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Abstract

Well-posedness for the initial value problem for a self-gravitating elastic body
with free boundary in Newtonian gravity is proved. In the material frame, the
Euler-Lagrange equation becomes, assuming suitable constitutive properties
for the elastic material, a fully nonlinear elliptic-hyperbolic system with
boundary conditions of Neumann type. For systems of this type, the initial
data must satisfy compatibility conditions in order to achieve regular solutions.
Given a relaxed reference configuration and a sufficiently small Newton’s
constant, a neighborhood of initial data satisfying the compatibility conditions
is constructed.

PACS numbers: 04.40.—b, 46.25.Cc

1. Introduction

In Newtonian physics, the two-body problem is solvable for point particles moving around
their common center of gravity on Kepler ellipses. However, if one considers extended bodies,
the situations change drastically. Assuming that a solution exists for extended bodies, one can
show that the centers of mass of the bodies move as point particles, but existence could not be
established for a long time.

The first successful attack on the problem was made by Leon Lichtenstein [21] who
considered self-gravitating fluid bodies moving on circles about their center of gravity. In this
case, the Euler equations for a self-gravitating system become time independent in a coordinate
system co-moving with the bodies. For the case of small bodies or widely separated large
bodies, Lichtenstein showed the existence of such solutions.

Well-posedness for the Cauchy problem for fluid bodies with free boundary was proved
only recently. Lindblad [22] proved the well-posedness for a non-relativistic compressible
liquid body (i.e. positive boundary density) with free boundary. In this paper, one can also find
references to earlier work. A different proof of the result of Lindblad that is valid for both the
relativistic and non-relativistic cases was given by Trakhinin [33].
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The more singular case of fluids with vanishing boundary density is discussed in [12, 17].
Unfortunately, the problem of proving well-posedness for self-gravitating compressible fluid
bodies with free boundary is still open in general relativity and even in Newtonian gravity.
However, see [23] for the case of self-gravitating incompressible fluids. See also [29, 10, 18]
for results dealing with various restricted versions of the Cauchy problem for fluid bodies in
general relativity.

One can argue that the Cauchy problem should be simpler to handle if the bodies consist
of elastic material, since such a body can, at least in the case of small bodies, be said to
‘have a shape of its own’. In this paper, we solve the boundary initial value problem for self-
gravitating deformations of a relaxed body. In particular, consider a relaxed (i.e. with vanishing
stress) elastic body in the absence of gravity. Then, we show the existence of a self-gravitating
solution for initial data close to those of the static relaxed body and for a small gravitational
constant. Thus, the motion of the body will consist of small nonlinear oscillations around the
equilibrium solution.

The Cauchy problem for a Newtonian elastic body with free boundary is, under suitable
constitutive assumptions on the elastic material, a fully nonlinear elliptic-hyperbolic initial
boundary value problem with boundary values of Neumann type. The case of purely hyperbolic
problems of this type is covered by a theorem of Koch [19]. The method of proof of this theorem
can be adapted to include the non-local elliptic terms which appear in the system of differential
equations considered in this paper via the Newtonian gravitational field.

In order to achieve a regular evolution for the initial boundary value problem, the initial
data must satisfy certain compatibility conditions. The problem of constructing an open
neighborhood of initial data satisfying the compatibility conditions given one such data set is
discussed in the work of Koch. The work of Lindblad contains a related discussion for the fluid
case. For the case of a Newtonian elastic body, we construct, for small values of Newton’s
constant, initial data satisfying suitable compatibility conditions near data for a relaxed elastic
body in the absence of gravity. It should be noted that due to the presence of the Newtonian
gravitational potential, this problem is non-local.

The situation considered in this paper has several interesting generalizations. If we
consider a large static, self-gravitating body, a relaxed state may not exist. Restricting to the
spherically symmetric case, solutions to the field equations can be found by ODE techniques
[28]. If we perturb the data slightly, there should exist solutions with small oscillations
around the equilibrium configuration. Our approach allows one to also consider such more
complicated problems; the essential difficulty is the construction of the initial data satisfying
the compatibility conditions and not the time evolution. However, the results in this paper
do not immediately cover these more general situations. In particular, a proof of a suitable
version of the well-posedness result for the Cauchy problem, in these situations, requires a
more general treatment of potential theory in Riemannian manifolds. This problem will be
considered in a separate paper.

Given a solution u to the Cauchy problem for the Newtonian elastic body which exists for
times ¢ € [0, T'], one may conclude from the main result of this paper, see theorem 4.3, that by
choosing initial data sufficiently close to that of «, the time of existence of the resulting solution
can be arbitrarily close to T'. In particular, given a a static solution, there exist nearby data such
that the corresponding solution to the Cauchy problem has a time of existence not less than
any given time 7. The proof of existence of static self-gravitating bodies in Newtonian theory
[6] could be used together with a generalization of theorem 4.3 that allows for more general
initial data, as alluded to above, as well as a generalization of the construction of initial data
to show that nearby data define solutions which exist up to some time 7'.
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The treatment of two fluid balls in steady rotation due to Lichtenstein, which was
mentioned above, has been generalized to the case of elastic bodies, see [8]. Using these
solutions in the manner just described, it is possible to obtain classes of solutions of the
two-body problem in any prescribed finite time interval. We leave these problems for later
investigations.

Global existence for small data is an important question. For unbounded fluids in three
dimensions, it is now known that shocks form for a large class of initial data [31, 11], and it
is widely believed that for most equations of state shocks will always form for arbitrary small
perturbation of the constant density state. On the other hand, there do exist small data global
existence results for unbounded elastic bodies provided the material satisfies certain additional
conditions, cf [32, 14]. For elastic bodies of finite extent, it appears to be an open question
whether there exist solutions that are global in time or under what conditions shocks form.

Overview of this paper. The paper is organized as follows. Section 2 describes Newtonian
elasticity, sets up the basic equations and gives the conditions we impose on the material.
We derive the equations in the material frame and in spacetime from a variational principle.
Section 3 deals with the problem of finding solutions to the compatibility conditions needed
for the proof of local existence. Due to the non-local terms in the equations, these conditions
imply conditions on the Cauchy data on the whole initial surface. To find initial data satisfying
these conditions, we make use of some results from potential theory. These are developed
in section 3.1. Further, the Poisson equation must be studied in the material frame, see
section 3.2. The results concerning the linearized elasticity operator which are needed can be
found in section 3.3. Section 4 generalizes Koch’s theorem and proves our main theorem. The
appendix contains some background material for the function spaces used in this paper.

2. Newtonian elasticity

2.1. Kinematics

The body B is an open, connected, and bounded set with a C* boundary in Euclidean space
R%. We refer to R% as the extended body. We consider configurations, i.e. maps f : Rf’g — B
and deformations ¢ : B — R?S with

fo¢=idg. 2.1)

Thus, the physical body is the domain in space R} given by f~!(B) = ¢(B).

We will make use of the extension ¢ of ¢ to a map R3B — ng and let (X*)a123
and (x') i=1,2.3 denote global Cartesian coordinates on the body R% and the configuration Rg
spaces, respectively. Since we will consider the Newtonian dynamics of a body, we let f, ¢
depend on time, denoted by ¢. Equation (2.1) gives

A ¢, X)=X" in B and o, f(t,x) =% in f(B). (2.2)
Writing x* = (¢,x), we introduce f4, = 9,f* and ¢4 = 9s¢*. In particular,
4 = 8, f4. We have
¢afte=5" and fPigfs =34, 23)
where these expressions are defined. This implies
g;’f;: =—¢'s¢'s  and % = —fPif*. Q2.4



Class. Quantum Grav. 28 (2011) 235006 L Andersson et al

Let
. 1t inf(B)
X B =0 in R\ (B)
be the indicator function of the support of the physical body. Using the above identities, one
may calculate the variation of x ;-1 (5, with respect to A

(2.5)

Ixr-15)

()

Let HAB = fA,ifB’j(Sij and define HAB by HABHBC = SAC. Then, HAB = ¢iA¢f38ij. We
have

= ¢ A0ix 1 (B)- (2.6

aHAB
——— =28kn5AL B 2.7
3(fCr) ‘

Differentiating (2.3) gives the usual formulas for the derivative of the inverse:
0u's = —'80uf k¢, 2.8)
opf = — 1" jop’c i 2.9

We let v"9, = 3, + v'd; be defined by v*f*, = 0. This determines the vector field v'(x)
on R?S uniquely in terms of f. The velocity field v#9,, describes the trajectories of material
particles. From the relation v#9, f4 = 0, we get

v = —¢'af.
On the other hand, time differentiating (2.2) gives
V(1 x) = (0,0, (2, X)).
Thus, we have
0Pk (1, X) = 8, (v (1, $(1, X))
= 0" (1, ¢, X)) + v (1, $ (1, X)) 39" (1, X)
= ("3,0")(t, 9 (t, X)).
Further,
vhY9,8, 4 = —v"d, 0 fAy, (2.10)
which shows that
Hypv" 09,0, [ = —0"8,0"8,n" 4. (2.11)

The body B carries a reference volume element defined by a 3-form Vpc on B. The number
density n is defined, cf [3, equation (3.2)], by

FALE i FCVape (F () = n(0)ej (x),

where ¢; ;. is the volume element of the Euclidean metric §;; on Rfs. Since we are considering
the Newtonian case with Euclidean geometry, we have simply

n=detDf.
The mass density is

p = nm, (2.12)
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where m is the specific mass of the particles, i.e. mV is the mass density? for the material in its
natural state, see [3]. See also [7] where the specific mass is denoted py. We have the relation

on ;
G = (2.13)
The following equations for n follow from the above definitions, using (2.13),
Au(mv") =0 (2.14)
and
I (np*s) = 0. (2.15)

The elastic material is described by the stored energy function
e=e(f* HY).

The various forms of the stress tensor* are defined from the stored energy function via

Tup = +23;31%’ tij = nfif? tap.

A = fB,»tBCHCA, 7 = nrABfBij".
We have

P =n"'7),

a(g:i)

Tr i

The elasticity tensor LA,? is defined by

LAB— 8‘L','A
=SS
9(¢"p)

It follows from this definition and the assumptions above that the elasticity tensor has the
symmetries

(2.16)

[IAIB — [JBiA _ [iABj _ [ AiB 2.17)
where

[iAB _ (SilajkL,;\kB.
Clearly, we also have

dat = LB os0p0.

3 Our techniques allow for m to be a function on the body, m = m(X), but for simplicity, we will assume that m is
constant.

4 The sign of the stress tensor here is the opposite of that of oz defined in [3, equation (3.5)] but agrees with the
usage in [7, equation (4.2)].
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2.2. Variational formulation

We derive the field equations for a self-gravitating elastic body from the elastic action,
supplemented by a term giving Newton’s force law and Newton’s law of gravitation. The
Lagrange density is of the form Ae€g23 where €p123 is the 4-volume element on spacetime
R x ]R?S in Cartesian coordinates, and

A = AZY +Apot+Akin+Aelast
where
IvU|?

871G’
AP = pU x5y,

ARV

AR = %PUZXf*‘(Bw

AT = —nex o),
with x ¢-1 () given by (2.5):

|VU)? = 8,Ud,U8"
and

v? = v'v’8;;.

2.2.1. Eulerian picture. The action in the Eulerian picture then takes the form
L= f A60123 dxo dxl dx2 dx3

with A = A(U ,oU, A, o, fA,-). The Euler-Lagrange equations are of the form £ = 0,
&y = 0 with
oA oA

~E =Gy T g
e _a OA 3A
UTMGU) T aUu

We have

AU
&y = m — PXf1(B)-

Next, we consider the Euler-Lagrange terms generated by variations with respect to
the configuration f4. A calculation using (2.15) shows that the factor p Xf-1(B) gives no
contribution to the Euler—Lagrange equations, and hence the kinetic term in the action gives

Cekin _ 5 Ak dAkin
4 A A
1
= [ak <§p¢"Av2> — 0, (08mmv"9"s) — ak(psmnv'"v%"s)} Xf-1(B)s

which after some calculations, using (2.14) and (2.15), gives

—EN" = —pv 0" S a X1 )
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and using (2.11)
= pHapv"v" f* X -1 (8-
The elastic term gives, using (2.15) and (2.6),
Aelast aAe]ast
DA A
= —0;(ta' X1 ())-

_gjlast =9

In view of [3, lemma 2.2], we have that the divergence 8;(z4'x #-1(B)) 1s integrable only if the
zero traction boundary condition

'L'Ajl’lj|3f—l(8) =0
holds, in which case the identity

3 (ta' X -18)) = dTa X1 ()

is valid.
Finally, the potential term gives, using (2.15) and (2.6),
_gpot _ g AT AT
4 (A A

= 0;(0®' AU xs-15)) — D' A0i X1 (8)
= p¢' 49U x -1 (5)-
Adding the terms, we have
—Ex = pHpv"v" 9,0, f* — 374" + p¢'adU  in f7(B), (2.18)
subject to the boundary condition
w/njlp-1 = 0.

Hence, we find that the Euler—Lagrange equations £4 = 0, &y = 0 are equivalent to the
system

—pHppv" 03,0, f% 4+ 14" = p¢'adU, in f~1(B) (2.19q)
Ta'nil, i =0, (2.19¢)

where 7; is the unit outward pointing normal to 3 f~! (). These are the field equations for a
dynamical elastic body in Newtonian gravity displayed in the Eulerian frame. We note that by
using (2.11) and multiplying by f4;, equations (2.19a) and (2.19¢) take the form

pv"8,v; + 8t = paU in f1(B) and  wlnjf, 5 =0. (2.20)

2.2.2. Material frame. Similarly, the action in the material frame is given by
Emat — /¢*(A60123) dXO Xm dX2 dX3
= f JA™ dX°dVpe dX* dX® dX©,

where

J = (¢*n)"" = det(910")
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is the Jacobian of ¢, and A™ = A™(U, ¢/, ¢}, ¢'4) is given by the relation
VU,
87 G

where xp is the indicator function of the support of the body and U, € are defined along the
lines of [3]. In particular, U = U o ¢ and

\VU 2, = H* 3,0 33U
is the pullback to R}; of |[VU|?* where we recall that
HAB = A, f5 80 and FA = (90
Similarly, € = € o ¢ so that é = €(f4;, HA®). We also note that
det(HB) = det(f4,)* = J*.

-1
JA™E = ] + (mU + quﬂ — g) XB: (2.21)

The Euler-Lagrange equations in material frame are & = 0, &; = 0 where
aﬁmal aﬁmat
04 — - ——
A(@'a) (@)
o aﬁmat a[:mal
U7 M0@0) a0y
This gives the system of equations

& =

—md¢' + 04(T) = m8" f19,U in B, (2.22a)
ApU = 47GJ 'mys  in Ry, (2.22b)
vat s =0, (2.22¢)

where v, is the unit outward pointing normal to 915,
Fid _ sik](fAkaj) o ¢
is the Piola transform of t;/, and
H = Hyp dX* dX? = ¢*(8;; dv' dx/)
is the pull back of the Euclidean metric §; jdxi dx/ under the map ¢. Observe that in (2.22b),
we could have also used the notation 5 = J 'm since J™! = no ¢.

Rescaling time and the Newtonian potential, we can write the evolution equations (2.22a)—
(2.22¢) in the form

—07¢" + 04TV — 128" 19U =0 inB, (2.23a)
ApU =J "mys  in Ry, (2.23b)
vat95 =0, (2.23¢)
where
22 = 4wmG.
We note that the Poisson equation (2.23b) can be written out more explicitly as
s (JHB3U) = mxp. (2.24)
It follows from the symmetry properties (2.17) of the elasticity tensor that
. 9 ~iA
LzAjB _ 9T . (2.25)
d0pg’
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satisfies
[iAB — [JDIB _ [iAB] _ fAiB (2.26)
where
7iAjB jkfiA B
L% = §)FL" 2.
Since we will be working in the material representation for the remainder of this paper,

we will drop the B from the body space Rz and denote it simply by R3. For latter use, we
define the following nonlinear functionals:

E'(¢) = 04(T"(39)) and El(¢) = trapvat™ (d¢), (2.27)
where 9¢ = (94¢").

2.3. Constitutive conditions

We make the following assumptions on the elastic material:

(1) £ is a smooth function of its arguments (d¢) in the neighborhood of the identity map
Yo R — R (X)) — (X)) =X),

(2) the identity map is an equilibrium solution to (2.23a)—(2.23¢) for A = 0, i.e.

(E'(¥0). E5 (¥0)) = (0, 0),
and
3)
iAB _ FiA B
y
@ ! ag=ayy
satisfies the following properties:

(a) there exists an w > 0 such that

aP (X)&Ean s > wlEP )
forall&,n € R3, and
(b) there exists a ¥ > 0 such that
| iAjB

;a4 Boi0ip > ylof?

for all 0 = (oig) € M35 with o3 = 0p;.

We remark that condition (2) above is satisfied for a stored energy function which has a
minimum at some reference configuration. See [3, equations (3.20)—(3.22)].

3. Construction of initial data

In order to prove the existence of dynamical solutions to the evolution equations (2.23a)-
(2.23¢), we first need to construct initial data that satisfy the compatibility conditions to a
sufficiently high order. The compatibility conditions are defined as follows.
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Definition 3.1. Fixing s > 3/2 + 1, we say that the initial data
(@'li=0, dli=0®") = (0, #1) € W*H2(B,RY) x W2 (B, R?)
satisfies the compatibility conditions to order r (0 < r < s) if there exist maps
) e WTE2BRY £=2,3,...,r
that satisfy
0,2 (—0¢" + 04t — 128 f1OaU)|_, =0 inB,
o/ (AuU —J ' myp)li=o =0 inR?,
0 (aT*)a8) =0 = 0

for € =0,1,2,...r, where, after formally differentiating, we set 3*|,—o¢’ = ¢2.

3.1. Potential theory

Before we can solve the problem of existence of initial data satisfying the compatibility
conditions and the time evolution of this data, we first need to develop some potential theory.
To begin, we set B, = B, B_ = R3\B, and let

1
4 |X —Y|
denote the Newton potential so that AE = §. We also let S and D denote the single- and
double-layer potentials

SIf1X) =/33E(X’Y)f(y)d“(y) X ¢ 0B

EX,Y)=—

and
0
DIFIX) = / “LE(XV)f(1)do () X ¢ 9,
aB OVy

respectively, where do is the induced surface measure on 98, and v is the outward pointing
normal. Restricting to 913, we have for X € 9B that

1
S[f]|aB(X)=/86E(X,Y)f(Y)do(Y) and  D[flls, X) = (i§1+K>[f](X),
where
0
K[f1(X) :P.V.f a—E(X,Y)f(Y)da(Y).
B OVy
Further,
ad
7Sy, = (FH + K711,

where K* is the adjoint of K. We recall the following well-known relations between the
boundary value problems for A in B, and these potentials:

(i) the solution to the Dirichlet problem

Au=0, trypu = W
on By is given by
u=DIf],

where f solves

(£41 + K1 = v

10
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(ii) the solution to the Neumann problem
0
Au=0, tryg—u = Y
ov
on B is given by

u=S[f1+C,

where f solves

(F5+KOf 1=,
and C is an arbitrary constant. The solution exists if and only if . o ¥ do =0.

For the moment, we consider the interior Dirichlet and Neumann problems on B, = B.
The solution for the Dirichlet problem has the property that

ueWsP(B) iftrysu € B~V/PP(3B), 3.1
while for the Neumann problem, we have
0
ue W (B) iftys——ue B Imrr3B).
v
These results are classical, see [2]. Defining the volume potential of a density f in B to be

V[f](X)=A_'(fXB)(X)=/BE(X,Y)f(Y)d3Y,

we abuse the notation and say that V[ f] € W57 (13) if the restriction to B has this property, and
similarly for the other potentials. Using the fact that dy4E (X,Y) = —0y+E(X,Y), we have

IWVIF1X) = —/BayAE(X,Y)f(Y)d3Y.

This gives, after a partial integration,

0 VIf1 = VIoaf1 — Sltrysfr']. (32)
Let u be the solution of the Dirichlet problem
Au=0, trygu = V.

By Green’s theorem, we have

/(Ayu(Y)E(X,Y) —u(V)AYE(X,Y)) &Y
B

= /BB (%u(Y)E(X, Y)— u(Y)%E(X, Y)) do (Y).
Since u solves the Dirichlet problem with boundary data v, and

AYEX,Y)=8X -7), (3.3)
this gives

Dlullzs =S [trBB;—vu} + u. (3.4

Upon taking the limit from the interior at 93, we have

1 d
<—I +K) [ullagp = S |:tragz—u:| + u.
2 av
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Consider a metric g4p on R3 with the covariant derivative V4. Let {eq}a=1. be a tangential
frame on 813, and let A, denote the induced metric on 83 with the covariant derivative D. Let
a vector field & be given. Decompose £ into tangential and normal components at 9 3:

§= Ple, + (&, v)v.
Introduce a Gaussian foliation near 5. Then, g takes the form
gap X dX® = dr? + hay (y, ) dy* dy”,

where y* are coordinates on d3. Extending v in a neighborhood of 98 using a Gaussian
foliation, we have

VA" = hVu& + (VE) (0, v).
The last term vanishes due to V,,v = 0, which is valid in a Gauss foliation. Then, we have
VaE" = hVu&y = K (DuPy — dap(§, 1)),

where A, = (Vyv, €p) = %Evhah is the second fundamental form. Let H = h®®2, denote the
mean curvature of 0/3. Then, we have

D.PY = H(E, v) + V&0

Now specialize to the Euclidean case; let g4p = 545 be the Euclidean metric and let £ = 9,4
for some fixed A. Then, V&4 = 0, and we have

D P¢ = HVA. (3.5)

For X € B, we calculate using (3.3) and the divergence theorem that
0
d Vy

nSFIX) = —/Bf(Y)P“DaE(X,Y)dU(Y)—/Bf(Y)W, dya) -—EX,Y)do(Y)
] a

/ (DPfY)+P'D,)EX,Y)do (Y)
aB

]
—/ F@) (v, 8yA)8—E(x,y)d0(Y)-
B Vy
Thus, we have by the above result and (3.5) that
9SIf) = S[fHV* + 8] f] — DIFI. (3.6)

Proposition 3.2. The operators S, LI + K have the mapping properties
I+ K :B"PP(3Q) - B (3Q), (3.7a)

S:BITUPP(3Q) — BSUPP(9Q) (3.7b)

for s = k—1/p, k > 1, k an integer. The corresponding statements for the single- and
double-layer potentials are

D: BPr(Q) — WhP(Q) (3.8a)

S: B¥IEUPr Q) — whP(Q) (3.8b)

fork > 1, k integer.

12
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Proof. We use induction to reduce the statement to the case k = 1. This case follows from [15],
see also [26]. Suppose then that we have proved the statement for k — 1. To do the induction,
assume f € B¥=1/7P(3Q). Let u be the solution to the Dirichlet problem with boundary data
f.Then, u € WkP(Q), and setting ¥ = tryq aa—uu, we have ¥ € B*~1=1/P.P_Equations (3.4) and
(3.6) give

8. DIf] = 9. S[Y] + dyut
= S[yHV + 3ly] — DIy + duu
which by the induction assumption is in W=1:7_ It follows that D[f] € W*P(2) and hence
(31 + K)f € B*"1/PP(3Q). This proves the statement for D and (37 + K) at regularity .
Next, for S, we use equation (3.6) for f € B¥~1=1/7.P(3Q). Using the induction assumption
and the statement for D and (%1 + K) just proved, we have
3¢S[f] € WP,

which gives S[f] € W*?(3R) and S[f] € B*"'/7P(3Q). This completes the induction and
the result follows. O

Example 3.3. Let f € W!'P(Q). Then, tryqf € B'"Y/7P and V[, f] € W>P(Q2). Further,
Sltrya fv] solves a Dirichlet problem with boundary data S[tryq fv'] € B> 1/7P(3Q), and
hence S[tryq fv'] € W>P. It follows, in view of (3.2), that (Vf) xq € W3P(Q).

Example 3.4. Let f € W*?(B). We have

8 VIf1 = VI8, f1+ Sltran fv'].
Since d,f € W'P(B), we have from example 3.3 that V[d, f] € W>P(B). Further,
tryof € B2~1/PP(3Q) and hence S[tryq fv'] € W3P(B). Therefore, V[f] € W*P(B).

Proposition 3.5. Let k > 1 and assume f € W5P(B). Then, V[f] € WK (B).

Proof. The proof proceeds by induction, with the base case k = 1. For this case, the
statement follows by the argument in example 3.3. Suppose we have proved the statement for
k — 1. We will make use of identity (3.2). By induction, V[d,f] € W*1P(Q). Further,
tryof € B¥!/P and hence by (3.7), S[tryofvi] € BM'=/r(3Q). It follows by (3.1)
that S[tryqfv’] € WXtLP(B). This shows that 3.V[f] € W*1»(B) and hence V[f] €
W+2r(B). O

Similar arguments combined with the mapping properties (A.7)—(A.8) of the Laplacian
on the weighted Sobolev spaces can be used to establish the following proposition for the
volume potential on B_.

Proposition 3.6. Let k > 1, —1 < § < 0, and assume f € Wskf;(B_). Then, V[f] €
W8k+2,p (B_ ) )

3.2. The Poisson equation in the material frame

The next step in solving the problems of the existence of initial data satisfying the compatibility
conditions and the time evolution of this data is to establish a number of smoothness properties
for solutions to the Poisson equations in the material frame. We begin by defining the spaces

WP (R?) = {u e WP (R3, V)| ulg € WP (B) and uls_ € Wy H7(B-))}

13
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for1 < p < o0,k € Zand § € R. It is not difficult to verify that these spaces are complete
with respect to the norm

”u”y\;{;‘v"vl’(RS) = ||M|B||W”>"vl’(6) + lluls_ ”WSH""”(B,) + ”M“W;'p(]l@)’ (3.9)
and hence Banach spaces.

Theorem 3.7. Suppose 1 < p < 00,5 € Z»9, s+ 1 > 3/pand —1 < § < 0. Then, there
exists an open neighborhood O°+*>P C W*+t2P(B, R3) of ¥, and an analytic map

U . ot — W;"Y”’(R‘%) s — U(o)
such that
(i) U(p) satisfies the Poisson equation (2.23b) on R?,

(ii) for each ¢ € OT>P the map ¢ = Yo+Egp (¢ — o |B) is a C" diffeomorphism on R that
satisfies g — Yo € W2 TP (R, R3) € C! ,(RY, R?) and ¢~ — yo € W2 TP (R3, RY),

(iii) U =U(¢) o é_l € Waz’p(R3) satisfies the Poisson equation AU = mp x4B) on R3 and
U (x) = o(|x]®) as |x| = oo, and B

(iv) fork € Zxy and k < s+ 1, the derivative of U can be extended to act on Wkr(B), and
moreover, the map

Ot2P 5 ¢ —s DU (¢) € LW P(B))
is well defined and analytic’.

Proof. (i)Fix 1 < p<o0,s+1>3/pand —1 < § < 0. Given ¢ € W2T57(3), we define
$=vo+Es(¥).  ¢h=ad  and  (f)=(s)

Since matrix inversion and the determinant both define analytic maps in a neighborhood of
the identity, it follows from (A.6), proposition 3.6 of [16], the continuity of extension and
differentiation, the analyticity of continuous linear maps and the property that the composition
of analytic maps are again analytic that there exists a R > 0 such that the maps

BrW*P(B,R%)) 5 ¢ +—> det (¢}) — 1 e W'[7P(RY) (3.10)
and
BrW P (B, RY) 3 ¢ +— (f1 —81) e W' [PP(R?, Miy3) (3.11)

are well defined and analytic. Recalling that HA® = (5% ff , we see from the same arguments
that the map

Br(W*™P(B,R%)) 5 v —> JH — 6% € WP (R, Mis3) (3.12)

is analytic where J = det(¢/"1). Using the multiplication inequalities (A.2) and (A.6), we find
that

104 TH*2 050 |8 lwsr ) S 1V lwesr sz 10 Bllwarsr ), (3.13)

104 (JH 2050 5. lwsrs_y S N llwessrs.r2) U5 ||W52+s-ﬂ(37) (3.14)
and

|04 (JHABaBUN'WSO;l;(RS) ,S ||w“W2+’-P(B,R3)”U”W;vl’(ﬂgsy (3.15)

5 For a Banach space X, L(X) denotes the set of continuous linear operators on X .

14
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From the analyticity of the map (3.12), the bilinear estimates (3.13)—(3.15), the analyticity of
continuous bilinear maps and the property that the composition of analytic maps are again
analytic, it follows that the

Br(W*™P (B, R*) x WP (R®) 5 (¢, U) — d4(JH*P950) € W, (RY) (3.16)
is well defined and analytic. Together, (A.7), and propositions 3.5 and 3.6 imply that

A7 (xB) € WyST(RY), (3.17)
and the Laplacian

AT WP R — WY (R?) (3.18)

is an isomorphism with inverse given by (A.8).
From (3.16), (3.17) and (3.18), we see that

F : BRWHSP(B,R?)) x WP (RY) — W2SP(R?),
(¥, U) — AN (@4 (JHP0pU ) — my)

is well defined and analytic. Evaluating F* at ¢ = 0 gives

F(0,U) = A™"(AU — myp),
which shows that

Uy = mA™ (x5) € WP (R?) (3.19)
satisfies

F(0,Uy) = 0. (3.20)

Also by the linearity of F in its second argument and the invertibility of the Laplacian, it is
clear that

DyF(0,0)-8U = A~ (ASU) = §U. (3.21)

Results (3.20) and (3.21) allow us to apply an analytic version of the implicit function theorem
(see [13], theorem 15.3) to conclude the existence of a unique analytic map, shrinking R if
necessary,

U : BRW*™P(B,RY)) — WP (RY) (3.22)

that satisfies

and
F,UW) =0 Yy eBW>(B,R)).
From the definition of F and the invertibility of A~!, it then follows that U (y) satisfies
04 (TH P 9U () = mxs. (3.23)

(i1) and (iii) Following Cantor [9], we consider the following group of diffeomorphisms on
R3:

Dy (R%) = {§ 1 R — R|p — Yo € W "(R*, R?), and " — ypp € W/ (R, R)},

where s > 3/¢ + 1 and < 0. Fixing ¥ € B (W**?(B, R?)), we get from (3.10) and (3.11)
that

¢ =) e D7DV (RY).
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Defining
U:=UW)og¢ !, (3.24)
we can apply corollary 1.6 of [9] to get®
U e WP (R?). (3.25)

A straightforward calculation using the chain rule and (3.23), (3.24) and (3.25) then shows
that

AU =m det(D(é_l))Xé(B)’

while the fall-off condition U (x) = o(|x|®) as |x| — oo follows from the weighted Sobolev
inequality (A.5).
_ (iv) To begin, we assume that k = 1 and observe that for 6/ € W'7(B) and
U e WP (R?)
IE50c60M)05U llyp | 3y < 119c6'95U o) + 1E5(3c6)38U 12 (5.,

S N0lwrras) U 1Blly s sy + 101lwines 1015 lysr2n s

S O0lwrr ) 1U lyyzsrgsy. (3.26)

where in deriving the result we have used property (A.9) of the extension operator Eg, the
multiplication inequalities (A.2) and (A.6), and the assumption 1 + s > 3/p.
Letting
ABC _ BJHlAB
i p) ¢é‘ ’
we get, using the estimate (3.26) and the same arguments as above, that for R small enough
the map

Gy : BRW P (B, R?)) x WhP (B, R?) x WP P (R?) x WP (RY) — W, '[P (R?)

C (L0, U, V) —> JHB 3V + HMCEp(8c0")35(U)
is analytic. From the continuity of differentiation and the trace map, we then have that the map
G : BROWH P (B, RY)) x WP (B, R?) x WisP(R?) x W P (RY) — W, 57 (R?)
defined by

G, 6,U,V) =0,G*"(¥',6;,U,V)

is analytic. Taking Uy as defined by (3.19), a straightforward calculation and the invertibility
of the Laplacian show that

G(0,0,Uy,0) =0 and D4G(0,0,Uy, 0) - 8V = §V.

Therefore, we can again apply the analytic version of the implicit function theorem (see [13],
theorem 15.3) to conclude the existence of a unique analytic map, shrinking R if necessary,

V @ BRWSP(B,R?) x WP (B, R®) x (Up + Br(W; ")) — W, P (R?) (3.27)
that satisfies

V(0,0,Up,0) =0
6 In [9], Cantor required that § < —3/2 because that was what he needed to prove the weighted multiplication

inequality (A.6). It is clear that his proofs are valid whenever the multiplication inequality holds and W[sk Pcc ,1
Consequently, the only restriction on 6 is that § < 0.

16
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and
G(y', 05U, V(¢', 05,U)) =0
for all (¥, 8',U) € B(W>P(B,R*)) x WP (B, R?) x (U + Br(W; " (RY))).

From the construction of G, and the uniqueness of the maps (3.22) and (3.27), it is not
difficult to verify that

V', 089", UW) =DU W) - 8% Y (¥, 8¢) € BRW*P(B,RY)) x W7 (B, R?).

From this and the density of W*t1-2(B) in W-? (), it follows that the derivative of U can be
extended to act on W ?(B8), and moreover, that the map

Br(W*™P(B,RY)) 5 ¢ —> DU () € LW (B)) (3.28)
is well defined and analytic. By (3.22) above, we also have that the map
Br(W*P(B,R*) 3 ¢y —> DU (Y) € LIW*™P(B)) (3.29)

is well defined and analytic. Together, maps (3.28)—(3.29) and interpolation imply that the
map

Br(W*™P(B,R%)) 3 ¢ —> DU (Y) € LW"?(B))
is well defined and analytic fork € Z and 1 < k < s+ 2. ]

Corollary 3.8. The map
A O — WP (B RY)
defined by
A(¢p) = =87 f19,U () ((f7) = (3a¢H7")

is analytic. Moreover, for k € Z>y and k < s+ 1, the derivative of A can be extended to act
on WP (B), and the map

020 5 ¢ —> DA($) € LW (B), W17 (B))

is well defined and analytic.

Proof. This follows directly from theorem 3.7, the multiplication inequality (A.6), proposition
3.6 of [16] and the fact that compositions of analytic maps are again analytic. |

3.3. The linearized elasticity operator
We define the operator linearized elasticity and boundary operators by

A@) = dp(a” P Ipe) (3.30)
and

Ag(¢)' = vpa” PBpg’, (3.31)
respectively. We also define

YSP =WSP(B,RY) x BT (9B, RY),
and for each ¢ € W22 (B, R?),

Y(;’p ={(b,t) eY*P|C(b,t) =0, Ca(¢, b, t) =0},
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where

Cl(b,t)=/b+/ t
B B

cw¢a0=/bx¢+fzx¢
B B

Here, we are using the notation

(bx ¢) =€ yblo*,

/b:/bd3X
B B
/ t:/ ldU.
B B

and

and

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

For later use, we recall the following theorem from [24] concerning the surjectivity of the

linearized elasticity operator.

Theorem 3.9 [[24], theorem 1.11, section 6.1]. Suppose 1 < p < oo, s = 0, and

P:Y*P — Y, " is any projection map. Then, the map
A WHPBRY) — VP ¢ — PA®), Ay (9))
is surjective and
kerA = {a+ b x X|a = (a'), b= (b') € R?},
where (b x X)' = € j4b/X4.
Remark 3.10. Letting

pop— /x-/’cﬁx
VOI(B) B

denote the center of 13, a short calculation using the change of coordinates X/ = X/ — X/ and

B = B — X shows that

/de3)2=/xf—ifd3x.
B B

Therefore, we can always arrange that

fxfd3x=0
B

(3.37)

by translating the domain B. For the remainder of this paper, we will always assume that

condition (3.37) holds.

Next, for p > 3/2, we define the spaces

o~

and observe, using Sobolev’s and Holder’s inequalities, that

[ony
B

X5 = {¢> €W (B, RY)

<o x Ylipsry S 1l @ryll¥ L Er)

S lpllwer e 1V 8,3
S N @llwessr .z 1 llwsr (3.73)

18
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from which the continuity of the bilinear map

B : X2 x X' — R3 (¢,w)|—>/¢x1/f
B
follows. Setting
By (¢) :=B(¢, ¥),

we define for p > 3/2 the following spaces:
USP = { € X*P|By, : kerANX*T7 — R? is an isomorphism}.

Lemma 3.11. vy € U*? forall s > 0 and 3/2 < p < oo.

Proof. By (3.37), we have that
vidX = / X' d#PX =0
Bc B
and

fa+be=/a+bfo:Vol(B)
B B B
for all @, b € R*. Consequently,

Yo € X*P (3.38)
and

kerANX*T2P = (b x X|b € R?} (3.39)
by theorem 3.9. Next,

Bwo(be):/(be)xwoz/(be)><X
B B

=/(X.b)x—b|X|2,
B

which, after taking the inner product with a € R?, yields

b-B,,,O(be)=/(X~b)(X-a)—a-b|X|2. (3.40)
The Cauchy—Schwartz inequality SBhOWS that

X -b)* = IpPIX]P <0 (3.41)
and

X -b)>—b*XPP=0 VXeB<b=0. (3.42)
Combining (3.40)—(3.42), we arrive at

b-By,(bxX)=0<=b=0. (3.43)
By way of contradiction, suppose that the map

kerANXS+>P — R3 (3.44)

is not surjective. Then, the image By, (ker A N X**27) is contained in a two-dimensional
subspace, and therefore, there exists a nonzero a € R3 such that

a-By,(bxX)=0 VbeR.

But this is impossible by (3.43), and hence the map (3.44) is surjective. Since dimker A N
X5t2r = 3 the map (3.44) must, in fact, be an isomorphism. O
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3.4. Existence of initial data satisfying the compatibility conditions

Lemma 3.12. Suppose that Yy, V1, - .., Yy, and Z are Banach spaces with continuous (linear)
embeddings

Li,j:yi—)yj i’j€{0117-~~1r}1i<js
where U C Y, is open, and F € C"*' (U, Z). Then, the map defined by

i F(c@)), where ¢(t) = tht_/,,-(y_f)

J=0

Fr (Y0, Y1y v v Yr) i= —
drr|,_

is in C'(LO’JI.(U) x [Tz Vi, 2).

Proof. Since U €Y, is open, it follow from the continuity of the map ¢ , that Lo, ,l U) CYyis
open. Next, fix yp € L(Il(Z/[) andy; € Y;for j =1,2,...,r. Then, the continuity of the maps
tir:Y; = Y.and - (yo) € U guarantees the existence of a § > 0 such that

c(t) = Zﬂ’z,-,,.(y,-) eU Vie(=506).

j=0
Clearly, this implies that c € C*°((—$, §), U), and hence, that the map

r

d d
—1
to, U) x Eyj > 003 > o IZOF(c(t)) €Z

is well defined and continuously differentiable. |

Proposition 3.13. Suppose 3 < p < 00, s € Zsq, and Ot2P C W22 (B, R3) is the open
neighborhood of o from theorem 3.7. Then, the maps (see (2.27))

E : O — WP (B, RY),
Ey : O30 s peti=l/nr(yB)

are C™.

Proof. First, we recall that by assumption 7 is a smooth function of its arguments d4¢' in the

neighborhood of the identity map 1//6. Since p > 3 and s > 0, we have that s + 1 > 3/p and it
follows from theorem 1, section 5.5.2, of [30], and the continuity of differentiation (cf (A.1))
that the map O**2? 5 ¢ > 14 € Ws+LP(B, R®) is C*®. The proof then follows directly
from the continuity of the trace map (A.3). ]

Defining
OSF2P — O5+2p A X5t
we have that
Yo € OT2P
by (3.38). We also define’
F o O x X' x R —> Y x R 1 (¢o, $2. 1) > (F (o, ¢, 1), B(¢ho, ¥0)).

7 For two Banach spaces X and Y, L(X,Y) denotes the set of continuous linear maps from X to Y.
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where
F(go, ¢2, 1) = (E(¢o) + 1> A(do) — b2, Ea(¢o)),
and we let
P: OT2P — L(YSP,YSP) (3.45)

denote any C* map for which P, coincides with the projection operator from theorem 3.9.
Furthermore, we assume that for each ¢ € O5*2P_ the linear operator

P(¢o) |Yéj§]} : Y(;(’]p — Y&;p (3.46)
is an isomorphism and
YSP = Yq‘;”’ @ ker P(¢h). (3.47)

The existence of a map (3.45) satisfying (3.46) and (3.47) can be found in [20].
For r € Z3¢, we define

b, = G0, 9,
roogi
6.(0) = ¢O+Zx%¢,~,

j=1
r l‘j
bra(t) = b
j=0
and

Fo(do, 2, 1) = F (¢o, 2, 1),
1
Fl (¢17 ¢3a )") - X (fl (¢1’ ¢37 )")7 ¢],2(Z), )")7 )\B(Il/Oa ¢1)) )

r

1 d
Fr+2 (¢r7 ¢l‘+27 )\-) = X (fr+2 (¢r+2v ¢r+4a )\')’ @

B(go(2), ¢o.2(f))> (r=0),
-0

t

where
d?‘
T (@ Pryn, M) = ¥ F (@ (1), r2(t), 1).
L P
Remark 3.14. Under the identification

¢r' = (8;¢) |t:0’
it follows from the definition of ¢, (¢) and ¢, »(¢) above that

r

& ] d ,
o tzoqbr @) = x(9/9)|,_, and " tzoqb,.,z(;) = 2(3/729)| _,-

Moreover, under this identification, we have that

F (o, $2,2) =0
if and only if
(0aT(30p) — M%7 f10,U (¢) — 079')|,_, =0  and (AT (0¢)198)li=0 = 0.
Also, by repeatedly differentiating the equations of motion (2.23a)—(2.23¢), it is not difficult
to see that

Fr(@y, bri2,2) =0 (3.48)
if and only if
0 (047 (00p) — 3267 f104U (¢) — 97¢')|_, =0 and 8/ (vaT" (0¢)as)li=0 = 0.
This shows that solving (3.48) for r = 0, 1, ..., £ will produce initial data that satisfy the

compatibility conditions to order £.
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In order to use the implicit function theorem to solve equations (3.48), we need to introduce
the following maps which are closely related to the F, and F, maps introduced above:

G(¢o, P2, 1) = P(¢o) F (¢o, ¢2, 1),
Go(o, 92, 1) = (G (o, 2, L), B(Yo, ¢0)),

1
Gi(¢). ¢3.4) = X (Gi (91, 93, 1), AB(Y0, ¢1)) ,

1 dr+2 dr
Gri2(@r 40, Gria, M) = 3 (W‘rogrﬂ (b, 2(8), Prya, 1), o z:oB (o(1), o (t )))

x (r>=0)
and
Go(¢g, ¢2, A)
Gl (¢l s ¢39 )V)
Gr (¢r’ ¢r+1 5 ¢l'+27 )V) = s
Gro1(@—1. hr11, 1)
Gl‘(¢r1 ¢I‘+21 )‘*)
where

r

d
gl‘ (¢r1 ¢l‘+21 )") = J

G(&r (1), r2(1), 1).
=0

=l

Proposition 3.15. Suppose s € Z>, and 3 < p < 0o. Then, the maps

r+2
Fr: 020 ([TWe 2B RY)) x R > 177 x R
=1
and
r+2
G+ 020 s ([TW 2B, R ) x R > Y0 x B
=1
are C'.

Proof. First we note that the maps Fy and G are C*° which follows from corollary 3.8,
proposition 3.13, and the smoothness of the map (3.45). The proof then follows immediately
from lemma 3.12 and the definition of F, and G,.. O

Introducing

E(p, 1) = (E(p) + X A(9), Ea(9)),
we get that

Fo(¢o, @2, 1) = (E(go, 1) — (¢2, 0), B(Yo, $o0)),

and it follows easily from the definition of the F, maps above that

Fi(¢y, 3, 1) = (DgE (o, L) - d1 — (¢3,0), B(Yo, ¢1))

and

F (s, da, 1) = (DpE (o, M) - o — (¢4, 0) + )»Dég(fﬁo, 1) - (¢1, 1), B(go, ¢2)).

Proceeding inductively, we obtain for r > 1,

Fi($,, dri2, ) = (DpE (o, 1) - §r — (hr12, 0), B, ¢,)) + A (@41, 1), (3.49)
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where the map F, is C'. Setting

r

d
P () = —

de”
the product rule shows that

P(r (1),

t=0

gmmwm=ZCﬁ@@pﬁ@mﬁn (3.50)
Jj=0

This and (3.49), in turn, give
G (@), dri2, 1) = (P(P0)[DypE (Po, M) - ¢ — (@12, 0)]1, B(¢po, ¢1))

+AG (p 1, 2) =1, (3.51)
where G, is C!.

Letting

¥, = (¥0,0,...,0),
it follows directly from (3.51) that the derivative of G, evaluated at (@,, ¢,+1, Pr42, A) =
¥,,0,0,0) is

Dy, G, (¥,,0,0,0) -6, =A-5¢,, (3.52)
where

L(Wo) 0 MWo) 0 0
0 L) 0 M(¥)
A 0 0 L(Yg) 0 0 (3.53)
0 L(Wo) MWo)
. 0
0 0 0 0 L)

L) - 8¢ = (P(Yo)AsY, B(Yo, §%)) (3.54)

and

MWo) - 8¢ = (=P (¥0) (8¢, 0), 0).
We note that in deriving (3.52)—(3.53), we have used
EWny,0)=0 and DyE (Yo, 0) - 8¢ = Ay,

Although our main objective is to solve equations (3.48), we first solve G, = 0 and later
show that this implies that compatibility conditions are satisfied to order r. To solve G, = 0,
we use the implicit function theorem. The proof we present is modeled on the existence proof
for static, self-gravitating elastic bodies presented in [7].

Proposition 3.16. There exists an Ly > 0, open neighborhoods N, C X*t'7"°P and
N2 C X577 both containing 0 and C' maps

D; M~+1 X M‘+2 X (=Xo, Ao) —> D GAREE (Drs1, Gra2, A) V> P (@ry1, Pria, A)
for j=0,1,...
®((0,0,0) = v,

, I, such that

$;(0,0,0) =0, j=1L2,...,r

and

G (@1 (Dri1s ri2)s Drits Prins A) =0 Y (D1, @i, A) € Nipt X Noya X (=hos Ao)

where ®, = (Og, Dy, ..., D,).
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Proof. We begin by verifying that the linear operator (3.53) is an isomorphism. ]

Lemma 3.17. Fors € Zy, and 3 < p < 00, the map

A Jxir — [ < RY)
Jj=0 j=0

is a linear isomorphism.

Proof. By lemma3.11, ¥y € U*? and so it follows from the definition of L (o) (see (3.54)) and
theorem 3.9 that L(o) : X*T27/7 — Y5=/P x R3 is an isomorphism for j =0, 1, ..., r.
The proof now follows immediately from the upper triangular structure of the map A (see
(3.53)).

Recalling that £ () = 0, it is clear from the definition of F that

F(¥0,0,0) =0,
and hence, by the antisymmetry of the map B, that
Go(¥0,0,0) = 0.

Furthermore, it clear from (3.51) that
Gj(l/lj,0,0):O, j=1,2,...,r,

which, in turn, shows that

G:(¢,,0,0,0) =0. (3.55)
The proof of the proposition now follows proposition 3.15, lemma 3.17 and the implicit
function theorem. ]

Theorem 3.18. The maps ®;, j =0, 1, ..., r, from proposition 3.16 satisfy

fj(¢j(¢l‘+1ﬂ ¢l'+2)ﬂ cbj+2(¢r+lv ¢I‘+2)7 )\') = 01 .] = 07 lv cees I 27
Frt (@1 (@15 @r12), drg1,2) =0 and Fr( @ (i1, Pri2), Gry2,A) =0
for all (@41, r42, A) € Niy1 X Noya X (=g, Ao).

Proof. It is shown in [7] that

Ci(€(p,2))=0 and Ca(9, E(P,A) =0 (3.56)
are automatically satisfied for all ¢ € O+ and —Ag < A < Ag. Setting
d/
5j(¢j7)\') = d_ 5(¢I(l)7)")7 j:Oalv"'ara
t_o

the formulas
J .
Ci(Ej(¢;,2) =0 and Z (;{) Co (b, Eji(Pj4, 1)) =0 j=0,1,....r
k=0
follow from differentiating (3.56). In particular, this implies that the maps ®; from theorem
3.16 satisfy

ClEN®(Brar. b2 1)), 2)) =0 for j=0,1,....r (3.57)
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andfor j=0,1,...,r =2,

J .
> (,’{) Co(@i(Prit. brazs 1), Ejk(® )k (@re1, 2. 1), 1) =0 (358)
k=0

for all (@ry1, Pri2. &) € Noyi X Nz X (—Ao, Ao).
Next, we note that

Ci((¢;,0)) =0, Y ¢ € XSTEIP (3.59)
and
d/
i B(¢j(t), $2,j(t)) =0 <= —| Ca(e;(1), (¢2,(1),0)) =0
1/ t=0 de/ t=0
J .
— ; (,ﬁ) Colr. ($42-4.0)) = 0. (3.60)
If we define
q)r+1 (¢r+1 s ¢r+2a )") == ¢r+1 and q)r+2 (¢r+1 5 ¢r+Za )‘-) == ¢r+2a
then it follows from (3.59), (3.60) and the definition of G, that the maps ®; satisfy
Cl(©j(¢r+]a¢r+27)")50):07 ,]=09 17"‘7r+27 (3’61)
and

J .
Z <l‘i> CZ(q)k((pl‘-'r] ) ¢l‘+27 )")7 (q>j+2—k(¢l‘+la ¢I‘+23 )")’ 0)) = 07 ] = O’ 1’ s T
k=0
(3.62)

for all (¢11, Pri2, 1) € Neyi X Nppp X (=20, Ao).
Fixing (@41, P42, L) € Nop1 X Noj2 X (=X, Ag), identities (3.57), (3.58), (3.61), (3.62)
and the definition of the maps J; show that
Ci(Fj(®j(Dri1, Praa, A), P2 (@rrns Pri2, A), A)) =0 (3.63)

and
J .
Z (é) Co( Pk (Prsts Draa, M)y Fjoa( @i (Drrts Gry2, ), @2k (Prst, hri2, 1), 1)) =0
k=0
(3.64)

for 0 < j < r, while
Go(Po(Pr+1, Pri2, 1), P2(Prt1, P2, 2),4) =0
follows from theorem 3.16, or equivalently, by the definition of Gy, and
P(Po(Pr+1, ri2, M) Fo(Po(Pri1, @ri2, &), Po(@rits Pri2, 1), 4) = 0. (3.65)
But, we also have that
Fo(Ro(@rr1, Bre, 1), @2 (Brsr, a2, A, A) €Yl o)
by (3.63)—(3.64), and thus,
Fo(Po(@dri1, Pri2, 1), Po(Pri1, P12, 1), 4) =0

by (3.47) and (3.65).
To finish the proof, we proceed by induction. So we assume that

]:O(Qj(d)r#»lv ¢I'+27 )")’ ®j+2(¢7‘+11 ¢I‘+21 )‘*)7 )") =0 (366)
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for 0 < k < j < r. Then,

G (P (Drr1s Pra2, A), @iy (@it G2, 1)) =0 (3.67)
for 0 < k < j by theorem 3.16. Clearly, (3.50), (3.66) and (3.67) imply that
P(Po(rr1s Pri2, ADF i1 (R 1 (Drs1, Bri2, ), Pjga(drg1, dri2, ), A) = 0. (3.68)

But since

JTj+1 (‘I’j+1 (¢1‘+1 ’ ¢r+27 A), cbj+3 (¢l'+1s ¢r'+21 A), ) € Yqﬁ'[f)(¢k+l’¢,_+2’m
by (3.63)—(3.64), we must, in fact, have

Fix1 (@ j1(Prr1s Pri2, M), @j3(drs1s Pri2, A), A) =0
by (3.47) and (3.68), and the proof is complete. U

In light of remark 3.14, the following corollary is a direct consequence of the above
theorem.

Corollary 3.19. Suppose s € Zxo, 3 < p < oo, and the maps ®;, the neighborhoods
Nyp1 C X2 ¢ WEP(B,R?) and Ny, € XOP € WOP(B, R?), and iy are as in proposition
3.16. Then, for each (¢s41, G512, ) € Nyp1 X Nypo x (=g, Ag), the initial data

(@li=0. Hli=08) = (Po(rs1, Bri2. 1), PL(Brit, briz, 1)) € O 5 O
satisfy the compatibility conditions to order s.

4. Local well-posedness

In this section, we prove the local well-posedness for the system (2.23a)—(2.23¢) using the
approach of [19]. The system under consideration is an initial boundary value problem of
elliptic-hyperbolic type, due to the presence of equation (2.23b) in the system, and hence the
results of [19] do not apply directly. However, the techniques of [19] are readily adapted to
include non-local terms, and we will present an outline of the proof of this fact below. To
conclude this section, we will apply the resulting existence theorem to establish the existence
of dynamical solutions to (2.23a)—(2.23c¢).

4.1. Setup and notation

For ease of reference, we adopt the index and other notational conventions of [19], with some
exceptions, as pointed out below. We are interested only in the case n = 3, but it is convenient
to treat the case of general n > 3. The number of components of the system of equations is in
the case of elasticity equal to N = 3, but the treatment below applies to general N.

Let0 < i,k <nl <o, B <n 1<)l <N. Wework in a coordinate system (x;)
and let t = xg. The summation convention is used. Further, we will denote the unknown field
by u rather than ¢. Let Du = (d,u, 0y, u, ..., 0y,u) and Dyu = (Oy, U, ..., Oy, u). Fix some
s > n/2 4 1, s an integer, and consider the system in the domain € with boundary I' of
regularity class C**2, and denote Q7 =[0,T) x Qand 'y =[0,T) x I' where 0 < T < o0.

Following [19], we consider equations of the form

05, Fj(t, x, u, Du) = wjlt, x,u, Du] in Qr, (4.1a)
ij;(t, x,u,Du) = g;(t,x,u,Du) inIr, (4.1b)
u = up, ou=u; in {0} x €, 4.1¢)

where in contrast to [19], w;[¢, x, u, Du] is a functional of (u, Du) that we allow to be non-local.
The properties required of w are specified below in assumption w.
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Assumption 1. We assume uy € WSHH(Q), u; € W*(R2). We assume F, g€ Cst(U), where
U is a neighborhood of the graph of ug, u;, D.ug as in [19, section 1], and
a* = OF; ko 98,
il 9 (anul) ’ J 3 (dy, ul)
We decompose h’j‘f[ = h;’l‘ + h‘/‘f , where h;’l‘ = hi’;l) is the symmetric part and h%‘ = h‘[‘J"” is
the antisymmetric part. We assume that the symmetric part h;’;l) is of the form hf’;[) = 6%h,
where 6 (¢, x, u, Du) is a vector field which is tangential to I'r and satisfies 0% =1, and h ji 1s
symmetric.
For the elastic body, we have

=0 “4.2)

while a’}’j can be calculated in terms of the elasticity tensor L, cf (2.16).

Assumptions 2—=5. The structural relations of the elastic body imply the hyperbolicity of
the system. In particular, for the self-gravitating elastic body, the symmetry and coerciveness
assumptions, assumptions 2 and 3 of [19], hold. Further, assumption 4 of [19] on the time
components a(;? follow directly from the structure of the elastic system. For a discussion of
the compatibility conditions on the initial data, see assumption 5 in [19].

Following [19, p 25], we introduce the spaces E°, G* and F* with norms

s 1/2
] 2
lNulles (0) = ( D N3fupeer ) o llullg,, = sup [lulles ()
=0 IENENG
and
15}
lullgg,, = f lul s (0)
4
respectively.

Assumption w. For non-local w, we make the following further assumptions. We assume
w to be well defined if the graph of (u, Du) lies in a suitable subset of U, where U is as in
assumption 1 above. There, the following conditions are imposed.

1) If
u € Nog j<sCI ([0, T], W=7 (Q)),
we have
wlu, Du] € No<j<,C/ ([0, T1, W /().

(2) We require the map u — w[u, Du] to be Lipschitz in the above topology.
In particular, see section 4.3.1 below, we will make use of the estimate

1197 (w(v1) — wwo |l < ¢l (3 (v1 — vo) || (4.3)
(3) Finally, we require the following uniform estimate:
llwlles < (1 + |ID?ul|i=) (1 4 ||ul g1,

where c is a constant depending on ||Du||;.~ as well as the coercivity constants «, i for
the system.

We have the following result, which is the analog of [19, theorem 1.1].
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Theorem 4.1.

(1) Existence, regularity: there exists a unique 0 < ty < T, and a unique classical solution
ueC*(Q, UTy,) of (4.1) with D°u(t) € L*(Q) if0 < 0 < s+ 1. Here, D’ u denotes all
derivatives of order o .

(2) Continuous dependence on initial data.

(3) Blow up: ty is characterized by the two alternatives: either the graph of (u, Du) is not
precompact in U or

t
/ [ID?u(t) |1 @ydT — 00 ast — 1.
0

4.2. Linear systems

For a solution to the system (analogous to [19, (2.10)])
3y, (a*d,u) = w + 9, flinQr, (4.4a)
Vo (@ u — f*) = 19, uinl'y (4.4b)

with the coercivity and structure conditions as in [19, section 2], and in particular, the regularity
assumptions (see [19, assumption 2s, p 26])

a,he G NCY(Qr) da,dheF, (4.5a)
w e G AWwSI([0, T1, L*(Q)) nW* 1[0, T, W'(R)), (4.5b)
fle G, Df e WS ([0, T, L*(Q)), (4.5¢)
up € WH(Q) u e WH(Q), (4.5d)

we have the estimate

[l | (22) < 5<||u(t1)||Ef+‘ + [lwllg— + I flle:

15 .
+/ 110w (®)lr2) + ||3f+lf'(l)||u(g)df> . (4.6)

il
where

¢ = C(k, i, lallgsnct pys N0ialles, 1A | gsner @py» 10 Fs)-
Note that the system given in (4.4) is of a restricted form with g = 0, 4* = 0. These terms can
be absorbed into the others, cf the discussion in [19, section 2]. This is achieved by introducing
the modified coefficients @*, f7, w as in [19, p 31], see also (4.12) below.
Applying the above estimate to a system of the form

3 (@* B u) =w + 9, f inQy (4.7a)
Vo (@ u — f*) = i, u+g inTr, (4.7b)

we get, in view of the above discussion, the inequality

[l | g1 (12) < 5<|Iu(l1)||5v+l + llwllg— + I flles + lgllee
15 .
+/ 18] w2y + 1137 £/ (O] dr
il

5]
+/ 119, gllw1 (o) + ||3,S+1g| lL2(2) ds) . (4.3)
a1
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4.3. Proof of theorem 4.1

In this section, we discuss the main steps in the proof of theorem 4.1. In the following
calculations, we suppress the indices u; on u and the corresponding indices on a’j’j, wj, efc.

First, we apply a time derivative to (4.1) which gives®

3y (a™d} ,u) = dw + 3y, f in Qr, (4.9q)

X\t
vo (@97 ju— f*) =9, +gin Ty, (4.9b)

where
fi(t, x,u,Du) = a'*9?

Xk t

u—9,F", g=20g—hd u

X 077t
For the elastic system, the coefficients have no explicit time dependence, and the boundary
condition is homogeneous. So we have that

=0, g=0. (4.10)
Next, the system is rewritten in the form

3y, (@32 u) =w+d.f inQr, (4.11a)

vo (@97 ju— f*) = h*9; ,u inTr, (4.11b)
where

];i =f+ vig’ ak = a* — yipk 4k (4.12a)
and

W = 3w — ((8, + divv)h*)d>2

X, b

u+ @, W07 1 — 8,8 — (dive)g. (4.12b)

Remark 4.2. By introducing the modifications @*, £, w of a’*, f!, w as in (4.12), the resulting
system (4.11) has no term g and also #* = 0. Thus, it is of the form of the system (4.4)
considered in [19, theorem 2.4].

For the elastic system, we have f = g = h = 0 and hence
a* = a', D= dw. (4.13)

‘We have that a, f depend on (¢, x, u, Du) and w depends linearly on D%u.

For technical reasons, we assume s > n/2 + 2 for the differentiability index s. This is
one more degree of smoothness than one would normally expect to require for a solution
of a nonlinear wave equation using energy estimates. However, this assumption reflects the
use of v = d;u as the main variable in Koch’s approach [19], which has one less degree of
differentiability compared to u. The stated result for initial data with s > n/2 + 1 is recovered
by a smoothing and a limit argument, see the discussion in [19, p 33].

Next, we let Y; g be the subset of

H, = Ni<icsnWH ([0, 7], WH1(Q))

of functions v that satisfy 8[ v(0) = u;, where u; are the formal time derivatives of u for
0<i<satt =0, and ||v||lg, < R. By choosing R sufficiently large, we can make sure that
this set is non-empty.

The construction of solutions for the system (4.1) makes use of a standard fixed-point
argument, where one proves boundedness in a high norm and contraction in a low norm.

8 We write Bfk‘, where 9, is used in [19].
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The high norm in this case is W**!, which for the linearized (time-differentiated) system
corresponds to W*. The low norm for the time-differentiated system is W2.

This type of argument has been carried out for a quasi-linear elliptic-hyperbolic system
with no boundary conditions in [4]. The difference between that system and the present
situation is that we have Neumann-type boundary conditions, and the system has symbols
depending on Du, i.e. it is fully nonlinear.

In the rest of this section, we consider the details of the contraction estimate and the
continuation property. The proof of the continuous dependence given in [19] can be readily
adapted to this case with the details given below.

4.3.1. Contraction estimate. Define J € C(Y; g, H;) as the map v — u, where u solves the
linear system”’

3y (@ (v)3 u) = w(v) + 0. f inQr, (4.14q)
v (@ ()] u— f*(v)) = h*(v)d; u inTrp, (4.14b)
du = u, 82u = uy in {0} x Q, (4.14¢)

where we have denoted a(v) = a(t, x, v, Dv), etc.
For the case of the elastic system, we again have
a* = a*, W= dw, f=0, h=0,
and in particular,
w = D,w.o;u + Dp ,w.D,0,u,

where we have used D to denote the Frechet derivative. There is no explicit (¢, x) dependence
for this case.
Next, we observe that

dw e G, 3w e FO

by assumption w. From this, we see that for large R, the image of J lies in Y provided 7 is
chosen small enough.
We have

Y cC¥(0, 7], L) N C*([0, ], WH nC' ([0, T], W?).

One shows that the set Y is compact in the topology of the space defined by the right-hand
side of this expression.

Let up = J(vo), uy = J(v1). In order to derive the system solved by u; — uy, we let
Z(u) = 0y,a*(t,x, u, Du)d; ,u, and note that Z(u,) — Z(up) = fol (%Z(uo + Ay — up)).
Expanding this out gives

1
Z(uy) — Z(u) = a([/ a;kd/\}afh,(ul — up)
0
1
+ a(/ (@, (w1 — 10) ]9, (o + A(uy — u0)>>dk
0

1
+ a(/ [@ - (Duy — Dug)]82 , (o + A (uy — uo))> da,
0

9 A typo in the boundary condition in [19, equation (3.2)] is corrected here
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where!0
a*  =a*t,x, up + Ay — ug), Dug + A(Duy — Dup)),
_ da
a;f(,u = a_u([7x’ u0+)"(u1 —Lto), Du0+)»(DM1 —Duo)),
» da
alp, = @U’ X, ug + A(uy — up), Dug + A(Duy — Duyp)).
Now, let

ik ik
a :/0 a dx

1
w=w(;) — w(v) — [ax,(/ (@, - (1 — )]y , (o + Ay — uo))> dx
0

1
+ a(/ (@ p,- (Duy — Dug) )95, , (o + A(uy — uo))) dk}
0
f=F@)— Fw).
Then, u; — up solves!!

8, (@02, (uy — up)) = W + 3, f, (4.15a)

X

Ve (@02, (uy — o) — F%) = K2, (uy — uo) + %, (4.15b)

Xks
where Z g can be calculated along the same lines as above.
In particular, for the elastic system, we may calculate @ using % = d,w, h = f = g = 0.
Note that g is non-vanishing in general due to contributions from a.
We have the estimate'?

13D O + 118 f11e1 (1) + 118,811 (1) < clld; (w1 — v)l g2, (4.16)
where we made use of
w = w(vy) — w(vg) + terms involving a.

As discussed above, w can be estimated given estimates for d,w, and hence 9, w can be
estimated in terms of 3,2(w(v1) — w(vg). The terms involving a can be estimated in terms of
u; — ug and hence can be absorbed when applying Gronwall.

From assumption w, (4.3), we have

1187 (w (1) — w oIz < clld (vi — vo)llgz.

The required contraction estimate is obtained by applying the estimate for the linear system
given in [19, theorem 2.4], as discussed in section 4.2, to the system (4.15). One checks that
after suitable modifications, cf section 4.2, the assumptions of [19, theorem 2.4] hold for this
system, and this provides the needed contraction estimates.

Applying inequality (4.8) with s = 1 to the system (4.15), we get the inequality

110 (ur — uo) |2 < C<I|u1(0) — o ()12 + [1Bllgo + 1 fllgr + 113l

t
+/ 10, ()22 + 19"l + I|3r§(0)||51d0>
0

10 A typo in [19, p 32] is corrected here.
' This corrects a typo in [19, p 32].
12 This corrects a typo in [19, p 32], which leads to an incorrect estimate for d; (1] — up).
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using that u;, ug have the same initial data, and that w, f, gvanishatr =0

t
<c (/ 110,10 (o) 2 + 19: '] + I|3r§(0)||51d0>
0
using (4.16)
< ]9 (v1 — vo)llg2s

where we made use of the fact that %, f, g all vanish at ¢ = 0.

4.3.2. Continuation principle. 'We next consider the proof of the continuation principle.
Suppose the graph of (u, Du) lies in a compact set U. We need an estimate of the following
form, cf [19, equation (3.3)]:

t
(@) |psr < 5<U,/ IIDZM(T)IILoch) (I + Huollwsr + Nur[lws).  (4.17)
0

This estimate is proved by applying operators Dj, of order s, tangent to I';, to both sides of
equation (4.1), and applying the estimate for the linear system. Let s > n/2 + 1, and let
u € G**! be a solution of the system (4.1). We then have u € Nog j<s+1C/ ([0, TT, W17/,
One finds, cf [19, p 34], that D}u solves an equation of the form

3, (@*9uDSu) = B + 0, f in Qr, (4.18q)
vi(@* 3, Dyu — 1) = h*d, Djuin Ty, (4.18b)
Dpu(0) = uj, 9, Dyu = 13, (4.18¢)

where uj, u;, are obtained by formal calculations from the initial data ug,u;. Here a
transformation which absorbs the terms g and 4** has been applied, along the lines discussed
in section 4.2, see [19, p 34] for details.

The basic energy estimate for systems of this type, see [19, theorem 2.2], gives an estimate
of the form'3

lullgssr < ¢ (nunpﬂ 0) + / @112 (0) + ||a,P||Lz<r>dr) . 4.19)
0

As shown in [19], the L? norms on the right-hand side of (4.19) that involve local expressions
can be estimated at a fixed time in terms of
(1 + [ID?ul[2) (1 + ||u(@)][g+1)

with a constant depending on ||Dul||;~ as well as the coercivity constants «, u. The term w
contains Dpw, and thus we need the nonlocal term w to satisfy at a fixed time an estimate of
precisely this form, namely

IDpwllzz < (1 + [1D%ull=) (1 + [ful gs+1)
which we can state as

lwlles < (14 [1D?u]]22) (14 [[ul |[psr).
This estimate holds by assumption w.
13 The norms || - ||, in [19, p 35] should be || - [|,2.
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4.4. Application to the elastic system

We are now ready to apply the local existence theorem 4.1 to our system (2.23a)—(2.23c).

Theorem 4.3. Suppose s € Zx3 1 < p < oo, and let (¢’ =0, 0|0’ = (¢>O, ¢1) €
O+2p x Os+Lp  Ws+2 (B) x W”l(B) be the initial data from corollary 3.19. Then, there
exists a ty > 0 and a unique classical solution ¢ € C? (B, U 3By,) of (2.23a)—(2.23c) with
D' (t) e L*(B) forall 0 < |o| < s+ 1and0 <t < 1.

Proof. First, we observe by corollary 3.8 that the non-local function A’(¢) = —8" fAZ)AU (@)
satisfies assumption w of section 4.1 for ¢' in the open set O+l c W (B). Since the initial
data

(¢i|t:07 8t|t‘:O¢i) — (¢(l)’ d)i) c 554—2,[’ X 5.&‘+1,[7 C 63‘4—2,2 X 5S+l,2 C WS+2(B) X WS+1(B)

from corollary 3.19 satisfies the compatibility conditions to order s, the proof then follows
directly from theorem 4.1. ]
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Appendix. Function spaces

A.1.WkP spaces

Give a finite-dimensional vector space V, an open subset  C R? with a C* boundary, k € Z,

and 1 < p < oo, we let WkP(Q, V) denote the standard Sobolev space for maps u : 2 — V.

If V = R, then we will just write W*?(B), while if p = 2 we set W¥(Q,V) = Wk2(Q, V).
For these spaces, we recall the following results:

(i) Differentiation

= ;(—A C WEP(Q) — WP (Q), A=1,2,3, (A.1)
defines a continuous linear map.
(i) (Multiplication inequality) If 1 < p < 00, ki +ky > 0, ki, ko > k3, ks < ky + ka — 3/p,
then there exists a C > 0 such that

|’4U||Wk3«ﬂ(9) < C||M||Wk1~ﬂ(9)||U||sz«ﬁ(9) (A2)

forall u € W52 (Q) and v € WhP(Q).
(iii) Letting B*?(3$2) denote the Besov spaces on the boundary 92, the trace map

WhP(Q) 3 u —> tryqu € BX1/PP(HQ) (A.3)

is well defined and continuous for 1 < p < coand k — 1/p > 0 (cf theorem 7.70 in [1]).
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A2. W(Sk’p spaces

Fork € Zzp,1 < p < ooand§ € R, we use W;”’(R{ V') to denote the weighted Sobolev
spaces for maps u : R®> — V as defined in [5]. For open sets Q C R? for which R\ Q is
bounded, we denote the restriction of the weighted spaces to these subsets by Wak’p (,V).
Following [5], the negative index spaces Ws_k’p R fork € Z.g, 1 < p <oo,and § € R are
defined by duality.

We recall the following facts about the weighted Sobolev spaces:

(i) Differentiation
It WP (Q) — Wy PP () (A.4)

defines a continuous linear map.
(ii) (Sobolev inequality) If £ > 3/p, then there exists a C > 0 such that

lullez vy < Cllullyir gy, (A.5)

for all u € Wak'p(R3,V). Moreover, u € Cg(R3,V) and u(X) = o(JX|%) as'* |X| — oo.
(See lemma A.7 in [27].)

(iii) (Multiplication inequality) If 1 < p < 00, ki +ky > 0, ki, ko > k3, ks < ky + ko — 3/p,
and &; + 8, < 83, then there exists a constant C > 0 such that

< Cllullyiar (A.6)
1

||MU||W5k33,1)(Q) (Q)”U”W;‘ZZ'P(Q)

for all u € Wy () and v € W;>” (). (See lemma A.8 in [27].)
@iv) For 1 < p <00, —1 < § < 0, and k € R, the Laplacian

A =59, : WHP(RY) — WD (RY) (A7)
is a linear isomorphism with inverse given by the formula

A 0100 = —— [ O
47 Joo X — 71

d’y. (A.8)

(The proof of this statement follows from using the fact that A : W5k+2”’ R3) - Wak;’; (R?)
is an isomorphism for k € Z3( and —1 < & < 0 (cf [5, proposition 2.2]) together with
duality and interpolation'>.)

For bounded © C R?, we let Eq denote an extension operator that satisfies
k
1Bo @ llytr @s vy < Crpllitllwirqy) YueW P(Q,V) (A.9)
and

[{Eq()]le = 85u Y ueW'P(Q,V), |a| < k. (A.10)

14 Here [X| = v/84pXAXB.

15 As noted by Maxwell [25], the weighted spaces Wsk 'P(R3) and their fractional extensions correspond to the spaces
h; p(k—8)—3 in [34, 35] (cf remark 2 and theorem 2 in [35]). The following duality and interpolation results follow
from remark 2, and theorems 2 and 3 in [35]:

(@Forl <p<ooandg=p/(p—1), W:;;%(R% is the dual ofWBk'p(R3).

MIfl <p <00, <pr<000<6<1l,k=(1-0)k;+0ky,6 =(1—-0)51+608 and1/p=(1-6)/p,+6/P,
then W,"” (R?) is the interpolation space [W,'*" (R?), W, (R3)].
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