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Abstract: In this paper we analyze Hertz potentials for free massless spin-s fields on
the Minkowski spacetime, with data in weighted Sobolev spaces. We prove existence
and pointwise estimates for the Hertz potentials using a weighted estimate for the wave
equation. This is then applied to give weighted estimates for the solutions of the spin-s
field equations, for arbitrary half-integer s. In particular, the peeling properties of the
free massless spin-s fields are analyzed for initial data in weighted Sobolev spaces with
arbitrary, non-integer weights.

1. Introduction

The analysis by Christodoulou and Klainerman of the decay of massless fields of spins
1 and 2 on Minkowski space [9] served as an important preliminary for their proof of
the non-linear stability of Minkowski space [10]. The method used in [9] was based on
energy estimates using the vector fields method, see [18]. This approach was extended
to fields of arbitrary spin by Shu [32]. The approach of [10] to the problem of nonlinear
stability of Minkowski space was later extended by Klainerman and Nicolo [21] to give
the full peeling behavior for the Weyl tensor at null infinity.

The vector fields method makes use of the conformal symmetries of Minkowski space
to derive conservation laws for higher order energies, which then via the Klainerman
Sobolev inequality [20] give pointwise estimates for the solution of the wave equation.
An analogous procedure is used for the higher spin fields in the papers cited above. This
procedure gives pointwise decay estimates for the solution of the Cauchy problem of
the wave equation and the spin-s equation, for initial data of one particular falloff at
spatial infinity. The conditions on the initial data originate in the growth properties of
the conformal Killing vector fields on Minkowski space, which are used in the energy
estimates.
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LetH 5] be the weighted L? Sobolev spaces on R3, that is to say, the space of functions
¢ for which

J
D <> CIHDEG |, o) < 00, where <r> = (14172,
k=0

We use the conventions' of Bartnik [3]. Since we shall use the 2-spinor formalism, as
defined in Sect. 2.1, we work here and throughout the paper on Minkowski space with
signature + — — —. Consider the Cauchy problem for the wave equation

U¢ =0, (L.1)
. -
$l_g=r ety Upl_=geH)
Then, for j > 2, one has the estimate [18]

lp(x, 1) < C<u>"1"2<o>"(fll; 232+ gl j—1.-52), (1.2)

where <u> = (1+u?)V/2, u =t —r and v = ¢ +r. On the other hand, if one considers
the wave equation (1.1) on the flat 341 dimensional Minkowski spacetime as a special

case of the conformally covariant form of the wave equation
(VIV,+ R/6)p =0,

the condition on the initial data which is compatible with regular conformal compacti-
fication is
A =00"""Y, ag=00""H. (1.3)

Making use of standard energy estimates in the conformal compactification of Minkowski
space, one arrives, after undoing the conformal compactification, at

6, ) =0 (<u>*1<v>*1), (1.4)

see the discussionin [16, §6.7]. In particular, there is an extrar 172 falloff in the condition
(1.3) on the initial data compared to (1.1) as well as an additional factor <u>"12 decay
in the retarded time coordinate u in (1.4) compared to (1.2).

Let us now consider the case of higher spin fields. Let 2s be a positive integer and
let ¢4...F be a totally symmetric spinor field of valence 2s. The Cauchy problem for a
massless spin-s field is

Valpa.r =0,
baF|,_g=a.F

For s > 1, the Cauchy datum ¢4 must satisfy the constraint equation
DABgap r =0,

where D 4 p is the intrinsic space spinor derivative on ¥, see Sect. 2.1. The spin-1/2 case
does not have constraints.

1 The spaces Hﬁj are in [3] denoted by Wsj’2~
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One of the main differences in the asymptotic behavior between a massless scalar
field satisfying a wave equation and a massless higher spin field is the existence of a
hierarchy of decay rates for the different null components of the field along the outgoing
null directions. This property, known as peeling, was first pointed out by Sachs in 1961
[31].

Letoy, t4 be aspin dyad aligned with the outgoing and ingoing null directions 9, d,,
and let ¢; be the scalars of ¢4 defined by

AL AigBi Bas

¢i = ¢A1.‘.AiBi+1...stt 0

One says that ¢4 satisfies the peeling property if the components ¢; satisfy
¢i = 00>,

along the outgoing null geodesics with affine parameter r.

In [29], Penrose gave two arguments for peeling of massless fields on Minkowski
space. The first, cf. [29, §4], makes use of a representation of the field in terms of a Hertz
potential of order 2s, i.e., the field is written as a derivative of order 2s of a potential
satisfying a wave equation. Penrose assumed that the Hertz potential decays at a specific
rate along outgoing null rays. He then inferred the peeling property from this decay
assumption.

The second approach presented by Penrose, cf. [29, §13], is based on the just men-
tioned fact together with the conformal invariance of the spin-s field equation. Solving
the Cauchy problem in the conformally compactified picture, as was discussed for the
wave equation in [16, §6.7], and taking into account the effect of the conformal rescal-
ing, one recovers the peeling property for the solution of the massless spin-s equation
on Minkowski space. Based on this analysis, Penrose conjectured that the peeling of
massless fields at null infinity should be a generic property of asymptotically simple
space-times.

The estimate proved in [9] for the spin-1 or Maxwell field can be stated in the present
notation as

i (£, )] < C<u>"2" <v>i73gap|l; 5, fori=1,2, j=>2,

while for the component ¢ one has

o, x)| < Cr=>2|lgagll;.—s/2,

along outgoing null rays. Thus, this result does not give the peeling property for all
components of ¢ 4 g, which is due to the fact that the norm ||@ g || j, —5/2 is not compatible
with the conformal compactification of Minkowski space. Similarly for the spin-2 case,
the result in [9] gives peeling for ¢;, i = 2, 3, 4 for initial data in H’ 720 while peeling
fails to hold for ¢;, i = 0, 1. On the other hand, the condition on the initial datum which
is compatible with a regular conformal compactification, and also gives peeling, is for a
spin-s field

' pa.r =007, (1.5)

In this paper we shall follow an approach outlined by Penrose in [29, §6] to give a
weighted decay estimate for spin-s fields of arbitrary, half-integer spin. The result proved
here admits conditions on the initial data which include the ones considered in [9,32],
as well as conditions which are compatible with peeling, but also general weights. The
results of this paper clarify the relation between the condition on the initial datum and
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the peeling property of the solution of the spin-s field equation. In this paper we shall
make use of some estimates for elliptic equations in weighted Sobolev spaces, and for
technical reasons these are not compatible with the integer powers or r as in (1.5).

The method we shall use is based on the notion of Hertz potentials. The reader can
refer for background to Stewart [35], Fayos et al. [13] Benn et al. [5] and references
therein. Since Minkowski space is topologically trivial, there is no obstruction to rep-
resenting a Maxwell field on Minkowski space in terms of a Hertz potential. However,
this general fact does not provide estimates for the potential. In this paper we prove the
necessary estimates not only for the Maxwell field but for fields with general half-integer
spins.

To introduce the method we here consider the spin-1 case, i.e., the Maxwell field
on 3+1 dimensional Minkowski space. With our choice of signature, the metric on the
spatial slices is negative definite.

The Maxwell field, in the absence of sources, is a real differential 2-form F,; which
is closed and divergence free. For convenience we consider the complex anti-self-dual
form

Fap = Fap +1 * Fyp,
which corresponds to a symmetric 2-spinor ¢4 p via
Fab = Papenp. (1.6)
In terms of ¥, the Maxwell equation is simply
(dF)ape = 0. (1.7)

Let £ = (9;)“ be the unit normal to the Cauchy surface ¥ = {r = 0}. Given a
complex 1-form &, on X, satisfying the Maxwell constraint equation

d e =0, (1.8)

there is a unique solution of the Maxwell equation such that

Fart?)|y = Ea.
Now, let H,;, be a self-dual 2-form which solves the wave equation
OHyp =0, (1.9)

where [J = dd* + d*d is the Hodge wave operator, and d* = *dx is the exterior co-
derivative in dimension 4. Defining the form J,;, by

Fup = dd*H,p, (1.10)

we have using (1.9) that I, is anti-self-dual and solves the Maxwell equation. The form
Hap 1s called a Hertz-potential for F,;. Since we are working on Minkowski space, the
wave equation (1.9) is just a collection of scalar wave equations for the components
of H,p, and hence the solution to (1.9) for given Cauchy data can be analyzed using
results for the scalar wave equation. Thus, if we are able to relate the Cauchy data for
the Maxwell field J,; to the Cauchy data for HH,;, we may use the Hertz potential
construction to prove estimates for the solution of the Maxwell field equation, starting
from estimates for the wave equation.
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Let the complex 1-form K, be the “electric field” corresponding to H,p,
:Ka = j{abgb-

A calculation shows that if ¥, is defined in terms of H,; by (1.10), the Cauchy data
for (1.9) is related to the Cauchy data for F,; by

Eo=—xd*xdX, —i*do;XK,, (1.11)

where in the right hand side we restrict K, and 9,X, to ¥, and d, * act on objects on
%2, The constraint equation d*&, = 0 holds automatically for &, given by (1.11).

Now, in order to prove estimates for the Maxwell equation with data &, € HY,
satisfying d*€ = 0, it is sufficient to show that for any such &, there exists a 1-form

L, e Hg:ll such that
&y = —ixdl,. (1.12)

Then taking J,; to be a solution of (1.9) with Cauchy data

Tavl iz =0, (47wt |,y = Lo

gives a solution to the Maxwell equation via (1.10). Estimates for the wave equation can
thus be applied to give estimates for the solution of the Maxwell field equation.

The operator *d acting on 1-forms, which appears in Eqs. (1.11) and (1.12) is simply
the curl operator. The first important thing to notice about Eq. (1.12) is the fact that
this is an overdetermined system of partial differential equations; the electric field has
to satisfy constraints in order to ensure the existence of a solution. The integrability of
these equations is well-known to be described by the elliptic complex

CPM®3,R) - Al 24 AT L co®R3,R). (1.13)

This complex, which is derived from the standard de Rham complex, plays a crucial role
in the analysis of Hertz potentials. The geometric constraint d*€, = 0 guarantees that
Eq. (1.12) can be solved, at least formally. This is described in Sect. 3.

In Proposition 4.5 below, we shall prove that for non-integer weights 8, xd : H 61:11 —

kerd* N H Bj is a surjection, and the estimate
1Lallj+1,641 = Clli€allj,s (1.14)

holds, for some constant C. It is instructive to consider two special weights in the spin-1
case. First let £, € H’ 52 be a solution to the Maxwell constraint equation (1.8). This

corresponds to the case considered in [9]. We shall now construct a solution £, € H i ;}2
to (1.12), which will give us Cauchy data for the Herz potential. Recall that the Laplacian
A = dd* + d*d is a surjection Hiﬁz — HiS/z’ cf. Proposition 2.7. Hence, we can find

Q, e H i 1132 such that

Ea = AQ,.

2 Recall that, in dimension 3, for p-forms, the exterior co-derivative is given by d* = (—1)” x d *.
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Making use of the constraint equation (1.8), and the fact that A and d* commute, we
find

0=d*¢ =d"AQ = Ad*Q.

Hence, d*Q € ker A N H{;}z. Due to injectivity of A : Hfg}z — Hi;/lz, we have
d*Q = 0, and hence,

&q = dd*Q, +d*d9, = d*dQ,.

Therefore we can take L, = i(xdQ),. In this 51tuat10n full peeling does not hold, and
the Cauchy data for the Hertz potential is in H’ 1 /2 x H'* 3 /2 Secondly, we consider the

case &, € kerd* N H i 72 where full peeling holds. In this case, the Cauchy data for the
Hertz potential is in H i ;?2 x H _’ ;}2 The relevant fact about the Laplacian is now that

A H ;?2 — H’ 72 is Fredholm with cokernel consisting of constant forms. Since a
constant form 7, is automatically closed, using the integrability of the complex (1.13),
cf. Remark 3.5, it is also exact, n, = (df), for some f. This fact is usually referred to
as the Poincaré Lemma and can, as we will see below, be generalized to higher spin. It

follows that the cokernel of A is automatically L2-orthogonal to ker d* N H’ 7/2- Hence,

A H’3/2 — kerd* N H’ T
is surjective. Using this fact, by the argument above we can find a solution £, € H’ 2}2
to equation (1.12). For the case of general weights, see Proposition 4.5.

Itis important to notice that, for weights § < —4, none of the elements in the cokernel
have a preimage under the Laplacian. However, in Lemma 4.4, we prove that one can
add an element ¢, in the image of *d, so that E, — i (xd¢), is orthogonal to the cokernel
of A, so that a preimage can be found. This way we can always find a preimage under
*d, even if we can not find a preimage under A.

In the spin-s case, the argument follows the same outline. However, this requires
an extension of the complex (1.13) to arbitrary spin, and relating the corresponding
operators to an elliptic operator, which in this case will be a power of the Laplacian
Al Nonetheless, two important preliminary results have to be proved to this end: an
extension of the complex (1.13) to arbitrary spin and a decay result for the solution of the
scalar wave equation with initial data in Sobolev spaces of arbitrary non-integer weights
and its derivatives.

As far as the authors know, not much work has been performed to extend the Hodge-
de Rham theory to arbitrary weighted Sobolev spaces on the one hand and to arbitrary
spin on the other hand. Cantor [7] proved the first steps of a Hodge decomposition for
tensors in weighted Sobolev spaces, and Weck and Witsch [36] gave a Hodge-Helmbholtz

decomposition for formsin L g spaces. These two results are nonetheless not sufficient for
our purposes. As far as the extension to arbitrary spin is concerned, for analytic solutions
of the massless field equation of arbitrary spin on the Euclidean 4-sphere, Woodhouse
[37, Section 10] describes the procedure to construct the intermediate potentials, up to
the penultimate, in the form language. Penrose [27,28] extends this construction for the
spin 3/2 in a wider context. Using this formalism, a topological condition on the domain
of validity of the representation on the sphere is given.



Hertz Potentials Spin-s Fields 761

In order to apply standard elliptic theory, one has to perform a 3 + 1 splitting of the
equation relating the field and its Hertz potential

bar=Vaa .. Vepxt . (1.15)

Assuming that the initial data for the potential are

Vo =0 and B xY T mo = V2 Lt g,
the 3 + 1 splitting (performed in detail in Sect. 7.1) of Eq. (1.15) gives
pa..F = (G258)a..F (1.16)

where Goy is a differential operator of order 2s — 1 (see Definition 2.11). In the spin-1
case, if one translates the spin formalism into the form language, one recovers Eq. (1.12).

Finding a generalization of the complex (1.13) to arbitrary spin, which encompasses
equation (1.16), and especially the operator Gy, is then a necessary step in the construc-
tion of the initial data of the Hertz potential. A generalization of the de Rham complexes
have been introduced in the context of the deformation of conformally flat structures by
Gasqui-Goldschmidt [15], and later generalized by Beig [4] (see Sect. 3). They obtained
differential complexes corresponding to the spin-2 case. We generalize, on R, their
results to arbitrary spin. One introduces the fundamental operators

_ PAx—_14A2%
(d2s¢)A1...A25,2 = D! 2A¢A14..Azsa

(©25@) A1 Asr = DA 4:PA;.. Assi0)-
We prove that, if 8,y is the space of symmetric space spinor fields on R, the sequence

o5 s d; S,
Sayn 23 85 B 85, B85,
is an elliptic complex. For s = 1, one recovers the complex (1.13). In the situation
considered by Gasqui-Goldschmidt and Beig for the spin-2 case, the operator 94 is the
linearized Cotton-York tensor. See Sect. 3 for details.
The existence of a solution to (1.12) with the estimate (1.14) is then used together with

aweighted estimate for the solution of the wave equation with nitial (f, g) € Hj xH 5]:11 .
As we have not found a sufficiently general result in the literature, in particular one which
covers the range of weights § > —1 which we need for the applications to the Hertz
potential in the range where full peeling fails to hold (including the situation considered
in [9]), we prove the required result in Sect. 5. This result consists in a direct estimate
for the solution of the wave equation, using the representation formula. For § < —1, we
have in the exterior region

¢ (t, )| < C<v>""<u>" (I fllas+ llglas—1)

see Proposition 5.2.

The main result of the paper, stated in Theorem 7.7, combines the analysis of the
Hertz potential Cauchy data in weighted Sobolev spaces with the weighted estimate for
the solution of the wave equation to provide a weighted estimate for the solution to the
massless spin-s field equation. The peeling properties of the spin-s field with initial data
in weighted Sobolev spaces are analyzed in detail.

Here it is important to note that the detailed decay estimates for the components of the

massless spin-s field ¢ 4. relies on the decay of the Hertz potential XA/"'F /, for which
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all components decay as solutions to the scalar wave equation. The decay properties of
the components of ¢4 are due to their relation to the derivatives of x A"Fin terms of
anull tetrad. In particular, the falloff condition on the initial datum of the massless fields
which ensures that the peeling property holds is given explicitly. All the intermediate
cases, where peeling fails because the initial datum does not fall off sufficiently, such
as the decay result obtained by Christodoulou-Klainerman [9], are clearly explained in
terms of a decay result for the scalar wave equation.

Overview of this paper. In Sect. 2 we state our conventions and recall some basic facts
about elliptic operators on weighted Sobolev spaces. In particular we introduce the Stein-
Weiss operators divergence d, curl ¢ and the twistor operator t for higher spin fields,
as well as the fundamental higher order operator G originating in the 3 + 1 splitting
of the Hertz potential equation. In Sect. 3 we use these to introduce a generalization
of the de Rham complex for spinor fields. The problem of constructing initial data for
the Hertz potential is solved in Sect. 4. The weighted estimate for the wave equation is
given in Sect. 5, and the resulting estimates for spin-s fields generated by potentials is
given in Sect. 6. Everything is then tied together in Sect. 7, where the 3 + 1 splitting of
the potential equation is considered and the potential is constructed. The section is then
concluded with the estimates for spin-s fields. Appendix A contains some results on the
operator G used in the analysis of the elliptic complex introduced in Sect. 3, as well as
for the construction of the initial data for the Hertz potential in Sect. 4.

2. Preliminaries

2.1. Conventions. Inthis paper, we will only work on Minkowski space time. We will use
Cartesian coordinates (¢, x!, x2, x®) as well as the corresponding spherical coordinates
(t,r, 0, ¢). The spinor formalism with the conventions of [30] is extensively used. For
important parts of the paper, 3+1 splittings of spinor expressions are performed. The
space spinor formalism as introduced in [34] is used for this purpose. In this case,
the conventions of [2] are adopted. We will always consider the space spinors on the
{t = const.} slices of Minkowski space with normal 744 = 2V 4 t. Observe that a
negative definite metric on these slices is used.

The Minkowski space-time (R*, Nap) is endowed with its standard connection V,, =
V. The time slice {t = 0} is endowed with the connection D, = D 4p defined by

Dyp = T(AA Vpyar

where 74 4/ is the timelike vector field defined above. Its relation to the connection of
the ambient space-time is given by

VAA/ = \LFZ‘L’AA/at — ‘L’BA/DAB.
Let S; denote the vector bundle of symmetric valence & spinors on R3. Furthermore,
let 8 denote the space of smooth (C°°) sections of Sy.

Definition 2.1. Let P<(Sy) denote the finite dimensional subspace of Sy spanned by
constant spinors with polynomial coefficients of degree < §.

Note that with § < 0, P<%(Sy) is just the trivial space {0}.
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2.2. Analytic framework. We introduce in this section the analytic framework which is
necessary to understand the propagation of the field as well as the geometric constraints.
We will use the conventions of Bartnik [3]. Even though Bartnik’s paper only gives
statements for functions, we can easily extend this to space spinors on Euclidean space.

We recall first the standard norms, coming from the Hermitian space spinor product.

Definition 2.2. The Hermitian space spinor product is given by

(Car bar)=Ca ™,

—~ ’ — . .
where pA~F = ¢4 cFF g 1 and thn = 2V apt. The pointwise norm of a
smooth ¢ 4. is defined via

lpa.rI> = pa_re -t

The pointwise norm of the derivatives of the smooth spinor ¢4, r on R3is given by

|Da¢A...F|2 — 8abDa¢A‘,.FDb¢AmF7

where 8, is the standard Euclidean metric on R3. The norm of higher order derivatives
is defined similarly.

Remark 2.3. The identity

—

Dappa..F = —Dapda._r

holds, due to the fact that the operator D 4 is real.

Definition 2.4. The L%-norm of a smooth spinor field in R? is defined by

172
||¢A...F||z=( / |¢A...F|2duRa) ,
]R3

where dips is the standard volume form on R3. The L2-norm is also defined for deriv-
atives in the same way using the pointwise definition above.

If u is a real scalar, its Japanese bracket is defined by
<u> = (1+u*)'/?,

We next define the weighted Sobolev norms, which will be used to describe the asymp-
totic behavior of initial data at space-like infinity.

Definition 2.5 (Weighted Sobolev spaces). Let § be a real number and j a nonnegative
integer. The completion of the space of smooth spinor fields in Sy with compact support
in R? endowed with the norm

J
2
2 —(0+3
98,7125 = > <r="0" "Dy p| .
n=0

is denoted by ng (S25).
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For § = —3/2, the weighted spaces H93 /2(525) are the standard Sobolev spaces

L?(82)-

Many well-known properties can be proved about these spaces — see for instance
[3, Theorem 1.2] for more details. The only property, crucial to obtain the pointwise
estimates, is the following Sobolev embedding (cf. [3, Theorem 1.2, (iv)], specialized
to dimension 3).

Proposition 2.6. Let § be a real number and j > 2 an integer. Then, any spinor field in
H 5" (S25) is in fact continuous and there exists a constant C such that, for any ¢ .. r in
Hy (S2)

lpa.. ()| < C<r>"llga. Fllas,
and, in fact,
$pa..r(0)] =o0(r’) asr— oc.

We finally recall the following properties of elliptic operators, restricting ourself to
powers of the Laplacian. The result stated is a combination of the standard results, see
e.g., [3,7,17,26].

Proposition 2.7. Let j, | be non-negative integers such that j > 21, s be in %No and §
be in R\ Z. The formally self-adjoint elliptic operator of order 21

. —
Alzs : Haj (st) —> H(gj_y (SZS)

is Fredholm and satisfies

o its kernel is a subspace of P<%(Sas); in particular, AZZS is injective when § < 0;

e its co-kernel is a subspace of P<—37+2L(S5); in particular, Aés is surjective when
8 >2l-3.

Furthermore, there exists a constant C such that, for all spinor fields in H, 8’ (S25),

. !
inf  |lga.F+Va Fljs < CllAY @A Fllj—25,6-25-
Va...reker(AL)NHY (Sas)

In fact the infimum is attained, and there exists a . in ker(Aés) N H(Sj (S2) such that
OA..F = PA..F + VA, F satisfies

!
10a..Fllj6 < CllAYOA...Fllj—255-2s-

Remark 2.8. (1) In this paper, the set N denotes the set of positive integers and Ny the
set of non-negative integers.

(2) In the range of weights —1 < § < 0, the operator A is bijective.

(3) The inequality comes from the closed range property (see [17, Theorem 5.2]).
Since this infimum corresponds to the distance to the kernel ker(Alzs), which is
closed, the infimum is in fact attained.

e recall here that the co-kernel o n : ) 1S -orthogonal to the
(4) We recall here that the co-kernel of AL in Hj )/ (Ss) is L2-orthogonal to th
kernel of AIQS in the dual space H:;fgizz(Szx).

(5) The dimension of the spaces can be computed explicitly — see for instance [24].
However, we will not make explicit use of this.



Hertz Potentials Spin-s Fields 765

2.3. Fundamental operators.

Definition 2.9. Let ¢4, A, € Sk, that is ¢a,..A, = P(A,...A,)- Let Dap be the intrinsic
Levi-Civita connection. Define the operators dy : S8y — Sy—2,Ck : Sk — S and
G : Sk — Sp42 via
(did) ay..a > = D¥ 1 Pa,
(k) ay..a, = DiaBday. ans,
(fk¢)A]..,Ak+2 = D(A1A2¢A3..‘Ak+2)'

These operators will be called divergence, curl and twistor operator respectively.

We suppress the indices of ¢ in the left hand sides. The label k indicates its valence.
The importance of these operators comes from the following irreducible decomposition
which is valid for any k > 1,

DA]A2¢A3...Ak+2 = (fk¢)A1...Ak+2 - kkﬁEAl(A3 (dk¢)A4‘..Ak+2)A2
- kkﬁeAz(A_g(C"k@m...Akﬂ)Al + ﬁem(A3(dk¢)A4...Ak+1€Ak+2)A2~
This irreducible decomposition follows from [30, Proposition 3.3.54]. Contraction with

the spin metric €48 and partial expansion of the symmetries give the coefficients.
We consider now the symbols of these operators

o(cx) : T*M — L(Sk, Sx),  o(dp) : T*M — L(Sk, Sk-2),
o(t) : T*M — L(Sk, Sk+2),

where L(S, S;) is the space of bundle maps from Sy into S;. When applied to a 1-form
&aB, one denotes the symbols o.

Lemma 2.10. When applied to a 1-form &ap, the symbol og(ck) : Sk — Sk of ¢k is
Hermitian and has only real eigenvalues.

Proof. By definition we have

(0t (P A, .., = Ea B dar. a0B,

where £4p,isreal, i.e. £g4p = —&4p. For arbitrary na, 4, and ¢, 4., we have

(O (COM Ay As CarAy) = Ea Bnay. 4 B4 4% = nay. 4, BEC B L, A2k
= (NAy..Ap (0£(CDE) A..AL)-

Hence, the symbol o () is for each point Hermitian and, by the spectral theorem, has
only real eigenvalues. O

The operators di, ¢ and f; are special cases of Stein-Weiss operators. We refer to
[6] and references therein for general properties of this class of operators.

We will now consider some operators of general order, that will play an important
role in this paper. The most important second order operator is clearly the Laplacian
A = D45 DA% Note that here we are using a negative definite metric on R3. When the
Laplacian acts on a spinor field ¢ 4. in 8¢, we will often use the notation (Agd)a.. F,
where k indicates the valence of ¢4 F.
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Definition 2.11. Define the order k — 1 operators Gy : Sy — Sy as

k—1
1),
G = z (2n + 1) (=27" D, B Dy Bran (AZ¢)Ak—2n-<-Ak)BI---Bk—Zrz—l'
n=0

k—2n—1

The first operators are

(G14)a = da,
(S20) a8 = 2D(a“¢p)c = 2(¢29)) A,
(S3¢)asc =3D" D" ¢cypr — H(Asp)asc
1(C1d3p) ascp +4(3¢30) ac,
(Sad)ascp = 4D D™ D dpyrur — 2Da" (Aad)pepyF
= 2(t2dsCap)apcp + 8(CaCaCad) apcp-

These operators appear naturally in Proposition 7.1 below. The most important properties
of these operators are

di Gk =0, and Gifr_p =0, 2.1)

which is valid for any k > 2. The main idea to prove this is to use that di G and Gity—»
contains derivatives of the kind D€ D¢ = %e ABA. For a complete proof see Propo-
sition A.3. The operators Gy also commute with c}; this is proven in Proposition A.1. To
connect with the standard elliptic theory, we express appropriate powers of the Laplacian
in terms of the operators Gy as

(AK )y ay = (Cr—2TFok—2dkd) A,y — (—2) *(G2kC2u P, Ay (2.22)

(A§k+1¢)A1...A2k+1 = (ka—l?2k—ld2k+1¢)A1...A2k+1 + (_2)7k(92k+1¢)A1...A2k+1s
(2.2b)

where the operators F, for s € %No are defined via

Ls] Ls]—n 25 42
R 30 3 (o [

n=0 m=0

B B s]—n
X D"t Dag, 7 (Ag @) Ay Asg) By By -

2n

The first operators are

(Fo9) = ¢,
F19)a = 544,
(F2d)ap = %(A2¢)AB - %D(ACDB)chCD-
See Lemma A.4 in the “Appendix” for the proof of (2.2a) and (2.2b).
The operator ¢> is the spinor equivalent to the operator *d acting on 1-forms. The
tensor equivalent of the operator Gy is the linearized Cotton-York tensor acting on sym-

metric trace-free 2-tensors. In the following section, a more detailed description of these
relations is given.
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3. Integrability Properties of Spinor Fields

A crucial part of this work relies on integrability properties for spinors, that is to say,
proving that a spinor belongs to the image of a certain differential operator. In the case of
spin-1, the operator under consideration is the curl operator; its integrability properties
are well known since it is described by the de Rham complex. For spin-2, one has to
resort to a generalization of the de Rham theory to trace free 2-tensors, which happened
to have been studied in the context of conformal deformations of the flat metric by Gasqui
and Goldschmidt [15], whose results were extended by Beig [4]. On R3, we consider a
generalization of these elliptic complexes for arbitrary spin.

We present here the general picture of this integrability result for smooth spinors. It
is well known that for 1-forms the integrability conditions are given by the following
elliptic complex

C®R3, R) -5 Al 24 AT L co®R3 R,
whose spinorial equivalent is

So -2 8y -2 8, 2y s, 3.1)

Gasqui and Goldschmidt were interested in the conformal deformation of a metric on a
3-manifold M. A deformation g; of a metric g is said to be conformally rigid if there
exist a family of diffeomorphisms ¢; and of functions u, such that

g0 =e""g;.

The infinitesimal equation corresponding to this deformation is given by the conformal
Killing equation

1
Lxgo— §Trg0(ﬁxgo)go =h (3.2)
where X is a vector field on M and £ is a trace free 2-tensor. The spinor equivalent of
this equation is given by
2DwupXcpy =hagcp.-

Solving (3.2) requires that the 2-tensor & satisfies the constraint equation. This is stated
in [15, Theorem 6.1, (2.24)] and in [4].

Theorem 3.1 (Gasqui-Goldschmidt). If (M, g) is a conformally flat 3-dimensional man-
ifold, then the following is an elliptic complex

A M) L 2. g) B 2L g) S AV,

where AV (M) is the space of 1-forms over M, Sg (M, g) is the space of symmetric trace
free 2-tensors and

1
(LW)ap = DgWpy — ggabDCWc
(divt)a = 2¢" Detap

and
RW)ap = ECda Dicoaqp where

Oab = DD Ypyc — %AWab - %gachdecd-



768 L. Andersson, T. Bickdahl, J. Joudioux

Remark 3.2. (1) A consequence of Theorem 3.1 is that Eq. (3.2) is integrable provided
that

R(h)ap = 0.

(2) Interms of spinors, the operator R, reads

i
Rab = Rapep = —m(&)mcu.
The spinorial equivalent of this sequence is the following elliptic complex

S, -2 8, T g, s, (3.3)

We now state, using the fundamental operators to;_2, G2 and das, a generalization
of the elliptic complexes (3.1) and (3.3) for arbitrary spin.

Lemma 3.3. The sequence

ty—2 92s d‘25
8o5—2 — 825 —> 825 —> 8252,

is an elliptic complex.

Proof. Inview of (2.1), the sequence is a differential complex. It is therefore enough to
check that the symbol sequence is exact, i.e. for a non-zero & in T*M

og (ths—2) 0e(Gas) og (das)
Srs—2 —> Sy —> Sy — Sx-2.

This follows from the vanishing properties (2.1) and the expression of powers of the
Laplacian in terms of these operators, i.e. (2.2a) and (2.2b).
Let & be a fixed non-zero element of 7*M. We first notice that (2.1) implies

im(og (G25)) C ker(og(day))  and  im(og (t2s—2)) C ker(og (S2s)).

We then notice that the symbol of the Laplacian Ag , 18 an invertible symbol which is in
the center of the algebra of symbols since its expression is

op(AS) = [Eap* I
Furthermore, using the relations stated in Lemma A.4, we have
(A D) Ay Ay = (52T 25 2dosd) Ay Ay — (—2)1_5(92‘y0’2s¢)m.‘.Ah for s € No,
(3.4)
—-1/2 _1/2—s
(Aés / DAL Ars = (25 2F 25 2d25P) A, .. Ay, +(—2) 172 $(G250) A, ... Ay, Tors € %+N0-

Assume now that the spin is an integer. The proof in the case when the spin is a
half integer is left to the reader (the proof is almost identical). Let ¥ be an element of
ker(og (das)). Using formula (3.4), we get

Y = 05 (A3,) " o (A3)Y
= 0e (837 (0% (t22)0 (Fas—2)0 () — (=2)' 70 (G200 (¢20)) ¥
—(=2)' o (A3) 05 (G25)0¢ (¢ay) Y.
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Since the symbol of the Laplacian commutes with all other symbols, we consequently
get

Y = —(=2) " 0¢ (Ga)0s (AS,) " 0e (C2) Y,

that is to say that ¥ belongs to the image of og(Gay). If we now assume that Y is in
ker(og (G25)). Using formula (3.4), we get

Y = 0g(A5) " og(A3)Y
= o (AS) ™! (Gg (t25-2)0% (F25-2)0 (das) — (—=2)' "5 0% (Ga5) 0% (C’zs)) Y.

Since 9o, and ¢, commute (Lemma A.1) and since the symbol of the Laplacian com-
mutes with all other symbols, we get

Y = 05 (t5-2) 0 (AS) " og (Fag—2)0¢ (day),
that is to say that Y belongs to the image of 0z (f2s—2). O

Using the ellipticity of the sequence, it is finally possible to prove the existence of
solutions of equations involving Go, and fps. This theorem is a direct consequence of
[33, Theorem 1.4].

Proposition 3.4. For x in R3, there exists an open neighborhood U of x such that the
sequence

bs— 9 s ([S
AU, Sa5-2) == AU, Sag) 25 AU, Sa5) —> AU, Sa5-2),

is exact, where A(U, E) denotes the space of real analytic sections of E.

Remark 3.5. We in fact only need this result in the context of polynomials. The problem
will be to solve, for any real number §, the equations

tys2¢ =1, wheny € P0(Sy),
and
Gos6 =¢,  when¢ € P=2(8yy).
Proposition 3.4 ensures the local existence of solutions to these equations provided that
Gosy =0 and dr¢ =0.
By integration, these solutions are necessarily polynomials.

Proof. The proof of Proposition 3.4 is a direct consequence of the fact that the fundamen-
tal operators €52, 925 and dps are operators with constant coefficients, which consist
only of higher order homogeneous terms. As a consequence, these operators are all
sufficiently regular in the terminology of [33] (since they have constant coefficients, cf.
[33, Remark 1.16]) and formally integrable (since they have only homogeneous terms
of the highest possible order, cf. [33, Remark 1.21]). Proposition 3.4 is then a direct
consequence of [33, Theorem 1.4]. O
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4. Construction of Initial Data for the Potential

As seen in the introduction, one of the key points when constructing the initial data for
the potential for the massless free field is the ability to solve, at the level of the initial
data, the equation

oa..F = (92s0)a..F-

This requires a partial generalization of Proposition 3.4 to weighted Sobolev spaces. The
main difficulty in the construction of {4 _F is to obtain the estimate

ICa..Fllj25—1,8¢25—1 < Cll@a..Fll}s-

This inequality is similar to those in standard elliptic theory. The main idea of this section
is to construct a solution using the relations between the operator G, and powers of the
Laplacian A as stated in Eqs. (2.2a) and (2.2b). The strategy of the proof is as follows:

(1) using the elliptic properties of the Laplacian and its powers, a preimage 64 r of
@A..F 1s constructed;

(2) using Egs. (2.2a) and (2.2b), the constraint equation satisfied by the initial datum,
and the differential complex stated in Lemma (3.3), we prove that the only non-
vanishing term of Eqgs. (2.2a) and (2.2b) is the one containing Go;.

However, this schematic procedure works only for a certain range of weights. Outside
this range, a more thorough discussion has to be performed. One of the key facts which
is used is that the polynomial nature of the elements of the kernel of the Laplacian (and
its powers) makes it possible to use Proposition 3.4 (and Remark 3.5).

This section deals strictly with the initial data both for the field and the potential. The
corresponding Cauchy problems for higher spin fields and for the potential are described
in Sect. 7. More precisely, the details regarding the relation between the Hertz potential
and the field are given in Sect. 7.1, which is devoted to the 3+1 splitting of the potential
equation. Furthermore, the representation Theorem 7.6 for a massless field in terms of
a Hertz potential, based on the uniqueness of solutions of the Cauchy problem, is given
in Sect. 7.2.

For s = 1/2, we immediately get the desired solution by setting {4 = ¢4. For higher
spin, a more careful analysis is required. To simplify the presentation, the spin-1 case is
discussed first in detail, followed by the general spin case.

The following lemma is a technical result describing the orthogonality properties of
the range of t and the kernel of d.

Lemma 4.1. Assume that 4 f € H; (Sas) satisfies the constraint (dsp)c..r = 0, and
Nc..F € le-s (S25—2). Then @4 is L? orthogonal to (f3_2m) A...F.

Proof. Let {ﬁ"fa.‘.F}?io C C(°(S25) such that ||(piLF — 4. Fllis & 0asi — oo. An
integration by parts and Remark 2.3 give

/Rz @a_ pDAENC-Ddpgs = /Rz DAB‘PZ...FﬁC'"FdMR%

that is ' _
Q4 ps (C2s2ma..F)r2 = (259 ). .F.NC..F) 2

Taking the limit as i — oo on both sides gives (¢a..F, (f2s—2m)a..F);2 =0. O
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Definition 4.2. Let § be in R\ Z and s € %N. Furthermore, let
Fy5 =ker AL N L25 5(Say).

Define the space E; 5 to be the L2_3_5—orthog0nal complement of F 5 Nker Goy in Fy 5.

Remark 4.3. If § > —2s—2,the space E; s is trivial. This follows from the fact that F 5 C
P<—3-8(8,,) and that Gy is a homogeneous order 2s — 1 operator. With —3—§ < 2s—1
or equivalently § > —2s — 2 we have F s C P<73-8(8,5) C ker Gos and consequently
Eys = {0}

Before we prove existence of preimages under Ga5, we prove a technical lemma that
allows us to reduce the problem of finding a preimage of ker do; N H 5] (S25) under Gy,
to that of finding a preimage of ker do; N H 5’ (S25) orthogonal to E 5.

Lemma 4.4. Let § be in R\ Z, j > 0 integer, 4. F in Hsj (825). If § < —25 —2 we can
find a EA...F € H({:zzssjll (825) and a constant C depending only on s, j and & such that
QA.F+ (stg)Amp is orthogonal to E, 5 and

ICa..Fllj+2s—1,8425—1 < Clloa..rlljs-

Proof. Let { ,uf;‘m )i be an L% s_2s_2(S2s) orthonormal basis for the finite dimensional
space G5 (Es.5) C Hi;isz_siz(st). Due to the splitting Fy,5 = IES.,(; @ (Fy5 Nker Gay),
we have for each u!; , a unique &), . € E;s such that (G256')a..Fr = ¢y p,and

{€, )i span Egs. Letn, , = <r>2%+lyi By [7, Lemma 5.2] we have that

i j+25—1 . ; j+4s— .
s g € Hg:szl (S25). We can now approximate E/’{:“F € Hi;f% 3 by choosing a

k j k
sequence {Ei\..,F}kGN C C§°(82s) such that [|E}, , — 52,,.F”j+4s—3,—3—3 — 0 for k —
oo. Repeated integration by parts gives

. i 4 .
<Sosn)anr &y pmr2 = — <0’y _p. (G2sE" ) F>12,

where the boundary terms vanish due to the compact support of égk p- In the limit
k — oo, this gives, making use of the definition of the weighted spaces,
<Gasm)a.r€x_p>12 = — <ty p G2sEDar>12

i J _ij
= T SHaLF HALFTLE L, T &Y.

Now, let

_ i i
{A.F = Z<<PA4..F, EA F>12NA F-

1

This gives that <@ 4. +(S25) A F 52___F>L2 = Oforalli. Hence, pa._r+(S250) A, F
is orthogonal to E; s.
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We also get the estimates

ICa. .Fllj+2s—1,8+25—1 < Z|<¢A.A.Fa€lA“_F>L2| I plljs2s—1,6425—1
i

< DNl s, pllz I pljsas—160201
i

< Clloa..rljs, 4.1)

where C only depends on s, j and §. O

4.1. The spin-1 case. To show how to solve the equation 4. r = (925¢)4...F, We begin
with the spin-1 case to illustrate the idea. We then use the same ideas for general spin in
Proposition 4.6.

Proposition 4.5. Let 5 be inR\Z, j apositive integer, p g in H(Sj (S2) suchthat DAB g, p =

0. Then there exist a spinor field {ap € H ({:11 (S2) and a constant C depending only on
8 and j such that

vaB = (520) aB,
IcaBllj+1,641 < ClloaBlljs-

Proof. By Remark 4.3 we see that ¢4 5 is automatically orthogonal to E; 5 if § > —4. If
8 < —4, we can use Lemma 4.4 to construct EAB € H('s’:ll (82) suchthatpap +(92E)AB €
kerd, N H 5] (S2) is orthogonal to E 5. The estimates in Lemma 4.4 are of the right type,

so if we can prove the proposition for pap + (925) Ap instead of ¢4p, we are done.
We can therefore in the rest of the proof without loss of generality assume that @45 is
orthogonal to E; 5. From now on, to make the link with the language of forms clear, we
replace the operator G, = 2¢> with the curl operator ¢>.

Let 045 be in [F 5 N ker ¢3. The field 45 is then in P<—3-3(8,) and therefore real
analytic. Furthermore it is curl-free (i.e., in ker ¢»). Using Proposition 3.4, the sequence

P () = PII(Sy) <B PA(sy),

is exact and, therefore, 64 p can be written as a gradient D4pn = (f9n) ap = 64, Where
n e P<"27%(S,) € H', (S>). Then, by Lemma 4.1, gap is Lo-orthogonal to 64 5. As
04p was arbitrary in | s N ker ¢2 and @45 was by assumption orthogonal to E; 5, we
have that ¢4 p is orthogonal to all of Fy 5.

The Laplacian A, : Hsj++22 ($) — HS/ (S2) is formally self-adjoint and has closed
range and finite dimensional kernel —see [7,23,26] for details. By Fredholm’s alternative,

there exists a 45 € H({:zz(Sz) such that p4p = (A20) 4. Using Proposition 2.7, we
can modify 64 p within the class ker A, N H 5] :22 to obtain the estimate

1048l j+2,542 < Cll@asll s,

where C only depends on j and §.
Now, we can re-express the Laplacian A; as

@aB = (A20) A = —2(220) ap + (tod20) AB.
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We now want to show that (fyd>6) 4 p vanishes (for § < 0) or is in the image of ¢ (for
5 > 0).

By the constraint equation and commutations of the divergence and the Laplace
operator, we have

0= (d2p) = D*Ppap = DA (A0ap) = A (D pan) = (Aoa0).

Hence, (d26) € ker Ag N L2, (So).

If § < 0, we know that ker Ag N L52 +1(S0) only contains polynomials with degree
< 1, i.e. constants, which means that they are in the kernel of the gradient operator fy.
Hence,

pap = —2(2020) ap = —(52¢20) a8

and we can therefore choose {4p = —(c26) 4B, and we get
ICaBllj+1.641 < 0Bl j+2.642 < Clloasllj.s-

If § > 0, we need to be more careful. Let Q2 = ker Ag N L§+1 (So), i.e. the set of

harmonic polynomials with degree strictly smaller than é + 1. Then to(2) C L%(Sz) is
also a finite dimensional space of smooth fields. Since dafy = A, we have the following
diagram

d:
Q Cker (Ag) C So— >t (Q) C S — 2~ {0} C S, .

|

()71t () C 82

Using the integrability condition stated in Proposition 3.4, and Remark 3.5, and more
specifically by

P+l (5y) -2 Pi(sy) B pi=l(sy),

we can define an a priori non unique linear mapping T : ty(2) — 82, such that ¢>,T
acts as the identity on fo (€2). As a linear operator from the finite dimensional space

t0(2) C H 8] (S2)into H 5] :22 (82) (endowed with their respective induced Sobolev norms),
T is bounded and, therefore, there exists a constant C, depending on the choice of the
mapping 7T, such that
1(Ttod20) gl j+1,5¢1 < Cll(fod20) aBll j.5,
(2Ttod20) ap = (fod20) AB.
Now, let
Cap = —(20)ap + (Ttod20) AB.

This gives the desired relations

(920)a =2(28)ap = —2(220) ap + 2(f0d40) ap = @aB,
ICaBllj+1,641 < 10aBll j12,802 + Cll(fod20) aBllj,s < Clloanllj,s-
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4.2. The spin-s case.

Proposition 4.6. Let § be in R\Z, j > 0 integer, p4.. F in Ker dps N Haj (S2). Let m =
Ls], i.e. the largest integer such that m < s. Then there exist a spinor field 4.

H 8]:22.:—711 (S25) and a constant C depending only on § and j such that

m

va..F = (9250)a..F,
ICa..Fllj+2s—1.8425—1 < Clloa..rlljs-

Proof. By Remark 4.3 we see that ¢4 _r is automatically orthogonal to E, 5 if 6 >
—2s —2.1If § < —2s — 2, we can use Lemma 4.4 to construct EA...F € Hg:;:__ll(st)

suchthat s+ (stE)A“_F € kerdrs N HS’ (S25) is orthogonal to [E; s. The estimates in
Lemma 4.4 are of the right type, so if we can prove the proposition for g 4. r+(Gas g:) A.F
instead of 4., we are done. Without loss of generality, we can therefore for the rest
of the proof assume that ¢4 is orthogonal to E; 5.

Now, we will establish that g4 r is orthogonal to IF; 5 by using the constraint equation
and the orthogonality to [E; 5. The spinors in F 5 C P<—3-5(5,,) are polynomial, so we
can use Proposition 3.4 to conclude that F s Nker Go, = Fy 5 Ntos— 2 (P<273(85_0)).
But P<—2- ‘S(SzY 2) C H! 7_5(825-2), 80 Lemma 4.1 gives that <ga..Fr, {a. . p>2 =0
forall¢a. r e FssN fzs_z(’JK “2-8(8y,_5)) = Fs.s Nker Gos. By assumption ¢4 is

orthogonal to E; 5 and therefore orthogonal to all of Iy 5.

The operator A% Héj:zz’:f (Shs) — Haj (S»y) is formally self-adjoint and has closed
range and finite dimens1ona1 kernel — see [7,23,26] for details By the Fredholm alter-

native, and the orthogonality, there exists a 64 r € 3 +2m " (S») such that QA.F =
(A%Q)A...F Using Proposition 2.7 we can modify 6,4 r within the class ker A7! i

H S’szzmm (S25) to obtain the estimate
10a...Fll jr2m,s12m < Cll@a..Fll s,

where C only depends on j and §.
For integer spin we can express the A2Y operator as

(AS0)a.F = (fas—2F 25220 . F — (=2) 7™ (G25C250) A, F-

For half integer spin we can express the A% operator as 2s = 2m + 1

(A5 A F = (bas—2F2s2d2s0)a..F + (=2) " (S250)a...F-

We now want to show that (to;_»F»s_»d>rs0) 4. vanishes (for § < 0) or is in the
image of Gy, (for § > 0).

By the constraint equation and the fact that the divergence and the Laplace operator
commute, we have

0= (dp)c..r = D Ppar = DA (A%04.F) = A%, (D P0a.r)
= (A% 0. F-

Hence, (d2s0)c...r isinker A5, N L5+2m 1(st 2).

If § < 0, we know that ﬁelds inker A%t _, N L5+2m_l (Sas_2) are in P<2"=1(Sy, ),
i.e. they are spanned by constant spinors times polynomials with maximal degree 2m —
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2. They therefore belong to the kernel of the homogeneous order 2m — 1 operator
25 2F252. Hence, (f2g 2325 2d260) 4. = 0 and we get

oa.F=—(=2""(G2520)a. F,

for integer spin, and
pa..F = (=2)""(52:0)a..F,

for half integer spin. For integer spin we can therefore choose {4 r = —(—2)1*’"
(c2s60) ... F, and we get

ICa..Flljs2s—1,8425—1 < CllOa..Fll jr2m,s42m < Cll@a..Flljs-

For half integer spin we can choose {4, r = (—2)7"64..F, and we get
Ca...Fllja2s—1.8125—1 = (=2) " |0a..F |l js2m.542m < Cll@a..Fll}s-

If§ > 0, weneed to be more careful. Let 2 = ker(A’z"S_z)ﬁim(dzs)ﬂLgﬂm_l (S25-2).
We know that it is a finite dimensional space of polynomial fields. ty;_2F2,-2(2) C
Lg(st) is therefore also a finite dimensional space in P<3(Sas).

Using the relations (2.1), (2.2a) and (2.2b), we get

A% _dps = dag A5 = distrs 2T odyy.
Consequently, on  C im(dyy), the relation
dastas2F2s2|g = A%y], =0,

holds. The relations between the considered operators can be summarized by

frs—2F25— s
Q C ker (A%, _,) C 8p0 g~y 2F2,2 (2) € 83y ————= {0} C Sp,2 -

Gas T

(G2) 7! (fa5—2F25—2 () C 8oy

Using the integrability condition stated by the exact sequence in Proposition 3.4 applied
to polynomials (cf. Remark 3.5), and more specifically

P2 (530) P p(5) B P (55,),

we can define an a priori non unique linear mapping T : ;2252 (2) — 8oy such
that Go,T is the identity operator on ty;_2F»,_2(€2). As a linear operator on the finite

dimensional space ty;—2F252(2) C H 8] (Sy5) into H, ({:22_::11 (S25) (endowed with their
respective induced Sobolev norms), T is bounded and, therefore, there exists a constant
C, depending on the choice of the operator 7T, such that
1(Ttos2F25—2d2s0)a...F Il j+2s—1,8+25—1 < Cll(f2y—2F 252250 a..Fll s,
(925 Ttos—2F25—2d250) A, .F = (f2s—2F25—2d250)A...F-

Now, for integer spin we can therefore choose

car = Ty 2Fosoda®)a F — (—2) 7" (C20)a._F.
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This gives the desired relations

(G250)a..F = (25 2F252d20) A — (—2)' 7" (Ga5C20) A F
= (A3 a..F =¢a.F,
ICa..Fllj2s—1,8125—1 < CUI0A...F |l j+2m,542m + | (©25—2F 25 2d250) A Fll j.5)
< Clloa..rljs-

For half integer spin, we can choose
Car = (Ttoy—2F25—2d250)a. . F + (=2)""04._F.

This gives the desired relations

(G250)a..r = (bag 2T 25220 4 F + (=2) " (G250)a...F
= (AS0)A..F =Qa.F,
ICa...rll jr2s—1.5425—1 < CUIOA..Fl j42m,5+2m + | (L2s—2F252d250) ... F |l .5)
< Cllga..rljs-

5. Estimates for Solutions of the Scalar Wave Equation with Initial Data with
Arbitrary Weight

This section contains complementary results for the study of the decay of the solution of
the wave equation for the Cauchy problem, such as the one stated in [18,19] (using the
vector field method), in [1] (using the integral representation), and [11] (using Strichartz
estimates). The purpose is to relate the asymptotic behavior of the initial data at i° to
the asymptotic behavior in the future region ¢ > 0.

It is important to remark that these decay results for the wave equation require differ-
ing regularity assumptions on the initial data (f, g). In all the above mentioned results,
the limiting factor is the use of the Sobolev embedding from H? into L, and more
precisely the way it is used. If the Sobolev embedding is used at the level of both f and

g, we need (f, g) € Hj J % Hj - for j = 3. This phenomenon occurs for instance in
the work of Asakura [1] who rehes on the integral representation of solutions. Energy
methods can be used to give a result with weaker regularity assumtions. The Klainerman-
Sobolev inequality [20, Theorem 1] yields a decay estimate with weight § = —3/2 for
j = 2. Further, using the conformal compactification of Minkowski space to a subset of
the Einstein cylinder, and the conformal transformation properties of the wave equation,
gives using standard estimates for the wave equation in the Einstein cylinder the decay
result for § = —2 and j = 2, cf. [16, Section 6.7]. It appears to be an open problem to
prove the corresponding decay result with j = 2 for general weight §.
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In this section we shall prove estimates for general weights §. Although, for § > 0,
these are not actually decay estimates, it will be convenient to refer to them using this
term. It goes without saying that the most important applications are those with § < 0.
In the following, we shall consider the Cauchy problem

Op=0,
Pli—o=f € H(;’(_Rj, ©), 5.1)
0pli=o =g € ngjl (R3, C).

The following representation formula then holds ([12] on flat space-time or [14,
Theorem 5.3.3] for arbitrary curved background).

Lemma 5.1. The solution of the Cauchy problem (5.1) is given by the representation
formula

1
o(t,x) = ym ( / 1(gx +tw) + 0y f(x +tw)) + f(x + ta))dugz) ,
T s2
where S? is the unit 2-sphere and 9, is the derivative in the unit outer normal direction

w to S2.

Making use of the representation formula stated in Lemma 5.1, and of Proposition 2.6,
gives the following result.

Proposition 5.2. Let j > 3 and § in R, and let ¢ be a solution to the Cauchy problem
(5.1). The following inequality holds in the region t > 0.

<v>"l<y>149 if § <—1,
log<v> — log<u> .
6,01 < C(1f 13+ gllas1) § : if 8=-1.
<v> — <u>
<v>9 if §>—1.

If, furthermore, (k,l, m) is a triple of non-negative integers, j > 3 +k +1 + m, the
following pointwise inequality holds, for allt > O andr > 1,

<u> 0l oy —Ikom if §<1—1
log<v> — log<u>
kol ypym . g
19,9, ¥" ¢l < C (||f||3+k+l+m,6 + ||8H2+k+l+m,5—1) 0= (o> — <u>) if§=1—-1
<y>0—l-m—k iFo>1—1,

where 0, = %(8, +0d,) and 9, = %(8t — 0y) are respectively the outgoing and ingoing
null directions.

Remark 5.3. (1) For § = —1, it is important to notice that the following inequalities
hold
log<v> — log<u> - 1 and log<v> — log<u> - Clog<v>'
<U> — <u> <u> <V> — <u> <v>

As a consequence, in the interior region ¢ > 3r, the decay result for ¢ is

C
o, x)| = —,
<v>
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r

and, in the exterior region 3r > 1 > 7,

~log<v>
lp(r, )| = C———.
<v>

The constant C depends on the norms of f and g as above.
(2) Itis important to note that, in the interior region, <u> and <v> are equivalent,
and, as a consequence, the general estimate holds, for all weight 4:

059, V" p| < C<v>*"1""k,
For the proof we will need some integral estimates.

Lemma 5.4. For any § in R, we have the following integral estimates, for all t > 0 and
x inR3,

1 ) max (<u>5+2, <v>3+2)

8
+1 d <8 1,
/S2<|x o|>’dusg < nmax( 2+0]

for§ # =2

<v> (<u>+ <v>)

and

) (<u>)
o

g <v>
(<u>2 — <v>2)

/ <|x + ta)|>8du§z =8 fors = -2
S2

Remark 5.5. (1) For § # —2, the upper bounds become lower bounds if one replaces
max(1, ﬁ) by min(1, ‘2173').
(2) Itisimportant to notice that, for § € (—2, —1], the estimate

/ <l|x +ta)|>‘3d,usz < C<v>?
S2

is stronger than

s <u>1+8
<|x +tw|>’dug < C———
2 <v>
since
<v>d = cusM s Ty 0oy s =090 < S 140 gy~

(since § + 1 < 0). It should also be noted that this result agrees with the estimate
stated by Asakura in [1]. His assumptions on the initial data

f= O(<r>8), g= O(<r>8),

as well as their derivatives, implies that the integral fsz <|x +tw| >8dMS2 gives the
asymptotic behavior of the solutions of the linear wave equation.

Proof. Let (t, x) be fixed and consider the sphere S(x, r) with center x and radius 7. Let
g be a point on the sphere S(x, ¢). The coordinates of g are then given by (0, ¢) defined
by:

e in the 2-plane containing the origin o, the point x and g, 6 is the oriented angle

0 = (xo0,xq) € (0, );
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e in the plane orthogonal to ox and passing through x, one chooses a direction of
origin. The direction of the orthogonal projection of xg on this plane is labeled by
an angle ¢ belonging to (0, 27).

The integral can now be rewritten as

2 T
/ <|x +to|>°dug = / / (1 + 7% +12 = 2tr cos 9)°/% sin 0dodg
S? 0 0

<u>2+6_<v>2+6

8
T 24) (<u=>2 — <v=2)

if 6#—-2and <u>#<v>,

<u>

(<u>%—<v>2)

if 6=—2and <u>#<v>,

8

4 <v> if <u>= <v>.

We note that <u> and <v> always satisfy

e <u>>1land <v> >1;
o fort >0, <u> < <v>.

Let F, denote the function defined, for x > 0 and z in (0, 1],

1—ZK if 0 d #1
PR I K > anda z )
k(1 —2)
N e |
Fe(z) = 11082 if k=0andz #1,
1—z
1 if z=1.

For k > 0, F is a continuous monotonic non-negative function on (0, 1]. It is bounded
from above by C, = max(1, «~1) and from below by ¢, = min(l, «~1 on (0, 1]. For
all 8, the following identities hold,

§+2

<u> <u> .
248 243 ( ) if §+2<0.
<u>"" — <v> <v> (<v>+ <u>)
2 _ 2y
2+8)(<u> <v>*) <p>0+l “u> ’
(=25) if 6+2>0.
<v>+ <u> <v>
Using the bounds on F;, one gets
c <u="" if §<—2
—5-2 1 < —
<u>2 — <y _ <v> (<v> + <u>)
Q2+ 8 (<u>?2 — <v>2) — <p>o+l
Cspp———— if § > -2,
<v>+ <u>
and
<u>%+2 £ 5 5
C_5-2 1 < —
<u>20 2 - <v> (<v> + <u>)
Q2 +8)(<u>2 — <v>2) — —p=0+l
Copp—————— if § > —2.
<U>+ <u>
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Remark 5.6. These inequalities actually provide us with global estimates for the solution
of the wave equation, that is to say inequalities valid both on the exterior and the interior
regions.

Proof of Proposition 5.2. Using Proposition 2.6, one knows that if f € H5j ,8 € HEJ 11,
Jj =2+mnand j > 3+ m, there is constant C such that

ID" f(W)] < C<y>*""| flloens
ID"g(»)| < C<y>>"""lglloems-1.

Using the representation formula stated in Lemma 5.1, one gets immediately

¢, 0 < C (I f 13,5+ l1gll2.5-1) /S (<hx+t0l=" +1<lx +101>"") duge.

We can use the estimate 1 < (<u>> + <v>2)"/? and Lemma 5.4 to obtain global

estimates for solutlons of the wave equation. We compare the contributions from f in

Hj / and g in H(SJ | in the following table. Its first column is the range of weights &
cons1dered The second column contains the asymptotic behavior of

/ <|x + tw|>‘3dugz
S2

coming from f in H 8] . The third column gives the behaviour of
5—1
/ t<|x +tw|>""dus
S2

coming from df and g in Hy_ /=1 The estimates stated in these columns are written in such
a way that the first factor glves the estimate which is multiplied by bounded quantities,
except when considering logarithmic terms. Finally, the last column gives the estimate
for the full solution of the wave equation obtained by summing the previous integrals.
We use the function Fy defined by

—log(z) . . —1
Fo(z) = -, which satisfies Fp(z) <z~ forall0 <z < 1.
—Z
f 100 f +8) f+tof+1g
<u>%+1 <u> <u>%+1 t <u>%*1
5§ < -2 . .
<v> (<v>+<u>) <v> <U>+ <u> <v>
5 5 1 Fo (2£=) 1 t <u>
B <u>+ <v> <v> <u><v> (<v>+<u>) <v>
<uU> <uU>
§=—1 <U>8~ <v> FO(<U>)' ! F0(<v>)
<U> 4+ <u> <v> <u>+ <v> <v>
5 <v> <u> t <u>%*1
—2<d§<—-1| <v> .
<v>+ <u> <v> (<v>+<u>) <v>
5 <v> 5 f 5
6> —1 <v>° . — <> — <v>
<v>+ <u> <v>+ <u>
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As a consequence, the following pointwise estimate holds for ¢: for all # > 0 and x
in R3,

<v> "<y 14 for § < —1
log<v> — log<u> for 5= —1. (52)

6@, 01 < C (L fll3,5 + Igll2,6-1)

<V> — <u>
<p>? for § > —1

The same process can be applied to the derivatives of ¢ in the direction of u and v.
The integral representations of the derivatives are then

0@ (t, x) = % /2 (t (Org(x +tw) + 0pg(x +tw)) + g(x + tw)
S
+t (B,Bwf(x +tw) + Boz)f(x + ta))) + 0, f(x +tw) + 20, f (x + la)))d,bLSZ,
0, p(t, x) = %/ (t (—0rg(X +tw) + 0pg(x +tw)) + g(x + tw)
SZ

+ (—a, 8 f(x + 1) + 92 f(x+ta))) — 0, f (x+ ) 420, f (x+t))dpige

Using Sobolev embeddings, one gets immediately
1B (1, )] < C (ILf a5 + lIgl3.6-1) /S (<l + 027 4 1<l + 10127 dugs,

0 (1. 201 < C (/145 + l1gl3.5-1) /S (< + 101> " +1<]x + 101> duge.

Again using Lemma 5.4 and the same comparison procedure as in the previous table,
one gets that, for all # > 0 and x in R3,

<v>"l<ys? for § <0

. . log<v> — log<u>
max (|96 (1, 1)1, 196 (1, ) < C (1 fllas + lglagit) | ——or — O8=MZ  or 5=0.

<U> — <u>
<p>9-1 for § >0

(5.3)

Using these results, one can now refine the estimates for the derivatives of the func-
tion ¢, using the commutators properties of the wave equation with the vector fields
generating the symmetries of the metric. Introducing

S = ud, + vd, which satisfies [S, 0] = —2],
the function S¢ satisfies the Cauchy problem for the linear wave equation
OS¢) =0
Spli=o € H] ™ (RY)
0,S¢li=o € H) [ (R?).
As a consequence, one can apply the decay results (5.2) and(5.3) to S¢. This gives

<v>"l<y>1+0 for § < —1

1S (t, ) < C (I flla.s + lIgll3,5—1) § (<v> — <u>)"! (log<v> — log<u>)  for § = —1.

<v>? for 6§ > —1
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To get the full decay result, we need to compare carefully the decay for S¢, and the
decay for d,¢ to get the full decay result for d,¢. We follow the same procedure as

above to compare the decay of these terms in a table using

u
lul < <u>, v <<v>, and forallr > 1, ch <C.
v <v>
S
¢ L0, dvep
<u>%l 1 <usd oy <u>%1
5 < —1 - - 5
<v> v <v> v <v>
e u|REs)
voo<U>  |<u><v> v| <p>?
8 8
—1<86<0 =v= n= 1 <p>9-1
v <v> v
8
§=0 <v> Z Fo(il;ji) <v>5—1
v v <v>
<v>? u<v>9-1 s—1
5§>0 <v>
v v
This consequently gives the following
<v>"2y>0+ if §<—1,
1 log<v> —log<u> .
19,0 (8, )| < C (Il fllas + 1gll3.5-1) if §=—1,
<Uv> <U> — <u>
<p>9-1 if § > —1.
Finally, the fact that [J commutes with the generators of SO(3),
Xia/' —xja,-,
can be used to obtain, for# > Oand r > 1,
<v>"2<y>01 if § <—1,
1 log<v> —log<u> .
1Yol < C (If 4.5 +lIgll3.5-1) if §=—1,
<v> <U>— <u>
<v>°" if § > —1.

The proof is completed by a recursion over the number of derivatives, which is not

written here in detail. O

Remark 5.7. (1) The derivatives 9, and 8, ¥ play different roles when considering the
full scale of weights. This difference is at the origin of the failure of the peeling
property for higher spin fields when the rate of decay at i® of the initial data is too

low.

2)

of the fundamental solution of the wave equation.

This difference between derivatives can be explained by considering the derivatives
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6. Estimates for Spinor Fields Represented by Potentials

Penrose, in his original paper on zero-rest mass fields [29], proved the following two
results:

e the existence for analytic massless fields of arbitrary spin of representation of the form

A/ /
ba.r =& ...&Van...Vrrix,

where the & A" are constant spinors and x is a complex function satisfying the wave
equation

Ox =0.

e from a decay ansatz for x along outgoing null light rays, he deduced the full peeling
result for the considered field.

The purpose of this section is to give a similar result for massless field admitting a
potential of the form considered by Penrose. The decay result for the solution of the
wave equation which is used in this section is given by Proposition 5.2.

6.1. Geometric background and preliminary lemmata. The geometric framework and
notations are introduced in this section. The geometric background is the Minkowski
space-time. We consider on this space time the normalized null tetrad defined by

1 (8 @ 1 (o i @
1=V, = —(Z+2), o~ (L, L 7)),
V20, ﬂ(at ar) " rﬁ(ae sinea(p)
1 (8 @ T I
a:ﬁa = — _—— N _a:— _——_——— s
" u ﬁ(ar ar) " rﬁ(ae sin98<p)

so that [;n® = 1 and m,m® = —1, and the plane spanned by [, n“ is orthogonal to
that spanned by m“, m“. The derivatives in the directions [, n%, m%, m*® are denoted by
D, D', 8, &' respectively. Consider finally a spin basis (0%, 1Y) arising from this tetrad,
ie.,

14 — OABA’ mé = OAZA’
nt =AY, me =A%,
This basis satisfies
Do* =0, DA =0, (6.1a)
D'o* =0, DA =0, (6.1b)
cotf cot 6 1
S0t = o4, st = — A o4, (6.1c)
Zrﬁ 2r/2 ra/2
cotd A cot 6
5ot = — Ayt A= 07 A (6.1d)

——0" + —, t
2r/2 r2 2r/2
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Lemma 6.1 (Commutators). The following commutator relations hold:

e D and D' commute.
o consider the gradient Y on the sphere of radius r,

Y = —m8 — mé/,
then, for any positive integer k,
k
YD = Dy* + —¥*,
r\/i

VkD/ZD/Wk—L
r/2

Wk

where YX is the k-th power of the operator Y.

Remark 6.2. One can directly infer from this lemma that the operator r ¥ commutes with
Dand D'.

Proof. The proof follows directly from the commutator relations
1 1
8D = DS+ —=8, 8D’ = D§— —=4,
r2 2
and their complex conjugates, and on
Dm® = D'm® =0,
and their complex conjugates. O

Lemma 6.3 (Asymptotic behavior of the decomposition of a constant spinor). Ler €4
be a constant spinor over M and consider its decomposition over the basis (0?4, 1*):

SA = o’ +,3LA.

Then, for any integer n, V'a and V"B are smooth bounded functions on M\{R x
B(0, 1)}. Furthermore, considering the derivatives in the null directions, the following
estimates hold for 6 € [c,m — c] (c > 0):

Da =D'a =0, DB=D'B=0
C C
8" a| < prt 18" Bl < prl
C C

n n
1) Ollir—n, |6 ﬁlfr—n.

Proof. To prove that « and 8 are bounded functions, it suffices to consider the decom-
position of the real vector field & A?*" in Cartesian coordinates. The time component of
the vector field is |«?| + || and it is constant. As a consequence, « and B are smooth
bounded functions.

The second step consists in calculating the derivatives of the components in £4. Since
0 and (4 are constant along outgoing and ingoing null rays, the following identities
hold:

Da=D'B=Da=DB=0.
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For the angular derivatives, we have:
cotf B ) A ( cotf )
S +o—— — o+ |68 — =0,
( Zrﬁ rﬁ p=F 2r«/_

(8’ 3 cot@) (8,3 ﬂcot@ o )LA—
* a2r\/§ 2r«/— r2 B

An induction using these recursive relations gives the desired results. O

6.2. Proof of the decay result. We consider in this section a spin-s field represented as

da..F = §1A/ . §£,VAA' - VEFX, (6.2)

where x is a complex scalar Hertz potential satisfying the wave equation
Ox =0,

and EIA,, R 5212, are constants spinors.

The purpose of this section is to give a result which is similar to the one obtained
for the wave (or spin-0) equation in order to retrieve similar decay estimates as in the
pioneering work of Christodoulou-Klainerman [9].

Proposition 6.4 (Decay estimates for arbitrary spin). Let (k, [, m) be a triple of non-
negative integers and denote by n their sum. We assume that the Hertz potential is a
solution of the Cauchy problem, for j > 2+2s+nandé ¢ 7

Lx =0,
Xli—o € H (R3, C),
3 xlimo € HI " (R3,C).

The norm of the initial data is denoted by 1; s,

Ijis = llxli=ollj,6 + 10 xlt=0ll j—1,56—1
Then, the following inequalities hold, for alli in {0, ..., 2s}:

(1) foranyt >0, x € R3, such thatt > 3r, that is to say in the interior region,

§—25—

IV'a. Fl <c<t> " Ini2543,8

(2) forisuchthat1+8§—1—1i <O, foranyt >0,x € R3, such that 3r > t > %, that
is to say in the exterior region,

C<u>l+5—t—l

k /l m
|D W ¢ | - >1+25—i+k+m 1n+2x+3,8’

(3) forisuchthat1+8§—1—1i >0, foranyt > 0,x € R3, such that 3r > t > %, that
is to say in the exterior region,

ID¥D'Y™" pi| < c<u>d BT IR s



786 L. Andersson, T. Bickdahl, J. Joudioux

Remark 6.5. (1) For the spin-1 case with § = —1/2, that is to say for initial data for the
Maxwell fields lying in H_s,>, which is the case considered in [9], one recovers the
decay result stated in that paper. For the spin-2 case with § = 1/2, that is to say for
initial data in H_7,5, which is the case considered by Christodoulou-Klainerman,
their results are recovered. We need slightly higher regularity though, due to our
estimates for the wave equation.

(2) It should be noted that in the case when the potential does not decay enough (for
§ > —2s—2), the decay rates of some components of the field cannot distinguished,
and hence the peeling property fails to hold.

(3) The estimates stated in Proposition 5.2 hold for all weights § in R. This would
in principle allow us to deal with all weights for the initial data of the Hertz po-
tential. However, our result concerning the representation of massless free fields,
cf. Proposition 4.6, does not cover integer weights. An extension of that result to
general weights would require working in terms of weighted Sobolev spaces with
logarithmic weight functions throughout the paper, and for this reason we chose to
omit integer § from consideration.

(4) The peeling result obtained by Penrose [29] depends on the assumption that the
Hertz potential decays as x ~ 1/r where r is a parameter along the outgoing null
rays. For such a decay result to hold, the initial data for the potential have to lie
in Hs with § < —1. The peeling result by Mason-Nicolas [25], which holds for
the spins 1/2 and 1 on the Schwarzschild space-time, is for initial data lying in a
Sobolev space whose weights are not equally distributed on the components.

Proof. The proof is made by induction on the spin. The result for the spin-0 case is
exactly the one obtained for the wave equation and is the base step of the induction.

We now make the following induction hypothesis for spin-s, with s € %NO: for any
triple (k, [, m), and for any spin-s field represented by

VoA F =& . & Van ... Vepx,
——

2s indices

where x is a potential whose initial data lie in Hsj (R3, C) x H(SJ__Il (R3,C), for j >
2+ 2s +n with n = k + [ + m, the estimates stated in the theorem hold.

Let now (k, [, m) be a triple of non-negative integers and consider a spin-(s + 1/2)
field written

A G'
da.rG =& ... 5 Vaa ... Ve X,
—

2s+1 indices

where yx is apotential whose initial data are in H, aj (R? C)xH Sj:ll (R3,C) (j > 3+2s+n).
Consequently, the induction hypothesis is satisfied for the spin-s field

B G
Ye.c=6 ...6:,Vep ...Vee'X,
2 2s+1

2s indices

with the same x whose initial data also lies in Hsp (R} x H(sp__l1 (R%)
(p =j — 1> 2+2s +n). It remains then to prove that

ba.c=ENVaas G

satisfies the appropriate decay result.
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We first consider the interior decay. The result trivially follows from the interior decay
result for the wave equation stated in Proposition 5.2 and Remark 5.3. As a consequence,
the following relation holds:

IV'a.Gl = EXVan (V'¥5.G) |,

which is a derivative of order n + 1 of a spinor field of valence 2s which satisfies the
induction hypothesis. As a consequence, the following decay result is immediate, in the
interior region 3t < r:

Lo
n n+2s+3,8
IVia.rl = C s
where C is a constant depending on n and s. This closes the induction for the part
concerning the interior decay.

Now we consider the problem of the exterior decay, that is to say the decay in the
neighborhood of an outgoing light cone:

1
§t§3r¢>|t—r|§§|t+r|. (6.3)

W~

Recall that the components of the spinor Vg are defined by

B C D G
[ =L ...l 0 ...0 .
1/ft l,//B..AG

i 2s—1

The proof in this region is done by induction as in the first part of the proof. Let (k, [, m)
be a given triple of non negative integers and denote by n their sum. The induction
hypothesis is written as follows for spin-s:

For any spinor field of valence 2syp. g satisfying:

B/ /
Ve =& .. k0 Ve ... V6o X

where x is a complex scalar solution of the massless wave equation whose initial
data lies in Hj (R3,C) x H({:ll (R3,C) (j > 3 + 25 + n), the following decay
results holds, in the exterior region % <r < 3¢, for all integer k, [, m:

e fori suchthat1+6 —1—1i <O:

c<u>8+1—l—l

<U> 1+2s—i+k+m

|D* DYy | < Lns2s43,5-
e fori suchthat1+8 —[/—1i > 0:

ID*D'Y" ;| < C<v>t BRI a5,

where the constant C depends on the bounds of the exterior domain and the
integers k, [, m.
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There is no need to prove the initial step since it is exactly the result for the stan-
dard wave equation. Assume that the induction hypothesis holds for spin-s in %No and
consider the field ¢4 g of spin-(s + 1/2) written as:

A/ !’
$a.c =& ...&53,Van ... Voo x

where y is a complex scalar solution of the massless wave equation whose initial data
lies in H’ (R*, C) x HJ, "(R3,C) (j > 2+ 25 +n). As a consequence, the spinor:

B/ U
Ve =E5 .. .E Ve ... V6a X

is a spinor field of valence s satisfying the requirements of the induction assumption.

To insure the proof of the induction assumption, a relation between the components
of ¢ 4...r and the components of the field ¥ ¢ have to established. The components of
these fields are related by the following Lemma.

Lemma 6.6. Let s € %No. The components of ¢a..c of spin-(s +1/2) and ¥p.. .G of
spin-s, related by

A’ A A A
Oa..c =E" Vaayp..c where £ = ao” + Bi

are given by the following relations:

¢o = aDyo + Béyo — Sﬂ

, 6.4
f 1#0 (6.4)

¢i = as' i1+ BD Vi + m((s +1—i)cotoy; | — 2s+1—i)y;), (6.5

fori > 0.

Proof. The proof is carried out by using relations (6.1) and is a basic calculation. We
have

A G
¢o=0"...07¢a. G,
A A
=0t .. 0N VY. G,
=aoB ... 0Dy ¢+ Bo®...0%yg .

Since Do = 0 and 80 = % r4 we have

Zrﬁ
cot 6

o

08 ... 0%y G =80 — 2s Yo,

and hence
do = DY + B30 — B0y,
0 = aDyp + 0—S 0-
r\/i
Consider now i > 0 fixed; we have
A c D G
;=17 0" .0
oi PA..G
i times 2s+1—i
B c D G ¢ B c D G
=at”...t-0”...07 6 +B17...t-0"...0° D .
VY. +h VB..G

i—1 2s5+1—i i—1 2s+1—i
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Since §’04 = — W HA L L and 8/ = LU A we have

T2 ﬁ 2ry/2

cotf B oD

B C D G ¢/ — 8l —_ (i —
oo o” 0”8 c=8Yio — @@ —1) 2r«/§ 0% VB..G
i—1 2s+1—i 2s+1—i
cot6
—Q2s+1—-0) |- B CoP 0%y g

27‘«/5 _,_z_/_/
2s+1—i

1

B CoP . oC VB.G
2_,_/‘,_1

2s—1i

Consequently, by the relations D14 = D’0? = 0, we get (6.5). O

Using Lemma 6.6, the proof of Proposition 6.4 can be continued. The two cases
(i = 0andi > 0) are treated separately although the method is the same. Here we
present the case i = 0, the other case follows similarly.

The expression of the derivative D* DY ¢y is calculated explicitly, one derivative
at a time, using the Leibniz rule:

m

V"¢ = Z (Z)W“an_aDlﬂo + Z_(:) (:1) VBY™ S

a=0
m! [ 8L (coth) .
—2s Z ( g YB35V Yo
a+b+c=m albic! Zﬁr}ﬂ—l
since
1 8P coto
b _ b
Y’ coth = iy

the power on the vector field have to be understood as a symmetric tensor product.

We then apply simultaneously the derivatives D and D’, using the Leibniz rule again.
Notice first that Y« and Y8 depend on r but r*Y“« and r*Y* 8 do not, since both o
and B are independent both of time and radius, and Y commutes with D and D’ (cf.
Remark 6.2). We have

DD /lvm
e dwa o Dk—dD/l—eWmfaDwo
B e [
e e Dk_dD/l_eWm_a8wo
+dzo ;azo |:( )(l)( ) (( DdAiﬂ“"’)] [ ra+d+e ]

d=0 e=0 a+b+c=m
[Dk dD/l ey70
X

l+a+b+d+e

d m8 (cotf) , .4 te
+2SZZ Z [(k 22alble! (¥°p) ((_1)dAL11+”+d+e)]
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where

no_ n!

" m =1
The factors in the square brackets are clearly bounded provided that 6 lies in [c¢, 7 — c]
for a given (arbitrarily small) positive constant c¢. The singularity of the tetrad at the axis
6 = =£m prevents from covering the entire interval [0, 7]. The problem can be easily
solved by considering another tetrad associated to another spherical coordinate system.
There exists consequently a constant C depending on the spin, the L°°-bounds on the
coefficients of the spinor field éA/ and their derivatives, such that

IDED'Y" | < C( ZZZ

d=0e=0a=0

P3>3
Y Y

d=0 e=0 a+b+c=m

Dk dD/l eWm ﬂl wo

patd+e

Dk dD/l eyym 051//0

yatd+e

Dk*d D/lfe WC wo

yltatbtd+e

) . (6.6)
Each of these terms is treated separately.
The first term can be transformed to fit the induction hypothesis using Lemma 6.1:

Dk—dD/l—evm—a I/f Dk d+1D/l evm al/f +Dk dD/l e( Wm al/f())
r\/_
— Dk_dHD/l_eWm_alﬁo
k—d l—e

(=D (m—a)yk —d+1—e)! Ry R —
3 (L)) T ey

f=0g=0

In order to use the decay result stated in the induction hypothesis, the number of
derivatives in the ingoing direction has to be taken into account:

a) if 1+86 —1 < 0, then
IDEDY™ | < C<u>" " cus T IB T,
b) if 1+ —1 > 0, then
|DXDY™ | < C<vxt "B 0.
In order to simplify the presentation of the proof, we deal specifically with the sum

Dk d+lD/l eWm aw
A= ZZZ patd+e :

d=0 e=0 a=0

Assume firstthat 1 +§ — [/ < 0.

For this case the sum a priori contains terms of both type a and type b. We therefore
split up the sum over e into two parts corresponding to the different types. Let ¢’ be the
largest integer such that ¢’ < and § — [ + ¢’ < 0. This means that, if 0 < e < e’ — 1,
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wehave | +8 — (I —e) <Oandife’ <e <lwehave 1+68 — (I —¢) > 0. Using the
induction hypothesis, the sum A can then be bounded as follows: there exists a constant
C such that

/
—1 —(]— 06 1—]4e—
n+2r+48 e <u>1+8 (I—e) / <U>8 2s—k+d—1—l+e—m+a
A= CZZ patd ’ (Z <p>2+2s+tk—d+m—a e +Ze=e’ re )
d=0a=0 e=0
<C<u>1+‘S Insosed s <v>\a+d
- < U >25+2+k+m Z Z ( )
=0a=0
— 1
(<u>)€(<v>)e <u>\—U+=D) r<py>\e
x| 2 > (=2) (=)
<v> r <v> r
e=0 e=e’

Since we are considering the exterior region, that is to say the region defined by
t
= <r <3t
3

the following inequalities hold (assuming also r > 1, which is not restrictive, when
studying the asymptotic behavior),

=7 /17 and 22 <,
.

<v>

As a consequence, there exists a constant C depending only on the considered region
and of the number of derivatives such that

A S C<M>1+571 <v>7]7257likim1n+23+4,5-

In the case when 1 +8 — [ > 0, all the indices 1+ — [ + e are a fortiori positive and,

as a consequence, the induction hypothesis gives immediately: there exists a constant C

depending on the number of derivatives and on the bounds of the derivatives of « and
such that

)a+L+d

A < C<yxd71-k=lmmy +23+45222 <<v>

d=0 e=0 a=0

There exists consequently, as previously, a constant C depending on the number of
derivatives such that

6—25—1—k—l—m1

A< C<v> n+25+4,8 -

The other terms in (6.6) can be studied in a similar way and details are left to the
reader. Collecting all the inequalities obtained for these derivatives, one gets that there
exists a constant C, depending only on the Sobolev embeddings and the number of
derivatives such that

<u>M—l s —1=2s=l—k=m 4 145 ] <0

|DkD/ly7m¢0| < Clyyos44s [ <y 25— 1—k=l-m i 1+8—1>0.

The other components ; of the field can be studied in a similar way. The discussion
will this time occur on the sign of 1 + 8 — [ — i. These complementary computations are
left to the reader.

We have now proved that the induction hypothesis holds also for s + 1/2. We can
therefore conclude that it holds for all s € %No. O
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7. Asymptotic Behavior of Higher Spin Fields Using Hertz Potential

This section contains the main result of the paper, which consists, for arbitrary spin, in a
decay result for solutions of the Cauchy problem with initial data in weighted Sobolev
spaces. This extends the result contained in [9] for the fixed weight § = —s — 3/2
(for spin-s fields with s = 1, 2) and clarifies the fact that peeling fails for the rapidly
decaying components of the field. Furthermore, through Theorem 7.6, we establish a
full correspondence between the decay result of the wave equation and the peeling result
for the higher spin fields.

Consider a free massless spin-s field ¢ 4. F, i.e. a symmetric valence 2s spinor field
on Minkowski space, which solves

AN _
Vit ga . r=0, / .1
$a. Fli=0 = pa..F € Hy (S2).

For s > 1, this Cauchy problem is consistent only when the geometric constraint

D*Bpapc. r = (ds@)c..F =0 (7.2)

is satisfied.
In this section, we first investigate which spin-s fields can be represented by a potential
of the form

$a.r=Van- Vep g (7.3)
where the Hertz potential satisfies a Cauchy problem
Uxa..r =0,
JjH2s
XA..Fli=0 =§a..F € Hy ¢ (stz), 1 (7.4)
B xa..Fli=0 = V2¢a..F € H{5' " (525),
with

_ ~A'...F
XA..F =TAA - "TFF' X .

To achieve this, a 3+1 splitting of Eq. (7.3) with respect to the Cauchy surfaces {r =
const.} is performed in Sect. 7.1 so that the initial data for the field 4. r and for
the potential (4. F, ¢a..F) are related through the operator Go5. Theorem 4.6 is then
used to construct initial data for the Hertz potential and control their Sobolev norms.
In Sect. 7.2, the uniqueness of the Cauchy problem for higher spin fields ensures that
this field is represented by a Hertz potential satisfying the Cauchy problem (7.4) with
the constructed data. Finally, in Sect. 7.3, the asymptotic behavior of the field is derived
from the decay result for the scalar wave equation stated in Proposition 5.2 through the
technical Proposition 6.4.

7.1. Space spinor splitting. A 3+1 splitting of the potential equation (7.3) is now per-
formed. Let t44 = \/EVA A't, which is covariantly constant. The operator Dap =
7( AA/VB) A is valid everywhere and it coincides with the intrinsic derivative on the
slices {t = const.}. We therefore can consider it as an operator acting both on space-
time spinors and on spatial spinors on a time slice. All other operators defined for fields
on R? also extend in this way to operators on fields on Minkowski space. With this view,

we have the decomposition rBA/VAAr = Dyp + \%EAB 0r.
The evolution equations of the Cauchy problems (7.1) and (7.4) can be re-expressed
as
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dpa.r = V2(Coud)a.F (7.5)
010 XA F = —Dos XA F. (7.6)

For the spin-1/2 case, we immediately get
$a =10+ T50xa = G104 + 5(G18:X) 4.
This simple pattern in fact generalizes to arbitrary spin:

Proposition 7.1. The equation (7.3) together with (7.6) implies
DAy Ay, = (G255 X) Ay A T+ \/LE(SZsatX)AL,.AzS-

Remark 7.2. The property dp;Gos = 0 of the operators directly gives that the constraint
(ds¢)c...r = 0 is automatically satisfied for s > 1.

Proof. See Proposition A.2 in the “Appendix” for a proof. O

7.2. Representation by a Hertz potential. We will investigate under which conditions
on the initial datum ¢4 r we can construct initial data for the potential. We immediately
see from Proposition 7.1 that if a potential exists, then ¢4 r has to be in the image of
Gas. Therefore, we can without loss of generality choose &4, r = 0. This means that we
have to solve the equation ¢4, r = (G25¢)4...F. Since the integrability condition (7.2)
is satisfied, Proposition 4.6 can be used to construct 4. .

A key point which will be used later to prove that the field can be represented by a
potential is the uniqueness of the Cauchy problem for first order hyperbolic systems. For
such aresult, the reader can refer either to [22] or [8, Appendix 4]. That the massless spin-
s field equation has a first order symmetric hyperbolic formulation follows immediately
from Eq. (7.5) and Lemma 2.10.

Lemma 7.3. Consider a spinor field p 4. F in LIZOC(SZS)' Then the Cauchy problem (7.1)
admits at most one solution in CO(R, LIZOC(SZS)).

Proof. This lemma is a direct consequence of the energy estimate. O

Remark 7.4. This lemma does not state existence of solutions to the Cauchy problem for
the massless free fields with initial datum in weighted Sobolev spaces. However, one can
use Theorem 7.6 to obtain existence of solutions of this Cauchy problem from standard
existence theorems for solutions of the wave equation with initial data in weighted
Sobolev spaces.

‘We can now use Lemma 7.3 and Proposition 7.1 to reduce the problem of constructing
a Hertz potential to the level of initial data.

Lemma 7.5. Let j > 2 be an integer and ¢ 4. p be a spinor field in Hg/(st) satisfying
the constraint equation (das@)c..r = 0. Assume that there exist spinor fields £E4. . F €

HIY (So5) and ¢ r € HL 7 (Say) satisfying
@a..F = (G25¢28)a..F +(G250)A..F-
Then the only solution to the Cauchy problem (7.1) for massless free fields is given by

~A . F
da..F =Vaa - VEpx )

where )"(A,'“F, is obtained through the Cauchy problem (7.4) for x a..r with the initial
data (Ea..p,~2¢a..F).
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Proof. Let

Ga..r=Van - Vepxt-t.
It is a simple calculation to check that $A___ F satisfies the massless field equation of
spin-s (see [29], for instance). Furthermore, the rgstriction of ¢pa..r and ¢4 F agree
on {t = 0} and are equal to 4. r which lies in Haj (S25) and consequently in L%(st).
Using the uniqueness stated in Lemma 7.3, we can conclude that both agree. O

Theorem 7.6. Let s be in %N, 8 bein R\ Z and j > 2 an integer. We consider ¢4 r in

H 5] (S25) satisfying the constraint equation DAB @A...r = 0. Then there exists a spinor
field ¢4 F, solving the equation

oa..F = G20)a..F

and satisfying the estimates

ICa...Flljs2s—1,5125—1 < Cll@a..Fll}s-

Furthermore, the unique solution of the Cauchy problem for massless fields (7.1) with
the initial datum @ 4. is given by

~A . F
¢a.F =Vaa ...Vpprx ,

where the spinor field x ... F, defined by

~A.F
XA..F = TAA - TFF' X ,

satisfies the Cauchy problem (7.4) for the wave equation with initial data (0, ﬁ{ AF).

Proof. This result is a direct consequence of Lemma 7.5, and of propositions 4.5
and4.6. O

7.3. Decay result for higher spin fields. The notations adopted in the formulation of the
main theorem is consistent with the ones which are adopted in Sect. 6.1.

The following decay result for higher spin fields recovers the decay result obtained
by Christodoulou and Klainerman in [9] for the spins 1 (corresponding to the weight
6 = —5/2) and 2 (corresponding to the weight § = —7/2). The main difference is the
regularity of the initial data: Christodoulou and Klainerman rely on weighted Sobolev
embedding to obtain their decay result, so that only two derivatives of the initial data are
required. The result which is presented here is based on the decay result of solutions of
the wave equation stated in Sect.5 and consequently requires at least three derivatives
of the initial data. This restriction can be removed as soon as a decay result for the wave
equation for initial data with arbitrary decay at spatial infinity, and regularity H> x H',
is established. The following theorem will then also hold with one derivative less in the
norms.

Theorem 7.7. Let s be in %N, 8 in R\Z, j > 2 an integer and consider the Cauchy
problem for the massless free spin-s fields
VAN Gy r =0

DA Fli=0 = @A F € H(gj (S25)
DBy, p=0.
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We finally consider three nonnegative integers k,l, m whose sum is denoted by n <
Jj — 3. The following inequalities hold, for all i in {0, ..., 2s}: there exists a constant C
depending only on a choice of a constant dyad and of k, I, m such that:

(1) foranyt >0, x € R> such that t > 3r, that is to say, in the interior region,

§— .
IV'a..rl < C<t>"""(@a..Fll34n,s:

(2) forisuchthat1+2s+6—1—1i <O, foranyt >0,x € R3, such that 3r > t > %,
that is to say in the exterior region,
C<u>1+8+2sflfi
<p> 1 +2s—itk+m

D DY ;| < loa..Fll34n.85

(3) forisuchthat1+2s+38—1—1i >0, foranyt >0,x € R3, such that 3r > t > %
that is to say in the exterior region,

IDED"Y" i < C<v>""llga._Fll3tn.s-
Proof. Let s and & be such as in the theorem and consider ¢4._r a initial datum in
H SJ (S25) satisfying the constraints equation
DBy, F=0.

The initial datum @4 f satisfies the assumptions stated in Theorem 7.6, so that there
exists a potential ¥4 " of order 2s such that the solution of the Cauchy problem with
initial datum @4 is given by:

¢a.r=Vaa ... Vepxt-t
and XA F = Taa’--- rpp/)ZA/"'F/ satisfies the Cauchy problem
Uxa..r=0

j+2s
XA...Fli=0 € H{ 5 (S2)

j+2s—1
O XA..Fli=0 € H8+25—1 (82).

Furthermore, the norm of the potential is controlled by the norm of the initial data
1 XA...Fll34n+25.6425 < Cll@a...Fll3+n.s-

A constant dyad (e{)‘, ef) on the Minkowski space is chosen. The components of
the field y4..r are then of the form ng]x e 5?, where the constant spinor Si‘ (for
i €{l,...,2s}) belongs to {eg, el‘} and x is a complex function satisfying a Cauchy
problem of the form

Ux =0,
j+2:
Xli=0 € Hi5 (R3, C),
j+25—1
dixli=o € H{5) ") (R, ©).

Proposition 6.4 can then be used, on each of the components of the field. All these
components decay exactly in the same way and, consequently, the field ¢4 r decays
exactly as the field under consideration in Proposition 6.4. O

Acknowledgements. We thank Dietrich Hifner, Jean-Philippe Nicolas and Lionel Mason for helpful discus-
sions.
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Appendix A. Algebraic Properties of the Fundamental Operators

To prove Proposition 7.1, we need the following relation

Lemma A.1. The operators Gy and ¢} commute and we have

(Skckd)a,..a, = (CkSkP) A, A

5]
k —n B Bx—on ¢ AN
= Z m (=2) D(Al o DAk—2n (Ak¢)Ak—2n+lmAk)BlmBk—Zn'
n=0 k—2n

Proof. We begin by proving that (GxCk¢)4,...a, has the desired form. By partially ex-
panding the symmetrization in the defintion of the operator cj, we get

By Bi—on—1( AN
D(AI e DAk—2n—1 " (Akd‘k¢)Ak,2n.‘.Ak)B1..‘Bk,zn,l

k—2n—1
2n +1 B B
- k Day 7 e Day o, T (AR Ay i1 AL By Bran
k—2n
k—2n—1

By Bi—2n-1 B2
D7t - Dayy,y " DBy, !

k—2n—1

n
(AkP) Ag 2. AL)B1 ... Bk 202 Bi—2n

_2n+1

B Bj_, n
-k Da, 7t Dayy, 8 (Ak¢)Ak—2n+lmAk)Bl . Br—on

k—2n
k—2n—-1

By Bi_2n-2 n+l
2k D, - Dayg, s "2 (AR D) Ap g1 AOBL. B _an 2+

k—2n—2
Where we used D4€ D BC = —%6 ABA in the last step. We therefore get
(GkCkd) A .4
15

k—1 _
Z ( )(_2) " D, B Day_s, Bean (AZ¢)Ak—2n+]~~-Ak)Bl-~~Bk—2n

2n
n=0 k—2n
k—1
s
- B By 1
* (271 + 1)(_2) ! Da, b Day s k2 2(A'IZ-'- D) A 20 1. AL)B1...Bk_2u 2
n=0 k—2n—2

k—1 _
N ( )(_2) ! Dya, B Day_s, Bran (AZ¢)Ak—2n+1~--Ak)Bl--~Bk—2n

2n
n=0 k—2n
L@
2 k—1 —n B By, n
+ Z m—1 (=2)7" D, 7" Days, T (AR Ag g1 A By Bray - (ALD)

k—2n
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Where we just changed n — n — 1 in the last sum. The Pascal triangle gives the algebraic
identity

52 ks =
I L A

n=1 n=0

which in turn gives the desired form for (GxCr¢)4,..a,. To handle (<kGr@)a,..a, We
partially expand the symmetry in the following expression

C B, Bi—» n
Day~ Day”? -+ - Day_y, "(AkD) Ap_2p41.. AL C)Ba... By 2y

k—2n—1
k—2n—1
C B B By
= TDAI D¢™ Dqa, e Day_g, ko (AZ¢)Ak—2n---Ak)B2~--Bk—2n
k—2n—-2
2n+1
c B Bi—an
DAI D(A2 SRR DAk—Zn k=2 (AZ¢)A1<_2,,+1...Ak)CBz..,Bk_z,,
k—2n—1
k—2n-—1
B Bi—2n +1
= - T D(Az T DAk—Zn—l k2 (AZ ¢)Ak—2nu-Ak)AlBS~-Bk—2n
k—2n—-2
2n+1
B B Bi—on
+ k Dy, 1D(Az SRR Day_s, k2 (AZ¢)Ak72n+l-~~Ak)BI~~Bk72n'
k—2n—1
Where we in the last step again used D ACDpc = —%e ApA. Using this in the definition

of Gy yields

DA, € (Skd)cay. i,
|57 ]

k—1 B
Z ( 1)(_2)1 " D(AzB3 o Dayg, Bk72n72(AZH‘IS)Ak—zn...Ale B3...Bi_2,

2n+
n=0 k—2n—2
k—1
s
* ( 2n )(_2)1n Da, b D4, B Dy, s, Bk_zn(AZ¢)Ak—2n+l»--Ak)Blu-Bk—Zn'
n=0

k—2n—1

After symmetrization we get that (CxSx$) 4,...4, has an expansion identical to the one
in the first equation in (A.1). This gives the desired result. O

Proposition A.2. The equation (7.3) together with (7.6) implies

DAy Ay = (G252 X) Ay Ay + %(92s3zX)Al...A2S.
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Proof. Using tp Ay aar = Dap+ %6 AB0; we can write the potential equation in terms
of Dsp and 9;. We have

Ay = VAlA’1 - 'VAzsA’ZS )A('A/lmA/zs = TB]AIVA A By vAzxA’ZS XB\...Bas
2s 2s
= (Da, "+ ea, P10 - (Day, ™ + e, ™ 8)) Xy b,
2s
5 (> /2 p Bl p, Buoagn
- Z (n) (Ar - PAgy, t XAos—n+1.--A2g) B1...Bos—n
n=0 2s—n

We can now use (7.6) to eliminate all higher order time derivatives. This gives

DAy ... Ay

Ls]
Bas_2n 92
= z ( )2 D(Al B DAZJ'—Z” n af nXA2A'72n+l~~~A2x)Bl~..B2x72n

2s—2n

[s-2)
—n—1/2 B Bas_an_1 a2n+1
+ Z (2n+1)2 n—1/ Da, %V Day,,, P21 7

2s—2n—1

X XAzs—2n...A25)B1...Bos—2n—1

Ls]
Z ( )( 2)™" Dia Br... Day, Bas-an (A% X) Azs 2041 A20) B .. Bas—22
n=0 2s—2n

2s _
7 Z (2n + 1)(_2) ! D b Dy s, Basan (AgA‘atX)AZJfbr--AZJ)BI---BZS—Zn—I

2s—2n—1

= (G25C2s X)A|... Ay + ﬁ(starX)Al...Ah-

In the last step we used the definition of §o; and Lemma A.1. In fact we have defined
Gk to match the 9; part of this expression. O

Proposition A.3. For k > 2, the operators G have the properties diGr = 0 and
Skt = 0.

Proof. First we prove that d; G = 0. By partially expanding the symmetrization in the
definition of Gy and restricting the summation to non-vanishing terms we get

(Skd)a,..A
15°]

Z (2n + 1)(_2)_"DA1 b Dy, B D4, B Dayyyy B2 (AZ¢)Ak72n...Ak)Bl...Bk,z,q,]

n=0

k—2n-3
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k—2 _
( n )(_2) " Dy, B2 Da, B D gy, Bian (AZ¢)Ak—2n+] < Ar)A2By...Br—op

k—2n—2

k—2 _
( n )(_2) nDAZ B D(Aslg3 - Dayy, Bian (AZ¢)Ak—2n+l---Ak)AlBZ---Bk—Zn

k—2n—-2

k—2 _ B B
( n— 1)(_2) ! D, AEER D gy koo (AZ¢)Ak—zn+2---Ak)A1A233~--Bk—2n+1‘

k—2n—1

Using DA€ Dpc = —LeapA weget D142 Dy Bipy, B2 = IpBiB2 A pAiA2p, B2
=0and

(dk9k¢)A1...Ak
5]

k—2 o
Z (21’! + 1)(_2) "B Da, B Day_s, Bran (AZ+I¢)Ak—2n--»Ak)Bl»~~Bk—2n—]
n=0

k—1
155 ]
k=2 _nynpBiBp B D Bi—ans1 (AT
+ Z m—1 (=2) (A3 7 PAronn (ARD) A 2142 AL Br.. By 21 -

n=1

k—2n-3

k—2n—1

The first sum is identical to the second sum after a variable change n — n — 1, hence
di Gk = 0.

Now, we turn to the proof of G t;_» = 0. Partial expansion of the symmetrization in
the definition of t;_; gives

D, ™'+ Dy PN (AL G 20) Ay A BB
k—2n—1
_(k—2n— 1)k —2n—2)
- k(k—1)

By Bi—on—1 (AN
B1Ba D(A] o Day s,y " (Ak—2¢)AI<—2n---Ak)BSWBk—Zn—l

k—2n—1
2k —2n— DQ2n+1)

B Bi—2n—1 n
Dpyay Da,”" - Day_y,y " AY_2D) A Ar—1) Ba. B2

k(k—1)
k—2n—1
2n(2n+1) B B
+ (Ag—1Ax DA] LR DAkfz,,,l k=2n=1 (AZ_ZQ'))Ak,z,,...Ak,Q)B]...kazn,]
k(k—1)
k—2n—1
(k—2n—1)(k—2n—2) B By 1
- 2k(k — 1) Deajay Day™ -+ Day o, 5% I(Azt2¢)Ak72n~~~Ak)33~--Bk—2n—l
k—2n-3

2n(2n+1)

By Bi—on—1 ( ATt
(Ag—1 Ak DAI e DA,‘,,ZM,I " (Ak_2¢)Ak,2,,...Ak,2)B] wBr—op—1-*

+ —
k(k—1)
k—2n—1

Where we again used DA142Dy B1Dy B2 = %DBlBZA and DA12py B2 = (. We
therefore get
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(Skte—20)a,..A,
|2 ]

k=2 1— B B 1
T Z (2n + 1) (=2)""DayAy Day ™ - Day_y, ! (Azt2¢)Ak72n~»-Ak)BS-~~Bk—2n—l
n=0

k—2n-3
L5

k—2 _
* z (Zn - 1)(_2) nD(A"*lAk Da, Br... D/‘lkfznlekfz"i1 (A272¢)Ak—2n-<-Ak—2)Bl-»-Bk—Zn—l'

n=1
k—2n—1

The first sum is identical to the second sum after a variable change n — n — 1, hence

Sktk—2=0. O

To use elliptic theory, we need well behaved elliptic operators. Sy is in general not
elliptic but, through the following lemma, it can related to some power of the Laplacian
— which of course is elliptic.

Lemma A.4. The formulae (2.2b) and (2.2a) hold, that is to say

(A )y an = (2T ok 2bid) . gy — (—2) 75 G2k kD) Ay Aye»

(A§k+1¢)A1..‘A2k+1 = (f2k—1§2k—ldik+l¢)A1...A2k+1 + (_2)7k(92k+1¢)A1..‘A2k+1 .

Proof. For both formulae, we will use the following help quantity for the spin-(k + j/2)
case

k—1

jok _ 2k+j —n B Bot—om
Iin 22(2n+]~_2m (=2)7" D, ™" - Dagey, 2

n=m
2k—2n

n
X (A2k+j¢)A2k—2n+l---A2k+_/)Bl-~BZk—2n

. . B B .
Multiplying D4, ®' D¢, ®?@a,...a,c> B, With 6A2C1 €B G = 6A2316C1C2+€A2C2632C1 and
using DACDBC = —%GABA, we get

DAIBI DA2B2¢A3..4AkBle = - %(Ak(ﬁ)Al...Ak + DAlAz(d‘kqﬁ)A:;“.Ak'

Using this in the definition of 7% gives

k—1

i 2k + j
Ilvk — _2 —n—1
" Z (Zn +j —Zm)( )

n=m

By Bog—on—2 ( An+1
X Dyt Dage gy " (A2k+j¢)A2k—2n—1-~A2k+j)Bl---B2k—2n—2

2k—2n—2
k—1

2k +j
+ -2)7"
;(2n+j—2m)( )

B3 Bar—2 Al
X DAy Dag™ -+ - Day_y, " (ke A2k+j¢)A2k—2n+l~~A2k+j)B3~~BZk—2n

2k—2n-2
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k—1

k 2k +j 2k +j
=+ (2k+j_ )( 2)” "(AZk+,¢)A1...A2k+,+Z(ZHJ -2)7"

n=m

B3 Bok—2 AT
X Daya, Day™ - Dayy, ! (d2k+1 A2k+j¢)A2k—2n+l-»-A2k+j)B3--~BZk—2n'

2k—2n—2
(A2)

Here, we have changed n — n — 1 in the first sum, and identified that as Ir{l’fl plus the

term where n = k, which gives us the AF-term. We can easily solve the recursion (A.2)
and get

k—1

k—1 .
ik 2k + j ‘ 2k + ) e
10 Z (2k+/ ( 2) (A2k+1¢)A1 Aok Zm -0 Z o +j _m ( 2)
Bok—2n
X D4, 4, DA3 P Dayy, R (d2k+j A2k+j¢)A2k—2n+l---A2k+j)B3---BZk—2n
2k—2n-2
k—1 k—1k—1-n .
2k + j —k 2k + j el —k
=> ( o )( 2) (A5 DAL A, + (2n DY (G

m=0 n=0 m=0

B3 Bonsa
X Dayay Das™ - Day,y " (A2k+/ 2d2k+1¢)A2n+3 Adksj)B3...Bopy2

2n

k-1 .
2k + _ o
E ( zmj)(—Z) k(A§k+j¢)A14..A2k+j -2/ 1(_2)k(f2k+j723'2k+j72d2k+j¢)A1...A2k+/-«
m=0

In the second sum we have changed the order of summation followed by the change
n—>k—n—1.

For the operators acting on an odd number of indices we have

(S2k+1D) Ay ... st

2k +1 _
= Z( )(_2) nD(Al Ve Day oy, Bak=n " (A 21 P) Azt - Askt) B . Bas—2n

2n+1
2k—2n
2k +1
Lk —k Ak
= IO + (2k + 1)(_2) (A2k+1¢)A14..A2k+1

£ 2%k +1 _ .
= Z et ] — ( 2) 7k (Al U1 P AL A — (2) Ck—1 Fok—1d2k410) Ay Aggyy
m=0

= (—2)"<A’§k+1¢>Al...AM — (=2 (Car—1F k1 ks 1 D) A Ay

Hence, we have (2.2b).
For the operators acting on an even number of indices we can use (A.1) to obtain

(S2kC2uP) ;... A%

k
2k _
= Z (2n)(_2) " D(Al - Day s, Bakan " (A 219 Ask 2041 A2) B1 .. Bak—2n
n=0 2%—2n
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2k
=Ip" (Zk) (=2)7 (A5 0)ar..an

= 2k — 2m

= — (=2 NAK DA an + (2T (k2T ok2dokd) Ay -

k
2k
> ( )(—2)—"<A§k¢)Al...A2k + (=2 (2 F o2k ) 4, ..,

Hence, we have (2.2a). O
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