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The Gnewton — 0 limit of Euclidean gravity introduced by Smolin is described by a generally covariant
U(1)? gauge theory. The Poisson-bracket algebra of its Hamiltonian and diffeomorphism constraints is
isomorphic to that of gravity. Motivated by recent results in parametrized field theory and by the search for
an anomaly-free quantum dynamics for loop quantum gravity, the quantum Hamiltonian constraint of
density weight 4/3 for this U(1)? theory is constructed so as to produce a nontrivial loop quantum gravity
type representation of its Poisson brackets through the following steps. First, the constraint at finite
triangulation and the commutator between a pair of such constraints are constructed as operators on the
“charge” network basis. Next, the continuum limit of the commutator is evaluated with respect to an
operator topology defined by a certain space of “vertex smooth” distributions. Finally, the operator
corresponding to the Poisson bracket between a pair of Hamiltonian constraints is constructed at finite
triangulation in such a way as to generate a ‘““‘generalized” diffeomorphism and its continuum limit is
shown to agree with that of the commutator between a pair of finite-triangulation Hamiltonian constraints.
Our results, in conjunction with the recent work of Henderson, Laddha and Tomlin in a (2 + 1)-
dimensional context, constitute the necessary first steps toward a satisfactory treatment of the quantum

dynamics of this model.
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L. INTRODUCTION

A key open issue in canonical loop quantum gravity
(LQG) relates to the definition of the Hamiltonian con-
straint operator. This operator is constructed as the con-
tinuum limit of its finite-triangulation approximant [1,2].
The latter is the quantum correspondent of a classical
approximant which is uniquely defined only up to terms
which vanish in the classical continuum limit wherein the
triangulation of the spatial manifold is taken to be infinitely
fine. In contrast to the classical continuum limit, the con-
tinuum limit of the quantum operator is not independent of
the choice of finite-triangulation approximant, thus result-
ing in an infinitely manifold choice in the definition of the
quantum dynamics of LQG. On the other hand, a necessary
condition for the very consistency of the quantum theory is
an anomaly-free representation of the constraint algebra.
Therefore, one possible way to restrict the choice of quan-
tum dynamics is to demand that the ensuing algebra of
quantum constraints is free from anomalies. Unfortunately,
irrespective of the specific choice of quantum dynamics
made in the current state of the art in LQG, the quantum
constraint algebra becomes trivial; i.e., the commutator of
a pair of Hamiltonian constraints as well as the operator
corresponding to their classical Poisson bracket vanish in
the continuum limit [3-5]. While it is remarkable that no
obvious inconsistency arises, we believe that the situation
is unsatisfactory for reasons we now elaborate.
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We refer to the commutator between two Hamiltonian
constraints as the left-hand side (lhs) and the operator
corresponding to their Poisson bracket as the right-hand
side (rhs). While the lhs and the rhs both vanish in the
continuum limit, they do so for very different reasons.
The lhs vanishes because the second Hamiltonian
constraint acts trivially on spin network deformations
produced by the action of the first Hamiltonian constraint
[3,4]. In contrast, the rhs vanishes because there are too
many powers of the parameter 6 in its expression at
finite triangulation, the continuum limit being defined
by 6 — 0. More in detail, the finite-triangulation approx-
imant to the rhs is built out of the basic operators of LQG
as follows. The curvature is approximated by a small loop
holonomy (divided by its area ~§?), the densitized triad
by the electric flux through a small surface (divided by its
coordinate area ~&2), and powers of /g by small region
volumes (divided by 8° since ,/g8* ~ volume operator).
The lower the density of the Hamiltonian constraints
in the lhs, the lower is the power of \/5 in the rhs, and
hence, the higher the overall power of é in the rhs. For
Hamiltonian constraints of density weight 1, it is straight-
forward to see that one obtains an overall power of ¢ in
the rhs which then kills the rhs as & — 0 irrespective of
its finer details.

Thus one may expect that the consideration of higher
density weight Hamiltonian constraints would yield a non-
vanishing rhs with a lhs which still vanishes because of the
independence of the successive actions of the Hamiltonian
constraint alluded to above. Hence, it could well be
the case that the current definitions of the Hamiltonian
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constraint are anomalous, the anomaly being hidden by the
low density weight."

Our view that the current set of choices for the quantum
dynamics of LQG may be physically incorrect, and that the
consideration of higher density constraints is vital to obtain
a nontrivial constraint algebra, is supported by recent work
on parametrized field theory (PFT) [6] and the Husain-
Kuchar (HK) model [7]. In these works the physically
correct finite-triangulation approximants to the constraints
involve choices which are qualitatively different from
those currently used. Indeed the approximants bear a quali-
tative similarity with the physically appropriate ones used
in “improved” LQC [8]. Moreover, the nontriviality of the
quantum constraint algebra in these works is seen to be
directly tied to the kinematically singular nature of the
constraint operators which in turn are a consequence of
the higher density nature of the constraints [6,7].

Given this situation, our aim is to use the insights gained
from the study of PFT and the Husain-Kuchaf model to
construct higher density weight constraint operators for
LQG which yield a nontrivial anomaly-free representation
of the classical constraint algebra. While PFT and the
Husain-Kuchar model have proven to be immensely useful,
they suffer from one structural oversimplification vis-a-vis
gravity: their constraint algebras are Lie algebras, unlike
the gravitational constraint algebra, which has structure
functions. Therefore, before attempting LQG with all its
complications, it is advisable to tackle a simpler system
whose constraint algebra bears more of a structural simi-
larity with gravity. Just such a system has been proposed
recently by Laddha and its quantum dynamics have been
studied in a (2 + 1)-dimensional context in Refs. [9,10].
The system is obtained by replacing, in the phase space
description of Euclidean gravity in terms of triads and
connections, the triad rotation group SU(2) by the group
U(1)3. The U(1)? model (in 3 + 1 dimensions) has three
Gauss law constraints, three spatial diffeomorphism con-
straints and a Hamiltonian constraint. The constraint alge-
bra for the Hamiltonian and diffeomorphism constraints is
isomorphic to that of gravity. In fact, it turns out that this
system is exactly the Gy — 0 limit of Euclidean gravity
studied by Smolin in Ref. [11].

In this work we initiate the investigation of the quantum
dynamics of this U(1)® model in 3 + 1 dimensions with a
view to obtaining a nontrivial representation of the Poisson
bracket between a pair of Hamiltonian constraints. The
work entails many new techniques and constructions and
for simplicity we shall ignore issues of spatial covariance.
Modifications to our constructions which incorporate spa-
tial covariance will be discussed in a future publication
[12], this work serving as a necessary precursor to that one.

'A hint that something may be wrong is already seen in the
“scaling by hand” calculations of Lewandowski and Marolf [4].
*We thank Miguel Campiglia for pointing this out to us.
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The layout of the paper is as follows. Section II de-
scribes the classical Hamiltonian formulation of the U(1)3
model and provides a brief review of the U(1)® ““charge”
network representation which comprises its LQG-type
quantum kinematics. In Sec. III we describe the main steps
in our considerations so as to provide the reader with
overall the logical structure of our work. In Sec. IV
we motivate and define the action of the Hamiltonian
constraint at finite triangulation and compute the action
of its commutator (at finite triangulation) on the charge
network basis.

In the last part of Sec. IV, we compute the continuum
limit of this finite-triangulation commutator. The notion of
continuum limits in LQG is a delicate one. In the literature
two different definitions of the continuum limit exist, one
through the specification of Thiemann’s Uniform Rovelli-
Smolin (URS) topology [3], and one through the specifi-
cation of the Lewandowski-Marolf habitat [3,4]. The
continuum limit we use is, roughly speaking, an intermedi-
ate between the two, and can best be described in analogy
to the case of the URS topology. The URS topology is a
topology on the space of operators on the kinematic Hilbert
space (the finite-triangulation constraint operators belong
to this space) which is defined by a family of seminorms
which, in turn, are specified by diffeomorphism-invariant
distributions. These distributions do not lie in the kine-
matic Hilbert space but in the algebraic dual space.® The
continuum limit is then specified in terms of Cauchy
sequences of finite-triangulation operators in this topology.
In the present work as well the continuum limit is specified
in term of Cauchy sequences of finite-triangulation
operators. However, the operator topology is defined by a
different subspace of the algebraic dual. As we shall see,
examples of elements of this subspace are provided by
rough analogs of the Lewandowski-Marolf habitat states
[4,6,7] which we call “vertex smooth algebraic” (VSA)
states.* In Sec. IV, we obtain the continuum limit of the
finite-triangulation commutator in the VSA topology under
certain assumptions about the space of VSA states.

In Sec. V we construct the finite-triangulation operator
which corresponds to the rhs. The construction is based
on a remarkable classical identity which we derive in
Sec. VA. As shown in Appendix B, the identity extends

Recall that an element of algebraic dual consists of linear
mappings from the finite span of charge network states to the
complex numbers.

*Just as a diffeomorphism-invariant distribution can be thought
of as a kinematically non-normalizable sum over all diffeomorph-
ically related spin (or charge) network bras, a VSA state is
constructed as a weighted, kinematically non-normalizable sum
over a certain set of charge network bras where the weights are
provided by the evaluation of smooth complex valued functions
on the spatial manifold at certain vertices of the bra. The set of
bras is closed under diffeomorphisms but contains diffeomorph-
ically distinct bras in contrast to the Lewandowski-Marolf habitat
states.
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to the case of internal group SU(2) i.e., to the case of
gravity and, hence, is of interest in its own right. To our
knowledge this identity has not been noticed before. As in
Sec. IV, we evaluate the continuum limit of the finite-
triangulation operator for the rhs under certain assumptions
on the space of VSA states. Section VI is devoted to a proof
that there exists a large space of VSA states subject to the
assumptions of Secs. [V and V.

The final conclusion of our work in Secs. IV and V is that
the continuum limits of the lhs and rhs agree in the VSA
topology induced by the space of VSA states constructed in
Sec. VI. This agreement is what we mean by an anomaly-
[free representation of the Poisson bracket between a pair of
Hamiltonian constraints.

Section VII is devoted to a discussion of our results as
well as an elaboration of open issues, the two key open
issues being (i) an improvement of our considerations so as
to incorporate diffeomorphism covariance; (ii) the promo-
tion of our VSA-topology-based calculations to the context
of a genuine habitat.

We work with the semianalytic category in this paper
so that the Cauchy slice 2, coordinate charts thereon,
its diffeomorphisms and the graphs embedded in it are
semianalytic and C*, k > 1.

II. THE U(1)} MODEL

In Sec. IT A we obtain the Hamiltonian formulation of
the U(1)® model from that of Euclidean gravity through
Smolin’s Gy — 0 limit [11]. In Sec. II B we briefly review
its quantum kinematics in the polymer representation.

A. The Hamiltonian formulation

Recall that Euclidean gravity is described, in its
Hamiltonian formulation, by the action

S[E, A] = L ([ @ E¢ Al — Ni'D,E¢
GN 2 1 1
— NYEVF!, — AiLD,E?)

~ NeMECELFY,), 2.1)

Here E¢, A, are the canonically conjugate densitized triad
and SU(2) connection. The curvature of the connection is
b =0, A — 9, AL+ €4 ALAL and D, is the
gauge-covariant derivative so that D EY = 9 ,E? +
e,-ijZUIEZ. N, N% A are the (appropriately densitized)
lapse, shift and internal gauge Lagrange multipliers.

We have set the speed of light to be unity so that Gy
has dimensions [length][mass]™!, A%, A’ have
dimensions [length]™!' and the triad, lapse, and shift are
dimensionless so that Eq. (2.1) acquires the dimensions of
action. Following Smolin, we define the rescaled
connection A, := Gy' Al so that the curvature takes
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the form F!, = Gy(9,AL — 9,AL + GNe;kA;Ai) and
DaE? = aaE? + GNEijkA{lEZ'

Rewriting the action in terms of the scaled connection
and then setting Gy = 0, it is easy to obtain

S[E, A] = f dt( / $xESAL — G[A] - D[N] - H[N]),

(2.2)
where
G[A] = f dBxAig,E9, 2.3)
D[N] = f dxN“EPFi, — ALo,EY),  (2.4)
1 5
H[N] = 3 f d*xNe'*E¢EVFY, (2.5)

are the Gauss law, diffeomorphism, and Hamiltonian con-
straints of the theory, and where F!, := 9,A} — 9,AL.
Note that the Gauss law constraints generate three inde-
pendent U(1)? gauge transformations on the connections
Al, i =1,2,3 with gauge-invariant curvature F', and that
the three electric fields EY, i = 1, 2, 3 are gauge invariant.
Thus, the action (2.2) describes a U(1)? theory as claimed.

The constraints G[A], D[N], H[N] are first class. Their
Poisson-bracket algebra is

{GIA] GIA']} ={G[A] HIN]} = 0, (2.6)
{D[N], G[AT} = G[ LA, (2.7)
{D[N], DIM]} = D[ LM], 2.8)
{DIN], H[NT; = H[LN], 2.9)
{HIN), H[M]} = D[] + G[A - @] 2.10)

w® := EYE*(Ma,N — No,M).

The last Poisson bracket (between the Hamiltonian
constraints) exhibits structure functions just as in gravity.
Working towards a representation of this last Poisson
bracket in quantum theory will occupy the rest of this work.

B. Quantum kinematics
1. The holonomy-flux algebra

Let e be a Ck, k> 1 semianalytic, embedded edge e:
[0, 1] — 3. An edge holonomy in the jth copy of U(1) is
denoted by &, ,; with

h _ eiquj fﬂ] A{;dx“

e,q’

@2.11)

Here ¢/ is an integer, x is a constant of dimension
[length][mass] ™! and v is a positive real number. For fixed
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K, v, the edge holonomies for all edges and all values of the
“charges” ¢/ form a complete set of functions of the
connection A%; i.e., the knowledge of all these holonomies
allows the reconstruction of AZ. We fix k once and for all.
We shall see below that y is a Barbero-Immirzi-like pa-
rameter of the theory which labels inequivalent quantum
representations.” The edge holonomy h, g valued in U (1)
is defined to be the product of edge holonomies over the
three copies of U(1):

_ eiK’)/ Zj:] q’ f[l A[,dx”.

h (2.12)

eq

Given a closed, oriented graph o with N edges, the graph

,,,,,

edge holonomies over the edges of the graph, so that

N

hatqy = [T 1enir (2.13)
=1

It is easily verified that the graph holonomy 4, 7 is

invariant under U(1)? gauge transformations if and only if,
for every vertex v of the graph & and for each i,

D r(l,)g; =0, (2.14)
I,

where ¢; ranges over the edges incident at v and 7(/,)
is +1 if the edge is outgoing at v and —1 if ingoing.
The labels «, {g,;|/I =1,..., N} define a colored graph
which we refer to as a charge network. A charge network
c=cla,{g;lI =1,...,N}) is a closed oriented graph
whose edges are ‘“‘colored” by representation labels of
U(1)%; i.e., each edge ¢, is colored with the triple of charges
(g}, g% q3) := q,. If the charges satisfy Eq. (2.14), we shall
say that the charge network is gauge invariant.® Thus, graph
holonomies are labeled by charge networks and we may
write h, (5 ‘= h.. For future purposes it is useful to write
the graph holonomy #, in the form

h, = exp ([d3xc§’Aé),

cf(x) = c(x;{er} 1q1})

(2.15)

where

M
= 3 iyeq) [0e ) 0ef). 216

I=1

>We could have chosen three different parameters y; and
obtained a three-parameter family of inequivalent representa-
tions. For simplicity and to maintain similarity with the case of
gravity where there is a single Barbero-Immirzi parameter, we
sety, =vy,i=1,2,3.

More precisely, charge networks are associated with equiva-
lence classes of colored oriented closed graphs; colored graphs
which yield the same graph holonomy via (2.13) define such an
equivalence class.
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Here ¢#; is a parameter which runs along the edge e;.
Adapting the old terminology of Gambini and Pullin [13],
we shall refer to c?(x) as a charge network coordinate.

The gauge-invariant electric flux E;(S) through a
two-dimensional oriented surface S is given by integrating
the 2-form n,,.E¢ over S so that

Ei(S) i= js Nape 2. 2.17)

The only nontrivial Poisson bracket amongst the
holonomy-flux variables is {h., E;(S)}, which is readily
computed:

the E(S)y =125 3 eler aihe. (2.18)

Here the graph a(c) underlying c¢ is chosen to be fine
enough that isolated intersection points of the graph with
S are at its vertices and the integer €(e;, S) vanishes unless
e; intersects S transversely in which case e(e;, S) = 1
if e; is outgoing from and above S or incoming to and
below S and —1 otherwise. Unless indicated explicitly
below, we will always assume that charge network
edges are outgoing at vertices or relevant interior edge
points.

2. The polymer representation

An orthonormal basis for the kinematic Hilbert space
is provided by charge network states. To every distinct
charge network label ¢ we assign the unit norm charge
network state |¢) = |v, {G,}). Two charge network states
are orthogonal if and only if their charge network labels
differ; i.e., if the colored graphs which label them are
inequivalent. We denote this inner product between charge
network states by

(le) = 841, (2.19)
where the Kronecker delta 6. . vanishes unless there is a
choice of colored graph underlying ¢ which is identical to a
choice of colored graph underlying ¢’ in which case ¢ = ¢/
and 6. = 1.

Let the finite span of the charge network states be D.
The Cauchy completion of D in the inner product (2.19)
yields the kinematic Hilbert space H .

The holonomy operators act as follows:

he’y =lc+ ). (2.20)

The charge network ¢ + ¢’ is defined as follows: Let «
be a fine enough closed, oriented graph which underlies
both ¢ and ¢’. Add the charge labels of ¢, ¢’ edgewise to
obtain new charge labels for . This newly colored graph
specifies the charge network ¢ + ¢’. The flux operators act
as follows:
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E(9)0)="TC S ele, )giler @)
It can be verified that the above operator actions provide a
representation of the holonomy-flux Poisson-bracket
algebra on JH y;,. Finally note that, as in LQG, we may
derive these operator actions by thinking, heuristically, of
the charge network states as wave functions which depend
on smooth connections via |¢) ~ c(A) = h.(A) and by
seeking to represent the holonomy operators by multipli-
cation and the electric field operators by functional
differentiation.

III. SKETCH OF OVERALL LOGICAL
STRUCTURE

Our purpose in this section is to give the reader a rough
global view of the logical structure of our considerations.
In Sec. III A we provide a brief sketch of the main steps
in our work. Section IIIB contains a precise definition
of the continuum limit in terms of a topology on the space
of operators and indicates the sense in which the imple-
mentation of the steps of Sec. III A establishes the exis-
tence of a nontrivial anomaly-free representation of the
constraint algebra. In Sec. IIIC we briefly describe the
various choices made in order to implement the steps of
Sec. III A. To avoid unnecessary clutter we shall not worry
about overall factors, both dimensional and numerical
(only in this section).

As in LQG, we are faced with a tension between
the local nature of the constraints of the model
(most importantly the dependence on F',) and the nonlocal
and discontinuous nature of some of the basic operators of
the quantum theory (namely the holonomy operators).
Since there is no way to extract a connection (or curvature)
operator out of the holonomy operators due to their
discontinuous action with respect to any shrinking proce-
dure applied to the loops which label them, one proceeds
in close analogy to Thiemann’s seminal work [1]. We fix a
one-parameter family of triangulations T's of the spatial
manifold X where & labels the fineness of the triangulation,
with 6 — 0 being the continuum limit of infinite refine-
ment; construct finite-triangulation approximants to the
classical constraints; construct the corresponding opera-
tors; and then take an appropriate continuum limit, the
hope being that while individual operators may not possess
a continuum limit, the conglomeration of operators which
combine to form the constraint does possess a continuum
limit.

A. Steps

Step 1: The finite-triangulation Hamiltonian constraint
and its continuum limit.—Let the Hamiltonian constraint
at finite triangulation 75 be Cs[N]. Cs[N] is a dis-
crete approximant to the Hamiltonian constraint C[N]
(see, however, the remark after Step 4 below) so that
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lim 5_,Cs[N] = C[N]. Let the corresponding operator
Cs[N] be such that C5[N]: D — D where D is the finite
span of charge network states. Let D" be the algebraic dual
to D so that every ¥ € D" is a linear map from D to C.
Let |c¢) be a charge network state. Then for every pair
(W, |c)) we compute the one-parameter family of complex
numbers W(Cs[N]|c)). The continuum limit action of
Cs[N] is defined to be

lim W(C5[N]lc)). 3.1

Step 2: Finite-triangulation commutator and its
continuum limit.—Let Ty be a refinement of T so that
&' < 8. Define a discrete approximant to C[N]C[M] by
C[N]sC[M]s. The corresponding operator product is
C[N]syC[M]s. The commutator at finite triangulation is
then C[N]yC[M]s — C[M]5C[N]s and its continuum
limit action is

lim lim W([CIN ]y C[M]; — CIM1y CINT]le). (3:2)

Step 3: Rhs at finite triangulation and its continuum
limit.—Recall that the rhs, D[@], is just the diffeomor-
phism constraint smeared with a metric-dependent shift.
One could define it at finite triangulation by some discrete
approximant Ds[@]. Note that the lhs at finite triangula-
tion, by virtue of the quadratic dependence of the commu-
tator on the constraint, depends on the pair of parameters
8, 8'. Clearly, a better comparison of the lhs and rhs would
result if the rhs could also naturally accommodate a
commutator description. Remarkably, it so happens that
the classical expression for the rhs can be written as the
Poisson bracket between a pair of diffeomorphism con-
straints with triad-dependent shifts. Specifically, we have
that D[w] = 3?_ {D[N;], D[M;]} where D(N;) is the dif-
feomorphism constraint smeared with the shift N{ which is
constructed out of the lapse N and the electric field variable
(see Sec. VA). Let D[ N;] be a finite-triangulation approx-
imant to D[N;]. Then the finite-triangulation rhs operator
can be written as ¥, D[N, 5 D[M;]; — D[M,]5D[N;]5 and
its continuum limit action is defined to be

3
lim lim

lim lim 3 W(D[N:]y DIM;]5 — DIM;]y DIN151lc)).
—0 8'=0 =

=

(3.3)

Step 4: Existence of the continuum limit for suitable
algebraic dual states.—We look for a large (infinite-
dimensional) subspace D}, C D* such that for every
¥ € Dy, and every charge network state |c), the limits
(3.1), (3.2), and (3.3) exist with (3.2) = (3.3). Further we
require that (3.2) and (3.3) do not vanish identically for
every pair (7, |c)).

Remark: In accordance with Step 1 above we should
first find a classical approximant to the classical con-
straints such that the approximant is built out of small edge
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holonomies and small surface fluxes (where the notion
of smallness is defined by the finite-triangulation parame-
ter ). We should then replace the classical phase space
functions by their quantum counterparts to obtain the con-
straint operator at finite triangulation. Instead, in Sec. IV
we directly motivate, through heuristic considerations,
finite-triangulation quantum constraint operators. It is de-
sirable that it be shown that these operators correspond to
the quantization of classical finite-triangulation approxim-
ants. Based on our experience with PFT and the HK model,
we are fairly sure that this should be easy to do. However
since this is one of the first attempts at obtaining a non-
trivial representation of the constraint algebra we choose to
press on and leave loose ends such as this to be tied up by
future work.

B. A note on the “topology” interpretation
of the continuum limit

Given any operator O: D — D and a pair (¥, |¢)) with
¥ € D;.,. and |c) being a charge network state, we may
define the seminorm of the operator O to be ||0”\y’c =
|W(O|c))|. The family of seminorms || Iy, for every pair
(P, |c)) defines a topology on the vector space of operators
from D to itself. It is straightforward to check that the
sequences of operators (indexed by &, 8’) defined in the
previous section can be interpreted as sequences which are
Cauchy in this topology. Of course there is no guarantee
that the limit of such a Cauchy sequence is also an operator
from D to itself. Indeed, we shall see that the limit is
interpretable as an operator from D, into D*; this
follows straightforwardly from the fact that every operator
O from D to itself defines an operator (O1)’ on D* by dual
action.

It is straightforward to see that the successful implemen-
tation of Step 4 implies that

(i) The sequence’ of finite-triangulation Hamiltonian
constraint operators is Cauchy and converges to a
nontrivial operator from D, into D*.

(ii) Likewise for the sequences of finite-triangulation
lhs approximants and finite-triangulation rhs
approximants.

(iii) The difference between the rhs and lhs operators at
finite triangulation also forms a Cauchy sequence.
This sequence converges to zero.

The statements (i)—(iii) constitute a precise definition of
what we mean by a nontrivial anomaly-free representation
of the Poisson bracket between a pair of Hamiltonian
constraints. These statements hold in PFT and the
Husain-Kuchaf model. However, there, one has the
stronger statement that the finite-triangulation operators
as well as their limits are operators from D}, to itself;

“Strictly speaking, the statement applies to any appropriately
defined countably infinite subset of the one- (or two-) parameter
set of operators under consideration.
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the linear vector space D7, then acts as a linear repre-
sentation space which supports a representation of the
constraint algebra. Following Lewandowski and Marolf
[4], such a representation space is called a habitat.

We are optimistic that our considerations here admit a
generalization to a habitat-based representation. Indeed, as
we shall see briefly in Sec. III C and in detail later, our
choice of Dy, closely mimics that of the habitats of PFT
[6] and the Husain-Kuchar model [7].

C. Choices

1. The action of the finite-triangulation
Hamiltonian constraint operator

As in LQG [1], the Hamiltonian constraint acts only at
charge network vertices. Recall, from Sec. I, that the
reason the lhs is trivial in LQG can be traced to the fact
that the second Hamiltonian constraint does not act on
graph deformations generated by the first. As argued in
Ref. [4] this is because the Hamiltonian constraint does not
move the vertex it acts on. Here we define the action of
¢ sLNV] after a careful study of the Hamiltonian vector field
of C[N]. This study motivates an operator action which
does move the vertices it acts upon. This is the reason we
get a nontrivial lhs with the desired dependence on deriva-
tives of the lapse [see Eq. (4.65)]; the derivative is born of
the fact that the second Hamiltonian constraint acts at the
closely displaced vertex created by the first Hamiltonian
constraint.

2. Diyne vertex smooth functions, and density weight

The choice of D, for PFT and the Husain-Kuchar
model is characterized by vertex smooth functions
(see Footnote *). An element ¥ ¢ of Dy is obtained by
summing over an uncountably infinite set of charge network
bras with weights which correspond to the evaluation of a
smooth function f (from copies of the spatial manifold to C)
at points on the spatial manifold given by the vertices of the
bra. In our notation, with |c¢) being an appropriate spin/
charge network state, one typically obtains ‘I'f(CA'ls[N]Ic))
to be the difference of the evaluation of the function at points
on the manifold which are & apart divided by an overall
power of 6. In the continuum limit this translates to a
derivative of f. If the overall factor of 6 was absent, one
would get a trivial result by virtue of the smoothness of f.
As discussed in Sec. I, the overall factor of 6 is tied to
the choice of density weight of the constraint. As has
been known for a long time, density-weight-1 objects
constructed solely out of the phase space variables when
integrated with scalar smearing functions typically lead to
LQG operators with no overall factors of 6. This is what
would happen if we used the density-weight-1 constraint.
Hence in order to get an overall factor of & 1 we need to
multiply the density-weight-1 constraint by ,/g1/3 (recall
that /g6~ volume operator); i.e., we need to consider a
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Hamiltonian constraint of weight 4/3. It is then straightfor-
ward to check that the rhs also acquires an overall factor of
&~ which, as we shall see, also goes into producing a
derivative of f in the continuum limit. Thus the higher
density weight allows on one hand the moving of verti-
ces caused by the Hamiltonian constraint to manifest
nontrivially, thereby giving rise to a nontrivial lhs, and
on the other, compensates for the (hitherto) “too many
factors of 6 in the rhs, thereby leaving an overall factor
of 871 which is responsible for its nontriviality.

IV. THE HAMILTONIAN CONSTRAINT
OPERATOR AT FINITE TRIANGULATION AND
THE CONTINUUM LIMIT OF ITS COMMUTATOR

The Hamiltonian constraint of density weight 4/3
smeared with a lapse N (of density weight —1/3) is

1 y _
H[N] = 5 fz d3xe”kF’;bE§?(NE§‘q 9). 4.1
Note that the last piece of the above expression,
N¢ := NE%q73, 4.2)

defines an electric-field-dependent vector field for each
i. For reasons which will become clear shortly, we shall
refer to N as the electric shift. We refer to its quantum
correspondent as the quantum shift.

In Sec. IV A we detail our choice of regulating structures.
In Sec. IV B we construct the quantum shift operator. Since
its phase space dependence is solely on the electric field,
the operator is diagonalized in the charge network basis.
Moreover, due to its dependence on the inverse metric, its
action is nontrivial only at vertices.

In Sec. IVC we provide heuristic motivation for the
action of the constraint operator at finite triangulation.
Motivated by previous work in PFT, the Husain-Kuchar
model, and LQC [6-8], as well as by the requirement that
the constraint moves the vertex on which it acts, we assign
a key role to the quantum shift in this action. Specifically,
using the key classical identity,

N¢Fk, = £1\7,Alz§ — 9,(N¢AL) 4.3)
as motivation, the quantum shift is used to deform the
graph underlying the charge network. While the classical
electric shift is smooth, by virtue of the discrete “quantum
geometry,” the quantum shift is not a smooth vector field
and the choice of the deformations it defines is made on the
basis of intuition gained by the study of PFT and the
Husain-Kuchat model. We detail this choice in Sec. IVD
and conclude with the evaluation of the action of the
Hamiltonian constraint operator at finite triangulation on
the charge network basis. Note that since the quantum
shift only acts at vertices of the charge network, the
Hamiltonian constraint (as in LQG) also acts only on
vertices.
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In Sec. IVE, we evaluate the commutator of two
Hamiltonian constraints at finite triangulation on the
charge network basis, and in Sec. IVA we compute the
continuum limit.

A. Choice of triangulation and regulating structures

Scalar densities of nontrivial weight need coordinate
systems (more precisely n-forms in n dimensions) for their
evaluation. Since the lapse is no longer a scalar, it turns
out that we need to fix regulating coordinate systems to
define the finite-triangulation Hamiltonian constraint.
Accordingly, once and for all, around every p € 3 we
fix an open neighborhood U, with coordinate system
{x}, such that p is at the origin of {x},. When there is no
confusion we shall drop the label p and refer to the
coordinate patch as {x}.

We shall use the regulating coordinate patches to specify
the fineness of the triangulation below, to define the quan-
tum shift in Sec. IVB and to specify the detailed graph
deformations generated by the Hamiltonian constraint in
Sec. IVD. An immediate concern is the interaction of
this choice of coordinate patches with the spatial covari-
ance of the Hamiltonian constraint. While we shall com-
ment on this issue towards the end of this paper, we shall
(as mentioned in Sec. I) defer a comprehensive treatment
of the issue to Ref. [12].

The one-parameter family of triangulations Ty is
adapted to the charge network on which the finite-
triangulation approximants act. Specifically, we require
that Ty (for sufficiently small &) be such that every vertex
v of the coarsest graph underlying the charge network is
contained in the interior of a cell Ay, € T5, and every
cell of Ts contains at most one such vertex. The size of
Ag(y) is restricted to be of O(8%) as measured in the
coordinate system {x},,.

B. The quantum shift

Let § '3 act nontrivially at a vertex v of the
charge network c¢. We shall refer to such vertices as
nondegenerate. Let {x} denote the coordinate patch at v.
Fix a coordinate ball B,(v) of radius 7 centered at v, and
restrict attention to a small enough 7 in the following
manipulations so that all constructions happen within the
domain of {x}. Let &5 '/* denote the regularization of §~'/3
using this coordinate ball. From Appendix A (and from
our general arguments in and prior to Sec. IIIC), the
eigenvalue of §, 13 for the eigenstate |c) takes the form
72(Aiky) " 'v~%3 where v is a number constructed out of
the charges which label the edges of ¢ at v.

Treating £¢ as a functional derivative and |c) as a
function of the connection, the action of £¢ at the point
v naturally decomposes into a sum of contributions per
edge [14] £¢ = 3¢ with
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E¢(x(v))|c) = hryq] fo l dréd (16 (e,(1), x(v))|c).
(4.4)

Next, we define the regulated quantum shift, N%,
evaluated at the point v by

V= Nx(w)g;

1 N
: f $rEox). (4.5
B,(v)

4T
3

From Eq. (4.4) and the form of the eigenvalue of ¢, S,
we obtain

Ve le) = D N (v)y.-le) (4.6)
1

with

N (v)gy,, = AxyN(x(v) T (hey) v~ 3q) i3
3

1
x f dx f dr69(1)8 (e, (1), %)
B.(v) 0

1
= N(x(v))v~ 2/3q’ — de¢
7T7' B, (v)Ne;

= %N(x(u))fmq;é;@, (4.7)
where ¢, is a unit vector which pierces B, (v) at the
point where e; intersects it. That is, the point dB.(v) N e;
has coordinates 7¢¢_ in the coordinate system {x}. The
appearance of {x}, 7 remind us that these values refer to a
particular choice of coordinates {x} and a parameter 7
defining the size of B (v).

We may now take the regulating parameter 7 — 0 to
obtain

Ne¢(w)le) == N¢(v)le) = ZN“’(v wley  (4.8)

with
3 -2/3 i sa
2 NG

4.9)

where é¢ is the unit tangent vector at v along the edge e; in
the coordinate system {x}.

N?l(v){x} = lq_i_n})N?l(v){x},T =

C. Heuristic operator action

We motivate a definition for a finite-triangulation
Hamiltonian constraint through the following heuristic

CINTC(A) = c(A) fE B xea(x) CTNAL (x) = %C(A) [ Bxet(x) f d3y(el-7k(£]\7]A’g)

h - : . /) o
— Sela) [ Q(ees L A+ cf Ly AL) = = 2 c(A) f BxAl (e L g ¢t + L c9).
E k ! E J i

Expanding,
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arguments. Using Eq. (4.3) and by parts integration, the
Hamiltonian constraint (4.1) can be written, modulo terms
proportional to the Gauss constraints (recall that these
constraints are G; = 9,EY), as
v - -1 [ exeniey abe,
2 s ! (4.10)
N{ = Nq~'"Ef,

where N¢ is the electric shift (4.2).
Next, we add a classically vanishing term which leads to
the modified expression:

1
C'[N]:= CIN] + 3 f d*xN¢F! E?
3
_1 3 ijk L Ak b L Ai b
=59 (=€ (Ly ADE] + 3 (Ly A}ED).

@.11)

While classically trivial, we shall see in Secs. IVD and
IV E that this term ensures that in the quantum theory the
second Hamiltonian constraint acts on a vertex displaced
by the first one; this is why we add it above.

We shall think of gauge-invariant charge network states
|c) as wave functions c(A) of the connection Al,. We write
c(A) in the form of a gauge-invariant graph holonomy
(see Sec. IIB 1):

c(A) = exp (fd%cc”A’)

where we recall that the charge network coordinate ¢¢(x) is
given by

ci(x) = ci(x; {ery {qr)

(4.12)

M
=Y iykq] ] dt; 8% (e,(t)), x)ed(t).  (4.13)
I=1

We now seek the action of the quantum correspondent of
C'[N]on c(A). Accordingly, we replace the electric shift in
Eq. (4.11) by the eigenvalue of the quantum shift operator
(4.8). The eigenvalue is no longer a smooth field but, as part
of our heuristics, in what follows below, we shall treat it as
a smooth field which is supported only in the cells Ag,)
which contain the vertices v of ¢. Next, we shall think of
the remaining electric field operator [corresponding to the

rightmost term in Eq. (4.11)] as 2 ; 3 AT We are led to the

following heuristic operator action:

SA! (x) N (£1\7.Ai)

: 5A2(x)>
8A;(y) /

A} ()

(4.14)
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C"[N]C(A) = — %C(A)[ d3x((£1;, cg)Ag + (Ly Eg’)A% + (L c‘f)A}, + (L cg)Atl, +(Ly E‘f)Ag
E 1 1 1 2 2

+ (L, A2 + (Ly DAL+ (Ly eDAL + (L, cAD),

where we have written ¢ = —c{. Since the quantum shifts
N have support only w1th1n the cells A, which contain
vertices of the charge network, the integral in (4.15) gets
contributions only from such cells. If we further decom-
pose the quantum shift N into its edge contributions N
[see Eq. (4.8); I, signifies that the edges emanate from v] at
each vertex v and think of each of these contributions as
being of compact support in A, the expression (4.15) of
the Lie derivative with respect to N splits into a sum over
edge contributions in each cell Ay,). We obtain

val(v)
C'INJe(W) = > Y C,[N"]c(A), (4.16)
veEV(c) 1,

where val(v) is the valence of v, and

N h Lo
CIN"Je(A) = = 5.c(4) [ XAl (€7 L g1, c8 + L iy ).
5(v) J !

4.17)

Since the kinematics of LQG supports the action of
finite diffeomorphisms rather than infinitesimal ones, we
approximate the Lie derivative with respect to Nia'” by
small, finite diffeomorphisms, o(N1,8), generated by N,’-”"

(N7, ) cdAL — ciAf

(LyieHAL = — 5 2+ 0(8). (4.18)
Hence
CUNMJ) = 5 3e@) [ &L+ F + 000

(4.19)

where the integrand [- - -]’ is given by

[--1 = [(p1c)A] — 5AT] + [(@18§)AT — §A7]
+ [(@re)AL — cfAL] + [(@2cDAL — c§AL]
+ [(0280)A3 — ¢{AZ] + [(@2c5)AZ — c5AZ]
+ [(p3e)AZ — cfAZ] + [(@389)A; — C5A,]
+ [(¢3c§‘)A2 - chg]. (4.20)

We have used the shorthand ¢;cf = (N, 8)*c¢ and
dropped the common /. In the above expression, each
line consists of terms which are deformed along a single
shift minus the undeformed quantity; note also that each
square-bracketed pair of terms is O(8). Making all sums
explicit, we have, in obvious notation,

(4.15)

CINIe@) = Y Y G [N"1c(A)

vEV(c) I,

~tny 331

[ c T+ O(S).
vEV(e) I, i ’
(4.21)
Since the square-bracketed terms are O(5), we may write
IAE(U)[...]N’_I” _ 1

’[N]c(A)——c(A) > Y —

veV(c) 1,,i

+ 0(6).

(4.22)

The reason we exponentiate the square bracket is that
each summand (to the right of the summation signs) is
proportional to a graph holonomy (minus the identity) so
that the right-hand side of the above equation defines a
linear combination of charge network states. For instance
(suppressing some of the v dependence),

efﬂs(")[m]’\’f

— e S oL@ eI~ AT Lol oAl —e1 AT+ (o] eDAL—cfAl]

(4.23)

describes a graph holonomy which lives on a graph defor-
mation of the original graph underlying ¢ multiplied by a
graph holonomy which lives in the undeformed vicinity of
v. The deformation is confined to the vicinity of the vertex
v, moves the vertex v along the Ith edge direction and
“flips” the charges on all edges in the vicinity of deforma-
tion by the replacements ¢> — —¢°, ¢* — ¢%, ¢' — q',
and the undeformed piece has charges with an inverse flip
(see Sec. IV D below).

So far all of these manipulations have been formal and
we only use the result to motivate our definition of the
constraint operator. In the next section we shall discuss
these graph deformations at length as they lie at the heart of
our proposed action of the Hamiltonian constraint.

D. Deformations

In the previous section we persisted in the fiction that the
quantum shift eigenvalue was a smooth function on 2. In
actuality, due to the discrete ‘““‘quantum geometry” (in this
case the discrete electric lines of force along graphs), the
quantum shift vanishes almost everywhere. This contrast
between discrete quantum structures and their smooth
classical correspondents is a characteristic feature of
LQG and the appropriate replacement of the latter by the
former in the quantum theory is more of an art than a
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deductive exercise. Accordingly, we view the manipula-
tions of the last section as motivational heuristics; the
precise graph deformations generated by the quantum
shift are arrived at by the usual “physicist mixture” of
intuition and mathematical precision. While the details of
our choices may suffer from nonuniqueness, we believe
that there is a certain robustness to their main features. As a
final remark, we note that our considerations are guided
by the view that there must be imprints of the graph
deformations which survive the action of diffeomorphisms
and the possibility that the chosen deformations have
analogs in the SU(2) case of gravity.

Before turning to the precise form of the deformations
we are proposing, we modify the heuristic starting point in
two important ways:

(i) Asmentioned above, despite the quantum shift being
supported only at isolated points, we have imagined
extending its support smoothly to Ag,), the idea
being that as 6 — 0, the “1 point” support at v is
formally recovered. We choose to extend the quan-
tum shift to A, by keeping ;= N(x(v)) V;2/3q§U as
an overall factor and extending the edge tangent
ey, at v to Ay, in some smooth, compactly sup-
ported way. This allows us to pull out the factor
= N(x(v)) v~23¢t in Eq. (4.18) to obtain

3 _ .
(£A7{C7)A§ = _EN(X(U))VU 2/3Q;v

| #En o) cial — cual

5 + 0(6),

4.24)
so that (4.19) is modified to
C, [N ]C(A)———C(A)—N(X(v))vv
Xqj f2d3x[-~-]5"” +0(8), (4.25)
~]§”’i is given by
[ 1y = [(@e)A] — c5A] + [(9e)A7 — 4A7]
+[(eeAl - cfal)
[ 157 = LpepAl — csAll + [(oe)A] — A7]
+ [(pcd)A2 — c5A2Z]
[ 157 = [peA — cfAZ] + [(e25)A} — E5AL]
+ [(¢cf A3 — c3A3] (4.26)

where the integrand [- -

where @cf = go(é,y, 8)*c§, and where we have
replaced the region of integration Ag(v) by X by
virtue of the compact support of ¢; (x). Following a

similar line of argument as before, we are led to the
expression

PHYSICAL REVIEW D 87, 044039 (2013)

C'INlc(A) = D D CIN"]c(A)
veV(e) I,
_ fl 3 ,2/3
= Z C(A) 4— UEZV(C)N(X(U))VU
' jz[ ]I,,,
X z z i i o)
4.27)

We use (4.27) as our starting point rather than (4.22)
for the following reasons: The quantum shift
depends on the charge g} [see (4.9)]. In the SU(2)
case this would correspond to an insertion of a Pauli
matrix into the graph holonomy. Exponentiating
such an operation to obtain a linear combination of
charge networks seems difficult to us, so we leave q§
as an overall factor. Considerations of diffeo-
morphism covariance [12] lead us to leave the lapse
[see (4.9)] as an overall factor as well.

(i) The vector éf is tangent to the edge e

This suggests that the vertex v is to be displaced
along the edge ¢; by O(5). However (as the reader
may verify after reading this section), this leads to a
trivial transformation of c. Therefore we will move
the displaced vertex slightly off the edge [where by
“slightly,” we mean within a distance of O(6%)]. As
will be apparent towards the end of this paper, much
of the finer details of this choice will be washed
away by the ‘““diffeomorphism-covariant” nature of
the VSA states.

We now proceed to define the graph deformations sug-
gested by (i) and (ii) above. Let us restrict attention to the
vicinity of a vertex v (in what follows we shall on occasion
suppress the subscripts indicative of this specific vertex).

We interpret @(¢;, 8) to be a “singular diffeomorphism”
which drags the vertex v (and the edges at v) a distance of
O(8) “almost” [see (ii) above] along the edge e;. We
would like this deformation to have support only at the
vertex v in the continuum limit. The right-hand side of
Eq. (4.27), apart from the “—1”" term, is then essentially a
sum over charge networks obtained by multiplying three
different graph holonomies. The first is the original graph
holonomy c(A) ~ h.(A); the second is a graph holonomy
which sits on the deformed graph and has charge flips of
the type mentioned at the end of Sec. IV C; and the third is
a graph holonomy which sits on the original, undeformed
graph but has (the inverse) charge flips. The multiplication
of the second and third graph holonomies results in non-
trivial charges only in the vicinity of the vertex v and
multiplication with the first (original) graph holonomy
results in a charge network state which lives on the union
of the undeformed graph and its deformation with appro-
priate sums and differences of the charges coming from the
three types of terms.

at v.
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In Sec. IVD 1 we detail the position of the displaced
vertex and in Sec. IVD2 we detail the accompanying
deformation of the edges in the vicinity of wv. In
Sec. IVD 3 we describe the charge labels of the charge
network alluded to above as arising from the product of
three graph holonomies and, finally, display the action of
the Hamiltonian constraint operator at finite triangulation
on the charge network basis.

1. Placement of the translated vertex

Let ¢} = ¢éj(v) = ¢} be the tangent vector of the Ith
edge at the vertex v. Fix a Euclidean metric adapted to {x}
such that ds?> = §,,dx?dx”. Choose some unit (normal)
vector 7§ such that

Saphfeh = 0. (4.28)
We have a circle’s worth of these. Picking one as detailed

in Appendix C, we use it to single out the point

vl = 869 + 5P (4.29)

which locates the displaced vertex. Here we choose
p > 2 and, as discussed in Appendix C, 7§ is chosen so
that v} does not lie on the undeformed graph y(c). Also
note that the straight line from v to 6&{ can deviate from
the edge e; to O(8%) so that v} certainly lies within
a distance of O(8?%) from e,. It is in this sense that v/
lies almost on ¢;. Finally, for technical reasons
(see Appendix C) we choose p < k (recall that we use
semianalytic, C* structures in this work).

2. New edges

We imagine the deformed graph to be obtained by
“pulling” the original graph in the vicinity of the vertex
v almost along the direction of the edge e;. Thus new edges
{éx} are obtained as the image of those parts of the old
edges {ex} which are in the vicinity of the vertex v. The
new edges connect the displaced vertex to the old edges as
follows (see Fig. 1).

For e;, we introduce a trivial vertex ¥; (on ¢;), a
coordinate distance 26 from v, and adjoin the new
C*-semianalytic edge &; which connects ¥; and v}. Since
we want &; to almost overlap with (part of) the edge ¢;, we
demand that the transition from é; to the original edge e; at
¥, be Ck-violating in a strictly C' manner and that the
tangent &¢ at v/, be proportional to é¢¢ at v (these vectors are
comparable in the coordinate system {x}), i.e.,

(4.30)

?lv; = é?lv‘

x>

We will refer to such vertices #;, as C!-kink vertices or
simply as C! kinks.

Next, we introduce a coordinate ball B (v) of radius 89
about v.

Note: We choose g = 2, g < p. This choice is important
for the technicalities of Appendix C.
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FIG. 1. A sample deformation produced by a single
Hamiltonian constraint action at a nondegenerate vertex v along
the edge e¢;. The dashed edges emanating from the original
vertex v are now only charged in two of the three U(1) factors,
but v} is expected to be, generically, nondegenerate. With
respect to the coordinate system fixed at v, v} is located a
distance 6 from v along ¢é; and displaced off of e; a distance
0(8?). &, and ¢, share a tangent at #;, but &, and ¢, do not share
a tangent. All of the €, have tangents at v} which are bunched
and lie within a cone of apex angle O(8971).

For the remaining edges e;.;, we introduce trivial
vertices ¥; on all edges e; where they intersect dBsq(v);
that is, ©; = e; N dBs(v). At ©; we introduce new
Ck-semianalytic edges &, which split off from each e,
and head off to meet v}. These edges also almost overlap
(part of) the edge ¢;, reflecting our “‘singular pulling”
along of the vicinity of v along the direction of the edge
e;. As a result we require that the C* violation at ©, be
strictly C°. Such vertices #; will be referred to as C°-kink
vertices or simply as C° kinks.®

Since we imagine &; to be almost along ¢;, we require
that the tangents of new edges &; at v} be “bunched”
around the direction —¢&; at v} within a cone with apex
angle of O(897") (¢ = 2) with respect to {x}; i.e.,

&4l = —efly + 0897, (4.31)

Further, since we think of the deformation as some sort
of singular diffeomorphism, we require that some subset of
diffeomorphism-invariant properties of the graph structure
at v be preserved by the new graph structure at the dis-
placed vertex v}. In particular we require that if the set of
edge tangents {€%} at v are such that no triple lies in a
plane, the same should be true of the set {&%} at v}. Vertices
with such properties arise in the study of moduli in knot
classes by Grot and Rovelli [15]. Grot and Rovelli call this
property ‘‘nondegeneracy.” Accordingly we term such
vertices as GR vertices. Thus, we require that the graph
deformation preserve the GR nature of its vertices.
Conversely, we also require that non-GR vertices do not
acquire the GR property under graph deformation. We

8We note that the C' or C° nature of the kink is a
diffeomorphism-invariant imprint of the graph deformation.
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shall see that the GR property plays a key role in our
analysis of diffeomorphism covariance [12].

Since we are thinking of the deformation as a (singular)
diffeomorphism, we also require that no new nontrivial
vertices are formed other than v}; i.e., the new edges do not
further intersect each other or the original graph. This may
be explicitly achieved as follows.

Let the valence of v be M. Consider the M new edges in
some order é;, €;,€y,....¢5, »Ji # 1 Lete be a semi-
analytic curve which connects ¥; with v} in accordance
with the requirements on its tangents at #;, v}. Let the
coordinate plane (in the {x} coordinates) which contains v}

and which is normal to the direction é?lu; be P. We require

that the curve ¢; intersects P only at v} so that ¢; is always
“above” P. As we show in Appendix C, for small enough
8 we can always find such an (almost straight in {x}) curve.
Let &, be a straight line in {x} which connects #, with v}.
If no unwanted intersections are produced, then we are
done, and &, at v/ is approximately on the O(87™") cone.
If the so-constructed €, happens to produce an intersection
at some (isolated because of the semianalyticity of the
edges near v; see Appendix C) point other than ¥, and
v}, we can modify it with a bump function’ so that the
intersection is avoided. It is always possible to tune the size
of the bump so as not to produce any new unwanted
intersection, while not disturbing the tangent at vj. We
continue in this manner constructing each ¢, as a straight
line, modifying this line with bumps where necessary.
Since the “bumping” is achieved via semianalytic diffeo-
morphisms, the new edges remain CX semianalytic. It
remains to be shown that the GR property (or lack thereof)
of v is preserved. First consider the case when v is GR.
Then if v} is GR we are done. If not, then as discussed
further in Appendix C, we assume that the above prescrip-
tion can be modified in a small vicinity of vﬁ, without
introducing any C° or C! kinks, in such a way as to render
v} GR while still retaining the properties described by
Egs. (4.29), (4.30), and (4.31). Indeed just such a prescrip-
tion is constructed in detail in Ref. [12] and we refer the
interested reader to Sec. VB of that work. On the other
hand, if v is not GR, we show in Appendix C 3 that a minor
modification of the prescription of the previous paragraph
ensures that v} is also not GR.

Before we conclude this section, we note that the
above prescriptions at triangulation fineness 6 = 6; and
at 6 = 6, with 6, < §; are not necessarily related by a
diffeomorphism. It turns out that for future considerations,

9By this we mean that we can always apply, only to &;, a
semianalytic diffeomorphism which differs from the identity in a
small enough compact set containing the intersection point so as
to “lift” &; away from the intersection point. Such a diffeo-
morphism can be generated by a vector field obtained by multi-
plying a semianalytic, appropriately transverse vector field with
a semianalytic function of compact support.
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such as the construction of the space of VSA states,
as well as for our study of diffeomorphism covariance in
Ref. [12], it is useful to construct prescriptions which are
related by diffeomorphisms. In the Appendix we show how
this can be done in such a way that Egs. (4.29), (4.30), and
(4.31) continue to hold.

3. Charges
Al

Since [---]¢"" contains the difference between a
deformed (and charge-flipped) charge network coordinate
and its undeformed relative (but still with flipped charges),

ej (1" contains the product of the deformed graph hol-
onomy and the inverse of the undeformed relative, and so

all edges of the graph holonomy JU away from the
deformation “‘erase” each other. That is, the (colored)

graph underlying eJU I itself can be described simply
by a gauge-invariant “pyramid skeleton’ consisting of the
thin “star” formed by v and (for all original edges except
the Ith) coordinate length 67 edge segments from the
original graph that connect v and ¥, (for e;, the contribu-
tion to the star has coordinate length 26). The charges
on the star are minus the charge-flipped configuration
charges; e.g., for the i = 1 deformation, the star carries
(—q', ¢, —¢*) [with respect to an original coloring
(¢', ¢% g*)] on each of its segments. The remaining edges
(which meet v’) carry the flipped charges (¢', —¢°, ¢%).
This pyramid charge network is multiplied by the original
charge network c(A) and, in our example of i = 1, the star
part of the resulting state carries (0, ¢ + ¢°, ¢° — ¢°),
which means that v is now a zero-volume vertex (see
Appendix A). A similar conspiration of the charges results
for the other values of i. Our §~!/3 will now annihilate this
vertex (so the action of another Hamiltonian vanishes
here).

We change notation slightly and drop from here on the
prime on C. Equation (4.27) then reads

3

-2/3
1 Na@)ry

ENIelA) = Tela) 3
vEV(c)

X %q}v %(exp ( [ [ -]gw") - 1), (4.32)

where we have made the regulating parameter 6 explicit
on the left-hand side and dropped the O(S5) term.
[-- -]g“‘i stands for the type of deformation described above
(with charge flips). The charge configurations on the edges
that meet at v} for the three quantum shifts N, are

NG\ =), Ny (d % —q)

A (4.33)
N3: (=4¢% 4", ¢).

We can write this compactly as
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Dgl = §ligi (4.34)

_ Zeljqu’
k

where (i) specifies which shift ]\7(,») acted.

In the next section we evaluate the action of a second
Hamiltonian constraint on the right-hand side of Eq. (4.32).
In doing so it is of advantage to further improve our

notation as follows. Denote the charge network corre-
Iy

sponding  to eesul

* c(A) by c(, v}‘:ﬁ = def +
8Pnf ) so that Eq. (4.32) is written as
ColNIe@) =2 S 2 NG
2i 4
vEV(c)
1 .
X X, = (el v ;) = o) (4.35)
i

The various quantifiers {/,, i, 8} in the argument of ¢
specify the particular edge ¢; emanating from v along
which the deformation (of magnitude ~ &) was performed,
and the particular flipping of the charges via i. Finally note
that Zlvqﬂv = (0 by gauge invariance (all edges outgoing
at v) so that

& N IelA) = P N x(v))vvmzq, Lot ), )

(4.36)

E. Second Hamiltonian

We evaluate the action of a second regularized
Hamiltonian constraint, smeared with a lapse M on the
right-hand side of (4.36). Since we are interested in
the continuum limit of (the action of VSA dual states on)
the commutator, we drop those terms in C5[M]C5[N]c(A)
which vanish in the continuum limit upon the antisymmet-
rization of N and M and “contraction” with a dual state.
The dropped terms are those in which Cy[M] acts at
vertices not moved by ¢ s[IV]; that is, the only contributions
to the commutator will be from terms where C 5[ M] acts at
a vertex newly created by C5[N]."

Consider the term Cs[M]c(i, v; 5). Since v now
has vanishing inverse volume, the constraint acts at the
displaced vertex v} s as well as on all other vertices
of c(i, v} 5) which have nonvanishing inverse volume.
But these other vertices are precisely the nondegenerate
vertices of ¢ other than v. As mentioned above, the con-
tributions from these nondegenerate vertices vanish in the
continuum limit evaluation of the commutator and so we
do not display them here.

'The reader may easily verify this fact after the perusal of the
next section.

PHYSICAL REVIEW D 87, 044039 (2013)

The deformations generated by the action of ¢ s[M] on
c(i, v} ) at the vertex v 5 are defined in terms of the

coordinate patch around v} s (see Sec. IV D). We denote

this coordinate system by {x’“/}v; _ or simply by {x'“}s or
just {x'} when the context is clear.

Note: In this work we require that in their region of
joint validity {x} and {x} are related in a nonsingular
fashion as 6 — 0 so that lim s_o{x"*}s =: {x'“}s—, is a
good coordinate system. Specifically, we require that the
Jacobian matrix J* (x, x§) 1= dx*/ axg’ is continuous in
6 with a nonvanishing and nonsingular determinant.

It follows from the note above that

%iin'oJff,(x, xf) = Jh(x, x5_). 4.37)

One possible way to construct such a set of coordinate
patches is as follows: Since 3, is compact, it can be covered
by finitely many coordinate charts. We pick one such set.
Clearly (at least) one chart {x,} in this set covers a
neighborhood of v with X,(v) being the coordinates of v.
Rigidly translate {x,} by X,(v) to obtain {x}. For small
enough &, {x,} also covers small enough neighborhoods
of the new vertices v}w s with fo(v}w ) being the coordi-
nates of v 5. Rigidly translate {xo} by Xo(v; ;) to obtain
{x'}s. Clearly, this ensures that the Jacobian for the {x} and
{x'}s charts is unity."'

Recall that the edges {e, } at v are deformed to the edges
{é;,; at v} 5 so that the valences of v and v} ; are equal
and we may use the same index J, to enumerate the edges
at v and their counterparts at v; 5. In what follows the
primed index a’ denotes components in the {x'} system and
the primed ‘“hat” superscript, ~, denotes unit norm as
measured in the {x'} coordinate metric.

From Eq. (4.8) the quantum shift eigenvalues at v; 5 are
defined through

A~ . . 1y X
M?//(U}w(s)lc(l, U}y,g» = Z(I)MZ U(v;wg)lc(l, v;w(s»y
‘]U

(4.38)
and computed, via Eq. (4.9), to be:

a 3 ~a
DMy () ) = M) ), 0q) 2, (4.39)

where &’ 7 " is the unit tangent to the edge ¢, at v’,v’ 5» and
where we have used the fact that the inverse volume
eigenvalue is independent of the charge flips inherent in
the i dependence of c(i, v}w s) (see Appendix A). The term

that survives the antisymmetrization and continuum
limit is

""This choice turns out to result in a conflict with diffeomor-
phism covariance; we shall comment on this in the concluding
section and attempt to alleviate the problem in Ref. [12].
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A . h 3
ColM]e(, U;,,,S) i a7 M(xa(vl 5))1/ ;2/32(1) [u§
X(C(l l (I 5) (J 6/)) C(i, UIV,B))’
(4.40)

where the arguments of ¢ denote the deformation and
charge flips determined by C5[M]. We detail their form
below.

We distinguish two types of charge network that
appear in the sum: J, =1, and J, # [,. Let J, =
(this situation is depicted in Fig. 2) and focus on the

PHYSICAL REVIEW D 87, 044039 (2013)

ForJ, # [, v}w 5 gets displaced along one of the “cone

directions” &, :
pla 5 Ip nla’
VI oy = S8+ BRI (4.42)

The structure of the deformations are as described
for the first action, but with & replaced by &’. The particular
charge configurations at v resulting from each possible
sequence of charge flips is summarized in the following
table:

resulting charge network c(i, 7, UEIIU»S),L,,&’))‘ Following i=1 i=2 i=3
the prescription given above, v}w 5 moves to (with respect i'=1 (¢, =% —¢°) (*q¢¢Y) (—¢%—4¢°¢"
to {x} with origin at v} ) i'=2 (¢ —¢° —q" (—q‘,qz,—qg) (@ 4" q%)
, '=3 (4.9 (¢ —4q") (=¢'.=¢* 4.
Ila ~/ / '\/a
VT 5).1,.6) =881 + 8'ri 4.41) (4.43)
for some A’ satisfying the conditions spelled out in
Appendix C. Thus
A A h .
Cy[MICs[Nle == Y 2 N 2/*Zq, < Co[M]c(i, v ;)
2i 411
vEV(c)
a 3)\2 _
N (Z E) GZV( )53/N(x(v))vu2/32” ;2/32‘11 2(5” qj, — ZE’”‘IJ M (x5 (v, ))elis @', v 5) (7, 5)-
(4.44)

Above, we have used gauge invariance toset Y Jv(i) qﬁ'u =0.

-2/3 _
We have also set v o B=y ,

1,, 5 YL,

diffeomorphism invariance of the inverse metric eigen-
value (see Appendix A) together with the fact that the

; this follows from the

FIG. 2. Detail of the deformation generated by two successive
Hamiltonian actions, in this case along the same edge J = I.
Here 6’ < 6.

deformations at different values of & are related by diffeo-
morphisms (see Appendix C 4).

F. Continuum limit

In this section we evaluate the continuum limit of
the commutator between a pair of finite-triangulation
Hamiltonian constraints under certain assumptions with
regard to the properties of the VSA states. In Sec. VI we
shall construct a large class of VSA states which satisfies
these assumptions. As mentioned in Sec. IIT A, the VSA
states are weighted sums over certain bra states. As we
shall see in Sec. VI, the weights are obtained by the
evaluation of a smooth complex-valued function f on the
nondegenerate'* vertices of the bra it multiplies. More
precisely, all bras in the sum have the same number n of

>We assume that the deformed vertices created by the
Hamiltonian constraint are nondegenerate (i.e., have nonvanish-
ing inverse volume) in the deformed charge net if their unde-
formed counterparts are nondegenerate in the undeformed
charge net. While we expect this to be generically true, it is
possible that this assumption is violated. However, the assump-
tion is made only for pedagogy. As the interested reader may
verify (after a perusal of Sec. VI), it suffices to replace this
nondegeneracy property by the property that the vertex is GR,
has valence greater than 3 and that there exists no i such that the
ith charge vanishes on all edges emanating from it.
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nondegenerate vertices and the evaluation of f: 3" — C,
on the n points corresponding to the n nondegen-
erate vertices of the bra, provides the weight of that bra

PHYSICAL REVIEW D 87, 044039 (2013)

nondegenerate vertices of ¢, and we have introduced the
c-dependent real number «; into the expression. To avoid
notational clutter we have suppressed the x; dependence in

in the sum: (‘PBVSAI. The continuum limit of the commutator is
W 1= wkf(V@)el. (4.45)
eElvsy lim lim W (C5[MIC5[N] = Cx[NIC;[M))e).
For simplicity we restrict attention to those ¢ such —0o
that there is no symmetry of ¢ which interchanges (4.46)
its nondegenerate vertices. We will sometimes write
WY(c) := (Vl]c). In (4.45), \If{;VSA is a VSA state, Bygy is  Using Eq. (4.40), we first evaluate
the set of bras being summed over, V(¢) denotes the set of  lim 5/_,0‘1' Bus A(Ca/[M]c(i, v}w 5)). We have that
|
A . h 3 N ..
Wi (Co[M]c(i, v§u,5)) =51 (xa(vl SN, 2/32(’%]’1“ g(\I'BVSA(C(l, i, véllvﬁ),(lwﬁ’)))’ (4.47)

where we have set v, I
to drop the last term:’

and used gauge invariance {e(i, 7, “(L,s),uv,au)'w’ i'.1,,J,} N Bygy = @.

‘Ulu

(4.50)
Sai =0=Y0gi. (4.48)
JU JU
Next, we make the following assumptions which will be (2) If Eq. (4.49) holds, then
shown to hold in Sec. VI:
(1) For a point v € 3 and a charge network c, either Ke(ii v o= L Vi i I, J, (451)

" (1,8).(Jy,8")

there exists 8y(c) = &, such that V& < §, there
also exists 8((8) such that V&' < §((6) we have
that

Ll i, vl 5.0 s)IVi i 1, 1} C Bysa, (4.49)

If (4.50) holds, the right-hand side of (4.47) vanishes. We
shall see in Sec. VI that in this case, the corresponding
“matrix element” for the rhs also vanishes. We
continue the calculation in the case that (4.49) holds. We
have that

or V 8, &' for which c(i, i/, v(lu,é),(lwﬁ’)) is defined we
have that
|

3 _ |
1o MO vl Y 0d) S W 5, 0,50) ~ £ ),
i

. . h
Wiy, (ColMIeliv v, 5)) = 3¢

(4.52)
where, once again we have used gauge invariance to append the term f(v/ I 5)- In addition for notational convenience only,
we displayed the dependence of f on the (doubly and singly) deformed images of v and suppressed its dependence on the
undeformed vertices. Using (4.41) and (4.42) and the smoothness of f, we obtain

o MU, I AR
Tt

(lsilglo‘I’BVSA((A,"S/[M]C(i, v 5) = (4.53)

2 kY 2/
where (é’,u)" is the component of the unit vector ¢, in the {x} coordinate system. Here the vector ¢, is obtained by
normalizing the tangent vector to the edge &, at v} 5 in the {x'} system [recall, from (4.41) and (4.42) that the components
of this vector in the {x} system are given by (@’JU)“’].
It follows from the above equation in conjunction with (4.44) that

. A A h3 - A
%}HIO\I,BVSA(Cﬁl [M]CS[N]C) = (2_ 4_) BZVU 2/3N(X(U))ZM(3C%(ij(s))qu Vv,i/2 Z(l)q ( €, )40 af(U[ 5) (4.54)
- v I, i
Since M is of density weight —1/3 we have
L ox -1/3
M(xs(v,uﬁ)) M(x(v, )| det| — e . (4.55)

v, 8
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Using this, we obtain

3\21

2id4w) 6

tim ¥y, (CoICINIO) = (3 ) 5 Zl/ymN(x(v))%M(x(v}w5))[det A

where

{ "}1u,6 = qu Vvli/%

Next, we use (4.29) to Taylor expand M as

PHYSICAL REVIEW D 87, 044039 (2013)

Using the above Equation in (4.56) to evaluate the commutator, we obtain in “‘bra-ket” notation

lim (¥, [(CoMICSN] =~ (N = a)le) = (5

(4.56)
XV ACRENTEN @)
M(X(U},a)) = M(x(v)) + (Bé?U)GHM(x(v)) + 0(8?). (4.58)
h 3 -2/3 s _
x) S SN )2, 3, M) = (Y M)
I,
owﬂﬁwgal]ﬂﬁnh& (4.59)

We now compute the § — 0 limit of the above equation so
as to obtain the continuum limit of the commutator. By
virtue of the smooth dependence of x on x; (see the note in
Sec. IV E) the determinant is a continuous function of 4. It
remains to compute the 6 — 0 limit of {- - -}, 5.

Since the {x} and {x'} = {x'}5 systems are not necessarily
the same, we have that (§’JU)” is proportional to (& JU)”IU; .

where now the same tangent vector has been normalized in
the {x} system. From the note and Eq. (4.37) in Sec. IVE, in
conjunction with Eq. (4.31) in Sec. IV D 2, we have that at
vy 5 forJ, # 1,

et = —2& + 0897,

g=2 (4.60)

Using this in (4.57) together with the smoothness of 9, f,
we obtain

{ 6= Vvlu/szq Z(m

X (&1, daf (] 5) + O(8).

qu)

Jy#1,
(4.61)
|

(‘I’BVSA|[C[M] CINTlle) = hm hm (\IIBVS

> >4, )Zvu Puples e (N9 M — Ma,N)(x(v)d, f(v).

(21 4 ) veV(c) 1,,i

V. RHS

In Sec. VA we display a remarkable classical identity
which expresses the rhs as the Poisson bracket between a
pair of diffeomorphism constraints, each smeared with an
electric shift. This implies, that in the quantum theory, we
may identify the rhs with a commutator between two such
constraints. Accordingly, in Sec. VB we construct the

[(Cs[MIC5[N] —

1,6

|
Gauge invariance (4.48) then implies that

{ }I 8= 21/“12/3qu Z(I)CII ( )a af(UI 5) + 0(6)

(4.62)
Finally, from (4.34) it follows that

lim {-+d, = 203 (4}, P80 ) 0 (). (4.63)

Up to this point we have refrained from assuming any
particular relation between {x;_} and {x} in order to exhibit
the structure of the calculation as § — 0. Section IVA

together with Eq. (4.37) implies that the Jacobian between
the two coordinate systems is the identity

/
Ixs—o — Y.
ax”
Using this together with (4.63) and (4.59) we obtain the

continuum limit of the commutator under the assumption
(4.49) to be

(4.64)

(N = M))lc)

(4.65)

ﬁnlte-triangulation operator corresponding to a single
diffeomorphism constraint smeared with an electric shift
using arguments which parallel those of Sec. IV. We
compute the finite-triangulation commutator between two
such operators in Sec. VC. We compute the continuum
limit of this commutator in Sec. V D under certain assump-
tions (whose validity is demonstrated in Sec. VI) on the
VSA states.

044039-16



TOWARDS AN ANOMALY-FREE QUANTUM DYNAMICS FOR ...

A. A remarkable identity
It is straightforward to check that for

H[N] = f d*x— eFE{EVFE,, (5.1)
we have
(Do) Y = [ xtva, = 5.0 B
=: D[&], (5.2)
where
|
ol oD - [ d%(ii[ﬁ ,.)] ‘fgﬁ)] - v )

b b’
f d*x26¢ ab]<MEl E)(N Ey SIFk,
q a

E E? E¢ 2ECE"
= fd3x<T —aFaCNB;,M-i-
q

b b’

PHYSICAL REVIEW D 87, 044039 (2013)
= (Na,M — Md,N)q **EYE¢.

Let the diffeomorphism generator smeared with the
“electric shift” (see Sec. IVC), N{ :=q “NE¢, be
denoted D[N;]:

D[N;] = f ddxq *NE{F,EP. (5.3)
We shall refer to D[N,] as an electric diffeomorphism
constraint. The Poisson bracket between a pair of electric

diffeomorphism constraints is (summing over the internal
index i)

/ 70[()7)
lF]/ 3 Eka,,EL )_ - M
ab fd N bk 3Ea( ) (N )
l ! /6 e
q“ ble 8E7(x)

EYES E°E: ,
fd3 ( i F{aEa —2a zzal F'Z/C/Eii )(Ma,,N - NJ,M)
q

E"E‘

=(1-2a) fd3x(MabN NabM) ’
in which we have used
8q°(y) L
= oE 1)i 3) .
SE?()C) aq ( )u(y)5 (x, y), (5 5)

where (E1) is the “inverse” of Eb so that ELE? = 85,
E! ES = 6l Thus we may write the rhs as

3

(5.6)

In this work we are interested in « =% [see Eq. (4.1)].
In Sec. VD we use this identity to express the rhs operator
as the commutator between two finite diffeomorphism
operators. As mentioned in Sec. III A (see Step 3 of that
section), this facilitates the comparison of the lhs and rhs
operators.

Note that the relation (5.6) is not valid in the case
a = %, this is the case of Hamiltonian constraints of
density weight 1 considered hitherto in the literature. We
take this fact as further support for the move away from the
density 1 case. We also note that, as shown in Appendix B,
this identity holds for the SU(2) case in 2 + 1 and 3 + 1
dimensions and in all cases fails for the density-weight-1
choice.

F{aE”

2a - 1DD[&],

B. The electric diffeomorphism constraint operator
at finite triangulation

Weseta = 3 1n (5.3). Modulo Gauss law terms we have
that
D[N;] = f dx(L; A))E?, (5.7)
E I3
where N ; 1s the electric shift of Sec. IV. This motivates,
analogous to (4.14), the following heuristic operator
action:
DINJe(A) = — 2 e(a) / FH(Ly A (5.8)
Following an argumentation similar to that between
Egs. (4.14), (4.15), (4.16), (4.17), (4.18), (4.19), (4.20),
4.21), (4.22), (4.23), and (4.24) leads us to the finite-
triangulation electric diffeomorphism constraint operator
action:

Dyl = ? %ZN(X(U))DJZBZL]}U%(c(v}wﬁ) —0)

———ZN(x(v))vv2/3zq, sc 5. (59

9’

where we have used gauge invariance to drop the “—c¢
term in the second line and where the charge network
coordinate underlying the state c(v} ;) is given by
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(cap, J00) = (21, 8)cf(x), (5.10)
where ¢(8,, 8) deforms the graph underlying ¢ in the
manner discussed in Sec. IV D. More in detail, the graph
underlying c(v; ;) is obtained by removing the segments
of the graph underlying ¢ which connect v to the points 7/,
and adjoining new edges, é;, which connect ¥; to the
displaced vertex v}w s as explained in Sec. IVD. The
deformed graph is identical to the one shown in Fig. 1,
but with the dashed edges removed. Also note that since
D[N,] is constructed by smearing the diffeomorphism con-
straint with an electric shift, the edges é; carry the same
charges as e,; i.e., there are no “‘charge flips”.

C. Second electric diffeomorphism

We evaluate the action of a second electric diffeomor-
phism constraint, smeared with the electric shift M; on
the right-hand side of (5.9). Since we are interested in the
continuum limit of (the action of VSA dual states on) the
commutator between two electric diffeomorphism con-
straints, we drop those terms in D y[M;]Ds[N,]c(A) which
vanish in the continuum limit upon the antisymmetrization
of N and M. The dropped terms are those in which Dz [M,]
acts at vertices not moved by Ds[N,]; that is, the only
contributions to the commutator will be from terms where

L n3
D 5[, (v), 5) =
h3
14

where we have used gauge invariance to drop the last term
in the second line. Here C(UZ U 6,)) denotes the charge
network state obtained by deforming the state c(vy 5) by
the singular diffeomorphism generated by Dgs[M ,»j. The
deformation moves the vertex v; 5 of c(v; ;) to its new
position, vélll,ﬁ),(fv,ts’) given by Eq. (4.41) when J,, = I,, and

|

M(x5(v], 5V, /5 X 5 <V, 50,00
v j“

PHYSICAL REVIEW D 87, 044039 (2013)

Ds[M;] acts at a vertex which has been moved by Ds[N,].
Consider the term Dg[M ,»]c(v}w s)- The constraint acts at
the displaced vertex v}w 5 as well as on all other vertices of
c(v} 5) which have nonvanishing inverse volume. But
these other vertices are precisely the nondegenerate
vertices of ¢ other than v. As mentioned above, the
contributions from these nondegenerate vertices vanish in
the continuum limit evaluation of the commutator and so
we do not display them here.

The deformations generated by the action of D g[M,] on
c(v}uﬁ) at the vertex v?vﬁ are, as in the case of the
Hamiltonian constraint of Sec. IV D, defined in terms of
the coordinate patch {x} around v} ;. From Eq. (4.8), we
have that

MY W), e, ) =S M7 W) Hle, 5 (5.11)
Jy

with M?/J"(v}w 5) given by

"I, 3 =2/3 i %id
M) ) = M) 5w, ) 2.

(5.12)

The term that survives the antisymmetrization and
continuum limit is

_ o1
EM(xg(v’,wa))v,,iszq;v 5 W, 5,0,5) <], )

1 (5.13)

by Eq. (4.42) when J,, # I,,. The structure of the deforma-
tions is as described for the first action in Sec. V B, but with
8 — &' (see Fig. 3).

Restoring the sum over vertices we have, modulo terms
which vanish upon antisymmetrization in the lapses and
the taking of the continuum limit,

A s oA h 3 1 _ LA o
Dy MIDsINJe = (3 1) X 5 Nexw)w ™ S ] Dyl Jetv) )
v I,

D. Continuum limit

In this section we evaluate the continuum limit of the
commutator between a pair of finite-triangulation electric
diffeomorphism constraints under certain assumptions
with regard to the bra set Byga which underlies the VSA
states (see Sec. IV F). These assumptions are in addition to

h 3\l 23 i 23N i L
(54) 3 SN Sl T 5 MO el ,,0)

(5.14)

|
Eqgs. (4.49) and (4.50) of Sec. IV F. The assumptions are as

follows:
(1) Given a point v € X, and a charge network c, either
there exists §y(c) = §, such that V & < §; or there
exists 8((8) such that V &' < §((6); we have that

{<C(U£/]m5),(1w5/))lv I,,J,} C Bysa, (5.15)

044039-18



TOWARDS AN ANOMALY-FREE QUANTUM DYNAMICS FOR ...

or V 8, 8 for which c(vé’lwa)’(]ws,)) is defined, we
have that

{<C(U£/Iw5)‘(‘]w8/))|v Ivr JU}OBVSA = @. (516)
(2) If Eq. (5.15) holds, then
1
Ke(w (/IIU 8.0y, o _E’ ViI,J .17

(3) Equation (5.15) holds if and only if Eq. (4.49)
holds. Equation (5.16) holds if and only if
Eq. (4.50) holds.

If (5.16) holds, it is immediate to see that the continuum
limit of the commutator vanishes; from the assumption
above, it follows that the lhs also vanishes. We continue
the calculation in the case that (5.15) holds [which also
means that by assumption, (4.49) holds as well].

From Eq. (5.13), we have that

1 n3

PHYSICAL REVIEW D 87, 044039 (2013)

FIG. 3. Sample deformation produced by two successive sin-
gular diffeomorphisms along the edge ¢;. Here the dotted lines
indicate the position of the graph before the deformations; these
are not part of the resulting graph. The structure of the deforma-
tions is similar to that produced by the action of two successive
Hamiltonian-type deformations, except that now the original
vertices v and v} are charged in no copies of U(1); the dotted
edges are not actually there. Note that the kink structure is the
same as for the Hamiltonian deformations: the edge e; is C! at #j,
and ¥} ,_,, but all other edges are C° at the various g and D} ..

_ o1
Bvs (DS’[M ]C(UI 5) - E T EM()C%(U;Wa)) Vui/:qull,, y (f(véllwg),(]v’g/)) - f(U}l”a))r (5.18)
where, once again, we have used gauge invariance to append the last term. It follows that
. 1 n3 _
é}TOW (Da’[M ]C(UI 5)) 12 : M(xa(vl 5))V ;2 3ZCIJ( )a af(vl 5) (5.19)
It follows from Eq. (5.14) that
n3 _
hm \I}BVSA(D‘S’[M ]Dﬁ[N ]C) 12(1 4 ) azyv 2/3N(x(v))ZM(xis(U;U,g))QI VUIV/QZQJ (ej )a af(vl 5)- (5.20)
v I,
Using (4.55) in the above equation we have
lim Wi (D5 10,0810 = =35 (1 Y S S NIty aen (25) s 21
[M; ; =Dy v v — il & .
g Busn POLHEESNET T T\  4) 54 AL s ox')ur | oo
where
o Yingo = a, v 345,00, 1) (522)
Using (4.58) in (5.21) and antisymmetrizing in the lapses, one obtains (in bra-ket notation):
lim (W, [(Dy[M;1D5[N;] = (N = M)le)
1 (n 3 _ -3 -
-2 (1 477) X 2/3Z{N(x(v)) 8. M(x(w)) — M(x(v))2 8,N(x(v)) + 0(5)}[det( ) | ] N TN
v Yi,.8
(5.23)
As in Sec. IVF, the determinant is a continuous function of §. It remains to evaluate the § — 0 limit of {- - -};; 5. Using
Eq. (4.60) in (5.22) together with gauge invariance, one obtains
{bins = 2(‘15U)2Vv13/3(€fv)aaaf(v;,,,g) + 0(9). (5.24)

Using this together with Egs. (4.64), (5.23), and (5.6), we obtain the continuum limit of the rhs, in the case where (5.15)

holds, to be
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(W, DL ]le) = —3(W,

Bysa Bysa
2
ot 2)
2i 4

which agrees with Eq. (4.65).

veV(c) I,,i

VI. EXISTENCE OF A LARGE SPACE
OF VSA STATES

In this section we show the existence of VSA states
which satisfy the assumptions (1)-(2) of Sec. IV and
(1)-(3) of Sec. V. As mentioned in Secs. IV and V, the
VSA states are weighted sums over a set of bras, the
weights being vertex smooth functions. In Sec. VI A, we
provide a qualitative discussion of the issues which arise in
the construction of an appropriate set of VSA states. In
Sec. VIB we construct sets of bras and vertex smooth
functions which specify the VSA states of interest. In
Sec. VIC we show that these states satisfy the assumptions
of Secs. V and VI. While the states we construct span an
infinite-dimensional vector space, they are still of a
restricted variety. Specifically, all elements of the sets of
bras under consideration have only one nondegenerate13
vertex. While a generalization to the case of multiple
nondegenerate vertices should not be too difficult, we shall
leave this for the future.

In what follows it is pertinent to recall that in this
paper we consider diffeomorphisms which are semiana-
lytic and C*, k > 1, k > p. Such diffeomorphisms send a
semianalytic edge into a semianalytic edge which is C*.
This implies that the first k derivatives along the edge are
continuous everywhere and at worst, in any semianalytic
chart, there are a finite number of points p; at which
the k;th derivative along the edge is discontinuous for
some k; > k.

A. Discussion of our strategy

While we do ignore issues of diffeomorphism covari-
ance in this paper, we would like to set things up in such a
way that issues of diffeomorphism covariance can be po-
tentially addressed. As a result, we require that the set of
bras, Bygsa, be closed under the action of diffeomorphisms.
This, together with a careful study of the assumptions
of Secs. IV and V, implies that the set of bras should
be such that whenever it contains any doubly deformed
charge network obtained by two successive Hamiltonian
constraint-type deformations, on some charge network
|c), it should also contain (a) all other doubly deformed
charge networks obtained by the action of any two succes-
sive Hamiltonian constraint-type deformations on |c), and

13See Footnote 12 in Sec. IVF.
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3 3 i ..
| Y (D0M;) DINTlle) = =3 3 Tim Lim (¥, (D [M1D;[N] = (N = M))lc)
i=1 i=1

Y Sg, Prarles o (NG)a,M(x(w) — MG@)a,NE@)a, fw), (5.25)

(b) all doubly deformed charge networks obtained by the
action of any two successive singular diffeomorphism-type
deformations which occur on the rhs.

Conversely, if the set contains any doubly deformed
charge network obtained by two successive singular
diffeomorphism-type deformations on some charge
network |[c), it should also contain (a) all other doubly
deformed charge networks obtained by the action of any
two successive singular diffeomorphism-type deforma-
tions, and (b) all doubly deformed charge networks ob-
tained by the action of any two successive Hamiltonian
constraint-type deformations on |c).

In suggestive language we call |c) the parent, the single
deformations of |c) its children, and its double deforma-
tions its grandchildren. Our problem then is to ensure that
if any grandchild is present in the bra set, all grand-
children should be present. This in turn implies that one
should be able to infer all possible parent charge net-
works which could yield a given grandchild. This sort of
backward inference is direct for the case of Hamiltonian
constraint grandchildren because the parent charge
network graph is embedded in that of any grandchild,
and the charge flips (4.34) are invertible. However, this
embedding of parent into grandchild is not available for
singular diffeomorphism-type grandchildren, and the bra
set needs to be generated via double (Hamiltonian and)
singular diffeomorphism deformations of all possible
parent charge networks which could produce a specific
grandchild. This is what we do.

In order to do this we start out with a set of parents from
which the output of grandchildren is well controlled.
Specifically, our starting point is a parent which is an
nth-generation child of a primordial charge network
(by “primordial” we mean the charge network is itself
not generated by the action of any Hamiltonian constraint/
singular diffeomorphism type of deformations on some
other charge network). This nth-generation parent is
chosen (for concreteness and simplicity) to be obtained
from the primordial charge network by n Hamiltonian
constraint-type deformations. Our discussion indicates
that the charge networks under consideration encode a
sort of ““‘chronological heredity.”” As a result, we introduce
a suggestive ‘“‘causal” nomenclature for certain graph
structures of interest in Sec. VIB which go into the
construction of Bygy.

As mentioned above, in this paper, we restrict attention
to primordial charge networks with a singular nondegen-
erate GR vertex. While there seems to be no barrier to the
consideration of multivertex primordial charge networks,
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we shall leave a generalization of our constructions to such
charge networks for future work.

B. Construction of the VSA states

Let | c() be a charge network with a single nondegenerate
GR vertex of valence M, and let |n, &, cy) be the state
obtained by n successive finite-triangulation Hamiltonian
constraint type of deformations applied to |cy). Here,
a:={a;li=1,...,n}, and each «; is a collection of
labels corresponding to the internal charge, vertex, edge,
and deformation parameter which go into specification
of the Hamiltonian constraint-type deformations. For ex-
ample, for the state c(i, i/, Uéll.,,ﬁ),(l,,ﬁ’)) in Eq. (4.40), we
have that n =2, ay = (i,v,1,, 8), a, = (7, v}mg, J,, 6')
and ¢ = c¢,. Let the set of all distinct diffeomorphic images
of (n, &, cy| be By, 4,1- For every element of this set, we
generate a new family of charge networks. In order to do
so, for every (c| € B[y, 4,c, We now define some graph
structures of interest.

Note that every {c| € By, 4,¢,1 has a unique “final”” non-
degenerate vertex v(c) of valence M which is connected to
one C'-kink vertex and to M — 1 C°-kink vertices. Let the
Ith edge from v, ¢,, connect v to the C'-kink vertex. Let
e;.; connect v to the C° kinks.

Definition: The 1-past of y(c)"*—The 1-past of y(c),
denoted by y;_,(c), is the (closed) graph obtained by
removing the edges ex, K = 1,..., M from y(c), i.e.,

M
Yip(c) = y(0) = |J ex- (6.1)
K=1

Let ex intersect yl_p(c) at Ug -, on the edge eg -,
of yi-p(c) so that §;y,, ¥,47-, are the C', C° Kinks
mentioned above. Since |c) is diffeomorphic to |n, @, c),
it follows that the edges e -, intersect at a GR vertex
which we denote by v;_,(c). The following definitions are
illustrated in Figs. 4-8.

Definition: The future graph of y,_,(c) in c.—The future
graph of y,-,(c) in ¢, denoted by ,%,,, is defined by

Yo = U e = 70 = yiple).  (6.2)
Thus, modulo the action of diffeomorphisms, 2, is just
the nested graph structure produced by the action of a
particular Hamiltonian constraint-type deformation which
acts on the parent vertex v;_,(c) of the parent charge net-
work based on the graph y;_,(c).

Next, we define a graph structure which is similar to y{(_’p
in terms of its causal properties.

'“Recall that y(c) is the graph underlying c.
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/yc U1 1-p
y J

FIG. 4. The original graph y(c).

Definition: A future graph of 'y,_,(c) with respect to c.—
A graph y{_p,c is a future graph of y,_,(c) with respect to ¢
if and only if it has the following properties:

(1) y{_p,c = U%ZIeJ;( where e{( for each K is a semi-
analytic C* edge such that eﬁnyl_p(c) =Dk 1-p
and such that the edges e{( do not intersect each
other except at the GR vertex v/ € 3 from which
they are outgoing.

(ii) If we color each e{( with the same charge as e
carries .in ¢ [with respect to the orientation in (i)],
then v/ is nondegenerate.

(iii) Define y/ as

yhi=y15@ U], (6.3)

Then with respect to y{ , the point ¥, is a triva-
lent C'-kink vertex and the points ¥, [1-p are
trivalent C%-kink vertices.

Note that the future graph of y;_,(c) in c is a future graph
of y1,(c) with respect to ¢ but the converse is not neces-
sarily true. In particular the set of tangent vectors at the
nondegenerate vertex v, [of a future graph of y;_,(c) with
respect to c] need not be obtained through the action of a
diffeomorphism from the set of tangent vectors at the
nondegenerate vertex v of c; i.e., the two sets may have
different moduli [15].

Next, we define a charge network which is identical to ¢
in terms of its causal properties and colorings.

Definition: A causal completion of the 1-past of c.—A
causal completion of the 1-past of ¢, denoted by ¢/(c), is
the charge network based on the graph y{ [see Eq. (6.3)]
with charges on y;_,(c) being the same as those coming

from ¢, and on {ej;(} being the same as those on {ex} in c.
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® Ur1-p

‘ e[.l*p

FIG. 5. The 1-past y;,(c).

Note that the definition of the 1-past in terms of the
removal of immediate edges from a final nondegenerate
vertex to trivalent kink vertices extends naturally to such
causal completions and we shall assume that the definition
has been so extended.

We now use the above definitions to construct Byga
as follows. Consider all distinct causal completions,
(c’(c)| for every ¢ € B, 4., Let the resulting set of
bras be By, 5 - Consider all possible single Hamiltonian
constraint-type deformations (i.e., for all values of «) of
elements of B, 5., and take all distinct diffeomorphic
images of the resulting set of charge networks. Call the
resulting set By, 4,,)- Repeat this procedure again. That
is, once again consider all Hamiltonian constraint-type
deformations of the elements of this set and then take
distinct diffeomorphic images of such deformed charge
networks. Call this set Biyipn,a,c,)])-

FIG. 6. The future graph y{‘lp of y1p(c) in c.

PHYSICAL REVIEW D 87, 044039 (2013)
\

UI,l*p

FIG. 7. A future graph 7{-;,,0 of y,-,(c) with respect to c.

Next, we consider deformations of the type encountered
in the rhs. Accordingly, denote a double singular diffeo-
morphism type of deformation of any state |c) by D*(8)|c).
Here B is a label which specifies the vertex at which the
deformation takes place, the two edge labels along which
the deformations take place and the parameters 8, 6’ which
quantify the amount of deformation. For example, for the

state C(Uf/lu,é),(Ju,é’)) in Eq. (5.13), we have that

lc(vzv,é),uy,a')» = D*(B)lc) with
B=l,J,59598).

(6.4)

Act by D*(B) for all B on elements of B, 4., and then
take all distinct diffeomorphic images thereof to form the
set B[Dz(n,&,co)]'

FIG. 8. The graph underlying a causal completion of the 1-past
of c.
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Finally define Byg, as

Bysa = Blui(na,coll Y Bp2n,a,c0)) (6.5)

Note that every element of Byg, has a single final
nondegenerate GR vertex of valence M.

In terms of our discussion in Sec. VI A, |c,) is a primor-
dial charge network, |n, @, c¢y) is the parent in the nth
generation, B, ;.1 is the set of all diffeomorphic images
of this parent. The role of By, 5 . is as follows. Recall from
Sec. VI A that if a grandchild is present in Byg,, we need to
ensure that all possible related grandchildren are present as
well. This necessitates the identification of a set of (grand)
parents which give birth to all these grandchildren. Since
the specific (grand)parent which gives rise to a double
singular diffeomorphism grandchild is not embedded in
the grandchild, it is difficult (and perhaps impossible) to
infer the identity of the specific (grand)parent which gave
birth to such a grandchild. The solution is then to accom-
modate all possible (grand)parents which could conceiv-
ably have given birth to the grandchild in question. The set
of all possible such (grand)parents is B,  c,)-

Before we proceed to the next section, we prove a lemma
which will be of use below.

Lemma: The set By, 5, is closed under the action of
diffeomorphisms; i.e., in the notation we have used above,
we have that B(n,&,co) = B[(n,&,c()}]'

Proof: Let (¢| € By, 4,c,)- This means that ¢ is the causal
completion of the 1-past of some charge network ¢ such
that {(c| € B, 4,,)- Consider the charge network ¢ o c
obtained by the action of the diffeomorphism ¢ on c.
It is then straightforward to check that ¢ o ¢ is a
causal completion of the 1-past of ¢ o c¢. This implies
that (¢ o &| € B, 4,y Which completes the proof.

C. Demonstration of assumed properties of VSA states

The VSA states are constructed as in Secs. IV and V by
summing over all bras in the set Byg, defined by Eq. (6.5),
with each bra weighted by the evaluation of a vertex
smooth function f: % — C on the single nondegenerate
vertex of the bra it multiplies.

Let |¢) be a charge network state. Then the following
cases are of interest:

(a) ¢ is such that some double Hamiltonian constraint
deformation of ¢ is in Byga; i.€., in the notation
of the previous section, |@;, @, ¢) € Bygs for
some &, @, which specify the two successive
Hamiltonian constraint-type deformations, the @,
deformation occurring after the &, deformation.

(b) ¢ is such that some double singular diffeomorphism
deformation ¢ is in Byg,; i.., in the notation
of the previous section, |8, &) € Byga for some
B which specifies the two successive singular
diffeomorphism-type deformations.

PHYSICAL REVIEW D 87, 044039 (2013)

(c) ¢ is such that some single Hamiltonian constraint
deformation of ¢ is in Byg,; i.€., in the notation of
the previous section, |&, ¢) € Bygs for some &
which specifies a Hamiltonian constraint type of
deformation.

We now consider each of them in turn.

Case (a): First note that |¢) can be reconstructed from
|@,, &, ¢) as follows. Let y(@,, a,, ¢) be the graph under-
lying |@,, &,, ¢). Clearly its 1-past is the graph y(aj, ¢)
which underlies the state |&,, ¢). The colors of |@;, ¢) can
be obtained as follows. Retain the colors from |@&;, a5, ¢)
on those edges in its 1-past which do not emanate from the
final vertex v;_,(&;, @y, ¢) of this 1-past. Note that the
edges eg. I-ps K =1, ..., M emanating from the final vertex
U1-p(5¥1, @,, ¢) of this 1-past each acquire kink vertices,
Uk, 1-p> 1N |@,, a,, ¢). The part of e,1-p Which connects
Uk 1-p t0 U1, (@), @, €) suffers changes of its colors rela-
tive to its coloring in | &, ¢), but the remaining part retains
its charges from |&,, ¢). Hence we can read off the coloring
of each ey ., in |@,, ¢) from this remaining part and
hence reconstruct |a;, ¢). The same procedure can then
be applied to |@;, ¢) to obtain |¢).

At this stage it is useful to introduce ‘“‘deformation”
operators as follows. Let us indicate the action of a
Hamiltonian constraint-type deformation labeled by « on
a state |c) (with a single nondegenerate vertex) by C,|c).
So in this notation we have, for example, that

@), @, &) =i C4,C4,12). (6.6)

Next, note that the final vertex of |&;, &, ¢) is connected
to its 1-past by edges which end on trivalent kinks. It is
immediate to see that the edges from the final vertex of any
state in Byp2(, 4,y €nd in bivalent kinks. Hence, it must be
the case that |@,, @, €) € Biupna,c,))- In the “deforma-
tion operator’’ notation we have, this may be written as

@y, @, ) = Uy,CorUg, Curlc), (6.7)

for some {c| € By, 4, appropriate deformation labels &},
ay and diffeomorphisms ¢, ¢, with U,, i=1, 2
being the unitary operators which implement these
diffeomorphisms.

Since the definition of the 1-past and the process of
“unflipping charges” are diffeomorphism invariant, it is
straightforward to see in what follows that the above
equation implies that
From the lemma at the end of Sec. VIB, it follows
that (c| € B, 4., Hence all its double Hamiltonian
constraint-type deformations and all its double singular
diffeomorphism-type deformations are in Byg,. This im-
mediately implies that the assumptions of Secs. IV and V
are satisfied in this case.
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Case (b): In terms of the double singular diffeomor-
phism operators of Eq. (6.4) we have that

1B, &) = D*(B)le).

Since |3, ¢) is in Bysyu, it has only one nondegenerate
vertex of valence M which we denote by v”(¢), and this
vertex is GR. Therefore ¢ also has a single nondegenerate
M-valent vertex, which we denote by v(¢) and, from
Sec. IV D 2, this vertex must also be GR. In what follows
we denote the graphs underlying |8, €), |¢) by (B, €),
¥(2).

The last part of Sec. IVD2 implies that the graph
structure of (3, ¢) in the vicinity of v”(¢) is as follows.
Each of the M semianalytic C*¥ edges emanating from
v"'(¢) ends in a bivalent C"-kink vertex where r = 0 or 1.
The remaining semianalytic C* edge from each such kink
when followed ‘“‘into the past” also ends in a bivalent
C"-kink vertex with » = 0 or 1. The remaining semiana-
lytic C* edge at this kink is part of the graph (&) and each
of these remaining edges when followed to the past con-
nects to the rest of y(¢). We denote the part of y(¢) which
connects to the past endpoints of these edges by Ve (C).

To summarize, we have that (see Fig. 9)

(6.9)

Y(B, &) = y1ew (@ U Y2 P (@), (6.10)

where
D*(B) (_) —U v"(¢),kink o pkinkkink J kinkrest 6.11
Yrest ¢) = Ugeég €k €k ’ ( . )

vI@kink oonnects v”(€) to the first C” (r = 0 or 1)

where ey
kink to its past, e§"™"™ connects this kink to the second

kink,rest
K

Drest, K

/ Yrest (©) \ B

FIG. 9. The result of a double singular diffeomorphism action
on ¢ labeled corresponding to definitions used in this section.
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one and eXmorst

Yrest(é)-

Next, note that by virtue of the connection of its
nondegenerate vertex to two successive bivalent kinks, it
must be the case that |3, ¢) € Bip2(n,a,¢,y) SO that

1B.2) = U(@)D*(B)lc) =: U(P)IB, c),

for some appropriate diffeomorphism ¢ with deformation
label 3 and state {c| € By, z -

Next, note that it is possible to reconstruct the 1-past
of |¢) from |B, ) by following exactly the same procedure
which resulted in obtaining y,..(¢) from (8, ¢). Thus any
edge emanating from the final (nondegenerate, GR,
M-valent) vertex of |8, ¢) followed “back in time” con-
nects to a bivalent C! or C° kink which, in turn, connects to
another bivalent C' or C? kink, which is then connected to
¥1-p(c) by an edge which lies in y(c). Removing the M sets
of such triplets of successive edges which connect the
final vertex of |8, c) to y_,(c) yields y,_,(c). Since this
procedure (of removing the triplets of successive
C*-semianalytic edges which emanate from the final non-
degenerate vertex) is diffeomorphism invariant, the same
procedure applied to U(¢p)D*(B)|c) yields the 1-past of
U(¢)|c). But, using Eq. (6.12), this very same procedure
resulted in the graph vy, (¢). Hence we have that

€ y(¢) connects this second kink to

(6.12)

yrest(E) = 71—p(c¢)r (613)

where [c,) 1= U(¢)|c). Moreover, from Egs. (6.12) and
(6.11) and the nature of double singular diffeomorphisms,
it follows that the edges ek™™' K =1,...,M of
Eq. (6.11) are a part of (¢) as well as y(c). This, together
with (6.13) and (6.12) and the last definition of Sec. VIB,
implies that ¢ is the causal completion of the 1- past of ¢ .
Since <c¢| € B(y,4,.,) by virtue of the lemma of Sec. VIB,
this means that {¢| is in B, ,c,)- Hence, once again all
double Hamiltonian constraints as well as singular
diffeomorphism-type deformations of (¢| are in Byg, in
accord with the assumptions of Secs. IV and V.

Case (c): Since |a@,c) is obtained by the action of
a single Hamiltonian constraint, each of the M
(C*-semianalytic) edges emanating from its final vertex
is connected to a trivalent kink. This, together with
(@, ¢| € Bysy implies that (@, ¢| € Biypn,a,c,y) Which
means that for some (c| € BlH(n,a,c,]» Some Hamiltonian
constraint deformation «; and some diffeomorphism ¢ we
have that

@ &) = U(@)lay, o).

Using argumentation similar to that for case (a), it follows
that y(¢) = y,-,(@, ¢); that ¢ can be reconstructed by
appropriately coloring 7y(¢) through the procedure of
retaining the colors of |@, ¢) away from the vicinity of
its final degenerate vertex and coloring those edges
which emanate from this vertex with the colors of their

(6.14)
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continuations past the immediate kinks they connect
to; and that all this, together with the diffeomorphism
invariance of the reconstruction procedure and Eq. (6.14),
implies that

&) = O(¢)lc).

Since Brgy,a,¢,)] 18 closed under the action of semianalytic
Ck diffeomorphisms, it follows that (¢| € Blr(na,c,y) and,
hence, that Biypr,a,c,)y contains all single Hamiltonian
constraint deformations of (¢|. It is then easy to see that
the considerations of Secs. IVA and IVF imply that
the continuum limit of the matrix element of a single
finite-triangulation Hamiltonian constraint operator is

well defined and nontrivial i.e., lim 5_o W% (Cs(N)|))

Bysa

is well defined and nonvanishing for suitable f, N (by
suitable we mean that N and the first derivative of f do
not vanish at the final nondegenerate GR vertex of ¢).

Note that Eq. (6.14) implies that ¢ has n + 1 degenerate
GR vertices and that if either of cases (a) or (b) hold, ¢
must have n degenerate GR vertices which means that the
matrix element for the single Hamiltonian constraint action
vanishes for cases (a) and (b).

Cases (a)—(c) exhaust all possibilities of interest and
imply that for any VSA state and any charge network state

(1) The continuum limits of the finite-triangulation op-
erators corresponding to the single Hamiltonian con-
straint, the commutator between two Hamiltonian
constraints (i.e., the lhs) and the operator corre-
sponding to the rhs are all well defined.

(i1) For appropriate choices of lapses, vertex smooth
functions and charge networks, these limits are
nontrivial.

(iii)) These limits agree for the lhs and rhs operators.

(iv) Whenever they are nontrivial for the lhs and rhs
the continuum limit vanishes for the single
Hamiltonian constraint.

It is straightforward to see that (i)—(iii) above imply that
(i)—-(ii) of Sec. III B hold. In particular point (iii) shows
that, as stated towards the end of Sec. I, our considerations
vield a nontrivial anomaly-free representation of the
Poisson bracket between a pair Hamiltonian constraints.

(6.15)

VII. DISCUSSION

In any gauge theory, anomalies in the algebra of quan-
tum constraints typically point to a reduction of the number
of true degrees of freedom in the quantum theory. The
quantization is then unphysical and, depending on the
severity of the anomalies, inconsistent. Hence, typically,
the viability of a quantum gauge theory is dependent on its
support of an anomaly-free representation of the classical
constraint algebra. If the gauge arises from general covari-
ance, the constraint algebra has an additional role to play
[16]: it encodes spacetime covariance in the Hamiltonian
formulation. We elaborate on this additional role below.

PHYSICAL REVIEW D 87, 044039 (2013)

Any Hamiltonian formulation splits spacetime into
space and time. As a result, spacetime symmetries which
are manifest in the Lagrangian description are not explicit
in the Hamiltonian formulation. For theories in flat space-
time, the availability of preferred inertial times allows the
straightforward recovery of spacetime fields from spatial
ones. However, in theories of spacetime, such as general
relativity (or even in generally covariant reformulations of
field theories on a fixed spacetime, such as PFT), the
absence of a preferred time, with respect to which the
Hamiltonian theory is to be defined, makes this loss of
manifest spacetime covariance more acute. One may then
ask the following question: Which structure in the
Hamiltonian description of a generally covariant theory
encodes spacetime covariance? The answer to this question
is provided by the seminal work of Hojman, Kuchat, and
Teitelboim (HKT) [16]. In the Hamiltonian description of a
generally covariant theory of spacetime, initial data are
prescribed on a spatial slice embedded in spacetime, the
spacetime itself emerging out of the dynamics of the
theory. HKT note that this dynamics pushes the spatial
slice “forward” in spacetime to the next one. In order
that the spatial slices so generated stack up in a suitably
consistent manner so as to yield a spacetime, HKT show
that the Poisson-bracket algebra of the generators of dy-
namics must be isomorphic to the commutator algebra of
deformations of the spatial slice within the (emergent)
spacetime. These deformations may be separated into
those which are tangential and those which are normal to
the slice. Their algebra has the characteristic structure that
the commutator between two tangential deformations is a
tangential one, that the commutator between a tangent and
normal deformation is normal and, most nontrivially, that
the commutator of two normal deformations is a tangential
deformation which depends on the spatial metric on the
slice. This is, of course, exactly the structure of the
constraint algebra generated by the diffeomorphism
and Hamiltonian constraints of general relativity.> In
particular, the Hamiltonian constraint generates normal
deformations and the Poisson bracket between a pair of
Hamiltonian constraints is proportional to a diffeomor-
phism constraint, the proportionality involving a spatial
metric-dependent structure function. The generality and
robustness of the arguments of HKT lead one to believe
that in the quantum theory, any notion of spacetime co-
variance is predicated on the commutator algebra of the
quantum constraints exactly mirroring the classical
Poisson-bracket algebra, thus providing a deep physical
reason for the requirement of anomaly freedom.

In this work we studied a generally covariant model with
the same constraint algebra as gravity. We concentrated on
the most nontrivial aspect of this algebra, namely the

SRecall that in any generally covariant theory, dynamics is
generated by the constraints.
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Poisson bracket between two Hamiltonian constraints, and
attempted to define the Hamiltonian constraint operator in
a LQG-like quantization in such a way that this Poisson
bracket was represented in an anomaly-free manner. Note
that at a mathematical level, it would be enough to provide
a quantization of the rhs such that it agrees with the lhs.
However, the simple geometrical picture of spacetime
deformations provided by HKT suggests that, in addition,
the rhs operator should generate a deformation akin to
a spatial diffeomorphism. The presence of quantum-
geometry-dependent operator correspondents of the struc-
ture functions on the rhs, together with the fact that the
quantum geometry is excited along sets of zero measure,
unlike the classical ones, suggests that the deformation
should be some sort of singular, quantum version of a
smooth diffeomorphism rather than a typical smooth dif-
feomorphism. As seen in Secs. IV and V, the choices we
have made in the construction of the Hamiltonian con-
straint and the rhs incorporate this suggestion.

The physical viability of these choices can only be
determined once a complete quantization of the system is
available. Specifically the work here needs to be completed
so as to provide

(i) A large enough [by which we mean large enough to
proceed to a nontrivial implementation of (ii) below]
space of solutions to the constraints.

(i) A complete set of Dirac observables which preserve
the space in (i) and an inner product on (i) which
implements the adjointness properties of the Dirac
observables.

First consider issue (i). The VSA states of Sec. VI
provide off-shell closure of the commutator between a
pair of Hamiltonian constraints. Since Byg, contains entire
diffeomorphism classes, it is straightforward to check [4,7]
that the commutator between two diffeomorphism con-
straints closes without anomalies as well. It is also straight-
forward to check that the continuum limit actions of the
Hamiltonian and diffeomorphism constraints on a VSA
state yield derivatives of its vertex smooth function so
that off-shell VSA states obtained from a specific choice
of Bygs can be “moved” on shell by setting the vertex
smooth functions to be a constant. Since we have infinitely
many inequivalent choices of the parameters ¢y, &, n
which go into the construction of Byg,, this procedure
yields a large class of solutions to the constraints.'®
These solutions may, of course, prove to be unphysical
once we attempt the incorporation of issue (ii). However, it
seems plausible that the chances of their physical relevance
would be enhanced if it could be shown that their off-shell
deformations support the closure of the commutator be-
tween the Hamiltonian and the diffeomorphism constraint,

16As mentioned in Sec. VI, while these states are built from
single-vertex primordial states, we expect our considerations to
easily generalize to a very large family of multivertex primordial
states.
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this being the only remaining part of the constraint algebra.
Clearly, showing this is equivalent to the condition that the
Hamiltonian constraint is diffeomorphism covariant; i.e.,
that U(¢)H[N]0*(¢) = H[¢.N]for all (semianalytic C¥)
diffeomorphisms ¢ and all (density — 1) lapses N.

As mentioned in Sec. I, we have ignored precisely this
issue of diffeomorphism covariance in our constructions.
While the issue will be studied in a future publication
[12], we briefly comment on the problems inherent in
generalizing our constructions here to incorporate diffeo-
morphism covariance. The primary noncovariant struc-
ture we use is the regulating coordinate patches. These
patches are chosen once and for all in some arbitrary
manner. It turns out (as is eminently plausible) that
diffeomorphism covariance requires that coordinate
patches associated with diffeomorphic vertex structures
[by which we mean the graph structure of a charge
network in the vicinity of its (GR, nondegenerate”) vertex|
should be related by diffeomorphisms. The ensuing prob-
lems are twofold:

(a) There are infinitely many diffeomorphisms which

map one vertex structure to another.

(b) The vertex structure at a “‘daughter” vertex created
by the Hamiltonian constraint égl[N] at triangu-
lation T, is mapped to the corresponding structure
created by é@z[N] at Ts,, with 6, <48, by a
diffeomorphism which “‘scrunches” the edges at
the vertex together along the axis of the cone as
described in Sec. III and Appendix C 4. This fact,
together with the necessity of relating the corre-
sponding coordinate patches through diffeo-
morphisms, implies that in the calculation of
commutators the coordinate patch {x'“}5 (see the
second paragraph of Sec. IV E) goes bad as 6 — 0.
This in turn implies that the continuum limit of the
commutator between two Hamiltonian constraints
blows up due to the x’ dependence of the calcu-
lation [for example, the Jacobian in Eq. (4.59)
blows up].

A solution to both of these problems can be found [12].

It turns out that progress on problem (a) is related to the GR
property of the nondegenerate vertices of the VSA states
and that a possible way out of problem (b) is to enlarge the
dependence of the vertex smooth functions to certain addi-
tional vertices of the graph and require some additional
regularity properties of the ensuing functional dependence
[12]. This concludes our comments on the problem of
diffeomorphism covariance and its relation to issue (i).

Another key open problem with regard to issue (i) has to
do with the very definition of the continuum limit we use
(see Sec. IIIB). This definition, while in the spirit of
Thiemann’s considerations involving the URS topology,
is far from conventional [17]. Notwithstanding the fact that

17See Footnote 12, Sec. IVF.
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it is extremely nontrivial to obtain an anomaly-free repre-
sentation in the context of this definition of the continuum
limit, we believe that a proper resolution of the problem of
an anomaly-free off-shell closure of the constraint algebra
requires a representation of the latter on some suitable
vector space, which, as mentioned towards the end of
Sec. III B, we call a “habitat.” In the case of the Husain-
Kuchar model [4,7] as well as PFT [6], the habitat is
spanned by vertex smooth algebraic states of the type
considered here. It is our hope that these states can be
suitably generalized (say, to accommodate not only a
dependence of the vertex smooth functions on vertices
but, perhaps, on other properties of the state at the vertex
such as its edge tangents and their charges) so that our
calculations are supported on a genuine habitat. An im-
portant aspect of such a generalization would be to ensure
that not only the commutator, but also the product of
two Hamiltonian constraints has a well-defined action.'®
Preliminary calculations suggest that ensuring this (not
only in the context of a habitat but also in the VSA
topology considerations of this work) requires a slight
modification in the definition of the Hamiltonian constraint
operator at finite triangulation from the 6§ — 1 form of
Eq. (422) to a 26 — & form.

Next, we turn to issue (ii). The first step towards the
construction of Dirac observables is a detailed analysis of
the equations of motion of the classical theory."® Such an
analysis has been initiated by Barbero and Villasefior [18]
and we hope that their work will stimulate further progress
on issue (ii). As a side remark, we note that a detailed
understanding of the classical dynamics of the model
would also stimulate progress on Smolin’s original idea
[11] of approaching Euclidean gravity via an expansion in
powers of Newton’s constant.

Besides the open issues (i) and (ii), our work can also
be improved upon in the following aspects. We have re-
quired that the singular diffeomorphism-type deformations
of Secs. IVand V preserve the GR (or non-GR) nature of the
nondegenerate vertex. This is a rather coarse requirement
and it would be good to further restrict the deformation so
that it preserves a larger subset of diffeomorphism-invariant
properties. This would also lead to a tighter and better-
motivated prescription for connecting the original graph
to the displaced vertex. A tighter prescription would pre-
sumably lead to a smaller bra set Bygy. One may even
envisage that the current Byg, can be split into ““minimal”
subsets.

'8Recall that we have only shown that the commutator of a pair
of finite-triangulation Hamiltonian constraints admits a contin-
uum limit in the VSA topology; the reader may readily verify
that the product of a pair of Hamiltonian constraints does not
admit a continuum limit in this topology.

While a few Dirac observables are available through Smolin’s
work [11], infinitely many are needed since the system has
infinitely many true degrees of freedom.
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We now turn to a discussion of various novel features
of our constructions and considerations. Our exposition
will consist of a series of scattered remarks. First, inde-
pendent of any ramifications for quantum theory, it
would be good to understand if there is a deeper reason
behind the existence of the remarkable classical identity
of Sec. V and Appendix B. Next, as discussed in Sec. VI,
we note a beautiful feature of repeated actions of our
Hamiltonian constraint on an ‘““initial state,” namely that
the resulting “final” state encodes its own ‘‘chronologi-
cal history” dating back to the initial state. Finally, we
note that while there does seem to be a significant free-
dom in the details of the choices we have made, the class
of choices suggested by our considerations of Sec. IVA
are qualitatively different from those considered in the
standard treatments of the Hamiltonian constraint [1,2,4].
Our considerations here rest on a number of new ideas
suggested by earlier studies of toy models [6,7]. A few of
them are as follows: the consideration of higher density
weight constraints, a continuum limit defined by VSA
states, deformations of charge networks which depend on
their charge labels, and a Hamiltonian constraint action
which is such that a second such action acts on deforma-
tions produced by the first.

In summary, while there are many open problems and
obstructions to be overcome, we believe that there is room
for cautious optimism that the considerations of this work
and of the recent work [9,10] present the first necessary
steps to define the correct quantum dynamics of this model,
and, perhaps, offer hope that the lessons learned from this
and subsequent studies of the model will provide inputs for
the much harder context of gravity.
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APPENDIX A: A ¢/ OPERATOR

In this appendix we derive some Thiemann-like classical
identities for negative powers of the metric determinant
that we then quantize on H y;,. These identities involve a
volume operator, which we take to be the Ashtekar-
Lewandowski volume operator V, with SU(2) replaced
by U(1)>. The construction of V in the case of U(1)’
proceeds just as for SU(2), so we direct the reader to
Ref. [19] for details. Here we merely cite the result in the
U(1)? case. Given a region R C 2, the volume operator
V(R) associated to that region, acting on the charge net-
work state |c) is given by

V(R)lc) = E(p) Z V0gaL@lle).

vECNR

(AD)

Here, E(u) is a constant which depends on the choice
of an integration measure p on a finite-dimensional
“background structure-averaging’’ space (if one subscribes
to a consistency check in the sense of Ref. [20], then this
factor can be fixed to be equal to 1); the sum extends over
all vertices v of ¢ contained in the region R. §p(v) is
diagonal in the charge network basis and acts at vertices v
of |c) by

. 1 :
CIAL(U)|C> = &(fWK)3Z€”K€i,’kq114§qlf<|c>,
1K

(A2)
where each of the three sums (over 7, J, K) extends over the
valence of v, with I, J, K labeling (outgoing) edges e;, e;,
ex emanating from v. €/X =0, +1, —1, depending on
whether the tangents of ¢;, e;, ex are linearly dependent,
define a right-handed frame (with respect to the orientation
of the underlying manifold), or define a left-handed frame,
respectively. As in the main text, ¢' is the U(1); charge on
the edge ¢;. Before moving to inverse metric operators, we
note two properties of V that are shared with the SU(2)
theory:

(1) Trivalent gauge-invariant vertices are annihilated
by V. This follows immediately by using the
gauge-invariance property Y ;. ,q% = —¢q’ in (A2).

(i) “Planar” vertices (those for which the set of edge

tangents spans at most a plane) are annihilated by V,
since each orientation factor €/X in this case
vanishes.

We now turn to the construction of negative powers of
the spatial metric determinant at any pointin 2. Let U C X,
be an open set with coordinate system {x}. Let any p € U
have coordinates X(p) = {x!, x>, x*}. Since the analysis
below is expressed in the {x} coordinates, we use the
notation p = X(p) = x. The first step is to express negative
powers of the classical volume in terms of Poisson-bracket
identities involving quantities which have unambiguous
quantum analogs. Classically, the volume V(R) of a region
R C 3 is given by
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V(R)szﬁELd%\/ldetEl

- d\/

Let B.(x) C 2 be a coordinate ball of radius €, centered at
x. Its volume V.(x) is then

1 ijk pa b e
37 Mabe€ E{EPEL|. (A3)

Vew = [ afa0 (Ad)
B.(x)
It follows that for smooth ¢g(y) and some a € R,
Vv 2a
<) @) + 0(e). (A5)

—a = q
(me)’

Now it is straightforward to verify that

70 €35 (0, V(o) HA (1), Vo) HAL ), V)

3
= 0@V g (),

where we have defined o := sgn(det E), and neglected

terms such as ggq . Using (AS5) we may then write

(A6)

(%77.)217-%—1 T]abc eijk
1G0—p)?
X{A)(x), Ve (x) 3P HAx), Ve (x)31-P} + O(),
(A7)

g7 =elrt oA}, V(1)

where the first term is O(1). With an eye on quantizing this
expression as an operator on H ;,, we replace A’ (x) with
holonomy approximants as follows: Lete;, I = 1,2,3 be a
triplet of edges, each of coordinate length B; e, emanating
from the point x (here B; are a triple of dimensionless
e-independent numbers). Let their unit tangents, normal-
ized with respect to the coordinate metric be é{ and let ¢;
be such that the triple of their edge tangents at x is linearly
independent. It is easy to check the following identity:

GUKéaéb o¢
T’abc — A(Ié))\/ K , (Ag)
where A(é) is given by
> 1 Af Ag A
Ale) = ¢ Mreh eLMNe{eﬁ,Ief‘v. (A9)

Here €//X is antisymmetric with respect to the interchange

of its indices with €!?*> =1 and the argument é:=
{e|, e,, e3} signifies the dependence of A on the triplet of
edges. Using Eq. (A8) and approximating A%,é¢ in terms of
the edge holonomies A} along e;, we obtain
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9¢ellK¢.. (i 7T)2p+1 h(i) h(j)
P = 3@p+1) ijk3 I R~V (x)30-P) W)= v (x)F0-p)
)7 = ) S ST () V) ) V)
h :
X ——K ()7L, V(xR1P} + O(e). (A10)
—ikyBge
Setting p = 3 we arrive at
9 m)3/3 )
g1/ = ¢ S e’ ey {(h) ™, VORI ™! V() ™ VAL + OCe). (AT

2(—=ifky)’A(é)B;B,Bk

Now we define an e-regularized operator on F ;, by taking all quantities to their operator correspondents,
{-,}— (in)~'[, -], and dropping the classical O(¢€) contribution:

9@ )3
2(Ghky)? A(E)BIJK

§'(x);"? =&

with B,k := B;B;Bg (the prime in §' appears because
this operator is not the final one we will employ in the
main body). As it stands, this operator is tied to the
coordinate system {x}, which should come as no surprise,
since the classical quantity is a scalar density with den-
sity weight not equal to 1. In keeping with the general
philosophy of this work, in which operators on F ;, are
tailored to the underlying charge networks that they act
on, we will choose the holonomy segments of §'~!/3
partially overlap edges of charge networks (when thls is
possible).

Let us first consider charge network vertices v € ¢
whose edge tangents span at most a plane [we deem these
planar (or linear) vertices]; this includes interior points of

S

1,J,K=1

A1 N=1/3) N
Jw): ey =B 7)3

€K ey h ()~ VOIS ()~ VIR 1, V4]

KearhDL(h)) ™", VYT ()=, V41 L) =1, V4°]le),

(A12)

|
edges. Since there are not three linearly independent direc-
tions defined by the edge tangents of ¢ at v, we should have

to choose the extra segment(s) needed for §'(x)e 1/3 by
hand, but this choice is arbitrary, since for the ordering
shown in (A12), there will be some factor [(h})~!, V4/]
acting on |c), where (h})~! overlaps an existing edge of c,
and since V¥ acts trivially at planar (and linear) vertices,
[(h)~', V*°] annihilates |c) (perhaps even more simply,
since planar vertices have zero volume, & is the zero
operator). We henceforth restrict the discussion to charge
network vertices with at least one linearly independent
triple of edge tangents.
We write Eq. (A12) as

(A13)

where B,3A(€) has absorbed some dimensionless constants and become B’. Note that A(¢) depends on the charge network
c through its dependence on the edge triplet é. It also depends on the choice of regulating coordinate patch {x} through its
dependence on the unit edge tangents which are normalized with respect to the coordinate metric defined by {x}.

Next, define Q to be the dimensionless rescaled eigenvalue of Gy (v)

gaLw)le) = —(leK)gZEHK uk‘]l‘IJQKIC>

IJK

so that

V(w)le) = sw),/ | %(MKPQIIC),

—S(leK)3Q|C), (Al4)

(A15)

and let Q' be the rescaled eigenvalue of g1 (v) when the regulating holonomy A is first laid on the edge e; [and Q; ' when
(ht)~ !is laid]. Let o be the eigenvalue of & (which is also the sign operator of det E). Then (A13) acts on |c) by

2 .
P01 = B s (sl (G ) ) e eatloP? — 10 PIQRY ~ 10, PO 10 e
2 .
= By e eyalloP — Lo PRYIORS ~ 107 PPN ~ 0Pl (A16)

where we have absorbed some numerical factors into B’ to obtain B.
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We could stop here, but it turns out that this particular
form of §’~'/3 is not quite what we want, as it is not invariant
under the charge flips produced by the Hamiltonian con-
straint, a property that we require in the main body of the
paper. However, we can modify the preceding construction
slightly to obtain another ¢~!/3 operator which is insensi-
tive to the charge flips. Consider the classical expression
(A11). Instead of using inverse holonomies inside the
Poisson brackets, suppose we average over combinations
in other representations; specifically g = *1 for each i, 1.
Making this change and following the remaining steps to
arrive at the operator action, we find

G(w):"le)
2

= —-B Shyw €’k e, a(01070% —30;10%,0%
+30;70,70% — 0710, 0gle), (A17)
where
o7’ =101 — 107 /7°. (A1)

The overall factor of é comes from averaging over the eight
different combinations of O;, and the relative signs arise
from the classical Poisson-bracket identity, depending on
whether we choose to put a fundamental representation
holonomy, or its inverse, inside the bracket (an odd number
of negative superscripts yields a minus sign). We will see in
the next section that these eigenvalues are invariant under
charge flips. If there is a choice of edge triplets of ¢ at v such

that §(v)e 1/ 3¢} # 0, we term the vertex v as nondegener-
ate. Henceforth, we restrict attention to charge networks
with a single nondegenerate vertex. For the purposes of this
paper, this restriction suffices because the continuum limit
action of the quantum Hamiltonian constraint and the quan-
tum electric diffeomorphism vanish on all other charge
networks, which in turn stems from the fact that Byg, has
states with (at most) only a single nondegenerate vertex. We
leave a generalization of our considerations to the multi-
vertex case for future work.

Note that the inverse metric eigenvalue v~Tin Sec. IVB
is defined through the equation

~ooN—1/3 €
g(w)e ey = —vr75le).

Al9
Fryx (A19)

We now show how to choose the triplet of edge holonomies
in (A12) in such a way that this inverse metric eigenvalue
is (a) diffeomorphism invariant, and (b) the same for
the (single nondegenerate vertex) charge networks
c(i, vy o), c(vy ) of Secs. IVand V.

In each diffeomorphism class of charge networks [¢] we
pick a reference charge network c, and a set of diffeo-
morphisms Dy such that for any element ¢ # ¢, ¢ € [¢]
there is a unique diffeomorphism in Dz which maps ¢ to
c. Our choice of reference charge networks is further
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restricted as follows. Let [¢;], i =1, 2, 3, [¢], be such
that there exist ¢; € [¢;], ¢ € [¢], and a charge network
¢ with nondegenerate vertex v such that for some /,,, € we
have that

¢; = c(i, vy ) ¢=cvp o) (A20)

where c(i, v} ), c(v] .) are the deformations of ¢ as
v v

defined in Secs. IV and V. If Eq. (A20) holds, we require
that the reference charge networks c;y, &, for [¢;], [¢] be
chosen such that there exists a charge network ¢ with a
single nondegenerate vertex v, and some parameter value
6 for which it holds that

cio = ¢(i, U;U(),a)’ Co = C(U;vo,a)- (A21)

Next, we choose a triplet of edges for each reference
charge network and define the triplet of edges for any ¢ €
[co] as the image of these edges by that diffeomorphism in
D1 which maps ¢ to c. We restrict our choice of edge
triplets as follows. Consider the diffeomorphism classes
[¢;],i=1,2,3,[¢] and the charge networks c;y, i = 1, 2,
3, Co, ¢, subject to Egs. (A20) and (A21). The structure of
the deformations sketched in Secs. IV and V (and further
elaborated upon in Appendix C) permits the identification
of the J,, th edge emanating from v} 5 in ¢(1, v} ;) with
the J, th edges emanating from v}uoﬁ in ¢(2, v}vo,a),
c(3, v}va, s) and c(vfuo, 5); this edge is uniquely identified,

in the notation of Secs. IV and V, as the deformed counter-
part of the J,, th edge emanating from the vertex v, of c.
We choose a triplet of edge labels Jl’,(o, K=1,2, 3 and
choose the triplet of edge holonomies for ¢, to be along

the J,’foth edges emanating from v 5. Our choice for the
v

triplet of edge holonomies for the reference charge net-

works ¢, €39, Cpo 18 then restricted to also be along the

J,,Kth edges emanating from v} s in ¢y, c39, ¢o. We do
v

not, however, restrict the choice of the sets of the reference
diffeomorphisms in any way.

Once we have made choices subject to the above
restrictions, let us, for convenience, once again number
our edges in such a way that the triplet of (positively
oriented) edges for any charge network c is {e}, e,, €3} so
that the action of the inverse metric operator is as denoted
in Eq. (A17). Recall that the parameter B in that equation
is, apart from an overall numerical factor, equal to
Bi23A(€). Recall, from Eq. (A9) that A(¢) depends on the
triplet of unit edge tangents normalized in the coordinate
metric associated with the coordinate patch around the
vertex v of the charge network ¢ being acted upon.
Hence A(é) varies as the charge network varies over its
diffeomorphism class. We choose B3 so that Biy;A(é)
is constant over each diffeomorphism class. Thus, depend-
ing on the charge network ¢ € [c], we obtain some
A(é) and “compensate” for this A(¢) by appropriately
varying the edge length parameters B, B,, B3 so that
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Bi»3A(é) = B|B,B;A(é) is constant over [c]. Hence the
parameter B in Eq. (A17) also depends only on [c], or,
equivalently, on the reference charge network ¢y € [c].
Finally, require that the choice of Bj,3 be identical for
the reference charge networks related by (A21). As we
shall see now, these choices ensure that the inverse volume
eigenvalue has the properties referred to above.
From Eq. (A19) we have that

v=3 = —8BeKe,;,0(0}0)0% — 30;70)0%

+30;70,70% — 0;70;,7 0K%). (A22)
The factor o is equal to the sign of the eigenvalue Q in
Eq. (A14). From Eq. (A14), it is easy to check that Q is
diffeomorphism invariant. Moreover, it is straightforward
to check that Q is also invariant under the charge flips of
Eq. (4.34). This shows that ¢ is invariant under diffeo-
morphisms and charge flips. As we showed above, the
factor B is invariant under diffeomorphisms. The rest of
the expression consists of various combinations of charge
labels of ¢, and as a result of our choice of regulating edge
holonomies, is equal to its evaluation on the reference
charge network ¢, € [c] irrespective of the choice of the
set of reference diffeomorphisms, Dy.1. Thus v73 is diffeo-
morphism invariant. In addition, by construction, B is the
same for the quadruple of charge networks c(i, v; 5),
c(v}w 5) which arise from the action of the Hamiltonian
constraint and the action of the electric diffeomorphisms
on any charge network c. It follows that, since the charges
in Eq. (A22) for the charge networks of Eq. (A20) and
(A21) are related by charge flips, the next section also
establishes that, as assumed in Secs. IV and V, v 3 is also
the same for the diffeomorphism classes of the charge
networks of Eqs. (A20) and (A21).

1. Symmetries

We are interested in the eigenvalues of §~'/3 for a vertex
deformed by the Hamiltonian. There is one important
property we are looking for: for the lhs and rhs to match
in the main calculation, a charge-flipped vertex produced
by the Hamiltonian must have the same §~'/3 eigenvalue
as the unflipped configuration. Recall the structure of the
charge flips: depending on the value of i appearing in the
quantum shift, edges charged in (¢!, g%, ¢*) go to

i=1:(q", —¢° g%, i=2:(q%q%—q"),

i=3(-¢%q"q) (429
First note that the sign eigenvalue o of & is unchanged;
each flipped configuration differs in sign in one entry, and
there is a transposition of two charges. Also note that |Q]|
itself is unchanged by similar arguments. Let us now
consider Q! for some fixed I = [ and i = T:

077 = Q = 36K erq)qk. (A24)
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Here the unbarred indices are summed only over unbarred
values. What happens to this value under charge flips? We
have argued that Q is unchanged under flips, so focusing on
the remainder under

) _ ek IJc” (A25)

a;— gy = 84;
we find
3el/K elgj)k %(l) q’,‘< — 6el/K qij qu +3 5; VK €1t q§ ql;{ :
(A26)

hence
007" = 0 * (36L”  euq7qk + 6€ % ¢ qk).
=1 50 at least one factor in

Notice that for7 = 7, (1)Q; " = Q7 ",
each term in (A17) is invariant. (7)Q;"" changes, but it
transforms into one of the other Ql-ﬁ such that the eigen-

(A27)

value of §~'/3 is invariant. In particular, it is immediate to
check that

(")Qltj = Q7 for €k = +1,

Do/ = 0k, for et = —1.

The O;' also obey these flip rules, so armed with these
properties, it is straightforward to expand
2
(0g=15]c) = —B—— K e, r(P0ID 00 0k
8kh
— 3(i)0;1‘(7)0116)01;< + 3(7)0;1‘(?)0;1(7)01;{
— 007100700k c), (A28)

and verify that it is in fact equal to §~'/3|c), and we

conclude that §~'/3 has the symmetry property we need.

We close this subsection by noting that the eigenvalues
of (the symmetrized) §~'/3 at zero-volume vertices vanish.
Indeed, in the zero-volume case Q = 0, we have that the
Q; ' and Oj' eigenvalues defined above evaluate to

or'= i3€1]KEijkqj}q]1(<’
= 0= 107 = Qi = ~[3e K gl .
(A29)

1

In particular, O;' = O;, and since ¢~'/3 goes as

g% ~ ek e, (00]0k — 30;0}0%
+30;70,70% — 07'0,70%h), (A30)

we see that the insensitivity of O7' to the sign of the
representation of the regulating holonomy leads to the
vanishing of this quantity.

a. Nontriviality

The eigenvalues ¢~/ are rather complicated functions
of the charges, and it is not clear a priori whether the

044039-31



CASEY TOMLIN AND MADHAVAN VARADARAJAN

symmetrization procedure followed above perhaps leads to
an operator action which is trivially zero through some
cancellations. Here we attempt to quell this apprehension
somewhat by exhibiting a class of states’® with large
nonzero volume, and small but nonzero q_l/ 3,

Let v be a vertex of ¢ from which emanate N + 3 edges,
three of which, e, e,, e3, define the (positively oriented)
coordinate axes of the system we evaluate §~!/3 with
respect to, and let these edges have charges ¢} = ¢35 =
q% = N> 1. Let the other charges on these edges
be zero and let the remaining N edges be charged as
g = (—1,—1,—1) (so that the state is gauge invariant).
Then we can compute

— 1K i J k
Q=c¢€ €k91919k

_ 123 i ) k 12K i ,J k
= 6Eijk<e a5+ D (6 41929
K'#12,3

+ N gaidl + € dha] q’;‘a))
(A31)

— 6(N3 — N2 Z (EIZK’ + 623K’ + EB]K’))’
K'#1,2,3

where the terms quadratic and cubic in the remaining
edge charges have vanished as they all have identical
charges. We notice that as long as the sum over orientation
factors is not negative and O(N), then indeed Q ~ N3.
One way to ensure this is to demand that the remaining
edges be distributed roughly evenly throughout the octants
defined by the tangents to e;, e,, e3 at v. In this case the
sum over K’ of each orientation factor is O(1) (or perhaps
vanishing).

For the sake of calculation, let us suppose that N is in
fact divisible by 8, and consider the case in which N/8 of
the small-charge edges lie in each octant. Then the sum
over orientation factors in (A31) in fact vanishes, and we
have Q = 6N3. We now wish to compute ¢~'/3 for this
configuration. We have, for example

.
-0

_ 1JK J Kk
= F3eV €k g9k

= i6<€i23N2 + N Z Z(ElzK/Gijz + EBKIGI'J':;)),

K'#1,23 j
(A32)

so that

- 0= i6<N2 +N > (e~ 512’(’)) = £6N?,
K'#1,2,3

FFl—0=0, (A33)

2We thank Alok Laddha for this example.
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with analogous results for / = 2, 3. Then

|Q|2/9 _ |Q1ti|2/9: |6N3|2/9 _ |6N3 i6N2|2/9

=(6N3)2/9<1 —<1 1%)2/9)

2
=(6N° 2/9<——+0 N2 ) A34
6N P(F5o+ OV 2)), (A34)
for I = i, and zero otherwise. Thus

2363 1

O,iiOJijO,i(k — ?(1)Ukﬁ + O(N_z),

where (+);;; denotes the product of the (negative of the)
signs in the O superscripts, hence

2 2467 1
B-S ( o O(N*Z)),

-1/3 — i
hyk\ 3> N

q (A35)

and we conclude that §~'/3 constructed above is not
trivially vanishing.

In fact, if one allows (an N-independent) tuning of the
parameter B, this class of states may be considered as
satisfying a crude notion of semiclassicality (to leading
order in N), in the sense that

4 2/3 48173 14 \2/3 €2
13 (3.3 —2/3 _ = ~1/3
q (3776 ) %4 8(2/§ (3 77') h'yKlQl
"

if one chooses

(A37)

311\ 1/3 2/3
s-(3) ()
2 &(w)

APPENDIX B: RHS IDENTITY: SU(2)

Consider the diffeomorphism generator (modulo the
Gauss constraint) of the SU(2) theory smeared with the
electric shift N{ := g~ *NE?, where N has density weight
Qa —1):

D[N;]:= j dPxq *NE{F, E. (B1)

Here F, = 20[,A}; + Gne*AL A and the connection
again has units of [length X Gy]~!. It is straightforward

to compute the Poisson bracket of two such objects, sum-
ming over the SU(2) index:
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8D[N,] 8D[M;]
8AL(x) OEI(x)

NE[“Ed] NEYEN M . A )
= 2[d3 [( ( )+ GyemAn c}”‘ L )E(a;F’;bEg + F) EY — «ESELFY EY) — (N M)]

(DI, oL} = [ ox( - (v =)

=2 f dx ( ECEVSIFYEY + EVEVF) E? — aESEVESELFS, EDMa N — (N < M))

= (Q2a—1) f d3xq 2@ ESESF! ER(M3,N — No,M)
= (2a — D{H[N], H[M]}, (B2)

where we have used 6q/8E¢ = q(E™")i, with (E!)i, the matrix inverse of E¢. The U(1)? case results by taking Gy — 0.
In 2 + 1 dimensions, this identity also holds in SU(2) and U(1)?:

8D[N;]18D[M,]
SA%(x) SEY(x)

wmﬂmﬁm=f&{ —WHMﬂ

=2 / Bxg  ELED g 8IF ) + g *F) E! + 2aq™ ' 14y /¥ B EY) ESFY, ED)Ma,N — (N < M)

=Qa—1) f d3x(Ma N — NacM)q—ME;‘EngaEy, (B3)
|
where we have used g = E'E', E' := 5 1,,€/*EYE} and  component perpendicular to é,(v) by d, . The vector con-

E'n® = ei”‘E,?E’i (see Ref. [21]). necting a point P; to the point P, is denoted as Zplpz.

APPENDIX C: DEFORMATIONS: 2. GR-preserving deformation
FURTHER TECHNICAL DETAILS
1. Preliminary remarks (1) The GR condition.—The set of tangent vectors é x at

v is GR if and only if no triplet lies in a plane. It is
easy to verify that this condition implies the pair of
conditions

(@) &, #0,J # I

(b) No palr (e,lL, e,zl) J, # J, # I exists such

We use the notation of Sec. IV. Let B,s(v) be the ball
of coordinate radius 46, with respect to the metric &,
associated with the coordinates {x}, centered at v. Our
considerations are confined to the interior of this ball for
sufficiently small 6. We shall choose 6 to be small enough

that the boundary of B,s(v) intersects the interior of every that eJ L ey,1 are linearly dependent.
edge emanating from v once and only once. (2) Choice of n, in Eq. (429)—We choose n, in a
Let the edge e; be parametrized by the parameter ¢, direction such that v} is not on y(c). Clearly, this
such that ¢;(f; = 0) = v. Let the interior of the edge be is possible because there are a finite number of
e, Let the coordinates of the point e;(#;) be denoted edges at v and for small enough & these edges are
by x“(t,) in the coordinate system {x}. Then for small almost straight lines. In Sec. C 4 we shall need to

enough 6 it follows from the semianalyticity of the edges

VS : specify rjll more precisely; for this section, it is
that the parametrization #; can be chosen in such a way

enough that v/ is not on y(c).

that x“.(tl)‘v’ I are analytic functions on ej N Bys(v). (3) Connecting v} to y(c).—Let v} be connected to v,
Accordingly we choose 6 small enough that the edges J =1,..., M in accordance with the prescription of
within Bys(v) are analytic in the coordinate system {x} Sec. IVD2. In more detail, we have, from
except perhaps at v. Sec. IVD2, that for J # I, {5,} = Bsi(v) Ne, and

We assume for simplicity that v resides at the origin of
the coordinate patch {x}. We shall often denote the coor-
dinates {x} of a point by the vector X from the origin to that

that v} is connected to #; by the straight lines ivﬁ -
The C*, k > 1 nature of e,., near v implies that

Egmt. Since the coord1nate§ rangSe in some open subset of 896, = Zuﬁ_, + 0(8%), (Cl)
, we freely use the ensuing R’ structures, such as con-

stant vectors, vectors connecting a pair of points, straight where the hat”, as usual, denotes the unit vector in
lines, planes, etc. Recall that é¢(v) =: é ;(v) is the tangent the direction of é ;. Equation (4.29) implies that for
vector of the Ith edge at v. If d is a vector we denote its J#FI,
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lyg,1 = _6Pﬁl + lvﬁjJ_

Y7

= —87R, + 89(2))1 + 0(8%)

= 54(2,), + 0(5%) + 0(87).  (C2)

Here (¢;), is the perpendicular component of the

unit vector & ; and we have used (C1) in the second
line. Note that p > g in the last line so that the first
term is the leading order term.

As asserted in Sec. IV D 2, the lines lev;ﬁj, J #1,
intersect the graph y underlying the (undeformed)
charge network c at most only at a finite number of
points. This can be seen from the following argu-
ment. If this was not the case, the analyticity of the
edges {ex} (see (C1)) and the analyticity of the lines

{Zv;ﬁ ,}in the chart {x} imply that a segment of some
line iv;ﬁ , must overlap with a segment of some edge
ek in Bs(v). Equation (C2) together with the GR
property of v implies that if this overlap happens it
must be for K = J # I. But, whereas IIZ’MII/HZ’JII is
of O(1), Eq. (C2) implies that ||lv,u/J.”/”lv,v’ ||, is of
0(8771Y) (here ||d|| refers to the norm of the
vector d).

We also note that the lines iv;ﬁj, J # I cannot

intersect each other (except at wv}) since
Eq. (C2) implies that they have different slopes.
Moreover, since IIZﬁA,U;lII/IIZﬁJU;II is of O(877") it
follows that these lines (and any bumps thereof can
be chosen so that they) are always below the plane P
(see Sec. IV D 2). Hence these lines cannot intersect
the curve é; of Sec. IV D 2. Finally, it is easy to see
that é; can indeed be constructed in accordance with
the requirements of Sec. IV D 2. To do so, we join 7,
to v} by a straight line and apply appropriate semi-
analytic diffeomorphisms of compact support in the
vicinity of @, v} only to this line so as to bring its
tangents at these points in line with &,(v), as re-
quired by Eq. (4.30) and the requirement that ©; be a
C' kink. It is straightforward to see that this can be
achieved in such a way that &; remains above P.
(4) GR property of v).—It remains to be shown that v/}
is GR. Since we are unable to ascertain if v} is GR
when connected to y(c) as in point 3 above, we seek
a suitable modification of point 3 which ensures that
v} is GR while preserving the key equations (4.29),
(4.30), and (4.31). Since the GR property is generic
(as opposed to its negation which requires the con-
dition of coplanarity of some triplet to be enforced)
we expect that there should be several ways to do
this. However, we do not analyze the issue here and
point the reader to Ref. [12] wherein we present a
detailed resolution of the issue, the particular choice

PHYSICAL REVIEW D 87, 044039 (2013)

of which is motivated by our considerations in
that work. Here, we only note that Ref. [12] applies
semianalytic diffeomorphisms supported away from
an identity in a small vicinity of v} (only) to each
edge in turn which renders the edge tangent con-
figuration ““conical’” and hence GR [12]. Each such
diffeomorphism is of the type encountered in
Appendix C 3 below.

3. Non-GR case

As in the previous section we choose ;zl in a direction
such that v} is not on y(c) and follow the prescription of
Sec. IVD2 to join v} to ¥, J # I by straight lines. Note

that, as asserted in Sec. IV D2, any such line lv o, F 1

can intersect any edge ex at most in a finite number of
points. To see this assume the contrary. Analyticity of the
lines and edges (see (C1)) in the {x} coordinates implies

that the line iv;ﬁj overlaps with the edge eg. If EKIU is
proportional to é;|,, analyticity of e, ZU;ﬁJ implies that
Zv;ﬁ , is contained in the line which joins v to v} along the
direction ¢é;(v). From (4.29), no such line exists. If
éx1(v) # 0 then llegy lI/lléxll is of O(1), while Eq. (C2)
implies that ||iﬁjv;l||/||7ﬁju;||, is of 0(8771), which, once
again, rules out overlap.

Next, any possible overlap between the lines {Zﬂu:
J # I} can be removed by slightly altering the posmons
of their vertices #; as follows. Suppose that lv/v ’ lu,u h
overlap. Their analyticity and the existence of a common
end point v, imply that one must be contained in the other.

Accordingly, assume that Z)v; 7, is contained in Z)v; 3, SO that
iv;ﬁjz passes through @, . Since 7,; € B4 (v), it follows
that this pair of lines cannot overlap with any other line.
If we now move v, slightly along e, , this overlap is

necessarily removed. For, if it were not, then iv;ﬁ B would
overlap with e, which is ruled out by the arguments of the
previous paragraph. Thus, with this modification, the lines
{ly5,, J # I} intersect each other as well as y(c) at most at
a finite number of points and these intersections can be
removed by appropriate bumping such that the bumps are
all below the plane P of Sec. IVD2.

Next, we show that é; may be chosen so as to satisfy
the requirements of Sec. IVD 2 on its tangents at its end
points while intersecting y(c) at most at a finite number of
points and while being positioned above the plane P of
Sec. IVD2. Connect ¥; to v} by the straight line lv;ﬁ,
Analyticity implies either a finite number of intersections

with y(c) or overlap. Let Zv;ﬂl overlap some edge eg. As
above, if éx|,, is proportional to ¢,|,, analyticity of ek, I,/

v U,

implies that I, 15, 18 contained in the line which joins v to V)
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along the direction é ;(v). From (4.29), no such line exists.
If éx ) (v) # O then ||éx, Il/lléxll is of O(1). On the other
hand a Taylor series expansion along the edge e; locates
¥, to O(8?) from the line passing through v in the direction
of é /|y, which, together with Eq. (C2) implies that
||Z)l~,lv;l||/||7ﬁ[v;||, is of O(d), which, once again, rules out
overlap. The finite number of intersections with y(c) can
be removed by appropriate bumping which preserves the

location of iv;ﬁ] above the plane P of Sec. 4.4.2. Finally, the

edge tangents at the end point v} can be aligned with el
and the end point #, transformed into a C'-kink by appro-
priate semianalytic diffeomorphisms which are compactly
supported in the vicinity of these end points and which are
applied only to iv;ﬁl.

Next, suppose that the above prescription leads to v}
being a non-GR vertex. Then we are done. If not, then
proceed as follows. First note that since the bumping is
supported away from v/, it follows that in a small enough
neighborhood of v/}, the edges €;..; which connect v/ to 7,
are straight lines. Next, pick some J # I. Then it follows
from the above discussion, in conjunction with the GR
property of v}, that in a small enough neighborhood of
v}, the plane which contains &; and which is tangent to
the direction ¢ 1(v) does not intersect any other edge €y «;.
Now consider the vector field which generates rotations
about the axis passing through v} in a direction normal to
this plane. Multiplying this vector field with a semianalytic
function of small enough support about v} yields a vector
field of compact support which generates a diffeomorphism

that rotates the tangent &,(v}) to the edge &, at v/ into a
direction exactly antiparallel to that of é,(v). We apply this
diffeomorphism only to the edge &,. As aresult the vertex v}
loses its GR property since, now, any triplet of tangent
vectors containing the tangents to the /th and Jth edges at
v} lie in a plane by virtue of the anticollinearity of the
(outward-pointing) tangents to the /th and the Jth edges.

4. Relating deformations by diffeomorphisms

(1) Introductory remarks.—For small enough 6 = &,
let the vertex v} be placed and joined to the unde-
formed graph y(c) as described in Sec. IVD?2 and
the first two sections of this appendix. This specifies
the deformation at triangulation fineness &,. In the
subsequent sections we generate deformations for
all & such that 0 < 6 < §, by the application of
semianalytic diffeomorphisms to the deformation
at &,. Clearly, we need these diffeomorphisms to
do the following:

(a) leave the undeformed graph y(c) invariant;

(b) move the points ¥; down the edges e; to a
distance of 67 from v for J # [ and to a distance
of 26 for J = I,
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(c) move the immediate vicinity of the vertex v/ to
a distance of approximately 6 from v in such a
way that the tangents at the new position, v}(8),
satisfy Eqgs. (4.30) and (4.31).

In order to implement (c) simultaneously with (a) and
(b), we need to ensure that the diffeomorphism which
implements (c) is an identity in the vicinity of y(c). We
find it simplest to proceed as follows. First we define the
position of the displaced vertex at parameter § through
Eq. (4.29). Thus the set of points v} = v}(8) (for all
positive 6 less than &) are contained in a plane tangent
to é,(v), #;. Our strategy is to choose 7, such that this plane
does not intersect y(c) except at v [and, at most, in a small
vicinity of the straight line passing through v in the direc-
tion of é;(v)]. More precisely, we show that this plane is
contained in a small angle “wedge’” with an axis along the
straight line passing through v in the direction of é ;(v), and
that this wedge intersects y(c) at most along (a very small
neighborhood of) its axis. This enables the construction of
an appropriate diffeomorphism which is an identity outside
this wedge and which implements (c).

In order to show the existence of 7%, which allows the
construction of such a wedge, it is necessary to confine the
edges which are in the vicinity of the straight line passing
through v in the direction of &;(v) to manageable neigh-
borhoods so that 7 ; can be chosen to point away from them.
In the GR case only the Ith edge is of this type, whereas in
the non-GR case there may be several edges with a tangent
at v along é;(v). It turns out that in both cases these
edges can themselves be confined to appropriately small
neighborhoods.

Given the importance of the ‘“wedge neighborhoods,” it
is useful to develop some nomenclature to refer to their
construction. We do so in point 2 below. In point 3, we
show how to choose 7 ; when v is GR and in point 4, when
v is not GR. Having chosen A ; appropriately, we construct,
in point 5, a diffeomorphism which implements (c) while
respecting (a). In point 6 we construct diffeomorphisms
which implement (b) while respecting (a) in such a way
that they are an identity in the vicinity of v}(8) so as not to
affect the (prior) implementation of (c).

In points 3 and 4 we do not fix 6 = &,. Rather the
considerations in these parts assure us of the existence
of a small enough & which can be set equal to &, in
points 5 and 6. Accordingly, from (C1), our considerations
in points 3, 4 are restricted to the ball Bss(v) and, in
points 5, 6, to Bys, (v).

(2) Some useful nomenclature.— Consider a pair of
linearly independent vectors d, b. Consider the set
of points

¥=ad+ Bb (C3)

for all « € R and all 8 = 0 such that X € Bys(v).
Clearly, the set of these points comprises a
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3

“)

“half plane” which is bounded by the line passing
through v in the direction of d. We refer to this set of

points as the half plane tangent to (G, b) with bound-
ary through v along a. Let us denote this half plane
as P. Rotate P about its boundary through v along d
by *6 to obtain a pair of half planes which bound a
wedge of angle 26. We shall refer to this wedge as
the wedge of angle 20 associated with P.
Detailed choice of ;zl for the GR case.—Let the
coordinates of the edge e; at parameter value ¢
be ¥,(1). Since e; is C¥, we may use the Taylor
expansion:

k=1

%) =Y vh" + 0(h), (C4)

n=1
with &/ = é,(v). For simplicity we rescale the
parameter ¢ so that v = é,(v), whereas in the
main text, &,(v) is a unit in the {x} coordinate metric.
Let m be the smallest integer less than k such that
the pair 0/,, ¥/ are not linearly dependent. If no such
m exists then we set m = k — 1 so that 175'”_ = 0.

If 3/ | # 0then we proceed as follows. Let P, be
the half plane tangent to (1, ¥/,) with boundary
through v along #/. Then Eq. (C4) implies that for
small enough &, the edge ¢; is confined to the wedge
W!(6) with @ of O(8). Hence there is ‘27 — 26"
worth of possible choices for A ; such that v does
not lie on e;. We choose A ; such that it lies an angle
of O(1) away from the set of vectors {o/ ,é,,},
J # I. Clearly, for small enough &, v/ also does not
lie on the undeformed graph y(c).

If o/ _,_,, =0 then we have that all 3/ | =0
for m such that 1 <m = k — 1. It follows that the
edge e; is confined to a very small neighborhood S,
of the line through v along the direction é;(v).
To define Sy, it is useful to rotate the coordinates
{x} = (x, y, 2) so that the z axis points along é;(v), v
being at the origin. Then we define S; through

Sy ={(x,y,2)} such that x> + y? = 7272, 7=0.
(C5)

Since p < k, it follows from (4.29) that for small
enough 8, v} lies outside S; for any choice of A ;- We
choose 7; so that it lies at an angle of O(1) away
from the set of vectors {¢,,}, J # I.
Detailed choice of A 1 for the non-GR case.—If there
are no edges at v other than e; with tangent propor-
tional to é;(v), we place v} as for the GR case by
choosing ;3, to be at an angular separation of O(1)
from the set {#/ |, é,,} for the case that 7/ | # 0
and from the set {¢;, Y whenm = k — 1, 9;,_,, = 0.
If there are s edges ey L= 1,..., s such that
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é 7,(v) is proportional to é,(v), then using the C*
nature of these edges, we expand the coordinates
xi(t;) of e s, as a Taylor series in the parameter ¢,
so that

k—1
i(r) =Y v + 0@h), (C6)

n=1

with 17{’ proportional to é,(v). As in point 3, for
simplicity we rescale the parameters #; so that
5{' = ¢;(v) For each i, let m; be the smallest integer
less than k& such that 17{,{[ is not proportional to
é(v). If &) | =0V m; =1,2,...,k— 1 then set
m;=k—1 sothatﬁf’;_l =0.

If ﬁzii | # 0, let P/i be the half plane tangent to
(e;(v), ﬁi‘l'i) with boundary through v along ¢,(v).
Let WYi(6;) be the wedge of angle 26; associated to

this half plane. Using Eq. (C6), we choose 8; of
O(5) such that the edge e, is confined to the wedge

WYi(6,). We choose A; to be such that its angular
separation is of O(1) from the wedges W”i(6,),
i=1,...,k as well as from the directions along
the vectors é,, (v), J & {I,J,, ..., J;} [recall that
é, (), JE{LJ,, ..., J;} are the perpendicular
components of the tangents to the remaining edges
e;, JE{ILJ,, ..., J;} at v]. Clearly, this, together
with p < k, ensures that for small enough &, v}
does not lie on y(c).

(5) Moving the displaced vertex and its vicinity.—Let

P, be the half plane tangent to (é,(v), A;) with
boundary through v along é,(v). For the purposes
of this part, we rotate the coordinate system {x} =
{x, y, z} so that é,(v) is along the z direction and A is
along the y direction. Thus P; is a part of the y-z
plane. The choice of A ; implies that there exist small
enough 6 = §; and 6 = 6, such that the wedge
of angle 26, associated with P; does not intersect
v(c) except, at most, inside Sj. Denote this wedge
by W;(6y).

Clearly, at deformation parameter O, the point
v} = v}(8,) has coordinates (y, z) = (8}, 8). Let
the displaced vertex at parameter 6 < &, be denoted
by v}(8). We place vj(6) on P; with coordinates
(v(9), z(8)) given by

y(8) = 672, z(8) = 6. (CD
Let the straight line joining v}(8,) to v(8) be I, 5.
By virtue of the existence of W;(6) and the fact that
p <<k, there exists a neighborhood of this line
which lies within W;(6,) but outside Sy, and hence
does not intersect y(c). Hence, by multiplying
the translational vector field along the direction
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Zv;((so)vv}(g) by a suitable function of compact support,
a vector field can be constructed that generates a
diffeomorphism which rigidly translates a small
enough neighborhood of v}(8) to a corresponding
neighborhood of v}(8) while being an identity in a
small enough neighborhood of y(c).

The rigid translation property ensures that the
edge tangents at v}(8,) and v}(8) are identical. It
remains to scrunch the edge tangents of all edges
except the Ith together. Let the coordinates of v/(5)
be (x(v4(8)), y(v}(8)), z(v}(8))) and consider the
following linear ‘“‘anisotropic” scaling transforma-
tion G near v}(4):

G(x — x(v}(8))) = 87 (x — x(v}(9))),

Gy — y(v(8)) = 8971y — y(v}(8))),
G(z — z(v1(9))) = (z — z(v}(9))).

(C8)

It can easily be verified that this transformation
scrunches together the tangent vectors at v}(5) as
required. The transformation G is generated by
the vector field v{, = x(L)* + y(aiy)“. Once again,
multiplying ¥ by a semianalytic function of com-
pact support yields a vector field which generates a
diffeomorphism that generates the transformation
(C8) at v}(8) and is an identity in a small enough
neighborhood of y(c).

(6) Moving the points U ;.—Since the edges e; are semi-

(1]
(2]

(3]

(4]
(5]

(71
(8]

[10]

analytic the points ¥; can be independently
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translated along e; to their desired position by ap-
propriate semianalytic diffeomorphisms as follows.
At parameter value 8, the point ©; = ©,;(5,) is at a
distance of 8 from v for J # I and at a distance of
26, from v for J = I. We seek to move ©,(8,) to
©;(8) along e; where ©;(5) is at a distance of &7
from v for J # I and at a distance of 26 from v for
J=1

Fix some edge e;. Let the part of the edge ¢;
between #,(8,) and 7,(5) be e,(8, 8). Let U, 5, 5)
be a small enough neighborhood of e;(8y, 6)
such that U, s, s Nvy(c) = e;(5yp, §) and such
that there exists a small enough neighborhood of
v/(8) which does not intersect U, (5, 5)- Let F; be a
semianalytic function which vanishes outside
U,,s,s and which is unity on e;(8,, 6). Let g,
be a semianalytic vector field which, when re-
stricted to e;, coincides with the tangent vector to
e;. Then, clearly, the semianalytic vector field F;g;
generates a diffeomorphism which moves ¥,(5)
to ©;(8) while preserving y(c) and the vicinity
of v/(8).

We note that the generation of deformations at
6 < 8, as described above preserves the following
properties and/or equations which are sufficient for
the analysis of Secs. IV, V, and VI:
(a) Equations (4.29), (4.30), and (4.31);
(b) The C! or C° nature of kinks;
(c) The GR or non-GR nature of the displaced

vertex.
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