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Testing the nonlinear flux Ansatz for maximal supergravity
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We put to test the recently proposed nonlinear flux Ansatz for maximal supergravity in 11 dimensions,
which gives the seven-dimensional flux in terms of the scalars and pseudoscalars of maximal N = 8
supergravity, by considering a number of nontrivial solutions of gauged supergravity for which the higher-
dimensional solutions are known. These include the G, and SU(4)~ invariant stationary points. The
examples considered constitute a very nontrivial check of the Ansatz, which it passes with remarkable

Success.
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L. INTRODUCTION

Recently [1], a simple nonlinear flux Ansatz giving the
seven-dimensional components of the 3-form potential of
11-dimensional supergravity [2] in terms of the scalars and
pseudoscalars of maximal (gauged) N = 8 supergravity
[3] has been proposed. This result arose from an attempt
to understand the embedding of a recently discovered
continuous family of inequivalent maximal (N = 8)
gauged supergravities in four dimensions [4]. The emer-
gence of this new family of theories follows from the
electric-magnetic duality of the ungauged N = 8 theory
[5] and can thus be understood in terms of the freedom to
rotate between how one chooses to define electric and
magnetic vector fields [6]. The inequivalence of the result-
ing theories is confined to the gauged theory, because in the
ungauged theory electric-magnetic duality renders all such
theories equivalent. From an 11-dimensional perspective,
the electric vector fields arise from the off-diagonal elfbein
components (graviphoton), while the magnetic vector
fields emerge from particular components of the 3-form
potential.

A standard method by which new theories are ob-
tained in supergravity is reducing a higher dimensional
theory on some group manifold or coset space. The
problem of determining whether a coset space reduction
is consistent, in the sense that every solution of the
lower-dimensional theory can be uplifted to a solution
of the higher-dimensional theory, is a subtle one. In fact,
the expectation is that such reductions are, in general,
inconsistent [7]. A notable exception to this expectation
is the consistency of the seven-sphere reduction
of 11-dimensional supergravity [8,9]. Central to this
result is a local SU(8) invariant reformulation of the
11-dimensional theory [10], which in the reduction on
a seven-torus 77 immediately reduces to the E; invariant
theory of Cremmer and Julia [5], without the need to
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dualize tensors to scalars. This reformulation necessi-
tates the introduction of new SU(8) covariant objects in
11 dimensions. The most significant such object is the
generalized vielbein, which arises from the study of the
supersymmetry transformation of the graviphoton and
replaces the siebenbein in the reformulated theory. The
intimate connection between the electric vector fields of
the four dimensional theory and the graviphoton leads
naturally to the nonlinear metric Ansarz [11],
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whereby the seven-dimensional metric g, is given in
terms of the scalar and pseudoscalar fields of N =8
supergravity, via the E;;) matrix components u(x) and
v(x) (see (49) below), and of the Killing vectors K™(y)
on the seven-sphere S’ [where the 11-dimensional coor-
dinates are split as z¥ = (x#, y™)]. We note that the
above formula has been subjected to numerous tests
and has proven its usefulness in other contexts, such as
the AdS/CFT correspondence [11-18]. The proof of
consistency in Ref. [8] also furnishes a formula for the
4-form field strength, modulo a subtlety that is resolved
in Ref. [9]. However, this formula appears to be too
cumbersome for practical applications.

The remarkable result of Ref. [1] is that there exists an
object analogous to the generalized vielbein that arises
from the supersymmetry transformation of the compo-
nents of the 3-form potential from which the magnetic
vector fields of the four-dimensional theory arise. This
new generalized vielbein now replaces the components
of the 3-form potential A,,,, along the seven directions
in the local SU(8) invariant reformulation of the
11-dimensional theory. Furthermore, it leads to a non-
linear flux Ansatz, which complements the nonlinear
metric Ansatz above [1],
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While this nonlinear flux Ansatz takes a surprisingly simple
form, it is not a formula that can be found by asserting
consistency with previous results. This is a major differ-
ence with the corresponding result for the AdS,; X §*
compactification of maximal supergravity, where the non-
linear Ansdtze can be directly substituted into the higher-
dimensional field equations [19]; such a direct substitution
is not possible for the AdS, X S7 compactification. Let us
also mention that there exist partial results and uplift
formulae for truncated versions of the maximal theory
where the scalar sector is much simpler (see for example
Refs. [20-27] and references therein). However, the for-
mula above cannot be guessed from these. Its derivation is
critically dependent on an analysis of the manifestly local
formulation of 11-dimensional supergravity. Last but not
least we wish to point out that in comparison with other
theories, N = 8 supergravity is distinguished by an aston-
ishingly rich variety of stationary points [28]" that can now
be explored by means of the new formula.

The nonlinear flux Ansatz given in Eq. (5.11) of Ref. [1]
differs from the above expression by the factor of V2 on the
left-hand side. In fact, as already pointed out there, this
overall factor can so far not be determined from intrinsi-
cally Kaluza-Klein theoretic considerations matching the
11-dimensional 3-form potential with the four-dimensional
gauge field. This is in marked contrast to the graviphoton,
for which general Kaluza-Klein theory gives its precise
relation to the four dimensional gauge field, by matching
the non-Abelian interaction with the commutator of two
Killing vector fields. However, as we will show here, this
factor is universally and unambiguously the same for all
solutions, and does follow by explicitly computing the
3-form potential using the above Ansatz for solutions
of gauged supergravity for which the higher dimensional
uplift solution is known (the factor /2 is most easily
checked for the Englert solution [30]).

The aim of this paper, then, is to test the nonlinear flux
Ansatz for a number of solutions of gauged supergravity. In
order to make the paper self-contained we begin, in Sec. I,
by describing the main conventions and definitions that are
required, summarizing various known results. In addition,
in Appendix C, we list some important I"-matrix identities,
most of which already appear in the appendices of
Refs. [5,10], while some are new.

In Sec. III, we begin by describing the 11-dimensional
G, invariant solution of Ref. [11]. Then, we consider the
G, invariant stationary point of N = 8 supergravity [31,32]

"Whereas, for instance, maximal gauged supergravity in seven
dimensions has only one nontrivial stationary point besides the
trivial vacuum [29].

2)

that uplifts to the aforementioned solution, rederiving the
E; matrix components « and v that are parametrized by the
scalars and pseudoscalars. These components are essential
inputs in the nonlinear Ansdtze. We calculate the 3-form
potential using the nonlinear flux Ansatz, Eq. (2), verifying
its total antisymmetry as is expected from the general
argument in Ref. [1]. The field strength of this potential
is then derived for the G, family of solutions. Substituting
the G, stationary point values yields the flux of the G,
invariant solution of the 11-dimensional theory with pre-
cise agreement.

As our next test, we consider the SU(4)” invariant
solution of Ref. [33] in Sec. IV. We rewrite this solution
of 11-dimensional supergravity in terms of geometric
quantities defined on the seven-sphere. As in Sec. III, we
derive the 3-form potential using the nonlinear flux Ansatz
and confirm that at the stationary point [31,32] the asso-
ciated field strength matches precisely with that of the
11-dimensional solution.

Furthermore, in Appendix A, we give the metric and the
flux calculated from the nonlinear Ansdtze with the scalars
of the SO(7)* invariant family of maximal gauged super-
gravity [31,32]. These examples are simple enough for the
reader to immediately match with the known SO(7)" [34]
and SO(7)~ [30] solutions of 11-dimensional supergravity
and are thus included mainly for the reader’s convenience.

II. PRELIMINARIES

In this paper, we follow the conventions of Ref. [10].
The bosonic field equations of 11-dimensional super-
gravity [2] read?

1 1
Ryn = ﬁgMNF%QRS - EFMPQRFNPQR; (3)
_ V2
E laM(EFMNPQ) — Tsz TINPQR].“R4Sl...SAFR]..AR4FSIA..S4’
4)

where E is the determinant of the elfbein E,,*. We note that
solutions to these combined equations are only determined
up to an overall constant scaling,

Funpo = A *Funpg. (5

Such a rescaling must be taken into account when compar-
ing the various solutions given in the literature with the
ones constructed from the nonlinear Ansdtze (1) and (2).

gmn — A&un>

Note that for consistency with Ref. [11], we use a negative
curvature convention, i.e., [D,y, DN]VP = —RPQMNVQ. Hence,
the scalar curvature of a sphere is negative.
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We emphasize that the normalization of all solutions is thus
completely fixed by (1) and (2), once the trivial vacuum
solution has been specified.

We are interested in solutions of the above equations that
are obtained via a compactification to a four-dimensional
maximally symmetric spacetime. The most general Ansatz
for the elfbein that is consistent with this requirement is of
the warped form,’

AT (pe, (x) 0
0 en(y)

where x* are coordinates on the four-dimensional
spacetime and y"” are coordinates on the compact seven-

Eyt(x,y) = (6)

dimensional space; e Ma(x) is the vierbein of the maximally
symmetric four-dimensional spacetime and e,,%(y) is the
siebenbein of the compact space. In particular, we assume
the siebenbein to be that of a deformed round seven-sphere
with the deformation parametrized by a matrix S,”(y)

en(y) = €, (5,°0), 7

° a . . .
where ¢,, (y) is the siebenbein on the round seven-sphere
with inverse radius m-, and where

A(y) = detS,"(y). )

The presence of the warp factor in (6) is required by

consistency with the supersymmetry transformation rules

of the fields that would correspond with those of the

maximal theory upon reduction to four dimensions [34].
The eight Killing spinors of S7, 5/ satisfy

o 1 o a
(Dm + Eim7em Fa)nl =0, )

where D,, is the covariant derivative on the round
seven-sphere and the I'* matrices are flat, Euclidean, anti-
symmetric and purely imaginary. In a Majorana represen-
tation of the Clifford algebra in seven Euclidean
dimensions, the charge conjugation matrix that is used to
define spinor conjugates, or raise and lower spinor indices,
can be chosen to be the identity matrix. Here we make such
a choice. Furthermore, it is useful to choose Killing spinors
that are orthonormal,

J — 511’ 1’1,’7]1 — 1’ (10)
where on the right-hand side of the second equation,
1 denotes the identity matrix with spinor indices.

These spinors can be used to define a set of vectors and
2-forms as follows:

7'

Ka” — i,,:,[l"anj’ K bIJ — ,’—Ill"abnl, (11)

a

3
In general, of course, ¢,, can also have x dependence. But

here we are considering compactifications.
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° go p
=€n €y

KmIJ = emaKaH: Kan KabU‘ (12)

In the following we will adopt the rule that the curved
indices on Killing vectors and their derivatives are always

lowered and raised with the round seven-sphere metric §mn

and its inverse. It is now straightforward to show that
KgbIJKcIJ — KaIJKbIJ — 88;;, (13)
b — b
KUK =165,

Assuming the four-dimensional spacetime to be maxi-
mally symmetric implies that the only nonzero components

of the field strength Fyypo are F,,,, and F,,,,.
Following Ref. [35], we parametrize F,,,, as follows,
F,quO’ = ifFRn,u,Vpa" (14)

where 71,,,,, is the alternating tensor in four dimensions.*
The Bianchi identities imply that the Freund-Rubin
parameter fpg is a constant. Beware that switching to flat
indices introduces y dependence,

Fopys = iTrRA*Napys (15)

Given an elfbein of the form given in Eq. (6) and using
Eq. (14), it is fairly straightforward to show that the
11-dimensional Egs. (3) and (4) reduce to [11],

2 1
R, = (5 A+ ﬁF,zm,pq)cSM, (16)

1 1 !
R, = _gFmpqunpqr + (7_2F%m1761 _§T%RA4)521, (17

o _ 1 ° mn rs
Dq(A lanpq) Zﬁ\/szRﬂ Pq thrstr (18)

where seven-dimensional indices m, n, p, ... are raised
(lowered) with
gmn = eumebnaub(gmn = emaenhéah)’

except in cases where the object is denoted with a circle °
on top, in which case indices are raised (lowered) with §m"

(§mn) analogously defined. Hence, ;]mn pqrst 18 the alternat-
ing tensor corresponding to the round seven-sphere metric

§m,, and its indices are raised with §’"".
As is well known, the four-dimensional spacetime must
be AdS,. We choose to parametrize its radius such that

R,, = 3mﬁgw. (19)

Furthermore, for an S7 of inverse radius msy,

Ron = —628 . 20)

“Note that the conventions used in this paper are such that
nrpo = 44|
n,uvpa'n ..
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Thus, in our conventions, the S7 compactification [36] is
given by

fer = *3v2m;. 1)

my = 2m7,

We repeat that the normalization of all solutions away from
the trivial AdS, vacuum is fixed by the nonlinear Ansdtze.
Thus, they are all expressed in terms of a single dimen-
sionful parameter m;.

III. THE G, INVARIANT SOLUTION

A. The G, invariant solution of 11-dimensional
supergravity

In order to write out the G, invariant solution, we
must first define the geometrical quantities, respectively
preserving the SO(7)* and SO(7)~ subgroups of SO(8)
whose common subgroup is G, = SO(7)" NSO(7)".
These are given in terms of the following self-dual C/X~
and antiself-dual C/XL SO(8) tensors, respectively, which
satisfy the identities [34,37]

Cl/MN CMNKL — 1261 4 4CIIKL, (22)

ClIMN CMNKL — 1284 — 4CHKL, (23)

These tensors will also appear below in the parametrization
of the scalar and pseudoscalar expectations in N = §
supergravity.

The self-dual tensor C, can be used to define SO(7)"
invariant quantities [34]

1

fa — % CI+JKLI(abIJKbI(Ly (24)
1
€up = =1 CHRER, VKN, 25)
E=08"y. (26)
These quantities satisfy the nontrivial identities [34]
fafa = (2] + ‘f)(?’ - é‘:)y (27)
b =B+ oy~ by (28)
ab 6 ab 6(3 — f) aSbh»

0 1
Dc€ab = §m7(5ab§c - g(g 6b)c)’ (29)
D,é = 2myé, (30)

° m

D€y =m7(3 = ), — ﬁgafb- (€2
Hence, the variable ¢ lies in the range —21 < & < 3, with
the endpoints corresponding to the north and south poles of
the seven sphere. Alternatively, in terms of the unit vector

PHYSICAL REVIEW D 87, 085038 (2013)
2 1

§a = a (32)
VeI +HB - ¢

the last two equations become [34]

D& = 2m21 + 63 — DE,, (33)

o L 3 — é‘-’ A
D = ——(8,p — . 4
ugb ms 21 +§( ab é‘:aé‘:b) (3 )
The antiself-dual CYXL can similarly be used to
define the SO(7)~ invariant tensor (alias ““the parallelizing
torsion” on S7),

1

Sane = 7¢ CLNV KL, KA, (35)
which satisfies the relations

o 1 X
DaSbcd = 6 my Eahcdefgsefg» (36)
S[abcsd]ef — %eabcd[eghsf]gh, (37)
Su[bcsde]f — éedeE(agth)gh’ (38)

1

SabeScde = 26?5 + geabcdefgsefg' (39)

These relations have been derived in Refs. [37,38]. There
is a potential ambiguity in the sign of terms with S on
the right-hand side of the equations above, which is fixed
by requiring that C_ is antiself-dual and satisfies Eq. (23)
(see Egs. (3.6)—(3.17) of Ref. [37]). Equation (36) is de-
rived using the I"-matrix identity (C6) and (9).

The relations (24), (25), and (35) can be inverted to give
the SO(8) tensors in terms of the SO(7)* and SO(7)”
geometric quantities [9,34,38],

CHRE = = (9 + KK,
1 fa £by [1J g KL]
+Z(21+§)§ &°K, K,

+ %\/(21 + )3 — 6EK, K KL (40)

1
CHKL = ESa,,cKa,,[”KCKLJ. (41)

In Appendix B, we explain that C, , iC_ together with their
symmetrized product iD . generate the SU(1,1) algebra in
E, [11], which commutes with G,. This fact can be used to
derive the relations listed in Eqs. (B6)—(B11).

In terms of the SO(7)* invariant tensors defined above,
the G, invariant solution of 11-dimensional supergravity is
given by the following expressions. In the uncompactified
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dimensions, it is the usual AdS, metric, while the metric in
the internal seven-dimensional space is given by [11]

gmn = 673y VO(15 — )71
° PN 1 PN
X {(gmn - fmfn) + %(15 - f)fmfn}r (42)

where vy is an arbitrary positive constant and the index on

ém is raised with metric §”’”. The determinant of this
metric is

det(g,n,) = A? det(g,,), (43)

where
A= 64/3,y—7/18(15 _ f)_2/3- (44)

The internal flux (4-form field strength) is

465 1 {o
=Y Tm

nmnpqrxt

orst

mnpq ~ 15 — f

QL+ -27+12V3) ; 5, o8t
- f[m T]npq]mtu‘f S

12(15 — &)
N IE e L

(45)

The * ambiguity in the expression above arises from
the arbitrariness in the sign of the Freund-Rubin parameter
fer [11]. As shown there, this solution has N = 1 residual
supersymmetry.

The solution given above solves the Einstein equations
for any value of the constant y [see Eq. (5)]. However, the
nonlinear metric Ansatz gives the solution with a particular
value for y. In anticipation of this fact, and for ease of
comparison later, we choose

IR = (46)

5
Y 63

Hence,

gun = 3'/10Y3(15 — 713
o PR 1 PO
X {(gmn - é:mgn) + %(]5 - ‘f)gmfn} (47)
and

orst

4x371/4 o
F = m7{

mnpq ~ ﬁ ’flmnpqu

QI+ H(E-27£12V3) 5 o s oom
12(15 — &) g[mnnpq]rstu‘f S

+ V(Zl + 5)(3 - 5) (f _2(5115 i_ 2_—2)\/§) ‘og[mnpé?q]}

(48)
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B. The G, invariant stationary point
of gauged supergravity

The 70 scalars and pseudoscalars of the N = 8§ super-
gravity theory that parametrize an element of the coset
space E,;/SU(8) can be described by an element in the
fundamental representation of E; as follows [5]:

b
U Vij1y
V= (vijIJ i )
b4
Note that complex conjugation is represented by a respec-
tive lowering/raising of indices.

Using an SU(8) transformation, the E, matrix V can be
brought into a symmetric gauge of the form

0 ¢
skt o ) (50)

(49)

Vzequ)Eexp(

Once this gauge is fixed, the distinction between i, j, ...
and [, J, ... indices may be safely ignored, as we shall do
so hereafter. For a G, invariant configuration, the most
general vacuum expectation value that ¢;;x; can take
may be parametrized as follows [31,32]:

1 . .
brkL = Pk a) = EA(CQJKL cos a + iCYKL sin @),
(51)

where A and « take a particular value for each stationary
point consistent with this configuration. The self-dual
C'/KL | antiself-dual C!/X% and

1
D{:JKL — 5(C{‘_JMNclL/INKL + CHMNCAfNKL) (52)

form a basis of G, invariant objects in E;. In the remain-
der we will often keep the index structure implicit for
brevity, so

A-B= (A . B)IJKL = AIJMNBMNKL' (53)

Given ¢ of the form above, the components of the
E;/SU(8) coset elements u’/ ., and v/ can be written
in terms of the G, invariant C. and D . Given the structure
of the matrix ®, it is not too difficult to see that

= 1
— _ n
v=3lo
n=0"""
oo (A/2) * oo (A/2)H! *

_( n=0 (én;! (o) n=0 (Z/nJ)rl)! oo ‘D)n)
- o (A/22H “n o (/2% % n ’
G (X LD a2 o ()

(54)
where
=cosaC, +isinaC_,
¢ e “« (55)

¢" =cosaC, —isinaC_.
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Of course, the order in which the tensors appear is now

important and indicative of the index structure of the terms.

For example, C.C_ =D, + D_, while C_C. =D, —

D_. The matrix above is clearly compatible with the

structure of the matrix given in the defining Eq. (49).
Consider

ee*=(cosaC, +isinaC_)(cosaC, —isinaC_). (56)
Using Egs. (22) and (23), we find that
po* =12 + 40, (57)

where we have omitted a 6 symbol in the first term above
for brevity and

~ 1

® = cos’aC, —sin’aC_ — Zisin 2aD_. (58)

We notice that @ has the rather convenient property that
0% = 12 + 40. (59)

One can simply verify the above equation using
Egs. (B6)—(B11). Now, define a new quantity,

0= %(@) +2), (60)
which has been chosen so that
02 = 0. (61)
From Eq. (57), we have
po* =12 +40 =4 + 320. (62)

Comparing the components of Eqs. (49) and (54) gives that
(A/ 2)2”

S ©
and
(/\/2211+1 . .
plRL = Zo A A

where, as before, indices have been suppressed on the
right-hand side of the above equations.
First, consider u,,XE.

(A/z)z"
Z

< A/zw (),
_;) @2n)! Z(p)4 120,

p=0

(A/2)" "
Z o 4 +320)

where we have used Eq. (62) in the second equality and
applied the binomial theorem in the third equality. Using
the property satisfied by ©, Eq. (61), the previous expres-
sion can be rewritten as follows:

PHYSICAL REVIEW D 87, 085038 (2013)

(A/2)*" (),
Z @) { Z(p)4 p(32)19®}

p=1

i

p=0

i (2’1),{1 +[32 — 1]@).

Identifying the above expressions as the Taylor expansions
of the cosh function simplifies the expression to

u; XL = cosh A + (cosh3A — cosh A)©

1 -
cosh A + g(cosh 31 —cosh A)(® + 2)

1 3
cosh3\ + 3 cosh Asinh 2\ 0,

where we have used Eq. (60) in the second equality and
well-known multiple angle identities for hyperbolic func-
tions in the final equality. Defining

p = cosh A, g = sinh A (65)

and substituting for 0 using Eq. (58) gives
u, KL(A, @)
1
= p36kL + quzcoszaC{rJKL

1 1
— quzsinzaCI_JKL — gipq2 sin2a DKL (66)

or, equivalently,

ul’ o (A, @)

1
= p3sl, + 2pq cos 2aClyKL

1 1
- quzsinzaCl_JKL + gip(f sin2aDVKL  (67)

for the complex conjugate.
The derivation of v!/XL is essentially the same as that of
u,,XL. Starting from Eq. (64),

()1/2)2"+l .
.UIJKL Z 1)' )
. 00 /\2n+1 -

N = =

1
go*{sinh)\ + (§ sinh 3A — sinh A)@},

where the second equality is a direct application of the
results derived above. Substituting for ¢* and ©® using
Egs. (55) and (60), respectively, the above expression
simplifies to

085038-6
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1
vlKL = ﬁ(cosaC+ —isinaC_)

X {2(sinh3)\ +9sinh A) + (sinh3A — 3sinh )
X (cos2ac+ —sin2aC_ —isinZaD_)}, (68)

where we have substituted for © using Eq. (58). Expanding
out the bracket above and using Egs. (B6)—(B11), one can
simply show that the above expression reduces to

VIKL() a)
. 1
=g’ (cos’a +isina)d¥, + Epzqcos aCl/KL

1 1
- EipzqsinaCI_JKL — §q3 sin2a(sina + icos a) DI/KL,

(69)

where we have used well-known multiple angle identities
for hyperbolic functions and definitions (65).
The G, invariant stationary point is given by’ [31]

E= (P + g P = 1 (+23) (70)
2= (2pq)* = %(ﬁ - 1), (71)
v? = cos’a = %(3 -3), (72)

where ¢ = cosh (21) and s = sinh (2A). We also define the
following useful combinations

bi(Aa)=c3+13s%,  by(Aa)=csv(c+uvs), (73)

1
1A, @) = p*¢*(p*> + ¢?)sinacosa = ZszchI — 02

(74)
1
fr(A @) = p*q® sin acos?a = §s3v2\/1 -v% (75

1
f3(A, @) = pg(p* + ¢*)?sina = ESCZVI — v (76)

At the G, invariant stationary point we have the following
simplifying relations

by = 3b,, f3=4Q2f, — fa) 77

which will be useful below.

>The parametrization of ¢, used in this paper coincides
with that defined in Refs. [31,32] by taking A — ﬁi)" Thus, the

values of ¢, s and v coincide precisely with those given in
Ref. [31].
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C. Derivation of the 3-form potential

In this section we derive the potential of the
11-dimensional G, invariant solution using the nonlinear
flux Ansatz (2), showing that its field strength coincides
with the expression found in Ref. [11].

We identify the expression multiplying the potential in
Eq. (2) as

8A~1gra = KPIKIKL(yii, + v )5 v (78)
via the nonlinear metric Ansatz (1). Using this, Eq. (2)
takes the form
1
Amn ==
P 82

Xy = v+ viggr). (79

(iAgpq)KmnIJKqKL

From the metric Ansatz [11]

A omn PN
g = g{[6b1 —by(§+3)]g + 021+ g™ (80)

Equivalently,

o A A 1 a A
Agyn= {m(é’mn —&mén) '*‘mfmfn}-

(81)

Substituting the G, invariant stationary point values given
in Egs. (70)—(72) and using (77) gives

gun = 31/010153(15 — ¢)713
o PP 1 s
o — E0d) + 515 - 08,6} 52

which coincides with the metric given in Eq. (47).

In order to simplify the right-hand side of Eq. (79), recall
that u”/;, and v"/!” are components of E; matrices. In
particular, they satisfy the relations [3]

ij . KL _ KL _ SKL
u yu;; v v/t = o, (83)

ij _ ij —
ujl,]vinL v,»j”u ]KL == 0 (84)

These relations can be explicitly verified for the compo-
nents of the E,/SU(8) coset element given in Egs. (67) and
(69) by using identities (B6)-(B11). Now, the expression
for the E; matrix components in Eq. (79)

('}, — Uij”)(uinL + Vijkr)

= uij”uinL — vy + v — vijljuinL’
=yt = (e — 8
+ ul g v, — vijljuinL'
Recalling that
”iju = (u"}))", vy = (W), (85)
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the above expression reduces to
ijo_ il KL
(MJ UJ )(u + Uz]KL)

= &¥, + 2ilm(u’ Uul-jKL — vijljul-jKL), (86)
where the last term is the imaginary part of the expression
in the bracket.

Using Egs. (B6)—(B11), it is straightforward to show that

1
Im(uju; X) = — - p*q*(p* + ¢*)sin2a DKL (87)

4
The expression on the left-hand side of the above equa-
tion is antisymmetric under the exchange of the pair of
indices [1J] and [KL], since from Eq. (85) this operation
is equivalent to complex conjugation of the expression
in the bracket. Therefore, it should come as no surprise
that the right-hand side is given solely in terms of D_.
Furthermore,

2)2

Im(vijljuinL)

. 1
= 4p’qsin 2ady, — 5 pa(p® +4q
CYKL — 343 sin acos 2a DKL,

(88)

X sin o

which is indeed symmetric under the exchange of the pairs
of indices [1J] and [KL] as expected from Eq. (84).
Using Egs. (13), (40), (41), and (52) we derive

K, VK KECKL = — —533 21+ 9B — §é!
16
= o, (89)
K, K XLCUKL =168, (90)
|
1

Amnp 18\/_[6b1 bz(f + 3)](b1 + 3b2)

PHYSICAL REVIEW D 87, 085038 (2013)

8 ara
Kab”KCKLDIJrJKL = _5(9 + g)Sabc + 8(21 + f)gdg[asbc]d

4
+§§d6abcdefgsefg’ (91)

KllleKCKLDLJKL
8 ara
= - 5(3 - f)Sabc + 8(21 + f)fd‘f[asbc]d

- 13_6(21 + f)fd‘fcsabd - gfdeabcdefgsefg- 92)
The first two relations are easily seen to be consistent with
Egs. (24) and (25). Observe also that the last expression is
not fully anti-symmetric in the indices [abc].

With the use of the above relations, the expression for
the 3-form potential, (79), reduces to

1 oor o
Amnp :mAgpng {6((3 - é‘:)fl - 2(9 + g)fZ + 6f3)Smnr

- 18(21 + f)(fl - 2f2)ésé[m§nr]s
F 12021+ Of 1 8 €8, V2T OG- )
X (fl + 2f2)$‘ ;]mnrstuvgtuv}r (93)

where f1, f2, f3 are defined in Eqgs. (74)—(76). The quan-

tities £, Sm,, » and nmn pqrst are constructed with the round
S7 vielbein and they are raised or lowered with the round
S7 metric, as emphasized earlier.

Inserting the expression for the metric, Eq. (81), found
from the nonlinear metric Ansatz,

(66, + 30,083 = (21 + b,€,EH6(3 — £)f, = 20 + O)fs + 63)Sng

— 18(21 + g)(fl - 2f2)$r$[m§nq]r 12(21 + g)flf fq mnr T V(21 + f)(3 - (fl + 2f2)§ nmnqrstuowu},

where b; and b, are defined in Eq. (73). Expanding out the terms in the expression above gives

1
32[6b) — by(£ + 3)]

mnp —

V2021 + €)

94)
[6(G = &0y =20+ Of2 + 6/,
1821+ Oy ~ 218 8 Sy + VBT T OB DUy + 20 DnpgraS ]
[2b1f1 + ba@fy = 4fs — )8, Sng- (95)

66, — o€ + 36y + 352)

Let us consider the coefficient of the term that is not totally antisymmetric in the indices [mn p],

2byfy + by(2f, —4f, —

1
fi) = 3 sin aves?[(c + v3s3) — (¢ + vs)(c? — ves + v2352)] =0,

where in the first equality we have simply substituted in the definitions of by, b,, f, f> and f5 using Eqgs. (73)—(76). The
vanishing of the nonantisymmetric term even away from the stationary point is expected from the general argument of
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Ref. [1], where it is shown that the 3-form potential as defined by the nonlinear flux Ansatz is totally antisymmetric by the
E; properties of u”/;; and v///. We now have a totally antisymmetric expression for the 3-form potential

1 °
mnp 3\/5[6b1 — bz(f + 3)] {6((3 - g)fl - 2(9 + é:)fZ + 6f3)Smnp
- 18(21 + ér)(fl - 2f2)$r$[m§np]r + V(Zl + f)(3 - f)(fl + 2f2)$q;]mnpqrst§r”}- (96)

This is only defined up to gauge transformations, hence to make a comparison with the known G, invariant solution, we
calculate its field strength. Using Eqgs. (33), (34), and (36), the field strength of the potential above,

Frnpq

is

4\/§m7

orst

= 4D[mA

2021 + §)

npql

F {(f’i - 4f2) %mnpqrstS

mrd 6 = by(3 + £)

~3[6b, — b3 + £)]

« W THE-D

[62(f1 = f2)(§ = 27) = 3b1(f1 — 4f>)

[b2(f1 — £2)(51 — &) + 3by(f — 4f>)

A o ,\r°st
+ 9b2(3fl - 4f2)]§[m nnpq]rstu'f N

6b, — b,(3 + ¢)

= 36,017f1 = 1682 = £} ©7)
Substituting relations (77), valid at the G, stationary point, we get
32V2(f1 — f2) (o orst (21 + &) ( 18, \s o ot
F = = - & -27T+ ——— &S
mnpq b2(15 _ f) m7{77mnpqrst 12(15 — f) f fl _f2>§[m7’npq]rstu§
21+ 63 - f)( 18f1 Yo 3
&—51+ )S,,m 3 } (98)
2(15 - ) fi = )
Using Egs. (70)—(72), the expression above reduces to
4 X374, orst (214 &)(§ =27+ 124/3) 5 » 5,0t
anpq = W”ﬁ{nmnpqrsts - 12(15 — f) g[mnnpq]rstuf N
(E-51+123) }
+V21+ 603G - S . 99

This is in perfect agreement with the flux of the G, invari-
ant solution [11] given in Eq. (48). It is remarkable that
there is not only an agreement with the general structure,
but also the precise coefficients.

IV. THE SU(4)~ INVARIANT SOLUTION

A. The SU(4)~ invariant solution of
11-dimensional supergravity

The SU(4)~ invariant solution [33] is a compactification
of 11-dimensional supergravity to a maximally symmetric
four-dimensional spacetime with the internal space given
by a stretched U(1) fibration over CP3. In Ref. [33], the
solution was expressed in terms of structures on CP3. Here,
in order to compare the SU(4)~ invariant solution with the
result given by the nonlinear Ansdtze, we express the
SU(4)~ invariant solution in terms of geometrical quanti-
ties defined on a round S”.

|
The antiself-dual SO(8) tensor Y,k , satisfying [11]

_ _ —[K —L
YiunYunkr = 861 — 8F[1[ F ]’

7 (100)

Yk YunroYrokr = 16Y15pg (10D

preserves SU(4)”. The antisymmetric tensor Fj; is an

almost complex structure,
FKFg! = —4]. (102)

Using the properties of Y;;x; and Fjj, it is straight-
forward to show that

Yo Fr™ = Yo F i (103)
Yy Fr™ = — 21 EUKLPORS Yﬂ}pQRFEM, (104)
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1

FrFgn = T — €17kLPorsF poFrs- (105)

The SO(8) objects can be used to define the SO(7)
tensors

1 _
= ZK%FU’

K =

a

KIIJJFZ/» Kah

1 _
Tape = 16K[ahK "Y kL

o=

(106)

where K!/ and K'J have been defined in Eq. (11). Using
the relations given in Appendix C, the following identities
hold

K.,K, = L, K. K, = 0, K.Kp = K,Kj, — Sab’
(107)
KaTabc =0, TaCdTbcd = 4(52 - KaKb), (108)
EadeengdKehThfg — —6Tabc.
Furthermore, using Eq. (9)

DKy = —m;K o, (109)

o 1 of
DaTbcd = 6m7€ahcdeng /8. (110)

In terms of the tensors K, and T ., the internal metric of
the SU(4)~ invariant solution is given by®

S = 2713 (G + K, K,), (111)

where as before §mn is the round S metric and

° o

— a
Km = €pn Ka

is defined with respect to the siebenbein on the round §”.
Using Egs. (107) and (109), the Ricci tensor of this
metric is given by

Rmn = Rmn + 2m%§mn - zom%KmKn (112)

The expression for the Ricci tensor of the round S7 metric
is given in Eq. (20).

The internal flux of the SU(4)~ invariant solution is

1 o o rst

F = g my T]mnpqrstT

mnpq

(113)

To verify that the Einstein Egs. (16) and (17), are satisfied it
is useful to note that

©As before, we have fixed the allowed arbitrary scaling (5) in
anticipation of the form of the metric given by the nonlinear
Ansatz.

PHYSICAL REVIEW D 87, 085038 (2013)

F.  Fnpar — 48 X 24/3m%(6',; + K,K"), (114)

mpqr

where we have used Eq. (108). On the left-hand side of the
above equation, the indices have been raised with inverse
of g,., given in Eq. (111).

Using the expression for the Ricci tensor in the internal
direction, (112) and (114), it is straightforward to verify
that g,,, and F solve the Einstein Eqgs. (16) and (17),
with

mnpq

2 _ 2
my = —ms3,

3 (115)

2, = 32m2.
With the above value for g, the equation of motion for

Fonpg» (18), is also satisfied.

B. The SU(4)~ invariant stationary point
of gauged supergravity
The SU(4)” invariant stationary point of maximal
gauged supergravity is obtained for a purely pseudoscalar
expectation value ¢k, of the form [31]
|
bk = El/\Y”KL, (116)
where Y, is an antiself-dual object satisfying the prop-
erties presented in Egs. (100)—(102).

Using Eq. (101), it is simple to show that for n > 0,
YY)y =2V Y ) ke (117)
where (Y~™Y7);;k; denotes a contraction of the form

YimnYunke-
As described in Sec. III B, it is fairly straightforward to
show that

(A/2)>

Z (2n)!

(117) and (100),

YY)k (118)

Using Egs.
reduces to

the above expression

(A/2)*"

BKL Z (2 )'
20)%" K e

—ol (Z ((Zn))! - 1)(5# ~Fu )

(K L]
Fi, F )

2411— I(BZL i 7

— F_[KF—L]>

=5§L+§(cosh2)\— D(ofF - (119)

Defining ¢ = cosh (21) as before, and observing that the
expression is real,

1J

1 e
(e + D5, — 5 (c - DEFFL (120)

<
=
~
| =
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Similarly,

()\/2)2n+]

vlKL = —jy;, o Z . Gn 1)1 (YY Vynkr =

i | o 1 .
- ElYUMNQ + ﬁ[smh (20) — 2AJ(vY )Mm) — —isinh QY

where we have used Eq. (101) in the final equality in the
equation above. Defining s = sinh (2A),

VKL —

2 i5Y i (122)

It is simple to verify that the u and v as given in Egs. (120)
and (122) satisfy the E; relations, Eqs. (83) and (84).
From the metric Ansatz [11],

A-lgmn = (25" — 2k K", (123)
Equivalently,
B = ¢ & + K, K} (124)
The SU(4)~ invariant stationary point is given by [31]

2=2  £=1 (125)

Substituting these values into the expression above and
taking the determinant of the resulting expression gives

A =2723 (126)
Hence, the metric is of the form
Gn = 273G + KK, (127)

which agrees with that given in Eq. (111).

Substituting the expression for # and v given in
Egs. (120) and (122), and the form of the metric given in
Eq. (124) into Eq. (79), it is simple to show that

1 o
Amnp = _E(S/C)Tmnp’ (]28)
where we have used the first equation in (108). Now, using
Eq. (110), the field strength is simply

anpq =

o o rst
- T (S/C)m7 nmnpqrstT (129)

Substituting the values of ¢ and s given in Eq. (125) gives

1 o o rst

F - §m7 nmnpqrstT

mnpq

(130)

Note that the Einstein Eqgs. (16) and (17) and the equation
of motion for the flux (18) are satisfied regardless of the
overall sign of the flux. Thus, again, we have precise
agreement with the flux of the SU(4)~ solution given in
Eq. (113).

PHYSICAL REVIEW D 87, 085038 (2013)

(ZA)2n+1

1. I
_EIYIJMN< 322(2 +1),(Y Y )MNKL)

(121)
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APPENDIX A: SO(7)" INVARIANT SOLUTIONS

For completeness we here reproduce the metric and
flux of the SO(7)*—invariant solutions, even though
these are simpler than the ones discussed in the text.
The relevant solutions can be found in analogy with the
general metric and flux of the G, invariant family, given
in Egs. (81) and (97), and by restricting the scalar fields
in (51) to &« = 0 and @ = 7/2, respectively.

The SO(7)* invariant stationary point of maximally
gauged supergravity is given by [31]

1 1
=§(3/\/§+ 1), s? =§(3/\/§— 1), v=1 (Al
In particular, these imply that f,, f,, f3 as defined in
Egs. (74)—(76) vanish. It immediately follows that
F =0, (A2)

mnpq

as expected. The metric is

6 X 51/4{ (9 —¢)

5 e

(A3)

This is the solution of Ref. [34]; see also Refs. [9,11]. In
particular, in Ref. [11], the solution is given in the form

30y~1/2 ;20,09
Agmn = ﬁ{(gmn fm‘fn) t— § fmgn}’ (A4)
which agrees with metric (A3) for
y =532,
Similarly, the SO(7)~ stationary point is given by
5 1
22 2 ! _
c 7 s 1 v=20. (A5)

Since v = 0, b, as defined in Eq. (73) vanishes and the
metric is given by the round S7 metric

Agn = €72 (A6)
Moreover the flux for the SO(7)~ family is
\/5 o orst
anpq = ? (S/C)m7 nmnpqrstS (A7)
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This is consistent with the Englert solution [30]; see also
Refs. [9,11]. In Ref. [11], the solution is expressed as
V (A8)

Agn =7 g

orst

—1/6,,
Y /m77]mnpqrstS ’

‘

F (A9)

mnpq 3

i

which agree with Egs. (A6) and (A7) at the stationary
point for

y!'/3 =5/4.

APPENDIX B: USEFUL G, IDENTITIES

In this Appendix, we derive identities relating the
contraction of G, invariants C+ and D., adopting the
shorthand notation (53) throughout. In deriving these
identities it is useful to observe that viewed as E; ma-
trices, C+ and D, are generators of an SU(I, 1) sub-
algebra of E;. This is the unique subalgebra of E; that
commutes with G, [11], cf.

| 0 Cy ) 0 —iC_
o~ , o~ ,
c, O iC_ 0
o3 iD, 0 .
O _iD+
Thus,

) x| ., (B2)
0 _ZD+ C+ O lC_ 0

which implies that

B1)

(C,C_C, +4D,) = C_. (B3)

Consistency with Eq. (22) fixes the constant of

proportionality,

C.C_Cy=—4(C_ +D,). (B4)
Similarly,

C_C.C_=—4(C_- —D,). (BS)

Using Egs. (22), (23), (B4), and (BS), it is straight-
forward to prove the following identities:

C.,D,=4C_+2D_, D,C,=4C_—2D_ (B6)

C_D,=4C, +2D_, D,C_=4C, —2D_, (B7)
C.D_=8C_+4D, +2D_,

+ + (Bg)

D_C, = —8C_ —4D, +2D_,

PHYSICAL REVIEW D 87, 085038 (2013)

C_D_=—-8C, +4D, —2D_,
+ + (BY)
D_C_ = 8C+ - 4D+ - 2D7,
D.D, =48 + 8D,
+4 4 + (B10)
D_D, =16C, + 16C_ +4D_,
D.,D_=—16C, —16C_ +4D_,
" - (B11)
D7D7 - _96 - 16C+ + 16C7 - 8D+.

APPENDIX C: SEVEN-DIMENSIONAL
I'-MATRIX IDENTITIES

For the reader’s convenience, here we give a list
of useful I'-matrix identities, see also the appendices
of Refs. [5,10]. The seven-dimensional, Euclidean
8 X 8 I'? matrices, where a is a seven-dimensional
flat index, satisfy

{T9, Tt} = 268, (C1)

The Clifford algebra admits a Majorana representa-
tion, which in our conventions corresponds to a purely
imaginary representation of the I' matrices. We use a
representation in which all I' matrices are Hermitian
and antisymmetric or, equivalently, in our representa-
tion the charge conjugation matrix is the identity
matrix. Moreover,

Fahcdefg — _ieubcdefgly (C2)

where

[ebedefs = Tla Tl

and 1 is the 8 X 8 identity matrix.

The I'* can be regarded as seven out of the eight
components of Spin(8) gamma matrices in a Majorana-
Weyl representation. In this way, one can use SO(8)
triality to prove the following important relations [5,10]

FFABFZ&)] = % eascoerenl t7l G (C3)
FEABF%] Y eascperaul 5rl ey, (C4)
FEZBFZCL%] Y eapcoernl Lo, (C5)
rle el — iieabcdefgrde /s (C6)

[AB* cD] — 24 [AB* cD]

The uppercase latin indices are spinor indices and run from
1to8.

Further I'-matrix identities can be proved using the Fierz
identity, which in Euclidean seven-dimensions takes the
form
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1 1
Xug¥Yep = 3 Opc(XY)ap — §F§C(XI‘“ Y)ap

1 1
+ e TR (T Y)ap = e TR (XTY) 1,
(C7)

where X and Y are arbitrary 8 X 8 matrices. The identity
above is obtained by noting that

b b
{8AB; Fle’ FZB’ FXBC

span the vector space of 8 X 8 matrices.
The Fierz identity can be used to show

Lislen = FFABFZ‘D] — 282D, (C8)
P4Tep + Teplap = 217,16, (C9)

T4l — Teplah = —4(8qal’

b — o) (C10)

B

rablab = ore Ta  + 16545, (C11)

PHYSICAL REVIEW D 87, 085038 (2013)

6
b b b
TAsTeh = TiasTeny — TisT o

1 R 8
+ g BahFXBFCCD - g 5“}’52\%, (CIZ)

Fi[gf'é]é =T E\aBFbC]D = 2(Scpal'gt

BID 5D[Ar?gz]yc); (C13)

FEXBFZCD] = SFE‘ABFZD] — 89T, (Cl4)

Furthermore, it is also useful to note that (see Appendix of
Ref. [10])

a c — 1lab el

F[/fBFCD]L - F[ABFCD]’ (C15)
a ¢ __ plab ped]

F[/fBFc‘é)]l— - F[ABF cDY (C16)

where the vertical bar |~ denotes projection to the antiself-
dual part.
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