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for, the direct calculation.
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I. INTRODUCTION AND SUMMARY

It was shown in H] that certain scalar field theories with higher-derivative kinetic terms
can, when coupled to gravity, possess a vacuum that is ghost-free but violates the Null Energy
Condition (NEC) of general relativity. These “ghost condensate” vacua have a number of
important applications. For example, ekpyrotic ‘jﬂ] and other bouncing theories BE] of the
early universe require that spacetime “bounce” from a contracting to an expanding phase,
perhaps even oscillating cyclically [9, [10]. From the point of view of low-energy effective
field theory, these cosmologies require some form of matter that naturally violates the NEC
without introducing any ghosts or singularities in spacetime. Such forms of matter are rare—
ghost condensates gﬂ] and the closely related Galileons ] are currently the only known
scalar field examples. Ghost condensates were introduced in this context in new ekpyrotic
cosmology B] It was shown BM] that, given the appropriate potential and kinetic
energy functions, the early universe can go through a contracting ekpyrotic phase where a

nearly scale-invariant spectrum of scalar perturbations is produced (with characteristic

non-Gaussian signatures B, , ]), followed by a ghost-condensate phase where the
universe bounces and enters the present epoch of expansion.

All of the above theories involve scalar fields coupled to gravity in the early universe
and, hence, it seems essential to understand their ultra-violet (UV) behavior. The quantum
divergences of both scalar theories and gravity are under better control within the context
of supersymmetry, supergravity and string theory. With this in mind, ghost condensate
theories were extended to global supersymmetry in ] Specifically, the globally N = 1
supersymmetric Lagrangian of a single chiral supermultiplet—containing a complex scalar
with two real components ¢ and £, a Weyl fermion x and an auxiliary field F'—was generalized
to include higher-derivative kinetic terms. This theory manifested the ghost condensate
vacuum which, due to the appropriate choice of higher-derivative interactions, retained the
auxiliary field structure of F', was free of spatial gradient instabilities of ¢ and had a canonical
kinetic energy for the second real scalar £&. The kinetic energy of the fermion evaluated in this
condensate vacuum is ghost-free but has a negative spatial gradient term which, perhaps, is
physically acceptable. Be that as it may, to resolve this last issue the global supersymmetry
|. This led
|. Within this

construction was extended to more generic higher-derivative interactions in g

naturally to a globally N = 1 supersymmetric theory of conformal Galileons



context, it was shown that the ghost condensate still persisted with all of the appropriate
properties of the original supersymmetric theory but, now, with a correct sign fermion
kinetic energy as well. A final, and important, property of the globally supersymmetric
ghost condensate vacuum is that it spontaneously breaks supersymmetry. This occurs, not
through an expectation value for the F' term, but, rather, due to the explicit time-dependence
of the scalar condensate.

These globally supersymmetric condensate theories, although using their eventual in-
teraction with gravity as a motivation for some of their properties, were not a complete
coupling to supergravitation. In this paper, we accomplish this by explicitly coupling the
higher-derivative chiral superfield Lagrangians introduced in ] tolocal N = 1 supergravity.
Explicitly we will do the following. After reviewing both scalar and globally supersymmetric
ghost condensates in Sections II and IIT respectively, the basic N = 1 supergravity ghost
condensate Lagrangian is introduced. This is accomplished in Section IV using the gen-
eral formalism of 1her derivative chiral superfield actions coupled to N = 1 supergravity
introduced in ! We begin by constructing the Lagrangian, both in superfields and
components, for a single chiral superfield with the simplest higher-derivative kinetic term
coupled to supergravity. By appropriately choosing the Kahler potential-in the present pa-
per we do not require a superpotential-solving for the auxiliary fields and Weyl rescaling,
the proposed component field supergravity Lagrangian for a ghost condensate theory is pre-
sented. This is shown to indeed admit a ghost condensate vacuum in de Sitter spacetime
with vanishing gravitino and x fermions. The quadratic scalar Lagrangian is evaluated in the
condensate vacuum exposing two possible problems—a potential gradient instability in the
scalar ¢ and an unacceptable kinetic energy for its partner scalar field &, which we address
later in the paper.

In the following subsection, the gravitino and x kinetic energies and mass terms are pre-
sented. By appropriate field redefinition, these are diagonalized and shown to correspond to
a massless fermion y and a massless gravitino. This result is then interpreted and explained
within the context of the fermion supergravity transformations, which are reviewed in Ap-
pendix A. As in the global case, the supergravity ghost condensate spontaneously breaks
supersymmetry due to the explicit time-dependence of the scalar ¢. This renders the su-
persymmetry transformation of xy inhomogeneous—signaling the breaking of supersymmetry.

However, we show that, as in a Minkowski spacetime vacuum, the gravitino can be redefined



so that it transforms homogeneously. Hence, x is the massless Goldstone fermion. The
super-Higgs effect is discussed in detail. We find that, even though supersymmetry has been
spontaneously broken, the gravitino remains massless due to the vanishing of the superpoten-
tial and thus the usual super-Higgs effect (by which the gravitino becomes massive) does not
take place. These results give an explanation for those obtained by direct diagonalization of
the quadratic fermion Lagrangian. Having understood the fermion kinetic and mass terms,
we then return in the next subsection to the problems of the ¢ spatial gradient instability
and the wrong sign £ kinetic energy. We present explicit additional supersymmetric terms
that, when added to the supergravity Lagrangian, solve both of these problems. Their effect
on the ghost condensate vacuum is to make a small shift in the scales of both the condensate
and the de Sitter spacetime. The calculation of the requisite component field Lagrangians
is presented in detail in Appendix B. Finally, it is shown that these additional terms, while
possibly modifying the coefficients of the diagonal gravitino and x kinetic energies, still leave
the gravitino and y as massless fermions. This is accomplished using the generalized fermion
transformations presented in Appendix A.

The results of this paper prove the existence of a consistent N = 1 supergravity ghost
condensate theory. Although ghost-free, the x kinetic energy continues to manifest a negative
spatial gradient term. It is of interest, therefore, to extended and generalize the results of
this paper to a theory of supersymmetric conformal Galileons coupled to supergravitation—
this will appear elsewhere. It is of interest to note that conformal scalar Galileons can occur
on the worldvolume of branes @] and AdS “kink” solitons ] Furthermore, it was shown
in [28] that the bosonic components of N = 1 supergravity Galileons also appear naturally
on the worldvolume of BPS wrapped five-branes in heterotic superstring constructions [29-

|. It is tempting to conjecture, therefore, that string soliton worldvolume theories can
manifest a ghost condensate solution—thus naturally violating the NEC in a UV complete

superstring context. This is presently under study.

II. SCALAR GHOST CONDENSATION

Let g, be a (— 4+ ++) Lorentz signature metric of four-dimensional spacetime with
coordinates 2" and consider a real scalar field ¢. Denote its standard kinetic term by

X = —3(0¢)*. A ghost condensate vacuum arises from higher-derivative theories of the



form

L=/ —gP(X) . (IL.1)

where P(X) is an arbitrary differentiable function of X. In a flat Friedmann-Robertson-
Walker (FRW) spacetime with metric ds* = —dt? + a(t)?0;;dz'd2?, and assuming ¢ to be

dependent on time alone, the scalar equation of motion becomes

d

= (a3RX¢> ~0. (I1.2)

Clearly this has a trivial solution when ¢ = constant. Of more interest is the solution with

non-constant ¢, but for which
1.,
X = §¢ = constant, Px =0. (I1.3)

Denoting by X a constant extremum of P(X), the equation of motion admits the ghost

condensate solution

¢ =ct, (I1.4)

where ¢ = 2X oyt
The explicit time-dependence of this solution spontaneously breaks Lorentz invariance
and leads to a number of interesting properties. First of all, evaluating the energy and

pressure densities one finds
p=2XPx—-P, p=P = p+p=2XPx. (I1.5)

Since by definition X > 0, it follows that the Null Energy Condition (the NEC corresponds
to the requirement p + p > 0) can be violated if Px < 0. That is, if we are close to
an extremum for P(X), then on one side the NEC is satisfied while on the other it is
not. Correspondingly, since Einstein’s equations imply H = —%(p + p), it is now possible
to obtain a non-singular bouncing universe-where H increases from negative to positive
values. Crucial in determining the viability of this theory is the question of whether or not

this NEC-violating solution is “stable”. To this end, let us expand Lagrangian (ILI) to



quadratic order in perturbations around the ghost condensate,
¢ =ct+o0p(z™) . (1L.6)

We find that
L 1 N2 i
=3 ((QXRXX + Px)(0¢)* — Pxd¢ 5%) : (IL.7)

As a result of Lorentz breaking, the coefficients in front of the time and space pieces are

unequal. By inspection, one sees that the condition for the absence of ghosts is that
2XPxx+Px >0, (11.8)
which can be achieved around a local minimum
Pxx >0 (I1.9)

even in the NEC-violating region where P x is small but negative. Henceforth, one imposes
(ILY)) in addition to ([L3]) on the ghost condensate vacuum. This feature is arguably the
most striking property of ghost condensate theories, namely, that the NEC can be violated
without the appearance of ghosts.

However, in the NEC violating region the coefficient in front of the spatial derivative
term in ([L7) has the wrong sign. Therefore, the theory suffers from gradient instabilities.
These can be softened by adding (small) higher-derivative terms—not of the P(X) type-to
the Lagrangian, such as —((J¢)%. These modify the dispersion relation for d¢ at high mo-
menta and suppress instabilities for a short—but sufficient—period of time. In a cosmological
context, there are additional constraints arising from a study of the growth of cosmological
perturbations, which imply that a non-singular bounce must be fast in order to avoid per-
turbations from becoming uncontrollably large @, @] The bottom line is that bouncing
universe solutions via a ghost condensate are admissible, but the bounce is required to occur

on a fast time-scale-for more details, see ]



III. REVIEW OF GLOBALLY N =1 SUPERSYMMETRIC GHOST
CONDENSATION

A. Higher-Derivative Chiral Superfield Lagrangians

As shown in B], the scalar ghost condensate theory can be extended to global N =1
supersymmetry. In this paper, we will adopt the notation and conventions of Wess and Bag-
ger @, A point in flat N = 1 superspace is labelled by the ordinary spacetime coordinates

2™ and the Grassmann spinor coordinates 0%,0;. One can define superspace derivatives

D, = a%a +10™.0%0,, D4 = —% — 00" O, (I1L.1)
satisfying the supersymmetry algebra
{Dy,Ds} = —2i0™.0,, . (I11.2)
A chiral superfield ® is defined by the constraint that
Ds® = 0. (T11.3)
It can be expanded in terms of §%.0, as
d = A+ifo™hA,, + ieeeem + 00F + /20 — %eex,mame , (I11.4)

where the component fields are a complex scalar A(z), an auxiliary field F'(x) and a spinor
Xa(7), each being functions of the ordinary space-time coordinates ™. Spinor indices which
we do not write out explicitly are understood to be summed according to the convention
Y0 = %0, and Y0 = y40%.

The highest (6000) component of a superfield is automatically invariant under supersym-
metry transformations (up to a total spacetime derivative) and, thus, can be used to define
a supersymmetric Lagrangian. To isolate the highest component, one can either integrate

over the four fermonic coordinates of superspace with the differential d*0 = d?0d?0, or act

on the superfield with four superspace derivatives D?D?. Both procedures are equivalent.



As an example, the ordinary supersymmetric kinetic Lagrangian for chiral superfield (IIL4])

is given by
Loty = / d'0 D10 = OTP |pp= —0A - OA* + F*F + %(X,mo—mx —x0"Xm) . (IIL5)
Defining the complex scalar A in terms of two real scalars ¢, £ as

- —(¢ +i€) | (IIL.6)

N

this Lagrangan becomes
1 2 1 2 * i m.— m .—
Lot = —5(3@ - 5(35) + F*F + i(x,ma X = X" Xom) - (I11.7)

Clearly (IILF) is the global N = 1 supersymmetric extension of X = —1(9¢)? appearing in
the scalar ghost condensate Lagrangian.
To continue, one must provide a global supersymmetric extension of X2 as well. This
was analyzed in [22] and found, to quadratic order in the spinor x, to be given by
1 At D!
Lpepsbei Dot = ED(I)D(I)D(D Do 0660
= (0A)*(0A*)* — 2F*FOA - OA* + [*F*?
—%(Xamﬁla”)_(, VA AT+ 2( na”amalx)A,mAfl

FiXO YA AT, — YA AT, + %xamx(Aj‘mDA — A,,0A4%) (IILS)

1 1

—|—§(FDA — OF0A)xx + §(F*DA* — OF*0A™)xx
1 1

+5FAR(X" 0" X~ X, namo—”x) 2F*A* (Xn0"d™x — x0" "X n)
31

Written in terms of ¢, & using ([ILG), the pure A term in this Lagrangian becomes

(0A)*(0A*)? = %(&b)‘* -+ 2(85)4 - %(&15)2(85)2 + (¢ - 9¢)>. (I11.9)

It follows that ([ILY) is a gobal N = 1 supersymmetric extension of the X? term in the scalar
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ghost condensate Lagrangian. As discussed in B], there is an alternative supersymmetric
extensions of X? given by
1

— 1—6(c1> — ®"2DD®DDP' . (I11.10)

However, ([IL8)) has two properties that render it the appropriate choice. First, it uniquely
has the property that when the fermion y is set to zero, the only non-vanishing term is the
top #9000 component. This makes ([IL8) useful in constructing higher-derivative terms that
include X2, a property we will need below. Second, when extended to supergravity—as we
will do in the next section—only ([ILS8) leads to minimal coupling of ¢, £ to gravity. The
Lagrangian ([ILI0), on the other hand, produces a derivative interaction ¢?(9¢)*R of the

chiral scalars with the Ricci scalar R.

B. The Supersymmetric Ghost Condensate

Using ([ILH),([IL7) and ([ILY),([IL9), one can now present the global N = 1 supersym-
metric extension of the prototypical scalar ghost condensate Lagrangian P(X) = —X + X2,

with X ., = % Since this scalar Lagrangian is purely kinetic with no potential energy, there

is no need to consider a superpotential W. This simplifies things, as
W=0 = F=0 (IT1.11)

in the supersymmetric extension. The result, to quadratic order in the fermion y, is then
given by
1 _ _
£8USY = ( — ol + —Dq>Dq>Dq>TD<I>T> ‘ -
16 0000

(09)*(9€)* + (96 - 9¢)” (IIL.12)

NN

U LU I B
= +§(8¢) +Z(a¢) +§(8§) +Z(‘%) -

i m .- m.-
— (Xm0 = X" Xm)

i
5 (8¢)25(x,mam>‘< — X" X m)

1
2
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It was shown in B] that the associated equations of motion continue to admit a ghost

condensate vacuum of the form
p=c, £=0, x=0 (IT1.13)

for arbitrary real constant c. Recalling, however, that Py must vanish in a cosmological
context, we henceforth restrict to ¢ = 1.
To assess the stability of the supersymmetric ghost condensate, one can expand in small

fluctuations around this background as

p=t+00(t,7), &= 0E(t, ), X = ox(t, 7). (IT1.14)

The result, to quadratic order, is

LYY = (6¢)° + 006700,

+ 53 (Bx00"0% = 9x08x0) — 35 (5x.0'X — dxa'dx,)

Each line illustrates an important issue to be addressed in supersymmetric ghost conden-
sation. Note from the first line that d¢ has a ghost-free time derivative term, but that the
spatial gradient term is vanishing. This reproduces the standard result for a scalar ghost
condensate at the minimum of P(X). It follows from the discussion in Section II that d¢ will
develop a small, negative spatial gradient term in the NEC violating region where Px < 0.
For the scalar ghost condensate, this is easily cured by including other higher-derivative
terms not of the P(X) type-the simplest being —(C¢)?. This gradient stabilizing term can
be extended to global N = 1 supersymmetry using the fact, stated above, that when the
fermion y is set to zero, the only non-vanishing term in D®D®D®D®T is the top 0000

component. The appropriate extension was computed in [22] and shown to be

— L DODODP! DO ({D, DD, D}(® + qﬂ))zjm_ — —(06)? (i(&b)‘l + L(ag)!
+(09 - 06" — 4(09)(0€)°),  (IIL16)
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where we have set ' = (0 and kept only those terms required to analyze the existence and
stability of the ghost condensate. We have not displayed terms quadratic in the fermion yx
since each is multiplied by at least one power of [l¢ and, hence, will vanish in the condensate
vacuum. When this is added to Lagrangian ([ILI2]), the modified equations of motion for
the component fields continue to admit the ghost condensate solution ([IL13]) with ¢ = 1.
Expanding around this vacuum using ([ILI4) and (9¢)* = —1, we find to quadratic order

that ([ILI6]) becomes

1

4(D(5¢)2 : (I11.17)

Hence, the first line in the component field Lagrangian is now
. ) 1
LY = (5¢)* +0-5¢"66; — Z(D6¢)2 SR (T11.18)

which softens gradient instabilities by modifying the dispersion relation for ¢, just as in the
usual non-supersymmetric ghost condensate [1]. We note that the coefficient in front of the
(0¢)? term has been chosen for convenience here. A wide range of numerical values is in
fact possible — see |12] for a detailed description of the associated bounds.

The second line in ([IL13) indicates that the time derivative term in the §¢ kinetic
energy vanishes, while the spatial gradient term has the wrong sign. This result is new to
the supersymmetric extension and, again, must be cured by adding supersymmetric higher-
derivative terms. Using the unique properties of D®D®D®T DPT, these were derived in [22]

and, to quadratic order in £, found to be

+1%2D<I>D<I>D<;[>TD‘1>T ({D, D}(® — @N){D, D}(&" - @)) ‘eeéé
——DODEDE D! ({D, DH(® +#){D, D}(® — #)) ({D, D}(@ + &){D, DY(@! — )|
= —~2(00)"(96)* ~ (90)(06 - 9)° . e

Again, we have displayed only those terms required to analyze the existence and stability
of the ghost condensate. When these are added to the Lagrangian, the modified equations

of motion continue to admit the ghost condensate vacuum ([IL13]) with ¢ = 1. Expanding
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around this vacuum using ([ILI4), (IIL19) becomes
— 2(966)% — (6€)? . (111.20)
Hence, the second line in the component field Lagrangian is now
LY — L (06) = 68 4., (I11.21)

which is a Lorentz invariant, correct sign kinetic energy for 0&.

Finally, consider the y kinetic terms in the third line of (IILI5). Although the coefficients
are of equal magnitude, the time derivative term is ghost-free while the spatial gradient
term has the wrong sign. Using globally supersymmetric extensions of P(X) theories, we
have been unable to change the sign of the fermion spatial gradient term while leaving the
time derivative term ghost-free. As discussed in , we remain agnostic about whether
or not this wrong sign spatial fermion kinetic term is a physical problem. This issue will
be further explored within the context of the spontaneous breaking of both global and
local supersymmetry. It might be worth pointing out though that by extending the ghost
condensate model to Galileon theories, the same vacuum solution admits correct-sign, ghost-
free fluctuations ]

For completeness, we present the entire globally supersymmetric extension of the ghost

condensate theory, combining all of the terms discussed independently above. The result is

1 _ —
LU = —01 |yygy +1 DPDEDI DD oy

o 1 _ _ 2
+DODDY D | — ({D, DMD,D}® + <1>T)>

+2_15{ D, D}(® — @"){D, D}(®! — @) (I11.22)

5 ({D. D} (@ + ®){D, D}(@ - qﬂ))zl

0000
In components, writing out all the terms that are relevant for a stability analysis in a ghost

condensate background, this corresponds to

LY = 4200 + 1(00)" — £(06)"(C0)?

1
4
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(96)* — 5(99)*(0€)* — 2(9¢)"(0€)* + (0¢ - 0€)* — (09)" (99 - 9€)* (I11.23)

1 1
(0m0" X = X0"Xn) (= 1= 5(06)?) = 65 ("0 X = X" X" .

+

N | —

+
N~ N —

C. A New Form of Supersymmetry Breaking

The supersymmetric ghost condensate manifests another important property. Consider

the supersymmetry transformation of the spinor,
Sy = V20" (O A + V2UF . (I11.24)

Ordinarily, spontaneous breaking of supersymmetry is achieved by having a non-zero, con-
stant vev of the dimension-two auxiliary field F', thus rendering the transformation inho-
mogeneous. The spinor x then becomes the Goldstone fermion of the spontaneously broken
supersymmetry.

With the supersymmetric ghost condensate, we find ourselves in a new situation. In this
vacuum, the vev of F' vanishes. Now, however, supersymmetry is broken by the scalar field
A getting a non-zero and, moreover, linearly time-dependent vev (A) = (¢)/v/2 = ¢/V/2,

where we restore the arbitrary dimension-two constant. Therefore,
ox = iV20™CO,A =i Ce . (I11.25)

As previously, the fermion transforms inhomogeneously and, hence, supersymmetry is spon-
taneously broken. For the ghost condensate, however, the inhomogeneous term arises from
the linear time-dependent vev of ¢ rather than from the F-term. The scale of supersym-
metry breaking corresponds to the scale of the ghost condensate. It is of interest to explore
this mechanism within the context of supergravity. There, one might expect the Goldstone
fermion to be eaten by the gravitino, and to render the latter massive. However, because
of the wrong-sign spatial kinetic term of the spinor and other properties of the ghost con-
densate background-as discussed in the previous subsection-there may well be subtleties

involved. We will return to this intriguing question in the next section.
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IV. THE GHOST CONDENSATE IN N =1 SUPERGRAVITY

In this section, we couple the globally supersymmetric Lagrangian given in ([IL22) to
N = 1 supergravity and discuss the ghost condensate vacuum in this context. As above, only
those terms in the component field Lagrangian that have up to two fermions are presented—

since this is all that is required to discuss the supergravity ghost condensate.

A. The Chiral Superfield Lagrangian in Supergravity

In M], it was shown that a global N = 1 supersymmetric Lagrangian of the form

1 L
L3UY = K (D, ®1) |g0p0 +1—6D<I>D<I>D<I>*D<I>TT(<I>, 1, 0,,®, 9, ") |gga9

+(W/(®) oo +WT(@T) I ) (IV.1)

where K is any real function of ®, ®f, T'is an arbitrary hermitian function of ®, ®' with any
number of their spacetime derivatives (with all derivative indices contracted) and W is an
arbitrary holomorphic function of ®, can be consistently coupled to supergravity'. This was
accomplished within the context of curved superspace, following the notation and formalism
introduced in [36]. Suffice it here to say that a point in curved N = 1 superspace is labelled
by (z™, 0%, 0O4) and that the chiral projector is D? — 8 R, where Dy is a spinorial component
of the curved superspace covariant derivative Dy = (Dg, Do, Dy) and R is the curvature
superfield?. In its component expansion, R contains the Ricci scalar R and the gravitino
Um, as well as the auxiliary fields of supergravity—namely a complex scalar M and a real

vector b,,. The components in the © expansion of R are

1 1 . .
R = _éM - 6@04 (O-adaa-baﬁwabﬁ - igada¢aaM + i¢aaba)
+ 06 (iR — li&“-ﬁbdﬁgb — 1MM* — ibab + 1ie mD,, b (IV.2)
12 e T T g R ‘
1 - e 1 a a,l apc 1 abc 7= « 7 G
- Ewd¢ M + E¢a Oad wc b — @5 bed |:¢ad0-b chdﬁ + wa Uadb¢cd } ) .

! Related work of interest includes M]
2 All covariant derivatives used in this paper contain the superspin connection only. The U(1) connection

associated with Ké&hler transformations—sometimes absorbed into the covariant derivatives in @]fare, in

this paper, always written out explicitly.
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A second superfield that we will need is the chiral density £. This contains the determinant

of the vierbein ef , as well as M and 1),,. Its component expansion is
26 — e(l 0%, 0. — 690, | M* + qzmaabdsqzbﬁ'] ). (IV.3)
In terms of these quantities, the N = 1 supergravity extension of Lagrangian ([V.1]) is

[SUGRA _ /d2@25 [2(92 _8R)e kI3 _ é(yﬁ — 8R)(DODIODODDIT)

+W(<I>)] +hec. (IV.4)
Partially expanded in component fields, this becomes

3 _ 3 _ 3 o
£SUGRA | _ §E(D2D2G_K/3) + 1E6¢adaaaa(pap2e—1{/3) . g6(]\4* + ¢a5ab¢b) (D2e—K/3)
1 1 1 _ _ N
—geM(D%—K/?’) - iZe(wa6“)a(Dae_K/3) — Ze(lpabo—bw + 1M + i1heb") " (Dae K73)

1 _ L 1 - _ L
+—eD*D*(DPDIDI DI T) — Eei(@ba&“)QDQDQ(D@D@D@T DOIT)

32
1 e L 1 L
+§6(M* + ¢,6") D*(DODIDP DT + ﬂeMD%D@D@D@TD@TT)} ‘ +h.c.
1 1 1 1 _ _ .
+e< = SR = SIMP 4 2, + 1 (e - waab@bcd))e_K(A’A )/3 (IV.5)

+eFOW (A) + eF* (OW(A))* — %ex2(92W(A) _ %ex2(a2W(A))*
—%eixa“wam/v(fl) - %ei;‘(&“wa@W(A))*
—e (M* + 1a6""Py) W(A) — e (M + 1h0"4y) W(A)*

where } specifies taking the lowest component of the superfield and
Yimn® = Donthn® = Dathn®, Dyntn® = Ot + U wnp® . (IV.6)

Since we are interested in the supergravity extension of the ghost condensate, we can, as in

the globally supersymmetric case, set W = 0. It then follows from their equations of motion

that both
F=M=0 (IV.7)
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in our zero-fermion background. This simplifies the Lagrangian (IV.H]), which now becomes

svera _ [ _ ;—26(@29%—”3) 4 i%e@ma—ma(mﬁe—fﬁ?’) _ ge@aa—%bw?e—fﬂ?))
(") (Do) = Le(uo" 0 + thal) (Due%)
+31—26D2D2(D<I>D<I>D<I>TD<I>TT) — 11—661(@5”)0‘7)&7)2(D@D@D@TD@T)
+%e¢aaab¢b1§2(m>m>@q>@qﬂ T)} ‘ +hee. (IV.8)

11 1 _ _ .
+€< - 572 + gbaba + Zgade(wa5b¢cd - ¢aabwcd>)e_K(A7A )/3 .

Note that the auxiliary field b, = e!"b,, remains undetermined. To proceed, one must
evaluate the lowest component of each superfield term.

Evaluating the first term in (IV.4]), we find after integration by parts that

I svgra 1 2 3 =9 ~K/3
Lot = 6[ 4?0262 (D ~ 8R)e | +ne.
1 1 a 1 abed ()] = n —K(A,A*)/3
= (= SR+ 3b%a + M (Gabed — Vaoyihea) )oK
273 1
+3JOAP (%) aar + b (Aale™ ) 4 — A o(e7F%) 40)

B i%b“ (Pax(e™/%) 4 = Gax (e /) 410)
— V20" P (6T5S) 4 = V2XO (€7 F?) e (1v.9)
_ ig¢a0“bacwa,c(e_K/3),A - ig%aabacwal*,c(e_[{/g),A*

+ %Xaaiba(e_K/ 5) ane + ig (x0"€a " DX + X0 " D) (€ /%) aae

+ g\/iA*,bwanUaX(e_K/g),AA* + g\/iAbwanUaX(e_K/glAA*

— SOAP () gy = SO () e

B e _
+ igxo X(A a5 yaenr — Agle K/3)7AAA*)
Note that this corresponds to the supergravitational —X term in ([IL.22) if one chooses

K(®,0") = —3d" | (IV.10)

The second term in ([V.4) depends on the arbitrary hermitian function 7. As a first step,



17

let us choose T' = 7/16 where 7 is a real constant. For 7 = 1, the second term in ([V.4))
corresponds to the supergravitational X? term in ([IL22). It is useful, however, to introduce
7 as a “marker” indicating the component terms arising from this part of the Lagrangian.

We will set 7 =1 at the end of the calculation. Evaluating this second term gives

1 1 _ L
- LR bt » = E( — % / d’02&(D” — 8R)(DODPDI DT )) +h.c.
— ( + %D2752(D<I>D<I>15<I>T75<I>T) — %i(zzaaa)apaﬁ(D@D@@@@@T)

T — == L
+ 570 %bD?(D@D@DcND@T)) } +hee.
= +7(0A)?(0A")? — %ﬂf@ﬁaa“ach*vc(ﬁA)z — %\/%Xacawa;x,c(am)?
— V27(DA") A X" — V27 (DA A” "X

i 5
—%TXU“XA@ememA*,b + éfxa“xAvaA*vbbb (IV.11)

I 5
+%TXUG)_(A*7aememA7b + ETXJQXA*ﬂAwb
- 1
AT (D X))o XA A"y + V21,50 Y ACAT B A .+ grxabacﬁaxbcA’“A*,b
—l—i’TXO’b(Dm)Z)A*’mAb + \/§TX0’b5’c¢aA*’aA’bA*7c

1
— %T}«I“&bam (Dix)A A"y — ETxaaﬁbac)ZbcAﬂA*’b

I 1
2D )G A" 1Ay — X0 T O KbAT (A

The basic N = 1 supergravity Lagrangian for the ghost condensate is obtained by adding
(IV.9) and (IV.11). Note that it contains the supergravity auxiliary field b,,, which can be
eliminated from the Lagrangian using its equation of motion. This is found to be

3

3
b = — 5 (A (e 57) 4 — A% (e K3) 40) 57 — ZXUmX(e_K/g)AA*eK/S

+ Zﬂi (Lmx(e77%) 4 = DX (e7/) 40) &7

5

- ZTXO-CLX (A,aA*,m + /4>i<,czf4,m)eK/3 (IV12)
1

+ §TXUa5'mO'b)ZA7aA*7be
1

+ gT(xa"&bam)Z + X0 0"Y) A A* el

K/3

Plugging (IV.12]) back into the sum of the Lagrangians, and keeping only the terms contain-
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ing at most two fermions, this results in the expression

1 1 _ _ L
SLFIGRS = / 1202& [g(zﬁ —8R)e K/ — T (D? — 8R)(DIDIDO D) | + h.c.

e . 7!
= (- %R + ie“bcd@aa—md — Pa0yeq) ) e KAAVE 1 39AR (e7K3) 44
— V20" P (67T5) 4 = VYO P (€7TF?) e
_ i;?ﬂaaabaC@DbAvc(e_K/g),A - ig%dabac@bbz‘l*,c(e_K/g),A*
+ i% (X0 €0 DX + X0 €0 D) (€7/%) ax-
+ g\@A*,b%UbUaX(e_K/g),AA* + g\@Abwadbaax(e_K/g),AA*
— S (OAP () s — S AP e
+ igXU“TC <A*,a(e_K/3),AA*A* - A,a(e_K/g)’AAA*>
+7(0A)? (DA% — %ﬂfwaaaach*,c(é‘A)Q - %\/ﬁfxaca%afl,c(f%*)z

— V27(OA" ) A X )™ — V21 (DA A* b X

i
2
—iT (DX ) YA A", + \/ﬁTﬁaﬁcdb)ZA’aA*7bA,c

TXO XA " D A"y + %TXU“)ZA*,aememA,b (IV.13)

HTXO (D X) A Ay + V27 X0 5 Y, AT AL AT

—%TXO’aa'bO'm('Dm)Z)AﬂA*b + %T(Dmx)am#cf“)ZA*vaA’b
3

+ 1 (0A) () 4 = (0A7) (/%) ae) %!

3 —
= V(A" () 4 = AT ) (U (eT) 4 = G X(e7H) )"
3

= O X (A€ ) 4 = AT (7)) (@7H) g
- }Txo—“x(A*,a<8A>2<e‘K/3>,A — AL (OAT) (e au)elV?

3. . L
— 5iTX0 Y(Agle KI3y 4 — A% 4(e K/?’),A*)|5A|26K/3 :

To go to Einstein frame and to render all fields canonically normalized, we now Weyl rescale

as

o WEYL eK/6 a

€n €n



X WEYL e_K/12X

U 5 &2,

and shift

For the sum of terms not proportional to 7, this results in

1 3 = _
ﬁf{({ggf Weyl = |:/d2@2£§(1)2 - 8R>e K/g] Weyl * h-C-
1
=- 3R~ K a4+ |0A]?
— K 4 XT" DX + €15, Dyth,

1 1 _
- 5\/§K,AA*A*,nXUm6n¢m - 5\/§K,AA*A,nX6manwm .
See @] for details. After Weyl rescaling, the terms proportional to 7 become

Dt
o ~DIDEDLI DT 7,Weyl Weyl

1 1 T 5175
1 suara -1 [ / P02 (~ (D" SR)(DODODIDEN)|  +he.

= +7(0A)*(0A%)? — %\/ﬁTwaa“ach*7c(8A)2 — %\/ifxaca“@bafl

— V2T (DA A ™ — V27 (DA A* 0

—%TXO'G)_(AﬂGbm(,DmA*’b) + %TXUG)_(A*,aebm(DmAb)

— %TXU“)ZA7QA*7I,K’I’ + %TXO’Q)ZA*ﬂAbK’b

—iT(Dmx)anXA’mA*’” + V21,50 YA A LA

+ ETXO’ INARAT K+ 67‘)(00170“)(/1 A" Ky

—I—iTXO’ (D) A” mAb+fTXUbUC¢aA* TALAT .

— ETXU YA A, Kb 6Txa“abch ALKy

—%Txapaq "(DmX)Ap A", QT(Dmx)am6paq)2A7pA*,q
+ éTXU o a“xK A% A, — ETXU C)‘(KﬂA’bA*’C
7. af Ak _ WD/ —
—1iTxo X(A” 0 (0A)* (e75/3) 4 — AL (0A*)? (e75/3) pe)e/?

3. o _ .
- §ITX0' X(A,a(e K/g),A —A ,a(e K/3),A*)\8A|26K/3 .
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(IV.14)

(IV.15)

(IV.16)

(0A7)?

(IV.17)
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To arrive at this result, we used

1 1
DnA,b Vﬂ)L e_K/G (DnA,b - éK,nA,b + BeblAJn(K,mgnl - K,lQnm))
1 1
D,x" 5 e K12 (D, — X"+ X (0™ (K gt = K 1Gom)) (IV.18)
. . 1 . 1 . .
an>—<a Vw e—K/12 (Dnj(a . EK,nxa _ E(a'ml)agxﬁ(K,mgnl _ K,lgnm)) )
This follows from the definitions
1
g™ = (0™ s D = O+ X (1v.19)
and the fact that under (IV.14))
WEYL K/3 1 1
Wnpmi — € (wnml + BK,mgnl - EK,lgnm) . (IV2O)

The effect of the shift (IV.15]) on (IV.I7) actually sums to zero.

B. The N =1 Supergravity Ghost Condensate

The supergravity extension of the prototype scalar ghost condensate P(X) = —X + X2

is the sum of ([V.I16]) and (IV.17), where we take
K(®,0") = -2df, 7=1. (IV.21)
That is,

1 _ e L

L3 e = 5 [ / d202€(D? — 8R) (3e‘1>‘1’ f— . (DODEDY D! ))]Wey1 Fhe (IV.22)

It follows from ([V.16]), (IV.17) and (IV.21)) that the purely bosonic part of this Lagrangian
is

1 1 .
L e = —5 R+ AP +(0A)(0A) + .. (Iv.23)

&
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Defining A = \%((b +i€), this becomes®

1 1 1 1
;Egggﬁéwm =—5R+ 5(8¢)2 - 1(8@4 (IV.24)
1 1 1
+5(0€)* + 7(0€)" = 5(90)*(9€)* + (96 - 06)* + ...

The remaining terms in the Lagrangian are at least quadratic in the fermions x, v,,. The
Einstein and gravitino equations can be solved in a flat FRW spacetime ds? = —dt? +
a(t)?0;;dx'dx? with a vanishing gravitino v, = 0. The ¢, & and x equations of motion

continue to admit a ghost condensate vacuum of the form
p=ct, £=0, x=0 (IV.25)

where, to be consistent with the coupling to dynamical a(t), one must set ¢ = 1. The scale

factor is that of a de Sitter spacetime, which—in its flat slicing—is given by
+-Lt
a(t) =e vz . (IV.26)

The choice of the 4 sign corresponds to an expanding or contracting space respectively; in
this paper, we focus on the expanding branch. To assess the stability of the supergravity
ghost condensate, one can expand in small fluctuations around this background. Considering

scalar fluctuations

b =t+0(t,F), &=0E(t7) (IV.27)

only, the result to quadratic order is

1 : ;
L7l Gwen = (00)" + 039760,
+ 0-(06)? +6675¢; . (IV.28)

3 Our conventions for gravity are adapted to those of Wess and Bagger @] in terms of affine connections,

the Riemann tensor is defined as Ry ?s = =0, I8, + 8, I'F,, — ' Tt + TP T . and the Ricci tensor

is given by Rpmn = RPppm. In terms of the spin connection, the Riemann tensor is Rinn® = Opwn® —

anwmab + wmacwncb _ wnacwmcb-
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As in the globally supersymmetric case, both lines illustrate important issues to be ad-
dressed in supergravity ghost condensation—that is, the d¢ spatial gradient instability and
the unacceptable 0¢ kinetic terms respectively. We will present the solution to both of these
problems later in the paper. Now, however, we turn to a discussion of the fermions in the

background of the ghost condensate.

C. The Fermion Lagrangian and the Super-Higgs Effect

For a discussion of the fermions in the ghost condensate vacuum, the relevant part of

Lagrangian ([V.22) is*

LG = - 2 (D, — Dol
+ %(xo—’”Dmx + X6"DpX) (1 - %(8@2) (IV.29)
F 2070 (10" (D) + X" (DyeX))
5 (003" 4 3570 07) (g + 50m0(00 = Jony062) + ..

where ¢, is the FRW metric. For the time-dependent vev ¢ = t, (9¢)* = —1. Hence, the
first and second/third lines correspond to unmixed v, and x kinetic energies respectively.
However, the ghost condensate induces a mass mixing term between x and 1,,,. Using 66" =

—g™" 4+ 20", the mass term can be rewritten as

1 - 1 -
18mOA™ + ™) = 36m (X0 + X ) (IV.30)

or, more simply,

1 _
= 79m(x0™ 3" P+ X5 ). (IV.31)

4 To find the ghost condensate background, it is consistent to set the auxiliary fields M = F = 0 since M
and F' are sourced only by terms of quadratic and higher order in fermions. However, one might wonder
whether it is necessary to include the M- and F-terms in the calculation of quadratic fermionic fluctuations
around this background. Luckily, we do not have to do this. In the absence of a superpotential, all terms
arising from the substitution of M and F' into the action are fourth-order and higher in fermions and,
hence, do not contribute to the present calculation. This follows from the results of Appendix B and from

the analysis of the equation of motion for F' detailed in M]
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Let us try to eliminate this mass mixing by redefining the gravitino. As we will discuss

below, the supersymmetry transformations suggest the field redefinition

7 2 n oo
¢ma = ¢ma - me(¢,naadx ) . (IV32>

Using the fact that the second partial derivative on ¢ vanishes, the 1, kinetic term trans-

forms into

%aklmn (@Mz@miﬂn - Wo'ﬂsm@n) = %5klmn <$k5l,bm1;n - IZkUl@mQZn)

+ 2jektmn <wk51DmDn(¢7pap)_<) - dkalpmpn@,pa—px)) (IV.33)

| ggkimn (Dk(X0p¢,p)5leDn(¢,qaq>_C) — Dk(X&P(b’p)aleDn(ﬁb,q&qX)) :

Furthermore, employing the relation

R
(DD, — DpDp)x = —Eamnx, (IV.34)
which is valid for maximally symmetric spacetimes, and the fact that R = —1 for our de

Sitter background, the 1, kinetic term becomes

1 S 5 5 ) = 531 Do, — V0D
55’“”’"‘ <Q/Jk6ﬂ)m¢n — @DkUszwn> = §5klmn (@Dk&szwn - ?/kale@bn)

1 -
+ 1% (wkﬁkapx + wkaka—”x) (IV.35)
i

+ 7 (= (00" Dixo* X + 20,0 " Dixo”s — (98) Dixa* + 26,6 Dixa* )

Since we are only working to quadratic order in fermions, the second term on the right-hand

side can be written as
1 T _k p— T k= 1 m=n o=m _n,/
Zqﬁ,p(@bka oPx + Yo apx) = +Z¢7m(xa ", + X" ")+ .. (TV.36)

where we have anti-commuted the fermions, used the definition of ™ and relabeled indices.
Note that this term ezactly cancels the x, 1, mass mixing term ([V.31l). Furthermore, the
remaining terms in (IV.35) do not introduce mixing of the Vs x kinetic energies. It follows

that in the ghost condensate vacuum, using (9¢)? = —1 and the redefined gravitino @m, the
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quadratic fermion terms in ([V.29) reduce to

1 1 ~ . .. =
;ECIS“Z?/}%?,WWI =t §5klmn <¢k5'l7>m¢n — wkasziﬁn)
1

2
+1¢0" ¢ 5 (X" (Dinx) + X" (D X)) + - - .

+ 5 (x0" DX + X" D X) (IV.37)

This Lagrangian describes a) a massless gravitino U with Lorentz covariant kinetic energy
and b) a massless fermion y with kinetic terms whose Lorentz invariance is broken in the
ghost condensate background. We note that after the field redefinition of the gravitino, the
kinetic terms for xy now appear with an additional overall multiplicative factor of 2.

Given this result, one can analyze the super-Higgs effect within the context of the super-
gravity ghost condensate. We know from the discussion in Subsection III C that the ghost
condensate spontaneously breaks global N = 1 supersymmetry. What happens when this is
generalized to supergravity? We showed in ] and Appendix A that the variations of the
fermions y and 1, under local supersymmetry—after Weyl rescaling and using the solutions

for the supergravity auxiliary fields M and b,, appropriate to a bosonic background—are

given by
ox = V200 A+ V2e5/5¢CE (IV.38)
1 _
5P = 2(Dyy + 7 (K a0nA — K 4:0y,A%))¢ +1e5*Wo,,C (IV.39)

for arbitrary Kahler potential K, superpotential W and chiral auxiliary field F'. Since
we are interested in supersymmetry breaking in the vacuum, we have ignored all terms
proportional to the component fermions on the right-hand side of the variations. In pure two-
derivative chiral theories coupled to supergravity—that is, not in the ghost condensate case—
spontaneous breaking of supersymmetry is achieved as follows. One chooses a non-vanishing
W for which 1) the potential energy is minimized by having the scalar A be a constant,
and 2) when evaluated at this minimum F = —KA4eXB3(DyW)* # 0, where DoW is
the Kéahler covariant derivative of W. The non-vanishing F-term in (IV.38)) then renders
the x transformation inhomogeneous, spontaneously breaking supersymmetry, while the
transformation of a redefined gravitino v, vanishes. Therefore, x is the massless Goldstone

fermion while ¢, is the physical gravitino. Generically, W # 0 in the vacuum giving the
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gravitino a non-vanishing mass

Mgy = "W . (IV.40)

As first discussed in M], in the process the Goldstone fermion y gets “eaten” by the now
massive gravitino. This is the super-Higgs effect. Note, however, that if W = 0 in the
vacuum-but with DW # 0O-the gravitino mass vanishes even though supersymmetry is
spontaneously broken. Although this is generically not the case, it is possible to find theories
where this does occur.

Let us now return to the supergravity ghost condensate vacuum. In this case we choose
the holomorphic function W = 0, from which it follows that ' = 0. However, A now
develops a non-zero, linearly time-dependent vev (A) = (¢)/v/2 = ct/+/2, where we restore

the dimension-two constant c¢. The y transformation in (IV.38) then becomes
ox = iV20™CO,A =i Ce . (IV.41)

As previously, the fermion transforms inhomogeneously and, hence, supersymmetry is spon-
taneously broken. For the ghost condensate, however, the inhomogeneous term arises from
the linear time-dependent vev of ¢ rather than from the F'-term. Now consider the gravitino
transformation (IV.39). Recalling that we choose K = —®®" in the ghost condensate, and
using W = 0 and (A) = ct/+/2, it follows from ([V.39) that

S = 2(Dp + i(K,AamA — K 40 A"))C = 2D,C (IV.42)

Note that, in addition to the term proportional to W vanishing, the factor K 40,,A —
K 4+0,A* in the first term is also zero in this vacuum. Be this as it may, the de Sitter

spacetime covariant derivative D,,(, = 0,(a — %wmpl(apl)aﬁgg does not vanish, as
wioj = gin, (IV43)

and, hence, v, transforms inhomogeneously. However, in analogy with the ordinary two-

derivative case, let us redefine the gravitino as in (IV.32)). It is straightforward to shown
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that in the ghost condensate background
Uy =0 . (IV.44)

This then identifies x as the massless Goldstone fermion and ﬁm as the physical gravitino.
The generic expression for the gravitino mass was given by (IV.40). In the ghost condensate,

however, W = 0 and, hence,

That is, the breaking of local supersymmetry via a ghost condensate is analogous to two-
derivative supergravity theories with a superpotential for which DW # 0 but W = 0 in the
vacuum. This result for the supergravity ghost condensate is completely consistent with—and
gives a physical explanation for-the above calculation of the quadratic fermion Lagrangian
(IV.37). There we found, after appropriate redefinition of the gravitino, that the mixed ¥,

U mass terms exactly cancelled and that there were no diagonal yy or 1&15 masses—exactly

as expected from the variations (IV.41]),([[V.44)) and ([V.43]).

D. Scalar Field Stability Analysis

Recall from ([V.28) that, when expanded around the ghost condensate vacuum, the
quadratic d¢ part of the Lagrangian is

1 . ,
Loy = (00)° + 000760, + ... . (IV..46)

This is analogous to the globally supersymmetric case discussed in Subsection III B and,
for the same reasons as discussed there, ¢ will develop a small, negative spatial gradient
term in the NEC violating region where Py < 0. This problem was overcome in the global
supersymmetry case by adding the term ([ILI6) to £5V5Y . It is straightforward to generalize
this to the supergravity case with the addition of the term

- % / d’028(D? — 8R)(DODPDIDOIT)) + h.c. (IV.47)



27

where

T, = 2—””9 ({pa, D }{Da, D*}(® + qﬂ)>2 (IV.48)

and where k is a real number. Note that in Subsection III B we (somewhat arbitrarily) set
the parameter k = —1/4. This reflected the fact that, in the globally supersymmetric case,
the exact value of this parameter is irrelevant to the discussion. However, as we will see,
this is not the case when coupled to supergravity. We calculate ([V.47),[IV.48)) in terms of
component fields for F' = M = 0 and to quadratic order in fermions x and 1, in Appendix
B. It suffices here to present only those terms required to analyze the existence and stability

of the ghost condensate. These are

1 _ L
—— [ / d?02&(D? — 8R)DPDIDI DT, +h.c.

8e Weyl

=r(000)* ((99)" + (9€)" — 2(09)*(9€)* + 4(0¢ - 0¢)*) . (IV.49)

The remaining terms are at least quadratic in the fermions x and ,,. When this is added
to the Lagrangian ([V.24]), the equations of motion for the component fields are modified.
We restrict our attention to gravity and the scalar ¢, since these are the only non-vanishing

fields in the ghost condensate background. The relevant part of the Lagrangian is

1 R 1 2 1 4 4 2
ﬁc =5 +5(0¢)" + 7(0¢)" + £(9¢)"(09)". (IV.50)

The associated equations of motion are

0 = ~D0(1 4+ (96)%) — 2676 1~ 856™"6,6,n(16)” — 41(06)2(00)’
~S5(00)°T16 6,6 1+ 166701005606 + 8K(06) 010 7™ 6
8500206 6" Gn™ + S5(00)0" D™
+8k(00)* PP " + 26(00) D™ (IV.51)

G = OmOa(1+(00) + 45(00)*(0)?)
~50mn(08) (1-+ 5(06)" — 26(06)*(C0)? — 168006 676,16, — 4n(09)6,,”6,)

_8’%(8¢)2D¢ ¢7T(¢;rm¢,n + ¢;rn¢,m) - 2K(8¢>4(¢;Trm¢,n + (b;rrngb,m) (IV52>
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where G, is the Einstein tensor’. We are interested in the question of whether these
equations of motion still admit a ghost condensate/de Sitter solution. Therefore, we look
for a solution where ¢ is constant and the metric is a de Sitter space with constant Hubble

parameter H. With this Ansatz, the equations of motion greatly simplify to

0=1—¢> — k" + 6K¢°, (IV.54)
12H? = 3% — 24" (IV.55)

The first equation is quartic in é2, where the solution of interest is the one that reduces to
#* =1 as k — 0. This solution then allows one to calculate the Hubble rate using the second
equation. For small k—which, from an effective field theory point of view, is the case of real

interest—a perturbative solution is easy to derive. It is given by

(@) = 1— 3K+ O(x?), (IV.56)
s 1 1 9

Thus, the effect of adding the stabilizing term for ¢ is to shift the parameters of the ghost
condensate/de Sitter solution without altering its qualitative features®. We now explicitly
demonstrate the stability of ¢. Expanding about this new vacuum using (IN.27), the ¢ part

of the component field Lagrangian becomes

ESUGRA _ %(3<¢>2 . 1)(5¢)2 + %(1 _ <¢>2)5¢7Z(5¢,2 + H(D5¢)2 + ... . (IV58)

5 To derive the Einstein equations, the identity

1) B — _l Sf
o [VEIT0 = [ V(= 50006+ 200+ o
S VnlF6n) ~ 5Valfbm) + 30V () (IV.53)

is useful-where f is a scalar function of the fields. The first term on the right-hand side arises from varying

v/—g, while the second line comes from varying the metric inside of the connection in the (¢ term.
6 One might ask what the solution becomes for large x. By inspection, we see that in this regime the

solution is approximately (;52 ~ 3/2 with H? very small. Thus, for large x, one obtains a kind of ghost
condensate in Minkowski spacetime. However, one should refrain from taking the ((J$)? term too seriously
when « is large-since it leads to fourth-order equations of motion. Hence, it only makes sense from an
effective field theory point of view, in which case its coefficient must be small for consistency.
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For small k, this leads to the dispersion relation

w? ~ —n(%/ﬁ + k). (IV.59)
Thus, to tame instabilities, one must require 1) k < 0 and 2) that || be sufficiently large.
For a discussion of the allowed phenomenological range of , see [12]. Happily, the required
values of |k| are still sufficiently small to allow the above perturbative expansion. To apply
ghost condensate theory to models of a bouncing universe, one introduces a potential which
causes <¢>2 to be slightly lowered. This has the consequence that the NEC is then violated.
In this case, it may happen that the k? term in the dispersion relation (IV.59) switches sign.
This signals a gradient instability at long wavelengths and, correspondingly, the bounce
must occur on a fast time-scale. However, at short wavelength (large k) one can see that

the introduction of the ((J¢)? term indeed stabilizes the ghost condensate.

We now turn our attention to the second scalar, £. The second line
1 . ,
gcgl;?ﬁg{%yl =+ 0- (08 + 6670+ ... . (IV.60)

in (IV.28) indicates that, when expanded around the ghost condensate, the time derivative
term in the 0¢ kinetic energy vanishes, while the spatial gradient term has the wrong sign.
This result is analogous to the globally supersymmetric case discussed in Subsection III B,
and was cured by adding the supersymmetric higher-derivative terms ([ILI9) to £5V5Y. It

is straightforward to generalize this to the supergravity case by adding
1 _ L
-3 / d?028(D? — 8R)(DODPDIDOT;) + h.c., (IV.61)

where

T, =4275{D D }(® — ¥7){D,, D*}(d' — ®)
_g-10 ({Da, Ds}(@ + ON{D,, DM D — <I>T)>2, (IV.62)

to L£LVERA " Note that each of the two terms can be multiplied by an independent real
coefficient. However, modulo the comment below, this is not necessary to understand the

their effect on the ghost condensate and, to leading order, the ¢ kinetic energy. Hence, as
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in the globally supersymmetric case, we set them to unity for simplicity. One can calculate
(IV.61)),(IV.62) in terms of component fields for F¥ = M = 0 and to quadratic order in
fermions y and 1, . It suffices here to present only those terms required to analyze the

existence and stability of the ghost condensate. These are

1 ) o
——| / ?62¢(D* — SR)DODIDHDOIT|  +he.
8e Weyl

= —2(09)"(9€)° — (09)"(99 - 9)* . (IV.63)

The remaining terms are at least quadratic in the fermions y and t,,. When these are
added to the Lagrangian, the modified equations of motion continue to admit the same
ghost condensate/de Sitter vacuum as the one derived above in Egs. ([V.56) and ([V.57).
Expanding around this vacuum using (IV.27)), the fluctuation Lagrangian for £ becomes

SO =y (= S O 2D~ (9)°) 66 + (5 + (90— 200 )oeE +
— i (1- g“ +0(x%)) ((66)* — o€6€, ) + .. (IV.64)

Thus the scalar ¢ is rendered completely stable by the addition of these terms. Moreover, for
small |k| the fluctuations are approximately canonical. In fact, one can make them exactly
canonical by choosing appropriate, xk-dependent coefficients for the two terms in 7. These
enter the overall factor multiplying (5'5)2 — 0&'0¢ ; and can be adjusted to set this factor to

unity.

E. The Modified Fermion Lagrangian and Super-Higgs Effect

Having resolved the d¢ spatial gradient and 0¢ wrong sign kinetic problems in the super-
gravity context, one must re-examine the question of the fermion Lagrangian and the super-
Higgs effect in the presence of the additional terms ([V.47),([[V.48]) and ([V.61)),(IV.62). In
principle, this is a difficult calculation, requiring the evaluation of all terms quadratic in
the fermions x and v,,. As can be seen, for example, by examining the 7, Lagrangian in
Appendix B, although some fermion terms vanish in the ghost condensate vacuum, some,
both kinetic and mass terms, are non-zero. Evaluating each of these, inserting them into

the complete supergravity Lagrangian and then diagonalizing all fermion kinetic energy and
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mass terms is a lengthy undertaking. Happily, to understand the essential physics, it is
unnecessary to carry this out.

Recall from the discussion in Subsection IV C that one can decide the fermion masses by
analyzing the behavior of their transformations under local supersymmetry. In (IV.41]) and
(IV.42)) we presented the supersymmetry transformations in the ghost condensate situation
where W = F = M = b, = 0. Since (IV.25) continues to be valid, and since (in a

bosonic background) the b, equation of motion is unchanged by the higher-derivative terms

(VA1) (IVA48) and ([V.61)),[[V.62), it follows that the x and v, variations remain
ox = iV20™COA =i0Ce (IV.65)

and

St = 2DC . (IV.66)

respectively. As previously, it is straightforward to define a new physical gravitino 1,
which transforms homogeneously. The required definition is given by Eq. ([V.32]) but where
now ¢ and the connection w,, are evaluated in the shifted vacuum. Since the fermion
transformation (IV.63]) is inhomogeneous, supersymmetry is spontaneously broken with a
massless Goldstone fermion y. Furthermore, since W = 0 in the ghost condensate vacuum,

the mass of the physical gravitino v,, is

We can conclude from these arguments that, even in the presence of the additional terms, the
quadratic fermion Lagrangian will describe a massless Goldstone fermion x and a massless

gravitino U with diagonal kinetic energies.
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Appendix A: The Weyl Rescaled Fermion Supersymmetry Transformations

Prior to Weyl rescaling, the fermion supersymmetry transformations—see equations 18.23

and 19.14 in Wess and Bagger [36]-are given by

§x = V20" (O, A+ V2(F, (A1)
Sty = 2D — ien® (%Maac_ + by + %bcgacﬁa) , (A.2)

where we have dropped all component fermions on the right-hand side of the variations since
these vanish in the vacua of interest and ( is the supersymmetry parameter. Note that our
parameter is minus the one in equations 18.23 and 19.14 of Wess and Bagger—a convention
adopted later in their book. Weyl rescaling is performed via

a WEYL K/6 a
n — € €,

Y etz (A.3)

U = R,

and

¢ B2 (A.4)

Then the Weyl rescaled variations are

e_K/125XWEYL = i\/iaaeame_K/GgeK/mamA + \/iceK/mFu (AS)
1 1
25 e, = 26K (DC + 5 Kon€ = (™) K g (A.6)

_iemaeK/G (%Mo.acel(/m + bn€an€_K/6<€K/12 + %ecnbne—K/GCO_caaeK/H)

It is important to note that there are additional terms that arise from Weyl rescaling the

covariant derivative D,,,(* = 9, + (Pw,z* with w,z* = %(aml) 5% W USINg
WEYL K/3 1 1
Wpmi — € (wnml + _K,mgnl - _K,lgnm)- (A7)

6 6
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As discussed previously, the gravitino must also be shifted as
2
,lvbm SiF;F 'lvbm + i%[(,A*O'mx (A8)

in order for the fermionic kinetic terms to be in canonical form. For the supersymmetry

transformation of 1,,, this means that

V2

5meEYL — 6¢mWEYL+SHIFT + 1—

6 K,A*O-m5>_(WEYL . (A9>

Therefore

V2

5w%WEYL+SHIFT = 0V pweve, — IFK,A* Eavamfyﬁ'(sig\/EYL
1 1 a
- 2(Dm<a + EK,mCa - gcﬁ(gnl)ﬁ K,ngml)

I 1 K/6 e _B (0% 1 (& 760&
i <§Me /6¢ 70,,5C7 + b (Y + §b Co, 400
2 N _.
I%KA*E Wamvﬁ( - iﬁCJEBWUQg/&nA* + \/§C5€K/6F*)
:2<Dm<a CB 7537 Ko ) (A.10)
. 1 K/6 « *5 a 1 ¢ *6&
—i (§M6 /6¢ 70,,,5C7 + bm (Y + —b Co, 550

1 1
+ g(ﬁ 350m KA O, A" — 316K/6 O‘VUW/BCBKA F*

:2DmC”——CﬁZ@fo(M9A K 4-0,A%)

1 ' oy Ly O
31€K/6€a“/a g (M"—KA*F ) —1 (me + gb (o mﬁaﬁ ) ’

In the case of pure two-derivative chiral supergravity coupled to a superpotential, the

solutions for F';, M and b, are given by

F = KA eEB(Dw) (A.11)
M+ K 4. F* = N = =353 W (A.12)
by = %(K,AamA — K 4.0, A%). (A.13)
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Plugging these solutions into (AH) and (AI0), we obtain

OXwevt = V20" COnA — VKA K (DLW G (A.14)
1 _
OVmweyLismrr = 2 <Dm + Z(K7AamA — K,A*amA*))C + ieK/2WO'm< . (A.15)

These reproduce the x and 1, supersymmetry variations given in equations 23.5 and 23.6
of @]

For the higher-derivative supergravity Lagrangians coupled to a superpotential introduced
in [24]-and used to discuss the ghost-condensate vacuum in this paper—the solutions of the
M and b, equations of motion, when all component fermions are set to zero, continue to be
given by (A12) and (AI3)). This was proven in ] for any higher-derivative addition to
the Lagrangian of the form D®DIDO DPT, where T is an arbitrary hermitian function
of ® &' with any number of their spacetime derivatives. For example, note that in the
T = 7/16 case discussed in Subsection IV A of this paper, the solution for the b,, equation

of motion is given in (IV.12). When the component fermions are set to zero, this becomes

b, = _51 (A (e 553) 4 — A%, (e75P) 1) &f/? = %(K,AamA — K 4:0, AY) (A.16)

which is identical to (A13)). However, as discussed in detail in M, @], the equation of
motion for the auxiliary field F' is now generically cubic and is no longer solved by (A1T]).

Putting (A12), (AI3) into (AX) and (AIQ), but for an arbitrary solution F, the fermion

variations become

Oxweve = V20" COnA + V2e/OCF (A.17)
1 _
OVmweyLisnrr = Q(Dm + 1(K7AamA — K,A*amA*))g + ieK/QWamg (A18)

for any Kahler potential K and superpotential WW. These are the transformations used in
(IV.38) and (TV.39) in the text to analyze supersymmetry breaking and the fermion masses

in the supergravitational ghost-condensate theory.
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Appendix B: Component Expansions

In this Appendix, we provide details about the component expansions of the higher-
derivative superfield expressions that we employ in this paper. For completeness and poten-
tial future use, we will at first keep the terms that involve the auxiliary fields M and F. Note
that we work only to quadratic order in fermions throughout. The component expansion of

a general higher-derivative term in our formalism is given by

—é / d?02&(D? — 8R)(DODIDIDOIT) + h.c.

=+ 16{(0A)*(0A")* = 210A]|F” + |F['}T|
— 4{M(OA*)*X* + M* (DA’ }T| + dixo*X{ MFA* , — M*F*A,}T|
— AV2{(0A)? A" 106 0"\ + (0A*)* A a0 X} T| + V2| FP{ F*,0°X + F1p,0X } T
+AV2|FP{ A a5’y + A" a0 ®a X I T| + i4V2A A" { F*,5°0°6"x + Fi,0°5°0° Y} T |
+i8bg{ F*A"I\* — FAIIT| — 8{F gAY + F* 4AY\*}T)|
+8{ F*\%e, "D A* 4 + FX2e, " DA T| — 16V2{ (0A)2A™ {0 + (DA 2 A x } T
— 8x0 Xba|F|* + 2%ixo*Y{ FF* . — F*F,}T| + %Oexo—b;zba{A,aA*,b + ApA* )T
+i8X0 X { A" wes ™Dy Ay — A uey "D A} T| — 1164, A" o { (D*X)0"x + (D*X)"X } T|
+ 13—6Xa 5o XA G A* b, T| — 124 F?{x0°(D.X) + X6°(Dex) } T|
+ 32{F* A" ;x0"* (DyX) + FA X0 (Dyx) } T| — i8A A" y{x0""0°(D.X) + X6'0°c°(Dex) } T|
- 1§5adeXUdXA,aA*,bbcT |+ gxa“xbalé‘AIZT\ — 2'V2|FP{ A0 + A% Yax } T|
+i8V2{(0A)? A" 4 (X6")“DaT| + (0A")*A 4 (x0") s DT |}
— 8V2A A" F* (x0°5") "D, T| + F(36°0),D°T|}
—i8V2|F|H{ A, (x6")* DT | + A" o(x0") s DT |} — 8V2|F*{ F**D,T| + FxsD*T|}
+2(0A)° DD T| + 2(04%)*X* Dy DT | — 2(F*)*X*D*D,T| — 2F*x*DsDT)|
+idxo"Y{F*A,D*D,T| — FA* ;D DT |}
—i2{ F* A"\ — FA* o2 DODOT| + 02, D*DT| '}
— A LA (x0)a{DDT| + DDOT [} (6"X)a
— A FP{X"Da DT | X4 + XaDuDT| ) (B.1)
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With M and F' set to zero, this expression reduces to

—é / d’02&(D? — 8R)(DODODO DO T) yy—p—g + h.c.
=+ 16(0A)*(0A*)’T | + i8x0* Y { A" wes " DiAp — A o€ " Dy A"} T|
— 4\/5{(8A)2A*,biza5aab>_( + (8A*)2A7b¢aa“5bx}T‘ + gxaaxba\aAFT‘
— 16V2{(9A)2 A" Xty + (OA")2 A, x }T| — i16A,,A" ,{(D*X)o"x + (D*¥)5"x } T |
+ gﬁxa“acabe,aA*vbbcT |+ 4—??eXabXba{A,aA*,b + ApA* )T
—i8A A" y{x0"5"0°(D.X) + x6°0"°(Dex) } T| — iga“deXadxA,aA*,bbcT |
+i8V2{(0A)* A" ,(X6")* DT | + (0A*)* A 4(x0")a DT |}
+ 2(0A)*X°D DT | + 2(0A*)*X*Ds DT |
—AA LA (x0)a{ DDAT| + DODOT [} (0"K)a (B.2)

The stabilizing terms that we require in order for the scalar field fluctuations to be well-

behaved correspond to the choice

7 =~ 97 (D" Do} (D, D} (@ + )]

+ 275D Dy }(® — &N {D,, D*} (' — ®)

— 270 [(D, D,}(@ + #1){D,, D} (® — &) ’ (B.3)
— 925 [pD,(® + @T)} g 272D — D, (DT — D)
— 274D + ONYD, (@ — @T)} i (B.4)

r 2
— _927%[pD, & + DaDaqﬂ _ 92 [Daqﬂpa@ + DD, ot — 2D*dD, b ]

- 2
_94[piop, — Daqﬂpaqﬂ . (B.5)
We will split this up according and first consider( cf. (IV.4])),
_ . 2 2
T, 52_’””9 ({Da, Da}{Da, DY@ + qﬂ)) _ g [D"Da(cb + qﬂ)] (B.6)

Since we restrict to terms with at most two fermions overall, we see from (B.) that we need

to evaluate the expressions D“Daq)}zf, D, D*D,d DQDQD“DCL(I)}M to the order in fermions

1f7
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indicated by the subscript (e.g. “2f” standing for “two fermions”). We obtain

. o
D*D (I)‘2f " DA — 1—12\/§an“1%— 5\/§(DaX)¢a
—i\/iwaxb +i\/§¢aaaac b, (B.7)
D,D*D,®|,, = f\M\ Xo+ = \/_bb{(i It — (0%)a” }(Daxs)

+6\/§(€ampmbb){5aﬁnab ( 6 b B}XB — —be{5 Bpab _ O’ o B}'l/)ag
1

_EA,dUZabb{5 577 B}qﬁﬁ 6\/§xababa + \/ie“mDmlA)axa
1 * —a a Ja < am .a
+6M ( wa)a - ¢aaF7 - BMF(an )oe - 1(6 DmA,b) (O’b’gb )a
(B.8)
a t \/i * a.- i x( _ar) o i * a-
D, D*D,®'| == M, (0°Y)a — —\/§M (0°DyX)a — 6\/§M A(0%)a (B.9)
16 16 16 4
DD DD, |, = 5 Fbba — —F|M|2 + g iA G M* = i F, — M e Dy A
8
—SiF e Dby - gAva*m — 4¢*™D,, F, (B.10)
DD, DD, \Of F(M*)? + §1A WD M+ gM "D, A* 4 + gA M (B.11)
2 2 2 i
D DsD"D, 2|, = [ — SMFb, —ig|M[*A+iMF, + %MF] oo (B.12)
_ 2 4 2 i
D, DsD"D, b1 = [ — EMEFtb, — i |MPPA*, — IS MEF*, — LM F
of 9 9 43 a3
4 4
—i§bdbdA*,a +igAT b, - 2ie"™D,,(e," D, A* )
4 2
—Hga?a denaa/ bcedemA*,b -+ igEa deﬁaa/A*bﬁ’dm'Dmbc} O’Zd (B13)
Then
K am * 2
Tyl =5{ = (¢ Du(Aa+ 4"0)
— 81" Dy, Ay D Dy ®|, + 26" D, A* DD, P |,
— 8K Dy Ay D Dy + 26D,y A 4D D, } (B.14)
K m * a a
Daly|y =5 DA + A )){ DaD"Da2| , + DuD"D, 01, | (B.15)
(6% R m * (6% a (0% a
D DaT(b}Of:—eb DAy + A"){ DDD*Dy®| + D*DLDD, 01, | (B.16)

DoD: T¢}Of S D (A + A*vb){DaﬁdDaDa¢‘0f + Da@aDGDa‘PT}Of} (B.17)
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. * 1 am *
T¢‘2f _< ’ D (A,b + A 7b)) {56 Dm(A,a + A ,a)
_ 1 ~
— VMo — V(Do)
——f@b Xbq —i— fiﬁaa“acxb
—EﬂM*Wwa -~ §¢§¢“(Dax)
1 =@ 1 7, =a _C.—
+ 6\/§X¢ ba - ﬁﬂ¢aa g Xbc} (B18>
K em * 1 i a a= 2
DaT(b}lf :Ze ,Dm(Am + A ,c){g\/ﬁ|M|2Xo¢ + g\/ﬁbb{éaﬁn b (U O-b)ocﬁ}(DaXB)
i i
+6\/§(eamrDmbb){5aﬁnab (O_ao_b B}Xﬁ . ngb{(Saﬁnab b a ﬁ}waﬁ
1 1 A
_EA,dUgdbb{daﬁn ﬁ}wﬁ - %ﬂXababa + \/ﬁeamDmDaXa
1 _ _
+ 6M*A 5(0°5Ya) o — Yaa F** — BMF(aaw“)a — ("D, Ap) (0"0)a
5 . X .
—%M*ba(o—“y)a - lﬁM*(aaDax) - lﬂM*,a(aax)a} (B.19)
1 1
DDy Ty|,, :fecmp (A, + A*,C){ 6Fb“b — —F|M|2 961A,abaM*
16 4
— —ib"F, — -M*e"D,, A,
3 3
8, 2 .
—glFe“mDmba — gA’mM m — 4" D, F,
8 *\ 2 4 * a * 4 *x _am * 2 *, 1M *
+§F(M 2+ GIAT M+ SME D, A AT m} (B.20)

2 2 2 !
DaDaly|y =7 " eemp (A76+A*7e){ ~ SMFb, —ig|MPPA, +i5MF, + %M’aF

4 2 i
2N Fby — o | MPPA* , — i2MPF* - 20 P

9 9 ’ 3 ’ 3
4 4
— 1§bdbdA*,a +igA” b b — 2ie"™ D, (e " Dp A* )
4 ! 2 i
+ igEa denaa/bcﬁ’dm'DmA*b + ig&?a denaa’A*,bedembc}Ugd (B.Ql)

The T¢-terms from ([V.62) read in components

T = —27°(D*® — D*®") (D,® — D, o)
—274(p*eD,d — D& D, (B.22)
Tel, = —272(A™ = A" (A — A ) +272V2(A™ — A%™) (X — X¥m)
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—274(AmA,, - A A,
+27V2(AMA,, — AYMAT ) (A — AV Yy (B.23)
D,T; = — 27" (D,D*®D,® + D, D*®'D, o' — D,D*®D,d" — D*¢D,D,d")
- 27*(p*®D,® — D*9'D,®") (D, D*®D,® — D,D*® D, P") (B.24)
DoTe|,, = — 27" (V2D x4 + ii\/ﬁbd(adﬁax)a - ii\/ibaxa — iéﬂbd(aaa'dx)a
g VA0 D) (A0 — A",)
—272(A"A, — A" A" ) (V2D X + 1% V2b4(095X ) o
+ ii\/ﬁbaxa — i%\/ibd(a“adx)a]/l,a + i%ﬂ(aax)aM*A*ﬂ) (B.25)
DDoTe |, = — 271 (A" — A**) (D*DyDo®| , — DD Du®'| )
—27%(A%A, — A A*,) (DD, D@D, ® |, — D*D,D*®'D,®T| )  (B.26)
= 27 (A — AW (5 Fby + AF, + SMA, + A%,
+272(AA, — AMAT,) (1§beA,b +AFP A, + %M*[(@A)z + (0A4")?)
(B.27)

One can see explicitly see from the above expressions that the contributions of the T}-

and T¢-terms to the equation of motion of b, vanish in the ghost condensate background,

where {E =y =¢v =M= F =0.
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