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Abstract

Maxwell test fields as well as solutions of linearized gravity on the Kerr exterior
admit non-radiating modes i.e. non-trivial time-independent solutions. These
are closely related to conserved charges. In this paper we discuss the non-
radiating modes for linearized gravity which may be seen to correspond to the
Poincaré Lie algebra. The two-dimensional isometry group of Kerr corresponds
to a two-parameter family of gauge-invariant non-radiating modes representing
infinitesimal perturbations of mass and azimuthal angular momentum. We
calculate the linearized mass charge in terms of linearized Newman—Penrose
scalars.

PACS number: 04.20.Gz

1. Introduction

The black hole stability problem, i.e. the problem of proving dynamical stability for the Kerr
family of black hole spacetimes, is one of the central open problems in General Relativity.
The analysis of linear test fields on the exterior Kerr spacetime is an important step towards
the full nonlinear stability problem. For test fields of spin 0, i.e. solutions of the wave equation
VeV,® = 0, estimates proving boundedness and decay in time are known to hold. See
[20, 14, 2, 43] for references and background.

The field equations for linear test fields of spins 1 and 2 are the Maxwell and linearized
gravity* equations, respectively. These equations imply wave equations for the Newman—
Penrose Maxwell and linearized Weyl scalars. In particular, the Newman—Penrose scalars of
spin weight zero satisfy (assuming a suitable gauge condition for the case of linearized gravity)
the analogues of the Regge—Wheeler equation. These wave equations take the form

(Vava + Cs‘IIZ)q)s =0,

4 Note that linearized gravity is distinct from the massless spin-2 equation. On a type D background, any solution
to the massless spin-2 equation is proportional to the Weyl tensor of the spacetime. This fact is referred to as the
Buchdahl constraint, cf [8], see also equation (5.8.2) in [37].
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where for spins =1,¢; =2,P; = W;1/3¢1, while for spins = 2,¢, = 8and &, = W;2/3\P2.
Here, W, is the linearized Weyl scalar of spin weight zero. See [1] for details. As these scalars
can be used as potentials for the Maxwell and linearized Weyl fields, one may apply the
techniques developed in the previously mentioned papers to prove estimates also for the
Maxwell and linearized gravity equations. This approach has been applied in the case of
the Maxwell field on the Schwarzschild background in [7].

In contrast to the spin-0 case, the spin 1 and 2 field equations on the Kerr exterior admit non-
trivial finite-energy time-independent solutions. We shall refer to time-independent solutions as
non-radiating modes. There is a close relation between gauge-invariant non-radiating modes
and conserved charge integrals. For the Maxwell field, there is a two-parameter family of
non-radiating, Coulomb-type solutions which carry the two conserved electric and magnetic
charges. In fact, a Maxwell field on the Kerr exterior will disperse exactly when it has vanishing
charges. For linearized gravity, however, there are both non-radiating modes corresponding to
gauge-invariant conserved charges and ‘pure gauge’ non-radiating modes. Thus, conditions
ensuring that a solution of linearized gravity will disperse must be a combination of charge-
vanishing and gauge conditions.

From the discussion above, it is clear that in order to prove boundedness and decay for
higher spin test fields on the Kerr exterior, it is a necessary step to eliminate the non-radiating
modes. Due in part to this additional difficulty, decay estimates for the higher spin fields have
been proved only for Maxwell test fields. See [7] for the Schwarzschild case and [3] for the
Kerr case. In view of the just mentioned relation between non-radiating modes and charges,
an essential step in doing so involves setting conserved charges to zero. In order to make
effective use of such charge-vanishing conditions, it is necessary to have simple expressions
for the charge integrals in terms of the field strengths. The main result of this paper is to
provide an expression for the conserved charge corresponding to the linearized mass, in terms
of linearized curvature quantities on the Kerr background.

We start by discussing the relation between charges and non-radiating modes for the case
of the Maxwell field. Let the symmetric valence-2 spinor ¢4z be the Maxwell spinor’, i.e. a
solution of the massless spin-1 (source-free Maxwell) equation

Valoap =0,

and let F,, = ¢ap€eap be the corresponding complex self-dual 2-form. The Maxwell equation
takes the form dF = 0 and hence the charge integral

|
N

depends only on the homology class of the surface S. Here, the real and imaginary
parts correspond to electric and magnetic charges, respectively. The Kerr exterior, being
diffeomorphic to R* with a solid cylinder removed, contains topologically non-trivial
2-spheres, and hence the Maxwell equation on the Kerr exterior admits solutions with non-
vanishing charges. In view of the fact that the charges are conserved, it is natural that there is
a time-independent solution which ‘carries’ the charge. In Boyer—Lindquist coordinates, this
takes the explicit form

C
= ———————10B),
(r —iacos9)? @

PaB )

where c is a complex number, and ¢4, 04 are principal spinors for Kerr.

5 The following discussion is in terms of the 2-spinor formalism, cf [37, 38].
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In order to prove boundedness and decay for the Maxwell field, it is necessary to make use
of the above-mentioned facts, see [3]. In particular, one eliminates the non-radiating modes
by imposing the charge-vanishing condition

f]-":O. )
N

Written in terms of the Newman—-Penrose scalars ¢;, I = 0, 1,2, the charge-vanishing
condition (2) in the Carter tetrad [46] takes the form [3]

f 2V, ¢y +iasing(gy — ¢2) diu = 0, (3)
S2(t,r)

where S%(z,r) is a sphere of constant ¢, 7 in the Boyer-Lindquist coordinates, V;, =
A/ (r* +a?)? and du = sin@d@de. This yields a relation between the £ = 0, m = 0 spherical
harmonic of ¢; and the £ = 1, m = 0 spherical harmonics with spin weights 1, —1 of ¢y, ¢»,
respectively.

Next, we consider the spin-2 case. Recall that the Kerr spacetime is a vacuum space
of Petrov type D and hence, in addition to the Killing vector fields 9d;, d4 admits a ‘hidden
symmetry’ manifested by the existence of the valence-2 Killing spinor kag = —2 ((408).
Here, the scalar ¥ is determined up to a constant, which we fix by setting® My =3 = —W, on
a Kerr background. In this situation, one may consider the spin-lowered version

€D
Wapcpk ™,

of the Weyl spinor, which is again a massless spin-1 field and hence the complex self-dual
2-form

cD
Map = Wapcpk "€,

satisfies the Maxwell equations d M = 0. The charge for this field defined on any topologically
non-trivial 2-sphere in the Kerr exterior is

L. M =M; )
4mi Jg
cf [32] for a tensorial version (the calculation has been performed much earlier in [34], but
not in the context of Killing spinors and spin-lowering). Here, M is the ADM mass [4] of the
Kerr spacetime’. The relation between the mass and charge for the spin-lowered Weyl tensor
M is natural in view of the fact that the divergence

’ ’
ENA — YA B

is proportional to 9,; see section 3.3, in particular, (43) and the discussion in [38, chapter 6].

Note that the charge (4) is in general complex. The imaginary part corresponds to the NUT
charge, which is the gravitational analogue of a magnetic charge. Details are not discussed in
this paper; see [39] for the construction of charge integrals in NUT spacetime.

For linearized gravity on the Kerr background, the non-radiating modes include
perturbations within the Kerr family, i.e. infinitesimal changes of mass and axial rotation
speed. We denote the parameters for these deformations M, d. Since M, a are gauge-invariant
quantities, it is not possible to eliminate these modes by imposing a gauge condition. A
canonical analysis along the lines of [28], see below, yields conserved charges corresponding
to the Killing fields 9, d4, which in turn correspond to the gauge-invariant deformations M,a
mentioned above.

6 This choice has the natural (non-vanishing) Minkowski limit ¥y = r, see section 3.3.
7 Equivalently, the mass parameter in the Boyer—Lindquist form of the Kerr line element.
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The infinitesimal boosts, translations and (non-axial) rotations of the black hole yield
further non-radiating modes which are, however, ‘pure gauge’ in the sense that they are
generated by infinitesimal coordinate changes. If one imposes suitable regularity® conditions
on the perturbations which exclude e.g. those which turn on the NUT charge, then a ten-
dimensional space of non-radiating modes remains. This is spanned by the two-dimensional
space of non-gauge modes which carry the M, d charges, together with the ‘pure gauge’ non-
radiating modes, and corresponds in a natural way to the Lie algebra of the Poincaré group. It
can be seen from this discussion that a combination of charge-vanishing conditions and gauge
conditions allows one to eliminate all non-radiating solutions of linearized gravity.

The constraint equations implied by the Maxwell and linearized gravity equations are
underdetermined elliptic systems, and therefore admit solutions of compact support; see [16]
and references therein. In particular, one may find the solutions of the Maxwell constraint
equations with arbitrarily rapid fall-off at infinity. The corresponding solutions of the Maxwell
equations have vanishing charges. For the case of linearized gravity, the charges corresponding
to M, a vanish for the solutions of the field equations with rapid fall-off at infinity. For such
solutions, all non-radiating modes may therefore be eliminated by imposing suitable gauge
conditions.

The following discussion may easily be extended to the Einstein—-Maxwell equations.
Given an asymptotically flat vacuum spacetime (N, g,), a solution of the linearized Einstein
equations g, (satisfying suitable asymptotic conditions) and a Killing field £49, we have that
the variation of the Hamiltonian current is an exact form, which yields the relation

Peroo = /SQ[S] —£.0. (5)

Here, P~ is the Hamiltonian charge at infinity, generating the action of &, Q[£] is the Noether
charge 2-form for £ and O is the symplectic current 3-form, defined with respect to the variation
gab- We use a * to denote variations along g,; thus, 755;00 and Q[E] denote the variation of the
Hamiltonian and the Noether 2-form, respectively. The integral on the right-hand side of (5)
is evaluated over an arbitrary sphere, which generates the second homology class.
For the case of & = 9;, and considering solutions of the linearized Einstein equations on

the Kerr background we have, following the discussion above,

M =Py
Working with the Carter tetrad, let ¥;, i = 0, ..., 4, be the Weyl scalars and let 7ZI1=0,1,2
denote the corresponding basis for the space of complex, self-dual 2-forms; see section 2 for
details. In this paper, we shall show that the natural linearization of the spin-lowered Weyl
tensor M is the 2-form

M =YW Z° + yinZ' + ysz? + 2y w,z
As will be demonstrated, see section 4 below, M is closed, and hence the integral

f M (6)
S

defines a conserved charge. A charge-vanishing condition for the linearized mass, analogous to
the one discussed above for the charges of the Maxwell field, may be introduced by requiring
that this integral vanishes. The coordinate form of this charge-vanishing condition is

f (2v, "2 W, + iasin O W) (r — iacos 6)du = 0, (7)
S2(t,r)

8 The Kerr family of line elements may be viewed as part of the type D family of vacuum metrics which includes,
among others, the NUT and C-metrics. See section 3.3 for further discussion. The perturbations corresponding e.g.

to infinitesimal deformations of the NUT parameter are singular and may thus be excluded by suitable regularity and
decay conditions. See [44, 29] for remarks.
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which should be compared to the corresponding condition for the Maxwell case, cf (3). Here,
@2 and \ildiff are the suitable combinations of the linearized curvature scalars U, \112, \113 and
linearized tetrad.

Let g, be a solution of the linearized Einstein equation on the Kerr background, satisfying
suitable asymptotic conditions, and let M be the corresponding perturbation of the ADM mass.
Letting S = S?(¢, r) and evaluating the limit of (6) as r — 0o one finds, in view of the fact
that (6) is conserved, the identity

. 1 .
M=— (M,
47i /S
for any smooth 2-sphere S in the exterior of the Kerr black hole. Thus, we have the relation
. 1 .
[aw-a-0=— [m. ®)
s 4mi Jg

for any surface $ in the Kerr exterior. We remark that the left-hand side of (8) can be evaluated
in terms of the metric perturbation using the expressions for Q and @ given in [28, section 5].
On the other hand, the right-hand side has been calculated in terms of linearized curvature. It
would be of interest to have a direct derivation of the resulting identity.

The canonical analysis following [28] which has been discussed above shows that in
addition to the conserved charge corresponding to M, equation (5) with & = g, the angular
Killing field, gives a conserved charge integral for linearized angular momentum a. If 9 is
tangent to S, then the term 9, - ® does not contribute in (5). We remark that an expression
for a for linearized gravity on the Schwarzschild background was given in [30, section 3]. A
charge integral for a for linearized gravity on the Kerr background will be considered in a
future paper.

Remark 1.1.

(1) There are many candidates for a quasi-local mass expression in the literature including, to
mention just a few, those put forward by Penrose, Brown and York, and Wang and Yau. See
the review of Szabados [42] for background and references. Although as discussed above,
cf equation (4), for a spacetime of type D, there is a quasi-local mass charge, it must be
emphasized that for a general spacetime one cannot expect the existence of a quasi-local
mass which is conserved, i.e. independent of the 2-surface used in its definition. The same
is true for linearized gravity on a general background. Thus, the existence of a conserved
charge integral for the linearized mass is a feature which is special to linearized gravity
on a background with Killing symmetries.

(2) If we consider linearized gravity without sources, on the Minkowski background, the
linearized mass must vanish due to the fact that Minkowski space is topologically trivial.
This reflects the fact that when viewed as a function on the space of Cauchy data, the ADM
mass vanishes quadratically at the trivial data, cf [10]. On the other hand, by the positive
mass theorem, for any non-flat vacuum spacetime, asymptotic to Minkowski space in a
suitable sense, the ADM mass defined at infinity must be positive.

This paper is organized as follows. In section 2, we introduce the bivector formalism
and notation for linearized gravity. Conformal Killing—Yano tensors and Killing spinors
are discussed in section 3.1. Section 3.2 deals with conserved charges for spin-2 fields on
Minkowski and section 3.3 for type D spacetimes. The main result, a charge integral in terms
of linearized curvature, is derived in section 4, and finally, section 5 contains some concluding
remarks.
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2. Preliminaries and notation

Let (N, gu») be a four-dimensional Lorentzian spacetime of signature + — ——, admitting a
spinor structure. Although most of the results can be generalized to the electrovac case with a
cosmological constant, we restrict in this paper to the vacuum case. In particular, we consider
test Maxwell fields and linearized gravity on vacuum type D background spacetimes.

2.1. Bivector formalism

Let 04, t4 be a spinor dyad, normalized so that os™ = 1, and let
1 =d'd, m'="", m'=045", nt=0"

be the corresponding null tetrad, satisfying [“n, = —m“m, = 1, with the other inner
products being zero. The 2-spinor calculus provides a powerful tool for computations in
four-dimensional geometry. The GHP formalism deals with the dyad (or equivalently tetrad)
components of geometric objects and exploits the simplifications arising by taking into account
the action of dyad rescalings and permutations. These formalisms are closely related to the
less widely used bivector formalism [34, 6, 9, 27] in which the basic quantity is a basis for
the three-dimensional space of complex self-dual 2-forms. A 2-form Z is called self-dual, if

*Z = iZ and anti self-dual, if +Z = —iZ. Given a spinor dyad, a natural choice’ is
70, = 2y = tatpeap (9a)
Z;b = 2n[alb] — Zﬁl[amb] = —20(ALB)EA/Bf (9b)
Zgb = 2ljzmy) = 0p0p€np, 9¢)

where the notation 2xi,y5 = X,y» — YaXp for anti-symmetrization and 2x,yp) = Xq¥p + YaXs
for symmetrization is used. We use capital latin indices I, J, K taking values in 0, 1, 2 for the
elements in the bivector triad Z'. The metric g, induces a triad metric G;; and its inverse G"
is given by

0 0 1 0 0 1
G"'=7z'-Z7=[0 -2 0], Gy=|0 -1 0
1 0 0 1 0 0

Here, - is the induced inner product on 2-form, Z - Z/ = 17!,7/%. Triad indices are raised
and lowered with this metric,

Z=27, 7,=-17'. 7,=2".
More generally, we have

Proposition 2.1.

72z = 16 g + € 21, (10a)
225 =0, (10b)
z/zK =0, (10c)

with €’KL being the totally antisymmetric symbol fixed by €°'2 = 1.

9 We use the convention of [18], which differs from [27, 17] by a factor of 2 in the middle component and the
numbering.

6
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A real 2-form F,;, e.g. the Maxwell field strength, has the spinor representation

Fuy = ¢apeap + Gap€ns.

It is equivalent to the symmetric 2-spinor ¢ap = ¢$20405 — 2¢104tp) + Potatp, Where the six
real degrees of freedom of F, are encoded in three complex scalars

$o = papd*® = Fpl'm’ = F - Zy,
¢1 = papo® = lFab(l“nb —m'm®) =F -7,
$r = pap = Fypmn® = F - Z,.
So the real 2-form has a bivector representation
=50 ==l = =2
F=¢Z’ +0iZ' + $:2° + poZ + ¢ Z + o7,
or in index notation ¢; = F - Zy and F = ;2! + ¢,Z .
The Weyl tensor is a symmetric 2-tensor over bivector space and has the spinor
representation
—Cabea = Yapcpeas€cn + Yapopeasecn,

where Wapcp is a completely symmetric 4-spinor. The ten degrees of freedom of the Weyl
tensor are given by five complex scalars'’

Wy = Wapcpo0®0“0” = —Cppeal*m’I’m® = —C - (2, Zy),

Wy = Wupcpd* 0P0“ P = —Copegl*n’I'm* = —C - (2, Z),

W) = Wupepd* PGP = —Cupeal®m’inn = —C - (2o, Zo) = —C - (Z1, Z),
U3 = Wupepd PP = —Copeal“n’inn® = —C - (25, Zy),

W, = Wupept BiCP = —Cppean®m®nm? = —C - (Z», 2»).

Similarly, we could have used the Weyl 2-bivector

1 Yo ¥ W,
Cy = —ZCahchIabzfd =¥ ¥ ¥,
U, W, W,

which relates to the real Weyl tensor via
abed = CjZ, h®ch +CIJZ1b®ZC,d. (11

Because of different conventions and normalizations in the literature [34, 6, 9, 27], we
rederive here the equations of structure in a bivector formalism. Making use of Cartan’s
equations of structure for tetrad 1-forms'!

de® = —of A€, QY = do® + o A oy, (12)
Bianchi identities

Q' Ae’ =0, dQ%, = Q% A 0 — 0% A Q5 (13)
and definitions of connection 1-forms o, and curvature 1-forms X; in bivector formalism,

wae® A’ = —20,2" — 26,77, Que N’ =-2%,72) —2%,7/, (14)
we have the following result.
10 Due to its symmetries, the Weyl tensor is a symmetric 2-tensor over the space of 2-forms. The induced inner product

is C- (Z1,Zy) = 1CabeaZ{ 25"
! Connection and curvature are defined by wzu = e, Vyep” and Q% = 2%, V[, Vy1e,7, respectively.
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Proposition 2.2. The bivector equations of structure are

dz’ = =2¢'%t oy A Z;, ¥, =doy + texioX Ao, (15)
while the Bianchi identities read

Sy A Zgy = 0, d¥; = —€;x 25 Aot (16)

Here, A is the usual wedge product of 1-forms o and 2-forms Z’, ©7.

Proof. Expanding the bivectors Z/ = 1Z/,¢* A ¢”, we find
dz’ = 17, (de A e® — e* Ade”) = Z],de” A "
=7/ 0" Neb
= Zéh(aKZK“C +6xZK ) N e A€
= GJKLZLbCO'K AeS A eh

_ —ZGJKL

ox NZjp,

where proposition 2.1 has been used in the third step. For the second equation of structure, we
plug (14) into (12),

—Z]Z£b — ijng = —dO'JZC{b — d&jng + (O‘]Zéc + 5']256) N (O'KZKCb + O_‘KZKCb).
Using proposition 2.1, the self-dual part reads

EJZZI? = dO’]Zéh + EKLJZJahO'K N Of.

Changing index positions on X%/ and using det G,x = % gives the second equation of structure.

For the first Bianchi identity, look at

1 27/
0=1dz
= —GJKL (dO‘K/\ZL—O‘K/\dZL)

— _JKL (

Yk ANZp — %GKNMO'N /\UM NZp + ok /\ELNMUN /\ZM)

=K e ANZ +o" NI ANZp — 0" AoEANZL =200 Aot AZE+ ok AR AZY,

=0 =0
where the identity "% ¢;yy = 83,65 —87,6X has been used. Finally, the second Bianchi identity
is

dx; = —EJKLdO'K/\UL

KMNGM Aoy) A ok

K

= —ggr(X" —¢€

= —EJKLEK/\0L+0L/\UJ/\UL—UJ/\GL/\0L.
—_———

=0 =0
O

Remark 2.3. Instead of using Cartan equations for the tetrad one could have used the bivector
connection form

. K be
Wija = €17k0, = Z[7 VaZipc- (17)
For later use, it is convenient to write the components of the equations of structure

explicitly. The connection 1-forms, for example, can be expressed in terms of NP spin
coefficients,

8
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0o = mealb =tl, +«n, — pm, —omg, (18a)
O1a = 5 (n"Valy — m"Vamy) = —€'ly + €ng + f'my — Biing, (18b)
020 = ="V = —k'ly — T'ng + 0'my + p'ia. (18¢)

The middle component oy, collects all unweighted coefficients and so can be used to
define the GHP covariant derivative ®,n = (V, — poi, — go14)n. To avoid clutter in the
notation, we write I' := oy and 0, = —I'/, where ' is the GHP prime operation [21]. The
derivatives of the spinor dyad can now be written in the compact form ®,0" = —T',i* and
Ou* = —T0", and the components of the first equations of structure, which we present
here for convenience with the usual exterior derivative and with weighted exterior derivative
d® =d — poy A —qo 1 A, read

d®°Z2°=1"AZ' o dZ2°=-20AZ°+T' AZ', (19a)
d®Z' =2 AZ° +2I'AZ? & dZ' =2 AZ° 421" A Z2, (19b)
d®°Z’=TArZ' & dZ’=201AZ*+T AZ". (19¢)
Note that the middle component can be simplified to dZ! = —h A Z' with the 1-form

h=2(p'l + pn — tv'm — tm). This fact and a relation between the type D curvature W, and h
will be crucial in the derivation of the conservation law in section 4.

In vacuum, we have for the curvature 2-forms ¥; = C;xZX and the components of the
second equations of structure read

Yo =CyZ' =d°T =dI — 20, AT, (20a)
¥ =CyZ =doy —T AT, (20b)
¥ =CyZ' = —d°T' = —dI" — 20y AT (20¢)

Finally, the Bianchi identities are
d®°% = -2 A 3, & dXo =201 AZg—2I A 2, (la)
d°S, =-T"AZ —T A, & dZ; = -T"AZg—T A X, (21b)
d°%, = 2I' A %, & d¥) = =201 A 2, —2I" A 3. (2le)

2.2. Linearized gravity

Linearized gravity describes perturbations to first order in some parameter € of a given solution
to the field equations of General Relativity. We use an overdot or a subscript g for quantities
of O(e), with some exceptions which are explained below.

Following [13], we introduce four real functions Ny, N, Ly, L, and six complex functions

L3, N3, M;,i =1, ...,4torelate the linearized tetrad to the background tetrad
1 L L, Ly L3\ [
a N a
l’la _ N1 N2 N3 N3 l’la . (22)
m Ml MQ M3 M4 m
m ) M, M, My M) \mn*
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Here, we use a subscript B instead of a dot for the linearized tetrad. Note that the matrix entries
are by definition linearized quantities and we suppress an overdot to avoid clutter. There are
16 degrees of freedom at a point, 10 correspond to metric perturbations and 6 are infinitesimal
Lorentz transformations (tetrad gauge). The linearized tetrad 1-forms have the representation

L, -N, =L, M, M, 1,
| _|-M -Li M, M ng
mg o NS ZS _M3 _M4 mg ' (23)
m,, B N3 L3 —M4 —M3 ma
For the bivectors (9), it follows
20 = —(Li + M)Z° + A(M, + N9)Z' = M,Z" = L (M, — N)Z' + N Z,
Z'= —(My + L3)Z° — L (Ly + N> + M5 + M3)Z' — (M + N3)Z2,
— =0 — =l — =2
+(Ls—M)Z — S(Li+N, —M; —M3)Z + (N3 —M))Z,
7= LMy +T)Z' — No+ M2+ L7+ A(My —T5)Z' — M7 24)

Linearization of the tetrad representation of the metric, g, = 2/ (anp) — 2mmy), yields
hiyw = —Ly — Na, by = M3 + M3, hyi = Ny — My, by = Ly — M,

and therefore troh = —2(L; +N, + M3+ M3). Linearization of the NP curvature scalars shows

Yy = —C- (Z, Z), (25a)
Uy =—C-(Z.Z1) + 3(Ls + My) ¥y, (25b)
W, =—C-(Z1.Z1) + (L + Ny + M3 + M3) ¥, (25¢)
U3 = —C (2. Z1) + 3(Ns + M)Wy, (25d)
Uy = —C- (%, 2»). (25¢)

For linearized gravity in a tetrad-based approach, there are gauge degrees of freedom
corresponding to infinitesimal changes of the coordinates (coordinate gauge) and of the tetrad
(tetrad gauge). Here we only give some basics, which are needed in section 4 and refer to
[41] for details. Under infinitesimal coordinate transformations x* — x + £¢, a tensor field T
transforms as T — T + 8T with

8T = —L,T. (26)
A tetrad gauge transformation é* — ¢ + §¢“ changes the tetrad (22) as follows,
1 A 0 b b\([I
n¢ 0 -A a a n¢
Nme| =|a b i 0 [[m @7
m') o a b 0 —iv)\n

with a, b being complex and A, ¥ real valued. Here again, the subscript B denotes linearized
quantities, § stands for an infinitesimal tetrad transformation and the matrix entries themselves
are linear in the perturbation parameter.

10
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3. Killing spinors and conserved charges

3.1. Conformal Killing—Yano tensors and Killing spinors

Conformal Killing—Yano tensors of rank 2 are 2-forms Y, solving the conformal Killing—Yano
equation,

Ya(b;c) = gbcé:a - ga(bé:c)s where %-a = %Yab;b- (28)
It is well known that the divergence £¢ is a Killing vector and in case it vanishes, Y, is called
a Killing—Yano tensor. The symmetrized product X,,Y¢ =: Ky of Killing—Yano tensors

X and Yy, is a Killing tensor, V(,Kp,) = 0, which can be used to construct a constant of
motion or a symmetry operator for e.g. the scalar wave equation, known as Carter’s constant
and Carter operator, respectively. By inserting Y, = kap€ap +kap€ap into (28) one can show
that kg and k4 p satisfy the Killing spinor equation

Varakpe) =0, (29)
and its complex conjugated version. For the spinor components kap = k20405 — 2k10(lp) +
Kotatp (or equivalently the self dual bivector components of Y,;), we find the following set of
eight scalar equations:

bro = —2kk1, Okg= —20k1, DPir=—-2«'k;, Ky =20k, (30)

O + 2t +2(b + p)ki = =2k, (P + 20 )ko + 2D + 1)k = —20k0,
O+ 20 +2(p' + )1 = —2k'k0, (b +2p)k2 + 20 + k) = =20k, (31)
by projecting (29) into a spinor dyad. Thus, we have three different sets of equations, (28), (29)
and ((30), (31)), which are equivalent and we will use the most appropriate for the problem at
hand.

As spin-s fields are heavily restricted on curved backgrounds (see footnote 4), so are
Killing spinors. Consider a Killing spinor k4, 4, = K(4,..4,) Which satisfies the Killing spinor
equation of valence n,

Vp BKa,..A) = 0. (32)
Contracting a second derivative V' and symmetrizing gives
0= V¥ Vigiska,.
= _D(BCKAI...AH)
= \IJ(BCAIDKDAZ...A,,) +...+ \I’(BCA,,DKA]...A,I,ID)
= nWgca, "Kkpa,..a,)-

For Killing spinors of valence 1 (satisfying the twistor equation), this yields 0 = Wygcpk? as
can be found in [38, equation (6.1.6)]. For 2-spinors, we find

0 = Wupc kpE). (33)
For non-trivial x4p, this restricts the spacetime to be of Petrov type D, N or O. For a given
spacetime of type D in a principal tetrad (only W, # 0), (33) becomes
0 = WY0u0ptctp (K()LDLE) + K10DLE) + K1LDOE) + K20DOE))
= W, (Cikpotpicte) + Cakat(a0pOCOE)),

with constants Cj, C; and it follows k9 = 0 = «,. The remaining component satisfies the
simplified equations (39), which have only one non-trivial complex solution (see section 3.3
for details), cf [22] where explicit integration of the conformal Killing—Yano equation was
done.
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Table 1. Poincaré isometries and corresponding charges.

Label Isometry Charge No.
7 Time translation Mass 1
T Spatial translations  Linear momenta 3
L Rotations Angular momenta 3
Ly Boosts Center of mass 3

3.2. Conserved charges for Minkowski spacetime

The Killing spinor equation or conformal Killing—Yano equation on Minkowski space has been
widely discussed in the literature [38, 32, 25] and the explicit solution in Cartesian coordinates
is well known,

KB = UAB 4 2N Ay, B 4 A AXBBW, (34)

Here, U and Wy are constant, symmetric spinors and V4 ® a constant complex vector
which yield 2 - 6 + 8 = 20 independent real solutions. Each solution gives a charge when
contracted into a spin-2 field, e.g. the linearized Weyl tensor, and integrated over a 2-sphere. In
[38, p 99], ten of these charges are related to a source for linearized gravity in the following
sense. Given a divergence-free, symmetric energy—momentum tensor 7,5, one has for each
Killing field £” the divergence-free current J, = T,,£". Using the linearized Einstein equations

Gab = Ras” — 58avRea® = —87 G, (35)
and the conformal Killing—Yano equation (28), they showed

3 / Rupea * Y9dx* A dx? = 167G / eanc" Tyr&! dx® A dx” A dx©. (36)
X X

Here, ¥ denotes a three-dimensional hypersurface with boundary 9% and e, is the Levi-
Civita tensor. The left-hand side is the charge integral described above, while the right-hand
side gives the more familiar form of a conserved 3-form corresponding to a linearized source
and a Killing vector £ = %Y“”; »- Note that it is the dual conformal Killing—Yano tensor
on the left-hand side, which gives the charge associated with the isometry £¢. In Cartesian
coordinates x* = (t, x, y, z) the Poincaré isometries read
0 0 0

= L= xa@ - xhﬁv (37
and the relation to the charges is listed in table 1. The angular momentum around the z-axis is
found in the component Ly, = 9.

Explicit expressions for linearized sources generating these charges can be found in [29,
equation (27)].

The ten remaining charges cannot be generated this way, since the corresponding
conformal Killing—Yano tensors have vanishing divergence (they are Killing—Yano tensors).
One of these charges corresponds to the NUT parameter'?, and the remaining nine are three
dual linear momenta and six ofam'? charges. In the expression (34) for a general Killing spinor,
they correspond to U and the imaginary part of V. For a metric perturbation, which one might
interpret as a potential for the linearized curvature, these ten additional charges vanish, see
[38, section 6.5].

To understand the charges as projections into [ = 0 and / = 1 modes, we rederive the
complete set of solutions in spherical coordinates using spin weighted spherical harmonics.

7,

12 Sometimes called dual mass, because of duality rotation from Schwarzschild to NUT, see the appendix of [39].
13 Obstructions for angular momentum, see [31].

12
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Table 2. Solutions to the Killing spinor equation on Minkowski spacetime in spherical coordinates.

Components Divergence
Label  xo/+/2 K1 K2 /2 Combination Re Im
Q(il 0 0
Q(,)n lYlm 0Ylm 71Yln1 Qg 0 0
Q? 0 0
Q! 0 r 0 Q! 7 0
Q -, T, 0
len (t - r)le tOYIm (t + r)—IYIm IQ} + 191_1 7; 0
Q) T 0
P9, L. L
Q,Qn (t - r)lem (12 - rz)()YIm (t + 7)2—1Y1m IQ% + 192_1 Ety L:XZ
Q% Ly, Ly

A null tetrad for Minkowski spacetime in spherical coordinates (¢, r, 6, ¢) (symmetric Carter
tetrad) is given by

= %[1, 1,0,0], n®= %{1, ~1,0,0l, m" = %r [0, 0.1, ﬁ] ,
with non-vanishing spin coefficients
1 , cotf ,
P=—E=—P, ﬂ=2—@=ﬂ-

A general 2-form can be expanded
Y= + Kzg(dr —dr) A (d6 + isinOdg)

— k1 (dt Adr+1r?sin6dé A dg)
T Kog(dr +di) A (A0 — isin6de) + c.c.,

and it is a conformal Killing—Yano tensor, if the components «; satisfy (30) and (31). The
subset (30) of the Killing spinor equation becomes

(0 +0,) ko = 0, <39 + ﬁaw . cote) ko =0,
(3 — 9,) Kz = 0, (ag - ;Qaqo _ coto) Ky =0,
Sin

so kg = fo(t — )i, and k, = f1 (¢t + r) Y1, where the functions f; depend on advanced and
retarded coordinates only and J;,, are the spin weighted spherical harmonics, see e.g. section
4.15 in [37]. Finally, (31) can be solved for «;, which is only possible for particular functions
fi- The result is given in table 2.

There, Q! represents one complex solution of the Killing spinor equation, while
Q;n i = 0, 1, 2 represent three complex solutions each (m = 0, =1). We find the following
correspondence to the solutions (34) in Cartesian coordinates:

Q0 o UrE, QL el o v, Qo Wyp.
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3.3. Conserved charges for type D spacetimes

The vacuum field equations in the algebraically special case of Petrov type D have been
integrated explicitly by Kinnersley [36]. An explicit type D line element solving the Einstein—
Maxwell equations with a cosmological constant is known, from which all type D line elements
of this type can be derived by certain limiting procedures; see [40, section 19.1.2], and also
[15]. The family of type D spacetimes contains the Kerr and Schwarzschild solutions, but
also solutions with more complicated topology and asymptotic behavior, such as the NUT-
or C-metrics, and solutions whose orbits of the isometry group are null. In the following, we
again restrict to the vacuum case.

A Newman—Penrose tetrad such that the two real null vectors [, n® are aligned with the
two repeated principal null directions of a Weyl tensor of Petrov type D is called a principal
tetrad. In this case,

\1102\111202‘113:\1/4, K=K/=0=0'=O'/

and W, # 0. For convenience, we introduce a new variable v, which is related to the non-
vanishing curvature scalar via,

¥ ooy (38)

Due to the integrability condition (33), we have ko = 0 = «,. Hence, the components (30, 31)
of the Killing spinor equation simplify to

b+prki =0, @+0)k =0, (P'+p)i =0 (@ +7)=0. (39)
Comparison with the Bianchi identities

(b-30)¥,=0, B-3t)¥ =0, O —30)¥ =0, @ -3tV =0 (40)
shows that «; := ¥ is a solution, and in fact is the only non-trivial solution of the Killing

spinor equation.

The divergence 44" = V4 g8 is a Killing vector field, which is proportional to a real
Killing vector field for all type D spacetimes except for Kinnersley class IIIB, cf [11]. If £44
is real, then the imaginary part of x4p is a Killing—Yano tensor. Spacetimes satisfying the
just mentioned condition are called generalized Kerr—NUT spacetimes [19]. The square of the
Killing—Yano tensor is a symmetric Killing tensor K,;, = Y,. Y} and it follows that n* = K°g,
is a Killing vector. On a Kerr background, £ and n¢ are linearly independent and span the
space of isometries, see [26]. In the special case of a Schwarzschild background, n¢ vanishes,
see also [12] for details.

For Kerr spacetime in Boyer—Lindquist coordinates, we find

M

7 —
2 (r —iacos )3

Y xr—iacosf,
and we set the factor of proportionality to 1, so that the solution
ko =0, K1 =1, Ky =0, 41)

reduces to Q! as given in table 2, in the Minkowski limit M, @ — 0. The Killing spinor with
components given by (41) is

KAB = —ZlﬁO(ALB). (42)
and its divergence is the timelike Killing vector,
() =1V (¥2Z),) = 1V P (kapean) = —3VaPras. (43)

14
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As discussed in the introduction, spin lowering the Weyl spinor using (42) gives the Maxwell
field W4 pcpk P, which has charges proportional to mass and dual mass, see also [33]. Letting
M(C, k) denote the corresponding closed complex 2-form we have

M(C, k) = yIZ". (44)
Evaluating the charge for the Kerr metric yields
1 1 M
—/ MEC k)= — | ——————(—)(* +d*)sinfdd Adp = M, (45)
4mi Jg 4mi Jg  (r —iacos)?

where M is the ADM mass while the dual mass is zero.

4. Fackerell’s conservation law

The closed 2-form (44) has been derived already in 1961 by Jordan et al [34]. We will repeat
the derivation here, since this formulation can be generalized to linearized gravity most easily.
On a type D background, the curvature forms and the connection simplifies to

Yo =W7% T, =027 5, =02 T'=t1l-pm, (46)
so the middle Bianchi identity (215) becomes
2d3 =2W[(p'm —t'n) Al Am+ (om — tl) A A n)
=2W,(p'l 4+ pn—1'm—tm) AZ!
=hA Xy,
where h = 2(p'l + pn — t/m — tm) is used. As noted in [18], the Bianchi identities (40) can
be rewritten as 2d¥, = 3h4W¥, and one obtains
d(W,Z") =d%) = 1h A Z) = 1dW, A Z,
which yields the Jordan—Ehlers—Sachs conservation law [34],
d(v°z") =o. 47)

Using (38), this is the same result as (44). See also [27], where the conservation law is
generalized to the spacetimes of Petrov type II. The result for type D backgrounds fits into
the picture of Penrose potentials [23] and it generalizes to the linear perturbations of such
backgrounds.

One can of course linearize the 2-form (44), which would provide a charge for
perturbations within the class of type D spacetimes. But more generally, Fackerell [17] derived
a closed 2-form for arbitrary linear perturbations around a type D background'*. Starting from
this conservation law, Fackerell and Crossmann derived field equations for perturbations of
Kerr—-Newmann spacetime. We summarize the result and give a shortened proof for the vacuum
case.

Lemma 4.1. A series expansion (in €) of the Bianchi identities around a spacetime of Petrov
type D yields

(d—1rA) 2 = 0(e?), (48)
where h =2(p'l + pn — t'm — tim).

14 One can expect that such a structure for perturbations of algebraically special solutions exists also for other
signatures. A classification of the Weyl tensor in Euclidean signature can be found in [35], see also [24], a unified
formulation for arbitrary signature is given in [5].
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Proof. Equation (48) is the expansion of the middle Bianchi identity (215). Since
Yo = WZ' + v, Z' + W, 72,
¥ =020 + v, 7z + w22,
¥ =070 + w7 + v, 72,
and
Z’=mnAn, len/\l—ﬁ1/\m, Zzzl/\m,
we have
I"'ASo= (t'n+«l—p'm—om) A (VZ° + W, Z! + w,7%)
=VWYgklAmAn—omAmAn)
—Yi(mAnAl+omAannl+tnAmAm+«l AmAm)
+W(TaAlAm—pmALAmM)
= —W(pPmAnAl+TnAmAmM) + Y (T n AlAmM— p'i ALAmM) + O(€?)
=W (—=pl+Tm)AZ° + Wy (t'm — p') ANZ' + O(€?)
= ('m—p'l) AZ| + O(e?).

The last equality holds, because W3 (t'm — p'l) A Z> = 0. A calculation along the same lines
(or using the GHP prime operation) yields

I' A, = (—tim+ pn) ATy + O(e?).
Now expanding the Bianchi identity, we find
A% = Lh A 2 4 0(D).

Now we state the main result of this paper.

Theorem 4.2. For linearized gravity on a vacuum type D background in principal tetrad, there
exists a closed 2-form

M =020 + YUz + i Z? + 2y w7, (49)
which can be used to calculate the ‘linearized mass’. Here, \ is the coefficient of the Killing
spinor (42). .

The 2-form M is tetrad gauge invariant and changes only with a term x which is exact,
x = df, under coordinate gauge transformations. Hence, the integral
1 .

— | M, (50)

4i Jg
is conserved and gauge invariant. It equals the linearized ADM mass.

Proof. For linearized gravity, making use of (48) and 3hAW, = 2dW,, we find the identity

0=y (d—1rn) 2 = Lyh Az,
=dW¥ Z° + YWz + Yy U2 + YUz — Ly wh A Z!

=d(y U Z° + yUZ' + y 2% + 3y w2 (51)
where the linearized version of dZ' = —h A Z' is used in the last step. Note that also
0 =d(y¥Z’ + yUnZ' + yisz?) — 2yt A Z' (52)

holds, which looks similar to Maxwell equations with a source.

16
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Now consider the coordinate gauge transformations (26) and use Cartan’s identity
Lew = d(§.w) + & 1dw, which holds for arbitrary forms w. It follows for M,

SM = —yE(W)Z' — 3P Wyd(ELZ") + £.dZ']
= -3y W, (d +hn)(ELZ")
= —3d[y ¥, (52N, (33)

where £_h = %‘Ilz_lé(\llz) and (b A ZY) = (ELh)Z' — h A (EUZ") was used. The 2-form
(53) is exact and hence integrates to zero.
The tetrad gauge independence of M can be seen as follows. From (27), we find for (24)

87" = —2b7° — 2a7>. (54)

This exactly cancels the terms arising from \iﬁ and \i'3, as can be seen from (25). \ifz is
tetrad gauge invariant, since the linearized Weyl tensor and trgh do not depend on the tetrad,
see (25c¢). This shows the tetrad gauge invariance of M and therefore gauge invariance
of (50). The relation to the ADM mass is discussed in the introduction, see in particular
equation (8). O

Remark 4.3.

(i) Equation (48) is to zeroth order the Jordan—Ehlers—Sachs conservation law (47) and to
first order Fackerell’s conservation law, dM = 0. In the Minkowski limit, M, a — O, it
reduces to the / = 0 Penrose charge with the Killing spinor Q!, see table 2.

(i1) In the work of Fayos et al [18], a gauge in which d(wwzz'l) = 0 was used. It is not clear
from that work whether this gauge condition is compatible with a hyperbolic system of
evolution equations for linearized gravity.

(ii1) The closed 2-form, with M in the form (49), has been derived by Fackerell and
Crossmann, see [17]. In the present paper, we give a short and simple proof of (48),
from which Fackerell’s conservation law can be deduced. We also calculate the explicit
gauge transformation behavior of M, from which the gauge invariance of linearized mass
follows. The interpretation of (50) as the linearized ADM mass M, and also its relation to
Penrose’s idea of spin lowering are the main results of this paper.

Finally, to express the charge integral in a form similar to the Maxwell case (3), we need
the 6¢ components of the bivectors,

. . avA

Zgl¢ = —1(r2 + az) sinf, Zg¢ = _Zﬁzrb = 3 sin 6. (55)
The charge integral becomes
2L / M= (2V, 20, + iasin 0W) (r — ia cos 0)du, (56)
\/Z S2(t,r) S2(t,r)
with V;, = A/(r? 4 a*)?, du = sinfdfdy and

Wy =y — Wy (M3 + Ms), (57a)

Wairr = Wy — W3 — 3W (Re(Ma — My) — ilm(Ls + N3)). (57b)
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5. Conclusions

For each isometry of a given background, there is a conserved charge for the linearized
gravitational field. Working in terms of linearized curvature, we derived a linearized mass
charge (corresponding to the time translation isometry) for Petrov type D backgrounds, by
using Penrose’s idea of spin-lowering with a Killing spinor.

A second Killing spinor, corresponding to the axial isometry of Kerr spacetime does not
exist, cf (39). Hence, spin lowering cannot be used directly to derive a linearized angular
momentum charge, even though a canonical analysis provides one in terms of the linearized
metric.

For a Schwarzschild background, gauge conditions are known, which eliminate the gauge-
dependent non-radiating modes [45, 30]. Understanding these conditions in a geometric way
and generalizing them to a Kerr background needs further investigation.
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Appendix. Coordinate expressions

For a Kerr spacetime in Boyer—Lindquist coordinates, the bivectors and connection forms in
a Carter tetrad are

0 —1 —iasin@ 0
1 0 0 —asin’ 6
1 _
Zir=|igsine 0 0 —i(? +a?)sing |’ (A-la)
0 asin’0  i(r* 4+ a®)sin6 0
0 —iasin A —iAsin®
1 | iasin® 0 ) —i(r? 4+ a*)sin @
0 _
Zap = WAl -A -3 0 aAsin® 6 ’ (A.15)
iAsind (2 +a?)sind —aAsin’0 0
0 iasin @ —A —1Asin @
1 —iasinf 0 p)) i(r* + a?) sinf
2 __
Zay = N => 0 —aAsin’0 |’ (A-lo)
iAsind —i(r2 +a?)sinf aAsin’6 0
oo, — ’iasiné’_ﬂ’_i A sin 6 ’ (A240)
2pv/AT 2p 2p
S ﬁ, 0.0, _Ma sin% @ _a +ircos® ’ (A2b)
2p? 2p? 2p
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Y iasine’_\/_z’i A sin6 ' (A20)
2pv/AT 2p 2p

Here, we used

p=r—iacosé, X = pp, A =r* —2Mr+d>.

References

(1]
[2]

[3]
[4]

[3]
[6]

(7]
[8]

[9]
(10]
(11]
[12]

[13]
[14]

[15]

(16]
(17]
(18]

(19]
[20]

[21]
[22]
(23]
[24]
(25]

(26]

Aksteiner S and Andersson L 2011 Linearized gravity and gauge conditions Class. Quantum Grav. 28 065001

Andersson L and Blue P 2009 Hidden symmetries and decay for the wave equation on the Kerr spacetime
arXiv:0908.2265

Andersson L and Blue P Decay of the Maxwell field on the Kerr spacetime (in preparation)

Arnowitt R, Deser S and Misner C W 1962 The dynamics of general relativity Gravitation: An Introduction to
Current Research (New York: Wiley) pp 227-65

Arnowitt R, Deser S and Misner C W 2008 The dynamics of general relativity Gen. Rel. Grav 40 1997-2027
(republished)

Batista C 2013 Weyl tensor classification in four-dimensional manifolds of all signatures Gen. Rel. Grav.
45 785-98

Bichteler K 1964 Auferer Differentialkalkiil fiir Spinorformen und Anwendung auf das allgemeine reine
Gravitationsstrahlungsfeld Z. Phys. 178 488-500

Blue P 2008 Decay of the Maxwell field on the Schwarzschild manifold J. Hyperbolic Differ. Eqns 5 807-56

Buchdahl H A 1958 On the compatibility of relativistic wave equations for particles of higher spin in the
presence of a gravitational field Nuovo Cimento 10 96—103

Cahen M, Debever R and Defrise L 1967 A complex vectorial formalism in general relativity J. Math. Mech.
16 761-85

Choquet-Bruhat Y, Fischer A E and Marsden J E 1979 Maximal hypersurfaces and positivity of mass Isolated
Gravitating Systems in General Relativity ed J Ehlers pp 396-456

Collinson CD 1976 On the relationship between Killing tensors and Killing—Yano tensors Int. J. Theor.
Phys. 15311-4

Collinson CD and Smith PN 1977 A comment on the symmetries of Kerr black holes Commun. Math.
Phys. 56 277-9

Crossman R G 1976 Electromagnetic perturbations of charged Kerr geometry Lett. Math. Phys. 1 105-9

Dafermos M and Rodnianski I 2010 The black hole stability problem for linear scalar perturbations
arXiv:1010.5137

Debever R, Kamran N and McLenaghan R G 1984 Exhaustive integration and a single expression for the general
solution of the type D vacuum and electrovac field equations with cosmological constant for a nonsingular
aligned Maxwell field J. Math. Phys. 25 1955-72

Delay E 2012 Smooth compactly supported solutions of some underdetermined elliptic PDE, with gluing
applications Commun. Partial Differ. Equ. 10 1689-716

Fackerell E D 1982 Techniques for linearized perturbations of Kerr—Newman black holes Proc. 2nd Marcel
Grossmann Meeting on General Relativity Part A, B (Trieste, 1979) (Amsterdam: North-Holland) pp 613-34

Fayos F, Ferrando J J and Jaén X 1990 Electromagnetic and gravitational perturbation of type D space-times
J. Math. Phys. 31 410-5

Ferrando J J and Sdez J A 2007 On the invariant symmetries of the D-metrics J. Math. Phys. 48 102504

Finster F, Kamran N, Smoller J and Yau S-T 2006 Decay of solutions of the wave equation in the Kerr geometry
Commun. Math. Phys. 264 465-503

Geroch R, Held A and Penrose R 1973 A space-time calculus based on pairs of null directions J. Math.
Phys. 14 874-81

Glass E N 1996 Angular momentum and Killing potentials J. Math. Phys. 37 421-9

Goldberg J N 1990 Conserved quantities at spatial and null infinity: the Penrose potential Phys. Rev. D 41 410-7

Hacyan S 1979 Gravitational instantons in H-spaces Phys. Lett. A 75 23-24

Herdegen A 1991 Linear gravity and multipole fields in the compacted spin coefficient formalism Class.
Quantum Grav. 8 393-401

Hughston L P and Sommers P 1973 The symmetries of Kerr black holes Commun. Math. Phys. 33 129-33


http://dx.doi.org/10.1088/0264-9381/28/6/065001
http://arxiv.org/abs/0908.2265
http://dx.doi.org/10.1007/s10714-008-0661-1
http://dx.doi.org/10.1007/s10714-013-1499-8
http://dx.doi.org/10.1007/BF01379477
http://dx.doi.org/10.1142/S0219891608001714
http://dx.doi.org/10.1007/BF02859608
http://dx.doi.org/10.1007/BF01807593
http://dx.doi.org/10.1007/BF01614212
http://dx.doi.org/10.1007/BF00398371
http://arxiv.org/abs/1010.5137
http://dx.doi.org/10.1063/1.526386
http://dx.doi.org/10.1080/03605302.2012.711794
http://dx.doi.org/10.1063/1.528928
http://dx.doi.org/10.1063/1.2799264
http://dx.doi.org/10.1007/s00220-006-1525-8
http://dx.doi.org/10.1063/1.1666410
http://dx.doi.org/10.1063/1.531398
http://dx.doi.org/10.1103/PhysRevD.41.410
http://dx.doi.org/10.1016/0375-9601(79)90263-9
http://dx.doi.org/10.1088/0264-9381/8/2/017
http://dx.doi.org/10.1007/BF01645624

Class. Quantum Grav. 30 (2013) 155016 S Aksteiner and L Andersson

[27]
(28]
[29]
(30]
(31]
(32]
(33]
(34]
[35]
(36]
[37]
[38]

[39]
(40]

(41]
[42]

[43]

[44]
(45]

[46]

20

Israel W 1970 Differential Forms in General Relativity (Communications of the Dublin Institute for Advanced
Studies) (Dublin: Dublin Institute for Advanced Studies)

Iyer V and Wald R M 1994 Some properties of the Noether charge and a proposal for dynamical black hole
entropy Phys. Rev. D 50 846-64

Jezierski J 1995 The relation between metric and spin-2 formulations of linearized Einstein theory Gen. Rel.
Grav. 27 821-43

Jezierski J 1999 Energy and angular momentum of the weak gravitational waves on the Schwarzschild
background—quasilocal gauge-invariant formulation Gen. Rel. Grav. 31 1855-90

Jezierski J 2002 CYK tensors, Maxwell field and conserved quantities for the spin-2 field Class. Quantum
Grav. 19 4405-29

Jezierski J and Lukasik M 2006 Conformal Yano Killing tensor for the Kerr metric and conserved quantities
Class. Quantum Grav. 23 2895-918

Jezierski J and fukasik M 2009 Conformal Yano-Killing tensors in Einstein spacetimes Rep. Math.
Phys. 64 205-21

Jordan P, Ehlers J and Sachs R K 1961 Beitriige zur Theorie der reinen Gravitationsstrahlung. Strenge Losungen
der Feldgleichungen der allgemeinen Relativitétstheorie: 11 Akad. Wiss. Lit. Mainz Abh. Math.-Nat. KI. 1961
1-62

Karlhede A 1986 Letter to the Editor: Classification of Euclidean metrics Class. Quantum Grav. 3 L1-4

Kinnersley W 1969 Type D vacuum metrics J. Math. Phys. 10 1195-203

Penrose R and Rindler W 1987 Two-spinor calculus and relativistic fields Spinors and Space-time (Cambridge
Monographs on Mathematical Physics) vol 2, 2nd edn (Cambridge: Cambridge University Press)

Penrose R and Rindler W 1988 Spinor and twistor methods in space-time geometry Spinors and Space-time
(Cambridge Monographs on Mathematical Physics) vol 2, 2nd edn (Cambridge: Cambridge University Press)

Ramaswamy S and Sen A 1981 Dual-mass in general relativity J. Math. Phys. 22 2612-9

Stephani H, Kramer D, MacCallum M, Hoenselaers C and Herlt E 2003 Exact Solutions of Einstein’s field
Equations (Cambridge: Cambridge University Press)

Stewart ] M and Walker M 1974 Perturbations of space-times in general relativity Proc. R. Soc. A 341 49-74

Szabados L B 2004 Quasi-local energy—momentum and angular momentum in GR: a review article Living Rev.
Rel. 74

Tataru D and Tohaneanu M 2011 A local energy estimate on Kerr black hole backgrounds Int. Math. Res. Not.
2011 248-92

Virmani A 2011 Asymptotic flatness, Taub-NUT metric, and variational principle Phys. Rev. D 84 064034

Zerilli FJ 1970 Effective potential for even-parity Regge—Wheeler gravitational perturbation equations Phys.
Rev. Lett. 24 737-8

Znajek R L 1977 Black hole electrodynamics and the Carter tetrad Mon. Not. R. Astron. Soc. 179 457-72


http://dx.doi.org/10.1103/PhysRevD.50.846
http://dx.doi.org/10.1007/BF02113066
http://dx.doi.org/10.1023/A:1026786822107
http://dx.doi.org/10.1088/0264-9381/19/16/313
http://dx.doi.org/10.1088/0264-9381/23/9/008
http://dx.doi.org/10.1016/S0034-4877(09)90027-1
http://dx.doi.org/10.1088/0264-9381/3/1/001
http://dx.doi.org/10.1063/1.1664958
http://dx.doi.org/10.1063/1.524839
http://dx.doi.org/10.1017/CBO9780511535185
http://dx.doi.org/10.1098/rspa.1974.0172
http://dx.doi.org/10.12942/lrr-2004-4
http://dx.doi.org/10.1103/PhysRevD.84.064034
http://dx.doi.org/10.1103/PhysRevLett.24.737

	1. Introduction
	2. Preliminaries and notation
	2.1. Bivector formalism
	2.2. Linearized gravity

	3. Killing spinors and conserved charges
	3.1. Conformal Killing–Yano tensors and Killing spinors
	3.2. Conserved charges for Minkowski spacetime
	3.3. Conserved charges for type D spacetimes

	4. Fackerell’s conservation law
	5. Conclusions
	Acknowledgments
	Appendix. Coordinate expressions
	References

