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ABSTRACT

Measurements of gravitational waves from the inspiral de#lar-mass compact object into a massive black
hole are unique probes to test General Relativity (GR) andH\Boperties, as well as the stellar distribution
about these holes in galactic nuclei. Current data analysimiques can provide us with parameter estimation
with very narrow errors. However, an EMRI is not a two-bodplgem, since other stellar bodies orbiting
nearby will influence the capture orbit. Any deviation frohetisolated inspiral will induce a small, though
observable deviation from the idealised waveform whichidde misinterpreted as a failure of GR. Based on
conservative analysis of mass segregation in a Milky Wag tikicleus, we estimate that the possibility that
another star has a semi-major axis comparable to that of MtieIEs non-negligible, although probably very
small. This star introduces an observable perturbatiohénarbit in the case in which we consider only loss
of energy via gravitational radiation. When considering tlvo first-order non-dissipative post-Newtonian
contributions (the periapsis shift of the orbit), the evmn of the orbital elements of the EMRI turns out to
be chaotic in nature. The implications of this study are tlabf From the one side, the application to testing
GR and measuring MBHs parameters with the detection of ENtRiglactic nuclei with a millihertz mission
will be even more challenging than believed. From the otite,ghis behaviour could in principle be used as
a signature of mass segregation in galactic nuclei.

accretion on to the black hole occurs in a low density, radia-
tively inefficient flow (Narayamn 2000). Such flows are much
more common than dense accretion discs, wiwobld yield

1. MOTIVATION

A stellar mass black hole or neutron star execute5P 5
orbits during the final year of inspiral towardal(® M, su-

permassive black hole (MBH). The large number of cycles
implies that a phase-coherent measurement of the inspiral
achievable through detection of low frequency gravitadion

waves, would be a tremendously powerful probe of the space- X h
yp b P Jle perturbations from point mass perturbers: low mass star

time near a black hole (Amaro-Seoane et al. 2007; Hughe
2009). Among other things, it would enable a precise determi
nation of the spin of the supermassive black hole, and atest o
General Relativity that is independent of current constsi
derived from pulsar timing data.

There is no foreseeable instrument sensitive enough to de
tect gravitational waves from extreme mass ratio inspirals
(EMRIs) over time scales comparable to the orbital periosl. A
a consequence, realizing the astrophysical and gravittio

physics promise of EMRIs requires an assurance that the in~
spiral can be accurately modeled over many orbits using tem-

plates calculated by solving the 2-body problem in General
Relativity (for a review, see e.g., Barack 2009). It is tHere
necessary to assess whether gas, stars or other compact o
jects in the vicinity, could significantly perturb EMRI tegj-
tories. In the case of gas, perturbations to stellar maskbla
holes or neutron stdisare securely negligible provided that
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observable phase shifts during inspiral (Kocsis et al. 2Cdt1
least at the relatively low redshifts where EMRIs may be ob-
served.

In this Letter, we quantify the nature and strength of possi-

or compact objects in tight orbits around the supermassive
black hole. Any perturbers are unlikely to orbit close enfoug
to the EMRI to undergo strong interactions, so the regime of
interest is one where the third body is relatively distart e
interaction weak. The Newtonian analog of this problem has
been studied extensively in the context both of Solar System
satellite evolution, and for transit timing variations ofte-
solar planets_ (Dermott, Malhotra & Murriay 1988; Agol et al.
2005;| Holman & Murray 2005; Veras, Ford & Payne 2011).
In Newtonian gravity, perturbations are strong only at e |
cation of mean motion resonances, and these have the effect
of inducing small jumps in eccentricity upon divergent res-
Enance crossing. This would already be interesting for the
MRI problem, since the jumps in eccentricity would result
in a perturbation to the gravitational wave decay rate, and a
eventual dephasing of the waveform. However, as we will see,
the inclusion of post-Newtonian corrections changes tle ev
lution qualitatively. Computing trajectories that inckithe
two first-order non-dissipative post-Newtonian corregtip
we find evidence of dependence on initial conditions in the
evolution of the perturbed inner binary, such that arbilyar
small variations in the initial orbit lead to significantlyffer-
ent future behaviour.

2. ASTROPHYSICAL LIMITS ON PERTURBERS

Is it likely that a star or compact object will be present elos
enough to perturb the orbit of an EMRI? Excluding low mass
MBHs (M, < 10° M), where the stellar tidal disruption limit
comes into play, the existence of perturbers is not exclibged
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FIG. 1.— Estimates for the semi-major axis of the innermostysbitg
body around a massive black hole, scaled to the hole’s gtavital radius
Ry = GM,/c?. The red lines show the location of the innermost star, esti-
mated assuming that stars of mas3M, follow a single power-law cusp of
index-y in a galaxy on théM,-o relation. The green line shows the tidal dis-
ruption limit for such stars. The blue lines show the averagmer) and 1%
probability (lower) location of the next nearest EMRI, as&og uncorrelated
inspirals at a rate of 18 yr=.

elementary arguments. Neither, however, is it easy to ealcu
late the probability distribution of perturbers, whose xin-
ity will depend upon the details of discreteness and rakativ

tic effects very close to the MBH, and mass segregation and

EMRI injection mechanisms in galactic nuclei (Preto et al.
2004, Freitag et al. 2005; Amaro-Seoane ét al. 2004).

Rather than face these difficulties, we limit ourselves here

to order of magnitude estimates for the likely location af th

nearest star and compact object. For stars, assumed to be of!

single mas#/,., we assume a cusp-like distribution with den-

sity profile p x R™7, extending from the MBH to its radius of

influenceRsy = GM, /2. Hereo is the velocity dispersion of

the galaxy. Using the fact that the enclosed mEKR) ~ M,

atR= Rgy, we find that the expected radius of the innermost
R

star,Ry, is,
M* 1/(3_V) c 2
w=(w) G

whereRy = GM, /c?. This formula yields an explicit esti-
mate forR; once we adopt a relation betwedh, and o
(Gultekin et al. 2009). For the location of the next nearest
compact object (or EMRI), we use an even simpler approach

(1)

inspirals due to gravitational radiation (Peters 19643uas
ing near-circular orbits and rafdgyg,. Finally, we plot the
tidal limit (e.g..Rees 1988) for.8 M main-sequence stars.
Figure[d shows these estimates as a functioklof For a
standard cusp slope= 1.75, there is likely to be a low mass
stellar perturber within a few hundre®}, for My > 10° M.

Similarly, if the EMRI rate is as high as 10yr™, there

10° My < M, < 10’ Mg. Clearly, these crude estimates
do not demonstrate thamost EMRIs will be perturbed by
third bodies, but they do suggest that perturbers may beclos
enough in some galaxies to motivate detailed considerafion
their dynamical effects.

3. METHODS

We are interested in the secular effect of a star acting on
an EMRI which will describe thousands of orbits in the de-
tector bandwidth and slowly decay. The kind of effects on
the wave that we are looking at are tiny, though detectable,
and the mass difference between the two binaries (the MBH-
EMRI and the MBH-star systems) is huge. We need there-
fore a numerical tool capable of integrating the plungingjtor
of the EMRI while inducing a minimal error in the integra-
tion, since data analysis techniques can detect e.g. eimzent
ity differences of the ordeAe ~ 1023 (Amaro-Seoane et al.
2010; | Porter & Sesana 2010; Key & Cornish 2011). We
hence have chosen to use a difdebody approach (Aarseth
1999,[2003), thepl anet code, written by Aarselth This
is the most expensive method because it involves integrat-
ing all gravitational forces for all three bodies at evemydi
step, without making any a priori assumptions about the sys-
tem. Our approach employs the improved Hermite integration
scheme, which requires computation of not only the acceler-
ations but also their time derivatives. Since we are simply i
tegrating Newton’s equations directly, all gravitatioeéfkects
are included. For the purpose of our study, nonetheless, we
have included relativistic corrections to the Newtoniarcés
(the forces can be found in the same page inttbg codé).

This was first implemented in a direct-summatiNrbody
code by Kupi et &l.[ (2006). For this, one has to add pertur-
bations in the integration, so that the forces are modified by

periapsis shift  energy loss neglected

Newt
F="F +C?R+c R+ R +0O(C°) 2
N N N——

1PN 2PN 2.5PN

ﬁ the last equation “PN” stands for post-Newtonian. We note
that the perturbations do not need to be small compared to the
two-body force [(Mikkole 1997). The expressions fgr Fy4
andFs can be found in Blanchet & Fayle (2001), their equation
7.16.

4. DISSIPATION OF ENERGY AND RESONANCES

We first analyse the system by contemplating only the rel-
ativistic effect of dissipation of energy; i.e. our simitets
only incorporate the 2.5 PN correction term. We stop the in-
tegration when the separation between the stellar BH and the
MBH is a, = 5Rschw Which approximately corresponds to the
limit where the PN approximation is not valid anymore. The
inspiral down to this distance takes typically in our simula

e ot . ttions some 440,000 orbits.
We calculate the expected semi-major axis for uncorrelated

In Fig.(2) the test stellar black hole of massg = 10M, has
been initially set in such an orbit that it is totally embeddle
a LISA-like detector band (i.e. with an orbital peried10°
secs, namelyp, = 6 x 10° secs) and is hence an EMRI; its
initial semi-major axis is, ; ~ 1.45x 10°° pc and its eccen-
tricity e, ; = 0.05. The perturber, a star of mass = 10M, is

7 who, as is his admirable custom, has made the code publieijable

is a significant chance (at least a few percent) that a sechttp: //www. ast. cam ac. uk/ ~sverr e/ web/ pages/ nbody. ht m

ond compact object will be present between-1@7 Ry for

Sttp://Ttp. ast.cam ac. uk/ pub/ sverr e/t oy/ READVE
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F1G. 3.— Fiducial case with energy dissipation and periapsi$ abrrect-
ing terms for different initial inclinations of the pertieb The solid (red)
curve corresponds t = 30°, the long-dashed (green) ip= 30.001°, the
short-dashed (blue) corresponds to the fiducial case phiksienth of a de-
gree,i, = 300000000002 and the dotted (magenta) to the reference plus a
10713 of a degreei, = 30.0000000000007L
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four cases. One of them corresponds to the reference system
but taking into account the periapsis shift. We only display

0 L L L

0 | 2 3 4 s these examples but note that the behaviour is also cHaotic

Time (10° sec) for other nearby choices @f. When using an initial inclina-
FiG. 2.— Upper pane: Results for the fiducial case using the direct- 110N of i, = 45°, which QorrESponds to the same situation as
summationN-body integrator. The mass of the MBH it = 1Mo, in the lower panel of Fid.{2) but taking into account the pe-

the mass of the stellar black holeris = 10Mg. See text for more details.  riapsis shift, along with another case which is identical bu
Lower panel: Same configuration but with an initial inclination of thersta for i, = 450000000001, we find also a chaotic result which
of i, = 45° instead of 30, i.e. the inclination triggers the Kozai mechanism, * ) liminates th lar K - illati f

sincei, > 39.2° and the orbit is prograde. As mentioned in the previous case, moreover eliminates h e secu a_r 025_“ oscl a_ 0120 .
even if the changes in eccentricity cannot be directly saehe curve, they We have systematlcally Stl_Jdled. this ;haOtIC behaVIQUI’ by
are of the order\ e, ~ 1073, running hundreds of simulations in which we methodically
. . . . ) increase in minimal differences an initial dynamical oabit
initially on an orbit in which the semi-major axis has theul  parameter such as the inclination, semi-major axis or eccen

a.i ~4.1x 107° pc and the eccentricity &t =0 ise, ; = 0.5. tricity. In all cases and parameters the evolution corrabes
The inclination of the system EMRI — star was set t6 80- the chaotic behaviour of the system. We have also tested a
tially in the upper panel. This constitutes our reference sy mass for the perturbing star of 5 and4M,, as well as dif-
tem. ferent values o€, (0.1, 0.3, 0.7 and 0.9), with similar results.

In the figure, the straight lines mark the conditieryP, = In order to fence in the region within which the system is

A, with Aan integerP; the period of the star around the MBH  chaotic, we systematically increase the semi-major axilsef
andP, the period of the EMRI around the MBH; i.e. where star and run the same experiment. We start with the same dif-
the resonances occur. The first three resonances have an inference in inclination at a slightly larger semi-major axiad
pact one, which can be seen on the plot; later resonances dothen regularly increase it until we reach one order of mag-
also affect,, with A e, ~ 10°3. We also note thatin the upper nitude over the fiducial case, as we depict in Fig.(4). The
panel one can see in-between smaller jumps; they correspondhaotic behaviour ceases at about one order of magnitude of
to higher-order resonancdg,/P, = 5.5, 6.5 and 7.5. the initial value ofa, in the reference case.

We made the choice for an initial inclination of 3t avoid
another effect that introduces a change in the eccentrilzity 6. QUANTIFYING THE DEPENDENCE ON INITIAL CONDITIONS
the lower panel we havexactly the same system but for = OF THE SYSTEM
45°, With this value, and the fact that the orbit is prograde, the In this section we present a way of characterizing the rate of
Kozai oscillation of eccentricity is present (Kdzai 1962yen separation of infinitesimally close trajectories systeoaly.
if the eccentricity of the EMRE, suffers the characteristic =~ To achieve this we compare our fiducial model with another
Kozai oscillations, the loci for the resonances still fuifile case in which we set up the EMRI in an (almost) impercepti-

conditionP, /P, = integer. bly different initial orbit (the initial difference is & 1071 pc,
while the objects are moving on the same ellipse) and keep the
5. DOES THE FLAP OF THE STAR AT APOAPSIS SET OFF A same initial conditions of the MBH and the perturber. Hence

TORNADO AT PERIAPSIS? EMRI in the second case differs only from the reference case
In this subsection we address numerically the effect of in- slightly and has an initial distance separatiorr@f We say
cluding the relativistic periapsis shift along with the sifsa- that the two models are in phase provided that
tion of energy; i.e. the set of corrections as specified iffZqg.
As we show below, the effect of the periapsis shift changes ° When we use the word, we do not follow the rigorous matherahtic
completely the evolution of the system. In F[@(3) we show definition of chaos. We mean a strong dependence on thd iwdtiitions.
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be at such a radius from the EMRI system that it will signif-
icantly perturb it. From the standpoint of detection andadat
analysis, this is yet another complication of the probler an
could even lead to the misinterpretation that nature’s Giots
what we believe it to be. On the other hand, from the point of
view of stellar dynamics, the detection of one of these syste
would shed light on our current understanding of galactic dy
2 namics in general and mass segregation in particular.
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FIG. 4.— Same as in FiglI3) but we set initially the perturber &trger
and larger initial semi-major axis. From the top to bottond &om the left
to the right, the semi-major axis of the perturbeais= 4 x 107 pc, 6x 1078
pc, 9x 107 pc and 407243x 107° pc. Solid lines correspond tig = 30°
and dashed lines tig = 30.0000000001. h
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the EMRI bodies are moving out of phase, on entirely un- 0001 e
related orbits. We thence are able to estimate a characteris 0x(10% )

tic timescalergepn for the system to become out of phase. In g 5. — Upper panels: From the left to the right and from the top to the
Fig.(3) we display the separation of the two systems foediff  bottom we show the separatiotior a increasing separation of the perturbing
ent distances to the perturber. From these figures we can meastar of 35 x 10, 3.9 x 10, 4.375x 10°¢, and 45 x 107 pc. The dashed

sure the value of a characteristic timescajg;h for a given line shows the critical distanceag. Note the different timescales in the lower
panels.Lower panel: Tqephagainst distance to the perturber normalized to the

: . . . . gravitational radiation timescale of the isolated systesy,, i.e. the merger
From the data points obtained in the upper panels ofiFig.(5)timescale without the perturber acting onto the binary MBMRI.

we can then derive the relation displayed in the lower panel.
For large enough distances, of the orderof0™ pc the two
timescales converge and the system becomes deterministic.
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