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Abstract We revisit the classical Poincaré inequality on closed surfaces, and prove its natural
analogue for quadratic differentials. In stark contrast to the classical case, our inequality does
not degenerate when we work on hyperbolic surfaces that themselves are degenerating, and
this fact turns out to be essential for applications to the Teichmiiller harmonic map flow.
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1 Introduction

Given any closed Riemann surface (M, c), ¢ a complex structure, we consider the complex
vector space Q(M, c¢) of smooth quadratic differentials on (M, c¢), that is of complex tensors
that with respect to a local complex coordinate z take the form

v = wdzz, Y a smooth function.

Of particular importance is the subspace H(M, c¢) of those quadratic differentials that are
represented in each complex coordinate chart by a holomorphic function. This space of
holomorphic quadratic differentials has finite (complex) dimension dim(H(M, c¢)) = 0 for
surfaces of genus y = 0, dim(H(M,c)) =1ify =1 and

dim(H(M,c)) =3(y — ) fory >2
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by the Riemann-Roch theorem. It canonically represents the tangent space to Teichmiiller
space T(M) at the point [(M, c)], with H(M, c) equipped with the L inner product,

- 2 - 5l _
(pdz>, Ydz®) 241 o) =/¢-¢ |dz?|" dvg :4/(]5-1//-,0 ZEdZ/\dz,
M M

isometric to Tj(y,¢))T (M) equipped with the Weil-Petersson metric. Here and in the following
g stands for the unique (modulo Mobius transformations in the genus zero case) complete
metric compatible with ¢ that has constant Gauss curvature 1, 0, —1 for surfaces of genus
0, 1 respectively y > 2 (with unit area in the case y = 1) and p denotes the conformal factor
corresponding to the complex coordinate z, determined by g = p?dzdz.

Given any closed Riemann surface of finite genus y equipped with this canonical choice
of metric we now define

Py : Q(M,c) - H(M,¢)

to be the L2(M, g)-orthogonal projection onto H(M, c).
Furthermore we denote by dW the antiholomorphic derivative of a quadratic differential
W, that is the tensor given in complex coordinates by

IV = 0:9d7 @ dz°.

In this paper we prove an estimate for arbitrary quadratic differentials that is reminiscent
of the standard Poincaré inequality for functions

If=Fllp <C-IVFipn (1.1)

bounding the distance of an object from its projection onto a finite dimensional subspace,
here the constant functions, in terms of a derivative.

However, in stark contrast to the standard Poincaré inequality for functions, our inequality
for quadratic differentials is uniform, i.e. independent of the geometry of the hyperbolic
surface on which we work; it is valid with a constant C depending only on the topology of
the surface (i.e. on the genus) and this feature is essential for applications to the Teichmiiller
harmonic map flow [5] to which we allude briefly below. One further distinction between the
normal Poincaré estimate and the new estimate is that we use the 3 operator on the right-hand
side rather than the full derivative V, which makes our estimate also an elliptic estimate, and
means that we should make estimates relative to its kernel (i.e. the holomorphic quadratic
differentials) rather than the kernel of V (i.e. the constant functions).

Theorem 1.1 (Main theorem) Given an arbitrary closed Riemann surface (M, c¢) of genus
at least two, there exists a constant C < oo depending only on the genus of M such that the
Sollowing uniform Poincaré estimate holds true. The distance of any quadratic differential
U e Q(M, ¢) from its holomorphic part is uniformly bounded in terms of its antiholomorphic
derivative in the sense that

W — Pl 1 a1 < € - 181111 (a1 - (1.2)

Here and in the following all norms are computed with respect to the unique hyperbolic
metric g compatible with (M, c).

Remark 1.2 While the left-hand side of (1.2) is invariant under a conformal change of the
metric, the right-hand side is not. It is important here to take the unique hyperbolic conformal
metric.
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Poincaré estimate for quadratic differentials

Theorem 1.1 turns out to capture exactly what is needed to show good convergence of
the Teichmiiller harmonic map flow [5] to a collection of minimal immersions at infinite
time. In that flow one evolves a pair («, g), where u is a map from a closed surface M to
an arbitrary compact Riemannian manifold and g is a constant curvature —1 metric on M,
under the gradient flow of the harmonic map energy. In principle, global solutions of the flow
should try to converge to a branched minimal immersion, or a collection of such immersions.
The main challenge when proving that is to show that the map u is converging to a weakly
conformal map, and it is enough to show that the Hopf differential ® (u, g) of the map u is
converging to zero in L'. However, all that is apparent from the theory is that d® and P, (®)
are converging to zero in L'. Thus we see that applying Theorem 1.1 specifically to the Hopf
differential immediately proves this key step. Note that it is crucial here that the estimate (1.2)
has a constant that is independent of the domain metric, which is degenerating in general. For
hyperbolic surfaces contained in a compact region of moduli space, the estimate (1.2) was
shown in [5], Lemma 2.1. See [7] for further information and an alternative direct approach
to the problem of conformality.

The space of holomorphic quadratic differentials on a surface of genus 0, i.e. on a sphere,
is trivial so that in this case the Poincaré estimate takes the following form, and can be proved
with standard techniques (cf. [8, Lemma 2.5]).

Proposition 1.3 There exists a constant C < 0o such that all quadratic differentials ¥ €
Q(S?, g) on the sphere satisfy

||‘l’||Ll(s2,g) = C||5“I’||LI(S2,g)a (1.3)
where g is the metric of constant curvature 1.

Remark 1.4 The moduli space of the sphere, that is the set of equivalence classes of complex
structures that agree up to pull-back by an orientation-preserving diffeomorphism, consists
of only one point. Since the estimate (1.3) (and also (1.2)) is invariant under the pull-back by
diffeomorphisms, Proposition 1.3 essentially just says that a Poincaré estimate is valid for
the (unique) complex structure on the sphere.

Similarly, such an estimate is valid for every fixed complex structure of a torus. Contrary
to surfaces of higher genus however, this estimate is not uniform.

Proposition 1.5 For any flat unit area torus (T, g) there exists C < 0o such that
W — Po(W)ll 172, < ClIOW || 1(72,) foreveryW € Q(T?, g). (1.4)

This estimate is not uniform; given any number C < 0o there exists a torus (T?, g) that is
flat and has unit area but for which (1.4) is violated.

Indeed note that each such torus is isometric to (C/ Ty p, geuct) for some lattice group
Cop={n-b+m-(a+ é), n,m € Z} witha € Rand b > 0, and that & = ¢dz2 is
a holomorphic quadratic differential if and only if ¢ is a I'-periodic holomorphic function,
i.e. a constant. Thus in this special case the Poincaré estimate for quadratic differentials is
equivalent to a refined Poincaré estimate for I"-periodic functions of

o —lizic/ry < C-19:8l11cr)-

A simple example, say ¢ (x +iy) = sin(%”x) on C/T'4=0,» wWith b — 00, shows that such
an estimate is not uniform.
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Theorem 1.1 will be proved by contradiction. If the result were not true, then we would
find a sequence of surfaces and quadratic differentials (which without loss of generality
would have no holomorphic part at all) which violate (1.2) for larger and larger values of C.
The surfaces would have to degenerate by pinching certain geodesics, because otherwise the
result is known from [5]. After normalising so that the L' norm is always 1, we then pass to
a subsequence to get a noncompact limit surface together with a limit quadratic differential
which will be holomorphic (see Lemma 2.1). But a result in [7] (see Lemma 2.2) tells us
that the limit quadratic differential inherits the property of having no holomorphic part at
all, and thus must be identically zero. The key part of this paper is then to show that the
limit inherits the property of having L! norm equal to 1, giving a contradiction. The essential
point is that we must prove that in this limit, L' norm cannot concentrate on degenerating
collars and be lost in the limit, and this is articulated by our key Lemma 2.3. Essentially,
the only way that L' norm of an almost-holomorphic quadratic differential can concentrate
on a long collar is if the quadratic differential has a nonvanishing ‘principal part’—i.e. its
lowest Fourier mode on the collar is not disappearing. However, by assumption our quadratic
differentials are orthogonal to all holomorphic quadratic differentials, and in Lemma 2.6 we
construct a sequence of holomorphic quadratic differentials which is purely concentrating
on the collar, and there essentially just given by the lowest Fourier mode. Thus our original
sequence cannot concentrate L' norm on the collar as desired.

2 Proof of the main result

The basic strategy of the proof of Theorem 1.1 is similar to the one in [5] in that we argue
by contradiction and use compactness results in order to pass in the limit to a holomorphic
quadratic differential on some limit surface. A key difference is however that in order to obtain
the uniform version of the Poincaré estimate claimed in Theorem 1.1 we need to be able to deal
with degenerating sequences of surfaces, with the local arguments of [5] only applicable for
considerations away from the degenerating parts of these surfaces. A crucial part of the proof is
thus a discussion, from the point of view of geometric analysis, first of holomorphic quadratic
differentials on a sequence of degenerating hyperbolic surfaces, and then, more generally, of
non-holomorphic quadratic differentials with controlled antiholomorphic derivatives.

Contrary to the assertion of the theorem, let us suppose that there exist a sequence of
closed hyperbolic surfaces (M;, c;, g;) of fixed genus, and a sequence of (nonholomorphic)
quadratic differentials ®; on (M;, c;) such that

P, (®;) — Dillpiuy o
” 51( l) 1||L (Mi.gi) N

0Pl 1 (a1, 1)

Replacing ®; by a (multiple of) Py, (®;) — ®;, using the uniformisation theorem and pulling
back by an appropriate family of diffeomorphisms from M to M; we obtain the following
setting:

Assumption We assume that there exists a closed surface M of genus y > 2 such that
there is a sequence of complex structures ¢; on M and a sequence of quadratic differentials
®; € Q(M, ¢;) for which the following three assumptions are true:

Po(®) =0 and [Pl 1) =1 and 3D 1y, — Oasi — co. (2.1)

Here and in the following g; stands for the unique complete hyperbolic metric compatible
with the complex structure c;.
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Poincaré estimate for quadratic differentials

Since we know [5] that the Poincaré estimate (1.2) is valid on every compact subset K
of moduli space (with a constant C depending a priori on K) the surfaces (M, g;) must
degenerate in moduli space, i.e. the length of the shortest closed geodesic of (M, g;) must
converge to zero as i — 00.

According to the differential geometric version of the Deligne-Mumford compactness
theorem [1], see [2], after passing to a subsequence we may assume that (M, g;) degenerates
to a hyperbolic punctured surface (X, /) (i.e. a surface obtained from finitely many closed
Riemann surfaces by removing finitely many points, which is equipped with the complete
hyperbolic metric that is compatible with the induced complex structure) by collapsing 1 <
k < 3(y — 1) geodesics. In practice this means that there exist simple closed geodesics
{crl.’}]j.=1 on (M, g;) of length Z(crl.’) — 0 as i — oo and diffeomorphisms f; : ¥ —

M\ Uljzlol/ such that the metrics and the corresponding complex structures converge
figi = h, ffci > coo smoothly locally on X.

Here the limiting surface (X, ¢, #) is a non-compact, possibly disconnected, complete
hyperbolic surface with 2k punctures corresponding to the collapsing geodesics in the sense
that fl._l extends to a continuous map from M to the compactification of (X, h) obtained
by filling in k appropriate pairs of punctures with k new points; each geodesic ‘71‘] is then
mapped by fi_l to a different one of these (paired) points.

In this situation we then derive a contradiction from the assumptions in (2.1) in three
steps; first, and using only local arguments similar to the ones of [5], we obtain that a
subsequence of f*®; converges locally to a holomorphic limit ®; second, we find that
®, stands orthogonal to the space of integrable holomorphic quadratic differentials on the
limit surface, so that the holomorphic quadratic differential @, obtained in the first step must
be identically zero. Finally, we will show that despite the convergence of the f;*®; being only
local, the L' norm is preserved globally in the limit i — oo and thus that | ®oo|l 115 ) = 1
in contradiction to ®o, = 0.

Lemma 2.1 Let (M, g;) be a sequence of closed hyperbolic surfaces that degenerates to a
hyperbolic punctured surface (X, h) as described above. Then for any sequence of quadratic
differentials V; € Q(M, g;) with

IWill Lt ag,gi) + ”Z_j‘pz‘”LI(M,gi) <C<o
there exists a subsequence converging
[ — W in L}, (2, h)

to a quadratic differential Wo, € L' (X, h). Additionally if ||dW; i (s.ny — O then Voo is
holomorphic.

Given a sequence ®; as in (2.1) we thus find that after passing to a subsequence and
pulling-back by diffeomorphisms it converges to a limit ®, which is an element of the
space

H(Z, h) := {V¥ a holomorphic quadratic differential on (X, ) with [[W||p 15 ;) < 00}

which can be equivalently characterised as the space of holomorphic quadratic differentials
with at most a simple pole at each puncture. In the limit i — oo the dimension of H
reduces by the number k of collapsing geodesics, i.e. dimc(H(Z, h)) = 3(y — 1) —k =
dimc (H(M, g;)) — k, by Riemann-Roch.
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As is discussed in [7], Lemma A.11, the definition of H(X, #) would be unchanged if we
required [|W| Loo(z,n) < oo instead of ||Vl 15 5y < 00. (Note that the volume of (X, h) is
finite, so the L™ norm controls the L' norm. On the other hand, controlling the L! norm
gives sufficient control on the order of any poles for the L°° norm also to be controlled.) In
particular, all elements in H (X, &) lie in L2, and the space of L? quadratic differentials then
has a natural projection onto H(X, h). Moreover, because every element of H(X, &) lies in
L, this projection extends naturally to the space of L! quadratic differentials.

It thus makes sense to analyse the projection onto H(X, &) of any quadratic differential
W, obtained as alocal L (2, k) limit of a sequence of quadratic differentials with uniformly
bounded L' norm, and in particular to assert that the limit ®, of the sequence ®; satisfying
(2.1) is orthogonal to H(X, h). (Together with our knowledge that @, is holomorphic, this
will imply that @, = 0.) In order to prove this, we make use of the following continuity
result for the projections onto the spaces H(:), derived in [7]. A precise definition of the
spaces W; will be given later once we have some more notation.

Lemma 2.2 Let (M, g;) be any sequence of closed hyperbolic surfaces that degenerates to
a hyperbolic punctured surface (X, h) by collapsing k collars. Then there exist subspaces
W; C H(M, g;) of dimension 3(y — 1) — k such that the L*(M, gi)-orthogonal projections
Pg‘i.v" onto W; converge to the L*(Z, h)-orthogonal projection P;i EM onto the space of
integrable holomorphic quadratic differentials H(X, h) in the following sense:

For any sequence V; € Q(M, g;) of quadratic differentials on (M, g;) with ||\V; ||L1(M,g,~)

bounded and with fW¥; — W locally in LY(Z, ), we have

fl-*(ngyf (\IJ,-)) — PhH(z’h)(\I/oo) smoothly locally on X.

We remark that a stronger statement holds true for the projections P‘?/i, see Theorem 2.6
of [7], asserting not only local convergence but also convergence of the global L? norms,
1 < p < o0, to the corresponding norm of the limit and thus excluding any concentration
of elements of W; on the degenerating parts of the surface. Conversely, we will later see that
elements of Wil concentrate solely on degenerating collar regions.

Returning to our sequence of quadratic differentials ®; note that (2.1) implies in particular
that Pg‘?/" (®;) = 0, so by Lemma 2.2 the limit ®, € H(XZ, k) obtained above must satisfy
P}Z{(x’h)(d)oo) = 0 and thus vanish identically ®,, = 0.

Conversely, we will prove that despite the convergence of f;*®; on X being only local, the
L' norms are preserved globally and thus || ®wo]|; 1 (z.ny = 1. In this argument, the key point
to be proven is that there can be no concentration of L! norm on the degenerating parts of the
surface. This follows from the following more general result, controlling almost-holomorphic
quadratic differentials in the §-thin part of the surface (i.e. where the injectivity radius is less
than §), which is central to this paper.

Lemma 2.3 Let (M, g) be any closed hyperbolic surface. Then there exists a constant C <
oo depending only on the genus of the surface M such that for every quadratic differential
v e Q(M, g) with

P, W =0,
and every § > 0, we have the estimate

3 1/2
||‘IJ||L1(5.zhin(M,g)) <C- (||3‘IJ||L1(M,g) +34 / ||‘IJ||LI(M,g))-
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Poincaré estimate for quadratic differentials

Returning to our sequence of quadratic differentials ®; satisfying the assumptions in (2.1)
we thus find that the L' norms on the §-thick parts Zf ={peXx: injf_*gl_ (p) = 8} of the
degenerating surfaces (X, f;*g;) satisty

§1>1[0)111m Il £ IILl(Ea fren = =1- ;ngil_iglo IDill L1 (5-thin(ar,g;)) = 1 2.2)

We remark that the special structure of hyperbolic surfaces, in particular the collar lemma

of Keen-Randol [4], leads to the observation that for any 0 < § < arsinh(1) the §-thick part

Z? of (X, fgi) converges to the §-thick part %9 of the limiting surface (X, k), which is

a compact subset of (X, &), in the sense that both Ef and 9 lie in a fixed (i -independent)

compact set and the measure of their symmetric difference converges to zero (see Lemma

A.7 in [7]). Combined with the locally uniform convergence of the metrics fl* gi — h we
thus conclude that for any § > 0

p— 1 * .
IPoollpi(zsny = zl—l>nolo I f; i ||L1(Ef.ﬁ*gi) (2.3)

so taking the supremum over § > 0 and using (2.2) we must have | Pl ;) = 1 in
contradiction to the fact that ®,, = 0 which was a consequence of Lemmas 2.1 and 2.2.

Proof of Lemma 2.1 The main tool for the proof of this lemma is the compactness lemma
2.3 of [5] for functions on the euclidean disc D; for which the L! norm of both the function
and its antiholomorphic derivative is bounded.

Let ¥; and (M, g;) be as in Lemma 2.1 and recall that the convergence of the metrics
f7gi also implies convergence of the associated complex structures f;*c;. In practice this
means that given any compact subset K C X there exists a number § > 0 and a sequence
of atlases covering K which consist of finitely many coordinate charts that can be viewed as
isometries

¢>,-j . Bfi*gl_(pj,(S) — (B, (0,8), gn),

from the balls Bfi*g,. (p-/, 8) of radius § in (X, ]‘i*gi) to the fixed ball By, (0, §) of radius § in

the Poincaré hyperbolic disc, and the maps d)] converge smoothly to an isometry ¢Z, from
Bu(p’,8) C (Z,h) to (Bgy (0,6), gr). Here we can assume that for each i, the set K is
covered not only by B frei (p?, 8) but also by the balls B = 1 g (p?, 8/2) with half the radius.
The assumptions of Lemma 2.1 then imply uniform L! (Bgy (0, 6)) bounds on both the
functions wi] representing f;*W; in these coordinate charts, and their antiholomorphic deriva-
tives. Thus applying Lemma 2.3 of [5] and passing to a subsequence we find that the functions
wi] converge in L' on a slightly smaller disc, say on By, (0,8/2), to a limit W, and that this
limit is holomorphic if ||351pij ”Ll(BgH 0.5y —> Oand thus in particular if 0W; ||L1(M,g,») — 0.
Pulling back by the charts qbi/ as well as making use of the convergence of the metrics we
then obtain that the quadratic differentials f;*\W; converge to a limiting quadratic differential
W, inthe sense of L' (K, i) convergence of tensors and that the limit is holomorphic provided
the antiholomorphic derivatives converge to zero as described in the lemma. O

The main step of the proof of Theorem 1.1 thus consists in proving Lemma 2.3.
Proof of Lemma 2.3. Let (M, g) be a closed hyperbolic surface of genus y. We recall that

the Keen-Randol collar lemma [4] gives the following explicit description of (M, g) near
each simple closed geodesic o of length £ > 0: there is a neighbourhood C of ¢ in (M, g)
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which is isometric to C(£), where C(£) is the cylinder (—X (£), X (£)) x s1 equipped with
the metric p2(s)(ds? + d6?), with

2 L £
X)) = il (z — arctan (Sinh (7))) , and p(s) = YT
¢ \2 2 27 cos(5y

We will also use on several occasions that for z = s + i6,
X
d2? =2p7%, and  [d27a e, = 87 /,o_z(s)ds ~ 03, 2.4)
-X
ast | 0.

Further important results in the theory of hyperbolic surfaces, cf. [10], Theorems 4.1.1
and 4.1.6, tell us that the collar regions around geodesics of length 0 < ¢ < 2 arsinh(1) are
disjoint, the number of closed geodesics o/ of length less than 2 arsinh(1) is no more than
3(y — 1), where y is the genus of M, and that for any 0 < § < arsinh(1) the §-thin part
of any hyperbolic surface consists solely of (subcylinders of) such collars C/. Furthermore
the §-thin part of each such a collar C(£), 0 < £ < 2arsinh(1) is given by the subcylinder
(—Xs(0), X5(£)) x S for

Xs() = — — Vi arcsin Sinh(8) 2.5)

L
if § € (£/2, arsinh(1)) respectively by the empty set if § < £/2. We also remark that using
this formula one can easily check the intuitively clear fact that p(Xs) is of order §, we write
for short p(X;s) ~ §, in the sense that there is a constant C < oo such that for every collar
C(?),0 < £ < 2arsinh(1) and every § € (£/2, arsinh(1)) the estimate

7% 2n ,(sinh(e/z))

7l < p(Xs() <C -8 (2.6)
holds true.
In order to prove Lemma 2.3 we need to show that an estimate of the form
X5(6)
Wl 1 (5-thinccyy = 2 / / [yl dods < C (8" 1Vl L1ar.e) + 10V L1arg) 2T
—X5(0) s

is valid for each such collar C = C(¢) and each quadratic differential ¥ € Q(M, g) satisfying
P, W = 0. Here and in the following C denotes a constant depending at most on the genus
of the surface M.

We prove this claim in two steps. First we show that the assumed orthogonality of W to
‘H(M, g) implies estimates on mean values on circles of the function ¢ = ¥ (s, 6) repre-
senting W in the collar coordinates (s, 6).

Lemma 2.4 Let (M, g) be any closed hyperbolic surface. Then there exists a constant C <
oo depending only on the genus of M such that for any collar region C = C(£), £ > 0, of
(M, g) as described above and any quadratic differential ¥ = dz? € Q(M, g) satisfying

P,w =0,

the mean values

al(s) = %/w(s,e)de, se(=XW), X))
sl
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(where we work with respect to the local complex coordinate z = s +i0 on the collar) satisfy
the estimate

X(€)
)l ds < C - (1391101, + € 1¥1 11001 0))- 2.8)
—X(0)

In a second step, which will complete the proof of Lemma 2.3, we then estimate the L'
norm of general quadratic differentials on the thin part of a collar in terms of «(-) and the
antiholomorphic derivative.

Lemma 2.5 Let (M, g) be any closed hyperbolic surface. Then there exists a constant C <
oo such that for any collar region C, any quadratic differential ¥V € Q(M, g) and any § > 0,
we have

X

W21 5-thincey) < C - / lec(s) | ds + 101l 1 (pr ) + 52 I L1 ar.g)
X

Since the §-thin part of any collar C(£) with £ > 24§ is the empty set, and since the claim of
Lemma 2.3 is trivially true for large values of 6, combining Lemmas 2.4 and 2.5 immediately
gives the claim of the key Lemma 2.3.

Before we prove Lemma 2.4, we remark that the estimate claimed in that lemma remains
valid if we weaken the assumption of W being orthogonal to the whole space H(M, g),
and only demand W to be orthogonal to one specific holomorphic quadratic differential (per
collar), which is described as follows:

Lemma 2.6 Let (M, g) be any closed hyperbolic surface. Then there exists a constant C <
oo depending only on the genus of M such that for o any simple closed geodesic of length 0 <
£ < 2arsinh(1) and C its collar neighbourhood described above, there exists a holomorphic
quadratic differential Q with |12y, 4) = 1, concentrated on this one collar in the sense
that

120 Lo ac,g) < CLY2, 2.9)

and on this collar given in terms of the local complex coordinate 7z = s + i0 essentially as a
constant multiple of dz? in the sense that

I — bodz? || (c.q) < CL'/2, (2.10)
Sfor a number by € C satisfying !1 — |bol - ||d12||Lz(C_g)| < C¢t.

We remark that, based on the ideas presented here, a more refined analysis of the space
of holomorphic quadratic differentials has meanwhile been carried out in the paper [6],
where we establish the global existence of solutions to Teichmiiller harmonic map flow into
nonpositively curved targets.

Proof of Lemma 2.6. We prove the lemma by contradiction. Suppose instead that the lemma
is false, and thus that there exist a closed surface M, a sequence of metrics g; on M, and a
sequence of collars C; on (M, g;) corresponding to closed geodesics o; of length 0 < ¢; <
2 arsinh(1) so that for each i, whenever €2 is a holomorphic quadratic differential on (M, g;)
with [l 2, @) = 1 then at least one of the two bounds

IR0l Lo gn <€)7 2.11)
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or

12 — bodz2[|Loe(c,.g) < i €}, for some by € C with |1 — |bo| - [dz2] 12, )| < iti
2.12)

must be violated. To derive a contradiction, we thus construct elements €2; which fullfill the
two estimates (2.11) and (2.12) for i sufficiently large.

We first remark that standard estimates for holomorphic functions on discs lead to an
estimate of the form

Pl oo (s-thick(M,g)) < CsI P10 (2.13)

valid for all holomorphic quadratic differentials ® on a hyperbolic surface (M, g) and every
8 > 0 with Cs depending only on § and the genus of the surface, cf. Lemma A.9 in [7]. We
conclude that the sequence of surfaces (M, g;) introduced above must degenerate asi — o0;
indeed, assume that (for a subsequence) the injectivity radius of (M, g;) is bounded away
from zero by some number § > 0, and thus that the length of any closed geodesic of (M, g;)
is no less than 28. Then estimate (2.13) implies that for i sufficiently large (2.11) and (2.12)
are both satisfied, say for by = 0, for every Q@ € H(M, g;) with ||| ;2 = 1, leading to a
contradiction.

The sequence (M, g;) can thus be analysed with the Deligne-Mumford compactness the-
orem in the same way as earlier, collapsing k collars Cl.] =C (Z{ ), E{ — 0 and yielding a
limit (X, h).

The Fourier decomposition of holomorphic quadratic differentials ® on each hyperbolic
collar (C, g)

o0
&= ( Z bpe™ e""g) .d7*, b, eC (2.14)

n=—0oo

gives an L2(C, g)-orthogonal decomposition of each such @ into its principal part bo(P)dz>
and its collar decay part ot (P)dz? ;= & — by(P)dz? which, by Lemma 2.2 and Remark
2.3 of [7] satisfies the key estimate

ot (@)dz? || L s-thinc.e) < C8 2™ 5 @l L1 a1.)- (2.15)
Following [7], we can then define the subspaces
W, ={®eH(M,g): bé(@)dz2 =0forevery j € {1...k}} (2.16)

of all holomorphic quadratic differentials with principal part equal to zero on each degener-
ating collar Cl:’, j = 1...k, and it is these subspaces W; which converge to H(X, &) in the
sense of Lemma 2.1 (as described in [7]). We furthermore remark that elements of W; are
uniformly controlled by their L? norm,

Il _ - _ (2.17)

weW; ||w||L2(M,gi)
for a constant C independent of i (as follows from Lemma 2.4 (i) and Lemma A.8 of [7]).
This implies in particular that the collar C;, for which (2.11) and (2.12) cannot be satisfied,
must degenerate, {; — 0 as i — oo, and thus that this collar coincides with one of the
collapsing collars Ci] ,say C; = Cl.l (for a subsequence).
We will now choose the holomorphic quadratic differentials €2; associated with these
collars as elements of the L?(M, g;)-orthogonal complement Wil of W;. More precisely, by
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Lemma 2.4 of [7], we have dim(WiJ-) = k for large enough i, so we can assign to C; = Cl.1
the unique element €2; of Wf- with [[€2;[|;2(ps,g,) = 1 for which the principal part b(j) (Q2)dz?

on Cij is equal to zero if j # 1 but is bo($2)dz2 for some by(Q;) > 0 if j = 1. We then
claim that

i =1l gy < C - 162 (2.18)

and remark that this claim combined with (2.13) and (2.15) directly implies (2.11) and (2.12),
including the condition for by = bo(£2;), thus giving the contradiction that proves Lemma
2.6.

In order to prove the bound (2.18) we now consider the sequence S~2,- =)L Qof
holomorphic quadratic differentials normalised to have L' norm || S~2,~ o1 m,g) = 1 and prove
that the only part of €; whose contribution to the L' norm does not vanish as i — oo is its
principal part on C;.

To start with, Lemma 2.1 allows us to extract a subsequence of Q; so that f; *Qi converges
smoothly locally to a limit Qo, € H(, h), which must indeed be identically zero since by
construction Pg[ Q, = 0 and thus according to Lemma 2.2 also P}?ﬂ}: h)(Qoo) = 0. We
conclude that

0= 1@oollpiczpy = 1 = inf Hm 1€ 1L im0

which means that for any § > 0 all of the L' norm of €; concentrates in the limit i — oo
on the §-thin part of (M, g;).

We observe that for 6 > 0 sufficiently small, the §-thin part of (M, g;) is given as the
union of the §-thin parts of the degenerating collars Cij , but that estimate (2.15) implies
€2l 1 5. thinccly) = < C5 25 — 0asd N\ Oforeach j # 1.

Meanwhile, (2 15) applied to C; ! =: C; shows that the contribution of the collar decay
part a)J—(Q Ydz? of Q on C; to the total L' norm of ||Q ||L1(M @) = = 1 vanishes in the
limit i — oo. This means that the only remaining part of Qi, namely the principal part
b0(§~2i) -dz%? = ()" Vbo(§2) -dz? of £~2,- on this one collar C;, must have L' norm converging
tolasi — oo.

Since ||dZ2||L1(C,-) =87 - X(¢;) < C -[¢;]"" we thus get an upper bound of

192121 (ar,g) =2 Xi < C - [€:17 " bo ()

for the L' norm of the original holomorphic quadratic differential. But with €2; normalised
to have ||2;]|;2 = 1 and with the principal and collar decay part being L?-orthogonal we
also know that || b (£2;) ’dZZHLZ(C, ) = < 1 which, according to (2.4), means that by(£2;) <

C - [¢;1%/?. The claim (2.18) now follows. O

In summary, from the previous lemma, its proof as well as the analysis of the spaces W;
carried out in [7] we obtain the following general description of the spaces of holomorphic
quadratic differentials on degenerating hyperbolic surfaces.

Corollary 2.7 Let (M, g;) be a sequence of hyperbolic surfaces degenerating to a punctured
hyperbolic surface (X, h) by collapsing k collars Cij . Then, for i sufficiently large, the space
of holomorphic quadratic differentials H(M, g;) splits into

(i) the3(y —1) —k dimensional subspace W; defined in (2.16) which converges to the space

H(Z, h) of L' holomorphic quadratic differentials on the limit surface as described in
Theorem 2.6 of [7], and
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(ii) its orthogonal complement W=, a basis of which is given by holomorphic quadratic

differentials (Q{ )ﬁzl concentrating solely on the degenerating collars Cij as described
in Lemma 2.6.

Proof of Lemma 2.4. Let (M, g) be a closed hyperbolic surface and C = C(¢) a collar around
a closed geodesic in (M, g). Without loss of generality, we may assume that £ < 2 arsinh(1),
and can apply Lemma 2.6 to obtain the corresponding holomorphic quadratic differential €2.
To prove (2.8) itis enough to consider collars around geodesics of small length £, in particular
small enough so that the number by, as in Lemma 2.6 characterising the principal part of 2
on C, satisfies |bg| > ||dz2||_21(c)(1 — C0) > c£3/? for some universal ¢ > 0, compare (2.4).

Given any quadratic differential ¥ € Q(M, g) that is orthogonal to €2, we combine the
relation (W, €2) 72y, o= 0 with this bound on by and with (2.4) to find that

X

er //w-pfzdeds < C- [(W,bod2?)12(c.p)|
—X s!

< C ({0, 2 = bodz®) 12c.g)| + [(W. D 20n . )
=Cc(I- bOdZZHLOO(C,g) + 1Rl L=mnc.e) - W21, g)
< C2 WL a0 (2.19)

or equivalently that the mean values «/(s) are small on average in the sense that they satisfy

X(0)

/ a()p2s)ds| < CT WLy - (220)
—X()

Note that if W were holomorphic, then the function s +— «(s) would be constant and
(2.20) would imply |a| < C£2||¥|| 11 and thus in particular the estimate of Lemma 2.4. For
general quadratic differentials ¥ € Q(M, g) the function s — «(s) need not be constant but
we can still estimate

50 50

1 d 1
le(0) — a(sg)| = —/— / ¥vdo | ds| = —//(8S1//+i89w)d0ds
2w ) ds 2
0 {s}x 581 0 st
= [0z dOd's (2.21)
[0,50]1x S!

for each so € (—X, X), where we abuse notation by allowing [0, so] to denote [sg, 0] for
so < 0. Using (2.4), we then write

X

X
@(0) - d2* 72 ¢ ) = 870 / (@(0) — a(s0))p > (s0)dso +4 / /S (s, 0)p2(5)d0ds
-X
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and use (2.4), (2.19) and (2.21) to estimate

X S0
(0)] < €63 / (p—2<so) / / |azw|d9ds)dso+e—‘||\V||L1<M,g>
0

—s0 !

X X
sc | [ [otacuideas |- ( [ 57 oodso |+ CRIILn
x
< CLIOY L1 (ag) + CENVI L1 (a1 (2.22)
Here we use that
00| = [0:v| - |dZ ® d2*| = 228z p 2

so that

X
13%llL1 .0 = 2V2 / / p71(s) 10: (s, 0)| dOds.

—-X s!
X X
We also used that p (s) is monotone in |5 | andthatfp_l(so)dso = 27” 0 © cos (2%) ds <
0
(27”)2 Combining (2.22) with (2.21) we thus find that for each sy € (—X (£), X (£))
- 1
(50} < CLIBW 19+ — / 0291 d6ds + C - Wl 1ay - (223)

[0,50]xS!

_ We stress that the second term on the right-hand side of this estimate is not the L' norm of
W over [0, so] x S! but a much smaller integral; indeed the missing factor p‘l (s) controls
the (euclidean) distance of s to the end of the collar since

7T2 v T
p(s) - (X&) —Is]) < p(s) - (— - |s|) < sup — =_. (2.24)
1 ve(©,x/2) Sin(v) 2

L

Integrating (2.23) using Fubini’s theorem as well as X = X (¢) < 72 we thus find

X X
/ lae(so)| dso < C - 0%l 1(pr.q) + C / / [0:9] - (X — [s])dOds + CLIWII L1 a1,0)
-X —-X s!
< ClOWIlL1 a1, + CLIVI L1 (1, (2.25)
as claimed in Lemma 2.4. ]

The remaining step in the paper is thus:

Proof of Lemma 2.5. We want to estimate the L' norm of a general quadratic differential
W e Q(M, g) on the §-thin part of a hyperbolic collar C(¢). The basic idea is to extend
the function ¥ representing W = dz> on the collar periodically (with period 27 in the i
direction) to a function (still denoted by yr) on the set (—X (€¢), X (¢)) x R C R? = C and
to derive estimates using the inhomogeneous Cauchy-formula on large domains. Before we
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proceed with the proof, we remark that the estimate of Lemma 2.5 is trivially true for large
values of § so that we may henceforth assume that 0 < § < 8o and thus also 0 < € < 2§p
for a small number 5y > 0 to be chosen later on.

Recall that for any zo € C, any domain @ C C containing zo and with piecewise C'!
boundary 82, and any C! function v the Cauchy-formula gives

1 oy _ 1 )
v = 5 [ dzndi+ o dz. (2.26)
2wi | z7—20 2ri ) z—20

Q a0

Keeping in mind the final goal of getting a bound on [|W|| 1 (s-thin(c)) in terms of [EX4] L
o and a small multiple of ||¥|[;1 we would like to choose the domains €2 in such a way
that the boundary integrals in (2.26) are essentially given in terms of the mean values o (-).
Working on large rectangles this can be easily achieved for the integrals along lines in the
0 direction. Furthermore, applying the Cauchy-formula not just for one such rectangle, but
rather taking its mean value over a suitable family of rectangles, also the integrals along lines
in the s direction will be essentially controlled in terms of «. We are able to control the first
integral in (2.26) in L! provided we choose the size of these rectangles dependent on the
(large) factor p~!(so) with which ;v appears in |0 W 1.

Let now C(£) = (=X (£), X (£)) x St, ,02(ds2 + d6?)) be a hyperbolic collar around a
closed geodesic of length 0 < £ < 28¢. Then for each point zg = (so, 6p) € (—Xs5,, Xs,) X
[0, 2], representing a point in the §p-thin part of the collar, we consider the family of
rectangles

Q(20) = {z0} + [—p "2 (s0). p~'/*(50)]
x [=(0™"*(s0) + b), p™"*(s0) + b] . b € [0, 27]

and apply the Cauchy-formula to write
27iY (20) = Ia(z0, b) + I3} (20, b) + Iy, (20, b) + I} (z0. b) + 15 (z0,b)  (2.27)

where Io(20,0) = [q .., 2edz A dZ while Iy, Iy denote the line integrals along the

horizontal respectively vertical paths of €2y, that is

ht(s

Y (5. 80 £ (0~ 2(50) + b))
I;(z0.b) = F :

s —so £i(p~1/2(s0) + b)
h~(s0)

and
fo+p~ 1/ (s0)+b
I (z0, b) = +i

6o—(p~"/2(s0)+b)

¥ (h*(s0), 0)
+p=12(s0) + i (6 — 6o)

Here and in the following we write for short hE(s0) == so £ p~ /2 (s0) to denote the s limits
of the domains of integration.

Remark that to obtain estimates on , be it pointwise or in an L! sense, it is sufficient
to prove estimates on the mean values with respect to b of all these integrals. While for the
terms I and / ‘jf we could derive bounds on these terms for each individual b, taking such
an average over b is crucial in order to bound the integrals / Ij; along horizontal lines in terms
of @ which is a mean value in 6 and not in s.
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With this in mind, we bound

Xs 2
1 _ _
W1 L1 (s-thince.g)) = = / / f(lsz + I + I, + Iy + I ;) (z0, b)db| dbodso
—Xs st 10
1 i
<— sup / /|IQ(Z0a b)| + |1} (zo. b)| + | I, (z0, b)| dbodsso
T pel0,27]
—Xs s!
X5 2
1 271
+= / / ][ 1} (z0, b)db| + ‘ ][ Iy (0, b)db’d@odso (2.28)
T
—Xs st 10 0

and estimate all terms occurring in this formula individually. As remarked above, we may
always assume that 0 < § < §p for a small fixed number 89 > 0, which we chose in particular
so that the following remark holds true.

Remark 2.8 For g > 0 sufficiently small the domains €2; have been chosen in such a way
that for each collar C = C(£) with 0 < £ < 28p and each 0 < § < §p:

(i) For every zo € é-thin(C) the points in £25(zp) all correspond to points in the 2§-thin
part of C, i.e. Qp(z0) C (—X2s, X25) X R.
(ii) There is a constant C = Cs, < oo depending only on 8y such that

C'p(s) < p(so) < Cp(s) forall z = (s,0) € (20, 20 = (50, o) € So-thin(C).

(iii) The functions A% (s) = s & p(s)~!/%(s) are invertible on [X_s,, X5, ], the derivatives
of the inverses uniformly bounded and ((h~)~! — (hF)~1)(s) < Cs,0~"/%(s).

The main observation leading to the first statement of the remark is that the expression
(2.5) for X5 combined with the mean value theorem implies that for small values of § the
difference X5 — X5 > %}%f) > ¢85~ ismuch larger than p_l/z(Xg) <Cs12, compare
(2.6). The second remark is then a simple consequence of the first and of (2.6). For the final
claim, we observe that the derivative of p~! is uniformly bounded so that (p~'/2) < Cp!/?
is small in the §p-thin part of the collar that we consider, and thus the derivatives of h¥* are
close to one.

Turning back to (2.28), we first estimate the term involving the antiholomorphic derivative
-1/2
(i.e. involving Igq). Let N(so) = [%] and remark that the domain 2;(z9) can be

wrapped around the cylinder [2 ™ (sg), 2T (s9)] x S ! no more than 2(N (so0) +2) times. Using
the periodicity of i we can thus estimate for each b € [0, 277]

@ Springer



M. Rupflin, P. Topping

a_
(o )| <2 / ‘ V| ods
7—20
Q07 (20)
) ht(so) 27 ;
<2 / 54 déds +2 / / ' deods
Z—20 2
20+[—2m,27)? h~=(s0) —2m
N(so)+2 R (s0)

I
o /; k-1 / /|3z¢|d9ds

h~(s0) S!
h (s0)
34 - —1
<2 dods + C - |0z - log(p™ (s))dOds
Z—20
20+[—27,27]2 h=(s0) S!

(2.29)
with the last inequality due to the bound 1 + Z,]CVZ(SIO)H % < C -log(N(sop) + 1) <
C log(,o_1 (s)) being valid for every s € [h~(so), h* (s0)], see Remark 2.8 (ii).

Integrating this estimate over zp € §-thin(C) = (—Xs, Xs5) X S ! using Fubini’s theorem
as well as (i) and (iii) of Remark 2.8, we thus obtain that for any b € [0, 27 ]
Xs+2m

1
/ [Io(z0, b)| dsodby < 2 / / [0z ] - / | |d50d90 dods
Z—20

§-thin(C) —Xs;—2m §! 2w 2n )
X2 h)~1(5)
v [ [ sty ([ i) | anas
—Xs S1 1)
X2s
=¢ / /|32W|’(P_l/zlog(p“)ﬂ)deds
—X2s S!
X2s
=¢ / /|32¢|,0_1d9ds = C”5\I'l||Ll(25-thin(c))- (2.30)
—Xas S!

Next we estimate the line integrals / ‘j,t over vertical paths. Since we handle both terms in
the same way, here we demonstrate the argument only by treating / J .

For any b € [0,2m] we split I\J,r (z0, b) into integrals over the line segments [ =
{h*(s0)} x ({60 + 27 - k} + [0, 27]), |k| < N(sp), with N(sp) as above, and a small
remainder term that is bounded by Cp'/?(so) [g1 [ (hT (s0), 6)] d6.

The important observation is that ﬁ is nearly constant over each such /; and conse-
quently that the corresponding integrals are essentially given by multiples of the mean values

a(h™(s0)) = 7[1p(h+(s0), 0)do = 7[1#
st .1/<

More precisely, we have

1 1
Sup 7= — W‘ < 2mp(s0), (2.31)

ZEIk
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so that for each k

Y dz] < 20 - fa o + Cotoo) - [ W w00 do. 232

Iy st

Summing up these 2N (sg) +1 < Cp~'/2(sg) integrals, we thus find that for each b € [0, 277]

|1} (z0.B)| < C - |a(h™ (s0))| +Cp1/2<so>-/!w(h+(so>,e)\de.
Sl

Integrating these estimates over zg in the §-thin part of the collar and using Remark 2.8
(i) and (iii) as well as (2.6) we thus find that for any b € [0, 27 ]

X2s
/ |13} (20, b)| dsodby < € / |a<s)|ds+C( sup p”%s))-||w||u<25.min<c»
]

. se[—Xs,Xs
8-thin(C) —Xas

X
<C / lae(s) | ds + C8' 21V L1ar - (2.33)
-X
We finally derive estimates for the integrals I[j; (zo, b) over the horizontal paths, now not

for each individual b but rather for the mean values over b € [0, 27r]. We treat the term I;Ir,
with I; handled similarly. By Fubini’s theorem

h*(so) )
]l ‘”(S’)dg‘ ds.
I

<
/ o+p~1/2(s0)}+[0,27] £ — 20
h~(s0)

Using an estimate similar to (2.31) we now write the interior integrals as

2
‘][ 1} (20, b)db
0

a(s)
s—so+ip~1/2(s0)
plus a small error term, resulting in

o ht(s0) h* (s0) 27
‘][ I} (z0, b)db| < p'*(s0) - / loe(s)| ds + Cp(so) / /|w|deds
’ h=(s0) h=(so) O
ht(s0) ht(s0) 27
<c. / P 2(s) ()] ds + Co'(s0) / /p1/2<s)|w|d9ds.
h~(s0) h=(s0) O

(2.34)

Here we once more use Remark 2.8 (ii) in the last step. Thanks to Remark 2.8, after integration
over zg € §-thin(C) this gives (2.35)

X o Xos
//‘][ 1;<zo,b)db‘deodsosc [ 1ano 26 @) = i) s
0

—X; st —X2s
X2s
+Co / /|¢(s,9)|p1/2(s>~<<h—>-1—(h+>—‘>(s>deds
~Xas S
X
< C/\cv(s)lds+C81/2||\IJ||L1(M,g). (2.35)
X
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Inserting these three estimates (2.30), (2.33) and (2.35) into (2.28) immediately gives the
claim of Lemma 2.5.
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