appear on symmetric footing @@ <> —@Q. The pairing of
supermultiplets with opposite (nonzero) U(1) g charges combines Majorana fermions as they appear
in the fundamental multiplet (4.1) to Dirac fermions.

2

xN4d:1(q;y,s) _ <y2+y2 + 1(y+y1)(s+sl)> L + (ﬂ370]} + [[O,il]])q

24 states at level 1
4 massless states

+ ([5,0] + [3,0] + 2[2,+1] + 2[1,0])¢°
104 states at level 2
+ ([7,0] + [5,0] + 3[4, +1] + 5[3,0] + 2[2,+1]
+ [1,£2] + 5[1,0] + 3[0,%£1])¢* + O(¢*) (4.6)

The content of the first eight Ny = 1 levels is summarized in Table 2. The explicit form of the
vertex operators at mass level one?’ can be found in section 5 of [29] (equations (5.3) to (5.6) for
bosons and equations (5.14) to (5.18) for fermions) in the RNS framework, and references [35, 306]
provide their superspace description.

Character multiplicities up to mass level o/m? = 25 are gathered in table 3 and in the tables
of appendix B.1.

4.1 The total number of states at a given mass level

In this subsection, we focus on the total number of states present at a given mass level. These
numbers can indeed be obtained by adding up the dimensions of representations presented in table
2. Our aim here is to compute such numbers analytically and asymptotically for large mass levels.

19The formula for the GSO projected R sector is reliable for positive powers g2 only and inaccurate at the massless
level: The coefficient of ¢¥ in Xg“dzl lgso is %(y +y 1) (s+s71) instead of the desired value ys -+ (ys)~!. One can
just add to the former %(y —y~1)(s —s71) to compensate this mismatch. This artifact of the mismatch between
massive and massless little groups does not affect the main focus our analysis — the massive particle content. Indeed,
the character ys corresponds to the left-handed gaugino and the character (ys)~! corresponds to the right-handed
gaugino; they carry opposite R-charge +1 and —1 and opposite helicities +1/2 and —1/2.

20T et us discuss about the states at the first mass level. The 24 total states consist of the following multiplets:

(1) the massive spin 3/2 multiplet [3,0]: it contains a massive spin 2 field with 5 on-shell degrees of freedoms
(OSDOFs), a massive spin 1 field with 3 OSDOFs, a massive spin 3/2 field with 4 OSDOFs, and a Dirac fermion
with 4 OSDOFs; so we have 848 real OSDOF's in total

(2) the massive spin 0 multiplet [0, £1]: the two constituents [0, 1] and [0, —1] of the massive scalar multiplet
correspond to two massless chiral fields, ® and o (not complex conjugate to each other) at @ = £1. The opposite
Q-charges are necessary to form an invariant mass term ®d in the superpotential. This multiplet contains 4 + 4
real OSDOF's coming from two complex scalars plus two Majorana fermions; the latter are equivalent to one massive
Dirac fermion. Note that the spin 0 multiplet is also referred to as two spin 1/2 multiplets in [29].
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’ a'm? ‘ Representations of Nyg = 1 super Poincaré ‘

1 [3,0] + [0,%1]

2 [5,0] + [3,0] + 2[2,£1] + 2]1,0]

3 [7,0] + [5,0] + 3[4,+1] + 5[3,0] + 2[2,£1] + [1,£2] + 5[1,0] + 3[0,+1]

4 [9,0] + [7,0] + 3[6,£1] + 7[5,0] + 4[4, £1] + 2[3,£2] + 12[3,0]
+11[2,£1] + 2[1,42] + 12[1,0] + 3]0, £1]

5 [11,0] + [9,0] + 3[8,£1] + 7[7,0] + 5[6,£1] + 2[5,+2] + 17[5,0] + 18[4,+1]
+6[3,£2] + 31[3,0] + 20[2,£1] + 6]1,%2] + 28[1,0] + [0,+3] + 15]0, £1]

6 [13,0] + [11,0] + 3[10,%1] + 7[9,0] + 5[8,£1] + 2[7,+2] + 19[7,0]

+21[6,+1] + 8[5,£2] + 45[5,0] + 39[4,+1] + 15[3,+2] + 72[3,0]
+3[2,43] + 58[2,£1] + 17[1,42] + 64[1,0] + 21 [0, +1]

7 [15,0] + [13,0] + 3[12,1] + 7[11,0] + 5[10,1] + 2[9,2] + 19[9,0] + 22[8,1]
+8(7,2] + 51[7,0] + 49[6,1] + 22[5,2] + 108[5,0] + 4[4,3] + 105[4, 1]
+43[3,2] + 166 [3,0] + 5[2,3] + 115[2,1] + 38[1,2] + 136 [1,0] + 6]0,3]
+66[0,1]

8 [17,0] + [15,0] + 3[14,1] + 7[13,0] + 5[12,1] + 2[11,2] + 19[11,0]
+22[10,1] + 8]9,2] + 53[9,0] + 52[8,1] + 24[7,2] + 125[7,0] + 4[6,3]
+135[6,1] + 62[5,2] + 254[5,0] + 10[4,3] + 223[4,1] + 101 [3,2] + 357 [3,0]
+21[2,3] + 274[2,1] + [1,4] + 89[1,2] + 289[1,0] + 7[0,3] + 112]0,1]

Table 2. The content of the first eight Ny = 1 levels.

The starting point is the unrefined partition function obtained by setting the fugacities y and
s in (4.3) to unity. The total number of states N,, at the mass level m can be read off from the
coefficient of ¢™ in the power series of XN4d=1(q; y=1,s=1).

Supersymmetry implies that

Nya=1

XNa = aso (y =15 =1) = x3 ™! |aso (Gy=1,5=1) . (4.7)

which can, of course, be checked directly using (4.4), (2.27), (2.44), (3.3) and (3.5). Since the
formula for the R sector is simpler, we proceed from there.

XN gy =1, =1) = 23 |aso (Gy = 1,5 = 1)
SO(3 Nog=2,c=9 L
=xi gy = DXRE S es (G5 = 1)

_ q71/4 192(17 q)2
n(q)s

Indeed, the power series of XN4d:1(q;y = 1,s = 1) in ¢ reproduces the numbers presented in the
first column of Table 1. We mention in passing that xNM:l(q; y=1,s =1) is not a modular form.

Da(1,¢%) — ¢ 40s(1,%)] - (48)

The number of states at each mass level and its asymptotics

The number of states at the mass level m can be computed from

_ 1 dq N4d:1(

_% Cqm+1 q;yzlvszl)v (49)

m

where C is a contour around the origin.
Let us compute the number of states Ny, in the limit m — oco. Since the integrand of (4.9) is
sharply peaked near ¢ = 1, we need to examine the behaviour of XN4d:1(q; y=1l,s=1)asqg—1".
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The ¢ — 1~ regime in question is related to the easily accessible ¢ — 0 limit
@)~ (Lo ~1, Ga(lg)~1, g0 (4.10)
through modular transformation ¢ = €277 s § = e~ 2™/7:
1
Yo-function : ¥4 (1,3) = 02(1, q)V—=iT ~ —(1 — q)*/%05(1,q)
V2T
= 9a(1,q) ~V2r(1—q)"?,  q—17, (4.11)
1
¥3-function : 93 (1,4) = 95(1, q)vV—it ~ —(1 — q)"/?95(1, q)
V2
= 193(17(1) ~V 27T(1 - q)71/2’ q— 1~ ’ (412)

n-function : n(q) = n(g)V—it ~ \/%(1 —q)*n(q)

2
~V21(1 = q) /2 T 1- 4.1

= W)~ VI e (GE) a1

Hence, we have
192(17(]2) ~ Q93(17(12) ~V 271—(1 - q2)_1/2 ) q— 1~ ) (414)

andsoasq— 17,
_ _ - _ 7T2

gy = Ls = 1)~ (202 R- 20- - )Me (< ) L )

Hence, as m — oo,
Ny ~ (QW)_g/QL%% (- 0?10 ) Pexp [~ —mlogg) . (416)

2mi Jo q log q

Observe that the argument of the exponential function has a critical value at gy = exp(—7/v/m);
this is the saddle point. The direction of steepest descent at this point is the imaginary direction
in g. We deform the contour C such that it passes through ¢ = gy and tangent to this direction.
The leading contribution comes from expansions around ¢ = ¢y in the steepest descent direction.
Writing ¢ = qoe’®, we have

Ny ~ (21)732(1 = 0)2(1 — ¢/*)(1 — ¢3) /% x

1 € 2
% do exp <_10—|—10gq0 — m(29 + 10gq0)> 5 e>0
~ (2m) (1 = 0)2(1 = g5/ ) (1 — g]) T/
1 € 3/2
62”\/5%/ df exp (mﬂ- 6% + 0(93)> , e>0

3/2
df exp (_m 02)
oo T

~ ?%m_2 exp (2mv/m) m — 0o . (4.17)

The plot of the exact and asymptotic values for N, against m is depicted in Figure 5.

— — T/m 1 >
~ (2R (1 - g - ) e

4.2 The GSO projected NS- and R sectors

In what follows, we compute analytic expressions of the refined partition function y
and discuss its asymptotic behaviour.

Nia=1(q;y, 5)
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Figure 5: The plot of the exact and asymptotic values of log N,,, against the mass level m for the
case of 4 supercharges.

The NS sector
Let us write the partition function XN4d Ylaso (¢; 9, 8), defined in (4.4), as

XN laso (45,8 Z Z [2k]ys™ Fip(a) (4.18)

k=0 p=—o00

where the function F,?Is(q) follows from (2.25), (3.1) and (4.4):

o0

FES(Q) (4:9)2(1 = q)g” - Z 1" ”)q(g) Z(qnlkfm\ _ gnUetme)y
m=0
112 (1—qm3)05(1 > (14 q™t3)94(1
% *qu ( q . ) 3( aqz +(_1)m ( +q i ) 4( 7q2 (419)
2 (1+gP72)(14gPt2) (1—qP3)(1—qPt3)

This expression can be simplified further in the asymptotic limit k — co. In this limit, ¢™/*~™I ~

¢"*=™) and the dominant contribution in the summation over n comes from n = 1. The summation

over n can be asymptotically evaluated as follows (assume that m is finite):

n=1

0 0
Z n+1 1 _ qn)q(Q)(qn\k—rrq _ qn(k+m+1)) ~ Z(_l)n+1(1 _ qn)qn(k—m)(l _ qn(2m+1))
n=1
(1-

1— 2k
(ﬂgk)f ) (¢ (1= @)} L (420)

The summation over m can be evaluated by considering

Soam T (1= gt (1= @) = g (1 - )ds(1a) (4.21)
m=0
SN T (1) (1= g2 ) =~ (1 - @)va(l,q) (4.22)
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In such a limit, the function F, gﬁ(q) becomes

1 _ oy pos 1—q?F J3(1, q)* Y4(1,q)?
Fpp(@) ~ 5(a:0)0 (1 — )’ g P k4[ ot e
2 L) LA+ 2) (1 +g7F2)  (1—gP72)(1—qrt2)
1 : ¥3(1 94(1, q)?
~ S (g:9)30 (1 — q)Pqr HrHhs [ 31( 1 - 41( .4) ! ] s koo
2 (1+¢=2)(1+g7t2)  (1—gP72)(1—grt3)
(4.23)
The R sector
Similarly the partition function XN4d laso (¢;y, s), defined in (4.4), can be written as
XN laso (45,5 Z Z 2k + 1], FR(q) , (4.24)
k=0 p=—o00
where the function F,Ep(q) follows from (2.42), (3.4) and (4.4):
2_ 5
1 qP T3
b 1- V(1
k(@) = 5(60)( q)(1 n qp)(l ) 2(1, )%
Z( 1)n+1 " Z q2(m+ ) _ m+1)( n|k—m| _q7z(k+m+2)) ) (425)
n=1

In the limit £ — oo, this function can be simplified further. The summation over n can be asymp-
totically evaluated as follows (assume that m is finite):

o0

Z(_l)n+1(1 _ qn>q(g) (qn\k—m| _ qn(k+m+2)) ~ Z(_l)n+1(1 _ qn>qn(k—m)(1 _ qn(2m+2))
n=1
(1-

n=1

q) (1—-¢%*) i
(1+¢k)*

and the summation over m can be computed as follows:

¢ " (=g}, (4.26)

oD m (1= g™ (1= ¢*™ ) = (1 g)9s(1,q) - (4.27)

m=0

Therefore, we have the following asymptotic formula:

B (@) ~ Lo 210 =0 (1= )
P2 () (1 ) (1 + %)
6 @7 HFE(1—g)?

1,
PO Iy

4192(17 Q>2

92(1,9)? , k— oo . (4.28)

Combining both sectors

Combining the NS- and R contributions from the previous subsections gives rise to the following
SO(3) x U(1)g covariant partition function

oo

V) =3 3 (2 FES () + 2k + 1,57 FE ()
k=0 p=—0o0
= Z {[Qk] (FQS(Q) + Z 82pF;§S(Q)> + [2k +1] Z 82p—1F;5p(Q)} ;o (4.29)
k=0 p=1 p=1
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where s, is defined by (3.2). Even though the F, ,yzs, and F, ,fjp functions are known, the representation
(4.29) of the overall partition function does not make Nyg = 1 SUSY manifest to all mass levels.
In order to do so, we have to combine SO(3) x U(1) g representations to supermultiplets (4.2) and
rewrite (4.29) as?!

XNM:l(% Y, S) = Z Z [[n’ iQ]] M(XNM:l’ [[n’ Q]]’ Q) . (430)
n=0 Q=0

This introduces a multiplicity generating function M (xV4a=1, [n,Q], q) for the supermultiplet [n, Q]
appearing in the partition function xN4d:1. To lighten our notation in the subsequent steps, we
shall use the shorthand

Gno(@) = M=, [n, Q] q) - (4.31)
By comparing (4.29) with (4.30), it is immediate that
G2n,20(q) = Gant1,20+1(q) =0, forallm>0and Q >0 . (4.32)

Recurrence relations

In order to relate the supersymmetric multiplicity generating functions G,, ¢ to their SO(3)xU(1)r
relatives F,?IS and F,f,fp, we use (4.2) to rewrite (4.30) in terms of characters of irreducible SO(3)
characters and the fugacity s as

XN“:l(q; y,s) = [0] [(Gl,() +2Goq) + Z 520 (Go20-1 + G129 + Go20+1)

Q=1
o0 o0

+ Z[Qk] { (Gak—1,0 +2G2x,1 + Gapg1,0) + Z 52Q (Gak—1,20 + Gar20-1 + Gor,20+1 + G2k+1,2Q)
k=1 0=1

+ Z[Qk +1] Z 5291 (G2r,20-1 + Gart1,20—2 + Gary1,2¢ + Goart2,20-1) (4.33)
k=0 Q=1

where G, ¢ is a shorthand notation for G, g(q).
Comparing (4.29) with (4.33), we have the following relations:

2Go,1(q) +G1(q) = Fé\,lg(Q) ) (4.34)

Ga2i-1,0(0) + 2G21,1(q) + Gar1,0(0) = Frgla) , k=1 (4.35)

Go,20-1(9) + Go2g+1(9) + G129(q) = F(TS(Q) , Q=>1 (4.36)

Gar-1.20(0) + Gar29-1(q) + Gor20+1(@) + Gary120(0) = FRgla) , k,Q >1 (4.37)
Gak,20-1(0) + Gart1,20-2(0) + Gart1,20(0) + Gart220-1(0) = Frgle), k>0,Q >1. (4.38)

These relations are useful for computing a multiplicity generating function for a representation
[odd,even] (or [even,odd]) when the one for opposite parity is known. However, the recursion is
not powerful enough to directly determine all the G,, g in terms of F, ,SIE and F ,f’”p. The following
subsection follows an alternative approach to determine the G, ¢.

21The symmetry of (4.29) under s — s~! guarantees that M(XN‘le7 [n,Ql,q) = M(XN4d:1, [n, —Q1, q), so we
shall henceforth assume that @ > 0.
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4.3 Multiplicities of representations in the A 44 = 1 partition function

Our aim in this subsection is to factor out the fundamental Ny; = 1 super Poincaré character
Z(Nag = 1) = [1], + s + s~ ! and to compute explicitly the multiplicity generating functions
Gn,Q(q) for [[naQ]] in

M= gy, s Z Z [, Q1Gn.q(a) - (4.39)

n=0Q=—o0
Using the second equality of (4.2) and orthogonality of SO(3) x U(1) g representations, we have

N4d=1(

Grala) = MO [0, @) 0) = 5 4 [ dnsow () s @20 o)

Iy +(s+s71)
where C is a contour in the complex s-plane enclosing the origin. In order to proceed, we use the
geometric series expansion of the inverse Z(Nyq = 1),

m

! _ 1 1% = Z(—l)mL. (4.42)

My +(s+s1) s+s7t14 e (s 4 s~ 1)mtl

Nia=1

In what follows, we consider the contributions from XN4d =1 laso (¢;y,s) and xR laso (g;y,s)

separately and then add up these results to yield the overall multiplicity generating function defined
by (4.39),

M= [0, QL q) = MORE™" |asos [n, Q1. 0) + MOy~ |aso, [, Q, 9) (4.43)
where le\\%f;l |aso are given by (4.18) and (4.24).

Multiplicities in the NS-sector

The series expansion of (Z(Nyq = 1))~ leads to the following NS sector contribution to the multi-
plicity generating function of the supermultiplet [n, Q]

/\f4d 1
N 1 [ds nly, X laso (¢, 5)
MO lesos [n, Ql,q) = 3 ?/dﬂSO(B)(y) Tgy X Nﬁ] =

=28 S () () 271m]|{| . Eis SQ(HS o /duso(?, (], (1] [2K],
(4.44)

We shall henceforth take C to be a circle centred at the origin with the radius 1 — e, with 0 < e < 1.
The quantities in the curly brackets can be computed as follows:

1 7{ ds 5P
20 Jigj=1—c 5 89(s 4+ s71)mHL

(_1)%(Q—m—2p—1) (%(Qﬂrfnfz]afl)) forQ—moddand Q+m >2p+1 (4.45)
0 otherwise , .
22Note that m can also be written in another way as follows:
: = S (—1)msm (4.41)

Uy + (s +s71)

m=0

However, we shall not take this approach, since otherwise this would lead to tensor products in (4.46) and (4.47)
which are harder to evaluate in comparison with our current approach.
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and

Tont1 (m, 4 n— k:) if m is even
d 2n), [1]7[2k], = 2 4.46
[ s ) (20l 117 25, {O P (4.46)
o Tonso (M, im+n+2%—k if m is odd
/dMSO(B) (?J) [2” + 1]y[1]yL[2k]y = { i ( ? 2 ) . . (447)
if m is even ,
where
m m

honi= (M) (") s

Note that (4.45), (4.46) and (4.47) are in perfect agreement with the selection rule

Nia=1 _ Naa=1 _

The nonzero multiplicities of [2n,2Q + 1] and [2n + 1,2Q)] receive the following NS sector contri-
butions:

MOAE™" asos [20,2Q + 1] 9)
co oo Q+m

_Z Z Z Q m— pFNS( )(Q +2:L_p>T2"+1(2m’m+n_k)7 (4.50)

k=0 m=0 p=—o0
M (N2~ |aso, [2n + 1,2Q], q)

oo oo Q+m

Z 3 ()P ENS (g )(QQLnj__lp>T2n+2(2m+1,m+n+1k). (4.51)

0m=0p=—oc0
Multiplicities in the R-sector
Similarly to the NS sector, the generating function for the multiplicity of the representation [n, Q]

in the function XR4d Ylaso (¢;y, s) is given by

[y xR

1 ds n X laso (¢:y,s)
M N4d 1 ,TL d JX R =
O™ leso, [, Q. q) = 5 eioe rso@ () " [y + (54 5°1)

2p—1

1 ds s -
- Z Z Z @ 5mi ?{l . 5 sQ(s + s 1ymHL /dMSO(s)(y) [n]y (152K + 1],

m=0 k=0 p=—o0

(4.52)
with 0 < e < 1,
L
210 Jis=1—e 5 89(s +s71)mHl
B (—1)3(Q=m—2p) (%(Q—s—;n—%)) for Q —m even and Q +m > 2p (4.53)
0 otherwise , .
and
Tont1 (m, Imyn—k-— l) if m is odd
[ dusow(w) (2l 52k + 1), = : : (4.54)
if m is even ,
Ton Ama4n—k if m i
/ dusow(y) 20+ 1y {2k + 1], = { 2rez (moamn =) - ifmis even (4.55)
if m is odd ,
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where T),(m, k) is defined as above and the zeros once again confirm the selection rule (4.49).
The multiplicities of [2n,2Q + 1] are given by

M(X.{?\{&d:l laso, [2n,2Q + 1], q)

o oo Q+m
e +m—-p+1
I N A B
k=0 m=0 p=—o0 m
The multiplicities of [2n + 1,2Q)] are given by
M(x3*=" |aso, [2n+1,2Q], q)
co oo Q+m
—m— Q +m — p
= Z Z Z (—1)° pF;f:,,(Q)( om Tonto(2m,m+n—k) . (4.57)

k=0 m=0 p=—o0
Combining the NS and R sectors
Now we can assemble the NS- and R sector results to obtain the full multiplicities of the represen-

tation [n, Q] in xN*=1(q; y, s). First, it is clear that

Gan2q(q) = Gany120+1(9) =0 . (4.58)

The nonzero multiplicities of [2n, 2Q + 1] and [2n+ 1, 2Q] are most conveniently presented in terms
of the shorthands

o +m—
Mizn,20+17(M, 0, k3 q) = (fl)Q p F,SIIS,(q) (Q p> Ton+1(2m,m+n — k)

2m

—p+1
_FE?( )<Q+m D+

om 4+ 1 >T2n+1(2m +1,m+n-— k)] (4.59)

—m— +m —
Man+1,201 (M, 0, ksq) = (1)@ | P (q) (sz 1 p) Toni2(2m+1,m+n+1—k)
+ Fi(q) (Q +27:1 - p) Tomi2(2m, m+n — k:)] (4.60)

for the contributions M. .;(m, p, k; ) of individual terms in the m, p, k triple sum to the multiplicity
generating function. The result for [2n,2Q + 1] supermultiplets is

o oo Q+m

Gon20+1(q) = Z Z Z M2, 20417 (M, p, k; q)

k=0 m=0 p=—oc0

= lz {m[[2n,2Q+1]] (m, —p — 1, k;q) + Mp2n 2q+17(m + p, D, k; Q)}

Q-1
+ Z Mpzn2q+17(m,m+p+1kiq)| (4.61)
p=0

whereas the multiplicities of [2n + 1,2Q)] are given by

0o oo Q+m
G2n+1,2Q(Q) = Z Z Z fm[[znﬂ,zcg]](m’p, k;q)

k=0 m=0 p=—o0

= [Z {m[[2n+l,2Q]] (m7 e 1, k, q) + m[2n+172Qﬂ (m + p,p, k’ q)}
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Q-1

+ Y My 0gp(mym+p+1,k;q) | - (4.62)
p=0

4.4 Asymptotic analysis for the multiplicities

This subsection is devoted to the multiplicity generating function G,, g(¢) in the limit n — oo.
We shall present analytic expressions for their n — co asymptotics whose derivation is defered to
appendix D. The method essentially relies on identifying the dominant contribution to the triple
sums in (4.61) and (4.62). The end result for multiplicity generating functions G,, ¢(g) reads

Conraol)) ~ LT r ) s (4.63)
an+1,2Q9) ™~ — 57 ¢ q, ) n o, .
e 2(q; 9)%,

(1—q)%q" 3 g(@+D (1 — g)

02(1,9)* = F(q,Q) — F(q,Q+1)| (4.64)

Gan2qg+1(q) ~

20¢:9)% (1 +q) | (1+4¢9) 1+t

with the function F(g, Q) given by

F(0,Q) = 02(1,0%[¢" ur(v2.Q) + (-1)2(1 - ) (1 (va, @) + 4~ *ur(v2.Q))]
+15(1,0)% | = '~ u2(v4, Q) + (-1)%(1 — 0) (12(V, Q) + 4w (V4 Q)|
+04(1,0)*[¢%ua(— a3, Q) = (~1)°(1 — ) (02(—v7 Q) + ¢*wr(—v73. Q)] - (4.65)
The three pairs of functions u;, v; and w; correspond to the three summations in (4.61) and (4.62):

1 — g*PtHiQ+6
1+ ¢2rF2)(1 + g2 +4)

ule,Q) = 3’

p=0

> 2 1 — g*rHiQ+d
us(q,Q) = D ¢*PH o — - (4.66)
= (1+¢?*1)(1 + ¢73)
K P (@ L [L QL 2-Q (14’
U1 (qa Q) = Z 2p—2 2 3F2 ; )
= L+ =2)(1+¢%) \2p p+1/2, p+1 4q
[Q/2] 292 2\2 2
1 P(1 P 1 1, 2 1-— 1
UQ(C],Q): Z ( +q2)(i1 ( +q2)+1 ( Q )3F |:aQ+ , 2p+ Q; ( +Q)] , (467)
= (1+¢» 1)1+ ¢+ \2p+1 p+1, p+3/2 4q
.0 0 Q-1 (_1)p+1q1+2(1+7n+p)2—2m (1 + q2)27” (Q;{p)
wi\g, = m m )
Pt (1 + g2 +p)) (1 + g2+ +p))
co Q-1 —1)p+1 2(m+p+%)2—2m 1+ 2\2m+1 (Q—1—p
wa(g,Q) =q 2 Z =y (ql T qltemep) (E T §+)2m+2p)( 1) (4.68)
m=0 p=0 q q
Note that the leading orders in the power series are
2
Gant1,20(q) ~ ¢"T@E@) Ganaqs1(q) ~ g"T@ et q—0, (4.69)

i.e. the supermultiplet [2n+ 1, 2Q)] firstly occurs at mass level n+Q(Q+2) whereas the [2n,2Q +1]
multiplet firstly occurs at mass level n + Q2 4+ 3Q + 1.

For reference, we list the leading ¢ powers for the G, ¢ regime for some small values of the
U(1)r charge, obtained by expansion of (4.63) and (4.64): firstly for even values Q) € 2Ny

Goni1.0(q) ~ ¢"(1+ q+ 7¢* + 19¢® + 53¢* + 133¢° + 328¢° + 752¢" + 1689¢® + 3635¢° + O(¢*°)) ,
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Gont1.2(q) ~ q"T3(2 + 8¢ + 24¢® + 73¢% + 187¢* 4 467¢° + 1090¢° + 2457¢" + 5314¢% + O(¢°)) ,
Gont1.4(q) ~ ¢"8(2 4+ 10q + 36¢* + 110¢° + 306¢" + 773¢° + 1861¢° + 4245¢" + 9327¢° + O(¢%)) ,
Gant1,6(q) ~ ¢"T15(2 + 10q + 38¢® + 124¢> + 352¢* + 928¢° + 2282¢° + 5335¢" + O(¢®)) , (4.70)

and secondly for odd values @ € 2N — 1

(q) ~ ¢" (3 + 5g + 22¢% + 53¢> + 150¢ + 345¢° + 8364° 4 1824¢" + 4011¢® + O(¢9)) ,
Gons(q) ~ ¢"°(4 4 11q + 46¢* + 117¢% + 331¢* + 784¢° + 1876¢° + 4133¢" + O(¢®)) ,
Gons(q) ~ ¢" (4 +12¢ + 55¢% + 150¢° + 437¢* + 1078¢° + 2640¢° + 5951¢" + O(¢®)) ,
Gon7(q) ~ " 19(4 +12¢ 4 56¢° + 159¢° + 474" +1197¢° + 2994¢° 4 6882¢" + O(¢®)) . (4.71)

G2n,1 q) ~

Note that the general formula greatly simplifies at U (1) charges @ =0 and Q =1,

Gans1,0(a) ~ (q,";ﬁ{;a 0207 (i (V) 2(1.0)°  [ua(VD(1.0)* — ua(~yDa(1.0)"] )
A
+ 3(11 +qq) q *9a(1, q)2} , n — 00 (4.72)
(=gt s U5(1,9> da(l,q)? 1 2

,glJrq

—q
where u;(q) = u;(g; 0), see the first subsection of appendix D.

4.5 Empirical approach to N4 = 1 asymptotic patterns

In the previous subsection, we have derived the large spin asymptotics for multiplicity generating
functions G, ¢(q) of individual N4 = 1 multiplets (at finite @) while & — o0), the main results being
(4.63) and (4.64). The asymptotic formulae can be viewed as the supersymmetric generalization of
truncating the infinite sum expression (2.10) for the SO(3) multiplicity generating function in the
d = 4 bosonic partition function to its n = 1 term. In [4], this n = 1 term is interpreted as the
leading (additive) Regge trajectory of unit slope, followed by an infinite tower of sister trajectories
of fractional slope and alternating sign. Let us borrow the 7 notation from equation (6.2) of [4] and
expand the Gy o(¢) in an infinite series of trajectories:

Gontroo(a) = " 71%(a) — ¢" 5% + " 73%a = 20T %) (4T
(=1

)
nT12Q+1( _ q2n7_22Q+1(q) + q3nT§Q+1 Z l 1 En 2Q+1(

G2n,2Q+1(q) =4dq Q) Q)

(=1

All our Ny = 1 data suggests that both of 7'52 (¢) and 72Q+ (¢) are power series in ¢ with non-
negative coefficients. Our analytic results (4.63) and (4.64) identify the first coefficient functions
71(q) in (4.74):

(1-q)% 2

e =
2Q+1 o (- Q)Qq_% Q(Q+1)2+i(1 —q) 2
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% % % % 3 % % 3 3 % %
2 = w o = ® = = = = B =
3 = = = = = 2 2 2 2 2 2

1 0 1 0

2 2 1 1 0

3 5 5 1 1 0

4 12 12 7 1 1 0

5 28 31 17 7 1 1 0

6 64 72 45 19 7 1 1 0

7 136 166 108 51 19 7 1 1 0

8 289 357 254 125 53 19 7 1 1 0

9 588 757 557 302 131 53 19 7 1 1 0
10 1175 1548 1200 675 320 133 53 19 7 1 1
11 2293 3100 2482 1479 726 326 133 53 19 7 1
12 4399 6053 5028 3106 1611 744 328 133 53 19 7
13 8267 11620 9910 6373 3422 1663 750 328 133 53 19
14 15325 21855 19173 12713 7098 3557 1681 752 328 133 53
15 27949 40496 36322 24856 14297 7428 3609 1687 752 328 133
16 50306 73846 67720 47539 28216 15061 7564 3627 1689 752 328
17 89367 132860 124161 89401 54430 29909 15394 7616 3633 1689 752
18 156930 235871 224479 165210 103182 58054 30687 15530 7634 3635 1689
19 272424 413879 400257 300837 192109 110702 59786 31021 15582 7640 3635
20 468130 717909 705032 539962 352279 207282 114437 60567 31157 15600 7642
21 796410 1232463 1227214 956883 636445 382179 215074 116183 60901 31209 15606
22 1342531 | 2094716 2113394 1674933 | 1134836 694090 398007 218848 116965 61037 31227
23 2243232 | 3527456 3602086 2899342 | 1997955 | 1243836 725457 405910 220597 | 117299 61089
24 3717405 | 5887668 6081317 | 4965411 | 3477396 | 2200438 | 1304682 741559 | 409698 | 221379 | 117435
25 6111615 | 9745995 | 10173766 | 8420331 | 5986079 | 3847540 | 2316123 | 1336712 | 749501 | 411448 | 221713

Table 3. Ny = 1 multiplets at U(1)r charge Q =0

The methods presented in appendix D and applied in the previous subsection are not suitable to
extract subleading Regge trajectories 7y>2(q), i.e. Nyg = 1 analogues of n > 2 terms in the sum
(2.10). Instead, we shall rely on an empirical approach, more specifically on explicit results obtained
from a supercharacter expansion of the partition function (4.4) up to the 25th mass level.

As an illustrative example, let us first of all investigate the family of @ = 0 supermultiplets:
The following table 3 gathers [2n + 1, 0] multiplicities in the first 25 levels. Numbers marked in red
directly correspond to the leading trajectory 7{(g) whereas those in blue are additionally affected
by the subleading trajectory 79(g). Given the leading trajectories (4.75), our data from table 3 can
be used to determine the following subleading behaviour for @ = 0 multiplets:

Gont1.0(q) ~ ¢ (14 q+7¢* +19¢% + 53¢* + 133¢° + 328¢° + 752¢" + 1689¢° + 3635¢°
+ 764240 + 15608¢* ! + 31235¢'? 4 61115¢"3 + 117513¢** 4 221927¢"° + 41277846
+ 756372¢'7 + 1367753¢® + 2441849¢"° + 4309132¢%° + 75200924
+ 129893572 + 22216885¢% + 37651970¢%* + 63252874¢%° + ...)
— ¢*"T (2 4 8¢ + 2647 + 78¢3 + 214¢* + 548¢° + 1330¢° + 3080¢" + 6872¢% + 14832¢°
+31102¢"° 4 63574¢" + 12702042 4 248590¢"3 + 4775044 + .. )
+ ¢3"TH (1 + 4q + 19¢% + 613 + 187¢* 4 503¢° + 1294¢5 + 31134"
+7217¢% + 160364¢° + 34584¢'° 4 ..)
— ¢"? (2 4+ 10q + 38¢* + 124¢> + 364¢" + 978¢° + 2476¢° + ...)
+ TP (144 +217 +72¢° +..) + ..., n—oo (4.77)

The first term linear in ¢™ simply reproduces (4.72) for TQZO(q) whereas higher powers of ¢™ allow
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to read off subleading TZQ;QO((]) to certain order in g:

97%g) = q(2+ 8¢+ 26¢% + T8¢ + 214¢™ + 548¢° + 1330¢° + 30804" + 6872¢° + 14832¢°
+ 31102¢'° 4 63574¢! 4 12702042 + 248590¢'2 + 477504¢™ +...)  (4.78)
27%g) = q(1+4g+19¢% 4 61¢° + 187¢* + 503¢° + 1294¢° + 3113¢”

+7217¢% + 16036¢° + 345844¢'° + .. ) (4.79)
270 = ¢*(2+ 10g + 38¢% + 124¢° + 364¢* + 978¢° + 2476¢° + ...) (4.80)
275%) = A +49+212+72¢° +..) (4.81)

Determining higher order terms in the TéQ;zO(q) would require O(q?%) parts of (4.4), this is where
we stopped the explicit evaluation.
Similarly, the [2n + 1, 2Q] multiplicities up to level ¢?® as tabulated in appendix B.1 determine
the associated 722 Q (q) coeflicients for low charges @ to the following orders:
e U(1)r charge @ = 2:
Q=2(0) = ¢ (2+ 11q + 37¢% + 114¢° + 319¢* + 822¢° + 2000¢° + 4645¢7 + 10354¢°
+22317¢" + 46702¢'° + 95210¢"" + 189656¢'2 + .. .)

T

272(g) = ¢® (24 8¢+ 33¢% + 104> 4 310¢" + 826¢° + 2093¢° + 4991¢7 + 11454¢° + ...)
7772 e) = ¢ (1+5q+22¢° + T7¢° + 237¢" + 664¢° + ...)
T5Q:2(q) = ¢*(3+12¢+49¢° +...) (4.82)

e U(1)r charge Q = 4:
7)) = ¢ (2+ 14+ 57¢% + 187¢° + 542¢* + 14384° 4 3563¢°
+ 8376¢" + 18846¢° + 408664° + .. .)
7)) = ¢®(2+ 14¢ + 58¢% 4 200¢° + 591¢* + 1612¢° + .. )
7y = 2+ 13¢+532+...) (4.83)

27%(g) = ¢'°(2+ 14 4 60¢° + 209¢° + 633¢* +...)
%) = ¢ (2+14g+64¢" +..) (4.84)

Note that the analytic result (4.63) for 7'12 Q (¢) was used as an extra input, in addition to the explicit
results for the first 25 mass level, to make a few more orders of the subleading TESQ(Q) accessible.
Also in the [2n,2Q+1] sector, we can use the data from appendix B.1 to expand the subleading

2 1
25+ (q):

e U(1)gr charge @ = 1:

trajectories T

797N q) = 1+4q+15¢° +50¢° + 143¢" + 379¢° + 947¢° + 2244¢” + 5103¢° + 11196¢°
+ 23804¢"° + 49252¢! + 99465¢'2 + 196522¢"% + 380719¢™ + . ..

97Ng) = 1+45q+22¢% + 70¢° + 212¢* + 568¢° + 1458¢° + 349647
+8093¢% + 17936¢° + . ...

797 q) = 1+ 6q+ 24¢> + 83¢> + 252¢" + 698¢° + ...

T5Q:1(q) = 1+46¢+25¢° +... (4:85)
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e U(1)r charge @ = 3:

973 () = ¢ (1+9g+ 37¢% + 120¢° + 347¢* + 922¢° + 2287¢° + 5385¢" + 12142¢°
+ 26395¢° + 55605¢'° 4 113973¢' + .. )

973g) = ¢ (4 + 17+ 68¢% + 208¢° + 603¢* + 1573¢° 4 3919¢° + 9195¢" + ...
273 g) = ¢ (1+7q+28¢% +99¢° + 304¢* +851¢° +...)
7)) = P (2+99+38¢2+..) (4.86)

70(g) = ¢ (14 9¢ 4 43¢> + 151¢° + 462¢* + 1277¢° + 3264¢° + 7865¢ + .. .)
T3Q:5(q) = ¢'%(4+20q + 89¢ +292¢> + ...)
) = (1 +9¢+..) (4.87)

= (q) = ¢"®(1+9g+...) (4.88)
Again, the set of accessible coefficients in ngjl(q) could be slightly improved by making use of the
7297 (g) expression (4.64) to order ¢25.
Note that for all values of the U(1)g charge @ considered here, the leading g powers of the
TZQ (q) at fixed Q hardly vary with ¢ (at Q = 2, for instance, we can read off 72,77, 72,72 ~ O(¢?)
and 72 ~ O(q*) from (4.82)). In particular, the approximate agreement of the leading q powers of
71(q) and 72(q) supports our claim in the introduction that half of the nonzero multiplicities exactly
match with the stable patterns.

5 Spectra in compactifications with 8 supercharges

In six dimensional Minkowski space, the minimal realization of SUSY involves eight supercharges.
They form two left- handed Weyl spinors of SO(6) which are related through an SU(2)g R symme-
try. Our notation for such minimally supersymmetric theories in d = 6 is Ngg = (1,0). Superstring
compactification subject to Ngg = (1,0) SUSY are described by a universal SCFT sector with ¢ = 6
and Nag = 4 SUSY on the worldsheet, see subsection 3.2 for details. In addition, the SCFT intro-
duces SO(5) quantum numbers for the massive string states through a six dimensional spacetime
sector for which the methods of subsections 2.4 and 2.5 are applicable.
The fundamental multiplet of Mgq = (1,0) theories consists of 8+8 states

Z(Noa = (1,0)) = [1,0] + [2]r + [1r][0,1]. (5.1)

where [p]r is the character of the p + 1 dimensional representation of SU(2)r. Generic multiplets
follow through the tensor product with some SO(5) x SU(2)g representation with little group
quantum numbers [n1,n2] and R symmetry content [k]z. This leads to the general supercharacter

[n1,m2;p] == Z(Nsa = (1,0)) - [plr [n1,72] - (5.2)

The partition function capturing the universal spectrum of six dimensional Mgq = (1,0) compacti-
fications is obtained thorugh a GSO projected product of internal XN 2a=4¢=6(g- ) characters (with
SU(2)g fugacity r) defined by (3.7) as well as (3.10) and SO(5) spacetime characters (2.69) and
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(2.70). The GSO projection removes half odd integer mass leves from the NS sector and enforces
the R spin field to be a left handed SO(6) spinor, therefore:

_ Noa=(1,0 0
XNM (1’0)((];’5/,71) = XNgd )‘GSO (q y,r ) + Xgr Nea=(1 )‘GSO (q y,r )
Na=(1,0 1 1 N- 4,c=
Xng' ( )|GSO (Gy,r) = 21 2 [XNS( )(‘1 y)XNédh 0,0= o(q’ r)
50(5), 2mi Naa=4,c=6 ; 2mi
- XNS( )( ? @G Y) XNSh—0,0= o(eMqir) ]
Noa=(1,0 L so( Naa=4,c=6
o= aso (g, r) = 5 XRr () Xho1)a0—1/2@7) - (5:3)
The power series expansion of (5.3) starts as®3
2
Noa=10) (g gy 1) = <y§+y12+y§+y2 ST TG+ ) *+  [L0:0]g
=1

80 states at level 1

8 massless states
+ ([2,0;0] + [0,2;0] + [0,1;1])¢*> + ([3,0;0] + 2[1,0;0] + [0,0;0]
512 states at level 2

+ [1,2;0] + [0,2;0] + [0,0;2] + 2[1,1;1] + [0,1;1] ) ¢* + O(q") . (5.4)

The ¢=6 coefficients are listed in table 4, further information on the particle content up to level 25
is tabulated in appendix B.2.

’ a'm? ‘ representations of Ngg = (1,0) super Poincaré ‘
1 [1,0;0]
2 [2,0;0] + [0,2;0] + [0,1;1]
3 [3,0;0] + 2[1,0;0] + [0,0;0] + [1,2;0] + [0,2;0] + [0,0;2] + 2[1,1;1] + [0,1;1]
4

[4,0;0] + 3[2,0;0] + 2[L,0;0] + 2[0,0;0] + [2,2:0] + 2[L,2;0] + 4[0,2;0]
F2[1,0:2] + [0,2:2] + 3[L,1;1] + 4]0,1;1] + 2[2,1:1]

5 [5.0:0] + 3[3,0;0] + 4]2,0;0] + 9[L,0:0] + 3[0,0:0] + [3,2:0] + 2[2,2:0]
F7[1,2:0] + 6[0,2:0] + [0,4;0] + 3[2,0:2] + 3[1,0:2] + 3[0,0:2] + [1,2;2]
+3[0,2;2] + 2[3,1;1] + 4[2,1;1] + 9[1,1;1] + 8]0,1;1] + [1,3;1] + 4]0, 3;1]
+10,1; 3]

6 [6,0:0] + [4,2:0] + 2[4, ;1] + 3[4,0;0] + 2[3,2:0] + 4[3, ;1] + 3[3,0:2]
+5[3,0:0] + [2,3:1] + [2,2:2] + 8[2,2:0] + 12[2,1;1] + 4[2,0:2] + 14[2,0;0]
F[L450] + 51,3;1] + 6[1,2:2] + 13[1,2;0] + 2[1,1;3] + 231, 1;1] + 9[1,0:2]
+12[1,0;0] + 4]0,4;0] + 9[0,3;1] + 9[0,2:2] + 19[0,2;0] + 3[0, 1;3]
+18[0,1;1] + 4]0,0;2] + 8[0,0;0]

Table 4. Ngq = (1,0) multiplets occurring up to mass level 6

5.1 The total number of states at a given mass level

In this subsection, we compute the total number of states present at a given mass level through the
unrefined partition function, i.e. by setting the fugacities y;,y2 and r in (5.4) to unity. The total

23 Again, there is a subtlety in applying (5.3) to the massless R sector, see the footnote before (4.4). However, this

can be fixed easily: one can simply add to it %(yl — yl_l)(yg — y2_1)('r —r71) to get the correct massless character
in R sector.
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number of states IV, at the mass level m can be read off from the coefficient of ¢ in the power
series of xNea=(10)(g: {y; = 1,7 = 1}).
We follow the analysis presented in subsection 4.1. The unrefined partition function is given by

xNor=0 (g {y; = 1,r = 1}) = 2ij\(6d:(1’0) laso (;y=1,s=1)

SO(5 Nz =4,C= . —
= XRr ( )(QQ {yi = 1}) XR,::f/47z6:1/2(Qa r= 1)

_1s02(1,9)* ‘

_ —1/8Y2\% _ 1/8

—gq 1 - 2ig"/%y (1/2,7)] . (5.5)
n(q)?

Indeed, the power series of xVea=(1.0) (¢;{y; = 1,r = 1}) in ¢ reproduces the numbers presented in

the second column of Table 1. Note that xVea=(1.9)(¢; {y; = 1,7 = 1}) is not a modular form, since

the Appell-Lerch sum is a mock modular form and it is not added by a suitable non-holomorphic

component to be modular.

The number of states at each mass level and its asymptotics

The number of states at the mass level m can also be computed from

Non = %m c qi% XM= (g {y; = 1,r =1}) | (5.6)
where C is a contour around the origin.
Now let us compute an asymptotic formula for the number of states IV, at a mass level m
when m — oco. We focus on the limit ¢ — 1~ and proceed in a similar way to subsection 4.1.
Let us first examine the leading behaviour of i (1/2,7) as ¢ — 1~ or 7 — 0. Using the second
point of Proposition 1.5 of [37], we find that

1 LIS NI R (5.7)
Vit \er ) TE\2T) T '
1 1

Let us consider p (5, f;) as ¢ — 17 or equivalently 7 = i€ as € — 0. It follows from the definition

of Appell-Lerch sum that

efiﬂ'mQ/T

1 1 ei‘n’/(2‘r) .
K (27.’ T) - 9 (e27i/(27) | = 2mi/T) %(71) 1 _ e—2mim/r4mi/T

eTr/(2e)
e/ * (

= 2iexp (—T) , (5.8)
€

where in the second ‘equality’ only m = 0,1 in the infinite sum contribute to the leading behaviour
and we have used the fact that 9, (e2™"/(27) ¢=27/7) = _je™/(4) a5 7 = je, € — 0F. Hence, to the
leading order, one can neglect the first term in (5.7) in comparison with 1/(2¢) on the right hand

~ —

—26_”/6) , T =14¢, e > 0"

side and so
1 1
u<7>~,, qg— 17 . (5.9)

2’ 2i

Therefore it follows from (5.5) that, as ¢ — 17,

= _1892(1,9)"
Nea=(1,0) (. [, _ - 1/872\%49) (4 1/8
X Glyi =1, r=1}) ~gq l1-¢q
(@14 ) n(q)? ( )

_ 372
~ 0 )= e () a0
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where we have used (4.13) and (4.11). Hence, as m — o0,

2
Ny ~ (ZW)_S/QL_]{ dg (1— ¢ (1 —q)*?exp <— T mlogq) . (5.11)
c

27 q 2logq

The saddle point is at gy = exp (77r\/§/ vV Qm) and the steepest descent direction is the imaginary
direction in q. We proceed in a similar way to (4.17) by writing ¢ = goe’® and using Laplace’s
method to obtain

1 > 1 /2
Ny ~ (27r)*5/2(1 — qé/g)(l — q0)5/2e”‘/67m§/ df exp (—W\/gm3/202>

9m
~ 9172

The plot of the exact and asymptotic values for N,, against m is depicted in Figure 6.

m %% exp (7?\/ 6m) ) m— 00 . (5.12)

log N

60

Asymptotics
20

10+

Figure 6: The plot of the exact and asymptotic values of log V,;, against the mass level m for the
case of 8 supercharges.

5.2 The GSO projected NS and R sectors
The NS sector
From (6.53), the partition function of the GSO projected NS sector is

Nea=(1,0 >
e Jaso (@ys) = > 2Ry, 262y 20) PR, L (0) | (5.13)
ki1,k2,p=0

where the function F) ,?S(q) is given by

_ 1,2 _
Fit (@) = (¢:9) 9(1—q)q2p +p-l

« Z Z H nA+1 —q A)q%mi+("2“‘)(an\kA*mA\ 7an(kA+mA+1))

nGZZ TnGZ2 A=1

2
(1—qp+ )93(1,q) H | gmath

1
2 (14 P~ N 1+qp+

(1+¢P*2)04(1,q)

2 2 2
4 (—=1)mitmatp
Y (1— g~ 3)(1 - ¢"t?)

2
[Ta+gm*)|. (514)
A:l
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Asymptotics. This expression can be simplified further in the asymptotic limit ki, ky — oo.
Using (4.20), we have

Z H (_1)‘!LA+1(1 _ an)q(nQA)(an‘kA—’rnA‘ _ an(kA+77LA+1))
nez? A=1
2 ka 2ka+2
q (1 —q ) — 2m a+1
~(1-q)? g (L= gt (5.15)
Y e CR )
and using (4.22) we have
2 2
S T admame (1= gmatd) (1= g4 =g ' (1 - )%0s(L,q)* . (5.16)
mezi, A=1
2 2 2
1,02 _ matl _
Z H(_l)mAquA ma (1 +q LA+2> (1 _ quA-‘rl) =q 1(1 _ q>2194(1)q)2 , (5.17)
mEZZZO A=1

S

Therefore we arrive at an asymptotic formula for F,g (¢) when ki, ke — oc:

k2,
1 - 12 - (1—gq*3)
FpS, (@) ~ = (q59) 0 (1 — q)Pqz? Trthatha=2 95(1,q)*
kl,kz,p() 2( ) ( ) (1+qp_%)(1+qp+%) 3( )
1+¢72)
1y’ ( 941,93, ki ks — oo (5.18
MR T ST TR v oe 09
The R sector
The partition function of the GSO projected R sector is
Noa=(1,0 -
Xm0 |eso (g9, 5) = Do 2k Uy 2k + 1y, 20+ 1, B, (0) (5.19)
k1,k2,p=0

where F,ﬁyk%p(q) is given by

3 3

_ 1,2,3 3 1—qp+119 1:‘]
F (@) = (4:0)30(1 — q)q2” T2P75 x ( )92(1,q)

1
2(1+¢7)(1+q*2)

2
x 303 TL0ma (1= gr)gzmat D 08 gralbammal _ gnatkatmat2)yq _ gmathy  (5.90)
A=1

nEZﬁ_

[

m€Z220
Similarly to the NS sector, an asymptotic formula for F,g?k%p(q) when ki, ko — oo is given by

(1-¢"*h)
(1+¢7)(1+qrt?)

1 _ 1,2,3 _3
FR (@) ~ = (60)0(1 — q)°q2P Tarthitha—y

5 92(1,q)° . (5.21)

5.3 Multiplicities of representations in the Ngq = (1,0) partition func-
tion

Combining the contributions from the NS and R sectors, we have

- Nesa=(1,0 Nesa=(1,0
NVer=00 gy r) = A=Y aso (gy,m) + xne =M Jaso (g, 7)
= Y (ki 2Relyl20), RS, 4(0)
k1,k2,p=0
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2k + 12 + 20+ Ur FR 4, 0(0) - (5:22)

Making SUSY manifest amounts to rewriting the partition function as

N@d:(l 0

(¢;y,7 Z Z[[nl,n?vpﬂ Gnl,nzm( ) (5.23)

n1,n2>0 p=0

X

and the aim is to compute explicitly a multiplicity generating function Gp, ny.p(q).
Before proceeding further, we observe the selection rule

Gn1,2n2,2p+1(Q) =0, Gn1,2n2+1,2p(Q) =0. (524)

It follows from (5.22) that [k1]y, [k2]y, [p]» with odd (respectively even) values of p only enter with
a product of two representations with both odd (resp. even) k; and ky. According to (2.60) and
(2.64), the product [ki]y, [k2]y, with both odd (resp. even) k; and ks decomposes into only spin
(resp. non-spin) representations of SO(5). In other words, a spin (resp. non-spin) representation
only comes with an odd (resp. even) value of p, and hence (5.24) follows.

N6a=(1.0) (¢: 4y, 7") can be determined as follows:
XNea=0 (g y, 1)

<N6d = (1,0))(’[;,7‘) ’

The multiplicity of [n1, no; p] appearing in x

Gm,m,p(Q) = /dNSU(Q)(T)[p]r/dNSO(5)(y)[n17n2]y 7

= G o p(@) + Gry g (@) (5.25)
where
nl,ng,p /dHSU(z /duso Y)[n1,n2ly x
[le]yl [21{32}92 [2]7 ]T NS
ZWoa = (1,0))(g,r) ke (@) (5:26)

k1,k2,p" >0

G @) = [ dnsvia )l [ disos (w)insnal,

21 + 1y, (2K + 1]y, [2p" + 1]
2 Z(Noa = (1,0))(y,7) o (@) (5.27)

k1,k2,p’ >0

and the inverse of the character of the fundamental multiplet in (5.1) can be written as a geometric
series?* similar to (4.42)

T2

TY 7Y
(1 + y1y2) (1 + T;) (1 + 712) (1+7ry1y2)
— Z (,1)m1+m2+m3+m4r2+ml+m2+m3+m4 «

[Z(Nga = (1,0))(y,7)] ' =

mi,...,mq >0

—mi1+mes—msz+m. —mi1—mao+ms+m
m 1 2 3 4y2 1 2 3 4 (529)

24Note that this can also be rewritten as

[Z(Nsq = (1,0))(y,r)] "t = 2 PE[s[0,1],] with s = —r

i Y20, mly (5.28)

m=0
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5.3.1 Some useful identities
Before we proceed further, let us derive some useful identities for the elementary building blocks of

Gy no,p- The first one follows from (2.6)

To(w: prps) i= / duso)(r) s lpals
f =0
o (5.30)

_ {61717;02
- 1
5 (P1+p2—|p1—p2])
2
(5\w|72p+|p1—pz| - 5‘w|,2p+2+|p1—p2‘) for w # 0

% Zp:()

Next, we are interested in the following integral

T(w; ki) = / dusor (@) o

There are four cases to be considered. Each of them can be computed using the decomposition
In what follows, we assume that k,n € Z2%, and

s 2 [kly, [haly, [n1, n2]y (5.31)

formula (2.61) or (2.65), together with (5.30).

w € Z2.
T(w; 2ky, 2ka; 11, 2n2)
2
> A(ny +ng,ng; 2k, 2kh) [[ Zo(was2ka,2k)) (5.32)
k'eZ2, =
(’LU; 2]€1 + 1, 2]€2 + 1;7’),1, 2ﬂ2)
2
> Alny +ng,no; 2k1,2k5) [ Zo(was2ka +1,2k,) (5.33)
k'eZ, =
T(w; 2ky, 2kz;n1, 20 + 1)
2
1
> Al +ng+ 5 52t 2k’ +1,2k5 + 1) [ [ Zo(was; 2ka, 2k + 1), (5.34)

K€z, A=1

T(w; 2k + 1,2k + 15m9,2n0 + 1)
2
> A(ng +ne +1 St Qk’ +1,2k5 + 1) [] Zo(was 2ka + 1,2k, + 1), (5.35)
K€z, A=1
where from (2.57) and (2.62)
2
4+ A—B
A(A1, Agi 26y, 2k) = Z det (0524757 (b)), (5.36)
UESZ ’
2
AN, Ag; 21 + 1, 2ka + 1) Z det (94“{4 55 (kg(A) + )) : (5.37)
0652 2 A,B=1

5.3.2 Multiplicity generating function
The NS- and R sector contributions to the multiplicity generating function for the representation

[n1,n2;p] can be rewritten as
4 .
Ggim p(Q) = Z (71)2j:1 " Z IO(Wl(m)vpa 2pl)x (538)
mi,...,ms >0 p’'>0
> T(Wa(m); 2ky, 2ka;na,na) Fiyy, ()
k1,k2>0
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GRoLa@= S ()X N Ty (Wi(m),p, 20 + 1) %

mu,...,ms 20 p’'20

> I(Wa(m); 2k + 1,2ks + 13n1,m2) Fit y, (q),  (5.39)
k1,k2>0

where we define

Wi(m) =2+ my +mg +mg +ma ,
Wao(m) = (—my + mg — m3 + myg, —my — ma +mgz +my) . (5.40)

As stated in (5.25), the multiplicity of the representation [n1, ns; p] in the Ngg = (1,0) partition
function is given by

Grina,p(€) = Gryins (@) + Gy g (9)
= Y (pEam Y [Io(Wl(m);pﬂp') > T(Wa(m); 2ky, 2k2; 1, na) Fiy oy (9)

my,...,mq >0 p’ >0 k1,k2>0

+To(Wi(m),p,2p" +1) > I(Wa(m); 2k + 1,2kz + 1311, n2) F;i’k%p/(q)] . (5.41)
k1,k2>0

5.4 Empirical approach to Ngg = (1,0) asymptotic patterns

In this subsection, we follow the lines of subsection 4.5 and investigate the large spin asymptotics
of multiplicity generating functions G, i ,(¢q) for universal Ngg = (1,0) supermultiplets [n, k;p].
Similar to the Nyq = 1 strategy, the G, »(q) are expanded in powers of ¢" where n denotes the
first Dynkin label that we loosely identify with the spin. The coefficients le P(q) of (¢")* turn out
to be power series with non-negative coefficients which enter with alternating sign (—1)¢1:

k k k,p
Gripla) = ") — ") + "3 (q) — ...

i Z 1 Zn k,P(q) (542)

=1

In spacetime dimensions higher than four, the analytic methods of subsection 4.4 are no longer
efficiently applicable. We could not find an asymptotic formula for (5.41) resembling (4.63) and
(4.64) for the large spin regime of the Niy = 1 multiplicity generating functions. Hence, we
determine the Tek "P(q) including the leading trajectory Tf P(q) from our data found by expanding
the partition function (5.3) up to mass level 25. The multiplicities of [n, 0; 0] multiplets are shown
in the following table 5, data for nonzero values of k or p can be found in appendix B.2. Table
entries marked in red are only affected by the stable pattern Tf:’pl (¢) whereas the blue numbers arise

nkp( 2n, k,p

from ¢"1;""(q) — ¢°"75°"(q), i-e. by including the (subtractive) subleading trajectory.

5.4.1 Levels of first appearance

Let us firstly determine the level of first appearance for various families {[n, k;p], n =0,1,...} of
Nsa = (1,0) supermultiplets with second SO(5) Dynkin label & and R symmetry quantum number
p fixed. It is identical to the leading ¢ power of the multiplicity generaing function Go x (g) or
its expansion coefficients Tf "P(q) defined by (5.42). The following table 6 gathers the mass levels
a’'m? < 25 where the first instance of a {[n, k;p], n =0,1,...} member can be found:
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3 3 3k 3+ 3 3k * 3 3+ F* 3 3k
R S = ™ w = = & ~ 2 © = =
s o o = =3 o = = o =3 =3 £ =
3 S S S S S S S S z -
[ (=] (=] [=) [=) (=] [=] [=] (=] (=) [=) - -
=S i) A=) =2 S = = i) 2 =) S S
1 0 1 0
2 0 0 1 0
3 1 2 1 0
4 2 2 3 0 1 0
5 3 9 4 3 0 1 0
6 8 12 14 5 3 0 1 0
7 13 35 24 17 5 3 0 1 0
8 30 58 63 29 18 5 3 0 1 0
9 53 135 116 82 32 18 5 3 0 1 0
10 107 243 265 153 88 33 18 5 3 0 1 0
11 193 505 503 358 172 91 33 18 5 3 0 1
12 376 918 1044 696 403 178 92 33 18 5 3 0
13 670 1803 1975 1474 801 423 181 92 33 18 5 3
14 1246 3269 3887 2839 1711 846 429 182 92 33 18 5
15 2220 6136 7235 5687 3355 1824 866 432 182 92 33 18
16 || 4005 11015 13691 10754 6784 3605 1870 872 433 182 92 33
17 || 7025 20052 25041 20649 13021 7348 3718 1890 875 433 182 92
18 12407 35469 45971 38304 25243 14213 7606 3764 1896 876 433 182
19 21469 63030 82532 71226 47411 27774 14790 7720 3784 1899 876 433
20 37182 109838 147906 129443 89013 52547 29015 15048 7766 3790 1900 876
21 63492 191293 260818 234646 163536 99387 55177 29600 15162 7786 3793 1900
22 || 108142 | 328527 | 457957 | 418298 | 299140 | 183903 | 104797 | 56431 | 29859 | 15208 | 7792 | 3794
23 182254 562391 794256 741961 538495 338749 194850 | 107476 57016 29973 15228 7795
24 306007 | 952431 1369976 | 1299438 963344 613928 360467 | 200360 | 108738 57275 30019 | 15234
25 509309 | 1605996 | 2339762 | 2261945 | 1702039 | 1105604 | 656324 | 371692 | 203052 | 109324 | 57389 | 30039
Table 5. NVgq = (1,0) multiplets with SO(5) quantum numbers [n, 0] and SU(2)r spin 0
ﬁ
Ip, k| O 1 2 3| 4 5 6 718 9 (10|11 |12 |13 |14 | 15| 16 | 17
0 1 2 5 8 11 14 17 20 23
1 2 4 7 10 13 16 19 22 25
2 3 4 7 10 13 16 19 22 25
3 5 7 10 13 16 19 22 25
4 7 8 10 13 16 19 22 25
5 9 11 14 17 20 23
6 11 12 15 18 21 24
7 14 16 19 22 25
8 17 18 20 23
9 20 22 25
10 23 24

Table 6. Mass level where the [0, k; p] multiplet of Ngq = (1,0) firstly occurs. Empty spaces indicate that

the representations in question do not occur at levels < 25.

We observe that, roughly speaking, the level of first appearance for supermultiplets [n, k; p]
depends linearly?® on the SO(5) Dynkin label k (with slope 2) but quadratically on the R symmetry

25The linear k dependence can be partially understood from the A1,2 dependence in (2.68). However, the bosonic
string suggests that an SO(5) representation [n, k] is delayed by two levels under k — k + 1 whereas the observations
from table 6 clearly show a delay of three levels per k — k + 1. Even though we cannot give a detailed explanation
on analytical grounds, it is clear that this extra delay in mass level must be due to the worldsheet fermions, see e.g.
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spin p/2, in agreement with the final remark in subsection 3.2.

5.4.2 Explicit formulae for the 7,""(q)

Let us now list the leading terms in various Tf P(q), obtained through the entries of table 5 and
its (k,p) # (0,0) relatives displayed in appendix B.2. This allows to reconstruct the large spin
asymptotics of the multiplicity generating functions G,, 1 ,(q) via (5.42).

At zero SU(2)g charge, we have

e SO(5) Dynkin labels [n — 00, 0] and SU(2)g representation [0]

0q) = 140q+ 3¢ +5¢° + 18¢" + 33¢° + 92¢° + 182¢7 + 433¢® + 876¢° + 1900¢°
+ 37944 + 779642 + 15238¢% + 30049¢** 4 57465¢'° + 109773¢*°
+ 205349¢*7 + 382249¢'8 + 700520¢'° + ...
= q(1+4¢" +10¢% + 30¢> + 76¢* + 190¢° + 449¢° + 1035¢" + 2298¢% + 4999¢°
+ 10580 + 219764 + 44727¢'% + 89543¢*3 + .. .)
%) = q(1+q+10¢*+ 23¢° + 81¢* +194¢° + 531¢° + 1232¢ + 2967¢° + 6586¢° + . . .)

No

/\o

S

=
\

79%g) = (1 +5q+ 16> + 53¢ + 153¢* + 417¢° + ...
%) = @ (1+q+11¢+..) (5.43)

e SO(5) Dynkin labels [n — 00, 2] and SU(2)g representation [0]

%) = ¢® (1 +2q+48¢% + 17¢° 4+ 52¢* + 117¢° + 293¢° + 645¢" + 1468¢°
+3119¢° + 6667¢'° + 13674¢"! + 27913¢'2 + 55446¢*% + 109165¢*
+210717¢"° + 4027144 + 757889¢*7 4 1412208¢*® + .. )

2%q) = ¢® (1 +4qg+ 14¢% + 41¢° + 118¢" + 306¢° 4 764¢° + 1818¢" + 4191¢°
+9344¢° + 20318¢'° + 43083¢" " + 89493¢*? + 182239¢% + .. )
%) = ¢® (3+9¢+40¢* + 114¢° + 345¢* + 890¢° + 2297¢° + 548147 + 12871¢° + .. )
72%q) = ¢°(1+5q+ 23>+ 79¢° + 251¢* + T17¢° +..)
2%g) = ¢®(3+10g+48¢> +..) (5.44)

e SO(5) Dynkin labels [n — 00, 4] and SU(2)g representation [0]

%) = ¢° (14 5q+ 14¢ + 43¢° + 113¢* + 294¢° + 698¢° + 1648¢" + 3677¢°
+ 8090¢° + 17182¢*" + 35919¢*! + 73211¢*? + 147036¢"% + 289598¢**
+ 562694¢"° +1076373¢'¢ + .. )

7%q) = ¢°(1+5q+18¢% + 56¢° + 166¢* + 446¢° + 1143¢° + 2787¢" + 6549¢°
+ 14864¢° + 32811¢'° + 70532¢"" + 148268¢'2 + .. )

73%(q) = ¢° (44 14q + 61¢° + 184¢° + 561" + 1495¢° + 3896¢° + 9478¢" + ...)
7%q) = ¢ (1+ 8¢+ 364% +131¢° +...) (5.45)

e SO(5) Dynkin labels [n — oo, 6] and SU(2)g representation [0]

00 = ¢® (14 5¢+18¢ + 53¢° + 158¢* + 407¢° + 1033¢° + 2452¢" + 5686¢°

(2.69) and (2.70).
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+126404° + 27521¢"° 4 58151¢"" + 120616¢** 4 244647¢™% + .. )
99%q) = ¢° (1+5q+18¢% +57¢° + 173¢* + 473¢° + 1234¢° + 30604"
+ 7308¢° + 16835¢° + ...)
%) = ¢ (44 15¢ +67¢% +209¢° +...) (5.46)

Observe that the leading g powers of le P TQk P T?]f P Tf P ... increase more rapidly at higher values

of k. In other words, the series (5.42) converges more quickly as the second Dynkin label k increases.
The simplest examples with vanishing second SO(5) Dynkin label and nonzero R symmetry
charge are the following:

e SO(5) Dynkin labels [n — 00, 0] and SU(2)g representation [2]

%) = ¢ (3+5q + 20¢° + 46¢° + 128¢* 4 288¢° + 696¢° + 1513¢" + 3354¢°
+ 7025¢° + 14707¢'° + 297364 + 59679¢'% + 116933¢"3
+ 2269004 + 432515¢"° + 816089¢'° + .. .)

2(q) = ¢®(1+3¢" +13¢% + 37¢° + 109¢* + 285¢° + 727¢° + 1737¢" + 4050¢° + 9075¢°
+ 19868¢10 4 42302¢*! + 88278¢'2 + ...)

m3q) = ¢ (1+2q+13¢> + 37¢° + 124¢* + 331¢° + 906¢° + 2233¢" + 5456¢° + ...
%(q) = ¢ (2+Tq+29¢% +92¢° + 282¢* +...)
2g) = ¢ (1+3¢+18¢+..) (5.47)

e SO(5) Dynkin labels [n — 00, 0] and SU(2)g representation [4]

24g) = ¢f (1 +4q + 18¢% + 47¢° + 142¢* + 353¢° + 887¢° + 2049¢" + 46924
+ 10215¢° + 21942¢'° + 45608¢'" + 93377¢"% + 186790¢"3 + 368341¢™ + .. .)
4 q) = ¢°(3+10q+ 41¢% 4+ 124¢° + 362¢* + 952¢° + 24244¢° + 5811¢"
+ 135264° + 30317¢" +...)
0,4 _ 5 2 3 4 5 6
75%(q) = ¢° (1+3q+17¢° +53¢® + 179¢* + 501¢° + 1392¢° + ...)
M) = ¢ (1+3q+16¢>+53¢° +...) (5.48)

e SO(5) Dynkin labels [n — 00, 0] and SU(2)g representation [6]

9(q) = ¢'1 (34 8¢+ 35¢% + 98¢° + 291¢™ + 733¢° + 18564¢° + 4339¢”
+9987¢% + 21954¢° + . ..)
90(q) = ¢"° (1 +5¢" +27¢% + 88¢° + 286¢" + 804¢° + 2171¢° + .. )
0(g) = ¢ (3+10g+46¢> + 148¢% +..)
@) = ¢ (1+3q+...) (5.49)

Observe that the leading ¢ powers of 7177, 74°P T:f P 8P tend to decrease at higher values of p.
In other words, the series (5.42) converges more slowly as the SU(2)g spin p increases.
Finally, we shall display asymptotic data for the simplest family of fermionic multiplets with

SO(5) Dynkin labels [n — oo, 1] and SU(2)g representation [1]

M q) = ¢®(2+4q + 13¢% + 35¢° + 89¢* + 216¢° + 508¢° + 1145¢7 + 2521¢°

+5402¢° + 113204 + 23238¢' + 46856¢*2 + 9285043
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+ 181217¢™ + 348612¢™° 4 661792¢'° + 124078647 + .. .)
2 (q) = ¢® (1+4q+13¢% + 43¢° + 122¢* 4 323¢° + 814¢° + 1962¢" + 4550¢°
+10233¢° + 2237040 + 47718¢* + 9957442 + .. )

3Mq) = ¢ (1+5q¢ + 21¢> 4+ 70¢° + 211¢* + 584¢° + 1529¢° + 3798¢7 + ...)
N g) = ¢* (1 +6q+24¢> +85¢° +...)
) = @ 1+..) (5.50)

Further Tf’p( ) for [n, k; p] multiplets at (k,p) = (2,2), (4,2),(2,4),(3,1),(1,3),(5,1),(3,3),(1,5)
are listed in appendix C.1. They confirm our observations that the 7, k "P(q) expansion (5.42) coverges
more quickly with larger values of £ and smaller values of p.

5.5 Four dimensional N4 = 2 spectra

In order to determine universal string spectra with Ny = 2 SUSY, we shall now compactify two
dimensions of minimally supersymmetric Ngg = (1,0) theories on a T2. This preserves all the eight
supercharges and the internal rotation symmetry becomes an R symmetry factor of SO(2)p =
U(1)gr. Hence, the dimensionally reduced theory in d = 4 spacetime dimensions enjoys Nyg = 2
SUSY and R symmetry SU(2)r x U(1)g. The fundamental Ny; = 2 super Poincaré multiplet

encompasses 8+8 states,
ZNwa=2) = [2], + [2],]0], + (752 + 2_2) 0], + (= + Z_l) 1], [1], (5.51)

where z denotes the U(1)g fugacity. The tensor product of (5.51) with a Clifford vacuum in some
SO(3) x SU(2)g x U(1)g representation yields a family of supermultiplets characterized by three
quantum numbers — n for SO(3) spin, m for SU(2)g spin and p for U(1)g charge. The resulting
16(n + 1)(m + 1) states are described by the supercharacter 26

[nsm,pl == Z(Nag=2)-2P[m], [n], . (5.57)

The position of the semicolon in the arguments of the supercharacter allows to distinguish Nyg = 2
multiplets [; -, ] from Ngg = (1,0) multiplets [-, -;].

The universal partition function of Myy = 2 scenarios is obtained through GSO projection of
the following character products:

Nag=2

N,
Gy z) = XN laso (G, z) + xnrT2

xNaa=2(

|GSO (q7 Y,r, Z)

26 The simplicity of the SO(3) tensor product [2m] - [2k] = Z;:Z‘_ml [2] allows for compact closed formulae for

the SO(3) x SU(2)r x U(1)r decomposition of a general N4 = 2 supercharacter:
[nim,pl = 2P {{mlrn+2 + [mlrln—2 + [m+2rn] + [m—2n] + 2(m-[n]
+ (22 + z_2) [m]r [n] + (24 z_l) ( [m+1), + [m— 1}1«) ([n +1] + [n— 1]) } (5.52)

This generic character formula (5.52) holds for values n,m > 2 of the Clifford vacuum’s SO(3) x SU(2)r spin
quantum numbers and specializes otherwise:

[7:0,p] = 2P {[n+2 + [n—2] + [2r[n] + 1+2"+2"2)[n]

+ z+z A (n+1] + [n-1])}, n>2 (5.53)
[0;m,p] = 2P {[m],[2] + [m][0] + [m+2}r[0] + [m =2 [0] + (z*+27%)[m],[0]

+ (z+z Y (m+1]r 1)1}, m>2 (5.54)
[0;0,p] = 2P {[2] + [2].[0] + (z? +z_2) 0] + (z+2"H[ 1]} (5.55)
[1,p] = 22 {1 8] + Bl-[1] + @+2*+2"?)[1][1]

(z+2"Y (121 [2] + [2]-]0] + [2] + [0])} (5.56)

We observe the general selection rule that either none or all of n, m,p are odd, hence, there is no need to consider
[1;0,p] or [0;1,p].
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S0(3) Nog=4,c=6 50(3)

Nag=2 _1
ng' leso (y,r2) = q 2[XNS ((J§y)XNS,h:O,é:O(QH‘)XNs (q;2)

DO =

SO(3 i Nog=4,c= ] SO(3 i
— xR U g ) N (€ ) X (€27 s 2) ]
- 1 so@a Nog=4,c= S0(3
W eso (Gmz) = Saxn @Y X2 (@) xR (6:2) (5.58)

Its symmetry under reversal p — —p of U(1)r charges motivates the definition

[rsm,p] + [sm,—p] : p#0
;m, + = 5.59
prim.g] = { Pomerl * Tamsl s0 20 (5.59)
then the power series expansion of (5.58) starts like?”
_ _ _ 1 _
XN gy, z) = (y2+y P+ Sty 1)[1}z[1]7~) ¢" + ([2:0,0] + [0;0,£2])q

80 states at level 1
8 massless states

+ ([4;0,0] + 2[2;0, 2] + [2;0,0] + [1;1,£1] + [0;0,=£4] + 2[0;0,0] ) ¢*
512 states at level 2
+ ([6;0,0] + 2[4;0,42] + [4;0,0] + 2[3;1,+1] + 2[2;0,£4] + 2[2;0,42] + 6[2;0,0]
+ 2[1;1,£3] + 3[1;1,£1] + [0;2,0] + [0;0,£6] + 4[0;0,42] + 2[0;0,0] ) ¢* + O(q*)
(5.60)

The vertex operators occurring in the three multiplets of the first mass level have been constructed
in [29], see equations (6.3) to (6.11) of that reference for bosons and equations (6.22) to (6.30) for
fermions. The content of the first five levels is summarized in table 7:

« representations of Ay = 2 super Poincaré ‘
1 [2:0,0] + [0;0,=+2]

2 [4;0,0] + 2[2;0,+2] + [2;0,0] + [1;1,+1] + [0;0,+4] + 2]0;0,0]

3 [6;0,0] + 2[4;0,£2] + [4;0,0] + 2[3;1,£1] + 2[2;0,£4] + 2[2;0,+2] + 6[2;0,0]
+2[1;1,43] + 3[1;1,+1] + [0;2,0] + [0;0,£6] + 4]0;0,£2] + 2]0;0,0]

4 [8;0,0] + 2[6;0,£2] + [6;0,0] + 2[5;1,+1] + 2[4;0,£4] + 3[4;0,+2] + 8[4;0,0]
+3[3;1,£3] + 6[3;1,£1] + [2;2,+2] + 3[2;2,0] + 2[2;0,£6] + 3[2;0,+4]
+12[2;0,+2] + 11[2;0,0] + 2[1;1,£5] + 5[1;1,+3] + 10[1;1, 1] + 2[0;2,+2]
+[0;2,0] + [0;0,£8] + 5]0;0,£4] + 4]0;0,2] + 11]0;0,0]

5 [10;0,0] + 2[8;0,£2] + [8;0,0] + 2[7;1,£1] + 2[6;0,£4] + 3[6;0,+2] + 8[6;0,0]
+3[5;1,£3] + 7[5;1,+1] + [4;2,£2] + 4[4;2,0] + 2[4;0,+6] + 4[4;0,+4]
+16[4;0,+2] + 17[4;0,0] + 3[3;1,£5] + 11[3;1,£3] + 21[3;1, £1] + [2;2, £4]
+7[2;2,+£2] + 8[2;2,0] + 2[2;0,%8] + 3[2;0,£6] + 15[2;0,+4] + 23[2;0,+2]
+38[2;0,0] + [1;3,£1] + 2[1;1,£7] + 6[1;1,+5] + 16[1;1,£3] + 28[1;1,+1]
+3[0;2,+4] + 4]0;2,+2] + 9[0;2,0] + [0;0,+10] + 5[0;0,£6] + 6[0;0, 4]
+21[0;0,+2] + 16[0;0,0]

Table 7. Nyq = 2 multiplets occurring up to mass level 5

27 Again, there is a subtlety in applying the above formula to the massless R sector; see the footnote before (4.4).
However, this can be fixed easily: one can simply add to it %(y —y ) (z— 271 (r —r~1) to get the correct massless
character in R sector.
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Comparison with the partition function (5.4) of the Mgy = (1,0) ancestor theory (and table
4) clearly demonstrates that the six dimensional viewpoint gives a more streamlined handle on the
spectrum in terms of fewer supermultiplets. This is why we do not provide an asymptotic analysis
and data tables for the universal N3y = 2 spectrum like we did for the d = 6 ancestor in subsection
5.4 and appendix B.2.

6 Spectra in compactifications with 16 supercharges

This section is devoted to maximally supersymmetric type I superstring compactifications on even
dimensional tori where all the sixteen supercharges are preserved [1]. The methods introduced in
subsections 2.4 and 2.5 are applied to decompose the partition function of the (0X?,?) CFT de-
scribing d = 10, 8, 6, 4 spacetime dimensions into characters of the little group SO(d—1). According
to figure 1, the d = 10 case takes the role of the ancestor theory for 16 supercharges, so its spec-
trum will be analyzed in particular detail. In the remaining cases d = 8, 6, 4, dimensional reduction
converts part of the higher dimensional Lorentz symmetry into an internal R symmetry, i.e. we
branch the ten dimensional little group into SO(9) — SO(d — 1) x SO(10 — d)g. In this process,
individual Lorentz fugacities y; with k& > %(d — 2) are reinterpreted as R symmetry fugacities .

Before looking at individual dimensionalities in detail, let us fix the notation for describing
supersymmetric spectra with R symmetries: Characters of the spacetime little group SO(d — 1)
are denoted by [a1,...,a,] with fugacities y1,...,y, and n = $(d — 2) whereas those of the R
symmetry SO(10—d) g receive an extra subscript [by, . . ., be] g with fugacities r1, ..., 7, and £ = 5—%.
Our notation for supercharacters makes use of double brackets [ai,...,a,;b1,...,b] enclosing the
SO(d—1) x SO(10 — d) p quantum numbers of the highest weight state. The semicolon between ay,
and b separates spacetime from R symmetry Dynkin labels and eliminates any ambiguity about
the spacetime dimension under consideration.

6.1 Ten dimensional Nigq = 1 spectra

In this subsection, we want to revisit the results of [5] on SO(9) covariant partition functions for ten
dimensional open string excitations and examine further symmetry patterns. The minimal massive
Niga = 1 SUSY multiplet encompasses SO(9) representations of a spin two tensor, a three-form
and a massive gravitino?®

Z(Niog=1) = [2,0,0,0] + [0,0,1,0] + [1,0,0,1] . (6.1)

This is precisely the particle content of the first mass level, its vertex operators can for instance be
found in equations (2.8), (2.9) and (2.22) of [29].

The generic multiplet is obtained as a tensor product of Z(Njpq = 1) with some SO(9) repre-
sentation and therefore described by the following N7gq = 1 supercharacter:

lai,az,as,a4] = Z(Nioa =1)-[a1,a2,as,a4] (6.2)

This is the basic building blocks of the refined ten dimensional partition function. The latter can
be obtained through standard GSO projection of the spacetime CFT

Mo (gry) = A |aso (@y) + XN |aso (@)
- 1 1, 50 SO(9 ;
XN |aso (g y,7) = 347 s (@y) — xag (e q;y) ]
- 1 so
o= | aso (gy,7) = 3 XR D(gy), (6.3)

28Note that Z(Njgq = 1) is denoted by Zg in [5].
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where Xig(g)(q; y) and Xio(g)(q; y) are given by (2.69) and (2.70).
In a power series expansion in ¢, the coefficient of the n’th power ¢" comprises the super

Poincaré characters of the n’th mass level m? = n/a’:?°

4

4
1
Nioa=1/,. _ 2 0
X tod (Q7y) - Z(y] +y_7 5 ];[ y] +y] q + [[anaoaoﬂq

=t 256 states at level 1

16 massless states
+  [1,0,0,01¢°  + ([2,0,0,0] + [0,0,0,1])¢’
—————
2304 states at level 2 15360 states at level 3

+ ([3,0,0,0] + [1,0,0,1] + [1,0,0,0] + [0,1,0,0])¢* + O(¢°) . (6.4)

The supermultiplets up to level eight are listed in table 8 and the complete first 25 mass levels can
be found in table 9 and appendix B.3.

’ 'm? ‘ representations of Ajpq = 1 super Poincaré

[0,0,0,0]

[1,0,0,0]

[2,0,0,0] + [0,0,0,1]

[[37 07070:” + [[170707 1]] + [[]‘707 0’0]] + |IO’17070H

ol =] o

[4,0,0,0] + [2,0,0,1] + [2,0,0,0] + [1,1,0,0] + [1,0,0,1] + [0,1,0,0]
+[0,0,1,0] + [0,0,0,1] + [0,0,0,0]

6 [5,0,0,0] + [3,0,0,1] + [3,0,0,0] + [2,1,0,0] + [2,0,0,1] + [2,0,0,0] + 2[1,1,0,0]
+1,0,1,0] + 2[1,0,0,1] + 2[1,0,0,0] + [0,1,0,1] + [0,1,0,0] + [0,0,0,2] + 2[0,0,0,1]

7 [6,0,0,0] + [4,0,0,1] + [4,0,0,0] + [3,1,0,0] + [3,0,0,1] + [3,0,0,0] + 2[2,1,0,0]
+[2,0,1,0] + 3[2,0,0,1] + 3[2,0,0,0] + [1,1,0,1] + 2[1,1,0,0] + [1,0,1,0] + [1,0,0,2]
+47]1,0,0,1] + 2]1,0,0,0] + [0,2,0,0] + 2[0,1,0,1] + 2[0,1,0,0] + 3[0,0,1,0]
+0,0,0,2] + 2[0,0,0,1] + 2[0,0,0,0]

8 [7,0,0,0] + [5,0,0,1] + [5,0,0,0] + [4,1,0,0] + [4,0,0,1] + [4,0,0,0] + 2[3,1,0,0]
+[3,0,1,0] + 3[3,0,0,1] + 4[3,0,0,0] + [2,1,0,1] + 3[2,1,0,0] + [2,0,1,0] + [2,0,0,2]
+5[2,0,0,1] + 3[2,0,0,0] + [1,2,0,0] + 3[1,1,0,1] + 5[1,1,0,0] + 4[1,0,1,0]
+2[1,0,0,2] + 7[1,0,0,1] + 5[1,0,0,0] + [0,2,0,0] + [0,1,1,0] + 4[0,1,0,1]
+5[0,1,0,0] + [0,0,1,1] + 2[0,0,1,0] + 3[0,0,0,2] + 4[0,0,0,1] + [0,0,0,0]

Table 8. Nigq = 1 multiplets occurring up to mass level eight

6.1.1 The total number of states at a given mass level

The total number of states at a given mass level m can be read off from the coefficient of ¢ in
the partition function xV10¢=1(g;y) when the SO(9) fugacities y1,...,ys are set to unity. The
function yN104=1(g; {y; = 1}) is referred to as the unrefined partition function. From (2.71), (6.3)

29Note the usual subtlety about the massless R sector which was explained in the footnote before (4.4). One can
simply fix this by adding £([0,0,0,1]so(s) — [0,0,1,0]s0(s)) = 3 [Ti—1 (¥ — y; ') to the present result and obtain
the correct answer; see also (3.16) of [5]. The %[1,0, 0,0]9 factor in the massive sector of the aforementioned (3.16)
exactly matches our formula at any positive g power.
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and SUSY?C, we have
192 (17 Q)4
)12

n(q

XM= (g {ys = 1)) = 28 [aso (g3 {yi = 1}) =

¢S] 1+qn 8
=16 ] (1_qn) . (6.6)
n=1

The coefficients in the power series of this formula reproduces the third column of Table 1. It also
agrees with (5.3.37) of [21]. Note that xN10¢=1(g; {y; = 1}) is not a modular form.

The number of states at each mass level and its asymptotics
The number of states at the mass level m can be determined by

1 dgq

= g1 P g X T e ln =10 (6.7)

N,

where C is a contour around the origin.

Now let us compute an asymptotic formula for the number of states NV, at mass level m when
m — oo. Note that a similar discussion can be found in subsections 4.3.3 and 5.3.1 of [21]. For
completeness, let us go over some details here. We focus on the limit ¢ — 1~ and proceed in a
similar way to subsection 4.1. The asymptotic behaviour (4.11) and (4.13) of 92(1,q) and 7(q),
respectively, leads to

XM= (g {yi = 1)) ~ ﬁ(l —q)texp (—ligq) ;g1 (6.8)

Let us now combine (6.7) with (6.8). As m — oo,

1 1 dg 4 272
Ny ~ — ¢ — (1— ——— —ml . 6.9
) 2772]{ . (1-q) eXp( logg ~ loed (6.9)

The saddle point is at ¢o = exp (77‘(1 / %) and the steepest descent direction is the imaginary
direction in q. We proceed in a similar way to (4.17) by writing ¢ = goe’® and using Laplace’s
method to obtain

1 1 oo 3/2
N, ~ =m~2exp (27\/ Qm) —/ df exp g2
4 27 T 2

— 00

~ 1 m—11/4e27r\/2m
211/4 ’

m — 00 . (6.10)

The plot of the exact and asymptotic values for N, against m is depicted in Figure 7.

6.1.2 The GSO projected NS and R sectors

In this section we compute the contributions from the NS and R sectors to the partition function
given in (6.3). Here we consider the refined partition function, i.e. the fugacities y’s are kept explicit.

30The agreement of GSO projected partition functions for NS and R sectors follows from Jacobi’s abstruse identity:

793(17Q)4 - 194(1aq)4 - 192(17 q)4 =0. (65)
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log Nm

30

20 Asymptotics

10 — Exact

Figure 7: The plot of the exact and asymptotic values of log N,,, against the mass level m for the
case of 16 supercharges.

The NS sector. From (6.3) and (2.69), the partition function of the GSO projected NS sector
has the structure

4
XA = aso (@y) = D FNS k(@) [T 2kalys (6.11)

where the functions Fﬁslm (q) are given by

4
FYS @) = (6902 H 1)ratl(1 — gna)gdmat(8) (gralka=mal _ grateatmaty)y
nezt mezd, A=1
4 4
H mA+ ) + (_1)mf+m§+m§+mi H (1+ qu‘\‘f‘%) . (6.12)
et o

The R sector. From (6.3) and (2.70), the partition function of the GSO projected R sector is

4
XN aso (Gy:5) = Y B (a) [T [2ka + 1]y, (6.13)
keZi A=1

where the function F,&W),M (¢) is given by

11 n m n Lma+i) ("
Flon@ =507 (@0 Y Y H AFL(] — gmatl)(] = gra)gd(matd) +(5)

meZL, nez A=l
4
X H(q’rLA|kA—7nA| _ q7LA(kA+mA+2)) . (614)

6.1.3 Multiplicities of representations in the Njg; = 1 partition function
Combining the contributions from the NS and R sectors, we have

Nioa=1

3 y) = XN aso (g3y) + xNoe=?

N1od=1(

X |GSO ((Z; y)
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4
-y ( H %k aly, + FR H 2kA+1]yA> : (6.15)

keZi, A=1
Supersymmetry implies that this partition function can be rewritten as

Xde:l(q;y) = Z [[TLl,TLQ,TLg,TL4]] Gnl,ng,ng,ru (Q) ) (616)
"62420

and the aim is to compute explicitly a multiplicity generating function Gp, ny ng.ne(q)-
The multiplicity of [n1, na, ns, n4] appearing in xV194=1(g; y) can be determined as follows:

N1od:1 .
X (G:y)
Gm,nz,m,m(Q) = /dMSO(g)(y)[nlanzansanzdy m )
NS R
- Gn1 ng,m3, n4( ) + Gn1 no,m3,n4 (Q) 9 (617)
where
4
QkiA]
NS A NS
Gnl,nz,n3,7z4(Q) = /duSO(Q)(y)[nlvn%n&n‘l Z 7 NIOZ — 1)( )Fkl,...,k4(Q) ) (618)

keZ4

H 2k‘A + 1]
G51,7L2,n3,n4 /duso ) (Y)[n1,m2,13, 14y Z ?Af110d — 1 y)" F,f;,m (q) . (6.19)
keZ,

The inverse of the character of the fundamental multiplet in (6.1) can be written as a geometric
series®! similar to (4.42) and (5.29)

[Z(Nioa = 1)(y,7)] "
yi

(1 + y1y2y3) (1 + yly4) (1 + yzy4) (1 + ylz§y4) <1 + y3y4) (1 + 913;7:?44) (1 < 9257‘:?44) (1 + y1y2Y3Y4)

Y2Y3

- Z (71)21:1mjylzjzl(_l)ijyZZj:](_1)[(j+1)/2Jmjyg)z?zl(_l)L(j+3)/4ijyi+2§:1mj'

Y1Y3 Y1y2

(6.21)
mEZSZO
6.1.4 Some useful identities

In this section, we derive some useful identities that will be put into use later. Once we plug the
series expansion (6.21) of the inverse Z(Mipq = 1) into the integrand of (6.17), the elementary
contributions to multiplicity generating functions Gy, n,,ns,n, are integrals of type

Jo(w; p) /duso @3)(r H . (6.22)

A=1
as well as
4
J(w;k;n) = /d#SO(g)(y)[nhnz,ns,ndy H yﬁA [/fA}yA . (6.23)
31Note that this can also be rewritten as
) 1/2
[Z(Nioa = ()]~} = lim (PE [5[0,0,0,1)y))"/? = [Z (~1)™Sym™0,0,0, uy} : (6.20)
m=0
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There are four cases to be considered, namely spin/non-spin representations of SO(9) and for each
of these cases k1, ..., k4 can be all even or all odd. In what follows, we assume that k,n € Zio and
w € Z*. For non-spin representations,

Jo(wa; 2ka, 2kh) , (6.24)

-

J(w; 2k, 2ka; na,.,2na) = > A(Ans; 2K, ., 2K))
k'ezi

S
Il

1

J(w; 2k +1,...,2ke + 15 na,.,2na) = > A(ns; 2k, ., 2K5) [ [ Jo(wa;2ka +1,2K4) , (6.25)

k'ezi =

-

where Aps = (n1 + no + ng + ng,na + N3 + ng, ng + ng, nyg). For spin representations,

Jo(wa; 2ka, 2kl + 1),

-

J(w; 2k1,.. 2k nay 2na+1) = Y A2k + 1,2k + 1)
K€zl

kS
l

(6.26)

Jo(wa; 2ka + 1,2k + 1),

-

J(w; 2k +1,...,2ka+ Ling, . 200+ 1) = Y A(X; 2k +1,..., 2K, + 1)

’ 4
k GZZO

hS
Il
-

(6.27)

where Ay = (n14+n2+n3+ns+ 3,ne+n3+ns+%,n3+ns+ 3,n4+3). Recall from (2.57)
and (2.62) that

4

A2k, 2k) = LS de (O80T ko), (6.28)
4! ocE€Sy T
1 4
AN 2k +1,...,2ks + 1) i Z det (98+)\AA_:XBB (kaw) + 2)) ) (6.29)
o€ESy A,B=1

6.1.5 Multiplicity generating function

The NS- and R sector contributions to the multiplicity generating function for the representation
[n1,n2,n3,n4] can be rewritten as

GSIS, Ny (q) = Z ] v Z ‘7 le’ Tt 2k4; ’I’L) Fkli?~wk4 <Q) ’ (630)
mezs, keZy,

GR L @= Y (D)X= N J(W(m)i2k +1,..., 2%k + Lin) B, (q),  (6.31)
mEZSZO k’eZ4_

where

8 8
Z i Z DLG+D/2] Z DLI+/4) 4+me . (6.32)
Jj=1 J=1 J=1

As stated in (6.3), the multiplicity of the representation [ny, ns, ng, n4] in the Njpq = 1 partition
function is given by

gy (@) = 3 ()5 37 {j(W(m);Zkl,...,le;n) S (q)

8 4
meZzo kezzo

+ T(W(m); 2k, +1,..., 2%k + 1;m) F,g“_,m(q)} . (6.33)
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% % % % % % % % % % =% | % | % | %
N R ™ @ = & & ~ < © =2l sl E|RE
s ° ° ° o o ° o o o o - |l 2| 2| %
[N (=} (=} (=} (=} o (=} (=} (=} (=} (=} - - - -
= = = o o = o o o o 2 L 2 L 2
= | = = = = = = = = = s lalalalsa
1 1 0
2 0 1
3 0 0 1 0
4 0 1 0 1 0
5 1 0 1 0 1 0
6 0 2 1 1 0 1 0
7 2 2 1 1 0 1 0
8 1 5 3 4 1 1 0 1
9 3 5 9 4 4 1 1 0 1 0
10 3 12 10 11 5 4 1 1 0 1 0
11 8 15 23 14 12 5 4 1 1 0 1 0
12 8 30 31 31 16 13 5 4 1 1 0 1 0
13 19 41 61 45 36 17 13 5 4 1 1 0 1 0
14 22 7 89 87 53 38 18 13 5 4 1 1 0 1 0
15 41 109 164 132 104 58 39 18 13 5 4 1 1 0 1
16 57 190 245 244 162 113 60 40 18 13 5 4 1 1 0
17 100 282 426 378 299 179 118 61 40 18 13 5 4 1 1
18 138 471 656 657 473 332 188 120 62 40 18 13 5 4 1
19 235 710 1097 1040 830 532 350 193 121 62 40 18 13 5 4
20 336 1153 1699 1751 1333 938 565 359 195 122 62 40 18 13 5
21 544 1750 2778 2769 2263 1523 1000 583 364 196 122 62 40 18 13
22 799 2785 4309 4561 3630 2600 1635 1034 592 366 197 122 62 40 18
23 1261 4237 6907 7201 6025 4212 2803 1697 1052 597 367 197 122 62 40
24 1860 | 6634 10700 | 11637 | 9629 7034 4567 2918 1731 1061 599 368 197 122 62
25 2895 | 10082 | 16893 | 18301 | 15694 | 11337 | 7662 4774 2981 1749 1066 600 368 197 122

Table 9. Nipq = 1 multiplets with SO(9) quantum numbers [n, 0,0, 0]

6.2 Empirical approach to Mg = 1 asymptotic patterns

In this subsection, we proceed like in subsections 4.5 and 5.4 to obtain large spin asymptotics of
multiplicity generating functions Gy, 5 ,.(q) for Nigq = 1 supermultiplet [n,z,y, z]. The super-
multiplet content of the first 25 mass levels is used to determine the ¢ expansion of the leading
coefficients 7,7%"*(q) defined by:

Graye(d) = """ (@) — ¢" 57" (g) + ¢ 75" (g)
o0
= > (1) (g) (6.34)
{=1

Again, the 7,°Y"%(g) are found to be power series in ¢ with non-negative coefficients.

Having d > 4 spacetime dimensions makes the analytic methods of subsection 4.4 inefficient, i.e.
we did not find a manageable asymptotic formula for (6.33). Hence, we compute the 7,7Y*(q) at £ <
5 on the basis of an O(¢?®) expansion of the partition function (6.3). The multiplicities of [n,0,0, 0]
multiplets are shown in the following table 9, and analogous data tables for [n,x,y, z] at nonzero
values of z,y, z can be found in appendix B.3. The numbers marked in red match with the leading
trajectory contribution ¢"7;"¥"*(¢q) whereas blue numbers correspond to ¢"7""*(q) — ¢*" 15"V (q)
including one subleading trajectory.

6.2.1 Levels of first appearance

The mass level where some [0, z, y, z] multiplet firstly occurs can be studied by inspecting the lead-
Y,z

ing power of the multiplicity generating function Gy 4 y,.(¢) and therefore 7,7%"(g). The following
tables 10 and 11 give an overview of this mass level threshold for various values of x,y, z.
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level

10
13
16
19
22
25

level

11
14
17
20
23

11
14
17
20
23

DU W N OO WO Uk W~ OR
i e B e i e i eo li e B an Ji e B ao B e i e [N
O O OO O O OO OO O oo oo o o|n

17
20
23

23

—= OO |I= OlW N = OIUt ik W N H OINR

O O|U ik W W W WD NN NN

N NO|O OO ©O O O OO O O oo

level

12
15
18
21
24

12
15
18
21
24

W N H OU W FE OO U Ww R

N NN NRFR R R F~RRFRRFROOOO O Ol

NN DNIDNDNDDDDNDDNDNDNNNDNDND N R

18
21
24

x|y | z | level
01321 24
1132
01412
0104} 14
1104 17
21041 20
310(41 23
41014
0|14 20
11114 23
21114
0124
0]0[6] 24
1106
0|16
0|08

Table 10. First mass level where bosonic supermultiplets [0, z,y, 2] of Niga = 1 firstly occur. Empty

spaces indicate that the representations in question do not occur at levels < 25.

level

12
15
18
21
24

level

20
23

14
17
20
23

11
14
17

W N = O 1 O T W = O
e e e el == e R e R s B es B e B en B en }l N~
e e e e L e e e e RN

20
23

O = Ok W= OO Ot RR

BRW W Wi NN N~ B~ R

e e e e e S e S e S I S S = I

Table 11. First mass level where fermionic supermultiplets [0, z,y, 2] of Niga = 1
spaces indicate that the representations in question do not occur at levels < 25.

level

10
13
16
19
22
25

B W N = OO ULk W NN~ OR

e e B ev B e i eo i en i en i an )l Nag

W W W W WWWwwwwwwr

16
19
22
25

x|y |z | level
0123 22
112]3]| 25
21213
01313
01051 19
110]5| 22
21051 25
31015
01|51 25
11115
0|25
0107

firstly occur. Empty

For all supermultiplets [0, x,y, z] considered in tables 10 and 11, the level of first appearance
is delayed by three whenever the second Dynkin label is incremented as x — x + 1. This suggests
to look for a similar linear effect of y — y + 1 and z — z 4+ 1. Up to the two exceptions [0, 0, 0, 0]
and [0,0,0, 1], the data in the tables shows that the value y of the third Dynkin label increases the
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level of first appearance by 6y.

The influence of the last Dynkin label z is much more difficult to probe without any explicit
multiplicities beyond level 25 at hand. If an asymptotically linear relation between z and the level
of first appearance of [0, x,y, z] exists, then it certainly admits even more exceptions than in the
y — y+ 1 case. The onset of [n,0,0,4], [n,0,0,5] and [n,0,0,6] multiplets at levels 14, 19 and
24, respectively, suggests that an increment z — z + 1 delays the [0, z,y, z] multiplet by five levels
— at least in the regime of sufficiently large values of z,y, 2.

On the basis of this reasonning, we conjecture that sufficiently high mass levels of first occur-
rence for general supermultiplets [n,z,y, z] are determined by the following overall prefactor in
their multiplicity generating function:

Grzy.:(q) ~ g toyTsz=6 \ O(1) , x,y, z large (6.35)

Note that also the six dimensional Ngg = (1,0) spectrum exhibis an asymptotic linear relation
between the second SO(5) label k and the level of first appearance: Table 6 shows that sufficiently
high levels of first appearance for [n, k; p] are delayed by three under k — k + 2.

6.2.2 Explicit formulae for the 7,7%*(

q)

We shall now give the explicit results for a large class of 7,7%*(¢), obtained through the entries of
table 9 and its generalizations to (z,y,2) # (0,0,0) gathered in appendix B.3. This reflects large
spin information on the multiplicity generating functions G,, 4, .(g) via (6.34).

We firstly consider supermultiplet families of vanishing third and fourth Dynkin labels y = z = 0
and vary the second Dynkin label through values x = 0,1, 2, 3:

e SO(9) Dynkin labels [n — 00,0,0,0]

%) = ¢" (1+0g+1¢> + 1¢° + 4¢* + 5¢° + 13¢° + 18¢" + 40¢® + 62¢° + 122¢"
+197¢" + 368¢'2 4 601¢*2 + 1070¢™* + 1767¢*® + 3051¢*¢ + 5022¢*7
+ 8489¢™® +13897¢™ + .. )

9%) = ¢t (14 29+ 4¢% + 9¢° + 18¢* + 36¢° + 70¢° + 133¢" + 249¢° + 4604°
+836¢'° + 1503¢*! + 267212 + 4699¢'3 + .. )

75%%g) = ¢" (14 1g+5¢> +9¢° + 26¢" + 48¢° + 112¢° 4 211¢" + 439¢° + 818¢° + ..
%) = q' (1+3q+8¢% +20¢* + 48¢" + 106¢° +...)
TO’O’O(q) = ¢! (1+1g+ 6q° + .. ) (6.36)

e SO(9) Dynkin labels [n — 00,1,0,0]

9% = ¢* (142¢+ 3¢ +7¢° + 14¢" + 28¢° + 53¢° 4 103¢" + 189¢°® + 352¢° + 6344"°
+ 11464 + 202642 + 3578¢" + 6209¢™* + 10752¢" + 1837846 + 31279¢'7 + ...

%) = ¢ (142¢+5¢> +11¢° + 26¢* + 54¢° + 114¢° + 227¢" + 449¢® + 863¢°
+1639¢° + 3050¢"" + 5618¢'2 + 10187¢"3 +...)

%) = ¢ (24 5q¢ + 15¢% 4 35¢° + 86¢™ + 185¢° + 403¢° 4 825¢" + .. .)

T41,0,0(q) = ¢ (1 +3¢+ 11> +30¢4> +..) (6.37)

e SO(9) Dynkin labels [n — 00,2,0,0]

9% = ¢"(142¢+6¢> +11¢° + 27¢* + 52¢° + 112¢° + 212¢7 + 423¢°
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+ 787¢° + 149640 + 2724¢" + 5001¢"? 4 8927¢*® + 15950¢** + .. .)
%) = ¢®(1+2¢" +6¢° + 14¢° + 34¢* + T4¢” + 161¢° + 333¢" + 680¢°

+1346¢° + 2627¢'° + .. )
%% = ¢ (3+7q+23¢° +54¢> +138¢" +...)
%) = ¢+ (6.38)

%%g) = " (142¢+6¢” + 14¢° + 32¢" + 69¢° + 147¢° + 299¢" + 597¢° + 1168¢°
+2239¢'0 + 42264 + 7854¢'% + .. .)

50%q) = ¢ (1+2¢+6¢% + 14¢°> + 35¢* + 77¢° + 172¢° + 361¢" + 752¢° +1513¢° + ...)

9% = ¢*(3+8¢+25¢°> +63¢° +...) (6.39)

Let us next freeze the second and fourth Dynkin label to x = z = 0 and vary the third Dynkin
label to y =1 and y = 2:

e SO(9) Dynkin labels [n — 00,0, 1,0]

0q) = ¢® (14 1¢+45¢% + 8¢° + 22¢* + 40¢° + 90¢° + 165¢" + 338¢® + 619¢° + 11904"°
+ 2149¢" + 3969¢'% 4 7048¢"3 + 12630¢'* + 220604¢'° + 38603¢'° + .. .)
0q) = ¢ (14 29+ 7¢% +17¢% + 41¢* + 91¢° 4+ 199¢° + 412¢7 + 841¢° + 1665¢°
+ 3241¢"° 4+ 6178¢" 4+ 11611¢"% + .. )
5%(q) ¢ (142 +11¢% + 25¢° + T1¢* +160¢° + 381¢° +809¢" + .. .)
%) = ¢ 2+ Tg+23¢3 +...) (6.40)

e SO(9) Dynkin labels [n — 00,0, 2,0]

020(q) = ¢ (24 49+ 17¢7 + 36¢° 4 97¢* + 207¢° + 473¢° + 96347 + 20164°
+3957¢° + 7809¢'° + 14838¢" +...)

92%(q) = ¢*2 (24 6q + 22¢° + 59¢° 4+ 153¢* + 365¢° + 842¢° + 1842¢7 + .. )

52%q) = ¢ (24 5q+24¢% +62¢° + ..) (6.41)

Finally, at x = y = 0 and nonzero fourth Dynkin label, we have the bosonic supermultiplets

92(q) = ¢ (14 29+ 7¢% +13¢% + 33¢* + 66¢° 4 143¢° + 277¢7 + 559¢° + 1053¢°
+2019¢"° + 3715¢M! 4 6859¢'2 + 12338¢'3 + 221564¢'* + 39043¢'° + .. )

92(q) = ¢ (14 4¢" +11¢% + 28¢% + 68¢* + 155¢° + 339¢° + 71647 + 1469¢°
+2938¢" + 5755¢"° + 11054¢™ +...)

73°%(q) = ¢ (2+5q¢ + 19¢* + 48¢> + 130¢* + 301¢° + 703¢° + 1518¢" +...)
202(g) = ¢ (14 4g+16¢> +49¢° + ...) (6.42)

and the simplest fermionic supermultiplets [n, 0,0, 1]:

9N g) = ¢ (14 1¢+43¢% +6¢° + 12¢* + 24¢° + 48¢° + 90¢" + 171¢% + 317¢° + 579¢*°
4 1045¢" + 1870¢"% + 3299¢'3 + 5777¢** 4 10017¢" + 17222¢'° + 2937047 + .. )
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750 q) = ¢ (1+2¢" +5¢% + 136> + 29¢" + 62¢° + 130¢° + 2634 + 520¢° + 1008¢°
+19164'° + 3583¢"" + 6609¢'% + ...
00 g) = ¢°(1+3¢" +10¢> + 26¢° + 63¢* + 143¢° + 315¢° + 664¢" + ...)
"N e) = ¢®(1+4q+12¢° +35¢° +...)
20N = @01 +..) (6.43)

The leading ¢ powers of various 7,7Y%(¢) suggest that the 7,°Y"*(¢) expansion (6.34) converges more

quickly at higher value of z,y, z. The rapid increase of leading ¢ powers of 7"¥"% 75°¥* 77¥%
with growing x becomes particular obvious from the 7,7%"*(¢) shown. These trends are supported
by further 77V (q) at (z,y, ) = (1,1,0), (1,0,2), (2,1,0), (1,0,1),(0,1,1),(2,0,1),(0,0,3), (1,1, 1),

listed in appendix C.2.

6.3 Eight dimensional Ng; = 1 spectra

Starting from this subsection, we consider even dimensional type I superstring compactifications
on T? tori preserving all the sixteen supercharges. The highest dimensional example is Ngg = 1
SUSY in eight spacetime dimensions. As explained in [38, 39], dimensional reduction of the open
superstring from d = 10 to d = 8 paves the way towards powerful on-shell SUSY techniques to
manifest hidden simplicity of scattering amplitudes among massive string modes (further examples
following in [40]): Ome technical advantage of the eight dimensional setting is the possibility to
covariantly single out a Clifford vacuum which is annihilated by half of the supercharges, say the
right handed SO(8) spinor of SUSY generators [38, 39]. This is a particular motivation to focus on
the covariant particle content of the maximally supersymmetric open superstring in d = 8.

Let r denote the fugacity with respect to the R symmetry SO(2)g = U(1) g and y; the fugacities
of the massive little group SO(7), then the fundamental Ngg = 1 super Poincaré multiplet is
described by the supercharacter

ZWNsga=1) = (r*+r7[0,0,0] + (r*+r7%)[0,0,1] + (r*+r~2)([0,1,0] + [1,0,0])
+ (r+r7"([1,0,1] + [0,0,1]) + [2,0,0] + [0,0,2] + [1,0,0] + [0,0,0] (6.44)

which is obtained by branching the SO(9) representations contributing to the Njgq = 1 analogue
(6.1) to SO(7) x U(1)g. The minimal multiplet (6.44) can be generated from a scalar Clifford
vacuum of U(1)g charge +4, and the generic Ngg = 1 multiplet follows from a Clifford vacuum
with nontrivial SO(7) x U(1)g quantum numbers®?. This gives rise to the supercharacter

[[01,02,03;@]] = Z(Ngd - 1) 'T'Q [a13a23a3] . (645)

The eight dimensional partition function is obtained from its ten dimensional ancestor (6.3) by

singling out an internal factor xﬁgg) within Xlig,(lg)(y) = Hizl Xf}g’(R?’) (yx) and reinterpreting its

argument as an R-symmetry fugacity:

V= gy,r) = A8 eso (G y,r) + XN aso (69,7
- 1 1. sor S0(3 SO(7 ; S0(3 ;

e aso (gy,7) = 5477 [Xag (@ 9) xag UG m) — xng (@ g5 y) xng D (€2 ig;7) |
- 1 so@ S0(3

XN = aso (g9, 7) = 3 XR D(@9) x5’ (g;7) (6.46)

32Recall that the semicolon in [[a1,as,as;b] separating the U(1)g quantum number b from the SO(7) Dynkin
labels a1, a2, as eliminates potential confusion with Ajgq = 1 supercharacters (6.2).
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Let us display the first four coefficients of the power series expansion in ¢:3

NJM—\

3 3
XN gyr) = | Yy HyJer] GRS
Jj=1 Jj=1

16 massless states

+  [0,0,0;0]¢ + ([0,0,0;%2] + [1,0,0;0]) ¢°
N—_————

256 states at level 1 2304 states at level 2
+ ([0,0,0;+4] + [1,0,0;£2] + [0,0,1;+1]
+ [2,0,0;0] + [0,0,0;0]) ¢* + O(q*) . (6.47)

The pairing of opposite U(1)r charges +@Q motivates the following shorthand:

IIal,GQ,ag;Q]]+|IO/1,G/2,0/3;_QH fOI’Q#O 3

6.48
[a1, a2, as;0] for @ =0. (6.48)

lai, az,a3;+Q] = {
The supermultiplets up to level six are listed in table 12, some of their scattering amplitudes
are discussed in [39, 40]. The branching process obviously increases the number and diversity of
multiplets compared to the ten dimensional analogue, cf. table 8. This is why we do not repeat the
higher level analysis carried out for the d = 10 ancestor in dimensionally reduced settings.

Note that this partition function can also be obtained by branching the SO(9) representations
appearing in the the Mjgq = 1 partition function (6.4) into SO(7) x U(1) g representations. In terms
of characters, one simply maps SO(9) fugacities into SO(7) x U(1)g fugacities; a possible fugacity
map is as follows:

21 = Y1, 22 = Y2, 23 = Y3, 24 =S5, (649)

where z1,...,24 are fugacities of SO(9), y1,¥2,ys are fugacities of SO(7) and s is a fugacity of
U(1)g. For example,

1 1 1 1
[1,0,0,00: =1+ 5 +2i+ 5+ 25+ 5+ + 5 +4
z z z z
1 2 3 1
1 1 1 1
=1+ 5+yi+5+u+5+uy+5+5
yP Tz T T2
= [I’O’O;O]y?s + [0’070§+2]y;s + [07070;_2]11;3 ; (650)

where the notation [by, by, bs; Q] denotes the SO(7) x U(1) g representation.

6.4 Six dimensional Ngg = (1,1) spectra

Six dimensional type I compactifications with sixteen supercharges are said to possess Ngq = (1, 1)
SUSY. The spacetime symmetry branches to SO(9) — SO(5) x SO(4)g, i.e. two Cartan generators
of ten dimensional Lorentz group take the role of R symmetry generators probing fugacities r1, 2 of
SO(4)g 2 SU(2)r X SU(2)r. The fundamental supermultiplet of the Ngg = (1,1) super Poincaré
group has the following SO(5) x SU(2)r x SU(2)g particle content:

Z(Nﬁd = (17 1)) = [270] ' [070]R + [OaQ] ' [OaO]R + [0’2] : [1’ l]R + [170] ' [17 1]R

33 Again, there is a subtlety in applying the above formula to the massless R sector; see the footnote before (4.4).
However, this can be fixed easily: one can simply add to it % H?:1(yj — yj_l) (r —771) to get the correct massless
character in R sector.
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’ a'm? ‘ representations of Ngg = 1 super Poincaré

1 [0,0,0;0]

2 [0,0,0; +2] + [1,0,0;0]

3 [0,0,0;+4] + [1,0,0;£2] + [0,0,1;+1] + [2,0,0;0] + [0,0,0;0]

4 [0,0,0; 6] + [1,0,0;£4] + [0,0,1;£3] + [2,0,0;+2] + [1,0,0;+2] + 2[0,0,0; £2]
+[1,0,1;+1] + [0,0,1;£1] + [3,0,0;0] + 2[1,0,0;0] + [0,1,0;0] + [0,0,0;0]

5 [0,0,0;+8] + [1,0,0;£6] + [0,0,1;+5] + [2,0,0;£4] + [1,0,0;+4] + 2][0,0,0; +4]
+[1,0,1;+3] + 2[0,0,1;£3] + [3,0,0;£2] + [2,0,0;+2] + 3[1,0,0; £2] + 2[0,1,0; £2]
+[0,0,0;+2] + [2,0,1;£1] + 2[1,0,1;£1] + 3[0,0,1;+1] + [4,0,0;0] + 2[2,0,0;0]
+[1,1,0;0] + 3[1,0,0;0] + [0,1,0;0] + [0,0,2;0] + 4[0,0,0;0]

6 [0,0,0;+10] + [1,0,0;£8] + [0,0,1;£7] + [2,0,0;£6] + [1,0,0;+6] + 2[0,0, 0; 6]
+[1,0,1;£5] + 2[0,0,1;£5] + [3,0,0; 4] + [2,0,0;+4] + 3[1,0,0; 4] + 2[0, 1,0; £4]
+2[0,0,0; £4] + [2,0,1;+3] + 3[1,0,1;+3] + 3[0,0,1;+3] + [4,0,0; +2] + [3,0,0; +2]
+3[2,0,0;£2] + 2[1,1,0;42] + 5[1,0,0; +2] + [0,1,0;%2] + 2]0,0,2; +2]
+4[0,0,0; 2] + [3,0,1;£1] + 2[2,0,1;+1] + 4[1,0,1; +1] + [0,1,1; 1]
+5[0,0,1; £1] + [5,0,0;0] + 2[3,0,0;0] + [2,1,0;0] + 4[2,0,0;0] + [1,1,0;0]
+[1,0,2;0] + 5[1,0,0;0] + 5[0,1,0;0] + [0,0,2;0] + 3[0,0,0;0]

Table 12. Ngg = 1 multiplets occurring up to mass level six
+ [L0]- ([2,0r + [0,2r) + [0,0]- 2,2 + [0,0][1, 1]z + [0,0]-[0,0]x
+ [171} ’ ([170}1% + [Oa 1]R) + [Ov 1]' ([2’ l]R + [172]R + [LO]R + [Ov l]R) (6'51)
Note that the R-symmetry characters |[...]gr carry a subscript to avoid confusion with the Lorentz

symmetry of identical rank.

The most general multiplet follows from (6.51) by taking tensor products with SO(5)x.SU(2) g X
SU(2) g representations, this leads to the supercharacter

lar, a2;b1,b2] = Z(Nga = (1,1)) - [a1, az] - [b1,b2]r (6.52)

The six dimensional partition function is obtained from its ten dimensional ancestor (6.3) by singling

out two internal factor XNS( ) SO )( )=

within xyg. = Hizl Xf}g(Rg) (yx) and reinterpreting their second

argument as an R-symmetry fugacity:

xNe‘iz(l’l)(q;y,T) = =" Jaso (@yr) + xw =Y Jaso (@ y.7)
e =" Jaso (@y,1) = %q‘% [xns P @) xng @) — xvg (™ ary) xvg (€ qr) |
Xwe =Y aso (@y,1) = %Xio( NGy i’ (@) (6.53)
Its ¢ expansion starts like?*
2 2 2 2
XNer=D gy, m) = | D +y%) + Y 4y % H i+ ) [Jors+rh | d°
j=1 j=1 j=1 j=1

16 massless states
+0,0;0,01¢  + ([0,051,1] + [1,0;0,0] ) ¢*
—_——

256 states at level 1 2304 states at level 2

34 Again, there is a subtlety in applying the above formula to the massless R sector; see the footnote before (4.4).
However, this can be fixed easily: one can simply add to it % H?Zl(yj — y]._l) H?:l('rj - rj_l) to get the correct
massless character in R sector.
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+ ([0,0;2,2] + [1,0;1,1] + [0,1;1,0]
+ [0,1;0,1] + [2,0;0,0] + [0,0;0,0] ) ¢* + O(q") , (6.54)

and supermultiplets at higher levels < 5 are listed in table 13.

Note that this partition function can also be obtained by branching the SO(9) representations
appearing in the the Ajgq = 1 partition function (6.4) into SO(5) x SU(2)g x SU(2)g represen-
tations. In terms of characters, one simply maps SO(9) fugacities into SO(5) x SU(2)gr x SU(2)r
fugacities; a possible fugacity map is as follows:

21 = Y1, 22 = Y2, Z3 =T1T2, z=rry ", (6.55)
where 21, ..., 24 are fugacities of SO(9), y1,y2 are fugacities of SO(5), and r1, 79 are fugacities for

the two SU(2)g factors. For example,

1 2 1 2 1 2 1 2
[17070a0]z:1+*2+21+72+22+72+Z3+—2+z4
1 Z3 Z3 2}

1 1 _ _

=1+ S+yi+S5+B+ i+ )+t
i Y2

= [1,0;0,0]y;r +[0,0;1, 1]yur (6.56)

where the notation [a1, as; b1, be] denotes the SO(5) x SU(2)r x SU(2) g representation.

’ a'm? ‘ representations of Ngq = (1,1) super Poincaré
1 [0,0;0,0]
2 [0,0;1,1] + [1,0;0,0]
3 [0,0;2,2] + [1,0;1,1] + [0,1;1,0] + [0,1;0,1] + [2,0;0,0] + [0,0;0,0]
4 [0,0;3,3] + [1,0;2,2] + [0,1;2,1] + [0,0;2,0] + [0,1;1,2] + [2,0;1,1] + [1,0;1,1]

+2[0,0;1,1] + [1,1;1,0] + [0,1;1,0] + [0,0;0,2] + [1,1;0,1] + [0,1;0,1]
+3,0;0,0] + 2[1,0;0,0] + [0,2;0,0]

5 [0,0;4,4] + [1,0;3,3] + [0,1:3,2] + [0,0;3,1] + [0,1;2,3] + [2,0;2,2] + [1,0;2,2]
+2[0,0;2,2] + [1,1:2,1] + 2[0,1;2,1] + 2[1,0;2,0] + [0,0:2,0] + [0,0;1,3]
+[1,151,2] + 2[0,1;1,2] + [3,0;1,1] + [2,0;1,1] + 3[1,0;1,1] + 2[0,2;1,1]
+2[0,0:1,1] + [2,1;1,0] + 2[1,1;1,0] + 3[0,1;1,0] + 2[1,0;0,2] + [0,0;0,2]
+[2,1;0,1] + 2[1,1;0,1] + 3[0,1;0,1] + [4,0;0,0] + 2[2,0:0,0] + [1,2;0,0]
+[1,0;0,0] + 2[0,2;0,0] + 3[0,0;0,0]

Table 13. Ngq = (1,1) multiplets occurring up to mass level five

6.5 Four dimensional N4y = 4 spectra

Finally, four dimensional theories with maximal N3 = 4 SUSY follow from the ten dimensional
ancestor through compactification on 7¢. The internal rotation group is identified with the R
symmetry SO(6)g, its characters are denoted by [b1,ba,b3]r. The universal partition function
decomposes into characters of the Ay = 4 super Poincaré algebra, the fundamental one being

ZNia=4) = [0]([0,0,2]g + [0,2,0]r + [2,0,0]r + 2) + [2][0,1,1]r + 2[2][1,0,0]r + [4]
+ [1]([0,0,1]g + [0,1,0]r + [1,0,1]r + [1,1,0]r ) + [3]([0,0,1]g + [0,1,0]g). (6.57)
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Any other supermultiplet follows by taking a tensor product of (6.57) with the SO(3) x SO(6)r
representation [n] [b, b2, b3]r of the the Clifford vacuum,

[[n; bl, bg, bgﬂ = Z(N4d = 4) . [n} [bl,bz, bg]R . (658)

The four dimensional partition function is obtained through the usual procedure from the ten

dimensional ancestor (6.3), this time we have to interpret three factors of Xﬁg,(}%) as carrying R-

symmetry fugacities r;:

XN gyr) = X8 T laso (ym) + xR laso (@y,7)
_ 1 _a SO(3 i SO(7 i
XNg = laso (giy,7) = 517 xas @) xne D (@r) — xag (e g y) xng (€ r) ]
1 so@ s0(7
W eso (@y:m) = xm D gy’ (6.59)
The power series in ¢ starts with3®
3 1 3
XN gy ) = Z i)+ gy [Jos 45 ) 6"+ [0,0,0,00¢
=1 2 j=1

256 states at level 1

16 massless states
+ (10:1,0,0] + [2;0,0,0]) ¢* + ([00,0,0] + [0;2,0,0] + [1;0,0,1]
2304 states at level 2

+[1;0,1,0] + [2;1,0,0] + [4;0,0,0] ) ¢* + O(q*), (6.60)

the coefficients of ¢* and ¢® can be found in table 14. The explicit vertex operators from the first
level are listed in section 4 of [29].

Note that this partition function can also be obtained by branching the SO(9) representations
appearing in the the Njgq = 1 partition function (6.4) into SO(3) x SO(6)r representations. In
terms of characters, one simply maps SO(9) fugacities into SO(3) x SO(6)r fugacities; a possible
fugacity map is as follows:

zZ1 =T, Z2 = T2, 23 =713, 24 =Y, (6.61)
where z1,..., 24 are fugacities of SO(9), 71, 72,73 are fugacities of SO(6)g and y is a fugacity of
SO(3). For example,

1 1 1 1
[1,0,0,0s =1+ — +2f + 5 +75 + 5 + 25 + - + 4
21 ) Z3 2

LRI RN SV S S SR
=—+r — +7 — +r —
p2 b T2 T2 2 8 y2 4
=[051,0,0]y + [2;0,0,0]y (6.62)

where the notation [a; b1, bs, bs] denotes the SO(3) x SO(6)r representation for which the SO(3)
representation is [a] and SO(6)g representation is [b1, bs, bs|r

35 Again, there is a subtlety in applying the above formula to the massless R sector; see the footnote before (4.4).
However, this can be fixed easily: one can simply add to it %(y -y H?zl(rj - r;l) to get the correct massless
character in R sector.
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’ a'm? ‘ representations of Nyg = 4 super Poincaré ‘
1 [0;0,0,0]
2 [0;1,0,0] + [2;0,0,0]
3 [0;0,0,0] + [0;2,0,0] + [1;0,0,1] + [1;0,1,0] + [2;1,0,0] + [4;0,0,0]
4 [0;0,1,1] + 2[0;1,0,0] + [0;3,0,0] + [1;0,0,1] + [1;0,1,0] + [1;1,0,1]

+[1;1,1,0] + 3[2;0,0,0] + [2:1,0,0] + [2:2,0,0] + [3;0,0,1] + [3;0,1,0]
+[4;1,0,0] + [6;0,0,0]

5 4[0;0,0,0] + [0;0,0,2] + [0;0,1,1] + [0;0,2,0] + [0;1,0,0] + [0;1,1,1]
+2[0;2,0,0] + [0;4,0,0] + 3[1;0,0,1] + 3[1;0,1,0] + 2[1;1,0,1]
+2[1;1,1,0] + [1:2,0,1] + [1:2,1,0] + 2[2;0,0,0] + 2[2;0,1,1] + 5[2;1,0,0]
+[2:2,0,0] + [2:3,0,0] + 2[3:0,0,1] + 2[3;0,1,0] + [3;1,0,1] + [3:1,1,0]
+3[4;0,0,0] + [4;1,0,0] + [4:2,0,0] + [5:0,0,1] + [5;0,1,0] + [6;1,0,0]
+[8;0,0,0]

Table 14. Nyq = 4 multiplets occurring up to mass level 5

7 Conclusion

We have investigated model independent superstring states common to all type I compactifications
that preserve Ngg = 1 and Mgy = (1,0) SUSY, respectively, and identified the underlying super
Poincaré multiplets at individual mass levels. Part of our results are the associated unrefined
partition functions together with their asymptotics for large mass levels, see (4.8)—(4.17) and (5.5)—
(5.12). The refined versions of the universal partition functions are given by (4.4) and (5.3) and
rewritten in terms of super Poincaré characters in (4.39), (4.61), (4.62), (5.23) and (5.41). Moreover,
we have presented dimensional reductions of the universal Ngg = (1,0) and Njoq = 1 spectra to
even dimensions d > 4 in subsections 5.5, 6.3, 6.4 and 6.5.

Multiplicity generating functions for individual supermultiplets tend to stabilize in the regime
where the spin j (or more generally the first SO(d — 1) Dynkin label) is comparable to the mass
level M = o/m?. More specifically, the validity for the stable pattern roughly ranges between
%(M —My) £ j & M — M, where the offset My depends on the remaining super Poincaré quantum
numbers of the multiplets beyond the spin. In the mathematically most tractable Ny = 1 case,
we have derived closed formulae (4.63) and (4.64) for the leading Regge trajectory. In the highest
dimensional scenarios with given number of supercharges — Nyg = 1, Ngqg = (1,0) and Nypg = 1 —
we extracted both leading and subleading Regge trajectories from explicitly computed multiplicities
up to level o/m? = 25, see subsections 4.5, 5.4 and 6.2.

Identifying the super Poincaré covariant spectrum in scenarios with different numbers of su-
percharges provides a significant step towards a better understanding of the string S-matrix. As
pointed out in [39], cubic tree level vertices among all the massive states are the seeds for super-
string amplitudes of higher multiplicity and genus. The results of this work appear inspiring to
push this programme further, using on-shell superspace techniques in various dimenions [34, 38].
Refined partition functions as computed here serve as generating functions for helicitiy supertraces
[41] which allow to disentangle contribution of individual supermultiplets to loop amplitudes.

Extending flat space results as presented in this work to curved spacetime provides an exciting
direction of further research. Anti-de-Sitter backgrounds are of particular interest in view of their
conjectured correspondence to conformal field theories [42, 43]. For instance, the model independent
higher spin string spectrum at the first massive level in AdSs x S® compactifications with pure NSNS
background has been pioneered in [44]. This is a motivating starting point towards generalizations
to nonzero RR flux and superstrings in AdSs x S°, see [45] for a review. Also, we would like to
mention reference [46] which extracts information on the AdSs x S° Kaluza Klein excitations from
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the Mpq = 1 flat space spectrum, in particular from its large spin regime investigated in detail here.
Finally it would be also very interesting to explore the extended symmetry structure of the universal
higher spin states in supersymmetric string compactifications, in analogy to the WWy-symmetries in
three-dimensional higher spin theories on AdSs [47-49).
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Appendices

A Notation and conventions
Unless stated otherwise, the following notation and conventions will be used throughout the paper.

Group and representation theoretic objects

e The plethystic exponential of a multivariate function f(¢1,...,t,) that vanishes at the origin,
f£(0,...,0) =0, is defined as

PEI i) = 3 1) (a1
k=1

The ferminonic plethystic exponential is defined by

0 1\k+1
PEp [f(t1,...,tn)] = exp (Z Wf(#f,...,tﬁ)) . (A.2)
k=1

e An irreducible representation of a simple group G can be denoted by its highest weight vector.
— With respect to a basis consisting of the fundamental weights (the w-basis), we write the
highest vector as [a1,...,a,] with » = rank G. This is also known as the Dynkin label.

— With respect to a basis of the dual Cartan subalgebra (the e-basis), we write the the
highest vector as (A1,...,A.).

— Note that we use the round brackets to distinguish the latter from the former for which

the square brackets are used.

e For SO(2n+1), the label [a;, ag, ..., a,] is related to the label (A1, A, ..., A,) by the formula

1
)\i:ai—i—aiﬂ—k...—f—an,l—&—ian, ].SZSTL—:[,
= 1 (A.3)
n = 70n , .
2

or equivalently

ai:)\i—)\iﬂ, ].SZSTL*].,
an, = 2X, , (A4)

e Note that a representation is uniquely specified by its character. We use the notation
[a1,a2,...,a;]y (resp. (A1,...,Ar)y) to denote the character of the representation [a1, as, . . ., ar]
(resp. (A1,...,A.)) written in terms of the variables y = (y1,...,y,). Whenever there is no
potential confusion, we drop the subscript y to avoid cluttered notation.

e A representation of a product group G; x G is denoted by [a1,...,ar;b1,b2,. .., b.,] where
[a1,...,a.] is an irreducible representation of G; and [by,...,b;,] is that of Go. We use a
semi-colon (;) to separate each representation.

e We use the notation [n] to denote the (n+ 1)-dimensional irreducible representation of SU(2)
and SO(3). Its character is given by

+n/2

[n]y = Z y*r (A.5)

k=—n/2
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e The character of the vector representation of SO(2n + 1), with n > 1, is taken to be
(1,0,...,0), = [1,0,... 14> (v +ui?) (A.6)
k=1

In general, the character of the irreducible representation (A1,...,A,) of SO(2n + 1) is given
by the Weyl character formula:

J -
Aoy An)y = —___Zni=l (A7)
det ( 2(n—i+3 ) 72(n71+%))

J ij=1

—2(Ni4n—iti\ "
1 t(yj()x itn—it3) y.2(k1+n z+2))
0,3

e The choice of the character in (A.6) has a great advantage: One can relate the character of
the vector representation of SO(2n + 1) to that of the vector representation of SO(3) in a
simple way:

[1,0,...,0]50C ) = 3 "[9)506) — (n — 1) . (A.8)
k=1

As we shall see in subsequent sections, this helps simplify a number of computations.

e The Haar measures of SO(3) and SU(2) are taken to be

dy 2 -2
1— 1— . A.
/dMSO(s /dMSU @y =557 i —(1-y)(1-y7) (A.9)

In general, the Haar measure for SO(2n + 1) can be written as

/dMSO(an)(y) = /dMSO(s)(yl)"'/dMSO(:a)(yn) p(y) , (A.10)
where
p(y)=i! H =iy -y 2y ) (L—wiy;?) (1 -y %5) - (A.11)

Special functions

e The g-Pochhammer symbols are defined as

n—1 [e%s)
(@q)n=[J(0-ad®), (@) =]]1—ag") . (A.12)
k=0 k=0
e Our conventions for the Dedekind eta and the Jacobi theta functions are 36
1 X
g7 H 1—4") = ¢71(¢; 9)oo (A.13)
91(y. q) = —iq* y ) [T - -y —ytq") (A.14)
n=1
Da(y.q) = 4= (y* +y*) H (1—¢") (1 +yg") (1 +y'q"), (A.15)

36These conventions are related to, for example, those adopted in Appendix A of [50] by y = exp(27iv), ¢ =
exp(27iT). We refer the reader to this reference for further properties of such functions.



da(y,q) = [JA =™ A +yg" )1 +y g 1?) (A.16)
n=1
da(y,q) = [J(1 =) (1 —yg" )1 =y~ g7, (A.17)

1

3
Il

In terms of an infinite sum, the Jacobi theta functions can be written as

IE)(y.q) = D gD (e imbyymal2) (A.18)
MEZL
where
I H Ve =V[p)] , V5 =9[3)] , Oy =9]] . (A.19)

e The Appell-Lerch sum is defined as follows [37]:37

W7y = — =T Ly (A.20)
D 2 Y T
where
y = exp(2miu) , q = exp(2miT) . (A.21)

37The notation in this paper and that in Proposition 1.4 of [37] can be related as follows. Our notation is on the
left hand sides of the following equalities: u(u,q) = p(u,w,q), and 91 (u, 7) = =9 (u, 7).
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B Data tables for super Poincaré multiplicities

This appendix contains data tables for multiplicities of super Poincaré representations up to mass
level a'm? = 25. We only display tables for the ancestor theories with 4, 8 and 16 supercharges,
respectively, since these highest dimensional theories organize the states in the most economic
number of supermultiplets. Particular attention is paid to stable patterns, i.e. to the asymptotics
of multiplicity generating functions for large spins and mass levels.

Each of the following tables is devoted to family of supermultiplets whose quantum numbers
differ in the first SO(d — 1) Dynkin label and match in the remaining SO(d — 1) and R symmetry
quantum numbers. Rows are associated with mass levels, and columns are associated with the
value of the first SO(d — 1) Dynkin label to which we loosely refer to as the spin. Independently
of spacetime dimensions and supercharges, the multiplicity generating functions G (g) tend to
stabilize for large values of the spin and the mass level in the limit where both of them are uniformly
increased. This leading Regge trajectory (corresponding to the 7 (g) contribution in (4.74), (5.42)
and (6.34)) is exact when numbers occur repeatedly along diagonal lines in the tables, these entries
are marked in red.

Moreover, once the asymptotic numbers in red are subtracted from the data outside the first
stable region, further subleading trajectory emerge. The leftover after this subtraction tends to
stabilize along lines where the mass level grows twice as fast as the spin. This can be understood as
the second Regge trajectory (corresponding to the 75 (¢) contribution in (4.74), (5.42) and (6.34))
with slope % and subtractive sign. Its region of exact validity is highlighted in blue.

B.1 4 supercharges in four dimensions

The tables in this subsection are based on the Ny = 1 partition function (4.4), organized in terms
of multiplicity generating functions Gy, g(q), see (4.39).

2l = % B B ® E 5 % 5 T | R|E
0= = = = = 3 3 3 3 &y |y

1 0

2 0

3 1 0

4 2 2 0

5 6 6 2 0

6 17 15 8 2 0

7 38 43 22 8 2

8 89 101 62 24 8 2 0

9 195 233 152 71 24 8 2 0

10 411 512 361 176 73 24 8 2 0

11 843 1089 803 430 185 73 24 8 2 0
12 1694 2231 1734 978 456 187 73 24 8 2 0
13 3302 4483 3602 2146 1053 465 187 73 24 8 2 0
14 6336 8758 7304 4525 2343 1079 467 187 73 24 8 2
15 11919 16795 14402 9300 4997 2420 1088 467 187 73 24 8
16 22053 31582 27835 18548 10383 5200 2446 1090 467 187 73 24
17 40173 58428 52685 36227 20921 10878 5277 2455 1090 467 187 73
18 72204 106359 98044 69217 41236 22068 11083 5303 2457 1090 467 187
19 128014 191004 179419 129896 79473 43785 22569 11160 5312 2457 1090 467
20 224337 338384 323661 239545 150345 84906 44955 22774 11186 5314 2457 1090
21 388651 592391 575773 435174 279322 161591 87520 45458 22851 11195 5314 2457
22 666314 | 1025226 | 1011672 | 779119 510970 301946 167204 88696 45663 22877 | 11197 | 5314
23 1131024 | 1755809 | 1756589 | 1377070 | 920804 555389 313632 | 169841 | 89199 45740 | 22886 | 11197
24 1902209 | 2976969 | 3017219 | 2404087 | 1637411 | 1006121 | 579053 | 319310 | 171019 | 89404 | 45766 | 22888
25 3170935 | 5000934 | 5129359 | 4150179 | 2874993 | 1798156 | 1052851 | 590920 | 321953 | 171522 | 89481 | 45775
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T g7 37| |2 |3 |3 |35|F |5 5|53
RN Y Y A A A
7 0
8 1 0
9 3 2 0
10 9 8 2 0
11 25 24 10 2 0
12 63 65 34 10 2 0
13 145 166 96 36 10 2 0
14 327 387 251 108 36 10 2 0
15 701 870 600 292 110 36 10 2 0
16 1455 1868 1375 716 304 110 36 10 2 0
17 2935 3884 2994 1676 759 306 110 36 10 2 0
18 5784 7830 6304 3717 1804 771 306 110 36 10 2 0
19 11124 15422 12839 7947 4058 1847 773 306 110 36 10 2 0
20 21013 29656 25499 16409 8787 4188 1859 773 306 110 36 10 2 0
21 38962 55955 49404 32977 18350 9140 4231 1861 773 306 110 36 10 2
22 71109 103656 | 93817 64563 37270 19232 9270 4243 1861 773 306 110 36 10
23 127858 | 188982 | 174756 | 123758 | 73674 39339 | 19587 | 9313 4245 1861 773 306 | 110 | 36
24 226848 | 339385 | 320180 | 232485 | 142472 | 78301 | 40233 | 19717 | 9325 4245 | 1861 773 | 306 | 110
25 397364 | 601382 | 577497 | 429191 | 269832 | 152411 | 80412 | 40588 | 19760 | 9327 | 4245 | 1861 | 773 | 306

o = = - = - =R - - R R =R R

el |2|&s]s]s]sla|alalala

14

15 1 0

16 2 0

17 10 8 2 0

18 29 26 10 2 0

19 73 76 36 10 2 0

20 178 195 110 38 10 2 0

21 406 474 294 122 38 10 2 0

22 888 1086 733 338 124 38 10 2 0

23 1876 2382 1711 868 350 124 38 10 2 0

24 3845 5028 3815 2075 914 352 124 38 10 2 0

25 7657 10304 8160 4716 2222 926 352 124 38 10 2 0
| = | T ||| ZF || 5| F|F|%F|F%
=]l =]=]=]=|2 ] 2|2 ]Z]Z]|=
1 1 0
2 0 2 0
3 3 2 3 0
4 3 11 4 3 0
5 15 20 18 5 3 0
6 21 58 39 21 5 3 0
7 66 115 105 49 22 5 3 0
8 112 274 223 135 52 22 5 3 0
9 267 543 521 296 146 53 22 5 3 0
10 487 1159 1066 698 330 149 53 22 5 3 0
11 1027 2248 2258 1467 786 341 150 53 22 5 3
12 1872 4483 4465 3133 1682 821 344 150 53 22 5
13 3684 8456 8874 6300 3637 1774 832 345 150 53 22
14 6654 16077 16929 12629 7413 3868 1809 835 345 150 53
15 12430 29505 32174 24376 15014 7960 3961 1820 836 345 150
16 22104 54085 59444 46663 29304 16246 8195 3996 1823 836 345
17 39831 96778 109017 86997 56583 31974 16809 8288 4007 1824 836
18 69495 172263 195931 160521 106459 62184 33250 17045 8323 4010 1824
19 121751 301246 348996 290518 197927 117845 64978 33817 17138 8334 4011
20 208588 523209 612069 520208 360936 220529 123748 66270 34053 17173 8337
21 356951 896281 | 1063839 | 917434 650566 404759 232640 126586 66838 34146 17184
22 601090 | 1524153 | 1825894 | 1601735 | 1154779 | 733851 428967 238668 | 127882 | 67074 34181
23 1008432 | 2562971 | 3106955 | 2761714 | 2027692 | 1310137 | 781160 441385 | 241522 | 128450 | 67167
24 1670909 | 4278549 | 5231334 | 4717314 | 3515675 | 2312784 | 1400641 806110 | 447457 | 242819 | 128686
25 2755277 | 7075262 | 8737282 | 7973033 | 6035514 | 4030732 | 2482787 | 1449609 | 818653 | 450315 | 243387
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2| F © ® = 2 = 5 = H RS
L0 = = = = = © © @ & N I
4 0

5 1 0

6 0 3 0

7 6 5 4 0

8 7 21 10 4 0

9 29 44 37 11 4 0

10 50 122 84 45 11 4 0

11 135 254 227 108 46 11 4 0

12 249 588 498 294 116 46 11 4 0

13 569 1191 1136 668 322 117 46 11 4 0

14 1061 2504 2359 1546 747 330 117 46 11 4 0

15 2184 4885 4938 3278 1756 775 331 117 46 11 4 0
16 4044 9638 9770 6932 3790 1839 783 331 117 46 11 4
17 7804 18183 19255 13918 8113 4013 1867 784 331 117 46 11
18 14160 34268 36625 27663 16509 8671 4096 1875 784 331 117 46

19 26159 62704 69034 53180 33151 17810 8898 4124 1876 784 331 117
20 46461 114071 126973 100951 64405 36059 18381 8981 4132 1876 784 331
21 82968 203202 231136 187165 123324 70634 37407 18608 9009 4133 1876 784
22 144356 | 359209 413075 342732 230632 | 136240 | 73668 37982 18691 9017 4133 1876
23 250925 | 624938 730729 616388 425446 | 256624 | 142806 | 75029 38209 | 18719 | 9018 4133
24 428144 | 1078397 | 1274031 | 1095794 | 770702 | 476487 | 270343 | 145887 | 75604 | 38292 | 18727 | 9018
25 727755 | 1837377 | 2199827 | 1920245 | 1378855 | 868644 | 504339 | 277036 | 147252 | 75831 | 38320 | 18728

O I = 2% | 2| 5| 5| %% |8|IN|R|E
S 0= ] = = = =2 s e lale|lelalalala
10 0

11 1 0

12 0 3 0

13 7 6 4 0

14 10 26 11 4 0

15 37 58 46 12 4 0

16 70 163 111 54 12 4 0

17 188 355 305 141 55 12 4 0

18 359 832 696 394 149 55 12 4 0

19 821 1726 1616 931 428 150 55 12 4 0

20 1574 3664 3429 2198 1035 436 150 55 12 4 0

21 3240 7267 7266 4762 2489 1069 437 150 55 12 4 0

22 6100 14444 14582 10210 5493 2597 1077 437 150 55 12 4 0

23 11809 27539 28985 20800 11934 5800 2631 1078 437 150 55 12 4 0
24 21646 52203 55668 41719 24651 12729 5908 2639 1078 437 150 55 12 4
25 40108 96213 105581 80976 49997 26553 13040 5942 2640 1078 437 150 55 12

sl sl T lslslsls|=
~ - - - - - o N 'S
sllalalalala|alals
M) = = =
18 0

19 1 0

20 0 3 0

21 7 6 4 0

22 11 27 11 4 0

23 41 63 47 12 4 0

24 78 180 120 55 12 4 0

25 214 402 336 150 56 12 4 0

B.2 8 supercharges in six dimensions

The tables in this subsection are based on the Ngq = (1,0) partition function (5.3), organized in
terms of multiplicity generating functions Gy, n, »(q), see (5.23).
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e 2 h=t 2 h=t 2 2 2 S 2 2 > >
2 2
1 0
2 1 0
3 1 1 0
4 4 2 1 0
5 6 7 2 1 0
6 19 13 8 2 1 0
7 34 38 16 8 2 1 0
8 81 79 48 17 8 2 1 0
9 156 184 103 51 17 8 2 1 0
10 332 378 252 113 52 17 8 2 1 0
11 636 813 530 279 116 52 17 8 2 1 0
12 1276 1623 1171 604 289 117 52 17 8 2 1 0
13 2404 3290 2395 1350 631 292 117 52 17 8 2 1
14 4614 6386 4962 2816 1427 641 293 117 52 17 8 2
15 8537 12406 9823 5912 3001 1454 644 293 117 52 17 8
16 15853 23445 19436 11896 6361 3078 1464 645 293 117 52 17
17 28748 44075 37346 23836 12913 6549 3105 1467 645 293 117 52
18 52034 81247 71315 46446 26104 13368 6626 3115 1468 645 293 117
19 92579 148705 133388 89732 51295 27149 13556 6653 3118 1468 645 293
20 163950 268145 247448 169908 99935 53631 27607 13633 6663 3119 1468 645
21 286638 479693 451900 318623 190744 104983 54682 27795 13660 6666 3119 1468
22 498178 848018 818105 588270 360520 201413 107347 55140 27872 13670 6667 3119
23 856969 1487396 1462590 1075628 670688 382510 206529 108401 55328 27899 13673 6667
24 1465054 2583018 2592572 1942043 1235427 715151 393379 208899 108859 55405 27909 13674
25 2483037 4452127 4547623 3474093 2246578 1323605 737611 398523 209953 109047 55432 27912
) S = ~ ® = = B S % 5 = = =
~ B : - : b - b - - - ° - ©
3 S ® S ® S ® & & ® & 2 S
e =) S =) S 2 S =) 2 S =) S P ©
2 2 | s
4 0
5 1 0
6 4 1 0
7 9 5 1 0
8 25 13 5 1 0
9 61 38 14 5 1 0
10 142 95 42 14 5 1 0
11 312 238 108 43 14 5 1 0
12 681 536 276 112 43 14 5 1 0
13 1415 1216 642 289 113 43 14 5 1 0
14 2909 2595 1482 680 293 113 43 14 5 1 0
15 5804 5486 3235 1592 693 294 113 43 14 5 1 0
16 11416 11186 6961 3511 1630 697 294 113 43 14 5 1 0
17 21988 22514 14456 7644 3621 1643 698 294 113 43 14 5 1
18 41816 44165 29554 16043 7924 3659 1647 698 294 113 43 14 5
19 78176 85560 58907 33146 16736 8034 3672 1648 698 294 113 43 14
20 144486 162571 115712 66723 34776 17016 8072 3676 1648 698 294 113 43
21 263440 305182 222926 132356 70428 35473 17126 8085 3677 1648 698 294 113
22 475248 564283 423773 257348 140501 72068 35753 17164 8089 3677 1648 698 294
23 847638 1031812 793186 493656 274795 144249 72765 35863 17177 8090 3677 1648 698
24 1497518 1863142 1466875 931993 530067 283053 145893 73045 35901 17181 8090 3677 1648
25 2619670 3330628 2677934 1738092 1006402 547844 286811 146590 73155 35914 17182 8090 3677
R 5 = © w = & = S ® S = = = =
E) @ @ ° @ @ @ @ ° ° - I A S
e S S S S S S S S S S 5 5 5 5
S| e |le|e
7 0
8 1 0
9 4 1 0
10 13 5 1 0
11 35 17 5 1 0
12 101 48 18 5 1 0
13 238 140 52 18 5 1 0
14 575 350 153 53 18 5 1 0
15 1285 860 389 157 53 18 5 1 0
16 2834 1983 976 402 158 53 18 5 1 0
17 5972 4467 2279 1015 406 158 53 18 5 1 0
18 12413 9647 5213 2395 1028 407 158 53 18 5 1 0
19 24997 20422 11410 5513 2434 1032 407 158 53 18 5 1 0
20 49629 41963 24476 12167 5629 2447 1033 407 158 53 18 5 1 0
21 96355 84692 50910 26287 12467 5668 2451 1033 407 158 53 18 5 1
22 184497 167219 103990 55095 27048 12583 5681 2452 1033 407 158 53 5
23 347237 324945 207612 113323 56917 27348 12622 5685 2452 1033 407 158 53 18
24 645476 620525 407840 227879 117556 57678 27464 12635 5686 2452 1033 407 158 53
25 1183084 1168737 786848 450666 237343 119382 57978 27503 12639 5686 2452 1033 407 158
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® B & ¥ g = el = &l @ © = =
o) 2 ° 2 ° 2 ° 2 ° o ° 2 Z
e & &8 & &8 & &8 & & & ) I I
» 2
2 0
3 1 0
4 0 2 0
5 3 3 3 0
6 4 9 4 3 0
7 13 20 17 5 3 0]
8 20 50 34 19 5 3 0
9 53 101 93 43 20 5 3 0
10 93 224 192 115 45 20 5 3 0
11 203 449 446 252 125 46 20 5 3 0
12 369 924 903 589 275 127 46 20 5 3 0
13 743 1798 1920 1241 659 285 128 46 20 5 3 0
14 1355 3523 3792 2664 1405 683 287 128 46 20 5 3
15 2585 6673 7601 5410 3071 1476 693 288 128 46 20 5
16 4662 12617 14601 10981 6311 3245 1500 695 288 128 46 20
17 8585 23303 28083 21538 13007 6741 3317 1510 696 288 128 46
18 15272 42800 52540 41953 25810 13982 6916 3341 1512 696 288 128
19 27351 77315 97864 79808 50933 28012 14422 6988 3351 1513 696 288
20 47902 138661 178789 150444 97964 55666 29010 14598 7012 3353 1513 696
21 83950 245476 324415 278690 186802 107982 57944 29451 14670 7022 3354 1513
22 144814 431357 580136 511315 349601 207363 112896 58952 29627 14694 7024 3354
23 249137 750026 1029661 925300 648055 391117 217862 115197 59394 29699 14704 7025
24 423589 1294613 1806340 1658994 1183895 730037 412771 222852 116206 59570 29723 14706
25 717200 2214733 3145140 2940833 2142556 1343353 774118 423453 225163 116648 59642 29733
Q S = © @ N & > S @ S = =
E) IS ® IS ® IS ® IS w0 [ N 2 o
b & & & & & & ) & N & o o
» »
3 0
4 1 0
5 3 1 0
6 9 6 1 0
7 22 16 6 1 0
8 54 47 19 6 1 0
9 122 114 57 19 6 1 0
10 269 282 147 60 19 6 1 0
11 570 628 372 157 60 19 6 1 0
12 1182 1397 867 408 160 60 19 6 1 0
13 2384 2944 1973 966 418 160 60 19 6 1 0
14 4720 6137 4285 2249 1002 421 160 60 19 6 1 0
15 9164 12349 9114 4962 2351 1012 421 160 60 19 6 1
16 17509 24540 18781 10746 5247 2387 1015 421 160 60 19 6
17 32937 47598 37992 22468 11461 5349 2397 1015 421 160 60 19
18 61121 91162 75102 46159 24208 11749 5385 2400 1015 421 160 60
19 111963 171440 146106 92470 50163 24932 11851 5395 2400 1015 421 160
20 202707 318632 279173 182328 101434 51941 25220 11887 5398 2400 1015 421
21 362956 583695 526058 352627 201679 105547 52668 25322 11897 5398 2400 1015
22 643253 1057824 976881 672443 393429 210967 107334 52956 25358 11900 5398 2400
23 1129052 1894240 1792109 1262534 756265 413603 215118 108061 53058 25368 11900 5398
24 1963846 3359194 3247454 2341077 1431348 799141 423000 216908 108349 53094 25371 11900
25 3386710 5896540 5821871 4284997 2674272 1520012 819640 427160 217635 108451 53104 25371
Q B = © @ = @ = S ® S = = =
~ ~ - - - - - ~ - - - o = ©
3 B » S » S ® S & » & 2 O
© & & & & & & & & & & o o w
5 5oy
6 0
7 3 0
8 9 3 0
9 33 12 3 0
10 81 45 12 3 0
11 218 126 48 12 3 0
12 504 345 138 48 12 3 0
13 1169 849 393 141 48 12 3 0
14 2525 2025 989 405 141 48 12 3 0
15 5415 4556 2426 1037 408 141 48 12 3 0
16 11115 9997 5574 2569 1049 408 141 48 12 3 0
17 22527 21139 12502 5988 2617 1052 408 141 48 12 3 0
18 44383 43734 26921 13577 6131 2629 1052 408 141 48 12 3 0
19 86277 88152 56723 29598 13994 6179 2632 1052 408 141 48 12 3
20 164309 174452 116181 63019 30686 14137 6191 2632 1052 408 141 48 12
21 308983 338438 233542 130513 65753 31103 14185 6194 2632 1052 408 141 48
22 571846 646421 459542 264959 136982 66844 31246 14197 6194 2632 1052 408 141
23 1046250 1215097 889787 526615 279815 139729 67261 31294 14200 6194 2632 1052 408
24 1889540 2253670 1693826 1029156 559415 286341 140820 67404 31306 14200 6194 2632 1052
25 3377343 4124779 3179821 1977217 1099765 574444 289091 141237 67452 31309 14200 6194 2632
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o = = ~ = = = = = = & = == | =
3 o ° ° ° o ° ° ° ° ° S s » &
Sl = & e e e L2 EEl22 ez
= = = = = = = = = = & LSO I
6 0 0
7 1 1 0
8 2 2 1 0
9 5 10 4 1 0
10 12 20 15 4 1 0
11 30 58 38 18 4 1 0
12 61 125 104 44 18 1 0
13 135 296 245 132 47 18 4 1 0
14 273 613 575 313 139 47 18 4 1 0
15 555 1320 1260 766 343 142 47 18 4 1 0
16 1087 2639 2719 1704 846 350 142 47 18 4 1 0
17 2115 5333 5628 3792 1926 877 353 142 47 18 4 1 0
18 3999 10325 11477 7967 4333 2008 884 353 142 47 18 4 1 0
19 7521 19947 22744 16616 9280 4568 2039 887 353 142 47 18 4 1
20 13858 37496 44413 33421 19571 9854 4651 2046 887 353 142 47 18 4
21 25303 70043 84963 66421 39975 20993 10091 4682 2049 887 353 142 47 18
22 45553 128294 | 160356 | 128808 80349 43201 21580 10174 4689 2049 887 353 142 47
23 81270 233155 | 297815 | 246711 | 157849 87619 44657 21818 | 10205 4692 2049 887 353 142
24 143279 | 417523 | 546529 | 463836 | 305575 | 173443 90956 45246 | 21901 | 10212 4692 2049 887 353
25 250518 | 741533 | 989832 | 861982 | 581093 | 338524 | 180996 | 92425 | 45484 | 21932 | 10215 | 4692 | 2049 | 887
9 = = ~ = = = = S = =z = | = | =
3 » [N ® » » ® [ » S ol 2D
N = e = = = = = = L e N - e
= = = = = = = = = = S S
7 0
8 3 0
9 6 4 0
10 25 13 4 0
11 57 47 14 4 0
12 152 128 57 14 4 0
13 338 338 159 58 14 4 0
14 782 808 447 169 58 14 4 0
15 1644 1886 1098 481 170 58 14 4 0
16 3493 4153 2657 1219 491 170 58 14 4 0
17 7041 8937 5997 2996 1253 492 170 58 14 4 0
18 14124 18564 13258 6912 3120 1263 492 170 58 14 4 0
19 27439 37778 28108 15522 7263 3154 1264 492 170 58 14 4 0
20 52817 74981 58430 33506 16489 7387 3164 1264 492 170 58 14 4
21 99411 146275 118038 70651 35926 16843 7421 3165 1264 492 170 58 14
22 185238 279950 234313 144914 76519 36905 16967 7431 3165 1264 492 170 58
23 339430 527948 455350 291435 158361 78991 37259 17001 7432 3165 1264 492 170
24 615770 980532 871500 573877 321433 | 164388 79973 37383 | 17011 7432 3165 | 1264 492
25 1102442 | 1798020 | 1640298 | 1111406 | 638384 | 335362 | 166872 | 80327 | 37417 | 17012 | 7432 | 3165 | 1264
° = = ~ = = = S| 3| T |s|l=|=|7|%
el ° = = ° ° = ° ° s le 212|122
v = = = = = = sl 25|52 é
10 0
11 1 0
12 2 0
13 5 5 3 0
14 8 16 7 3 0
15 27 42 30 8 3 0
16 50 110 T4 34 8 3 0
17 129 253 212 93 35 8 3 0
18 255 581 490 264 97 35 3 0
19 565 1258 1184 648 286 98 35 8 3 0
20 1101 2674 2587 1580 706 290 98 35 8 3 0
21 2258 5480 5674 3580 1768 728 291 98 35 8 3 0
22 4314 11042 | 11782 7961 4056 1829 732 291 98 35 8 3 0
23 8389 21690 | 24263 | 16956 9193 4251 1851 733 291 98 35 8 3 0
24 15646 | 41956 | 48269 | 35421 | 19829 9701 4312 | 1855 733 291 98 35 8 3
25 29297 | 79620 | 94929 | 71854 | 42078 | 21153 | 9899 | 4334 | 1856 | 733 | 291 98 35 8
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e et e Rt e st e et = = - =
et Rt
1 0
2 1 0
3 1 2 0
4 4 3 2 0
5 8 9 4 2 0
6 18 23 12 4 2 0
7 39 51 31 13 4 2 0
8 82 114 76 34 13 4 2 0
9 165 249 174 85 35 13 4 2 0
10 333 519 391 203 88 35 13 4 2 0
11 652 1064 843 465 212 89 35 13 4 2 0
12 1260 2137 1776 1024 495 215 89 35 13 4 2 0
13 2396 4202 3645 2203 1102 504 216 89 35 13 4 2
14 4499 8128 7330 4609 2399 1132 507 216 89 35 13 4
15 8321 15488 14450 9428 5080 2478 1141 508 216 89 35 13
16 15236 29063 28022 18898 10511 5280 2508 1144 508 216 89 35
17 27556 53844 53451 37201 21297 10997 5359 2517 1145 508 216 89
18 49336 98540 100527 71985 42376 22425 11198 5389 2520 1145 508 216
19 87449 178260 186521 137212 82828 44899 22915 11277 5398 2521 1145 508
20 153595 319063 341843 257835 159430 88321 46042 23116 11307 5401 2521 1145
21 267352 565412 619252 478197 302417 171054 90889 46533 23195 11316 5402 2521
22 461595 992485 1109824 876142 565992 326453 176672 92036 46734 23225 11319 5402
23 790578 1726764 1968850 1587104 1046065 614658 338400 179255 92527 46813 23234 11320
24 1343972 2979088 3459778 2844391 1910959 1142740 639492 344063 180403 92728 46843 23237
25 2268336 5098709 6025145 5046950 3452679 2099666 1193279 651564 346650 180894 92807 46852
2 S w N E B B e ~ B © 5 =
v = = = = = = = = = = = =
= =z
3 0
4 1 0
5 4 1 0
6 9 5 1 0
7 26 15 5 1 0
8 61 42 16 5 1 0
9 140 109 48 16 5 1 0
10 311 261 127 49 16 5 1 0
11 669 604 318 133 49 16 5 1 0
12 1387 1343 756 336 134 49 16 5 1 0
13 2833 2883 1726 815 342 134 49 16 5 1 0
14 5638 6031 3797 1887 833 343 134 49 16 5 1 0
15 11026 12313 8123 4213 1946 839 343 134 49 16 5 1
16 21191 24598 16912 9138 4376 1964 840 343 134 49 16 5
17 40119 48224 34431 19284 9563 4435 1970 840 343 134 49 16
18 74828 92924 68660 39746 20332 9726 4453 1971 840 343 134 49
19 137838 176248 134437 80231 42221 20759 9785 4459 1971 840 343 134
20 250749 329537 258807 158890 85837 43278 20922 9803 4460 1971 840 343
21 451108 608030 490719 309257 171219 88345 43705 20981 9809 4460 1971 840
22 802990 1108150 917317 592528 335580 176928 89404 43868 20999 9810 4460 1971
23 1415399 1996715 1692631 1118817 647375 348202 179445 89831 43927 21005 9810 4460
24 2471579 3559576 3085506 2084291 1230561 674467 353944 180504 89994 43945 21006 9810
25 4278524 6282467 5561480 3834679 2307511 1287320 687192 356463 180931 90053 43951 21006
° 5 = © @ S E E) S w S = = =
~ - - - - - M - - M - =] = N
3 a & & & & a & & g & . = o
N - = - = - - = — = = - - B
= = = = = = = = = = = = =
6 0
7 1 0
8 6 1 0
9 17 7 1 0
10 54 23 7 1 0
11 138 73 24 7 1 0
12 341 202 79 24 7 1 0
13 797 518 221 80 24 7 1 0
14 1795 1254 584 227 80 24 7 1 0
15 3879 2912 1441 603 228 80 24 7 1 0
16 8183 6485 3410 1507 609 228 80 24 7 1 0
17 16780 14008 7731 3599 1526 610 228 80 24 7 1 0
18 33692 29414 16985 8239 3665 1532 610 228 80 24 7 1 0
19 66268 60280 36213 18272 8428 3684 1533 610 228 80 24 7 1
20 128089 120877 75329 39321 18782 8494 3690 1533 610 228 80 24 7
21 243471 237770 153142 82512 40618 18971 8513 3691 1533 610 228 80 24
22 456134 459491 305209 169218 85661 41128 19037 8519 3691 1533 610 228 80
23 842758 873960 597152 340066 176532 86960 41317 19056 8520 3691 1533 610 228
24 1537763 1638041 1149250 670793 356528 179691 87470 41383 19062 8520 3691 1533 610
25 2773038 3028963 2178141 1301158 706690 363883 180990 87659 41402 19063 8520 3691 1533
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= = = = = = = = = = & &
4 0
5 1 0
6 3 2 0
7 7 7 2 0
8 19 20 9 2 0
9 44 53 27 9 2 0
10 100 130 76 29 9 2 0
11 215 303 195 84 29 9 2 0
12 454 675 472 223 86 29 9 2 0
13 925 1453 1084 552 231 86 29 9 2 0
14 1854 3036 2403 1302 581 233 86 p 2 0
15 3630 6184 5144 2948 1387 589 233 9 2 0
16 6990 12327 10721 6442 3183 1416 591 29 9 2
17 13233 24088 21797 13674 7043 3269 1424 86 29 9
18 24712 46250 43391 28292 15133 7283 3298 233 86 29
19 45490 87411 84717 57218 31670 15751 7369 591 233 86
20 82763 162815 162618 113413 64772 33187 15992 1426 591 233
21 148802 299261 307244 220754 129748 68318 33810 3308 1426 591
22 264749 543354 572296 422630 255152 137754 69852 7408 3308 1426
23 466300 975347 1051966 797014 493286 272632 141358 16115 7408 3308
24 813740 1732302 1910295 1482317 939075 530438 280808 34166 16117 7408
25 1407443 3046334 3429687 2721679 1762389 1016082 548377 70803 34174 16117
) 5 = © @ ® w ) S ) B = =
3 © @ © @ © @ ® @ @ 2 P 5
~N w w0 w w w w0 W w W w0 £ &
= = = = = = = = = = & &
6 0
7 2 0
8 7 2 0
9 24 10 2 0
10 63 38 10 2 0
11 163 109 41 10 2 0
12 385 295 124 41 10 2 0
13 879 736 351 127 41 2 0
14 1915 1740 902 366 127 10 2 0
15 4066 3931 2202 959 369 41 2 0
16 8365 8576 5105 2378 974 127 10 2 0
17 16851 18124 11412 5604 2435 369 41 10 2 0
18 33194 37328 24640 12713 5781 977 127 41 10 2
19 64238 75100 51777 27847 13222 2453 369 127 41 10
20 122171 148039 106067 59296 29185 5853 977 369 127 41
21 228951 286468 212660 123042 62633 13456 2453 977 369 127
22 422965 545251 417987 249674 130948 29872 5856 2453 977 369
23 771624 1022124 807305 496442 267714 64491 29929 13474 5856 2453 977
24 1390866 1889717 1534140 969373 536185 275750 135671 64668 29944 13474 5856 2453
25 2479819 3449211 2873001 1861540 1054472 554615 279134 136181 64725 29947 13474 5856
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8 0
9 1 0
10 3 2 0
11 9 8 2 0
12 26 25 10 2 0
13 62 73 34 10 2 0
14 148 188 105 36 10 2 0
15 332 457 283 116 36 10 2 0
16 721 1056 717 322 118 36 10 2 0
17 1511 2343 1708 839 333 118 36 10 2 0
18 3097 5020 3902 2053 880 335 118 36 2 0
19 6181 10457 8566 4793 2183 891 335 118 10 2 0
20 12114 21231 18249 10747 5170 2224 893 335 36 10 2 0
21 23284 42177 37794 23329 11740 5302 2235 893 118 36 10 2 0
22 44053 82157 76466 49173 25807 12125 5343 2237 93 335 118 36 10 2
23 82070 157249 151421 101106 55044 26833 12257 5354 3 893 335 118 36 10
24 150888 296196 294293 203277 114478 57629 27220 12298 5356 2237 893 335 118 36
25 273843 549904 562169 400661 232669 120665 58663 27352 12309 5356 2237 893 335 118

B.3 16 supercharges in ten dimensions

The tables in this subsection are based on the Mgy = 1 partition function (6.3), organized in
of multiplicity generating functions Gp, n, ng.n.(q), see (6.16).
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12 37 54 42 26 14 7 3 2 1 0
13 60 90 7T 48 27 14 7 3 2 1 0
14 101 159 137 92 51 28 14 7 3 2 1 0
15 165 268 243 163 98 52 28 14 7 3 2 1 0
16 274 457 422 298 178 101 53 28 14 7 3 2 1 0
17 441 760 732 522 326 184 102 53 28 14 7 3 2 1 0
18 717 1276 1248 924 80 341 187 103 28 14 7 3 2 1
19 1149 2088 2121 1592 1032 608 347 188 103 53 28 14 7 3 2
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16 240 269 178 106 51 27 11 6 2 0
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18 731 870 629 389 206 111 52 27 11 2 1 0
19 1280 1515 1170 713 409 210 112 52 27 11 6 2 1 0
20 2126 2673 2067 1335 753 417 211 112 52 27 11 6 2 1 0
21 3619 4576 3709 2394 1422 773 421 212 112 52 27 11 6 2 1
22 5952 7867 6438 4328 2563 1462 781 422 212 112 52 27 11 6 2
23 9908 13251 11235 7604 4668 2650 1482 785 423 212 112 52 27 11 6
24 16128 22320 19168 13377 8250 4840 2690 1490 786 423 212 112 52 27 11
25 26386 37038 32718 23070 14611 8594 4927 2710 1494 787 423 212 112 52 27
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13 47 47 26 10 4 1 0

14 90 98 58 27 10 4 1 0

15 169 195 125 62 27 10 4 1 0

16 304 378 258 136 63 27 10 4 1 0

17 547 713 516 286 140 63 27 10 4 1 0

18 966 1322 1001 584 297 141 63 27 10 4 1 0

19 1677 2402 1903 1151 612 301 141 63 27 10 4 1 0

20 2887 4299 3540 2226 1220 623 302 141 63 27 10 4 1 0

21 4916 7584 6475 4207 2381 1248 627 302 141 63 27 10 4 1 0
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10 0

11 1 0

12 4 1 0

13 11 5 1 0

14 28 15 5 1 0

15 65 40 16 5 1 0

16 141 99 44 16 5 1 0

17 292 224 111 45 16 5 1 0

18 587 483 259 115 45 16 5 1 0

19 1143 1007 572 271 116 45 16 5 1 0

20 2176 2023 1216 607 275 116 45 16 5 1 0

21 4056 3959 2495 1306 619 276 116 45 16 5 1 0

22 7420 7580 4977 2710 1341 623 276 116 45 16 5 1 0

23 13361 14206 9692 5467 2800 1353 624 276 116 45 16 5 1 0

24 23720 26160 18474 10762 5683 2835 1357 624 276 116 45 16 5 1 0

25 41558 47429 34562 20726 11258 5773 2847 1358 624 276 116 45 16 5 1
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9 0

10 2 0

11 3 2 0

12 7 5 2 0

13 16 13 5 2 0

14 32 30 15 5 2 0

15 62 65 36 15 5 2 0

16 121 135 82 38 15 5 2 0

17 222 272 176 88 38 15 5 2 0

18 406 525 368 193 90 38 15 5 2 0

19 731 997 732 412 199 90 38 15 5 2 0

20 1291 1848 1431 836 429 201 90 38 15 5 2 0

21 2247 3367 2722 1662 880 435 201 90 38 15 5 2 0

22 3879 6033 5078 3218 1769 897 437 201 90 38 15 5 2 0

23 6601 10664 9300 6100 3457 1813 903 437 201 90 38 15 5 2 0

24 11134 18593 16784 11343 6620 3564 1830 905 437 201 90 38 15 5 2

25 18612 32056 29830 20770 12428 6862 3608 1836 905 437 201 90 38 15 5
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C Large spin asymptotics of super Poincaré multiplicities

This appendix contains some more data on the large spin asymptotics of Ngq = (1,0) and Njpq = 1
spectra. The leading and subleading Regge trajectories Tzk’p (¢) and 7,7""*(q) are defined through
the expansion (5.42) and (6.34) of super Poincaré multiplicity generating functions in terms of ¢"
powers (with n denoting the first SO(d — 1) Dynkin label). They have been computed on the basis
of the a/m? < 25 data tabulated in appendix B.2 and B.3, respectively.

C.1 Ngs = (1,0) multiplets at SO(5) Dynkin labels [n — oo, k]

For the universal Ngqg = (1,0) multiplets [n — oo, k;p] we display some ng’pg,(q) associated with
super Poincaré quantum numbers (k,p) = (2,2),(4,2),(2,4),(3,1),(1,3),(5,1),(3,3),(1,5) here.
The former three multiplets are bosonic and characterized by the following asymptotic behaviour:

e SO(5) Dynkin labels [n — 00, 2] and SU(2)g representation [2]

2%(q) = ¢*(1+6qg+19¢ + 60¢° + 160¢* + 421¢° + 1015¢° 4 240047 + 5398¢°
+11900¢° 4 25371¢*° + 53107¢' + 10850042 + 218074¢"*
+ 4301164 + 8361944¢"° + 1600889¢'° + ...)
2%(q) = ¢° (3+13q+49¢% + 151¢° + 439¢* + 11664° + 2956¢° + 71194"
+165664¢° + 37224¢° + 81414¢° 4+ 173493¢" + .. )
q® (34 12 + 53¢% + 171¢> + 537¢* + 14864° + 3960¢° + 9876¢" + .. .)
2%(q) = ¢ (1+8q+35¢% +134¢° + 434¢* + ..
@ (4+...) (C.1)

2(q) = ¢7 (3+12¢+ 48¢% 4+ 141¢° + 408¢* + 1052¢° + 2632¢° + 6194¢7 + 142004°
+ 31309¢° + 67467¢"" 4 141443¢" + 290805¢'2 + 585447¢" + 1159182¢'* + .. )
q® (3 + 15¢ + 63¢% + 206¢> + 623¢* + 17144¢° + 446445 + 11006¢" + 26108¢°
+ 59679¢° + 132452¢'° +..)
4,2 _ 10 2 3 4 5 6
73°(q) = ¢ (34 16¢ + 76¢° + 262¢° + 847¢" + 2427¢° 4 6599¢° + .. .)
2 q) = ¢ (1+11g+52¢° +...) (C.2)
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M) = ¢° (4+ 14q + 58¢% + 170¢> + 492¢* + 1264¢° + 3165¢° + 7432¢" + 17012¢°
+ 374284¢° + 80496¢'° 4 168377¢'" + 345433¢'2 + .. )
¢® (14 11q + 45¢% 4 169¢> + 523¢* + 1505¢° + 39924¢° + 10086¢" + 24241¢° + .. .)
2Mq) = ¢° (3+15¢+ 70¢> +241¢° + 781¢* +..))
7)) = ¢"°(B3+15¢+...) (C.3)
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In addition, let us display some Tf’p (q) associated with fermionic supermultiplets:

e SO(5) Dynkin labels [n — 00, 3] and SU(2)g representation [1]

M) = ¢ (14 5q+16¢% + 49¢° + 134¢" + 343¢° + 840¢° + 1971¢7 + 4460¢°
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+9810¢° + 21006¢° + 43952¢' + 90078¢*% + 181178¢"% + 35819644
+ 697195¢'° + 1337468¢'° + .. )
2Mq) = ¢° (1+7q+25¢° + 84¢° + 247¢" + 674¢° + 1733¢° + 4252¢" + 10005¢°
+ 227744¢° + 50306¢'° 4 108276¢" + .. ")
M) = q7(2+ 11q + 46¢% + 158¢° + 486¢* + 1369¢° + 3622¢° + .. )
Mg = ¢®(2+13¢+57¢%+...) (C.4)
e SO(5) Dynkin labels [n — o0, 1] and SU(2)g representation [3]
3 (q) = ¢°(2+9q +29¢% + 86¢° + 233¢* + 591¢° + 1426¢° + 3308¢" + 7408¢° + 16117¢°
+ 34176¢"° 4 70842¢" + 143887¢*? 4 286959¢™% + 562767¢'* + 1086923¢° + .. )
() = ¢°(2+10q + 39¢% + 125¢° + 366¢* + 990¢° + 2530¢° + 6157¢" + 14414¢°
+32604¢° + 71640¢'° + 1533804 + .. .)
3°(q) = ¢° (1+6q+ 246 + 87¢° + 275¢* 4 799¢° + 2168¢° 4 5570¢7 + 13669¢° + .. .)
Ti’?’(q) = ¢°(2+9q+38¢% + 135¢> +428¢" +...)
%) = ¢ (2+1lg+...) (C.5)
e SO(5) Dynkin labels [n — o0, 5] and SU(2) g representation [1]
M q) = ¢ (14 7q + 246 + 80¢° + 228¢* 4 610¢° + 1533¢° + 3691¢" + 8520¢°
+19063¢° + 41409¢*° + 87751t + 181781¢'2 + 369134¢™® + 735899¢** + .. )
M q) = ¢® (1+7q+ 266> +92¢° + 281¢* + 791¢° + 2090¢° + 525147 + 12618¢°
+29264¢" + 65731¢'° + .. )
M q) = ' (2+12¢ + 55¢° + 196¢° + 625¢* + 1808¢° 4 .. .)
g = ¢ (2415¢+..) (C.6)

723q) = ¢7 (24 10g + 41¢% +127¢% + 369¢* + 977¢° + 2453¢° + 585647 + 13474¢°
+29947¢" + 64743¢'° + 136433¢* + 281245¢'2 + 56818443 + 1127435¢™ + .. )
2%q) = ¢® (3+18¢ + 75¢% + 252¢° + 762¢* + 2111¢° + 5496¢° + 13580¢" + 32188¢°
+ 73580¢° + 163122¢'° + .. )

5°%(q) = ¢°(1+ 11q + 49¢° + 189¢° + 617¢* + 1841¢° + 5079¢° + ...)
%) = ¢ (3+19¢+84¢% +...) (C.7)

e SO(5) Dynkin labels [n — oo, 1] and SU(2)g representation [5]
%) = ¢°(2+10q + 36¢% + 118¢> + 335¢* + 893¢° + 2237¢° + 5356¢" + 12311¢°
+ 274064° + 59236¢'° 4 124892¢*! + .. )
72°(q) = ¢°(2+13q+ 54q® + 186¢° + 573¢* + 1609¢° + 4237¢° 4+ 10575¢" + ...)
°(q) = ¢°(2+ 10 + 45¢> +161¢° + 518¢* +...)
7°(q) = ¢°(1+6g+26¢>+...) (C.8)
The results listed in this appendix confirm the trend observed in subsection 5.4: The Tf P(q) ex-

pansion (5.42) of G, 1,(q) converges more rapidly at large vales of the second Dynkin label k and
small values SU(2) g spin p.
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C.2 Nioq = 1 multiplets at SO(9) Dynkin labels [n — oo, x,y, 2|

Also for Mypq = 1 multiplets [n — oo, z,y, 2] we would like to list some more 7,20%(g) beyond those

of subsection 6.2, specifically for Dynkin labels (x,y, z) = (1,1,0), (1,0,2), (2,1,0), (1,0,1), (0,1, 1),
(2,0,1),(0,0,3),(1,1,1). We focus on three bosonic families

e SO(9) Dynkin labels [n — oo, 1,1, 0]

) = ¢ (14 29+ 8¢% +19¢% + 45¢* 4+ 100¢° + 217¢° + 446¢7 4 905¢° + 1779¢°

+ 3440¢° + 6521¢" + 12181¢'% + 22396¢" + .. .)
%) = ¢ (14 29+ 9¢% + 23¢° + 61¢* + 143¢° + 330¢° + 715¢" + 1524¢° + 3128¢° + ...)
m3%q) = ¢ (1+4¢" +16¢> + 46¢° + 125¢* +...) (C.9)

e SO(9) Dynkin labels [n — 00, 1,0, 2]

02(q) = ¢ (1+4q+12¢%> + 31¢° + 75¢* + 172¢° + 375¢° + 79147 + 1615¢°
+3225¢° + 6287¢*° 4 12044¢™ + 22652¢'2 + .. )
1,0,2 _ 10 2 3 4 5 6 7 8
7,7 (q) = q° (1+4q+ 14¢° + 39¢° + 104¢" + 252¢° + 587¢" + 1300q" + 2794¢° + ...)
m3°%(q) = ¢ (2+8¢+30¢% +87¢° +...) (C.10)

e SO(9) Dynkin labels [n — 00,2,1,0]

%) = ¢ (1+2¢+9¢* +22¢° + 59¢* + 132¢° + 306¢° + 64647 + 1369¢° + 27564°
+ 5514¢'° + 10682¢*! + .. )

3%q) = "7 (1+2q+9¢° +23¢° + 63¢* + 150¢° + 357¢° + 791¢" + 1728¢° + ...)

7'32’1’0(q) = ¢'¢ (1+4q+18q2 +51¢3 +...) (C.11)

and five fermionic families of supermultiplets:
e SO(9) Dynkin labels [n — 0, 1,0, 1]

) = ¢® (14 3¢+ 7¢% +17¢° + 37¢* + 79¢° 4+ 162¢° + 325¢" + 635¢° 4 12204°
+ 229840 + 42664 + 7807¢*? + 1411043 + 25197¢'* + 44530¢° + .. )
" q) = ¢" (14 3q+9¢> + 24¢° + 57¢* +131¢° + 288¢° + 610¢" + 12564° + 2523¢°
+4957¢° + 9557¢* +..)
%M q) = ¢*° (24 7+ 22¢% + 61¢> 4 155¢* + 367¢° +835¢° + ...)
0N g) = (2494317 +...) (C.12)

e SO(9) Dynkin labels [n — 00,0, 1,1]

N g) = ¢ (1+4q +10¢ + 27¢° + 63¢* + 141¢° + 302¢° + 628¢" + 12644°
+2494¢° + 4811¢"° 4 9119¢*" + 17005¢* 4 31260¢" + .. .)

o) = ¢® (145q+16¢% + 44¢° + 113¢* + 269¢° + 610¢° + 13304"
+2804¢® + 5748¢° +...)

1 g) = ¢ (14 6q+19¢2 + 59¢° 4+ 160¢* + 404¢° + ..)

) = 2499+ ..) (C.13)
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e SO(9) Dynkin labels [n — 00,2,0,1]
29g) = ¢ (14 3¢+ 9¢% + 23¢° + 55¢* + 123¢° + 267¢° + 556¢7 + 1132¢°
+2244¢° + 4362¢"° 4 8318¢*" + 15616¢*% 4 28873¢" +...)
29 g) = ¢*° (14 3¢ +9¢% + 25¢° + 63¢* + 150¢° + 342¢° + 749¢" + 1591¢°
+3289¢” + 6640¢'° + ...)
2% q) = ¢ (2+8¢+27¢% +77¢% +204¢* +..) (C.14)
e SO(9) Dynkin labels [n — 00,0,0, 3]
003(g) = ¢*% (24 5+ 15¢° + 38¢° 4 90¢* + 201¢° + 437¢° + 905¢" + 1838¢°
+3633¢” + 7038¢'° + 133744 +..))
q) = " (2+8¢+25¢° 4+ 69¢> + 176¢" + 418¢° + 949¢° + 2069¢" +...)
93 (q) = ¢ (3+11¢+ 38¢% +109¢° +...)
0,3( q15 (1 + .. ) (015)

0,0,3
5

e =

e SO(9) Dynkin labels [n — 00, 1,1, 1]
) = ¢ (1 4+ 5g + 16¢° + 45¢° + 116¢* + 2764° + 624¢° + 135847 + 2852¢°
+ 5825¢° + 116164'° 4 22669¢'* + .. )
) = ¢ (1 4+ 5q + 17¢° + 52¢° + 142¢* + 358¢° + 855¢° + 1950¢" + 4279¢° + .. )
' (q) = ¢ (14 7q+ 26¢° + 84¢° + 243¢* + .. ) (C.16)

These results confirm the trend observed in subsection 6.2: The 7,7Y"%(¢) expansion (6.34) of multi-

plicity generating functions G, »4,.(¢) converges more quickly at higher values of the Dynkin labels
z,Y, 2.

D Deriving the asymptotic formulae for N4y = 1 multiplic-
ity generating functions

In this appendix, we derive the asymptotic results on multiplicity generating function G, g(g) in
the limit n — oo presented in subsection 4.4.
In what follows, we will exploit the n — oo behaviour of objects T,(m, k) := () — (,™ ),

k—p
2m+1
Tynya(2m + 1, 1= k) ~ 7
nt2(Zm+1m+n+1-k) <m+n+1—k)
2m
Ty 2(2m, — k) ~ . D.1
aaCmmn =0~ (2 (D.1)

assuming that m,k >0

D.1 Warm-up: Multiplicities of [2n + 1,0] and [2n,1] as n — oo

In order to get familiar with the asymptotic methods in the Ny = 1 context, we shall first of all
discuss the large spin regime of supermultiplets with U(1)z neutral Clifford vacuum.
The multiplicity generating function for the representation [2n + 1,0] can be written as

Gant1,0(q) = Z Z me[pnﬂ,o]] (m,—p—1,k;q) + Z Zm[[Qn—i-l,O]] (p,p, k3 q) (D.2)
k=0 m=0p=0 k=0 p=0
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where the function M2, 41,207 and Mya,41,2¢] are defined in (4.59) and (4.60) and, as n — oo,

— 2m +1
~(—1)"mP FNS m-—p
com s ) (2

crt (") (0 k)] . (03)

Note that the binomial coefficient (§) increases as 3 increases from 0 to [a/2] and then decreases

S):n[[Qn-‘,-l,O]] (mv b, k; Q)

as [ increases from |a/2]| + 1 to a.
Observe that Mya,,41,01(m, —p — 1, k; q) is sharply peaked near (m,p, k) = (0,0,n) for n large.

Therefore, the dominant contribution to the first set of summations in (D.2) comes from

oo o0 oo

DD My gp(m, —p — 1, k;q)

m=0 p=0 k=0

[e1] [e2] [n(l+e3)]
~ Z Z Z mﬂQn—i—l,Oﬂ (mv 2 17 k7 q) any €p, €z, €3 > 07 n — oo
m=0 p:O k:[n(l—eg)]
(D.4)

n— oo .

~ YD Mpparro(m,—p— Lin+8g),

m=0p=0d=—o0
In the limit of large k, we can use asymptotic formulae (4.23) and (4.28) for F,?IS (¢) and F,E‘p( ).

The summation over § from —oo to oo can be readily computed using the fact that

i q5( 2 ): i q‘;(mQTCS) =q¢ "(1+q)"™,

m—20

d=—o00 d=—m
[e%} m—+1
2m +1 2m +1 _
) ) m 2m-+1
= = 1 . D.5
o) = X () =erase )
d=—o00 d=—(m+1)
Next, the summation over m from 0 to oo can be computed using the following identities:
= _ m(l+m+p o 1—g%t3
_ m(q 2m — (—g)P1
S o marg (V) = o i
ol _ 1+m+p 1 —g?rt2
—q)" ™ (1 Zm+1 =(—q)P——. D.6
S o (7)) = ot ()
Thus, from (D.4), we find that
(1—q)¢""*

(o ol e S INe o)

> 35 s -1k = L

m=0 p=0 k=0
x {un(vaa(1,0) - [u(VD)ds(1,0® - wa(—VaWa(l,0)? . (D7)
where the functions wu;(q) and us(g) are defined as follows:
© a2 _ 4p+6
=3 2r) "~ 4
Ul(q) ;;)q (1 + q2p+2)(1 + q2p+4) )
s 2 1 — g*rts
_ 2(p+1)
u(g) = ¢*? 1+ 2P ) (1 + g2 73) - (D.8)

p=0

— 86 —



It remains unclear whether u;(q) and uz(q) can be written in terms of known functions (if this is
useful at all). In practice, it is easy to compute the power series u1(g) and us(g) up to a high order
in g. Moreover, their asymptotic formulae can be easily derived in the limit ¢ — 0. We shall come
back to this point later.

Let us now examine the second set of summations in (D.2). The function M{ay,41,07(p, P, k; q)
is sharply peaked near (p, k) = (0,n) for large n. Thus,

Zzim[pnﬂo]](p P,k q) ~ Mp2n410p(0,0,m59) ,  n— o0
k=0 p=0
1 1—q)3 1
- O (0.9)

Hg:9)S 1+4¢

From (D.2), we simply add (D.4) and (D.9) together and obtain the expression (4.72) for
Q2n+1,0, in agreement with the stable pattern in table 3.

From recurrence relation (4.35) for G, g, the asymptotic behaviour of multiplicity generating
functions U (1) charge @ = 1 is given by

Gonr(0) = 5 [FN5(0) ~ Conor0(a) ~ Goniro(a)] (D.10)

Using the asymptotics Ga,—1,g ~ ¢~ Gany1,g as well as (4.72) for Gap 11, and (4.23) for F}L\Ig, we
arrive at (4.73). This also agrees with the stable pattern tabulated in appendix B.1.

D.2 Multiplicities of [2n +1,2Q] and [2n,2Q + 1] as n — oo, Q@ = O(1)

This subsection generalizes the asymptotic results from the @ = 0 (or = 1) sector to generic
U(1)g charges. The multiplicity generating function for [2n + 1,2Q] can be written as

Gont1,20(q) = Z Z lz {m[[2n+1,2Q]] (m,—p — 1,k;q) + Mpznt1,201 (M + 0, p, k3 Q)}

k=0m=0 L p=0

Q-1
+ Z Mizn+1,2¢7 (M, m +p+ 1, k; Q)] . (D.11)

p=0

where the M2y, 41 2¢ function follows the following n — oo behaviour:
+m—p 2m +1
FNS Q
hp(q>< om+1 J\m+n+1—k

+ P () (Q +27:1p> (m 4_27:_ k)] (D.12)

The dominant contribution to Gay,+1.2¢(¢g) comes from

m[[Qn—i—l,QQ]] (mvpv ka q) = (_1)Q*m*p

oo [e2] [n(l+er)]

Gant1,20(q) ~ Z Z Z {mt[[QnJrl,QQ]] (m, —p — 1, k5 q) + Mp2n41.291 (M +p, p, Q)}
m=0p=0k=|[n(l—e1)]

o Q-1 [n(l4e1)]

+ZZ Z Mizn+1,207(m,m+p+1,k;q) , €1,62 >0 ,n — 00
m=0 p=0 k=|n(l—e1)]

~ Z Z Z |:g~n[[2n+l,2Q]] (m7 -p—1Ln+ 5; q) + SDI[[21’L—0—1,2Q]] (m +p,p,n+ 5; q):|

m=0p=0d=—o0
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oo

Z Mi2n+1,201(m,m +p+1,n+6q) , n — oo . (D.13)

d=—00

B3>

m=0 p

HM\

The first set of summations can be evaluated as follows:

0o oo oo (]_ _ q)Qqan*%
22 2 Mpniaqim,—p— Lt 80) = Ty e

m=0 p=0 d=—c0
X {u1(\/§, Q)V2(1,9)* — [u2(v/a, Q)93(1,9)* — us(—/q, Q)94(1,q)?] } ) (D.14)

where

e (ot 1 — g*pHiQ+6
= 2
Zq (L @)1+ g2rF)

o0
u2(q, q
p=0

Ap+4Q+4
2(p+1)? 1—¢q

(1+ g+ (1 +¢%+%) -

(D.15)

The next set of summations in (4.62) can be evaluated as follows:

oo oo

> —1)Q(1 —q)3¢" 2
ZZ Z m[[2n+1,2Q]](m+papan+5;q):( ha a)q

2(q;9)%

x {0(va Q021,02 + [02(a2, Q)s(1,0)* — v2(~vG, Q)0a(1,0)*] } . (D.16)

Q/2 1
@)= 3 LU (@) p L Q1 % -Q (1t
B I+ 2)1+¢)\2p)> 2| p+1/2, p+1 4 ’

Ll e (@ o[ @20 29 G0y

v2(q, Q) = };} LI+ @201+ gy \2p+1)3"2 p+1,p+3/2 7 4

The last set of summations in (4.62) can be evaluated as follows:

SRS (-1)?(1— )
Mron m,m+p+1,n+d;q
mz:: ; ; fan+1.201( )= 2(4:9)5%
9
X {wl(\/a,Q)ﬁz(LQ)Q g% [wa(v/q, Q)93(1,9)* — wa(—/q,Q)Va(1,)?] } ,  (D.19)
where
f: Q-1 (—1)p+1igi+2(+mtp)®—2m (1+ q2)2m (le—p)
wl(q7Q> = m y
=0 10 (1 + q2(m+p)) (1 + q2(1+m+p))
( Q) L i Q-1 (_1)p+1q2(m+p+g)2,2m (1 +q2)2m+1 (Qljé;p) 020)
walg, &) =q 2 - — .
2 () (1 )
38Upon obtaining the hypergeometric functions, we make use of the following identities for p > 0:
Q 2
_1\ym,—m 2m Q+m _ Q 1, Q+1, QP_Q' (1+Q)}
mz_o( DT+ <2p+2m)7 (2p)3F2[ p+1/2, p+1 " 4q ’
Q 2
_1\ym,—m 2m—+1 Q+m _ Q |:17Q+17 2p+1_Q. (1+Q) :|
2 ()" (1 +g) (1+2p+2m) - (2p+1)3F2 p+1,p+3/2  4q |- (D-17)

m=0
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Combining the three sets of summations into (4.62), we have
(1-q?¢"
2¢%(¢; 9)%
+d3(1,0)* | — 0" %ua(v7. Q) + (-1)?(1L — @) (12(v2. Q) + ¢ (V4. Q)|

G2n+1,2Q(Q) =

{w, [0 (8, Q) + (~120 — ) (1 (3, Q) + ¢ Vw1 (va, Q)]

+94(1,0) |0 %ua(—vG Q) — (~1)2(1 — @) (12—, Q) + Pun(—v2. Q)| }
(D.21)

which exactly (4.63) with the definition (4.65) for the function F(g, @) in the curly brackets. Note
that this formula reproduces (4.72) when @ = 0.

This allows to quickly infer asymptotic [2n,2Q + 1] multiplicities through the recursion (4.38)
and the asymptotic relations Gap42,20+1(q¢) ~ ¢Gan,20+1(¢) as n — oo:

1

Gan20+1(q) ~ m

[FR011(a) — Gani120(q) — Gani1,2q+2(a)] (D.22)

The asymptotic formula (4.28) for F&Qﬂ(q) and the definition (4.65) for the function F(g, @) then
leads to (4.64).
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