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Abstract

We put to test the recently proposed non-linear flux ansatz for maximal supergravity in eleven
dimensions, which gives the seven-dimensional flux in terms of the scalars and pseudoscalars
of maximal N = 8 supergravity, by considering a number of non-trivial solutions of gauged
supergravity for which the higher dimensional solutions are known. These include the Go and
SU(4)~ invariant stationary points. The examples considered constitute a very non-trivial check
of the ansatz, which it passes with remarkable success.
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1 Introduction

Recently [1], a simple non-linear flux ansatz giving the seven-dimensional components of the 3-form
potential of eleven-dimensional supergravity [2] in terms of the scalars and pseudoscalars of maximal
(gauged) N = 8 supergravity [3] has been proposed. This result arose from an attempt to understand
the embedding of a recently discovered continuous family of inequivalent maximal (N = 8) gauged
supergravities in four dimensions [4]. The emergence of this new family of theories follows from the
electric-magnetic duality of the ungauged N = 8 theory [5], and can thus be understood in terms of
the freedom to rotate between how one chooses to define electric and magnetic vector fields [6]. The
inequivalence of the resulting theories is confined to the gauged theory, because in the ungauged
theory electric-magnetic duality renders all such theories equivalent. From an eleven-dimensional
perspective, the electric vector fields arise from the off-diagonal elfbein components (graviphoton),
while the magnetic vector fields emerge from particular components of the 3-form potential.

A standard method by which new theories are obtained in supergravity is by reducing a higher
dimensional theory on some group manifold or coset space. The problem of determining whether a
coset space reduction is consistent, in the sense that every solution of the lower dimensional theory
can be uplifted to a solution of the higher dimensional theory is a subtle one. In fact, the expectation
is that such reductions are, in general, inconsistent [7]. A notable exception to this expectation is
the consistency of the seven-sphere reduction of eleven-dimensional supergravity [8,9]. Central to
this result is a local SU(8) invariant reformulation of the eleven-dimensional theory [10], which in the
reduction on a seven-torus 77 immediately reduces to the E; invariant theory of Cremmer and Julia
[5], without the need to dualise tensors to scalars. This reformulation necessitates the introduction of
new SU(8) covariant objects in eleven dimensions. The most significant such object is the generalised
vielbein, which arises from the study of the supersymmetry transformation of the graviphoton and
replaces the siebenbein in the reformulated theory. The intimate connection between the electric
vector fields of the four dimensional theory and the graviphoton leads naturally to the non-linear
metric ansatz [11]

1 . .
A_lgmn(l", l/) = gKm”(y)K"KL(y) (UUIJ + U””)(UinL + UinL)] (JL"), (1)

whereby the seven-dimensional metric gy, is given terms of the scalar and pseudoscalar fields of
N = 8 supergravity, via the E;(;y matrix components u(z) and v(z) (see (49) below), and of the
Killing vectors K™(y) on the seven-sphere S” (where the eleven-dimensional coordinates are split
as zM = (z#,y™)). We note that the above formula has been subjected to numerous tests and also
proven its usefulness in other contexts, such as the AdS/CFT correspondence [11-18]. The proof of
consistency in [8] also furnishes a formula for the 4-form field strength, modulo a subtlety that is
resolved in [9]. However, this formula appears to be too cumbersome for practical applications.

The remarkable result of [1] is that there exists an object analogous to the generalised vielbein
that arises from the supersymmetry transformation of the components of the 3-form potential from
which the magnetic vector fields of the four-dimensional theory arise. This new generalised vielbein
now replaces the components of the 3-form potential A,,,, along the seven directions in the local
SU(8) invariant reformulation of the eleven-dimensional theory. Furthermore, it leads to a non-linear
flux ansatz, which complements the non-linear metric ansatz above [1]:

V2P () KT () | (w15 + 077) (035 + vigicn) | (@) Amnp (2,9)

= — iK' (y) KI5E (y) [ (u 1y = 077) (i + vijrcr) } (7). (2)



While this non-linear flux ansatz takes a surprisingly simple form, it is not a formula that can be
found by asserting consistency with previous results. This is a major difference with the corre-
sponding result for the AdS7 x S* compactification of maximal supergravity, where the non-linear
ansétze can be directly substituted into the higher-dimensional field equations [19]; such a direct
substitution is not possible for the AdS, x ST compactification. Let us also mention that there exist
partial results and uplift formulae for truncated versions of the maximal theory where the scalar
sector is much simpler (see for example [20-27] and references therein). However, the formula above
cannot be guessed from these. Its derivation is critically dependent on an analysis of the local SU(8)
manifest formulation of eleven-dimensional supergravity. Last but not least we wish to point out
that in comparison with other theories, N = 8 supergravity is distinguished by an astonishingly rich
variety of stationary points [28] ! that can now be explored by means of the new formula.

The non-linear flux ansatz given in equation (5.11) of [1] differs from the above expression by the
factor of v/2 on the left hand side. In fact, as already pointed out there, this overall factor can so
far not be determined from intrinsically Kaluza-Klein theoretic considerations matching the eleven-
dimensional 3-form potential with the four-dimensional gauge field. This is in marked contrast to the
graviphoton, for which general Kaluza-Klein theory gives its precise relation to the four dimensional
gauge field, by matching the non-abelian interaction with the commutator of two Killing vector
fields. However, as we will show here, this factor is universally and unambiguously the same for
all solutions, and does follow by explicitly computing the 3-form potential using the above ansatz
for solutions of gauged supergravity for which the higher dimensional uplift solution is known (the
factor /2 is most easily checked for the Englert solution [30]).

The aim of this paper, then, is to test the non-linear flux ansatz for a number of solutions of
gauged supergravity. In order to make the paper self-contained we begin, in section 2, by describing
the main conventions and definitions that are required, summarising various known results. In
addition, in appendix C, we list some important I'-matrix identities, most of which already appear
in the appendices of [5] and [10], while some are new.

In section 3, we begin by describing the eleven-dimensional Go invariant solution of [11]. Then,
we consider the Gy invariant stationary point of N = 8 supergravity [31,32] that uplifts to the
aforementioned solution, rederiving the E; matrix components v and v that are parametrised by
the scalars and pseudoscalars. These components are essential inputs in the non-linear ansitze.
We calculate the 3-form potential using the non-linear flux ansatz, equation (2), verifying its total
antisymmetry as is expected from the general argument in [1]. The field strength of this potential is
then derived for the Gg family of solutions. Substituting the Go stationary point values yields the
flux of the Gg invariant solution of the eleven-dimensional theory with precise agreement.

As our next test, we consider the SU(4)™ invariant solution of [33] in section 4. We rewrite this
solution of eleven-dimensional supergravity in terms of geometric quantities defined on the seven-
sphere. As in section 3, we derive the 3-form potential using the non-linear flux ansatz and confirm
that at the stationary point [31, 32] the associated field strength matches precisely with that of the
eleven-dimensional solution.

Furthermore, in appendix A, we give the metric and the flux calculated from the non-linear
ansiitze with the scalars of the SO(7)% invariant family of maximal gauged supergravity [31,32].
These examples are simple enough for the reader to immediately match with the known SO(7)" [34]
and SO(7)~ [30] solutions of eleven-dimensional supergravity, and are thus included mainly for the
reader’s convenience.

"Whereas, for instance, maximal gauged supergravity in seven dimensions has only one non-trivial stationary point
besides the trivial vacuum [29].



2 Preliminaries

In this paper, we follow the conventions of reference [10]. The bosonic field equations of eleven-
dimensional supergravity [2] read?

Run = 259N Fpors — s FmporFNT@F, (3)
E~ 0y (EFMNPQ) = V2 iy NPQR RSt Sipp B g, (4)

where E is the determinant of the elfbein Ejy;”. We note that solutions to these combined equations
are only determined up to an overall constant scaling

gun = Agun,  Funeq — N2 Funpo. (5)

Such a rescaling must be taken into account when comparing the various solutions given in the
literature with the ones constructed from the non-linear ansétze (1) and (2). We emphasise that
the normalisation of all solutions is thus completely fixed by (1) and (2), once the trivial vacuum
solution has been specified.

We are interested in solutions of the above equations that are obtained via a compactification to
a four-dimensional maximally symmetric spacetime. The most general ansatz for the elfbein that is
consistent with this requirement is of the warped form?

-1/ €,%x
Ear () = <A 1 2(y0) 1% () emg(y)» (6)

where z* are coordinates on the four-dimensional spacetime and y™ are coordinates on the compact
seven-dimensional space; é x“(x) is the vierbein of the maximally symmetric four-dimensional space-
time and e,,*(y) is the siebenbein of the compact space. In particular, we assume the siebenbein to
be that of a deformed round seven-sphere with the deformation parametrised by a matrix S,°(y)

em®(y) = €m"(Y) S (v), (7)

where €,,%(y) is the siebenbein on the round seven-sphere with inverse radius mz, and where
A(y) = det So"(y)- (8)

The presence of the warp factor in (6) is required by consistency with the supersymmetry transfor-
mation rules of the fields that would correspond with those of the maximal theory upon reduction
to four dimensions [34].

The eight Killing spinors of S7, n! satisfy

o

1.
(Dm + 3t m7emafa)n1 =0, (9)

where lo?m is the covariant derivative on the round seven-sphere and the I'*-matrices are flat, Eu-
clidean, seven-dimensional and purely imaginary. In a Majorana representation of the Clifford
algebra in Euclidean seven dimensions, the charge conjugation matrix that is used to define spinor

*Note that for consistency with [11], we use a negative curvature convention, i.e. [Dar, Dn]VY = —RF oun V.
Hence, the scalar curvature of a sphere is negative.
3In general, of course, e,® can also have x dependence. But here we are considering compactifications.



conjugates, or raise and lower spinor indices, can be chosen to be the identity matrix. Here we make
such a choice. Furthermore, it is useful to choose Killing spinors that are orthonormal

'y’ =6, alpt =1, (10)

where on the right hand side of the second equation, 1 denotes the identity matrix with spinor
indices.
These spinors can be used to define a set of vectors and 2-forms as follows:

KaIJ — ,L-ﬁlra J’ KabIJ — —Irab J’ (11)

1J o 1J 1J o °o b 1J
Ky =en"K, ) Kpn'? =en”ey Kap'. (12)

In the following we will adopt the rule that the curved indices on Killing vectors and their derivatives
are always lowered and raised with the round seven-sphere metric §mn and its inverse. It is now
straightforward to show that

Kp" K =0, KK =86, KK =165 (13)

Assuming the four-dimensional spacetime to be maximally symmetric implies that the only non-
zero components of the field strength Fysnpg are F e and Fpy,pe. Following [35], we parametrise
Flpo as follows

F,uupo = Z'fFRn,uupoy (14)
where 7,5, is the alternating tensor in four dimensions.* The Bianchi identities imply that the
Freund-Rubin parameter f is a constant. Beware that switching to flat indices introduces y-
dependence

Faﬁ'yé = ZfFRA2 Napys- (15)

Given an elfbein of the form given in equation (6) and using equation (14), it is fairly straight-
forward to show that the eleven-dimensional equations (3) and (4) reduce to [11]

RHV = <%f%ﬂA4 + 7_12F7?1npq) 5Z,7 (16)

Rmn = _%Fmquanqr + (%Fslnpq - %f?FRA4> 577;17 (17)

Dq (A—lanpq) — ﬁﬁfmﬁmnpqrsthrst, (18)
where seven-dimensional indices m, n, p, ... are raised (lowered) with
gmn — eamebnéab (gmn — emaenbéab),

except in cases where the object is denoted with a circle © on top, in which case indices are raised
(lowered) with g™ (G, ) analogously defined. Hence, ﬁmnpqmt is the alternating tensor correspond-
ing to the round seven-sphere metric ¢,,, and its indices are raised with ¢"".
As is well-known, the four-dimensional spacetime must be AdS,. We choose to parametrise its
radius such that
R = 3mz219;w’ (19)

Furthermore, for an S” of inverse radius ms,

o

4Note that the conventions used in this paper are such that n,,,on""*7 = +4L.



Thus, in our conventions, the S7 compactification [36] is given by
my=2my,  fm = £3V2ms. (21)

We repeat that the normalisation of all solutions away from the trivial AdSy vacuum is fixed by the
non-linear ansatze. Thus, they are all expressed in terms of a single dimensionful parameter my.

3 The Gy invariant solution

3.1 The G; invariant solution of eleven-dimensional supergravity

In order to write out the Go invariant solution, we must first define the geometrical quantities,
respectively preserving the SO(7)" and SO(7)~ subgroups of SO(8) whose common subgroup is
Go = SO(7)™N SO(7)~. These are given in terms of the following self-dual C1/5% and antiself-dual
CI7KL SO(8) tensors, respectively, which satisfy the identities [34, 37]

CIJMNCMNKL — 1261, + 4CIJKL (22)
CIIMNMNKL _ 1251J _ 4C1IKL, (23)
These tensors will also appear below in the parametrisation of the scalar and pseudoscalar expecta-

tions in N = 8 supergravity.
The self-dual tensor Cy can be used to define SO(7)" invariant quantities [34]

LKL 1 e, KL
€o = 1 6C Ku' " Ky (24)
Eop = 1601JKLK 1 g KL (25)
§= 6ab§ab- (26)
These quantities satisfy the non-trivial identities [34]
§ala = (21 + é)(3 - f) (27)
1
ab — & 3 5(1 aSbs 28
Sab = 53+ &)dap — e 5)5& (28)
ﬁcéab = ém'? ( é(aéb ) (29)
lo)aé = 2m7&q, (30)
Daty = m7(3 — €)0a — o —Eabp- (31)

6

Hence, the variable £ lies in the range —21 < & < 3, with the endpoints corresponding to the north
and south poles of the seven sphere. Alternatively, in terms of the unit vector
- 1

“SVmres o 2

the last two equations become [34]

Dot = 2ms/ 21 1 €)(3 — €)ta, (33)

lo)aéb = mry | 231;_& <5ab - gaéb) . (34)



The antiself-dual C?/K% can similarly be used to define the SO(7)~ invariant tensor (alias the
‘parallelising torsion’ on S7)

Sue = 15 CHI PR KT, (35)
which satisfies the relations
DaSpeq = %m7€ab0defgsefga (36)
glabe gdlef _ % eobedle , Gfloh, (37)
galbe gde] f _ é bede(a | GIoh, (38)
5SS, 4o = 2690 + %eabcde 14509 (39)

These relations have been derived in [37, 38]. There is a potential ambiguity in the sign of terms with
S on the right hand side of the equations above, which is fixed by requiring that C_ is antiself-dual
and satisfies equation (23) (see equations (3.6)—(3.17) of [37]). Equation (36) is derived using the
I-matrix identity (156) and equation (9).

The relations (24), (25) and (35) can be inverted to give the SO(8) tensors in terms of the SO(7)*
and SO(7)~ geometric quantities [9, 34, 38]

CLIKL _ 1 9+ K, KK 4 %(21 b )b, 1 g, KL

12
1 .
+ 35V OB - O KK, (40)
C{JKL = % achabUJKcKL]- (41)

In appendix B, we explain that C,iC_ together with their symmetrised product D generate the
SU(1,1) algebra in E; [11], which commutes with Go. This fact can be used to used derive the
relations listed in equations (145)—(150).

In terms of the SO(7)* invariant tensors defined above, the Go invariant solution of eleven-
dimensional supergravity is given by the following expressions. In the uncompactified dimensions,
it is the usual AdS; metric, while the metric in the internal seven-dimensional space is given by [11]

Imn = 62/37_1/9(15 - 5)_1/3 {(&mn - émén) + %(15 - f)émén} ) (42)

where v is an arbitrary positive constant and the index on &m is raised with metric ¢"™". The
determinant of this metric is
det(gmn) = A% det(Gmn), (43)

where
A — 64/3’7_7/18(15 _ g)—2/3‘ (44)

The internal flux (4-form field strength) is

4/6/5 _ o st QLFE(E—27+12v3) 0 or Sstu
Frnpg = 157_5’}’ 1/677”07 {Umnpqrsts b— 12(15 — €) §[77177npq}7’5tug S

(€ — 51 +£12V/3)




The 4+ ambiguity in the expression above arises from the arbitrariness in the sign of the Freund-Rubin
parameter f [11]. As shown there, this solution has N = 1 residual supersymmetry.

The solution given above solves the Einstein equations for any value of the constant v (see
equation (5)). However, the non-linear metric ansatz gives the solution with a particular value for
~. In anticipation of this fact, and for ease of comparison later, we choose

5)

8= T 46
g 6v3 (46)

Hence,
Gonn = 3'7910Y3(15 = )73 { (Grn — &mén ) + 5515 — émén } (47)

and
4x 3714 . oret 2L+ E)(E—27£12V3) . o St
anpq = T_gm7 {Tlmnpqrsts b— 12(15 — é.) g[mnnpq}rstug 5

(€ — 51 £12V/3)

3.2 The G, invariant stationary point of gauged supergravity

The 70 scalars and pseudoscalars of the N = 8 supergravity theory that parametrise an element of
the coset space E7/SU(8) can be described by an element in the fundamental representation of E;

as follows [5]: .
Wig Vig1J
V= <Ui;'IJ uii’jJ) . (49)

Note that complex conjugation is represented by a respective lowering/raising of indices.
Using an SU(8) transformation, the E7 matrix V can be brought into a symmetric gauge of the
form

0
V =exp® = exp <¢IJKL ¢I‘6KL> . (50)

Once this gauge is fixed, the distinction between ¢, 7,... and I, J,... indices may be safely ignored,
as we shall do so hereafter. For a Gy invariant configuration, the most general vacuum expectation
value that ¢k can take may be parametrised as follows [31, 32]:

¢IJKL = QSIJKL(/\,Q) = %/\(O_{_JKL COs @ + Z'C{JKLSiHOZ), (51)

where A and « take a particular value for each stationary point consistent with this configuration.
The self-dual CJIFJ KL antiself-dual CL/KL and

D:ItJKL: (CiJMNcyNKLiC£JMNC¥NKL), (52)

DO =

form a basis of Go invariant objects in E7. In the remainder we will often keep the index structure
implicit for brevity; so
A-B= (A B)KF = AIJMNBMNKL, (53)



J I1JKL can

Given ¢ of the form above, the components of the E7/SU(8) coset elements u!” 7, and v
be written in terms of the Gy invariant Cy and D.y. Given the structure of the matrix ®, it is not
too difficult to see that

i(kﬂ)z" (pp*)" i(A/W"+1

S el )"
v=y tan= | o0 (2n) a2+ 1! e (54)
n o (A/2)% > (A/2)2n ;
=0 27@*(@90*)“ Z (¢* )"
n=0 (2n +1)! s (2n)!
where
p=cosaCy +isinaC_, ¢"=cosaCy —isinaC-_. (55)

Of course, the order in which the tensors appear is now important and indicative of the index
structure of the terms. For example, C.C_ = Dy + D_, while C_Cy = Dy — D_. The matrix
above is clearly compatible with the structure of the matrix given in the defining equation (49).
Consider
ep* = (cosaCy +isinaC_)(cosaCy —isinaC_). (56)

Using equations (22) and (23), we find that
op* =12 + 406, (57)
where we have omitted a d symbol in the first term above for brevity and
© =cos’aCy —sin?a C_ — Lisin2a D_. (58)
We notice that © has the rather convenient property that
02 =12+ 46. (59)

One can simply verify the above equation using equations (145)—(150). Now, define a new quantity

0 =1(0+2), (60)
which has been chosen so that
0% =0. (61)
From equation (57), we have )
pp* =124+40 =4+ 320. (62)

Comparing the components of equations (49) and (54) gives that

ot 2n
ur = Z(A(gi)), (pe™)" (63)
n=0
and - -
)\ 2)" * *\ 1
oKL — g%@ (™)™, (64)

where, as before, indices have been suppressed on the right hand side of the above equations.



First, consider uy ;&

ury ,

(2n)!
o~ (A/2)*
Z ( )l
2n
_ZA ))' ()4"1’32@)
n=0

where we have used equation (62) in the second equahty and applied the binomial theorem in the
third equality. Using the property satisfied by O, equation (61), the previous expression can be
rewritten as follows:

ur KL = ;(A(gi);n 4 Z ( ) 4"P(32)PO

(4+ 320)"

N ] Zn: <Z> 4VP(32)P — 4" ©

p=0

- ;::0(;:;!{1 + [~ 1] 8},

Identifying the above expressions as the Taylor expansions of the cosh function simplifies the ex-
pression to

ur;® % = cosh A + (cosh 3\ — cosh \)©
= cosh A + £(cosh 3\ — cosh \)(© + 2)
= cosh® \ + % cosh Asinh? A ©,

where we have used equation (60) in the second equality and well-known multiple angle identities
for hyperbolic functions in the final equality. Defining

p=cosh\, ¢ =sinhA\ (65)
and substituting for S using equation (58) gives
ury P\ @) = PRt + 2pq cos?  CLTEL — 2pq sin? o CL/KL — %z‘pqzsin2aD£JKL (66)
or, equivalently,
u () = pPoil + 2pq2 cos? a CITIKL — %pq2 sin? o CLTKL %z’qu sin 2o DIJKL (67)

for the complex conjugate.

The derivation of v//K% is essentially the same as that of uy;%”. Starting from equation (64)

*OO )\22n+1
UIJKL:(PZ( /)

(20 + 1)! (p¢")
o )\2n+1
_ 1 *§ 2n

= { sinh A + ( sinh 3\ — sinh /\)@}



where the second equality is a direct application of the results derived above. Substituting for ¢*
and © using equations (55) and (60), respectively, the above expression simplifies to
ol KL — 4—18(cosaC+ —isinaC_) {2(sinh 3\ 4 9sinh \)
+(sinh 3\ — 3sinh \)(cos? a C. — sin? a C_ — isin2aD_)}
(68)

where we have substituted for © using equation (58). Expanding out the bracket above and using
equations (145)—(150), one can simply show that the above expression reduces to

UUKL()\, a) = q3(0083 o + isin® Q) (5}{‘]L+%p2q cosaCJIFJKL — %z’pzq sina CT/KL
—%qi)’ sin 2a(sin o + i cos a) DKL, (69)

where we have used well-known multiple angle identities for hyperbolic functions and definitions

(65).
The G invariant stationary point is given by® [31]
¢ =" +4°)° = 5(3+2V3), (70)
s* = (2pq)* = 2(vV3 - 1), (71)
v? =cos’a = 1(3—V3), (72)

where ¢ = cosh(2)A) and s = sinh(2X). We also define the following useful combinations

b\ a) =c + 0383, ba(\, ) = esv(e + vs), (73)
fi\, @) = p*¢*(p* + ¢*) sinacosa = is%vm, (74)
fo(\, @) = pPgPsinacos’ a = %s?’v2 1— 02, (75)
f3(A @) = pg(p” + ¢*)* sina = %SC2M- (76)

At the Go invariant stationary point we have the following simplifying relations
b1 = 3ba, f3=4(2f1 — fa), (77)

which will be useful below.

3.3 Derivation of the 3-form potential

In this section we derive the potential of the eleven-dimensional Gy invariant solution using the
non-linear flux ansatz (2), showing that its field strength coincides with the expression found in [11].
We identify the expression multiplying the potential in equation (2) as

8A_1gpq = kP gakL (’LLijIJ + UijIJ) (uinL + UinL) (78)
via the non-linear metric ansatz (1). Using this, equation (2) takes the form

1 g g
Amnp = _—(ZAgpq) KmnIJKqKL (UZ]IJ - 'UZ]IJ) (uinL + UinL) . (79)

8v/2

5The parametrisation of ¢1sx 1 used in this paper coincides with that defined in [31, 32] by taking A — 2—\1/5)\. Thus,

the values of ¢, s and v coincide precisely with those given in [31].

10



From the metric ansatz [11]

A 0 o 8
g = 5 { (661 = ba(§ + 3)] 5™ + ba(21 + EmEN (80)
Equivalently, N ) ; O o . o \
Imn = {m <9mn - fmfn) + mfmfn} . (81)

Substituting the Gy invariant stationary point values given in equations (70)—(72) and using (77)
gives

gin = 30101315 = 7 { (Guun — € ) + 3515 — Oéméa} (82)

which coincides with the metric given in equation (47).
In order to simplify the right hand side of equation (79), recall that u*;; and v
of E7 matrices. In particular, they satisfy the relations [3]

i71J are components

ij KL KL _ SKL
u pyug ™ = vt = 6y (83)
u i — vijrgu’ gk = 0. (84)

These relations can be explicitly verified for the components of the E7/SU(8) coset element given
in equations (67) and (69) by using identities (145)—(150). Now, the expression for the E; matrix
components in equation (79)

KL _ ijlJ

ijlJ, KL

U5
Gy, KL,

. i KL g g
(w1 — 07" (ui ™" + vigrr) = u Vi KL + U rjvijxL — v
= u yug™ "t — (W g pui™ = 61) +u ke pvigrs — v

Recalling that

the above expression reduces to
ij iglJ KL 1J . ij KL ij1J, KL
(UU]J — Y ) (uij + UinL) = 5KL + QzIm(u”Uuij — oY Ujj ), (86)

where the last term is the imaginary part of the expression in the bracket.
Using equations (145)—(150), it is straightforward to show that
K L)

1
= —p2P(p* + ¢*) sin 2a DKL, (87)

Im(u”uuij 1

The expression on the left-hand-side of the above equation is antisymmetric under the exchange of
the pair of indices [I.J] and [K L], since from equation (85) this operation is equivalent to complex
conjugation of the expression in the bracket. Therefore, it should come as no surprise that the
right-hand-side is given solely in terms of D_. Furthermore,

g 1
Im(v””uinL) = 4p3¢3sin® 2a6%7; — §pq(p2 + ¢*)?sinaCTTEL — p3¢3 sin o cos? aD;TrJKL, (88)

which is indeed symmetric under the exchange of the pairs of indices [I.J] and [K L] as expected
from equation (84).

11



Using equations (13), (40), (41) and (52) we derive

KoV KSPCRE = — 48628, /(21 + ) (3 — )84 = —25%8¢7, (89)
KabIJKcKLC{JKL = 16Sapc; (90)
KabIJKcKLD-Ii-JKL = _g(g + g)sabc + 8(21 + g)édé[a‘sbc}d + %édeabcdefgsefgy (91)
KabIJKcKLD&]KL = _g(?’ - g)sabc + 8(21 + g)édé[asbc}d - %(21 + g)édécsabd - %gdeabcdefgsefg-
(92)

The first two relations are easily seen to be consistent with equations (24) and (35). Observe also
that the last expression is not fully anti-symmetric in the indices [abc].
With the use of the above relations, the expression for the 3-form potential, (79), reduces to

Ao = o580 {6((3 = O =20+ 2 + 61) S
- 18(21 + g)(fl - 2f2)£sé[m§m“]s + 12(21 + g)flésérgmns

+VERIH OB = O(f1 + 2£2)E RmmrstunS™ - (93)

where f1, f2, f3 are defined in equations (74)—(76). The quantities ™, é’mnp and Mpmnpgrst are con-
structed with the round S7 vielbein and they are raised/lowered with the round S metric, as
emphasised earlier.

Inserting the expression for the metric, equation (81), found from the non-linear metric ansatz,

1
18v/2[6b1 — ba(& + 3)] (b1 + 3b2)

% {6((3 = €)1 =200+ ) f2 + 6£3) Sng

—18(21 + &) (f1 — 2/2)€ EpmSnglr + 1221 + €) 1€ Snr

{6(b1 +3by)8% — (21 + g)b2§p§q}

Amnp =

+VRIF OB =1+ 2f2)E mmarsna 5™}, (94)

where by and by are defined in equation (73). Expanding out the terms in the expression above gives

1
3v/2[6b; — by

Amnp =

T {6((3= €01 =209+ €)f2 + 6f5) Sy

—18(21 + ) (f1 — 2f2)€ €S
+V 21+ B =& (f1+ 2f2)5qﬁmnpqrst§mt}

V2(21 4 €)
6b1 — ba(€ + 3)](b1 + 3b2)

+ [ (201 f1 4+ b2(2f1 — 4f2 — f3)] éqépémnq- (95)

Let us consider the coefficient of the term that is not totally antisymmetric in the indices [mnp],

1
2b1f1+ bo(2f1 —4fs — f3) = 3 sin o ves? [(03 +1353) — (c+vs)(c* —ves + U282)] =0,
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where in the first equality we have simply substituted in the definitions of by, ba, f1, fo and f3 using
equations (73)—(76). The vanishing of the non-antisymmetric term even away from the stationary
point is expected from the general argument of [1], where it is shown that the 3-form potential as
defined by the non-linear flux ansatz is totally antisymmetric by the E; properties of u¥/;; and v¥/!7.
We now have a totally antisymmetric expression for the 3-form potential

1
3v/2[6b; — by

Amnp =

o (0(6-90 —20+ 98 +65) Sy

—18(21 + ) (f1 — 2£2)€ €S s

VOB = 1+ 28) mmparnST™ . (96)

This is only defined up to gauge transformations, hence to make a comparison with the known Go
invariant solution, we calculate its field strength. Using equations (33), (34) and (36), the field
strength of the potential above,

anpq = 4D[mAnpq}7
is
Franpg =

4\/§m7

= _ o arst
o 6b, — b2(3 n 5) {(f3 4f2)77mnpqrst5

B 2(21 +¢)
3[6b1 — ba(3 + &)
44/(21+€6)(3-¢)

B s [bz(fl — f2)(B1 — &) + 3b1(f1 — 4f2) — 3ba(17f1 — 16f5 — fg)]s"[mnpéq]}.

[b2(f1 = £2)(€ = 27) = 3b1(f1 = 4f2) + 902(3f1 — 4f2) | Epnhuparstu S

(97)

Substituting relations (77), valid at the Go stationary point, we get

32\/§(f1 - f2) o arst (21 + é) 18f1 \¢ ° or Qstu
anpq = mm'? nmnpqrsts - m(f — 27T+ fl_}Q )S[mnnpq]rstuf S
21+9B -9 18f1 \& £
2(15 — g) (é —ol+ fl_]lfQ)S[mnpéq] : (98)
Using equations (70)—(72), the expression above reduces to
4 x 3_1/4 o ars (21+£)(£_27+ 12\/3) £ o cr Qstu
anpq = T_gm'? {nmnpqrsts b 12(15 — f) g[mnnpq}rstug 5%

(€ — 51 +12V/3)

This is in perfect agreement with the flux of the Go invariant solution [11] given in equation (48).
It is remarkable that there is not only an agreement with the general structure, but also the precise
coefficients.
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4 The SU(4)" invariant solution

4.1 The SU(4)™ invariant solution of eleven-dimensional supergravity

The SU(4)~ invariant solution [33] is a compactification of eleven-dimensional supergravity to a
maximally symmetric four-dimensional spacetime with the internal space given by a stretched U(1)
fibration over CP3. In [33], the solution was expressed in terms of structures on CP3. Here, in order
to compare the SU(4)~ invariant solution with the result given by the non-linear ansétze, we express
the SU(4)~ invariant solution in terms of geometrical quantities defined on a round S7.

The antiself-dual SO(8) tensor Y, satisfying [11]

YinYarner = 80157 — —8F; [KFJ_] o, (100)
YikitYunpoYrorr = 16Y1,pq (101)

preserves SU(4)”. The antisymmetric tensor F); is an almost complex structure,
FrRFe = -5, (102)

Using the properties of Y}, and F};, it is straightforward to show that

Yk M = Y_[IJKF_} (103)
o 1 -
Yrrote M= T —€rIKLPQRSY yrporEs M (104)
_ 1 oo
FiryFgr = —c1sxLrersFpolps. (105)

The SO(8) objects can be used to define the SO(7) tensors

K, K”FI—J, Ko =

1 _
=7 KW Fry,  Tae= K[abK] Yk (106)

4

where K!7 and K%/ have been defined in equation (11). Using the relations given in appendix C,
the following identities hold

KaKa - 17 KaKab = 07 Kacch - KaKb - 5ab7 (107)
K Tppe =0, T g = 4(08 — K°Ky), eI K K o, Ty = —6T. (108)

Furthermore, using equation (9)

D.K, = —m7Kap, (109)

° 1
DoTypca = Em'?Eabcdengefg- (110)

In terms of the tensors K, and Ty, the internal metric of the SU(4)~ invariant solution is given
by
Imn = 2_1/3(9077171 + KmKn)y (111)

where as before §,,, is the round S7 metric and

o

K= enK,

6 As before, we have fixed the allowed arbitrary scaling (5) in anticipation of the form of the metric given by the
non-linear ansatz.
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is defined with respect to the siebenbein on the round S7.
Using equations (107) and (109), the Ricci tensor of this metric is given by

R = R + 22 Gnm — 20m2K K . (112)

The expression for the Ricci tensor of the round S7 metric is given in equation (20).
The internal flux of the SU(4)~ invariant solution is

anpq — %m'?'rolmnpqrstTTSt- (113)
To verify that the Einstein equations, (16) and (17), are satisfied it is useful to note that
Forpgr F™PI7 = 48 x 243m (5", + K, K™), (114)

where we have used equations (108). On the left-hand side of the above equation, the indices have
been raised with inverse of g, given in equation (111).

Using the expression for the Ricci tensor in the internal direction, (112), and equation (114), it
is straightforward to verify that g, and F,,p, solve the Einstein equations, (16) and (17), with

—mZ, %, = 32m. (115)
With the above value for f.z, the equation of motion for F,,p,q, (18), is also satisfied.

4.2 The SU(4)" invariant stationary point of gauged supergravity

The SU(4)” invariant stationary point of maximal gauged supergravity is obtained for a purely
pseudoscalar expectation value ¢, of the form [31]

GrIKL = %iAYI}KL’ (116)

where Y, is an antiself-dual object satisfying the properties presented in equations (100)—(102).
Using equation (101), it is simple to show that for n > 0,

YY)k = 21(n=1) Y Y7 )rikrs (117)

where (Y 7Y 7)1k denotes a contraction of the form Y, nvY i vk L
As described in section 3.2, it is fairly straightforward to show that

x 2n
up = Z(A(gi)), YY) kers (118)

n=0

Using equations (117) and (100), the above expression reduces to

o (A/2)* g ~ K -
wr KE = 5K 4 Z o gin—1 <5§§L - F, [KFJ}L]>
n=1 :

1 [ (202 K e
KL - 2 : _ KL K L]
= Orf 2 ( — (2n)! 1) (61‘] Fy o Ey )

= 65L + L (cosh 2\ — 1) (5{? - F[;[KF]}L]> (119)
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Defining ¢ = cosh(2\) as before, and observing that the expression is real,

u k= g(c+ )8}, — g(c— DFLIFL7. (120)
Similarly,
B )\/2 2n+1 -
ol TEE = ZYIJMNZ 2n+1)! Y )" unkL

o NN
!
= =3 N <)‘+ 57;7(%4_ 1)!(Y Y ) unkr

. —_ 1 M - -
=LY un ([ A+ ) [sinh(2X) — 2A] (Y 7Y )MNKL)

= —2isinh(2A) Y} 1, (121)
where we have used equation (101) in the final equality in the equation above. Defining s = sinh(2)),
o = —LisY (122)

It is simple to verify that the v and v as given in equations (120) and (122) satisfy the E7 relations,
equations (83) and (84).
From the metric ansatz [11],

A~tgmn — {C2§m" - s2lo(mf("} . (123)
Equivalently,
Agpn = ¢2 { G + sQf(mf%n} . (124)
The SU(4)~ invariant stationary point is given by [31]
2 =2, 2 =1. (125)

Substituting these values into the expression above and taking the determinant of the resulting
expression gives
A=27%5 (126)

Hence, the metric is of the form

Gmn =27 1/3{ o+ KK, } (127)

which agrees with that given in equation (111).
Substituting the expression for v and v given in equations (120) and (122), and the form of the
metric given in equation (124) into equation (79), it is simple to show that

1 o
Amnp = _E(S/C)Tmnpa (128)
where we have used the first equation in (108). Now, using equation (110), the field strength is
simply
anpq = _g(s/c)mfro/mnpqrstTMt- (129)
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Substituting the values of ¢ and s given in equation (125) gives

anpq = _%m7ﬁmnpqrstTT8t- (130)

Note that the Einstein equations (16) and (17) and the equation of motion for the flux (18) are
satisfied regardless of the overall sign of the flux. Thus, again, we have precise agreement with the
flux of the SU(4)~ solution given in equation (113).

Acknowledgements: We would like to thank Bernard de Wit for discussions.
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A SO(7)* invariant solutions

For completeness we here reproduce the metric and flux of the SO(7)* invariant solutions, even
though these are simpler than the ones discussed in the text. The relevant solutions can be found
in analogy with the general metric and flux of the Gg invariant family, given in equations (81) and
(97), and by restricting the scalar fields in (51) to a = 0 and o = 7/2, respectively.

The SO(7)" invariant stationary point of maximally gauged supergravity is given by [31]

? = %(3/\/3+ 1), s2 = %(3/\/5 -1, wv=1 (131)

In particular, these imply that fi, fo, f3 as defined in equations (74)—(76) vanish. It immediately
follows that
Frnpg = 0, (132)

as expected. The metric is

6 x 5l/4
9—-¢

This is the solution of [34]; see also [9,11]. In particular, in reference [11], the solution is given in
the form

A.gmn =

{Gm —n) + 2808, (133)

B0y P e (9-8: ¢
A mn = mn — SmSn msSn (s 134
g 9 ¢ (g Emén) + 557 Emé (134)
which agrees with metric (133) for

v = 5%/2.

Similarly, the SO(7)~ stationary point is given by

5 1

2 _ — 2 = — =

=7 =1 v=0. (135)

Since v = 0, by as defined in equation (73) vanishes and the metric is given by the round S7 metric
Agmn = C_3§mn- (136)
Moreover the flux for the SO(7)~ family is

\/5 o 2rst
Finnpg = 5 (/€)1 lmnparst 5™ (137)

This is consistent with the Englert solution [30]; see also [9,11]. In reference [11], the solution is
expressed as

Agmn =72 Gmn, (138)

1 _ o o
anpq = ﬁv 1/6m777mnpqrstST8t7 (139)

which agree with equations (136) and (137) at the stationary point for

A3 = 5/4.
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B Useful G, identities

In this appendix, we derive identities relating the contraction of G invariants C+ and D, adopting
the shorthand notation (53) throughout. In deriving these identities it is useful to observe that
viewed as E; matrices, Cy and D are generators of an SU(1,1) subalgebra of E7. This is the unique
subalgebra of E; that commutes with Gg [11], cf.

o <C+ E o i 0 , o 0 -D,) (140)

(7 b)) Ge ) aa)

(C+C_C+ + 4D+) X C_. (142)

Thus,

which implies that

Consistency with equation (22) fixes the constant of proportionality:
C,C_Cy = —4(C- + Dy). (143)

Similarly,
C_CiC_ = —4(C_ — Dy). (144)

Using equations (22), (23), (143) and (144), it is straightforward to prove the following identities:

C.D, =4C_ +2D_, D,Cy =4C_ —2D_ (145)
C_D, =4C, +2D_, D,C_ =4C, —2D_, (146)
CyD_=8C_+4D, +2D_, D_Cy=-8C_—4D, +2D_, (147)
C_D_=—-8C4 +4D, —2D_, D_C_=8Cy—4D, —2D_, (148)
D,D, =48+ 8D, D_D, =16C, + 16C_ + 4D_, (149)
D.D_=—16C; —16C_ +4D_, D_D_ =—96—16Cy + 16C_ — 8D,.. (150)

C Seven-dimensional I'-matrix identities

For the reader’s convenience, here we give a list of useful I'-matrix identities, see also the appendices
of [5,10]. The seven-dimensional, Euclidean 8 x 8 I"*-matrices, where a is a seven-dimensional flat

index, satisfy
{19, T} = 26, (151)

The Clifford algebra admits a Majorana representation, which in our conventions corresponds to a
purely imaginary representation of the I'-matrices. We use a representation in which all I'-matrices
are hermitian and antisymmetric; or, equivalently, in our representation the charge conjugation
matrix is the identity matrix. Moreover,

Pabcdefg — _ieabcdefg:l’ (152)

where
Fabcdefg — P[a o Pg]

and 1 is the 8 x 8 identity matrix.
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The I'* can be regarded as seven out of the eight components of Spin(8) gamma-matrices in
a Majorana-Weyl representation. In this way, one can use SO(8) triality to prove the following
important relations [5, 10]

[ABFCD] 214 eapcperaal brlbm, (153)
45T 8D = 214 eapeperarl bl &, (154)
F{ZBFE)] - iEABCDEFGHTEgFTGL, (155)
T aleh) = 214@'eab0def T (156)

The uppercase Latin indices are spinor indices and run from 1 to 8.
Further I'-matrix identities can be proved using the Fierz identity, which in Euclidean seven-
dimensions takes the form

1
— % (XTYY ) ap, (157)

1 1 1
XapYcp = §5BC(XY) D_EFBC(XFBCY)AD"" 'Y (XTHeY ) ap T

16
where X and Y are arbitrary 8 x 8 matrices. The identity above is obtained by noting that

{645, 0%, T4, T9S

span the vector space of 8 x 8 matrices.
The Fierz identity can be used to show

Uaplép = l[l BUeD D] — 25(JD7 (158)
T4 pT¢p + Tepl iy = [ABPCCL?D} (159)
a T _pe pab 4 (5C[AFB]D - 5D[AF%}C> , (160)
19,19, = o0% ,T% ) + 16648, (161)
T = GF[CXIBF?’D} T8sTop + = 5abFABF 5ab50D’ (162)
PoTds = Tl = 2 (doul i — IppaTHe ) - (163)
f4pT¢n) = 5 4plep — 0 TSplEp (164)
Furthermore, it is also useful to note that (see appendix of [10])
reh T, D}‘ =1l i, (165)
r‘gA?Brng}‘ =rlv el (166)

where the vertical bar |_ denotes projection to the antiself-dual part.
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