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CHARGES FOR LINEARIZED GRAVITY

STEFFEN AKSTEINER AND LARS ANDERSSON

ABsTrRACT. Maxwell test fields as well as solutions of linearized gravity on the
Kerr exterior admit non-radiating modes, i.e. non-trivial time-independent
solutions. These are closely related to conserved charges. In this paper we
discuss the non-radiating modes for linearized gravity, which may be seen to
correspond to the Poincare Lie-algebra. The 2-dimensional isometry group
of Kerr corresponds to a 2-parameter family of gauge-invariant non-radiating
modes representing infinitesimal perturbations of mass and azimuthal angular
momentum. We calculate the linearized mass charge in terms of linearized
Newman-Penrose scalars.

1. INTRODUCTION

The black hole stability problem, i.e. the problem of proving dynamical stability
for the Kerr family of black hole spacetimes, is one of the central open problems in
General Relativity. The analysis of linear test fields on the exterior Kerr spacetime
is an important step towards the full non-linear stability problem. For test fields
of spin 0, i.e. solutions of the wave equation V*V, 1 =0, estimates proving bound-
edness and decay in time are known to hold. See [20] 14} 2| 2] for references and
background.

The field equations for linear test fields of spins 1 and 2 are the Maxwell and
linearized gravityll equations, respectively. These equations imply wave equations
for the Newman-Penrose Maxwell and linearized Weyl scalars. In particular, the
Newman-Penrose scalars of spin weight zero satisfy (assuming a suitable gauge
condition for the case of linearized gravity) analogs of the Regge-Wheeler equation.
These wave equations take the form

(vava + CS\IIQ)i/}s =0

where for spin s = 1, ¢; = 2, ¢ = \1151/3(;51, while for spin s = 2, ¢o = 8, and
Py = \1152/3\112. Here W, is the linearized Weyl scalar of spin weight zero. See
[1] for details. As these scalars can be used as potentials for the Maxwell and
linearized Weyl fields, one may apply the techniques developed in the previously
mentioned papers to prove estimates also for the Maxwell and linearized gravity
equations. This approach has been applied in the case of the Maxwell field on the
Schwarzschild background in [7].

In contrast to the spin-0 case, the spin 1 and 2 field equations on the Kerr ex-
terior admit non-trivial finite energy time-independent solutions. We shall refer
to time-independent solutions as non-radiating modes. There is a close relation
between gauge-invariant non-radiating modes and conserved charge integrals. For
the Maxwell field, there is a two-parameter family of non-radiating, Coulomb type
solutions which carry the two conserved electric and magnetic charges. In fact,

Date: January 12, 2013.

INote that linearized gravity is distinct from the massless spin-2 equation. On a type D
background, any solution to the massless spin-2 equation is proportianal to the Weyl tensor of the
spacetime. This fact is referred to as the Buchdahl constraint, cf. [§], see also equation (5.8.2) in

[37].
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a Maxwell field on the Kerr exterior will disperse exactly when it has vanishing
charges. For linearized gravity, however, there are both non-radiating modes cor-
responding to gauge-invariant conserved charges, and “pure gauge” non-radiating
modes. Thus conditions ensuring that a solution of linearized gravity will disperse
must be a combination of charge-vanishing and gauge conditions.

From the discussion above, it is clear that in order to prove boundedness and
decay for higher spin test fields on the Kerr exterior, it is a necessary step to
eliminate the non-radiating modes. Due in part to this additional difficulty, decay
estimates for the higher spin fields have been proved only for Maxwell test fields.
See [7] for the Schwarzschild case and [3] for the Kerr case. In view of the just
mentioned relation between non-radiating modes and charges, an essential step in
doing so involves setting conserved charges to zero. In order to make effective use
of such charge vanishing conditions, it is necessary to have simple expressions for
the charge integrals in terms of the field strengths. The main result of this paper is
to provide an expression for the conserved charge corresponding to the linearized
mass, in terms of linearized curvature quantities on the Kerr background.

We start by discussing the relation between charges and non-radiating modes
for the case of the Maxwell field. Let the symmetric valence-2 spinor ¢ap be
the Maxwell spinotﬁ, i.e. a solution of the massless spin-1 (source-free Maxwell)
equation

Vatéap =0
and let Fup = ¢apeap be the corresponding complex self-dual two-form. The
Maxwell equation takes the form dF =0 and hence the charge integral

Lf

depends only on the homology class of the surface S. Here real and imaginary parts
correspond to electric and magnetic charges, respectively. The Kerr exterior, being
diffeomorphic to R* with a solid cylinder removed, contains topologically non-trivial
2-spheres, and hence the Maxwell equation on the Kerr exterior admits solutions
with non-vanishing charges. In view of the fact that the charges are conserved, it
is natural that there is a time-independent solution which “carries” the charge. In
Boyer-Lindquist coordinates, this takes the explicit form

c
= 1
baB (r_iaCOSQ)QL(AOB)a (1)

where ¢ is a complex number, and ¢4,04 are principal spinors for Kerr.

In order to prove boundedness and decay for the Maxwell field, it is necessary
to make use of the above mentioned facts, see [3]. In particular, one eliminates the
non-radiating modes by imposing the charge vanishing condition

‘LI:U 2)

Written in terms of the Newman-Penrose scalars ¢7, I = 0,1,2, the charge vanishing
condition (2)) in the Carter tetrad [45] takes the form [3]

fs o0y 2V P01 iasind(go - 62)dpi =0, (3)
2(t,r

where S?(t,7) is a sphere of constant ¢,r in the Boyer-Lindquist coordinates, Vy, =
A/(r* +a*)? and du = sinfdfde. This yields a relation between the £ = 0,m = 0
spherical harmonic of ¢; and the ¢ = 1, m = 0 spherical harmonics with spin weights
1, =1 of ¢g, ¢2, respectively.

Next, we consider the spin-2 case. Recall that the Kerr spacetime is a vacuum
space of Petrov type D and hence, in addition to the Killing vector fields 0,9y

2The following discussion is in terms of the 2-spinor formalism, cf. [37, 138]
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admits a “hidden symmetry” manifested by the existence of the valence-2 Killing
spinor kap = Y r40p). Here the scalar ¢ is determined up to a constant, which
we fix by settingd M2 = —W¥y on a Kerr background. In this situation, one may
consider the spin-lowered version

Yapepr©P

of the Weyl spinor, which is again a massless spin-1 field and hence the complex
self-dual two-form

Moy, =YapeprPearn
satisfies the Maxwell equations dM = 0. The charge for this field defined on any
topologically non-trivial 2-sphere in the Kerr exterior is

1
4—7”./SM=M, (4)

cf. |32] for a tensorial version (the calculation has been done much earlier in [34],
but not in the context of Killing spinors and spin-lowering). Here M is the ADM
mass [4] of the Kerr spacetimeﬁ. The relation between the mass and charge for the
spin-lowered Weyl tensor M is natural in view of the fact that the divergence

€A’A = vA LkAB
is proportional to d;, see the discussion in [38, Chapter 6].

Note that the charge (@) is in general complex. The imaginary part corresponds
to the NUT charge, which is the gravitational analog of a magnetic charge. Details
are not discussed in this paper, see [39] for the construction of charge integrals in
NUT spacetime.

For linearized gravity on the Kerr background, the non-radiating modes include
perturbations within the Kerr family, i.e. infinitesmal changes of mass and axial
rotation speed. We denote the parameters for these deformations M, a. Since
M, a are gauge-invariant quantities, it is not possible to eliminate these modes by
imposing a gauge condition. A canonical analysis along the lines of [28], see below,
yields conserved charges corresponding to the Killing fields d;, 0y, which in turn
correspond to the gauge invariant deformations M, a mentioned above.

The infinitesimal boosts, translations and (non-axial) rotations of the black hole
yield further non-radiating modes which are, however, “pure gauge” in the sense
that they are generated by infinitesimal coordinate changes. If one imposes suitable
regularityﬁ conditions on the perturbations which exclude e.g. those which turn on
the NUT charge, a 10-dimensional space of non-radiating modes remains. This
is spanned by the 2-dimensional space of non-gauge modes which carry the M, a
charges, together with the “pure gauge” non-radiating modes, and corresponds in
a natural way to the Lie algebra of the Poincare group. It can be seen from this
discussion that a combination of charge vanishing conditions and gauge conditions
allows one to eliminate all non-radiating solutions of linearized gravity.

The constraint equations implied by the Maxwell and linearized gravity equations
are underdetermined elliptic systems, and therefore admit solutions of compact
support, see [16] and references therein. In particular, one may find solutions of the
constraint equations with arbitrarily rapid fall-off at infinity. The corresponding
solutions of the Maxwell equations have vanishing charges. For the case of linearized

3This choice has the natural (non vanishing) Minkowski limit ¢ = r.

4Equivalent1y, the mass parameter in the Boyer-Lindquist form of the Kerr line element.

5The Kerr family of line elements may be viewed as part of the type D family of vacuum metrics
which includes, among others, the NUT and C-metrics. See section [£2lfor further discussion. The
perturbations corresponding e.g. to infinitesimal deformations of the NUT parameter are singular
and may thus be exluded by suitable regularity and decay conditions. See [43], [29] for remarks.
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gravity, the charges corresponding to M, @ vanish for solutions of the field equations
with rapid fall-off at infinity. For such solutions, all non-radiating modes may
therefore be eliminated by imposing suitable gauge conditions.

The following discussion may easily be extended to the Einstein-Maxwell equa-
tions. Given an asymptotically flat vacuum spacetime (N, gq), a solution of the
linearized Einstein equations g, (satisfying suitable asymptotic conditions) and a
Killing field £“0, we have that the variation of the Hamiltonian current is an exact
form, which yields the relation

?s;oo=fSQ[€]—£-®. (5)

Here, Pe¢,oo is the Hamiltonian charge at infinity, generating the action of &, Q[¢]
is the Noether charge two-form for &, and © is the symplectic current three-form,
defined with respect to the variation g,,. We use a * to denote variations along
Jab, thus ’Pg;oo and Q[f] denote the variation of the Hamiltonian and the Noether
two-form, respectively. The integral on the right hand side of (B is evaluated over
an arbitrary sphere, which generates the second homology class.

For the case of £ = 0y, and considering solutions of the linearized Einstein equa-
tions on the Kerr background we have, following the discussion above,

M =Pp,00

Working with the Carter tetrad, let W;, i = 0,---,4 be the Weyl scalars and let
Z!1, I =0,1,2 denote the corresponding basis for the space of complex, self-dual
two-forms, see section [2] for details. In this paper we shall show that the natural
linearization of the spin-lowered Weyl tensor M is the two-form

M =0, 20 + 0, 20 + 0322 + 290,27

As will be demonstrated, see section [B] below, M is closed, and hence the integral

[S M (6)

defines a conserved charge. A charge vanishing condition for the linearized mass,
analogous to the one discussed above for the charges of the Maxwell field, may be
introduced by requiring that this integral vanishes. The coordinate form of this
charge vanishing condition is

/:9 ) (2VL_1/2@2 +ia sin@\ildiff)(r —iacosf)du =0, (7)
2(t,r

which should be compared to the corresponding condition for the Maxwell case,
cf. (B)). Here, U, and Uy, ¢ are suitable combinations of the linearized curvature
scalars \ifl, \112, \ifg and linearized tetrad.

Let gqp be a solution of the linearized Einstein equation on the Kerr background,
satisfying suitable asymptotic conditions, and let M be the corresponding pertur-
bation of the ADM mass. Letting S = S?(¢,7) and evaluating the limit of (@) as
r — oo one finds, in view of the fact that (@) is conserved, the identity

. 1
M:—,fM
4mi Js

for any smooth 2-sphere S' in the exterior of the Kerr black hole. Thus we have the

relation 1
[Qon-0-0-— [ M ®)

for any surface S in the Kerr exterior. We remark that the left hand side of (&)
can be evaluated in terms of the metric perturbation using the expressions for Q
and © given in |28, section V]. On the other hand, the right hand side has been
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calculated in terms of linearized curvature. It would be of interest to have a direct
derivation of the resulting identity.

The canonical analysis following [28] which has been discussed above shows that
in addition to the conserved charge corresponding to M, equation [ with & = 0y,
the angular Killing field, gives a conserved charge integral for linearized angular
momentum a. If dy is tangent to S, then the term Jy - © does not contribute in
(). We remark that an expression for a for linearized gravity on the Schwarzschild
background was given in [30} section 3]. A charge integral for a for linearized gravity
on the Kerr background will be considered in a future paper.

Remark 1.1. (1) There are many candidates for a quasi-local mass expression
in the literature including, to mention just a few, those put forward by Pen-
rose, Brown and York, and Wang and Yau. See the review of Szabados [41]
for background and references. Although as discussed above, cf. equation
@), for a spacetime of type D, there is a quasi-local mass charge, it must be
emphasized that for a general spacetime on cannot expect the existence of a
quasi-local mass which is conserved, i.e. independent of the 2-surface used
in its definition. The same is true for linearized gravity on a general back-
ground. Thus the existence of a conserved charge integral for the linearized
mass is a feature which is special to linearized gravity on a background with
Killing symmetries.

(2) If we consider linearized gravity without sources, on the Minkowski back-
ground, the linearized mass must vanish due to the fact that Minkowski
space is topologically trivial. This reflects the fact that when viewed as a
function on the space of Cauchy data, the ADM mass vanishes quadrati-
cally at the trivial data, cf. [I0]. On the other hand, by the positive mass
theorem, for any non-flat spacetime, asymptotic to Minkowski space in a
suitable sense, the ADM mass defined at infinity must be positive.

This paper is organized as follows. In section 2] we introduce bivector formal-
ism. Conformal Killing Yano tensors and Killing spinors are discussed in section B
Section @] deals with conserved charges for spin-2 fields on Minkowski (§4.1]) and
type D spacetimes (§£2)). The main result, a charge integral in terms of linearized
curvature, is derived in section [ and finally, section [6l contains some concluding
remarks.

2. PRELIMINARIES AND NOTATION

Let (N, gqp) be a 4 dimensional Lorentzian spacetime of signature + — ——, ad-
mitting a spinor structure. Although most of the results can be generalized to the
electrovac case with cosmological constant, we restrict in this paper to the vac-
uum case. In particular, we consider test Maxwell fields and linearized gravity on
vacuum type D background spacetimes.

Let 04,4 be a spinor dyad, normalized so that o4:* = 1, and let

’ ’ ’ ’
1@ = 0’46’4 AZA , 70— LAaA , a A-A

, m®=o m n® =17

be the corresponding null tetrad, satisfying (n, = -m®m, = 1, the other inner prod-
ucts being zero. The 2-spinor calculus provides a powerful tool for computations
in 4-dimensional geometry. The GHP formalism deals with dyad (or equivalently
tetrad) components of geometric objects and exploits the simplifications arising by
taking into account the action of dyad rescalings and permutations. These for-
malisms are closely related to the less widely used bivector formalism |34} [6], @, 27]
in which the basic quantity is a basis for the 3-dimensional space of complex self-
dual two-forms. A two-form Z is called self-dual, if *Z =iZ and anti self-dual, if
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+Z =—-iZ. Given a spinor dyad, a natural choicdd is

20, = 2mny) = LALBEA B! (9a)
Zab = 2n[ ly) = 2mpgmy) = —20(atB)€A B (9b)
Z%, = 2(amy) = 0A0BEA B! (9¢)

where the notation 2z(,ys) = Tayp — Yorp for anti symmetrization and 2z, yp) =
TaYp + Yo xp for symmetrization is used. We use capital latin indices I, J, K taking
values in 0, 1,2 for the elements in the bivector triad Z?. The metric g, induces a
triad metric Gy and its inverse G!7 given by

0 0 1 0 0 1
Gll=z.7z7=10 -2 o], Gry=|0 -3 0
1 0 0 1 0 0

Here, - is the induced inner product on two-form, Z1 .27 = %ZlabZ']ab. Triad
indices are raised and lowered with this metric,

Zoy =272, Zy=-17%, Zy=27".
More general we have

Proposition 2.1.

: 1
VARYANNE §G‘]Kgab + e’ Zpay (10a)
270725 . =0 (10b)
z7 7K =0 (10c)

with €’ XE the totally antisymmetric symbol fized by €2 = 1.
A real two-form Fyy, e.g. the Maxwell field strength, has spinor representation
Fup = QABEAI B + D a1 €AB-

It is equivalent to the symmetric 2-spinor ¢ap = ¢2040B — 2¢10(ALB) + dotalB,
where the six real degress of freedom of Fj; are encoded in 3 complex scalars

¢o = papo”o” = Ful*m’ = F - Zg
¢1 = dapt?o? = 1F, (1" -m*m’) = F - 74
qﬁgquABLL = Fymn®=F-Z,.
So the real two-form has bivector representation
F=¢oZ°+ 012" + 0222+ 37 + 012 +oZ

or in index notation ¢; = F- Z; and F = ¢;Z1 + ¢, Z
The Weyl tensor is a symmetric 2-tensor over bivector space and has spinor
representation

—Cabed = Y apcpeapecp +VYapcpeapecn,

SWe use the convention of [I8], which differs from [27] [[7] by a factor of 2 in the middle
component and the numbering.
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where U pcp is a completely symmetric 4-spinor. The 10 degrees of freedom of
the Weyl tensor are given by 5 complex scalard]

Vo =Uapcp0?0”0%0" = —Copeal *m’1°m?® = -C' - (Zo, Zy)
U1 =Tapcpo?o”ol” = —Copegl®n’1°m® = -C-(Zy, Z1)
Uy =Uagepo?oP P = —Chpeal®m®mn? = -C- (Zo,Z2) =-C-(Z1,21)
Uy =UapepoBlOP = —Copeal®nbmnd =-C- (Z2,Z7)
Uy =Uagop PP = —Copeqn®mbnlin® = -C - (Z, Z2) .

Similarly we could have used the Weyl 2-bivector

1 Uy Uy W,
Cry= _anbch] Z§ =Ty Wy Uy
Uy WUy Wy
which relates to the real Weyl tensor via
— =1 —=J
_Cabcd = CI']ZaIb®Z:2]d+CIJZab®ZCd' (11)

Because of different conventions and normalisations in the literature [34. [6], @] 27],
we rederive here the equations of structure in bivector formalism. Based on Cartan’s
equations of structure for tetrad one-forms i

de® = —w neb 0% =dw +wc AW, (12)
Bianchi identities
Q% ne’ =0 dQ% = Q% AWy —w e AQ%, (13)

and definitions of connection one-forms o; and curvature two-forms X ; in bivector
formalism,

wape® neb =-20,27 25,77 Qupe neb =25 ;27 28,77, (14)
we find
Proposition 2.2. The bivector equations of structure are
1
dZJ=—2€JKL0’K/\ZL EJIdO’J+§€JKLO’K/\O'L (15)

while the Bianchi identities read
N AZr1=0 d¥y = —e S5 nol. (16)
Here A is the usual wedge product of one-forms o’ and two-forms Z”7,%7.

Proof. Expanding the bivectors Z7 = %Z J e A eb, we find

1
dz’ =2z7, (de® A e’ — e A deb) = ZJ de® neb
2
=- ;bwacec/\eb
= Z[z]b (O’KZKGC-F&KZKGC) AeS el

AT N N

—QEJKLO'K NZg,

"Due to its symmetries, the Weyl tensor is a symmetric two-tensor over the space of two-forms.
The induced inner product is C'- (Z1,Zy) = iCadeZ?bZ_c,d.
8Connection and curvature are defined by w?,, = e*,Vue” and Q%,,, = 2eagv[uvu]eb",

respectively.
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where proposition [2.I] has been used in the third step. For the second equation of
structure, we plug (I4)) into ([I2)),
X2 -%,2) = ~doy 2} ~ 45,2 + (0,2 + 5,2 ) A (o 25y + 5 Z5%)
Since Z7 - Z¥ = 0 and proposition 1] the selfdual part reads
EJZ,'I]b = dJJZ,'l]b + e8Iz, oKk NoL .

Changing index positions by using det G jx = % gives the 2nd equation of structure.
For the first Bianchi identity, look at
0=d*z’

= —QEJKL (dO'K ANLL —OK /\dZL)

1
= —26JKL (EK /\ZL - §6KN]\/10’N/\O’M /\ZL+0’K/\6LN]\/]0'N /\Z]M

= —2e']KLEK/\ZL +ULAJJ/\ZL—JJ/\UL/\ZL—20L/\o']/\ZL +20K/\0K A
——
=0 =0

where the identity T B ¢ = (51{,61\12 - 61{4611\? has been used. Finally, the second
Bianchi identity is

dEJ = —6.]KLdO'K A O’L

KMN

:—GJKL(EK—G UM/\UN)/\UL

= —e.]KLEK Aol + oL ANOTTA ok —0jAOL A ot
| — ——
=0 =0

O

Remark 2.3. Instead of using Cartan equations for the tetrad one could have used
the bivector connection form

Wija = €1JKOLN = ijvazl]bc- (17)

For later use it is convenient to write the components of the equations of structure
explicitely. The connection one-forms for example can be expressed in terms of NP
spin coefficients,

000 = m°Valp =Tlg + KNg — pPMg — 0Mg (18a)
1

Ola = 5 (nbvalb - mbvamb) = —€'ly + eng + B'mg - Bia (18b)

02a = M Vanp =—Kly—Tng +0'mg +p'mg. (18c)

The middle component o1, collects all unweighted coefficients and so can be used to
define the GHP covariant derivative ©,7n = (V, = po1s — ¢014)n. To avoid clutter in
the notation, we write I' := ¢ and o2 = -I", where " is the GHP prime operation[2]].
Derivatives of the spinor dyad can now be written in the compact form ©,04 =
T4 and ©,04 = —1":10‘4, and the components of the first equations of structure,
which we present here for convenience with the usual exterior derivative and with
weighted exterior derivative d® = d — poy A —ga 1 A, read

d®z°=1"A 2! < dZ% =201 A Z°+T" A 21 (19a)
d®Zz' =20 A Z° + 21" A 27 <= dz' =20 A Z° + 21" A Z2 (19b)
d®z2=1r 27" < dZ? =200 A Z*+T A Z1. (19¢)

Note that the middle component can be simplified to dZ' = ~h A Z' with the one-
form h =2(p'l+ pn—7"m—-7m). This fact and a relation between type D curvature
WUy and h will be crucial in the derivation of the conservation law in section
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In vacuum, we have for the curvature two-forms ¥ ; = C;x Z¥ and the compo-
nents of the second equations of structure read

Yo =CosZ” =d®T =dl' - 20, AT (20a)
¥ =C1yZ7 =doy ~T AT (20b)
Yo =Cy 27 = -d°T" = —dI" - 201 AT (20c)

Finally the Bianchi identities are
d®%y =2 A 3, < d¥) =201 A g -2l A Y, (21a)
d°% = -T"A%g-T A%, . ¥ =T/ A% -T A%, (21b)
d®%, = 21" A %, = d¥y = —201 A X - 2TV A Sy, (21c)

3. CONFORMAL KILLING YANO TENSORS AND KILLING SPINORS

Conformal Killing Yano tensors of rank 2 are two-forms Y,; solving the conformal
Killing Yano equation,
Ya(b;c) = gbcga - ga(bgc)a where €a = %Yab;b- (22)
It is well known, that the divergence £ is a Killing vector and in case it vanishes,
Yap is called Killing Yano tensor. The symmetrised product X.,Y3)¢ =t Kap of
Killing Yano tensors Xp, Yoy is a Killing tensor, V(K. = 0, which can be used
to construct a constant of motion or a symmetry operator for e.g. the scalar wave
equation, known as Carter’s constant and Carter operator, respectively. By insert-
ing Yop = Kapearp + Rapeap into (22) one can show that kap and R4 pr satisfy
the Killing spinor equation
Varakpey =0 (23)

and its complex conjugated version. For the spinor components Kap = ko040 —
2K10(ALB) *+ KOlLALB (or equivalently the self dual bivector components of Yy, we

find the following set of eight scalar equations
bko = -2kKk1, OKg=-20kK1, b'ka = —-2k'k1, ke =-20"K1 (24)

(0" +27") ko + 2(b+p)k1 = —2kka, (b +2p)ko +2(d+7)k1 = —20kK0 (25)
(0+27)ko +2(p" + p')k1 = 2"k, (b+2p)ka+2(0 + 7" )k = ~20"Ka,

by projecting ([23)) into a spinor dyad. Thus, we have three different sets of equa-
tions, 22)), 23), (Z4I25), which are equivalent and we will use the most appropriate
for the problem at hand.

As spin-s fields are heavily restricted on curved backgrounds (Buchdahl con-
straint, see equation (5.8.2) in [37]), so are Killing spinors. Consider a Killing
SPINOr KA, . A, =K(A,...A,) Which satisfies the Killing spinor equation of valence n

VB/(BFA,..A,) =0. (26)
Contracting a second derivative v ,c and symmetrising gives

B!
0=V" ¢V |BBKA,..A,)
=-0O(Bc KA,...A,)
=0 p 1\ b
=Y (BcA, KDA,..A,) 1t +Y¥(BcA, KA .. .A, D)
D
=n¥(pca, KDAs..A,)-

For Killing spinors of valence 1 (satisfying the twistor equation) this yields 0 =
U 4popk? as can be found in [38], eq.(6.1.6). For 2-spinors we find

0= ‘I’(ABCDHDE) . (27)
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TABLE 1. Poincaré isometries and corresponding charges

label isometry charge #
T: time translation mass 1
T spatial translations linear momenta 3
Lij rotations angular momenta 3
Ly boosts center of mass 3

For non trivial x, this restricts the spacetime to be of Petrov type D, N or O. For
a given spacetime of type D in a principal frame (only s # 0) (27)) becomes

0=W, O0(AOBLCLD (FGQLDLE) + H10DLE) + H1LDOE) + KQODOE))
=V, (Cmoo(ALBLcLE) + CQFLQL(AOBOCOE))

with constants C7,Cs and it follows kg = 0 = k2. The remaining component satisfies
the simplified equations (32), which have only one non trivial complex solution, cf.
[22] where explicit integration of the conformal Killing Yano equation was done.

4. CONSERVED CHARGES

4.1. Conserved charges for Minkowski spacetime. The Killing spinor equa-
tion or conformal Killing Yano equation on Minkowski space has been widely dis-
cussed in the literature [38],[32], |[25] and the explicit solution in cartesian coordi-
nates is well known,

kA = UAB 4 2$A,(AV15) + xA’AxB,BWA/B:. (28)

Here UAB, W4/ are constant, symmetric spinors and Vf, a constant complex
vector which yield 2-6 + 8 = 20 independent real solutions. Each solution gives
a charge when contracted into a spin-2 field, e.g. the linearized Weyl tensor, and
integrated over a 2-sphere. In [38] p.99], 10 of these charges are related to a source
for linearized gravity in the following sense. Given a divergence free, symmetric
energy momentum tensor Ty, one has for each Killing field £ the divergence free
current J, = Ty, Using linearized Einstein equations

Gab = }zacbC - igabRchd = _87TGTab (29)

and the conformal Killing Yano equation (22), they showed
3 fa Rupea ¥ dz® A dat = 167G f Care Tyl de® Ada® nda®.  (30)
b b

Here ¥ denotes a 3 dimensional hypersurface with boundary 9% and egpeq is the
Levi-Civita tensor. The left hand side is the charge integral described above, while
the right hand side gives the more familiar form of a conserved three-form corre-
sponding to a linarized source and a Killing vector £* = %Y“b;b. Note that it is the
dual conformal Killing Yano tensor on the left hand side, which gives the charge
associated to the isometry £*. In cartesian coordinates x® = (¢, x,vy, z) the Poincaré
isometries read
0 0 0
7:1:@ Eabzxa%_zbaxa
and the relation to the charges is listed in table[Il The angular momentum around
the z-axis is found in the component £, = 04. Explicit expressions for linearized
sources generating these charges can be found in [29] eq.27].
The 10 remaining charges cannot be generated this way, since the corresponding
conformal Killing Yano tensors have vanishing divergence (they are Killing Yano

(31)



CHARGES FOR LINEARIZED GRAVITY 11

TABLE 2. Solutions to the Killing spinor equation on Minkowski
spacetime in spherical coordinates.

components divergence
label Ko/ V2 K1 Ka/ V2 combination Re Im
Q% 0 0
an 1}/1m O}/1m —1}/1m 98 0 0
09 0 0
ot T: 0
ot 0 r 0 a-ot, 7. 0
Q}n (t —7“) 1Yim tQYim (t+7‘) —1Yim IQi +iQ£1 7; 0
Qtl) T. 0
P20, Lo Ly
Q2 (-2 Yim =)V E+7)2 Vi || 193+iQ%, Ly Len
Q% Loy Ly

tensors). One of these charges corresponds to the NUT parametelﬁ, and the re-
maining nine are three dual linear momenta and six ofand']. In the expression (28]
for a general Killing spinor, they correspond to U and the imaginary part of V. For
a metric perturbation, which one might interpret as a potential for the linarized
curvature, these 10 additional charges vanish, see [38], §6.5].

To understand the charges as projections into [ = 0 and [ = 1 mode, we rederive
the complete set of solutions in spherical coordinates using spin weighted spher-
ical harmonics. A null tetrad for Minkowski spacetime in spherical coordinates
(t,7,0,0) (symmetric Carter tetrad) is given by

1 1 1 i
= —|1,1,0,0], n%=—2|1,-1,0,0], m®=—10,0,1,—— |,
\/5[ ] \/5[ ] \/57"[ sm@]

with non vanishing spin coefficients
1 , cotd
p:_\/§7’:_p7 522\/57":
A general two-form can be expanded
Y =+ ko5 (dr—dt) A (df +isin 6 dyp)
— k1(dt Adr+ir?sinf de A dy)
+ ko5 (dr +dt) A (d —isinfdp) + c.c.

B

and it is a conformal Killing Yano tensor, if the components «; satisfy (24125]). The
subset (24]) of the Killing spinor equation becomes

(at+ar)li():0, (89+;98@—C0t9)110:0,
S1n

(Or = 0r) K2 =0, (39—;98@—(3%9)&2:0,
S1n

so ko = fo(t —r)1Yim and ko = f1(t + r) 1Y, with functions f; depending on
advanced and retarded coordinates only. Finally (23] can be solved for x1, which
is only possible for particular functions f;. The result is given in table ot
is one complex solution, while Qin,i = 0,1,2 represent 3 complex solutions each,

9sometimes called dual mass, because of duality rotation from Schwarschild to NUT, see the

appendix of [39]
L00bstructions for angular momentum, see [31].
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(m=0,+1). We find the following correspondence to the solutions (28]) in cartesian
coordinates

00 < UAB, 0Ll v Q2 < Warp.

4.2. Conserved charges for type D spacetimes. The vacuum field equations
in the algebraically special case of Petrov type D have been integrated explicitly
by Kinnersley [36]. An explicit type D line element solving the Einstein-Maxwell
equations with cosmological constant is known, from which all type D line elements
of this type can be derived by certain limiting procedures, see [40, §19.1.2], see
also [I5]. The family of type D spacetimes contains the Kerr and Schwarzschild
solutions, but also solutions with more complicated topology and asymptotic be-
haviour, such as the NUT- or C-metrics, and solutions whose orbits of the isometry
group are null. In the following, we again restrict to the vacuum case.

A Newman-Penrose tetrad such that the two real null vectors [, n® are aligned
with the two repeated principal null directions of a Weyl tensor of Petrov type D
is called a principal tetrad. In this case,

\1102\111:0:\1/32\114, :‘iIFL,:O:U:U,

and Uy # 0. Due to the integrability condition ([27), we have kg = 0 = k2. Hence,
the components (24125]) of the Killing spinor equation simplify to

(b+p)r1 =0, (0+7)k1 =0, (b"+p)k1 =0, (0" +7")ky1 = 0. (32)
Comparison with the Bianchi identities

(b _3p)l112 =0, (6 _37-)\112 =0, (b, - SPI)WQ =0, (6’ - 3Tl)l112 =0, (33)

shows that k1 1= o \1151/3 is a solution, and in fact up to a constant kap = Yo(atp)
is the only solution of the Killing spinor equation.

The divergence EAA’ =vA kA8 is a Killing vector field, which is proportional
to a real Killing vector field for all type D spacetimes except for Kinnersley class
IIIB, cf. [II]. If «EAA’ is real, the imaginary part of k4p is a Killing-Yano tensor.
Spacetimes satisfying the just mentioned condition are called generalized Kerr-
NUT spacetimes [I9]. The square of the Killing-Yano tensor is a symmetric Killing
tensor Kup = Y,.Y %, and it follows, that n® = K“b«fb is a Killing vector. On a Kerr
background, £* and n® are linearly independent and span the space of isometries,
see [26]. In the special case of a Schwarzschild background, n* vanishes, see also
[12] for details.

For Kerr spacetime in Boyer-Lindquist coordinates we find

M

D
" T (r-iacos0)3’

1 o< 1 —iacosf
and we set the factor of proportionality to 1, so that the solution
KOIO /ilzl/J KQ:O (34)

reduces to Q! as given in table @ in the Minkowski limit M,a — 0. We find
vy (vZ') = 3(9,)". The Killing spinor with components given by (&) is

KAB = —2¥0(alB), (35)

We have wZ;b = kapea g and therefore

1 2_p 2
(at)a = gvb (/l/}Z;b) = _ng B(HABGAVB/) = §VA/B[{AB .
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Spin lowering the Weyl spinor using (35)) gives the Maxwell field 14 s pr©P, which
has charges proportional to mass and dual mass, see also [33]. Letting M(C, k)
denote the corresponding closed complex two-form we have

M(C, k) =Wy 2", (36)
Evaluating the charge for the Kerr metric yields
1 1 M
— c, :—f ()P +a®)sinbdadp = M, (37
4ri fSZM( ) 4ri Js2 (r—iacosH)Q( D@+ a)sin z (87)
where M is the ADM mass while the dual mass is zero.
The closed two-form (Bf) has been derived much earlier by Jordan, Ehlers and
Sachs [34]. We will repeat the derivation here, since this formulation can be gen-

eralized to linearized gravity most easily. On a type D background, the curvature
forms and the connection simplify to

Yo =072 ¥ =02t Yo = Wy ZY I'=7l-pm, (38)
so the middle Bianchi identity (2ID]) becomes
2d%; =2Uy [(p'm—7'n) Al Am+ (pm —7l) A AR]
=2Wy(p'l+ pn—1'm—Tm) A Z*
=hAy,

where h =2(p'l + pn — 7'm — 7m) was used. As noted in [I8], the Bianchi identities
B3) can be rewritten as 2d¥y = 3h ¥, and one obtains

1 1
d(Vy2Y) =dx; = Fh AT = gd% ANZE.
We finally end up with the Jordan-Ehlers-Sachs conservation law|34],
d(wi*z') =0, (39)

Using 9 o< \1151/3, this is the same result as [B6]). See also [27], where the conser-
vation law is generalised to spacetimes of Petrov type II. The result for type D
backgrounds fit into the picture of Penrose potentials[23] and in the next section
we will see that it generalizes to linear perturbations.

5. FACKERELL'S CONSERVATION LAW

We can of course linearize the two-form (B6), which would provide a charge for
perturbations within the class of type D spacetimes. But more generally, Fackerell
[I7] derived a closed two-form for arbitrary linear perturbations around a type
D backgroun. Starting from this conservation law, Fackerell and Crossmann
derived field equations for perturbations of Kerr-Newmann spacetime. Let us give
a shortened derivation in the vacuum case.

When linearizing (with parameter €) the general bivector equations around a
type D background in principal tetrad, we have

I'=7l-pm+0(e) I"=7"n-p'm+0(e)
and it follows
d°2° = -1h A Z° + O(e) d°2% = -Lhn 2% + O(e)
I'ASo=(T'm=p1) AL +O(%) DAYy = (=1 +pn) AX; +O(%).
HOne can expect that such a structure for perturbations of algebraically special solutions

exists also for other signatures. A classification of the Weyl tensor in Euclidean signature can be
found in [35], see also [24], a unified formulation for arbitrary signature is given in [5].
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Proof. Since
Yo =UoZ + U, 2% + Uy 72
Y =02 + Uy 2t + Uy 22
Yo =0y Z0 + Uy 2t + U, 272
and
Z°=mnan Z'=nAl-mam Z?=lnm
we have
I'ASo=(T'n+kl—p'm—om)A(VeZ° + 0, Z' + Uy Z?)
=Ug(klAmAn—omAmAN)
U (p'manAl+omAanAl+TnamAm+rl AT AM)
+Wo(t'nAlAm=—p'mAalAm)
= (pmAanal+tnamam)+Us(r'n Al am—p'malam)+O(e?)
=0 (=pl+7m)AZ° + U (r'm - p'l) A Z + O(€?)
Because (7'm - p'l) A Z* = 0 this could be added which yields the result. O
Now expanding the Bianchi identitiy (2I0)), we find d¥; = %h/\ %1 +0(e?) which

can be written
(d-1hA)%; = O() (40)

In the background, this gives the Jordan-Ehlers-Sachs conservation law ([B9)). For
linearized gravity, making use of 3hWs = 2dW,, we find the identity

0=¢(d-L1hn)E - Sypha s,
=d(W 01 Z2° + pUsZ' + U3 2% + 0o Z") - 2 Toh A 2! (41)
=d(W 01 2% + U Z" + U327 + 290, 2"),
were the linearized version of dZ' = —h A Z! is used in the last step. Note, that also
0=d(Wp¥ Z° + 9 0s2" + U3 22) - 29 Tsh A 2} (42)

holds, which looks similar to Maxwell equations with a source. We summarize the
above discussion by the following

Theorem 5.1. For linearized gravity on a vacuum type D background in principal
tetrad exists a closed two-form

M =0 Z° + 0o 2 + B3 22 + 290, 2 (43)

which can be used to calculate the “linearized mass”. The integral

1 .
4—7ﬁf32/\/1 (44)

is conserved, gauge invariant and gives the linearized ADM mass.

The gauge invariance follows already from its relation to the ADM mass, but
the integrand itself has interesting behaviour under gauge transformations. Be-
side infinitesimal changes of coordinates (coordinate gauge), there are infinitesimal
Lorentz transformations of the tetrad (tetrad gauge). To discuss the second one,
we need some notation. Following [I3], introduce 4 real functions Ny, Na, L1, Lo
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and 6 complex functions L3, N3, M;,1=1,..,4 to relate the linearized tetrad to the
background tetrad

1o Li L, L3 Lj 1o

n _ N1 N2 Ng Ng n (45)
me M1 M2 M3 M4 m* |’

m), My, M, M, M), \m°

These are 16 d.o.f. at a point, 10 correspond to metric perturbations and 6 are
infinitesimal Lorentz transformations (tetrad gauge). The linearized tetrad one-
forms have the representation

la -No Lo EQ My la
4 A N B A
Ma)p \Ns Ly -My -Ms), \Ma
It follows
79 = ~(Ly+ M3)Z° + (3L, + N3) 2 - D4 Z" - L(31 - N3)Z' + Ny 2
Z'=~(Ma+L3)Z° - 3(Ly + Na+ M3 + M3)Z' = (M, + N3)Z*
+ (Ly=D2)Z' = L(Ly + Ny - My~ M3)Z + (N3 - My)Z (47)
7%= MMy +T3) 2" = (No + M) 2% + L7 + L (My - T5)Z' - MJZ".
Linearization of the tetrad representation of the metric yields
hin==L1 =Ny hppm = M3+ Ms B = Ng— M1 Ry = Lg — My

and therefore tryh = =2(L1 +No + Ms +M3). One should also note, that the selfdual
components of Z* in M cancel some of the additional terms, not coming from the
linearized Weyl tensor,

Uy =-C - (Zo, Z1) + 3(Ly + M)Wy (48a)
\112:—C~(Z1’Z1)+(L1+N2+M3 +M3)\I]2 (48b)
\113:_C‘.(Z27Z1)+%(N3+M1)\I/2. (48C)

Using these facts, we show

Proposition 5.2. On a spacetime of Petrov type D, the two-form M s tetrad
gauge invariant and changes only with a term x which is exact, x = df, under
coordinate gauge transformations.

Remark 5.3. In the work of Fayos et al. [I8|, a gauge in which d(z/J\IIQZl) =0
was used. It is not clear from that work whether this gauge condition is compatible
with a hyperbolic system of evolution equations for linearized gravity.

Proof of Proposition[5.2 Let us first look at the coordinate gauge. Under infini-
tesimal coordinate transformations z% — z® + £%, a tensor field transforms with Lie
derivative, T = T — L¢T'. For linearized gravity, we write this as T - T+6T =
T—ﬁgT. Now look at the middle bivector component Z! and use Cartan’s identity
Lew = d(§~w) + &—~dw, which holds for arbitrary forms w. It follows for coordinate
gauge transformations in M,

SM = —p&(U2)Z" - 34pWo[d(€-2") + €= 2]
= -3y 0y(d+hn)(E-2") (49)
= -2d[pU,(6-2")]



16 S. AKSTEINER AND L. ANDERSSON

where £-h = g\llglé(\llg) and ¢=(h A Z1) = (6~h)ZY — h A (€~Z1) was used. The
two-form ([49)) is exact and hence integrates to zero.
A tetrad gauge transformation changes the tetrad (@3] as follows,

s A 0 b b ®
n 0 -4 a a n

0 m*l |a b i 0 m® (50)
me B a b 0 -i9) \im” B

with a,b complex and A, ¥ real valued. It follows, that the tetrad gauge dependent
terms in ([A8al[48d) cancel the ones in [@7)). The anti selfdual part in (7)) is invariant,
as follows from (B0)). This shows the tetrad gauge invariance of M and therefore
gauge invariance of (44]). O

Finally, to express the charge integral in a form similar to the Maxwell case (),
we need the #¢ components of the bivectors,

av A

5 sin? 0. (51)

Zgy =-i(r* +a*)sing Zgy=-Z54 =

The charge integral becomes

2i

NN M= fs2(t . (2V£1/2$2 +ia sin@\Ildiff) (r—iacosf)du (52)

with Vz = A/(r? + a?)?, dp = sin #dfde and

@2 = \112 - \IIQ(MQ, + Mg) (53&)
Wgirp =Wy — W3 —3Wy (Re (Mo — M) —ilm (L3 + N3)) . (53b)

6. CONCLUSIONS

For each isometry of a given background, there is a conserved charge for the
linearized gravitational field. Working in terms of linearized curvature, we derived
a linearized mass charge (corresponding to the time translation isometry) for Petrov
type D backgrounds, by using Penrose’s idea of spin-lowering with a Killing spinor.

A second Killing spinor, corresponding to the axial isometry of Kerr spacetime
does not exist, ([32). Hence spin lowering cannot be used directly to derive a lin-
earized angular momentum charge, even tough a canonical analysis provides one in
terms of the linarized metric.

For a Schwarzschild background, gauge conditions are known, which eliminate
the gauge dependent non-radiating modes [44, 30]. Understanding these conditions
in a geometric way and generalizing them to a Kerr background needs further
investigation.
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APPENDIX A. COORDINATE EXPRESSIONS

Using a Carter tetrad, the bivectors and connection one-forms in Boyer-Lindquist
coordinates are

0 -1 —iasiné 0
! 0 0 ~asin®
Zab = iasing 0 0 -i(r? +a?)sinf (54a)
0 asin®@ i(r? +a?)sind 0
0 —iasinf A —-iAsin6
1 | iasin® 0 b -i(r? + a?) sinf
0 _
Zab = WAl -A -X 0 aAsin® 0 (54b)
iAsing i(r?+a?)sinf -aAsin?6 0
0 iasin 6 -A —iAsinf
1 | -iasind 0 P i(r? + a?)sin@
2 _
Zw=37&| a % 0 ~aAsin® 0 (54c)
iAsind —i(r? +a®)sinf aAsin?6 0
an:(o’iasirﬁ,_@,_i Asin@) (55a)
20vVA 2p 2p
- ﬁ, 0.0, _ Map®sin® 0 + rasin® 0 +icos 0(r? + a*)¥ (55b)
2p% 2572
02a = 00q (55C)
Here, we used
p=r—1iacosf, ¥ = pp, A=r?-2Mr+d>
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