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Abstract

This work introduces a framework for thermodynamically consistent, kinetic modeling and
model reduction of biochemical reaction networks.

Background. Kinetic models describe the dynamics of the concentrations and fluxes in a
biochemical reaction network by means of the network stoichiometry and the kinetic rate equa-
tions. The laws of thermodynamics constrain the possible dynamics of reaction networks and
thus constrain physically feasible kinetic models. The second law of thermodynamics demands
that the entropy production of any process is non-negative at each point in time. Additionally,
the principle of detailed balance states that all reaction fluxes vanish in thermodynamic equi-
librium, i.e. that the forward rates equal the backward rates. From these laws the generalized
Wegscheider conditions that constrain the set of possible kinetic parameters can be derived.
The Wegscheider conditions express relations between the kinetic parameters of different reac-
tions possibly belonging to different functional units. Especially for large networks, as they are
considered in computational systems biology, finding thermodynamically consistent parameters
can be difficult because the parameters may be constrained by many independent Wegscheider
conditions.

Thermodynamic Modeling. A possibility for formulating thermodynamically consistent mod-
els is the use of the chemical potentials p; of the compounds and the Gibbs reaction energies
AG;. In the most simple form, a thermodynamic model of a reaction network is defined by the
stoichiometric matrix N, a function ¢(u) that describes the dependency of the vector of con-
centrations ¢ on the vector of chemical potentials y and a matrix of thermodynamic resistances
R(p). The matrix of thermodynamic resistances R(u) is a positive semi-definite, symmetric
matrix with R(u)-J = —AG where J is the vector of reaction fluxes and AG the vector of
Gibbs reaction energies. The symmetry and positive semi-definiteness of R(u) guarantee the
fulfillment of the second law of thermodynamics and the principle of detailed balance. If the
stoichiometric matrix N, the derivative dc(u)/Op or the matrix of thermodynamic resistances
R(p) satisfy certain rank conditions, algebraic relations between the model variables hold such
that a reduced model with less compounds or reactions can be derived. Thus, this approach
allows for thermodynamically consistent modeling and model reduction. However, neither are
the concentrations proportional to the chemical potentials, nor are the Gibbs reaction ener-
gies proportional to the reaction fluxes. Even for simple systems the model equations are very
complex, and it is impractical to use this approach for larger models.
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Abstract

Thermokinetic Modeling (TKM) Formalism. Based on the thermodynamic modeling and
model reduction formalism, the thermokinetic modeling formalism (TKM) is derived. TKM is
a convenient and user-friendly formalism to build thermodynamically consistent kinetic models.
The TKM formalism is based on thermokinetic potentials & of compounds and thermokinetic
forces Fj of reactions. These quantities are derived from chemical potentials and Gibbs reac-
tion energies. In the case of ideal dilute solutions, thermokinetic potentials are proportional
to the corresponding concentrations: ¢; = C;-§;. The constant proportionality factors C;
are the thermokinetic capacities of the compounds. In the case of mass-action kinetics, the
thermokinetic forces and the reaction fluxes are proportional: Rj -J; = Fj. The constant pro-
portionality factors R; are the thermokinetic resistances of the reactions. Non-ideal solutions or
complex kinetics lead to non-constant, state-dependent capacities and resistances. Each model
described by capacities and resistances is thermodynamically consistent and structurally fulfills
the Wegscheider conditions. In addition, each thermodynamically consistent, kinetic model can
be expressed by capacities and resistances. Thus, the use of these quantities provides a simple
and comprehensive way for thermodynamically consistent modeling.

Transformation and Model Reduction. Thermokinetic models can be formally represented
by a tuple of matrices and functions in a similar way as linear systems can be represented
by a tuple of the matrices A, B, C' and D. Analogously, equivalence transformations for
thermokinetic models can be formulated. The concentrations and fluxes of the transformed
model are linear combinations of the original concentrations and fluxes. If the matrices and the
derivatives of the functions that describe a thermokinetic model fulfill certain rank conditions,
the model size can be reduced by suited transformation and reduction steps. In particular, the
model size can be reduced if the model contains conservation relations or stoichiometric cycles.
Further, a reduction is possible if resistances or capacities have a value of zero. Capacities of
zero correspond to quasi-stationary compounds and resistances of zero correspond to reactions
in rapid equilibrium. Due to the formal structure of thermokinetic models, model reduction
based on the rapid equilibrium assumption is particularly simple. It can be easily applied to
reaction rules as they are used to describe protein-protein interaction networks with inherent
combinatorial complexity.

Graphical Representation. The TKM formalism is similar to the modeling formalism for elec-
trical networks and an analog graphical representation is possible. Thermokinetic models can
be depicted in a diagram as a connection of basic network elements representing the compounds
and reactions. Several model reduction methods can be formulated as graphical rules, which
allow for a simple and intuitive reduction of the model size.

Oxygen Response of Escherichia coli. The TKM formalism is used to model the oxygen

response of the bacterium FEscherichia coli, which is strongly determined by thermodynamic
constraints. In order to restrict the model to the relevant parameters and dynamics, model

13



Abstract

reduction techniques are applied. The model is able to explain the measured metabolic fluxes
and concentrations in the wild type and a regulatory mutant in dependence of the oxygen
availability. This example also shows that TKM is useful for modeling large networks.

Conclusions. TKM unifies thermodynamic and kinetic approaches for the modeling of bio-
chemical reaction networks in a natural and formally appealing way. In particular, it introduces
thermodynamic flow-force relationships into kinetic modeling. In this way, TKM guarantees
the thermodynamic consistency of the model equations. In the conventional kinetic modeling
approach, the kinetic parameters are formally attributed to reactions but not compounds. How-
ever, the equilibrium constants that, in the conventional modeling approach, are ratios of kinetic
parameters are solely determined by the thermodynamic properties of the compounds. This
finally may lead to kinetic models violating thermodynamic constraints unless the Wegschei-
der conditions are explicitly considered. TKM clearly distinguishes between the thermodynamic
parameters, i. e. the capacities, and the kinetic parameters, i. e. the resistances. Thus, TKM pro-
vides a thermodynamically consistent parameterization of kinetic models. TKM also provides
thermodynamically consistent and conveniently usable model reduction methods. Altogether,
TKM strongly simplifies the mathematical modeling of complex biochemical networks.

14



Deutsche Zusammenfassung

Diese Arbeit fiihrt eine umfassende Gruppe von Methoden zur thermodynamisch konsistenten
Modellierung und Modellreduktion biochemischer Reaktionsnetzwerke ein.

Hintergrund. Kinetische Modelle beschreiben die Dynamik von Konzentrationen und Fliis-
sen in biochemischen Reaktionsnetzwerken auf Grundlage der Netzwerkstéchiometrie und der
kinetischen Ratengleichungen. Die Gesetze der Thermodynamik beschranken die mogliche Dy-
namik von Reaktionsnetzwerken und damit auch physikalisch sinnvolle kinetische Modelle. Der
zweite Hauptsatz der Thermodynamik fordert, dass die Entropieproduktion eines jeden phy-
sikalischen Prozesses zu jedem Zeitpunkt nicht negativ ist. Zusatzlich fordert das Prinzip des
detaillierten Gleichgewichts, dass alle Reaktionsfliisse im thermodynamischen Gleichgewicht ver-
schwinden, d. h. die Vorwartsraten gleich den Riickwértsraten sind. Aus diesen Gesetzen lassen
sich die wverallgemeinerten Wegscheiderbedingungen, die die Menge moglicher kinetischer Pa-
rameter beschranken, ableiten. Die Wegscheiderbedingungen sind Beziehungen zwischen den
kinetischen Parametern verschiedener Reaktionen, die unter Umsténden zu unterschiedlichen
Funktionseinheiten des Reaktionsnetzwerks gehoren. Insbesondere fiir grofte Netzwerke, wie sie
in der Systembiologie untersucht werden, ist die thermodynamisch konsistente Parametrisierung
schwierig, da die Parameterwerte durch viele unabhéangige Wegscheiderbedingungen beschrankt
sein kénnen.

Thermodynamische Modellierung. Die Verwendung der chemischen Potenziale p; der Stoffe
und der daraus abgeleiteten Gibbs-Reaktionsenergien AG; bietet eine Mdglichkeit zur Formu-
lierung thermodynamisch konsistenter Modelle. In der einfachsten Form ist ein thermodyna-
misches Modell eines Reaktionsnetzwerks durch die stéchiometrische Matrix NV, eine Funktion
c(p), die die Beziehung zwischen dem Vektor der Konzentrationen ¢ und dem Vektor der che-
mischen Potenziale p beschreibt, und durch die Matrix der thermodynamischen Widerstinde
R(p) definiert. Die Matrix der thermodynamischen Widerstande R(u) ist eine positiv semide-
finite, symmetrische Matrix mit R(u)-J = —AG, wobei J der Vektor der Reaktionsfliisse und
AG der Vektor der Gibbs-Reaktionsenergien ist. Die Symmetrie und positive Semidefinitheit
von R(p) garantieren die Einhaltung des zweiten Hauptsatzes der Thermodynamik und des
Prinzips des detaillierten Gleichgewichts. Wenn die stéchiometrische Matrix N, die Ableitung
Oc(u)/Op oder die Matrix der thermodynamischen Widerstdnde R(u) gewisse Rangbedingun-
gen erfiillen, gelten algebraische Beziehungen zwischen den Modellvariablen, die es erlauben
ein reduziertes Modell mit weniger Stoffen oder Reaktionen herzuleiten. Dieser Ansatz bietet
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Deutsche Zusammenfassung

also die Moglichkeit der thermodynamisch konsistenten Modellierung und Modellreduktion. Je-
doch sind weder die Konzentrationen proportional zu den chemischen Potentialen, noch sind
die Gibbs-Reaktionsenergien proportional zu den Reaktionsraten. Schon fiir einfache Systeme
werden die Modellgleichungen sehr komplex und es ist kaum moglich diesen Ansatz fiir grofere
Systeme zu benutzen.

Thermodynamisch-kinetische Modellierung (TKM). Aufbauend auf thermodynamischer
Modellierung und Modellreduktion kann der Formalismus der thermodynamisch-kinetischen
Modellierung (TKM) abgeleitet werden. TKM ist eine benutzerfreundliche Methode zur Er-
stellung thermodynamisch konsistenter Modelle. Der TKM-Formalismus basiert auf thermoki-
netischen Potenzialen & von Stoffen und thermokinetischen Kriften F; von Reaktionen. Diese
Grofsen sind von chemischen Potenzialen und Gibbs-Reaktionsenergien abgeleitet. Im Fall von
verdiinnten, idealen Mischungen sind die thermokinetischen Potenziale proportional zu den ent-
sprechenden Konzentrationen: ¢; = C; - §;. Die konstanten Proportionalitéitsfaktoren C; sind die
thermokinetischen Kapazititen der Stoffe. Im Fall von Massenwirkungskinetiken sind die ther-
mokinetischen Krifte und die jeweiligen Reaktionsfliisse proportional: R;-J; = Fj;. Die kon-
stanten Proportionalitiitsfaktoren R; sind die thermokinetischen Widerstinde der Reaktionen.
Nicht-ideale Mischungen oder komplexe Kinetiken fiihren zu nicht-konstanten, zustandsabhén-
gigen Kapazitdten und Widerstdnden. Jedes mit Kapazitdten und Widersténden formulierte
Modell ist thermodynamisch konsistent und erfiillt strukturell die Wegscheiderbedingungen.
Weiterhin kann jedes thermodynamisch konsistente, kinetische Modell in Abhéngigkeit von Ka-
pazitdten und Widerstdnden ausgedriickt werden. Die Verwendung dieser Grofen stellt eine
einfache und umfassende Mdoglichkeit zur thermodynamisch konsistenten Modellierung dar.

Transformation und Modellreduktion. Ahnlich wie lineare Systeme als ein Tupel von Ma-
trizen A, B, C' und D dargestellt werden kénnen, konnen thermokinetische Modelle formal
als ein Tupel von Matrizen und Funktionen dargestellt werden. Analog kénnen auch Aquiva-
lenztransformationen fiir thermokinetische Modelle definiert werden. Die Konzentrationen und
Fliisse der transformierten Modelle sind Linearkombinationen der urspriinglichen Konzentratio-
nen und Fliisse. Wenn die Matrizen und die Ableitungen der Funktionen, die ein thermokine-
tisches Modell beschreiben, bestimmte Rangbedingungen erfiillen, kann die Modellgréfse durch
entsprechende Transformations- und Reduktionsschritte verringert werden. Insbesondere kann
die Modellgréfie reduziert werden, wenn das Modell Erhaltungsbeziehungen oder stéchiometri-
sche Zyklen enthéalt. Weiterhin ist eine Reduktion moglich, wenn Widersténde oder Kapazitéaten
den Wert Null annehmen. Kapazitdten vom Wert Null beschreiben quasistationare Stoffe und
Widerstédnde vom Wert Null beschreiben Reaktionen im schnellen Gleichgewicht. Aufgrund der
formalen Struktur thermokinetischer Modelle ist die auf der Annahme eines schnellen Gleichge-
wichts basierende Modellreduktion besonders einfach anwendbar. Sie kann auch auf Reaktions-
regeln angewandt werden, wie sie zur Beschreibung von Protein-Protein-Interaktionsnetzwerken
mit inharenter kombinatorischer Komplexitat eingesetzt werden.
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Grafische Darstellung. Der TKM-Formalismus dhnelt stark dem Modellierungsformalismus
fiir elektrische Netzwerke und eine analoge grafische Darstellung ist moglich. Thermokinetische
Modelle konnen als Verschaltung einfacher Netzwerkelemente, die Stoffe und Reaktionen be-
schreiben, dargestellt werden. Einige Modellreduktionsmethoden konnen als grafische Regeln,
die eine einfache und intuitive Modellreduktion erlauben, formuliert werden.

Sauerstoffantwort von Escherichia coli. Der TKM-Formalismus wird zur Modellierung der
Sauerstoffantwort des Bakteriums FEscherichia coli, die stark durch thermodynamische Be-
schrankungen bestimmt wird, eingesetzt. Um das Modell auf die relevanten Parameter und die
relevante Dynamik zu beschranken, werden Modellreduktionsmethoden eingesetzt. Das Modell
beschreibt gemessene metabolische Fliisse und Konzentrationen im Wildtyp und in einer regula-
torischen Mutante. Dieses Beispiel zeigt zudem die Niitzlichkeit von TKM fiir die Modellierung
grofer Netzwerke.

Zusammenfassung. TKM verbindet thermodynamische und kinetische Ansétze zur Model-
lierung biochemischer Reaktionsnetzwerke in einer natiirlichen und formal ansprechenden Art.
Insbesondere fiihrt TKM thermodynamische Fluss-Kraft-Beziehungen in die kinetische Model-
lierung ein. Auf dieser Weise garantiert TKM die thermodynamische Konsistenz der Modellglei-
chungen. Im konventionellen Modellierungsformalismus werden alle kinetischen Parameter als
Eigenschaften der Reaktionen behandelt. Die Gleichgewichtskonstanten, die im konventionel-
len Modellierungsformalismus Verhéltnisse von kinetischen Parametern darstellen, sind jedoch
vollsténdig durch die thermodynamischen Eigenschaften der Reaktionspartner bestimmt. Wenn
die Wegscheiderbedingungen nicht explizit beachtet werden, kann dies zu kinetischen Model-
len fiihren, die thermodynamische Gesetze verletzen. TKM unterscheidet klar zwischen den
thermodynamischen Parametern (den Kapazitdten) und den kinetischen Parametern (den Wi-
derstdnden). Damit stellt TKM eine thermodynamisch konsistente Parametrisierung kinetischer
Modelle zur Verfiigung. Weiterhin bietet TKM Moglichkeiten zur einfachen und thermodyna-
misch konsistenten Modellreduktion. Damit vereinfacht TKM die thermodynamisch konsistente
mathematische Modellierung und Modellreduktion komplexer biochemischer Netzwerke.
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1. Introduction

This work introduces Thermokinetic Modeling (TKM), a method for thermodynamically consis-
tent, mathematical modeling and model reduction of reaction networks. Its goal is to simplify
the mathematical modeling of the large and complex metabolic, signal transducing and regu-
latory networks that determine the behavior of cells. In order to introduce the main ideas of
this work, the next paragraphs discuss the role of systems theory and mathematical modeling
in engineering and biology. Major obstacles for kinetic modeling of biochemical networks are
identified, and strategies to overcome them are suggested. This provides the motivation for the
introduction of TKM.

Systems Theory and Engineering. Systems theory plays a pivotal role in modern engineering.
Mathematical modeling and model analysis in conjunction with computational methods allow
for solving complex analysis and design problems. Mathematical modeling allows one to gain a
deep understanding of the dynamics of a given system and to systematically analyze and design
complex systems. In particular, virtually all methods in advanced control engineering rely on
mathematical models. The hierarchical structure of engineered systems often allows for the
independent modeling of different levels of organization. For example, model-based methods
are used for the planning of management strategies for container terminals with several cranes
[109] and for the development of control strategies for single cranes [§]. These hierarchical levels
are also associated with different time scales. For example, the duration for the loading of a
single container is short compared to the time needed for the loading of several container ships
in a container terminal. At each level of detail and each time scale interesting and challenging
problems requiring tailored models arise.

Systems Theory and Biology. Similarly to classical engineering applications of systems the-
ory, the mathematical modeling of biological and biotechnological systems provides important
insight into their dynamics and allows for the systematic redesign of biological systems. For
example, models of reaction networks proved to be helpful for the genetic engineering of mi-
croorganisms into production strains (see e.g. [59] [66] [72]) and are expected to be useful for
the development of novel medical treatments [77, 01 [108].

However, the interest of systems engineering in biology is not only driven by biotechnological
applications. Among the natural sciences, biology has a special role because we may assign
functions to many biological systems. For example, the function of the central metabolism is
the supply of the cell with precursor molecules for maintenance and growth. The complexity
and robustness of the regulation of biological functions are astonishing and their understanding
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represents a challenge for systems theory and control engineering. Thus, biology can be partly
understood as a reverse engineering effort with the goal to reveal the design principles of
biological systems [29, 52| [T0T].

The application of systems theory to biological systems is often referred to as systems biology.
However, the term systems biology is also used for approaches that seek to characterize the
dynamics of biological systems by experimental high-throughput methods. Here, this term will
be used only in the former sense.

Similarly to engineered systems, biological systems often exhibit a pronounced modularity
and a hierarchical structure. Biological systems are organized for example hierarchically into
populations, organisms, organs, cells, biochemical pathways and enzymatic reactions. This
work focuses on the level of cellular reaction networks consisting of one or several biochemical
pathways. Cellular reaction networks are also hierarchically organized in modules [44], [84].

Two main classes of biochemical reaction networks are metabolic networks and signal trans-
duction networks. The function of metabolic networks is to transform chemical compounds into
other chemical compounds, e. g. substrates found in the environment into precursors for cellular
growth. Signal transduction networks are also based on the reaction of chemical compounds,
but their function is the transmission and processing of cellular signals; e. g. to sense stress sit-
uations and to trigger adequate responses. Both kinds of networks closely interact in a similar
way as plants and controllers interact in engineered systems. Signal transduction networks sense
the state of metabolic networks and of the environment, and their output controls metabolic
fluxes.

Modeling Biochemical Reaction Networks. The modeling of biochemical reaction networks
currently suffers from a lack of quantitative, time resolved data. While the qualitative network
structure is often known, the quantitative parameters needed for a detailed mathematical model
are largely unknown. This problem can be partly solved by the advancement of measurement
methods which is a major focus of the current experimental research. However, given the com-
plexity and variability of biochemical networks, it is unlikely that the quantitative parameters
of all biochemical reactions in medium or large sized biochemical networks can be measured
completely and unambiguously in the near future.

Therefore, we also need systems theoretical answers for the problem of the missing quantita-
tive data. It may not be necessary to experimentally determine all parameter values quantita-
tively to answer a given question or to solve a given design problem by means of a kinetic model.
To address this problem two principal approaches are possible: (1) If some parameter values are
not known, one may use a rough estimate of these values or one may study the model behavior
in a certain parameter range. Here, it is important to explicitly acknowledge the basic physical
constraints in order to avoid physically inconsistent model variants. (2) If the relevant system
dynamics is not sensitive towards the unknown parameters, one may formulate a reduced-order
model where these parameters are omitted.
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Constraints on the Network Dynamics. The stoichiometry of biochemical networks deter-
mines the possible mass and energy flows in the system. It was shown that these structural
and thermodynamic constraints determine key aspects of the network’s functionality [34, [O7].
This fact is exploited by the constraint-based modeling approach that mainly considers fluxes in
quasi-stationary metabolic networks [85]. In fact, constraint-based modeling is one of the most
successful systems biological approaches for biotechnological applications.

In the conventional kinetic modeling formalism that seeks to describe the dynamics of con-
centrations and fluxes in reaction networks, the thermodynamic constraints take the form of
equality constraints relating the equilibrium constants of different reactions. These constraints
are the so-called generalized Wegscheider conditions |45, 92]. Example (p.[36) will show
that in a genome-scale metabolic network the number of independent Wegscheider conditions
is about 20% of the number of reactions. About 50% of the reactions participate in at least
one Wegscheider condition. In many cases the Wegscheider conditions relate parameters of dif-
ferent functional units. The constraints on signal transduction networks that are based on the
interaction of proteins are even stronger. In Example (p., every reaction participates
in at least one Wegscheider condition. Already in moderate sized signal transduction networks,
the number of independent Wegscheider conditions is about 70% of the number of reactions.
This high number of Wegscheider conditions makes the correct parameterization of models in
the traditional kinetic modeling formalism difficult. This task is complicated by the fact that
the reaction parameters coupled by the Wegscheider conditions may lie in different modules
of the network. For this reason, the development of a method for the explicit and systematic

consideration of the basic thermodynamic constraints in kinetic, dynamic modeling is promising
[26, 31, [32], 106].

Reduced-Order Modeling. Engineered systems can and have to be modeled on different levels
of detail because their modular structure and the different associated time scales necessitate a
certain degree of encapsulation. Modeling usually does not start at the most detailed, physically
accessible level but is adapted to the problem under consideration. For example, it would be a
very difficult problem to study the management of a container terminal by a model considering
the oscillations of the loads of the single cranes. What matters for the management planning
are not the parameters that characterize the details of the oscillations of a crane cable but the
average time needed by a crane for the processing of a container. Similarly, by exploiting the
hierarchical structure of biochemical networks it should be possible to develop models that are
tailored for a specific research question or design task. These models contain a limited number
of parameters that can be assessed experimentally. A common objection to this approach is
that the parameters and variables in such models are composite quantities and not minimal in a
physical sense. For this reason, it is believed that it is preferable to first build a detailed model
and to perform model reduction rather than reduced-order modeling. However, it is important
to see that the usage of the terms ‘reduced’ as opposed to ‘detailed’ makes only sense for the
comparison of models. There is no ultimate detailed master model of a system. The fact that a
model “is an approximation does not necessarily detract from its usefulness because all models
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are approximations. Essentially, all models are wrong, but some are useful” [21], p. 424].

The Focus of This Work. Above two major challenges for kinetic modeling were identified:
(1) the explicit incorporation of basic thermodynamic constraints and (2) a reduced-order mod-
eling approach that allows one to restrict the model to the important parameters. The TKM
approach addresses both problems.

The theory of irreversible thermodynamics associates every storage variable of a system with
an intensive variable [23] [41], 55]. For example, the electrical charge is associated with voltage,
volume is associated with pressure, energy is associated with temperature and mass storages
are associated with chemical potentials. Gradients of intensive variables define thermodynamic
forces that drive fluxes. In a similar way, mechanical forces drive velocity changes. A flux
and the associated force have the same direction. Because of their importance, the intensive
variables are directly used in dynamic modeling. Models of electrical systems are formulated
in terms of voltages, models of mechanical systems use mechanical forces and models of hy-
drodynamic systems use pressures. This is convenient because fluxes in such systems are often
approximately proportional to the according forces. For example, in an Ohmic resistance the
electrical current and the voltage difference is proportional and for constant mass mechanical
force and acceleration are proportional. An exception are chemical reaction networks. The
chemical potentials are rarely used directly for dynamic modeling. The reason for this is that
the reaction fluxes usually are not proportional to the chemical potential gradients. Thus, ki-
netic models are usually formulated in terms of concentrations only. This would be analogous to
a modeling formalism for electrical networks that uses charges, but does not refer to electrical
voltages. The TKM formalism provides an alternative system of forces that is better suited
for kinetic modeling than chemical potential differences. In this way, it avoids the problems
that arise from the neglect of the chemical potentials in kinetic modeling and guarantees the
thermodynamic feasibility of the resulting model equations.

The use of potential variables simplifies the application of the rapid-equilibrium assumption
for reduced-order modeling. If a flux is very sensitive towards its force, a small perturbation
from the equilibrium position leads to a large flux that counteracts the perturbation. Then one
can often approximate the system by assuming a vanishing force. This reduces the order of the
problem. For example, if the electrical resistance between two junctions is small, already a small
voltage difference leads to a large flux. As a consequence, the voltages in both junctions are
most of the time approximately equal and thus a single variable can be used to approximately
describe both voltages. Another example is the rigid body assumption in mechanics. By
neglecting the elasticity between two or more points of a body, one can simplify the model
equations. The rapid equilibrium assumption is very important for the modeling of biochemical
networks. It is used to derive approximate rate laws for complex reaction mechanisms, for
example for enzymatic reactions [94]. It is also applied to simplify models of pathways [3§],
but its application is hindered by the somewhat complex calculations that are necessary for its
application. Since TKM introduces potential variables, the application of the rapid equilibrium
assumption is heavily simplified compared to conventional kinetic modeling. Besides the rapid
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equilibrium assumption, this work discusses further powerful methods for model reduction and
reduced-order modeling of TK models.

The main results are presented in a formal way that allows for the implementation of the
developed methods in computer programs. This is essential because the use of the thermokinetic
modeling and model reduction methods is in particular interesting for large networks. The
developed methods were implemented in the mathematical programming language Mathematica
[104].

The Structure of This Work. This work develops a thermokinetic framework for mathemat-
ical modeling and model reduction of reaction networks. Whereas the first four chapters are
concerned with the introduction of the general concepts, the following chapters develop prac-
tical and convenient methods for the application of these concepts. A reader who is mainly
interested in the application of the methods can focus on the chapters five to nine.

At suited places, the development of the thermokinetic approach is interrupted by excursuses.
They describe the application of the approach to problems where its applicability is not obvious
but useful.

Chapter [2| Preliminaries and Notation introduces some basic concepts and the notation
needed throughout the work. Chapter [3| Thermodynamic Modeling introduces a formal way
for the formulation of kinetic models in terms of chemical potentials. Based on this formalism,
Chapter [d] Transformation and Reduction discusses several possibilities for the transformation
and reduction of thermodynamic models. The goal of the Chapters [3] and [] is to systemati-
cally and rigorously introduce a general theory for the thermodynamically consistent modeling
and model reduction. Chapter |5| Thermokinetic Modeling then derives a new, much more con-
venient modeling and reduction formalism by replacing chemical potentials by thermokinetic
potentials. Chapter [6] Model Reduction of Reaction Equations shows that the relevant methods
can be applied to a list of reaction equations. It also shows that for the reduction it is not
necessary to write down the detailed model equations. This stresses the modular nature of the
reduction methods and allows for reduced-order modeling as opposed to a pure model reduction.
Chapter [7] Graphical Representation of TK-Models works out a graphical way to represent and
manipulate thermokinetic models that is motivated by the graphical representation of electrical
networks.

Chapter [8| Modeling the Redox Regulation of FEscherichia coli introduces a thermokinetic
model of the oxygen response of the bacterium FEscherichia coli and compares its results to
available experimental data. Thereby it demonstrates the use of TKM for the modeling of a
large example network.

Finally, Chapter [J] Comparison to Other Approaches reviews several other methods for consid-
ering thermodynamic constraints in mathematical modeling of reaction networks and compares
them with TKM.

Appendix[A]describes a prototypical modeling and model reduction computer tool for thermo-
kinetic models.

22



2. Notations and Preliminaries

This chapter collects basics from different fields that are needed later on. Its task is to shortly
introduce a few concepts and to fix the notation. It is by no means supposed to be a complete,
self-contained introduction to the used concepts.

The first section is concerned with linear algebra. In particular, it introduces two mathemat-
ical operations that will simplify the notation of TKM models. The second section introduces
the notation used for the description of reaction networks.

2.1. Linear Algebra and Matrix Operations

Definition 2.1 (Identity, one and zero matrix). By I,, we denote the n x n identity matrix and
by 1., xn, and O, xn, the my X ny matrices where all elements are 1 and 0, respectively. The
subscripts of the matrices 0, xn,, lnyxn, and I, will be suppressed if their dimensions are clear
from the context.

2.1.1. Linear Equation Systems

A matrix A € R™*™ defines two spaces: the linear span and the null space of A, which are
introduced in the following two definitions.

Definition 2.2 (Linear span). The linear span of a matrix A € R™*" is the space spanned by
the columns of A:

span(A) = {z € R™ : x = A7 with 7 € R"}.
The linear span is also called the column space of A.

Definition 2.3 (Null space). The null space of a matrix A € R™"*"2 is the set of vectors
mapped to 0 by this matrix:

null(A) ={z e R" : Az =0}.

Corollary 2.4 (Orthogonal complement). The space null(A) is the orthogonal complement of
span(AT). This means, that if x € span(AT) and y € null(A), then 27y = 0. Further it holds
that R™ is spanned by the union of the vectors of span(A) and null(AT).

The columns of A contain a basis of span(A). The basis of null(A) is given by the kernel
matrix:

23



2. Notations and Preliminaries

Definition 2.5 (Kernel matrix). A kernel matrix B € R"2*(n2—rank(4) of 5 matrix A4 € R™*"2

is a matrix of full rank, i.e. rank(B) = ny — rank(A), with
null(A) = span(B)
or equivalently

AB=0.

§ 2.6 (Non-uniqueness of kernel matrix). The kernel matrix B is not unique. In particular,
every B A with a quadratic matrix A of full rank is also a kernel matrix. A kernel matrix can
be computed for example by Gauss elimination.

The columns of a kernel matrix span all homogeneous solutions of a linear equation system.
It can be used to parameterize the solution set of a homogeneous linear equation system:

Corollary 2.7 (Homogeneous linear equation system). The set implicitly given by the homo-
geneous linear equation Ax = 0 can be parameterized by x = B I where B is a kernel matrix
with AB =0 and & € R"72%4) gre the free parameters.

The kernel matrix defines the homogeneous solutions. Similarly, we can define pseudoinverses
that are matrices that yield particular solutions to inhomogeneous problems:

Definition 2.8 (A-inverse). Let A € R with rank(A) = n; < ny and A € R™*™ with
rank(A) = ny. The matrix invy(A) € R"*™ is the A-inverse of A, respectively. It is defined
by:

inva(A) = AV AT (AN A7)

For some applications of the A-inverse the choice of A does not play any role. In such cases,
the subscript A is suppressed.

§ 2.9 (Possible generalizations). The matrix A A~! AT is invertible, because A has full row
rank, i.e. rank(A) = ny. The above given formulas for the A-inverse rely on the existence of
this inverse. The definitions can be extended to the case rank(A) < ny [83]. This, however, is
not needed in this work.

Corollary 2.10 (Pseudoinverse). The matriz invy(A) is a right inverse of A. This means
A invy(A) = 1. In particular, the matriz inv;(A) is the Moore-Penrose inverse of A. If ny = na,
then invy(A) = A~ for any invertible matriz A.

Corollary 2.11 (Inhomogeneous linear equation system). Let x = invy(A)b with x € R"2,
beR™. Then x is a solution of Az = b with x € span(A~ AT).

A parameterization of the set defined by Ax = b is given by x = invy(A)b + Bx. Here,
A € R™*"2 s an arbitrary, invertible matriz, B is a kernel matriz of A and & € R"2~ra0k(4) g
the vector of free parameters.
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2.1.2. Linear Operations in Logarithmic Scale

The thesis uses two non-standard binary operations on matrices, the Hadamard product and
the lin-log product. Both operations are non-linear, but can be seen to be linear in a logarithmic
scale. The following paragraphs introduce the notation and shortly discuss the properties of
the products.

Here and throughout the thesis we will use log(A) and exp(A) to denote the natural element-
wise logarithm and exponential function of a matrix A, respectively. Thus, log(A) and exp(A)
do not denote matrix logarithm and exponential.

Definition 2.12 (Element-wise logarithm and exponential). Let A be an ny X ng-matrix, then
C =log(A) and D = exp(A) are ny X ng-matrices defined by

Oi1i2 = log(Ai1i2>7 D, = eXp(Ai1i2> (21)
Wlthh:]_nl andigzl...ng.
Example 2.13. log((a1,a2)) = (log(a1), log(as)).

Definition 2.14 (Hadamard product). The Hadamard product of two matrices A and B with
equal dimensions n; X ns is the element-wise product of A and B:

C=AoB with C’iliz == Ail’iz Bi1i2

with 7;1 = 1711 s ?:2 = 177,2 and C' € R™"*"2 [83]
Example 2.15. (CL17 ag) o (b1, bg) = ((11 bl, ag bg)

Corollary 2.16 (Logarithmic scale). If the element-wise logarithms of the matrices A and B
are defined, the Hadamard product is equivalent to matrix summation in logarithmic scale

log(A o B) = log(A) + log(B).

Definition 2.17 (Lin-log product). The lin-log product C' € R™*"3 of two matrices A € R™*"2
and B € R"*™ ig defined by

A?1i2
1213

C = A#B with Ci;, = [[ B

i9=1
forigz=1...nyand i3 =1...ns.
Example 2.18. (CLl, ag)#(bh bQ)T = bizl bgz.

The term ‘lin-log product’ refers to the fact that it can be understood as a normal matrix
product (inner product) in logarithmic scale of the second matrix.
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Corollary 2.19 (Logarithmic scale). The lin-log product is equivalent to a matriz multiplication
in logarithmic scale of the second matrix:

log(A#B) = A log(B).

§ 2.20. The lin-log product may be complex or undefined if B;,;, < 0. If we use the lin-log
product, we implicitly assume that it exists and is real.

Definition 2.21 (Priorities of Hadamard and lin-log product). To avoid the extensive use of
brackets we define that the lin-log product has a higher priority than the Hadamard product
and both have higher priority than addition:

Ay o Bi#Cy + Ay 0 Bo#Co = (A o (B1#Ch)) + (A o (Bo#(5)).

Corollaries [2.16] and often allow the application of tools from linear algebra for problems
involving the Hadamard or the lin-log product. In the following corollaries we will list a few
useful properties of these products. They can directly be derived with the help of the corollaries
mentioned above.

Corollary 2.22 (Special matrices). As can be easily shown, the following holds for a matrix
A G ]RTU Xng .

Aoly xn, = A4, A0 0pxny, = Onyxny
and
A# 11y 5ns = Loy xns, A#0,, 55 = Onyxng -
The last expression is only defined, if A has only positive entries. It further holds that
I, #A=A, Ong sy #FA = Lngxng

where the last expression is only defined, if the entries of A are different from zero.

Corollary 2.23 (Commutativity and Associativity). The Hadamard product inherits commu-
tativity and associativity from the scalar multiplication:

AoB=BoA, (AoB)oC =Ao(Bo().
These properties do not hold for the lin-log product, but a law similar to associativity is valid:

(AB)#C = A#(B#C).
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Proof. Commutativity and associativity of the Hadamard product are straightforward. The
above identity for the lin-log product can be proved by applying Corollary to both sides of
the equation. Left hand side: log((A B)#C) = A B log(C); right hand side: log(A#(B#C)) =
Alog(B#C) = AB log(C). O

Corollary 2.24 (Distributivity). For matrices A, B and C of appropriate dimensions the
following distributive and distributive-like laws hold:

Ao(B+C)=AoB+ AoC,

A#(B o C) = (A#B) o (A#C),

(A+ B)#C = (A#C) o (BH#C).
Proof. The first identity follows directly from the according distributive laws for scalars. For
proving the latter two identities we apply the element-wise logarithm to both sides and simplify
the result: 1) left hand side: log(A#(B o C)) = Alog(B o C) = A(log(B) + log(C)) =
Alog(B) + A log(C); right hand side: log((A#B) o (A#C)) = log(A#B) + log(A#C) =
Alog(B) + Alog(C). 2) left hand side: log((A + B)#C) = (A + B) log(C); right hand side:
log((A#C) o (B#C)) = A log(C) + B log(C) = (A+ B) log(C). O
Corollary 2.25 (Partitioned matrices). Let A, B, C' and D be matrices of appropriate dimen-

stons. It holds
(A B)# (g) = (A#C) o (B#D).

Proof. Applying the logarithm to both sides of the equation and using Corollaries and 2.19)
proves the identity. O]

For solving equation systems containing the Hadamard or the lin-log product suitable defini-
tions of matrix inverses are useful.

Definition 2.26 (Hadamard inverse). Let A € R™*" contain no zero entries. Then AV €
R™*"2 js the Hadamard inverse of A defined by

(4)

Corollary 2.27 (Hadamard equations). The matriz AT is the right and left inverse of A
under the Hadamard product:

s - 1/142'”'2 .

AV oA=A0ATY =1, (0.
The solution of the matriz equation Ao X = B is X = A=Y o B,

Corollary 2.28 (Hadamard inverse of lin-log product). With the matrices A € R™*" and
B € R™*"s 4t holds that

(A#B)"Y = (~A)#B = A4 (BY).

Proof. Applying the logarithm to both sides of the equation and using Corollary and
—log(B) = log (B"V) proves the identity. O

27



2. Notations and Preliminaries

2.2. Reaction Networks

This section introduces some basics needed for the description of reaction networks. It is limited
to the case of a homogeneous phase with clamped temperature and pressure. For the study of
many cellular reaction networks this is a realistic assumption. Heterogeneous systems consisting
of distinguishable homogeneous subsystems, e. g. cellular compartments, can be modeled by a
connection of several homogeneous models.

§ 2.29 (Notation). T [K], p [Pa] and V [L] denote temperature, pressure and volume, respec-
tively. We assume that the phase contains iy distinguishable chemical species. Their amounts,
concentrations and chemical potentials are denoted by n; [mol], ¢; [mol L™!] and g [J mol™],
respectively. In the phase, jo reactions take place that interconvert the iy components. By
J; [mol L™ s7!] we denote the rate of the jth reaction. The above defined symbols may appear
without indices. Then they denote the respective vectors n, ¢, u € R and .J € R%.

2.2.1. Stoichiometry
A reaction j interconverts the compounds according to the rule
J
Z VE ij Xz = Zl/p?ij Xz (22)
i€E; icP;

By E; and P; we denote the sets of the reactants and the products of reaction j, respectively. We
distinguish the stoichiometric coefficients of reactants vg;; > 0 and products vp;; > 0. In this
way we can directly model autocatalytic reactions as reactions where some of the components
of P; appear also in E;. The overall stoichiometric coefficient is v;; = vp;; — vg ;. It is positive
for products and negative for reactants.

§ 2.30 (Stoichiometric Matrices). The stoichiometric coefficients can be compiled into the
reactant and product stoichiometric matrices N and Np, respectively. The stoichiometric
matrix N is the difference of the product and the reactant matrix:

(Ng)ij = VEj) (Np)ij = vpaj, N = Np — Ng. (2.3)

§ 2.31 (Mole Balances). Using these definitions we may easily formulate the mole balances for
a closed system. They can be transformed to the concentration balances:

1 |
=N é:NJ—gc. (2.4)

For open systems additional exchange fluxes with the environment need to be considered in the
balance equations.
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2.2.2. Irreversible Thermodynamics

This section briefly introduces the aspects of irreversible thermodynamics that are needed for
modeling homogeneous, isothermal and isobaric systems. Since only liquid phases are consid-
ered, one can safely assume that on a microscopic level dissipative collisions prevail such that
the system is in local equilibrium. This means that it is possible to use quantities from classical
equilibrium thermodynamics to describe non-equilibrium states. For a thorough analysis of this
assumption see Glansdorf and Prigogine [41].

The goal of this section is to collect the relevant equations and to introduce the notation, but
not to give a self-contained introduction. For a thorough introduction the reader may refer to
Callen [23], Kaufman [55] and to Glansdorf and Prigogine [41].

2.2.2.1. Basic terms and relations

§ 2.32 (Entropy, Internal Energy and Gibbs Energy). The entropy S [J K7!], internal energy
U [J] and Gibbs energy G =U — TS+ pV [J] are key quantities for the thermodynamics of
reaction networks. The changes of the extensive variables entropy, energy, volume and mole
numbers are related by the total differential

T

1
dU =TdS — pdV + u* dn or equivalently dsS = T aU + % dVv — % dn.

In the following, we assume that the Gibbs energy is expressed as a fundamental equation
G(T,p,n). The total differential of G(T',p,n) is

dG = =S dT +V dp+ u" dn.

Because G is homogeneous of degree one in n, i.e. G(T,p,An) = AXG(T,p,n), we get the
Gibbs-Duhem relation

0=SdTl —Vdp+nTdu

that is a restriction on the possible values of the intensive quantities 7', p and p. We further
get that G = u’' n.

§ 2.33 (Specific Gibbs energy and entropy). In homogeneous phases with constant volume it is
of advantage to use the volume-specific quantities s = S/V and g = G/V. The specific Gibbs
energy can be expressed as a function ¢(T,p,c). It holds that g = u” ¢ and

dg = —sdT +dp + p* de.

§ 2.34 (Production and exchange flow). The change of any extensive quantity X or specific
quantity x can be divided into a production term (P[X] and o[z]) and an exchange term (J[X]
and j[z]) such that

X = P[X] + J[X], i = ofz] + jlz].

The production term occurs due to processes in the considered system, whereas the exchange
flow occurs due to an exchange of the system with the environment.
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§ 2.35 (Entropy and Gibbs energy production). In a closed, homogeneous system under isobaric
and isothermal conditions with constant volume, the production rates of the entropy and Gibbs
energy are given by

TP[S]=—-P[G)=—p"n=—-pu"NVJ, Tols] = —olg]| = —p* ¢ = —pu" N J.

§ 2.36 (Gibbs reaction energies). The vector of the Gibbs reaction energies is given by AG =
NT ;. With this we may write P[S] = —T"'AGT V J and o[s] = —T~' AG" J.

2.2.2.2. The basic principles of irreversible thermodynamics

Irreversible thermodynamics of reaction networks is mainly based on two postulates: (1) The
second law of thermodynamics states that the entropy production of any process is non-negative.
On this basis, thermodynamic forces can be defined that are directed towards a state of ther-
modynamic equilibrium where all forces and the entropy production vanish. (2) The principle
of detailed balance or equivalently the principle of microscopic reversibility postulates that in
thermodynamic equilibrium all fluxes vanish.

§ 2.37 (The Second Law of Thermodynamics). The second law of thermodynamics states that
the entropy production is non-negative. For a homogeneous phases one gets:

TP[S]=-pu" NV J>0.
In a isobaric and isothermal homogeneous phase one has P[G] = =T P[S] =V u" N J <0.

§ 2.38 (Thermodynamic forces). The entropy production is the product of thermodynamic
forces and fluxes. Thus, (—=T"'AG) = —T~' NT 1 is the vector of thermodynamic forces for
the respective chemical reactions. Because we consider systems with constant temperature 7',
we may alternatively use the vector Ay = —AG = —NT u as the vector of thermodynamic
forces. The thermodynamic force Ay, along a reaction with stoichiometric coefficients vg ;; and
vp,i; consists of a term App ; due to the reactants and a term App; due to the products:

10
Apj = — Z Vij i = Z VEij i — Z Vpij i -
i=1

iEEj z’er
N o o
~~ ~~

Apg,; App,

Definition 2.39 (Thermodynamic equilibrium). A reaction is in thermodynamic equilibrium,
if its force vanishes (i.e. Ap; = 0). If all forces vanish simultaneously Ay = 0 the reaction
system is in thermodynamic equilibrium.

§ 2.40 (The principle of detailed balance and microscopic reversibility). The principle of mi-
croscopic reversibility states that in thermodynamic equilibrium any microscopic reaction event
is as frequent as its reverse event. Let J,; and J_; denote the frequency of the forward and
backward reaction events along a certain reaction coordinate. In thermodynamic equilibrium
we have that J; = J.; — J_; = 0 and thus the overall flux J; vanishes. This is known as the
principle of detailed balance.
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Example 2.41 (Single reaction). Consider a phase with a single reaction A + B = C. The
thermodynamic force is Ay = pa + pp — pe. The second law demands that TV ™! P[S] =
Ap J > 0. Detailed balance demands further that Ay =0 = J = 0. Thus, both laws together
lead to the condition that J = ~(T,p,n) Au, where v(T,p,n) > 0 is a non-negative function
of the state of the system. The function v(7',p,n) is the thermodynamic conductance of the
reaction. The function R(T',p,n) = 1/v(T,p,n) is the thermodynamic resistance.

§ 2.42 (Reaction system in the linear region). Near to the thermodynamic equilibrium the
relation of the vector of fluxes J and the vector of forces Ap in a homogeneous, isothermal,
isobaric and closed phase of constant volume can be approximated by J = I' Ay where T" is
a symmetric, positive definite matrix. The positive definiteness of I' follows from the non-
negativity of the entropy production TV~ P[S] = AuT J = Au" T'Ap > 0. The symmetry
of T is a consequence of Onsager’s reciprocal relations [75] [76] that are based on the principle
of detailed balance. The matrix I' describes the conductance of the system. Thus, the matrix
R = I'"! is the thermodynamic resistance matrix. The matrix R is symmetric because the
inverse of a symmetric matrix is symmetric.

2.2.2.3. Chemical potentials and Gibbs formation energies

Chemical potentials are central for the thermodynamic analysis of reaction systems. Here, we
present standard approaches for their computation [55].

Definition 2.43 (Ideal mixtures). A mixture is said to be ideal if the chemical potentials follow
the law

pi = p; (T, p) + R* T log(n;/ns)

where ny, = 2021 n; is the overall mole number of the phase and R* is the ideal gas constant.
The chemical standard potential 4 is independent of the concentrations, but may depend on
T and p or any further intensive quantities.

In ideal mixtures, the chemical potentials depend on the overall mole number ny. In highly
diluted phases, where the overall mole number is mainly determined by the solvent, it can be
assumed that ny is constant and the relation of p; and ¢; simplifies.

Definition 2.44 (Ideal dilute solutions). A solution is an ideal dilute solution if the chemical
potentials of the solutes follow the law

pi = i (T, p) + R* T log(ci /)

where c° is the standard concentration, e.g. ¢® = 1 M. The chemical standard potential p; is
independent of the concentrations, but may depend on 7', p and further intensive quantities.
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§ 2.45 (Assumption of an ideal dilute solution). The assumption of an ideal dilute solution
is a standard assumption for (bio)chemical reaction networks. In biochemical systems, the
main source of non-ideality are ionic interactions that depend on the ionic strength I of the
solution. Because many biochemical species are pools of chemical species with a different
amount of protons, the chemical potential of biochemical species often depends on the pH-
value. If the ionic strength [ and the pH can assumed to be constant and no other non-
ideal effects occur, the chemical potentials can be approximated by the quasi-ideal law p; =
(T, p,pH, I) + R*T log(c;/c°) (see Alberty [I]).

Since chemical potentials are not easily measurable, the value of the standard potentials
are usually not available. Instead, the Gibbs formation energies are tabulated for many chemical
compounds.

Definition 2.46 (Gibbs energies of formation). The standard Gibbs energy of formation A;G?
of a compound X; is the change in Gibbs energy if one mole of X; in its standard state (ideal
aqueous solution, ¢; = ¢® = 1 M) is formed from its elements in reference state (For the definition
of the reference state see Alberty [1]). The Gibbs energy of formation in an ideal dilute solution
is given by A¢G; = ArG7 + R* T log(c;/c°).

§ 2.47 (Tables of Gibbs formation energies). The standard Gibbs formation energies for many
important metabolites are tabulated. Alberty [I] contains tables of Gibbs formation energies for
different pH and ionic strength I for around 130 metabolites. Feist et al. [36] present a genome-
scale constraint-based model of FEscherichia coli. This model contains the standard Gibbs
formation energies of around 870 metabolites that were estimated by the group contribution
method from Jankowski et al. [53], Mavrovouniotis [73].

§ 2.48 (Gibbs formation energies and chemical potentials). The chemical potentials enter the
equations of thermodynamics mainly in the form of thermodynamic forces Ay = —N7T p. The
thermodynamic forces are the differences of the chemical potentials of the reactants and the
products. These differences can also be computed from the Gibbs energies of formation:

Ap=—-N"p=—-N"A;G.

Thus, for practical purposes chemical potentials p; and Gibbs formation energies A;G; are
exchangeable. For the sake of simplicity we further write p and Ay, even if in all practical
examples Gibbs formation energies are used.

2.2.3. Kinetic Rate Laws

Kinetic rate laws can take various non-linear forms. However, mass-action kinetics are widely
used as a basic kinetic law. It is the simplest rate law compatible with the equilibrium mass-
action law. For dilute solutions it is mechanistically underpinned by statistical mechanics.
Many complex kinetic rate laws are derived from it. Here, we consider generalized mass-action
kinetics, that are a very flexible generalization of ideal mass-action kinetics.
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Definition 2.49 (Generalized mass-action kinetics). A reaction follows a generalized mass-
action rate law [45], B9, if its reaction rate can be written as:

Jj = fi(k,c) <k+j 11 (2‘2) R ko I1 <%>ij> (2.5)

i€E;

with a constant standard concentration c°, e.g. ¢® = 1 M. The kinetic parameters k4; have the
unit [mol L~ s7!] and are independent of the concentrations of the reactants but may depend
on the the ionic strength I, temperature 7', the pressure p, the electrical potential ¢ or other
intensive variables. Because we assume that these quantities are constant, these dependencies
are omitted in the notation. The unitless function f;(k,c) > 0 may depend on parameters k,
concentrations ¢ and possibly further quantities that are omitted here. If J; can be written
with f;(k,c) =1, we say that J; follows an ideal mass-action law.

Example 2.50 (Reversible Michaelis-Menten kinetics). Consider the reaction A = B with a
reversible Michaelis-Menten kinetics: J = (kyca — k_cp)/(ki + kaca + kpcp). The flux J
follows a generalized mass-action kinetics with k,, k_ and f(k,c) = (ky +kaca + kpcp) ™'

§ 2.51 (Thermodynamic equilibrium). According to the principle of detailed balance, the re-
action flux vanishes in thermodynamic equilibrium and we get the equilibrium constant

ks, Hier (Ceg,i /) P ( AG;)
=exp| —

Kegj = 77— = T (2.6)

by Tliep, (Coad )75

where AG§ = —Ap® =3, Bup, Vij s is the standard Gibbs energy of the reaction in an ideal
dilute solution.
The above equilibrium conditions can be written in the vectorial form

Ce Ce
log(Key) = N7 log (C—q> K., = N"# <C—q> (2.7)

where the logarithm has to be understood element-wise.

2.2.4. The Wegscheider Conditions

The second law of thermodynamics and the principle of detailed balance impose constraints
on possible values of the equilibrium constants. These constraints are called the Wegscheider
conditions.

§ 2.52 (Generalized Wegscheider Conditions). From Equation one sees that the vector
log(K.,) is in the column space of N7. Equivalently this means that

BT log(K.,) =0, BT#K., =1 (2.8)

where B € R*%o is a kernel matrix of N € R©*J with N B = 0. These are the so-called
generalized Wegscheider conditions [45, 92]. The columns of the matrix B describe linear

33



2. Notations and Preliminaries

independent stoichiometric cycles in the network. Stoichiometric cycles correspond to circular
flux distributions Je,q. € span(B) that have no effect on the concentrations: ¢ = N Jeyge = 0.
With the lin-log product the generalized Wegscheider conditions read BT#K,, = 1. This means
that the product of the equilibrium constants along any cycle is unity:

Jo
_ Jeycle,j
1= | | Keq,j .
j=1

For example, in the simple cyclic reaction scheme A é B é C é A, the Wegscheider condition
is Keg1 Kego Kegs = 1.

Kinetic parameters of networks that contain stoichiometric cycles are constrained by the
Wegscheider conditions. A model that violates the Wegscheider conditions describes a physically
impossible system.

§ 2.53 (Equivalence of the Wegscheider conditions and the usage of chemical potentials). The
derivation of the generalized Wegscheider conditions in §2.52] shows that the observance of the
Wegscheider conditions in Eq. and the usage of chemical potentials is equivalent. Whenever
the equilibrium constants K., ; in a kinetic model fulfill the Wegscheider conditions in Eq. ,
there exist chemical standard potentials 7 such that Eq. is fulfilled and vice versa. When one
is interested in a thermodynamically consistent parameterization of a mathematical model one
has technically two possibilities: (1) choose standard potentials and compute the equilibrium
constants by Eq. or (2) choose the equilibrium constants of a subset of the reactions and
compute the remaining equilibrium constants using Eq.

§ 2.54 (Number of independent Wegscheider conditions). The number of independent Wegschei-
der conditions can be calculated from the dimension and the rank of N. Let N € R%*J and
r = rank(N). Then d,;, = ip—r is the number of conserved moieties and d;, = jo—r = jo—io+d;,
is the number of independent cycles. This means that the network contains d;, independent
Wegscheider conditions.

Example 2.55 (Simple stoichiometric cycle). To illustrate the above, we study a reaction
network describing the random-order complex formation of the three compounds A, B and C
(example from Ederer and Gilles [32]):

A+ B = AB, AB+C 2 ABC,

3 4 (2.9)
B+C = BC, A+ BC <= ABC.
This system contains the cycle:
A+B+C = AB+C
s 12 (2.10)

15

A+ BC ABC.
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The kinetic model of the system is

ca=—J1 — Jy, cap = +J1 — Ja,
cp=—J1 — Js, cge = +J3 — Jy, (2.11)
o= —Jy — Js, Capc = +Jo+ Jy

with ideal mass-action laws with parameters ky; for the fluxes J;. From the second law of
thermodynamics and the principle of detailed balance it follows that the thermodynamic equi-
librium with vanishing fluxes exists: J; = Jo = J3 = J; = 0 . This leads to the condition that
the product of the equilibrium constants along the cycle has to be unity:

Ceq,AB Ceq,ABC  Ceq,BC Ceq,A Ceq,B Ceq,C __
Ceq,A Ceq,B Ceq,AB Ceq,C Ceq,ABC Ceq,BC (2 12)
k+1 k+2 k_4 k_3
k1 ks Fra Frs

For all other parameter combinations the model would describe a physically impossible sys-
tem because it does not contain a state of thermodynamic equilibrium with vanishing fluxes.
Because the model would never reach thermodynamic equilibrium, it would describe a physi-
cally impossible chemical perpetuum mobile. If it would be real, the permanent deviation from
equilibrium could be used to permanently perform work.

Example 2.56 (Formation of She-Grb2-Sos complex). The formation of protein complexes at
a scaffold as described in the example above is an ubiquitous motif in cellular signal transduc-
tion. Sos and phosphorylated Shc bind to the scaffold Grb2 during EGF signal transduction.
Kholodenko et al. [57] presented a model of EGF signaling that explicitly acknowledges the
Wegscheider conditions. Schéberl et al. [90] extended this model but varied some parameter
values without observance of detailed balance. Later, Liu et al. [T1] analyzed the model of
Schéberl et al. [90] but again modified parameter values without observance of the detailed
balance constraints. This means that the latter two models describe a thermodynamically
impossible system where permanent cyclic fluxes occur.

Schéberl et al. [90] as well as Liu et al. [TI] perform a sensitivity analysis. This means that
the response of the system to small changes in each single parameter is computed. Because the
parameters are not independent from each other but related by the Wegscheider conditions,
such a sensitivity analysis considers physically impossible parameter variations. Thus, the
results may be misleading.

§ 2.57 (Complete stoichiometry). The formulation of the Wegscheider conditions is only pos-
sible if the complete stoichiometry of the reactions is considered. Often ubiquitous compounds,
as for example adenosine-triphosphate ATP, adenosine-diphosphate ADP and inorganic phos-
phate P, are omitted. This is kinetically justified, if one assumes a constant concentration of
these compounds. Then, their effect can be described by omitting them from the stoichiometric
matrix N and considering their effect in the kinetic rate laws. However, the simplified stoichio-
metric matrix cannot be used for deriving the generalized Wegscheider conditions. Assume that
reaction 1 in Example [2.55 would involve the hydrolysis of ATP. Then, the true stoichiometry

35



2. Notations and Preliminaries

of reaction 1is A+ B+ ATP = AB+ ADP + P. If the concentrations of ATP, ADP and P are
constant, the rate law of this reaction can be written as a mass-action law with parameters l~cﬂ,
but these parameters depend on the concentrations of ATP, ADP and P. By clamping these
concentrations an external thermodynamic force is imposed to the system. This force prevents
the system from reaching the thermodynamic equilibrium because it drives a cyclic flux through
the network. The cycle is driven by a permanent inflow of ATP and outflow of ADP and P.
For this reason such cycles are called futile cycles. In steady state, the free energy dissipation
of the cycle is equal to the amount of chemical work needed to rephosphorylate the produced
ADP. The modified network does not anymore contain a true cycle and thus does not contain
a Wegscheider condition. The Wegscheider conditions hold only for true cycles but not for
futile cycles. The distinction of true from futile cycles requires the knowledge of the complete
stoichiometry of the reactions. However, it does not require the knowledge of all reactions in
the network because a cycle in a subnetwork is also a cycle in a larger network.

§ 2.58 (Wegscheider conditions in large networks). The generalized Wegscheider conditions
impose constraints on the physically possible parameters of kinetic models. The small Exam-
ple showed that this is indeed an issue for the modeling of cellular reaction networks.
Larger biological networks show a high degree of flexibility and robustness and contain a large
number of partly redundant pathways [98]. In such networks, the number of reactions jy tends
to be much greater than the number of species ig. This leads to a high d;, = jo — iy + d;, and
thus to a high number of Wegscheider conditions. The next two examples demonstrate this for
signal transduction and metabolic networks.

Example 2.59 (Metabolic networks). Reed et al. [86] provide a constraint-based model of the
metabolism of E. coli K-12 iJR904. By means of this network, one can assess the importance of
the Wegscheider conditions for metabolic networks (example from Ederer and Gilles [32]). The
model iJR904 consist of ig = 762 compounds, 931 metabolic reactions and 1 reaction describing
cell growth (jo = 932). The stoichiometric matrix N € R72¥92 has r = rank(N) = 722,
i.e. the network contains d;, = jo — r = 210 independent Wegscheider conditions. This means
that 210/932 = 23% of the equilibrium constants are determined by Wegscheider conditions
and cannot be freely adjusted. An example is the cycle

2ADP +GTP = AMP + ATP+ GTP = ADP + ATP+GDP = 2ADP + GTP

with guanosine-diphosphate GDP and guanosine-triphosphate GTP. If the Wegscheider condi-
tions in the cycle would be violated, a permanent deviation of the ATP/ADP ratio from its
equilibrium value would occur. This cycle would provide ATP for free, i.e. without the con-
sumption of energy-rich substrates. This is a physically impossible situation. Thus, detailed
balance in such cycles is crucial for building correct and meaningful models.

Only 451 reaction, i. e. 451/932 = 48%, do not participate in any cycle and are not affected by
the Wegscheider conditions. If one of the other 52% of the equilibrium constants is changed, it is
also necessary to change the equilibrium constants of further reactions. The affected equilibrium
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constants are possibly distributed over several functional units. This makes it very difficult to
adjust the parameters of the model or to assess the effect of parameter changes because changing
certain equilibrium constants in the model may have effects on equilibrium constants of many
other reactions.

Example 2.60 (Protein-protein interaction networks). Cellular signal transduction often relies
on the interaction of proteins. The model-based analysis of signal transduction has a prominent
role in systems biology because many diseases have their roots in defects of signal transduc-
tion. A typical motif is the binding of several proteins to a scaffold protein, e. g. the binding of
extracellular hormones and intracellular signaling proteins to a transmembrane receptor. Fx-
ample [2.55] discussed a simple system where two ligands A and C bind to the scaffold B. The
present example generalizes considerations to scaffolds with more ligands. Stoichiometric cycles
occur in such protein-protein interaction networks because a given complex can originate from
a random order of association and dissociation events. We consider a scaffold protein with k
binding sites for k different ligand species (example adapted from [32]). We restrict the discus-
sion to the cases where each binding site can only bind one specific ligand species, i.e. k < k.
If k < k, one or more ligand species can bind to more than one binding site.

Since every binding site may be occupied or not occupied, the scaffold may form 2% differ-
ent complexes. Together with the free ligands we have i = 2% + k species in the system. A
ligand may bind to the scaffold if the corresponding binding site is free. Thus, we have 21
distinguishable binding reactions per binding site. For k binding sites we have jo = 2* k/2 reac-
tions. The network contains d;, = k + 1 conserved moieties. Thus, the number of independent
Wegscheider conditions is dj, = jo — io + diy = (k/2 — 1) 2F + 1 (see , p.. Table
shows these numbers for different numbers of binding sites. In the table, it is assumed that
the number of ligands k is equal to the number of binding sites k. The number of reactions
Jo grows much faster than the number of species iy and the number of Wegscheider conditions
grows exponentially with the number of binding sites.

Binding site numbers &k as shown in Table are realistic for large scaffolds. To illustrate
this, we consider the protein Ste5p that plays a role in the mating response of the yeast [49].
The Ste5p dimer has at least k& = 7 binding domains for k& = 4 ligands. Thus, we have
d;, = 321 Wegscheider conditions for j, = 448 different binding reactions. This means that
321/448 = 72% of the equilibrium constants can be determined if the rest of the equilibrium
constants is known. Any change of a reaction parameter in a model necessitates changes of
parameters of other reactions because every reaction participates in a cycle. The Ste5P complex
itself is only part of a larger complex. The relative number of cycles is presumably even higher
for the larger complex.

§ 2.61 (Conclusions). The Wegscheider conditions impose constraints on the physically feasible
parameters of a kinetic model. For larger models it is getting increasingly difficult to determine
consistent parameter values. Further, important model analysis tools that are based on the inde-
pendent variation of parameter values may yield misleading results. A sensitivity analysis of the
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k=k 1 2 3 4 5 6 7 8 9 10 ... k, k
ic 3 6 11 20 37 70 135 264 521 1034 ... 2k + k
jo 1 4 12 32 80 192 448 1024 2304 5120 ... k)2 2k
r 1 3 7 15 31 63 127 255 511 1023 ... 2k — 1
d, 23 4 5 6 7 & 9 10 11 ... k+1
di, 0 1 5 17 49 129 321 769 1793 4097 ... (k/2—1)-2F

Table 2.1.: Some numbers characterizing the binding of & ligands to a scaffold with & binding
sites (see Example : Numbers of species iy, reactions jg, conserved moieties d;,
and stoichiometric cycles d;,; r is the rank of the stoichiometric matrix. For the
numeric data, it is assumed that k = k.

model behavior towards independent perturbations of the parameter values is biased because the
parameter values may not change independently. Similarly, parameter identification algorithms
need to obey the Wegscheider conditions because otherwise they are likely to yield physically
impossible parameter values. The explicit consideration of the Wegscheider conditions in the
parameter identification is possible, but difficult. The Wegscheider conditions can be treated
as equality constraints on the parameters. This turns the parameter identification problem in
a constraint optimization problem that is considerably more difficult to solve. Another pos-
sibility is to distinguish between dependent and independent parameters (see e.g. Colquhoun
et al. [26]). However, these calculations need to be redone for any structural modification of
the model and lead to unintuitive dependencies of the parameters.

The Wegscheider conditions hinder the modeling of large metabolic networks in the conven-
tional kinetic modeling formalism. In contrast to that, the TKM formalism that is developed
in this work structurally guarantees the fulfillment of the Wegscheider conditions. It thus pro-
vides a possibility to avoid their explicit formulation and solution. For this reason, the TKM
formalism is expected to be especially suited for the formulation of models of large networks.

In order to prepare the introduction of the TKM formalism in Chapter [5 the Chapters [3] and
[] develop the thermodynamic formalism for modeling and model reduction.
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Kinetic models of reaction networks are usually described by kinetic rate equations J;(k, c)
with concentrations ¢ and kinetic parameters k. Such models disregard the existence of chem-
ical potentials p. Thus, it is not possible to directly model the thermodynamic condition that
chemical potential differences Ay determine the direction of reaction fluxes. To be nevertheless
in accordance with the laws of thermodynamics, the kinetic parameters k have to obey the
Wegscheider conditions (see Section , p.. Although the observance of the Wegschei-
der conditions and the usage of chemical potentials is equivalent (see , the Wegscheider
conditions obstruct modeling and model analysis due to their ‘non-local’ nature: Wegscheider
conditions are relations between kinetic parameters of different reactions possibly distributed
over several functional modules. For this reason, parameters of a single reaction can often not
be freely varied.

From a thermodynamic point of view, it is reasonable to formulate models that explicitly
contain chemical potentials g and chemical potential differences Ap. Fluxes J and driving
forces Ap are then related via the thermodynamic resistances R by the equation R;.J; =
Ap; (cf. Example and p.. However, such model formulations are usually only
considered at or near equilibrium. The reason for this is the strong non-linear behavior of the
thermodynamic resistances R; far from equilibrium.

This chapter nevertheless introduces a formal approach to thermodynamic modeling of open
reaction networks that are possibly far from equilibrium. Later, Chapter [4]shows that important
model reduction techniques can be easily applied to such models using linear transformations.
Due to its complexity this approach can be hardly used for larger networks. However, these
considerations give us valuable insight of how to develop thermodynamically consistent, reduced-
order models. In Chapter [p| the approach will be modified in order to arrive at the TKM
formalism, a more handy modeling formalism that is suited for the modeling of large networks.

We describe the dynamics of an open reaction system by its stoichiometric matrices, the
relation of concentrations ¢ and chemical potentials y, the state-dependent matrix of thermo-
dynamic resistances R and initial conditions. This formal representation is the basis for the
derivation of general mechanisms for manipulating these models by state space transformations
in Chapter[d In certain cases, we are able to transform the original system description in a form
that directly allows applying model reduction techniques. Then a smaller system description
with equivalent dynamics can be derived.

For the sake of simplicity, we consider only homogeneous phases with constant temperature T,
pressure p and volume V. Consequently, we suppress the dependency of the occurring functions
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3. Thermodynamic Modeling

from these quantities. Later on, we show that the approach can be extended to heterogeneous
systems consisting of homogeneous subsystems with varying volumes.

3.1. Formal Definition

This section introduces a formal definition of thermodynamic models by a tuple of matrices and
functions. Transformation and reduction of thermodynamic models can then be formulated as
manipulations of this tuple (Chapter [4)).

Definition 3.1 (Thermodynamic model of a reaction system). A thermodynamic model M of
a reaction system with ¢y internal compounds, j, internal fluxes, 79, compounds with clamped
chemical potentials j. and jo . clamped fluxes J, is characterized by the stoichiometric matrices
N € Roxdo N, € Roxdoe G ¢ RioeXio the functions c(u, pe) € R, R(u, o) € R¥*9 and the
initial chemical potentials yo € R™. For the functions c(u, p.) and R(u, p.) we demand:

R(p, pe) = R (1, pie), R(p, pe) > 0,
oc oc T oc
— p— — >
<3u (1, ue)) (3u (M?/vbe)) , o (pts p1e) >0

for all u € R® and p, € Rc. The environment is described by the clamped chemical potentials
pe(t) € Re and the clamped fluxes J.(t) € R/*¢. The model equations read

¢=NJ+N,J., Ap=—-NTp—8Tu,, c = c(p, fhe), R(p, pte) J = Ap (3.1)

with (0) = po. We formally characterize a thermodynamic model of a reaction system by the
tuple M= [Nv S: N67 C<,U7 Me)a R(M? ,Ue), NO]

§ 3.2 (Dimensions). The quantities in the above definition have the following dimensions:
¢ [mol L7, J, J. [mol L™' s7Y], p, pte, Ape [J mol™'] and R [J L s mol™?].

§ 3.3 (Symmetry and positive semi-definiteness of R and 0c/du). The symmetry of the ma-
trix dc/0u follows from the symmetry of the Hessian of the Gibbs energy. Its positive semi-
definiteness (Jc/0u > 0) is related to the condition for diffusive stability. These conditions will
be discussed in Section [3.2] The symmetry of the matrix R is related to the Onsager reciprocity
relations. Its positive semi-definiteness (R > 0) follows from the non-negativity of the entropy
production. These conditions are discussed in Section

§ 3.4 (Three submodels). The model equations presented in Definition [3.1|consist of three parts:
The equations ¢ = NJ + N, J. and Ay = —NT y — ST pu, describe the stoichiometry of the
network. The function ¢ = ¢(p, i.) describes the thermodynamic properties of the compounds.
The equation R(u, ie) J = Ap describes the kinetics of the reactions.
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3. Thermodynamic Modeling

§ 3.5 (ODE model). The model in Definition is formally given as a differential-algebraic
equation system. If the matrices R(u, i) and dc/0pu are invertible, the model equations can be
easily expressed as an ordinary differential equation system:

B B
a—;ﬂ+£ﬂe:—NRINTM—NRlSTueJrNeJe

or equivalently

—1
Ia: @ —NRilNT,U/—NRilsT,Ue‘i‘NeJe_ﬁ/le .
op Ofte

These representations of the model equations can be used as simulation equations.

Definition 3.6 (Closed and open system). If iy, = jo. = 0 we say that M is closed, otherwise
M describes an open system. In closed systems no mass fluxes cross the system boundary.

§ 3.7 (Systems theoretical interpretation of clamped variables). The quantities J.(t) and g (t)
are clamped in the system. This means, they are assumed to be determined by an attached
unmodeled system. This does not mean that they are necessarily constant. Physically, these
quantities characterize the boundary conditions of the system. From a systems theoretical point
of view, they are inputs of the system. If M is closed, the model equations are autonomous.

§ 3.8 (Block diagram). Figure shows a simplified block diagram of a thermodynamic model.
The block diagram stresses the linear aspects of the model equations. The non-linear dynamics
originate from the state dependency of the resistance matrix R(u, 1) and the function c(u, fie).

§ 3.9 (Clamped compounds and fluxes in reaction equations). For the rest of this thesis, external
compounds with clamped chemical potentials are indicated by brackets around the respective
compounds in the reaction equation. For example, the reaction equation A = B = (C)
indicates that the chemical potential of C'is clamped. Clamped fluxes are indicated by brackets
around the flux variable in the reaction equations. The reactants or products of clamped
reactions are often not part of the model. Unmodeled reactants or products are denoted by a

Je
zero in the reaction equation. For example, in the reaction equation 0 % A = B the flux J,.
is clamped and has no internal reactant.

§ 3.10 (Differences to classical linear thermodynamics). If the resistance matrix R is constant,
the above definition is formally similar to a system description in linear irreversible thermody-
namics (see Haase [42], Onsager [75,[76]). However, Definition 3.1 comprises a larger model class
than is normally considered in linear irreversible thermodynamics. Linear thermodynamics is
basically a black-box theory that works with the minimal number of fluxes that is necessary to
describe the changes of the state variables. It does not require the knowledge of the underlying
physical mechanism. Thus, a flux J; does not necessarily describe a physical process that can
be studied independently of other processes in the system. Consequently, it may be driven not
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J Rfl A:up —ST é&
N —NT
Je ac\ 11
T N &)

Figure 3.1.: Block diagram of the equations of a thermodynamic model. The blocks represent
linear matrix multiplications. The term 1/s indicates integration over time. For
the sake of simplicity, it is assumed that ¢ depends only on g but not on p.. The
non-linear dependency of R and d¢/0u,. on p and p. is not depicted.

only by its adjoint force Apu;, but by all other forces of the same tensorial degree. Since we are
interested in a setup allowing us to incorporate mechanistic knowledge, we will initially assume
that the stoichiometric matrix N describes thermodynamically independent processes. This
means that a flux is only driven by its adjoint forces and R is diagonal. If null(V) # {}, cyclic
flux distributions Jeyee € null(/V) that have no effect on the state ¢ are stoichiometrically but
not thermodynamically possible, and thus the flux vector J is not minimal.

Example 3.11 (Stoichiometric cycle). The following example of a closed network will clarify
the above remark:

A=B20c2 4

Sufficiently close to equilibrium, the resistance matrix R can assumed to be constant. The
stoichiometric matrix can be compiled directly from the reaction network and the corresponding
resistance matrix is diagonal:

-1 0 1 R, 0 0
N=|1 -1 0], R=|0 R, 0. (3.2)
1 -1 0 0 Ry

The system contains one cyclic flux distribution with J; = J, = J3 that does not influence ¢.
Thus, the minimal number of fluxes that is necessary to describe ¢ is two (and not three) and
a model of classical linear thermodynamics would read for example:

i - (R 1-?12>
N = 1 -1 , R=1| =~ - . 3.3
<R12 Ry (3:3)

Here, J;, and J, do not only represent the fluxes through the reactions 1 and 2, respectively,
but also through reaction 3: J o= J, — Js and Jo = Jy — Js. For this reason the matrix R
is not diagonal. However, it has to be symmetric, in order to meet the reciprocity conditions
(see , p.. By a transformation and reduction step, the models in Equation and
Equation can be transformed into each other. This will be discussed in Corollary (p..
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3. Thermodynamic Modeling

3.2. Thermodynamic Submodel

The function ¢(u, p) defines the thermodynamic properties of the system. When writing down
Equation [3.I) we implicitly assumed that all chemical potentials u are independent. In par-
ticular, we assumed that in principle arbitrary initial conditions for u can be specified. This
section discusses under what conditions this is true. Further, it is shown that for closed systems
the Gibbs energy can be reconstructed from the function ¢(u). Finally, we give expressions for
c(u, pre) and the Gibbs energy for ideal dilute solutions.

§ 3.12 (Gibbs-Duhem equation — dependencies between intensive variables). The Gibbs-Duhem
relation (0 = SdT — V dp + n" dp, , p. is a differential form of an equation relating
intensive state variables. That means that at given T" and p a system cannot attend arbitrary
chemical potentials p. The feasible chemical potentials p lie on an (ig — 1)-dimensional set.
The same is true for the concentrations c¢. Thus, the Gibbs-Duhem equation would complicate
the further considerations because one cannot describe the composition of a phase with
compounds by iy independent state variables. However, in a highly diluted solution consisting
of 79 — 1 solutes and one solvent (e.g. water), concentrations and chemical potentials of solutes
can vary freely because it can be assumed that the solvent’s concentration and chemical potential
balance the Gibbs-Duhem equation. If not stated otherwise, we will always assume that the
modeled chemical potentials 1 and thus also the concentrations ¢ are independent because we
consider a diluted solution.

§ 3.13 (c(p, pe) vs p(c,ce)). In Definition the function c(u, pe) is used. Traditionally,
the relation of concentrations and chemical potentials is stated in the form p(c,c.). Both
representations are equivalent because ¢ and p both characterize the composition of the system
uniquely. For our purposes, the use of functions ¢y, i) is advantageous over (¢, ¢.) because the
former allows for the easy application of the rapid equilibrium assumption for model reduction.
We will discuss this in detail later on.

§ 3.14 (Symmetry and positive semi-definiteness of dc/du). The matrix Ou/On = 0*G/In? is
the Hessian of the Gibbs energy G(n). For this reason it is symmetric. A sufficient condition
for the local diffusive stability of an isothermal and isobaric, homogeneous phase is the positive
definiteness of the Hessian of the molar Gibbs energy: 9°G/0x? > 0 with the molar Gibbs
energy G(T,p,xz) = G(T,p,n)/nx, the vector of mole fractions of the solutes * = n/ny, the
total mole number ny, = 2021 n; + ns and the mole number of the solvent n, (see [43] §42,
p.161| and [41, Chapter IV, p.47]). In a diluted solution with ny &~ ng &~ const and constant
volume, this yields Ou/0dc > 0 with ¢ = n/V. Because the inverse of a symmetric and positive
definite matrix is symmetric and positive definite, the matrix dc/du = (Op/dc)~! is symmetric
and positive definite in stable phases. As a limit case, this work also considers only semi-definite
matrices dc/dp > 0.

§ 3.15 (Gibbs energy in a closed system). In a diluted solution of constant volume, the chemical
potentials p; are the partial derivatives dg/dc; = 0G /On; of the volume-specific Gibbs energy
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3. Thermodynamic Modeling

g(c) = V71G(n) (see §2.33] p.29). Thus, in a closed system, the function () defines a partial-
differential equation for the Gibbs energy of the compounds ¢(u) in dependence of their chemical
potentials:

This equation is integrable because dc/du is symmetric.

§ 3.16 (c(u, o) in ideal dilute solutions). Ideal dilute solutions (Definition p.31)) are
characterized by

pi = pi; + BT log(ci/c”)

and thus we have

ci(p) = ¢ exp (;;) exp (RTT) -

The matrix dc/dp is diagonal with positive diagonal elements:

e —5 ( i ) 1 Ci
= c’ex ex = :
e P\r7) “P\RT) BT~ BT
§ 3.17 (Gibbs energy in ideal dilute solutions). The Gibbs energy in ideal dilute solutions g is
given by
10
dg =Y (i, + R Tlog(c;/°)) do;,
i=1 ~~
i

N J/
-

dg;

where dg; is the change of the Gibbs energy associated with compound i. Since dg; depends
only on ¢;, we can integrate the summands individually. Thus, with every compound a part of
the Gibbs energy is directly associated:

gi(ci) = ¢ (M: + R*T (108; <%> - 1)) ) gi(pi) = ¢® exp (/M — M?) (i — R*T).

R*T
We get
70 10
g(c) =Y gilc), g(m) = gi(ms).
i=1 i=1
Note that these expressions are not consistent with the FEuler relation g = 2021 i ¢;, which is

a consequence of the homogeneity of G(n). In the present setting G(n) is not homogeneous
because we neglect the solvent and assume a constant overall concentration. A doubling of the
amount of only the solutes is not equivalent to the doubling of G.
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3.3. Kinetic Submodel

The equation R(u, p.)J = Ap defines the kinetics of the reactions. The following subsections
show how to calculate the entropy production of the reactions and discuss the properties of
R(p, pte). Further, they derive an explicit expression for R;(su, ) of a generalized mass-action
kinetics.

3.3.1. Entropy Production

§ 3.18 (Entropy production and dissipation of Gibbs energy). The density of entropy production
ols] (see §2.35] p.B0) by the fluxes J is given by

Tols| = —olg) = Au" J = J" R(p, pe) J = Ap® R(p, pe) ™ Ap" > 0. (3.4)

The last expression is only defined if R(u, ) is invertible. The function o[s] describes only
the entropy production due to the fluxes J. The overall entropy production is larger because
the clamped fluxes J. and the clamping of the chemical potentials u. also produces entropy.
However, from the information present in a thermodynamic model M, one cannot derive an
expression for this external entropy production.

§ 3.19 (Positive semi-definiteness of R(u, fe)). The condition that the entropy production /s
is always non-negative is a constraint on the resistance matrix R(u, i.) because we have that

Tols] = Ap" R(p, pe) ™ Apt >0

for all © and p.. Positive semi-definiteness as required by Definition is sufficient, but not
necessary for o[s] > 0. Both, Au and R(u, ), depend on p and ., and thus o[s] may be
non-negative for all p and p. even if R(u, p.) is not positive semi-definite for all p and p.
However, positive definiteness of R(u, 1) is a reasonable assumption that is valid for all models
we will study.

§ 3.20 (Symmetry of R(u, p.)). From Onsager’s linear, near-equilibrium theory of thermody-
namic systems we know that the resistance matrix at an equilibrium point (peq, fle.eq) With
Afteq = 0 is symmetric

R(Nem Me,eq) = RT(:ueqa Ne,eq)

These conditions follows from the principle of microscopic reversibility [75, [76]. Symmetry of
R(p, pe) for non-equilibrium states p and p. is not necessary. However, we will study only
examples with a symmetric R(u, fie).

§ 3.21 (Diagonal R(pu,p.)). If the fluxes J are thermodynamically independent, the matrix
R(p, pe) is diagonal. This can be assumed if the fluxes J describe sufficiently elementary
processes. In particular, if the fluxes J describe elementary reactions or simple composed
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reactions, the matrix R(u, i) is diagonal and thus symmetric. In this case, all diagonal elements
R; (1, pe) have to be non-negative, which leads to R(f, pte) > 0. All models M that we will
study originate from a description with diagonal R(u, p.). Later, we will study transformations
and reductions of these models leading to non-diagonal resistance matrices R(u, 1e). As will
be shown, positive definiteness and symmetry of R(pu, ) is conserved under transformation
and reduction. All models that we will consider, describe on some level of detail a system of
thermodynamically independent processes. Such models have a symmetric and positive definite
resistance matrix. For this reason, we restrict our considerations to this system class.

3.3.2. Resistances of Generalized Mass-Action Kinetics

Linear flow-force relationships are only valid in the vicinity of thermodynamic equilibrium.
For systems far from equilibrium, the proportionality factor of thermodynamic force and flow
— the thermodynamic resistance — is not constant. Chemical reactions often proceed in the
non-linear region [23, Section 14.3]. In the following paragraphs we derive an expression for
the thermodynamic resistance of a generalized mass-action kinetics that is also valid far from
equilibrium. We give this resistance in dependence of the chemical potentials of reactants,
products and possible effectors.
Consider a reaction

E VE','L'X'L": E VP,iXi~

S i€EP

Assume that its velocity can be described by a generalized mass-action law

C; \ VE.i C; \ VP
J = f(k,c) (k+ H (C—) ke H (C—> ) (3.5)
S ieP
with f(k,c¢) > 0. The thermodynamic force

Ap = vpipmi— Y vpipi (3.6)

i€l ieP

J/

AZE A:P
consists of forces exerted by the reactants Aug and products Aup. Generalized mass-action
kinetics allow the definition of equilibrium constants K., = ki /k_ that are independent of the

concentrations. Thus, kinetic laws of this kind are consistent with ideal dilute solutions with
concentration-independent standard Gibbs reaction energies AG® (see §2.51| p.. Assuming
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an ideal dilute solution with ¢;(u;) = ¢® exp((p; — p3)/(R*T)) we get

3 VE; [ I VE; [ \
J= f(k,#)(k‘+ [Texp (— B ) [Texp ( 5 )
i€ER i€l
Vp; ,uf Vpi i
_kHeXp(— R*T) ' eXP(R*T))
i€P i€P
i Py

where f(k, ) = f(k,c(p)). The equilibrium constant K,, can be computed either from J = 0
or from Ay = 0. The former variant leads to K., = ki /k_, the latter leads with u; = p5 +
R*T log(c;/c°) to Koy = k_/k,. Since both variants are equivalent, we have that k:=Fk k, =
k_k_. Thus, we get for the thermodynamic resistance:

_Ap_ R'T Yien BT~ Yier BT
J f(k,u)k exp (ZzeE ;Z;l) — €Xp (ZieP Ef:ﬁ#)
A/—/ A\ - J
ok, 1) Ro(Apg/(R*T),App/(R*T))

with Aug and Aup as in (p.. This is a general expression for the resistance of a
generalized mass-action kinetics. It consists of two factors: (1) Ro(Aug/(R*T), Aup/(R*T))
describes the ideal mass action behavior and (2) p(k,u) > 0 describes deviations from the
ideal mass action behavior. To simplify the notation, we introduce the ideal resistance function
R, (zg,zp) that describes an ideal mass action resistance.

Definition 3.22 (Ideal resistance function). The ideal resistance function R.(xg,xp) is given
by

g —Xp

exp(zg) — exp(xp)

R.(zp,xp) = for zgp # xp.

For xp = xp the ideal resistance is defined as the limit of the above expression:

R(zg,zp) = lim R.(zp,xp) = exp(—zg) = exp(—zp) for zp = xp.
TE—Tp
The arguments g = App/(R*T) and zp = Aup/(R*T) are proportional to the thermody-
namic forces exerted by products and reactants, respectively.

Example 3.23 (Mass-action kinetics). Consider the reaction A = B in an ideal dilute so-
lution with an ideal mass-action kinetics: J = kyca/c® — k_cp/c®. We have f(k,p) = 1
and k = ki ky = ki exp(—pS/(R*T)). The thermodynamic resistance is given by R =
pRo(pa/(R*T), pp/(R*T)) where p = R*T/(f(k,p) k) = R*Tki" exp(usy/(R*T)) is posi-
tive and independent of u4 and ug.
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Example 3.24 (Reversible Michaelis-Menten kinetics). Consider the reaction A = B in an
ideal dilute solution with a reversible Michaelis-Menten kinetics given by J = (ki ca/c® —
k_cp/c®)/(ko/c® + kaca/c® + kpcp/c®). Its thermodynamic resistance is

= (o on e (55) 00 o (505)) B (55 77)

where py = pko, pa = pka, pp = pkp and p= R* Tki" exp(u/(R*T)).

§ 3.25 (Plots of Au, R, and J,). Even an ideal mass-action resistance depends non-linearly on
the chemical potentials of the reactants and products. To study this dependency, we consider
the functions Az = Ap/(R*T) = g — xp, Ro(xg,zp) and an ideal mass action flux J, =
Ax/Ry(zp,xp) with p(k, ) = 1 in dependency of zp = Apg/(R*T) and zp = Aup/(R*T)
that are proportional to the forces exerted by reactants and products. The first row of Fig-
ure shows the contour plots of these functions for small xg and xp, i. e. the near-equilibrium
behavior. The second row shows the same functions for a larger interval of xgy and zp. The
ideal resistance R, is symmetric with respect to the line of equilibrium with g = xp. Only
very close to equilibrium the isolines of J, follow the parallel and straight isolines of Az. Far
from equilibrium, the form of the isolines of .J, is dominated by the almost right-angled isolines
of R,. This means that for 2 > xp the resistance R, decreases and the flux J, increases with
growing x g, but is relatively insensitive to changes in zp. The third row shows Az, R, and J,
over the extent of an example reaction. The linear behavior of J, of the example reaction in
dependence of the concentrations is produced by the interaction of a nonlinear Az with a non-
linear R,. Observe that R, goes to infinity for low and high reaction extents, i.e. very low and
high forces Ap. Thus, the finite reaction rate for the limit cases is due to a division of ‘co/o0’.
These considerations confirm that far from equilibrium the non-linearity of the thermodynamic
resistance plays a major role and usually cannot be neglected.

3.4. Extension to Heterogeneous Systems

For the sake of simplicity, the above considerations were restricted to well-mixed homoge-
neous systems of constant volume. Making this simplification we were able to describe the
system by the intensive variables u [J mol™'] and Ay [J mol™'] and the volume-specific vari-
ables ¢ [mol L] and J [mol L™! s7!]. The fluxes J are related via the resistances R(p, p1.) with
dimension [J mol™® L s] to the forces Ay and thus to the chemical potentials p. The conduc-
tances (R(i, pte))~" with the dimension [J~' mol®* L™! s7!] are volume-specific quantities.

The approach can be easily extended to heterogeneous systems consisting of several well-mixed
homogeneous subsystems with varying volume. The state of such a system can be characterized
by the vector (u, V') where V' is the vector of the volumes of the homogeneous subsystems. Here,
chemical species occurring in more than one subsystem have a different chemical potential for
each subsystem. Instead of the specific function ¢(u, i) we need to use the extensive function
n(V, i, pte). Instead of the specific fluxes J we need to use absolute fluxes .J [mol s!]. We define
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Figure 3.2.: Plots of Ax = Ap/(R*T), the ideal resistance functions R.(xg,zp) and an ideal

mass action flux J, = Az/R,. The black curves in the first and second row show
isolines of the functions in the xg-xp-plane. While the second row shows a larger
area of the xp-xp-plane and thus includes far-from-equilibrium situations, the first
row focuses on small 2 and xp and thus shows only the near-equilibrium behavior.
The gray curve shows the trajectory of a reaction A = B with u% = u% = 0. The
parameter —1 < A < 1 with ¢4 =1 — A, cg = 1 + A describes the deviation of the
reaction from equilibrium cg ¢, = cpey = 1. The third row shows plots of Az, R,
and J, over .
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the absolute resistances R(V, u, fte) [J mol™2 s] such that RJ = Ap. In order to formulate an
equation for V we also need the functions v(n) describing the partial molar volumes of the
system such that V = v(n)n. The functions v(n) can be computed from the function V(n)
by differentiation v(n) = 0V/0n. If the volumes V also depend on further quantities such as
e.g. the clamped potentials p, or if they are explicitly time dependent, this function has to be
adapted.

The extended model equations read

v(n)n,

n=NJ+N,.J, 1%
n=n(V, u, pe), (3.7)

Ap=—N"p—S"p,,
R(V,p, pe) J = Ap.

For the development of the transformation and reduction methods in the following sections,
we will assume a homogeneous phase of constant volume. The consideration of heterogeneous
systems with varying volumes only increases the complexity of notation and thus the length
and number of equations but does not introduce new relevant aspects. We will come back to
the above sketched generalized system description when discussing the implementation in the
computer algebra system Mathematica (Appendix , p..
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4. Transformation and Reduction

Transformations are an important tool in mathematical systems theory. They allow studying
systems independent of the specific choice of coordinates made during the modeling process. In
particular, transformations can be used to bring system equations to a form that allows for a
simple analysis (e. g. stability, observability, controllability) or application of certain algorithms
(e.g. model reduction, computation of minimal realization). We will see that a framework for
transformation of thermodynamic models provides the basis for model reduction.

4.1. Transformations

From a mathematical point of view, arbitrary transformations of the model variables ¢, J, u
and Ap are possible. However, this section introduces transformations that retain the thermo-
dynamic interpretation of the model equations. In particular, this means that the transformed
equations of a thermodynamic model M can be expressed as a transformed thermodynamic
model M. Model reduction methods defined on the basis of these transformations preserve the
physical interpretability and validity of the models. The following Section considers linear
transformations of the model variables ¢, J, 1 and Ay, i. e. the transformed model variables are
linear combinations of the original model variables. Further, Section discusses translations
of the model variables, i.e. the vector of the transformed model variables is gained by adding a
constant vector to the vector of original model variables.

4.1.1. Linear Transformations

Linear transformations of concentrations ¢, fluxes J, chemical potentials ;z and thermodynamic
forces Ap correspond to the pooling of concentrations and fluxes. Because the transformed
system M is required to have the form of a thermodynamic model, one cannot choose arbitrary
transformation matrices. In particular, a transformation of concentrations ¢ and fluxes J in-
duces a transformation rule for the chemical potentials p and the thermodynamic forces Ay,
respectively because we require that the Gibbs energy and the entropy production are invariant
under the transformation.

§ 4.1 (Conjugated variables). Thermodynamic variables occur in conjugated pairs. An ex-
tensive or specific quantity is associated with a conjugated intensive quantity via the total
differential of the Gibbs energy. Concentrations ¢ or mole numbers n are conjugated to chem-
ical potentials 4 by dg = p dc and dG = p' dn. Reaction fluxes J are conjugated to ther-
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modynamic forces Ap by o[g] = Au” J. Physically meaningful transformations conserve this
structure and leave the Gibbs energy g and its production o[g] invariant. Thus, transforma-
tion rules for conjugated variables cannot be chosen independently. Let z and ¢ be vectors of
conjugated variables with dg = ¢* dz. A linear transformation z = 7' & leads to dg = ¢ T dz.
Thus, the variables conjugated to z are gzg =TT ¢. This means that if the concentrations are
transformed by ¢ = T, ¢ the chemical potentials are transformed by = T ji. If the fluxes are
transformed by J =T} J, the thermodynamic forces are transformed by Aji =TT Ap.

Corollary 4.2 (Transformation of a thermodynamic model). Let M be a thermodynamic model
(see Deﬁnition p.@), and let T,, Ty, T, and Ty, be square matrices of full rank. Then,
the solution of the system M with

N:TCNTJJ S:TC,SSTJ7 Ne:TcNeTJ,ea
& fie) = To (T, TR fie), Ry fie) = T7 R(TT 0, T ) Ty, fio = T o,

is equivalent to that of M with

o
|

T.c ! = p, T, fie = e,
J, A =T Ay, TyeJo = Je.

Ku
I

Ty

Proof. The equivalence of M and M can be directly shown by writing down the model equations
for M (see Equatlon 3.1 p. and transforming them with ¢ = T, ¢, p = T i, pe = T, fie,
J =Ty J Ap = “Apand J. =Ty, J.. The transformed equations are equivalent to the
model equations for M. n

The transformation preserves the properties of a thermodynamic model demanded in Defi-
nition E p. 0] . Further, the Gibbs energy and the entropy production are invariant under
transformation.

§ 4.3 (Symmetry and positive semi-definiteness of R and 0¢/0f1). The transformed matrices
R =TFRT; and 0¢/0j = T,0c/OuTT are symmetric and positive semi-definite because R
and Oc/0p > 0 are symmetric and positive semi-definite.

§ 4.4 (Entropy production). The entropy produced by the fluxes J is o[s] = Au’ J. The
entropy produced by the fluxes J is old] = ApT J. Applying the transformation rules this is
ols] = (TFAW)T (T;'J) = AuTJ = o[s]. Thus, the entropy production is invariant under
transformation. This is not surprising because the transformation rules were designed such
that conjugated variable pairs transform into conjugated variable pairs. The invariance of the
entropy production is a design feature of the transformation.

§ 4.5 (Gibbs energy). An analog argumentation can be used to show that the Gibbs energy
of the original system g¢(c) and of the transformed system §(¢) are equivalent: We have that
dg = prde= (u' T;Y) (T.dc) = p* de = dg.
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4. Transformation and Reduction

Example 4.6 (Transformation). A transformation of the network model from Equation in

Example (p.[42) with

100 N
T.={0 1 0], Ty=5 (-1 -2 1], (4.1)
111 2 1 1

i.e. ¢y =cq, Co =cp, C3 = Cx + Ccp + C.. yields

100 Ri+Ry+4Ry —Ri+2Ry+2R3 —Ry— Ry + 2R3
N: 0 1 0 5 R:§ —R1+2R2+2R3 R1+4R2+R3 R1—2R2+R3
000 —Ry — Ry +2 Ry Ry —2Ry+ R3 Ry + Ry + R

Thus, the transformation diagonalizes the stoichiometric matrix N. The transformed matrix N
consists of an 1dent1ty matrlx in the upper rlght corner and a zero row and column at the end;
i.e. J1 = cl, JQ = ¢y and ¢ 03 = 0. The flux Jg causes no observable dynamics in this system. In
the transformed system, Js can be omitted and the differential equation for ¢3 can be replaced
by ¢35 = ¢30. Thus, transformations provide a tool to bring the system equations to a form
suited for model reduction. We will use this fact to develop model reduction techniques.

§ 4.7 (Partitioned transformation matrices — model equations). The model reduction methods
introduced in the following sections rely on the application of suited transformations of ¢ and
J that allow one to partition the system into two subsystems. From these two subsystems,
the first forms the reduced-order system, whereas the second can be neglected. The model
equations of a system transformed with 7., = I, T);. = I and the partitioned matrices

T,
T. = (TJ) ; Ty = (TJ,l TJ,Q)
c,2

read
él = (Te1NTyy) jl + (T.1 NTjyo) j2 + (Teq Ne) Je,
&y = (T2 NTyq) j1 + (Tto NTyo) jz + (Tto Ne) Je,
Afy = —(T.a NTy) " iy — (Toa NTy1)" fia — (STy0)" e,

Afig = —(T.y NTy2)" fy — (Ta N Tyo)" fia — (STya)" e,

i ) (4.2)
(TT, RTy1) Jy + (TF, RTya) Jo = A,

(T}:Q RTJ,l) jl + (T}:Q RTJ’Q) j2 = Aﬂ%

( ) Clc( 01M1+T02M27N6)
Cafi pre) = T (T fu + T fia, pre).

§ 4.8 (Partitioned transformation matrices — transformation rules). The following equations
explicitly give the forward and backward transformation rules for partitioned transformation
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4. Transformation and Reduction

matrices. The transformed variables can be computed from the original variables by

(TF)J,  Jy=inv
G P —

1(T52) J

g el

~—

~ ~ . T
a=T1c, ca="Te2c, 1 =1inv,
Apy=TF A Ay =TT, A (1 = inv?
H1=1Lj1 B, H2 =1 jo BM, M =1V,

The original variables can be computed from the transformed variables by

c=invy1(To1) & +invy-1(Tho) o, J=Ts Ji + T Ja,
A,u = iIlVA;1 (T}:I) Aﬂl —+ iIlVA;l (T}:2> A/l2, M= ch:l ﬂl + ng ,[LQ.

In these equations the matrices A, and A ; are symmetric, invertible matrices with 7t ; A, Tg2 =0
and T}:l A; T2 = 0. This means that T¢/;; and T, ;, are orthogonal with respect to the scalar
product < z,y >= z’ Ac/7y. Note that such matrices A./; exist because the matrices T, and
T'; are invertible.

Proof. The above relations follow either directly from the transformation rules or can be directly
proved by using the transformation rules and Definition (p.. O

§ 4.9 (Computation of T,,;1/2 and A./s). The above form of the transformation rules is es-
pecially suited for the use of partitioned transformations for model reduction. The original
system is partitioned into a reduced system (subscript 1) and a negligible system (subscript
2). The transformation matrices can be determined in three steps: (1) define 1.2 based on
the knowledge of the negligible dynamics, (2) choose arbitrary invertible matrices A. and Ay,
e.g. Ao = A; = I; (3) compute T, as a left kernel matrix of A, T, with T,1 AT, = 0
and compute T7;; as a right kernel matrix of T}:z A; with TIQ A;T;; = 0. Details of how to
determine T¢, ;o are given later, when discussing several model reduction methods.

4.1.2. Translations

Besides the linear transformation of the model variables, it is partly possibly to translate the
vector of model variables by adding another vector. This is discussed in the following sections.

4.1.2.1. Translation of the Chemical Potentials

Chemical potentials can be translated by certain vectors. The details are given in the following
corollary.

Corollary 4.10 (Translation of the chemical potentials). Let M be a thermodynamic model
(see Definition[3.1], p.[40), and let 5 € R and S, € R« be vectors with NT §u+ ST o, = 0.
Then, the solution of the system M with

A~

N =N, S

S, Ne = Ne7
&(fi fre) = c(ft = Opp, fre = Ope),  R(fLy fre) = R(ft = Opt, fie — Spte),  fo = o — Opt

o4



4. Transformation and Reduction

is equivalent to that of M with

c=c, fo =+ op, fle = He + Ofte,
J = Afi = Ay, J. = J..

Proof. Write down the model equations of M. Now replace p = i —dp and p = fie — . This
immediately leads to the functions é(f, fi.) and R(f, fi.) and the matrices N, S and N,. To
establish the identity of the thermodynamic forces we write: Aji = —NT o — ST p, — NT5p —
ST 6pe = —NT pp— ST p, = Ap. O

§ 4.11 (Invariance of the entropy production). The entropy production of the internal fluxes .J
is invariant under a translation of the chemical potentials because o[8] = Aa? J = Au J = ols].

§ 4.12 (Change of the reference state). Information on the absolute values of the chemical
potentials is usually not available. Only differences of chemical potentials along reactions,
i.e. thermodynamic forces, are measurable. Thus, the available tables give chemical poten-
tials with respect to a chosen reference state (cf. Section p.. The above described
procedure for translation of the chemical potentials is equivalent to a change of this reference
state.

§ 4.13 (Gibbs energy). The Gibbs energy is not invariant under translation of the chemical
potentials. We have dg = ! dé = p* de + dut de = dg + dpu” de. For constant du and suited
initial conditions, an integration of this partial differential equation yields § = g + du” c.

Example 4.14. Consider the closed system consisting of one reaction A = B in an ideal dilute
solution with

s = o (M) catun) = o (M)

We have NT = (—1,1) and thus we can translate the chemical potentials by du” = d-(1,1).
We choose d = —pu, i.e. fia = pia — p$ and jip = pp — p%, and get

Calfta) = c” exp (];AT) , ¢p(fip) = ¢ exp (MB — giBT_ NA)) :

Thus, we transformed the system into an equivalent representation with (% = 0. The trans-
formed Gibbs energy is given by

dg = (pa — p2) dea + (up — p3) dep = padea + pp dep —pg (dea + deg).
N— — 4

~—
fra iB dg
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4. Transformation and Reduction

4.1.2.2. Translation of the Fluxes

The translation of the chemical potentials is only constrained by the stoichiometric matrices N
and S. However, possible translations of the fluxes depend on the stoichiometric matrices N
and N, and on the resistance matrix R.

Corollary 4.15 (Translation of the fluxes). Let M be a thermodynamic model (see Defi-
nition p.@) and let 6J € R, §J, € R0 be vectors with N6J + N,6J, = 0 and
R(p, pte) 6J =0 for all g and p.. The solution of the system M with

N =N, S=25, N, = N.,
&(fi, fre) = e, fie), R, fie) = R(f, fie), fio = po

is equivalent to that of M with

c=c, = p, fle = fle;
J=J+6J, Afi = Ay, J, = J, +0J,.

Proof. Write down the model equations of M. Now replace J = J—6J and J. = J, — 8.
It immediately follows that ¢ = NJ + N,J. — N6J — N,6J, = ¢ and Ap = R(J — 6.J) =
RJ = Aji. Thus, the translation of the fluxes does not have effects on other model variables
or functions. O

§ 4.16 (Invariance of the entropy production and the Gibbs energy). The entropy production of
the fluxes J is invariant under translation of the fluxes because o[3] = A RAL = AuRAp =
ols]. The Gibbs energy is also invariant because dg = i’ dé = pde = dy.

§ 4.17 (Possible non-uniqueness of the fluxes). If R is not singular, no translations of J but only
of J, are possible. If R and N share parts of their null space, J can be arbitrarily translated by
a translation vector in the intersection of these null spaces (N dJ =0, RdJ = 0 with 6.J, = 0).
This translation does not change any of the functions or matrices in the network description.
This means that in such cases the fluxes J are not uniquely determined by the model equations.
This will be discussed in detail in Section that studies systems with singular resistance

matrices R.

Je
Example 4.18 (Translation of fluxes). Consider a system with the reaction equation 0 é

A= (B) and the function ca = ca(pa, pp). We have that N = —1, S =1, N, = 1 and

R = 0. According to the above corollary any translation with §J = §J, is valid. A resistance
of R = 0 means that 0 = RJ = Ap = pia — pte,p and thus pyg = pe . Thus, we have that
ca = cA(fte,B, fte,p). This means that pa, c4 and Ay are determined solely by R = 0 and . .
For a constant p. p it follows from cs = ca(pipe, fte.p) that ¢4 = 0. Since ¢4 = J. — J, this
means that J = J.. However, since the fluxes J and .J. do no enter the equations for p4, c4 or
Ap, their value can be arbitrarily translated with J=J+6J and je =J.+0J..

§ 4.19 (Time-variant translation). The above introduced translation of fluxes does not require
that 6J and dJ, are constant. In fact, they may be arbitrary functions of time.
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4. Transformation and Reduction

4.1.2.3. Translation of the Forces

The vector of the forces Ay is uniquely determined by Ay = R.J = —NT i — ST .. Thus, any
translation of Ap would lead to a change of the model variables J, p and p.. Thus, it is not
possible to formulate a transformed thermodynamic model where the transformed forces are
the original forces plus a translation vector and the other model variables are unchanged. For
this reason, a translation of the thermodynamic forces Ay is not possible.

4.1.2.4. Translation of the Concentrations

Concentrations ¢ can be translated by an arbitrary, constant translation vector dc € R%®. The
transformed variables are ¢ = ¢ + dc, i = p, J = J and Afr = Ap. The transformed ther-
modynamic system is characterized by N = N, S = S, N, = N., é(fi, i) = c(fi, fie) + dc,
R(fi, fie) = R(jii, jie) and jig = po. In a thermodynamic system according to Definition
(p.[A0) the fluxes are determined by the equation R(u, pt.)J = Ap. This equation depends
solely on the chemical potentials ¢ = & but not on the concentrations c. For this reason the
fluxes and the change of the concentrations are invariant (J = J, = é) under a translation of
the concentrations. The translation of the concentrations is not used in this thesis but is only

included here for completeness.

4.2. Model Reduction

This section shows how transformations of thermodynamic models can be used to reduce a
thermodynamic model to an equivalent lower dimensional model. The basic idea is to use
partitioned transformation matrices as in §4.7| (p.[53)) in order to bring the system to a form
where the second subsystem can be neglected or directly solved. Cases where a lossless reduction
is possible are characterized by rank deficiencies of certain matrices. We will also discuss how
these methods can be used to gain approximately reduced models.

The first subsection Reduction of the Stoichiometric Submodel deals with a reduction of
conservation relations and stoichiometric cycles that are characterized by the left and right null
space of the stoichiometric matrices, respectively (cf. Example , p.. The subsections
Reduction of the Thermodynamic Submodel and Reduction of the Kinetic Submodel discuss
degenerated systems with singular dc/dp and R(pu), respectively. The section Reduction of the
Boundary Conditions explains a possibility to reduce the number of clamped chemical potentials
and fluxes.

§ 4.20 (General procedure and notation). The reduction methods introduced in the follow-
ing sections are based on the transformation of an original thermodynamic model M with a
partitioned transformation matrix into a model M. The two parts of the transformed model
M are indicated by subscripts. For example, the vector [ is partitioned into two subvectors
gr = (pF, al). The partitioned transformation matrices are chosen such that the subsystem
2 has a simple form and its generic solution can be computed. Substituting the solution of
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4. Transformation and Reduction

subsystem 2 in subsystem 1 yields the reduced system M. Thus, the variables of subsystem 1
and of M are equal; for example i = p.

4.2.1. Reduction of the Stoichiometric Submodel

Conservation relations and stoichiometric cycles are related to the left and right null space of the
stoichiometric matrices, respectively. Consider the mole balances of a thermodynamic model

c=NJ+ N, J..

Let b € null([N, N.]7), then for all flux vectors J and J, the conservation relation b’ ¢ = const
holds. Conservation relations define an invariant manifold in the concentration space, and thus
the system can be reduced to this manifold. The reduced system contains less components.

Let b € null(V), then the effect of a certain flux distribution .JJ on the change of concentrations
¢ is indistinguishable from the effect of a flux distribution J + b. Thus, with respect to the
concentrations ¢, the flux vector is redundant and the dynamics of the original system can be
described by a reduced system with less fluxes.

4.2.1.1. Reduction of Conservation Relations

We transform the concentrations ¢ by a partitioned transformation such that ¢, is a constant
quantity (ég = 0) and thus éy(fi1, fi2, fle) = C20. We solve this algebraic equation in order to gain
a function fio(fi1, fte). Finally, after applying this function to all occurrences of i in the first
subsystem, we consider the first subsystem independently from the second subsystem. Thus, we
gain a reduced description of the original system. The following corollary discusses the details
of this procedure.

Corollary 4.21 (Reduction of conservation relations). Let M be a thermodynamic model (see
Deﬁmtzonm @) LetT, = TCTl, TT] be a square and invertible matriz with T, o N = 0 and
T.o N = 0. Assume that the matriz T, dc/ouTE co 1s invertible for all € R and . € R0,
Let M be a thermodynamic model with

N=T.,N, (fu, pre) = Toy (T i+ Ty fro(fi, e), e,
S = S, R(/L ,UJe) - R(Tch p o+ T /l (M?Me)a“@%
Ne = Tc,l Ne; ﬂO anT ( )

~—

where fiz(fi, fie) s a solution of

Too (T i+ T, fia, pre) = Tep c(pto, fle,o)

and A. 1s a symmetric, invertible matriz with T, A, T co = 0. Then, a solution of M can be
reconstructed from a solution of the reduced system M by

_ c - .
=1 (T 2 (o, pt 0)) ’ p=To i+ Ty fia(fis e,

J=J, Ap = Af.
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4. Transformation and Reduction

Proof. Transform M with é = T, ¢ (cf. §4.7, p.[p3)). The first subsystem (subscript 1) corresponds
to the reduced system M. Observe that o = 0 and thus é = Te2 c(po, ttep). From this we can
compute a function fip(fi, pte) by solving the equation Tt ¢(T)) 4T, fia, pre) = Teo (i, feyo)-
If the solution exists, it is locally unique because the matrix T, 0c/0u ng is invertible. This
follows from the Inverse Function Theorem. If T, 0c/0uT, 52 would be singular for all p and
[te, the model equations would not determine a locally unique trajectory for jip. If the function
fi2(fi1, pre) does not exist or is not globally unique, the trajectory of M does not exist or is not
unique, respectively. The possible non-uniqueness of the chemical potentials will be discussed

in (p.. With the function fiz(fi1, pre) we get p = T fiy + Ty fiz(fi1, pre). We use this
relation to derive the functions R(fig, te) and ¢é1(fi1, pte). Observe that the first part of the
equations (¢, fi1) can now be considered independently of the second (¢, fi2) and that ¢, and
flo can be reconstructed from ¢; and fi;. Thus, the subsystem Ml is a reduced version of M.
Replacing the subscript 1 with a tilde (M = Ml) yields the expressions given in the corollary.
The initial value for the reduced chemical potentials fi; o = fi1 o follows from the relations given
in (p.. The state variables of the original system can be reconstructed by using the

inverse transformation matrix 7,1, é = To.o ¢(po, fte0) and the function fis(fi, fie). O

§ 4.22 (Symmetry and positive semi-definiteness of R and 9¢/9ji). The matrices R and 9¢/dji
of the reduced model are symmetric and positive semi-definite.

Proof. The resistance matrices of the reduced system and of the original system are equal
at corresponding state and input vectors: R(ji, pre) = R(T}, i + T, fia(fi, pre)). Thus, R is
symmetric and positive semi-definite.

Differentiating the expression for ¢(fi, ) in Corollary yields for the derivative of ¢(fi, p.)
that 9¢/0fi = To1 c/Op T, + T.1 0c/OpuTL, Ofiz/Ofi. The total differential of the conservation
relations in Corollary is Too 0c/Op T} dfi+T.20¢/Op T, dfiy = 0. This leads to dfiz/0fi =
—(T.20¢/OpT}y) ' T2 0c/Op T, ). Combining these results yields:

0¢/0f =T,y (Oc/Opu — Oc/Ou TgQ (T2 0c/Op ng)_l T2 0c/0p) Tgl.

L

Because the matrix L is symmetric, the derivative 0¢/Jfi is symmetric.

If L is positive semi-definite, the derivative 0¢/0ji is positive semi-definite. However, from the
expression for L given above it is not obvious if L is positive semi-definite. For this reason, an
alternative expression for L that allows to prove its positive semi-definiteness is derived. Assume
initially that dc/dp is positive definite. Then, the matrices W = T.1 A, (dc/Ou)~! and Z =
(W7, T[] can be defined. Let L' be the matrix L' = A, T, (Ton Ac (Oc/Op) ™ A T) ™ Teq A
The matrices L' and L are equal because Z is a invertible matrix and LZ = L' Z = (AT}, 0).
In this representation, it can be seen easily now that the matrix L' = L is symmetric and
positive definite. In the limit case where dc/du is only positive semi-definite, the limit of L

may also be only positive semi-definite. O]

99



4. Transformation and Reduction

§ 4.23 (Computation of 7.1, T.» and A.). Let Y be a matrix with full rank and with

panV) = () san (GG )

HER0 1 ER0:e

In all cases considered in this thesis, the matrix dc/0u is diagonal (e.g. in an ideal dilute
solution) or the result of a linear transformation of a system with a diagonal matrix de/du.
Then, the column space span(dc/du) is independent of p and g, and one may choose Y =
Oc/Ou(p*, pf) with an arbitrary state vector p* and input vector pf. If Oc/Op is invertible,
then Y can be chosen to be the identity matrix (Y = I). If 0c/0u is diagonal, then Y can
be chosen to be a diagonal matrix with diagonal elements Y;; = 1 if dc¢;/0u; # 0 and Y;; = 0
if dc;/Op; = 0 for i = 1...95. With the matrix Y defined above, the matrix Y7 dc/ouY
has always full rank. Using the matrix Y, the matrices 7¢;, T.2 and A. with the properties
demanded in Corollary can be gained easily by computing kernel matrices: (1) Compute a
kernel matrix X with X Y? N =0 and X Y” N. = 0. The choice Teo=X YT guarantees that
Teo N =0, Tep No = 0 and that To 0c/Ou T,y = X YY" 0c/OpY X™ has full rank. (2) Choose
an arbitrary symmetric and invertible A, e.g. A, = I. (3) Compute T, ; as a right kernel matrix
of T, A, with T, A. Ty = 0.

§ 4.24 (Non-linear equation). The reduction involves the solution of the non-linear equation
Teo (o, prep) = Teo (T fu+ Ty fiz, pre). Thus, the computational complexity of the reduction
of conservation relations may be large.

§ 4.25 (Invariance of the entropy production). The entropy production of the internal fluxes .J
is invariant under the above described reduction method: o[3] = Aa” J = Ap” J = o[s].

§ 4.26 (Invariance of the Gibbs energy). For déy = T,.5dc = 0, the differential of the Gibbs
energy is invariant under the above described reduction method: dg = p’dec = (da” T.; +
dfiy T, ) dc = dii" dé. The information on the dependency of the Gibbs energy on the change
of the concentration of the conserved moiety déy = Tt 5 dc is lost during the reduction process.

Example 4.27 (Reduction of a conservation relation). Consider a reaction A = B with mass-
action kinetics in an ideal dilute solution in a closed system:

(Y oy = (€ ep(pa = 1) /(RTT)) _ . .
= () et = (G T I Y Rl = p Rl B ) ().

The system contains the conservation relation c4 + cg = const. We choose the transformation
matrices for the reduction as

Tep= (-1 1), T.p=(1 1)

with A. = I. The variable ¢, = c4+cp is the concentration of the conserved moiety. The variable
¢1 = cg — ¢y describes the difference of the concentrations of B and A. Although ¢ may be
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negative, it is a concentration in the sense of Definition (p.[A0). We have pa = —fiy + fiz
and pup = fi1 + flo. From the conservation relation we get the following dependency of ji; and

fla:
cap+epo = exp((—ia + fip — ) /(R*T)) 4 ¢ exp((fia + fr2 — pp) /(R"T)).
Solving this equation for ji; and replacing i = ji; yields

cao+cBo 1 >

c exp((—ft — p&y)/(R* T)) + exp((f — up) /(R*T)) )
Substituting this expression into é = ¢4 = —c4 +cp with ¢; = ¢® exp((; — 1) /(R* T')) and into
R=pRo(pua/(R*T),up/(R*T)) yields the transformed functions

—expl(—ji — 1)/ (R* T)) + exp((+2 — i)/ (R* T))
Toxp((—ft — 1) /(R*T)) + exp((+i — ) /(R" T))

mwzme(

&(j1) = (¢ + )
and
R(j1) = p Ro(—fi+ fia(f2), ji + f12(j1)).

Thus, the original system with two compounds and simple functions ¢(u) and R(u) can be
reduced to one with one compound but more complex functions (1) and R(f).

4.2.1.2. Reduction of Stoichiometric Cycles

The reduction of stoichiometric cycles reduces the number of fluxes. It proceeds analogously to
the reduction of conservation relations. While the reduction of conservation relations is based
on the left null space of the stoichiometric matrices, the reduction of stoichiometric cycles uses
the right null space.

We transform the fluxes J by a partitioning transformation such that Aji, = 0 and such that
jg vanishes from the mole balances.

Corollary 4.28 (Reduction of cycles). Let M be a thermodynamic model (see Definition
p.@) and let Ty = [Ty1,T2] be a square and invertible matriz with N Tjo =0 and STjo = 0.
Assume that the matriz T7, R(p, pie) T4 is invertible for all i € R and p. € R°. Let A; be a
symmetric, invertible matrix with TJTV2 AjTy1=0. Then, a trajectory of M can be reconstructed
from a trajectory of the reduced system M with

N =NTy,, S =STy, N.=N,, E(fi, pe) = c(fi, pre), Ho = Ho,
R(fi, pe) = (T R(i, p1e) Tra) = (T3 R, p1e) T2) (T R(fis pre) Trz) ™ (T R(fi, pre) Ty
where
c=¢, p=f,
J = (Ty1 — Tya (T5, RTy2) " (T], RTy4)) J, Ap =iy (T7,) Afi.
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Proof. Transform M with J = T} .J (see § I p. E Observe that Aji, = 0. Because T, R
is invertible, we can solve the equation TJQRTJI J1 + TJQRTJQ J2 = Ajis = 0 for J2 and
get Jy = (TJTv2 RTjs)” (T}:2 RTj,) Jy. If T}:QRTJQ would be singular, the model equation
would not uniquely determine the fluxes Jy. The possible non-uniqueness of the fluxes will
be discussed in Corollary (p.. Entering the J, computed above into the equation
TF RTyy Ji + TF RTy2 Jo = Afy yields

(T3, R(jt, pte) Tia) — (T51 R(fa, p1e) Tyz) (Tho R(jt, pre) Tyo) ™ (Thy Ry pte) Tya) Ji = Afuy .
N ~— o~~~ Y
R J f

The formulas for the reconstruction of the original variables from the reduced ones follow from

the expressions given in (p.. 0

§ 4.29 (Symmetry and positive semi-definiteness of R and 9¢/dji). The matrices R and 9¢/ji
of the reduced model are symmetric and positive semi-definite.

Proof. The derivative 0¢/0f is symmetric and positive semi-definite because ¢(f, pe) = c(fi, pte)
and Oc/0p is symmetric and positive semi-definite.

The symmetry of R is obvious from the expression given in Corollary .

The resistance matrix R resulting from the reduction of stoichiometric cycles and the deriva-
tive 0¢/0fi resulting from the reduction of conservation relations (see , p. have the same
structure. For this reason, the proof of the positive semi-definiteness of R is completely analog
to the proof of the positive semi-definiteness of 9¢/Jf in (p-[p9). ]

§ 4.30 (Computation of Ty, Ty and Ay). Let Y be a matrix with full rank and with

span(Y) = [ span (R(y, ).

HERO 41 R0

In all cases considered in this thesis, the matrix R is diagonal or the result of a linear transfor-
mation of a system with a diagonal matrix R. Then, the column space span(R) is independent
of u and p., and one may choose Y = R(u*, ) with an arbitrary state vector p* and input
vector pf. If R is invertible, then Y can be chosen to be the identity matrix (Y = I). If R
is diagonal, then Y can be chosen to be a diagonal matrix with diagonal elements Y;; = 1 if
Ri #0and Y;; = 0if R;; =0 for ¢ = 1...45. With the matrix Y defined above, the matrix
YT RY has always full rank. Using the matrix Y, the matrices Tji1, Tjo and Ay with the
properties demanded in Corollary [4.28) can be gained easily by computing kernel matrices: (1)
Compute a kernel matrix X with NY X = 0and SY X = 0. The choice T);, =Y X guarantees
that N T3 = 0, STy, = 0 and that 77, RT;, = X" Y" RY X has full rank. (2) Choose an
arbitrary invertible, symmetric Ay, e.g. Ay = I. (3) Compute T}, as a right kernel matrix of
TfQ A; with T}:Z ATy, =0.

§ 4.31 (Invariance of entropy production). The entropy production is invariant under the above
described reduction method: o[s] = o[s].
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4. Transformation and Reduction

Proof. Using the equations for the reconstruction of the original states given in Corollary
we get for o[s] = Aut JT:

O'[S] = AﬂT (T}:I AJ TJ71>_1 T}:l AJ (TJJ — TJ72 (T}:Q RTJVQ)_I (T}:Q RTJJ)) j == O'[g]

N

-

1

]

§ 4.32 (Invariance of the Gibbs energy). The differential of the Gibbs energy is invariant under
the above described reduction method: dg = u' dc = p* dé = dg.

Example 4.33. The network in Example [3.11] (Equation [3.2 p.[42) contains a stoichiometric
cycle. The matrices

1 0 +1 -1 0
Ti;p=10 11, Tio=11], Aj=1-1
0 0

fulfill the conditions TIQ A;T;; =0and NTj, =0. Here, T} is chosen such that jl = J; and
Jo = Jy. This leads to the given matrix A;. A reduction with these matrices yields a system
with

(V) A (mmen R )
R+ Ry + Rs —R; Ry Ry (Ry + R3)

This system contains a minimal number of fluxes and corresponds to the system given in Equa-

tion [3.3] (p.[42).

4.2.2. Reduction of the Thermodynamic and the Kinetic Submodel

The stoichiometric reduction methods discussed in the previous section rely on rank deficiencies
of the stoichiometric matrices. Further reduction methods are applicable for models with a
singular derivative dc/du or a singular resistance matrix R. Then, the system contains algebraic
relations that can be used to derive a reduced formulation of the system. These reduction
methods are equivalent to the quasi-steady state and rapid equilibrium assumptions that are
often used to derive kinetic laws for enzyme-catalyzed reactions.

4.2.2.1. Reduction of the Thermodynamic Submodel

For Oc/Ope fie = 0, the concentration change ¢ = dc¢/du 1 is constrained to the column space
of dc/Ou. If the derivative dc/Ou of the function c(u, ) gets singular, certain concentration
changes ¢ are impossible. Concentration changes ¢ that are not in span(dc/du) would correspond
to an infinite change of the chemical potentials ;1. This means that infinite thermodynamic
forces would counteract the concentration change. In consequence, such concentration changes
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4. Transformation and Reduction

cannot occur and the fluxes that produce and consume the respective compounds are always
equal. This case is equivalent to the classical quasi-steady state assumption for concentrations
that, for example, is applied when deriving the Michaelis-Menten kinetics (see [45], [04]). If
Oc/0u is singular and dc/dp. p1e # 0, the concentration change ¢ is restricted to the linear set
span(dc/0u) — de/Ou. 1. and similar considerations can be made to reduce the system.

§ 4.34 (Singular Oc/0u). In an ideal dilute solution we have ¢; = ¢ exp((u; — p5)/(R*T)).
The matrix dc/9p is diagonal with diagonal elements dc;/Op; = ¢;/(R*T) (see §3.16] p.[44).
For ¢; > 0 the matrix dc/0u is always invertible. If one or several concentrations ¢; are very
small compared to the fluxes, one can approximate ¢;(u;) = 0 for all occurring p;. Then dc/0u
can be approximated by a singular matrix. The corresponding chemical potentials p; are no
longer in a one to one relationship to the concentrations ¢; because the functions ¢;(p;) = 0 are
not invertible. Although the concentrations have a constant value of zero, the corresponding
chemical potentials may vary. The assumption of small concentrations is also the basis of the
classical quasi-steady state assumption in the conventional kinetic modeling formalism. Thus,
the assumption of a singular dc/0u implies the quasi-steady state assumption in the classical
approach to kinetic modeling.

Example 4.35 (Singular dc/0u). Consider the network X 242y, The compound A
is very unstable. This means that A is very reactive and u% is very large, such that we can
approximate c4(p) = 0. This leads to dca/Oua = 0 and thus to ¢4 = J; — Jo = 0. The
singularity of dc/0u leads to a linear, algebraic constraint on the fluxes that is equivalent to
the assumption of a quasi-stationary c4.

Before developing the main corollary of this section that allows the reduction of the thermo-
dynamic submodel, we have to discuss the existence and uniqueness of solutions with singular

dc/ou.

Corollary 4.36 (Existence of a solution). Let M be a thermodynamic model with a positive
semi-definite Oc/Op. A necessary condition on the inputs p. and J. for the existence of a
solution at p, pe and J. is

dc Oc
NeJe — — fte € —,N|.
Ope 1o € P20 (3u )
Proof. Due to the equation ¢ = N J + N, J. we have that N, J. — 0c/0pe fte = Oc/Opufp— N J.

Thus, for any inputs J. and p. that do not fulfill the given condition, the system equation
¢=NJ+ N, J, cannot be fulfilled. O

Definition 4.37 (Thermodynamically conflict-free networks). A thermodynamic system M

with
oc oc
—\c - _
span (Ne, 8%) C span (aﬂ, N)

for all p and p,. is called thermodynamically conflict-free.
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§ 4.38 (Interpretation). If a thermodynamic model is thermodynamically conflict-free, the con-
dition for the existence of the solution given in Corollary is always fulfilled. However, the
condition in Corollary [£.30] is only necessary for the existence of a solution. For example, it
guarantees that the clamped fluxes J, can stoichiometrically be balanced by the internal fluxes
J. It does not guarantee that these fluxes can be realized with the given functions R(u, p.) and

c(p, fie)-

Example 4.39 (Conflicts of clamped fluxes J, and the quasi-steady state assumption). Corol-
lary [£.36) means that the quasi-steady state assumption may lead to conflicts with clamped

fluxes. An example will clarify this. Consider the system 0 g A é‘ B with the functions
ca(p, pe) = 0 and cg(p, o) = 0 and a clamped flux J, # 0. We have N, = (1,0)", N = (-1,1)7
and Oc/Opu = 0. Thus, the necessary condition for the existence of a solution given in Corol-
lary is only fulfilled for J, = 0. Due to ¢4 = cg = 0, we have that ¢4, = ¢g = 0 for all times
t. Because we have also that ¢4 = J. — J; and ¢g = Ji, we get the constraints J, = J; = 0.
Thus, the system equations are not solvable for a J, # 0.

§ 4.40 (Resolving conflicts). Conflicts of the inputs J, and p. with the quasi-steady state
assumption occur if the system is not thermodynamically conflict-free. There are two pos-
sibilities for resolving possible conflicts: (1) Unclamping of a flux means to move a column
of the matrix N, to the matrix N. Thus, the space span(dc/0u, N) gets larger and the
space span(N,,dc/0u.) gets smaller. (2) If dc/Op is diagonal, one may set a state func-
tion ¢;(u, fte) to a non-singular value, i.e. d¢;/Ou; # 0. Then, the space span(dc/du, N)
gets larger, but the space span(N,, dc/du.) does not change. Thus, by correcting the model
in these ways, one eventually arrives at a structurally conflict-free system description with
span(N,, dc/0p.) C span(dc/0u, N). Then, no conflicts are possible.

Example 4.41 (Resolving conflicts of J.). In Example a solution exists only for J, =
0. This means that the system description imposes constraints on possible inputs J.. Such
constraints are not consistent with the usual systems-theoretical paradigm that inputs can be
chosen independently of each other and independently of the state of the system. Most likely
such models occur only due to modeling errors since the assumption of an independent clamping
of two rigidly coupled variables is contradictory. Such situations can be easily resolved by either
(1) unclamping one of the affected fluxes or (2) choosing a function ¢;(u, pt.) with a non-zero
Oc/Ou for one of the affected compounds. Which of these possibilities is more appropriate
depends on the observed system dynamics. We discuss both possibilities for the Example [4.39

(1) An unclamping of J, can be performed by extending the system to (X) L2 A B The
compound X has a clamped potential . x. The reaction flux J, replaces the clamped reaction
flux J. of the original Example [£.39 The flux J> is no longer a input of the system but an
internal flux. Since cy = cg=0,¢4=Jo—J; =0and ¢g = J; =0 we get J; = J, =0 and
with RJ = Ap we get Ay =0 and gy = pup = px. Thus, the solution of the modified system
exists. (2) Alternatively, we may also introduce a non-singular function for either ¢4 or cp. For
example, we may use the functions ca(p, pe) = ¢® exp((pa — p%)/(R*T)) and cp(p, ) = 0.
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Because ¢g = J; = 0 we get the constraint J; = 0. For the compound A, we get the equation
¢q = J.—J1 = J,., which can be solved to ¢4 = cA,0+fOt J. dt. Thus, the solution of the modified
system exists.

§ 4.42 (Consistent initial conditions). As discussed above, we get algebraic constraints on
the fluxes J, if dc/Ou does not have full rank. Since R(u, p.)J = Ap, this directly leads to
constraints for the chemical potentials y and in particular also for the initial chemical potentials
o. Multiplying the equation ¢ = dc/u 1 + Oc/Ope fre = N J + N, J. with a kernel matrix T, o
with T, 0c/Opu = 0 we get

dc . _
TC,Q W He = c,2 N ER(/“L7 Me)) ! <_NT/~L - ST,ue) +Tc,2 Ne Je (43)

J/

M
Valid chemical potentials p and initial conditions py have to lie in the set defined by this

equation. Since this equation is non-linear, it can be rather hard for the modeler to manually find
suited initial conditions. Usually consistent initial conditions have to be computed numerically.

Example 4.43. Consider the network (A) 2B 2ca (D) where cp(p, ite) = 0 and

co(pype) = ¢ exp((ue — pg)/(R*T)). We have that J; = Jy because cg = 0 and thus
¢ = J1 — Jo = 0. Assuming mass-action kinetics we get the equation

(e, — pB)/ Ra(p, pre) = (s — pe)/ Ra(ps pie)-
where
Ry = p1 Ro(pte,a/(R*T), up/(R*T)), Ry = pa Ro(pup/(R*T), po/(R*T))

and R, is the ideal resistance function (see Definition [3.22] p.[47). We can solve this equation
to

| e He, A
ip— BT log (exp (#5) 2 in (57) pz) |

Thus, the chemical potential of B is determined by the chemical potentials of A and C. In
particular, pp is between s and pe. For pg — 0, we have up — p4 and for po — 0, we have

KB — [C-

§ 4.44 (Existence and uniqueness of the chemical potentials). Equationis an equation for the
chemical potentials. If this equation has no solution, no vector u exists that is consistent with
the thermodynamic model. If the network is not thermodynamically conflict-free such situations
occur for almost all inputs p,. and J. (see Example . Nevertheless, in a thermodynamically
conflict-free network the existence of a solution is not guaranteed either. The equation can also
have more than one solution. Then, the trajectory of the model equations is not unique. The
following examples illustrate such cases.
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Example 4.45 (Non-existing solution in a thermodynamically conflict-free model). Consider

Je
a system 0 r(é A é (B) with the clamped quantities J. and g, p. Assume the function

ca(pa) = 0 and the resistance

R (e nm (225) o0 o (25 1. ()

The given resistance realizes a reversible Michaelis-Menten kinetics (see Example , p..
We have N = —1, N, = 1, S = 1 and 0¢/0u = 0. This leads to the constraint J = J..
The system is thermodynamically conflict-free because from a stoichiometric view point J can
balance J.. However, it cannot balance high fluxes J, because the flux J saturates for high
chemical potentials of A. Equation for the example system reads

exp (#4r) — exp () s e |1
0= — R%_ ;L%i,}; R*T <p0+p14 eXp(R*T) +pB exp (W)) (MA_,UQB)‘FJ&
N Efl 7
This can be solved to
Jo+ (pp J. + 1) exp (L2
[ia = R*T log Po (pB ) p (R T) .
11— Je PA

A real solution for 4 only exists if —£5/(po + pp &) < Jo < pi* where £g = exp(pe,p/(R*T)),
i.e. if J, is between the minimal and maximal value of J.

Example 4.46 (Infinitely many solutions). Consider the system A + (C) = B + (D) with
R > 0. It contains a conservation relation cy + cg = cao + cpo. Thus, its steady state
depends on the initial concentrations. The steady state is characterized by ¢y = —¢g = —J =
0 and thus Ap = prec — ptep + pta — up = 0. This equation only defines the difference
pa — pp. By using the conservation relation ca(p, pe) + ¢, fte) = cao + cpo We can uniquely
compute the steady state potentials us and pug. Now, assume a quasi-steady state for A and
B with ca(p, pte) = 0 and cp(u, p.) = 0. We have again that ¢4 = —ég = —J = 0 and thus
Ap = e — fte.p + pta — pp = 0. However, this equation cannot be solved uniquely since
the conservation relation is trivially fulfilled. Thus, by using the quasi-steady state assumption
with ¢;(u, re) = 0 for all concentrations in a conservation relation, we lose the uniqueness of the
corresponding chemical potentials. Since other parts of the model may depend on the value of
these potentials, such a model cannot be easily simulated.

Example 4.47 (Finitely many solutions — Edelstein system). Consider the system consisting
of the reactions

(A) + X = 2X, X & (B)
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T =298.15K

p1=1hmM™' kJmol™*
p20 = 0.08 h mM~" kJ mol ™
pa.x = 0.08 h mM~* kJ mol ™!
po.p = 0.08 h mM~* kJ mol™!
fte.a = 5 kJ mol™!

fes = —3 kJ mol *

px [kJ mol™]

Figure 4.1.: Multiple quasi-steady states of the Edelstein system (Example . The quasi-
steady state condition ¢x = J; — Jy = 0 is fulfilled for three values of pyx. The two
black dots correspond to statically stable points, whereas the gray dot corresponds
to a statically unstable point.

(adapted from Edelstein [30]). Reaction 1 and 2 are modeled with mass-action and Michaelis-
Menten kinetics, respectively:

_ Pea+ pix 2px
Rl—leo( R*T ’R*T)’

o (22 (o o () s (12

We assume a quasi-steady state with cx (u, pte) = 0. Then, for certain parameters and inputs,
equation Equation has three solutions. Figure [4.1| shows a plot of the fluxes J; and J,
over ux for specific parameter values. The quasi-steady state condition ¢x = J; — Jo = 0 is
fulfilled at three distinct values of pyx. Thus, the thermodynamic system has three distinct

solutions. In this example, the stability of the three distinct solutions can be determined by
a simple consideration. If a small fluctuation increases cy and thus px, the difference J; — J,
is negative for the lower and upper steady state, but positive for the one between. Thus, the
fluxes counteract a fluctuation at the lower and the upper state, but amplify a fluctuation of
the middle state. Thus, the middle steady state is unstable, but the upper and the lower steady
state are stable. This means that the model trajectory is not unique because two different stable
quasi-steady states of cy exist.

§ 4.48 (Assumption of a constant span(dc/dp)). For the formulation of the corollaries that
describe the reduction method we assume that the span and thus also the null space of dc/0u
is constant. In ideal dilute solutions where dc/0pu is diagonal and all concentrations are strictly
greater than zero, we have span(dc/dp) = R™ and the condition is obviously fulfilled. If a
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compound, say X;,, is reactive its diagonal entry is small and can be neglected. In this case,
the space span(dc/Ou) = span(e; . ..e;_1) where e; is the i® unit vector is also constant. If
a system with a constant span(dc/dy) is linearly transformed (see Corollary 1.2] p.p2) then
the the transformed space span(9¢/0fi) = span(T,d¢/0iTT) is also constant. Thus, although
Oc/Op is not constant, the space spanned by the columns of dc/du is usually constant and a
kernel matrix T, 5 exists with 7,5 0c/Op = 0 for all 1 and ..

Corollary 4.49 (Quasi-steady state assumption — simplified version). Let M be a thermody-
namic model (see Deﬁmtwnm @) and let Ty = [Ty1,Tys] and T = [TV, T,] be invertible
matrices with

0 0
So=0, Tago =0, TaNe=0,  ToNTu=0, ToNTp=1I
"

TC C
? * Opte

for all i and p.. Then, a trajectory of M can be reconstructed from a trajectory of the reduced
system M with

N = Tei NTyy, S = STy, N, = Teq Ne, fto = invigl(Tc,l) Ho,

R(lav ﬂe) = T}:l R(Tgl IEL + T c,2 MQ(M ,ue) :ue) TJ,la 6(/]7 He) = TC,l C(TZ1 /17 He)
where fis(fi, fe) s a solution of
0=Teo N (R(Tgl i+ T 2 fi2))” H=NT (Tgl i+ T ez fl2) — S pe)

and A. is a symmetric, invertible matriz with T,y A, T2 o = 0. The variables of the original
system and the reduced system are related by

po="TI i+ T (i, pre), ¢ = c(T] i, pe),
Ap=—N"p—5"p, J =T J.

Proof. Transform M with the given partitioned matrices T, and T, (see §4.7] p.. The
system M corresponds to the reduced system M. Premultiplying the equation ¢ = Oc/ou 1 +
dc/Ope fte = NJ + N, J, with T.o yields T.o NJ = 0. With J = R (=N — ST p,)
and p = T} fiu + T, jiz we get the expression defining the relation fio(fi, ite). Substituting
J =Ty J1 + 1o J2 in T.o NJ = 0 yields JQ = 0. Now, the reduced model equations and
the expressions for the reconstruction of the original from the reduced variables directly follow
from . and . p.[53). The result is simplified by using the relation (77, 1A+ TgQ fi2, fhe) =

c(TE fi, pe) that follows from dc/Opu T, = 0. O

G,

§ 4.50 (Generalization). The assumptions that T, 0c/0u. = 0 and T,.5 N. = 0 in the above
corollary mean that the quasi-stationary compounds are not directly influenced by clamped
fluxes or potentials. These assumptions simplify the formulation of the corollary because they
lead to J, = 0. If Te20c/Ope # 0 and T.o N, # 0 premultiplying ¢ = dc/0p 1 + Oc/Ope fte =
N J+N, J, with T, 5 and substituting J = Ty, Jy+ T2 Jy yields Jo = Tp5 dc/dpte fie—Ten Ne Jo #
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0. The reduction method in the above corollary relies on the condition that Jy = 0 but it can
be generalized. The generalized method that is introduced in the next corollary extends the
vector of clamped potentials and clamped fluxes. The additional clamped fluxes are the fluxes
associated with a change of the clamped chemical potentials i, and the additional clamped
potentials are the potentials that are associated with the clamping of the fluxes J..

Corollary 4.51 (Quasi-steady state assumption). Let M be a thermodynamic model (see Def-
zmtwnm @) and let Ty = [Ty1,Tya] and T] = [T}, T\, be invertible matrices with

Jc

Teo—
72 au

=0, TeoNTy =0, TeoNTpo=1

for all possible . Then, a trajectory of M can be reconstructed from a trajectory of the reduced
system M with

N = Tea N Ty, ST = (T}:I ST, I), flo = iHVK;1(Tc,1) Ho,
N.= (T (I = NTysTop) Ne, Tot NTy2To)
R(lau He, ,lle, Je) = T}:l R(T 1 ﬂ + ch,; ﬂ?(ﬂ; Me, ﬂeu Je)) TJ,la 5(/17 /“Le) - Tc,l C(Tgl /17 Me)

where fiz(fi, fhe, fle, Je) 1S a solution of

dc . . o - .
Teo % fre = Tea N (R(Tgl [y TZQ fl2)) ! (_NT (T;ﬂ M+ Tc:,F2 fl2) — STlue) + Teo Ne Je,

A is a symmetric, invertible matriz with T, A, T 2 =0 and

~ e j B Je
e T}:l RTJ’Q TC,Q (Ne Je — aa_:e /’Le) ) e 6(?;6 /:Le

The variables of the original system and the reduced system are related by

T1M+T 2,“2, C:C(Tglﬂ7ﬂe)7
Au = —NT - ST p,, J=Ty1J+TsaT.o(0c/Ope fte — N, Jp).

Proof. Transform M with the given partitioned matrices T, and T (see , p.. As discussed
in 3. we get Jy = Teo (0c/Oe fte — N J.). With this one can verify that the model equations
for the subsystem M; with subscript 1 are equivalent to the model equations of the reduced
system M with Al = Ajyy — (T}:l RTjs) Jy. The result is simplified by using the relation

o(TH o+ T i, pe) = (T, i, pre) that follows from dc/ou T, = 0. O

&)

§ 4.52 (Symmetry and positive semi-definiteness of R and 0¢/0ji). The matrices R = T7,RTyy
and 9¢/0f = T,1 Oc/Op T}, are symmetric and positive semi-definite if R and dc/0p are sym-
metric and positive semi-definite.
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§ 4.53 (Computation of T, 1 /2, 112 and A.). Suited transformation matrices can be computed
by the following steps: (1) compute 7.5 as a left kernel matrix of dc/0u with 1,5 0c/0u = 0; (2)
choose an arbitrary invertible A., e.g. A. = I; (3) compute T, CT , as a right kernel matrix of 7.5 A,
with T, 2 A, Tgl = 0; (4) compute 77, as a right kernel matrix of 7. o N with T.o N T;; = 0; (5)
compute T such that T.o NT;9 =1, e.g. Tjo = inv(1.2 N). Step (5) can only be conducted
it T, o N has full row rank.

§ 4.54 (The condition T, 5 N Ty = I). If the matrix 7.5 N does not have full row rank, the
Corollaries and are not applicable because they require the existence of a matrix 77
with T,.o NTjo = I. If the matrix T, N does not have full row rank, a conserved moiety of N
is completely in a quasi-steady state. In this case, either no trajectories exist (cf. Corollary ,
p. and Example , p. or the trajectories are not unique (cf. Example , p.. The

formulation of a reduction method does not make sense for such degenerated cases.

Je
Example 4.55 (Reduction of the thermodynamic submodel). Consider the network 0 ¥

Xo 2 X1 EiN (A) with ex,(p, pte) = 0 and cx, = ¢® exp((u1 — p5)/(R*T)). The matrices
describing the system are

. Rl R12 . _1 1 . 0 _
R_<R12 R2>, N_(O _1), Ne_(l), S=(10).

For the sake of simplicity we assume that the resistance matrix is constant. With this non-
diagonal resistance matrix the fluxes are defined by J; = (—Rys Aps + Ry Apy) /(R Ry — R2,)
and Jo = (—Ri2 Apy+ Ry Aps)/(Ry Ro—R3,). We apply Corollary [£.49] (p.[69) with T..; = (1,0),
Ao =1, T, =(0,1), T]; = (1,0) and T7, = (0,—1). We get fi = fiy = px, and flp = jix,.
The chemical potential fis = px, is given by the equation 0 = —Js + J. = —(—Ria Apy +
Ry App)/(Ry Ry — R%,) + J. that can be solved to fi; = ji+ Ry J, — Ria Ry (Rya Jo — i+ fie.a)-
The reduced system matrices are N = —1, N, = (1,0, —1), S = 1 and R = R;. The new input
vectors are JI = (J,,0,0) and fil = (fte.a, —Ri2 J.). The new clamped fluxes introduced by the
reduction are zero and can be omitted. The reduced system contains an additional clamped
potential — Ry, J, that depends on the clamped flux J,. Due to the quasi-steady state of X, the
flux via reaction 2 is effectively clamped: Jo = J.. Because the resistance matrix R contains
off-diagonal elements, the clamped flux J, has a direct influence on reaction 1. This influence
can be modeled by introducing an additional clamped potential. Usually the resistance matrix
is diagonal, i.e. R15 = 0. Then, an extension of the clamped vectors is not necessary since the
additional inputs are zero. In this cases the reduced system corresponds to the reaction network

02 X, 2 (A).

§ 4.56 (Transformation of the entropy production). The entropy production of the internal
fluxes is not invariant under the above described reduction method. In Example |4.55| with
Ry = 0, the original entropy production is o[s] = (ux, — px,) Jo + (ux, — fe,.a) J1 whereas
in the reduced system it is o[5] = (fi — pren) J = (px, — ftea) J1 < o[s]. The reason for this
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difference is that certain fluxes (in the example J5) are directly determined by the boundary
conditions and thus lose their status as internal fluxes.

§ 4.57 (Invariance of the Gibbs energy). The Gibbs energy is invariant under the reduction in
Corollaries and 4.51f dg = p" de = (i" T.1 + 3 T,2) de = p* T,1 dc = p" dé = dg because
Tc72 dec = 0.

Example 4.58 (Michaelis-Menten kinetics). Example [4.46] (p.[67) shows that the solution of
a thermodynamic model is not unique if all compounds X; in a conservation relation are in
quasi-steady state. In this case no matrix Ty with T.o N Ty, = I exists (see p.[71).
However, such a situation occurs when deriving enzyme kinetics where the free enzyme and
the enzyme complexes are quasi-stationary. Such cases can be treated by first applying a
reduction of conservation relations (see Corollary , p. to the original system with a
non-singular dc/dp. In the resulting, reduced system, one approximates dc/du by a singular

matrix and applies Corollary (p.[69) or Corollary (p.[70) to reduce the system. We
will demonstrate this procedure by means of an example.

Consider the reaction system (A) + FE Dpa 2 (B) 4+ E that describes the overall re-
action A = B catalyzed by the enzyme E. The compounds are in an ideal dilute solu-
tion ¢; = ¢ exp((u; — p3)/(R*T)) for i € {E,EA}. The two reactions can be described
by mass-action kinetics, i.e. the resistance matrix is diagonal with diagonal elements R; =

p1 Ro((pea + pg)/(R*T), ppa/(R*T)) and Ry = po Ro(ppa/(R*T), (up + pe)/(R*T)). With
' = (cg,cpa)’ and pro = (pte.a, ple.p) the stoichiometric matrices are

N:(—l +1>’ S:<—1 0).
+1 -1 0 1

We apply Corollary (p. with T.o = (1,1) and T,.; = (0,1). This yields ug = fi2 and

ga = ft + fi2. The conservation relation
¢+ cpa = ¢ exp((fiz — pip) /(R T)) + ¢ exp((fi + fiz = pipa) /(R°T)) = cjg’ = const

can be solved to

ctEot/co
exp(—pp/(R*T)) + exp((i — pia)/ (R* T))) '

Substituting these results into the equations ¢ = cg and ﬁil = R; and Rg = Ry yields

() exp((7 = i)/ (R* 7))
e (i) [ (R T) + exp( = ) /(R )

5o~ c — Ik = Hpa PeA L
Ry (fi, pe) = pr- = - E_EAN ) LR, [ £en ,
(o pe) = (GXP(R*T)“X"< BT )> (R*T R*T)

5 c — g = Hpa L peB
Ro(fis pte) = po- —— - K= Fpa)) g, ,HeB )
271 pe) = P2+ i (eXp (R*T)+6Xp< RT )) (R*T R*T)

fi2(fi, pre) = R* T log (

and
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The reduced stoichiometric matrices are N = T.1 N =(-1,1) and S = S. The reduced system

. : . T . T - .
can be written as a reaction equation (A) = EA = (B) where EA symbolizes the compound

with concentration ¢ = cg4 and chemical potential fi.

Above we used the conservation relation c¢g + cpa = ¢} = const to reduce the system. Now,

we assume that the total enzyme concentration ¢}’ is very small such that we may approximate

¢(fi, pre) = 0 and thus 9¢/0p = 0. We apply Corollary (p69) with Ty = (), T = 1,
T;n = (L, 1)" and Ty, = (0,1)". Thus, the reduced system does not contain an internal

compound N = (). The matrix S = STy, = (—1,1)T describes the reduced stoichiometry
(A) = (B). The quasi-steady state condition is

0= (:ue,A - ﬂ)/Rl (ﬂa Me,A) - (ﬂ - ;ue,B)/RQ(ﬁv ;ue,A)

(. s (. S

Vv Vv
J1 J2

and can be solved to

A= BT log <,01 exp(up/(R*T)) + p2 exp(pa/(R* T))) .

p1+ p2

Computing the reduced resistance fi(ue) yields

R(ue) = T7, RTj =R+ Ry =

P0 PA

A A

c° —[ig c —UEa e, A
= <(P1 + p2) Ct_ﬁt exp (R*T) +p20t_b£’t exp ( T ) exp <W>

c” —Hpa (ue,3> ‘ (,Ue,A ue,B>
O eXp(R*T>eXp RT ) B\ T "1

N J/
-~

PB

This resistance is equivalent to the resistance of a reversible Michaelis-Menten kinetics that was

derived in Example (p.[A3).

4.2.2.2. Reduction of the Kinetic Submodel

If the thermodynamic resistance matrix R(u, i) gets singular, forces Ay in the null space of
R(p, i) would lead to infinite fluxes J that counteract the forces. For this reason such forces
Ap do not occur. Thermodynamic forces Ay lie in the column space of the resistance matrix
R since Ay = RJ. If the resistance matrix R is singular, the forces Au and thus also the
potentials i only can lie in a subspace of R and R, respectively. These constraints can be
used to reduce the model. A singular resistance matrix is equivalent to the rapid-equilibrium
assumption of the reaction fluxes in the null space of R(u, pt.).

§ 4.59 (Singular resistance matrix). For generalized mass-action kinetics, the resistance matrix
R is diagonal and the diagonal elements R; are strictly positive. Thus, R cannot be singular.
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4. Transformation and Reduction

However, if some reactions proceed rapidly compared to others, i.e. their resistance R, is very
low, the matrix R will be nearly singular and can be approximated by a singular resistance
matrix where certain diagonal elements are zero. If a diagonal element of the resistance matrix
is zero, the corresponding force vanishes since Ap; = R; J; = 0. This means that the reactants
and products of reaction j are in thermodynamic equilibrium. However, the flux J; is not
zero. The assumption of a singular resistance matrix is equivalent to the rapid-equilibrium
assumption in the traditional kinetic modeling approach.

We first discuss the existence and uniqueness of the solution of a system with singular re-
sistance matrix. Then, we give a method to reduce models with singular resistance matrices

R.

§ 4.60 (Column and row space of R(u, fte)). In an ideal dilute solution with mass-action kinetics,
the resistance matrix R is diagonal and all diagonal elements are positive and thus span(R) =
R7%. Since the resistance matrix R is diagonal, its row space and column space are equal:
span(R) = span(RT). If the kinetic constants of a reaction, say reaction jj, are very large
(kyj, — ©00), the resistance is very low (Rj, — 0). In the limit the column space loses one
dimension and we have span(R) = span(es,...,ej_1), where e; are the coordinate vectors
of R/, Although in general R is a function of p and ., the column space of R is usually
independent of 1 and p.. This means that span(R(u, i) = span(R(u/, p.)) for all i, pre, 1 and
gt If a system with a constant span(R (s, s1.)) is linearly transformed (see Corollary 1.2 p.[52)
then the transformed space span(R) = span(T7 RT)) is also constant. A constant column
space of R is a common property and strongly simplifies the computations because we can use
methods from linear algebra to study such problems. In particular, we can determine a constant
kernel matrix T2 of R(u, pe) with R(u, p1e) Ty2 = 0 and use this kernel matrix to compute the
reduced systems. In the following paragraphs we will only consider matrices R(u, ) with a
constant column space.

Corollary 4.61 (Existence of solution). Let M be a thermodynamic system with a singular
R(p, pte). A necessary condition for the existence of a solution at p and p. is that

ST pie € span(R(p, p1e), N).

Proof. Due to the equation R.J = Ay = —NT y — ST ji, we have that STy, = —RJ — NT p.
This means that the vector ST p, lies in span(R(u, ie), NT). Thus, for any pair 4 and p,. that
does not fulfill the given condition the equation R J = Apu cannot be fulfilled. n

Example 4.62 (Conflicts among clamped potentials y.). Corollary states that one cannot
have rapid-equilibrium between clamped potentials that are not in equilibrium. An example will
clarify this. Consider a system that contains the reactions (A) = B = (C) with the resistances
Ry = Ry = 0. Assume that the chemical potentials of A and C are clamped and not equal
e, # fte,c. Then, the equations R; J; = Ay, read 0 = pe a4 — pup and 0 = pp — ptec. Thus,
the assumption R; = Ry = 0 physically contradicts the assumption g 4 # ptec. Consequently,
the corresponding model equations do not have a solution.
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4. Transformation and Reduction

Example 4.63 (Resolving conflicts of p.). In the above example a solution only exists for
fe.s = Jte,c. However, the clamped chemical potentials are inputs of the system. A system
description that imposes constraints on the inputs is not consistent with the usual systems-
theoretical paradigm that inputs can be chosen in principle independently of each other. Most
likely such models only occur due to modeling errors since the assumption of an independent
clamping of two rigidly coupled variables is contradictory. Such situations can be easily resolved
by either (1) unclamping one of the affected potentials or (2) setting one resistance R;(f, fte) in
the conflicting pathway to a strictly positive value. Which one is more appropriate depends on
the observed system dynamics. In the example this means that (1) e.g. pc is unclamped or (2)
e.g. reaction 1 is not assumed to be in rapid equilibrium (R; > 0). In the case (1) the equality
fea = o is enforced by the rapid-equilibrium conditions. In case (2) no equality condition
between f. 4 and fi. ¢ exists.

Definition 4.64 (Kinetically conflict-free networks). A thermodynamic system M with
span(S™) C span(R(y, i), N")

for all p and g, is called kinetically conflict-free since then the necessary condition from Corol-
lary for the existence of a solution is structurally fulfilled.

§ 4.65 (Resolving conflicts). Conflicts occur if span(ST) D span(R(u, pie), NT), i. e. if the system
is not kinetically conflict-free. As is discussed in the example, there are two possibilities for
resolving possible conflicts: (1) Unclamping of potentials means to move a row of the matrix S
to the matrix N. Thus, the space span(R(u, ), N7) gets larger and the space span(ST) gets
smaller. (2) If one sets resistances R; of reactions in a conflicting pathway to strictly positive
values, the span(R(u, p1.), NT) gets larger, but the space span(S?) does not change. Thus, by
correcting the model in these ways, one eventually arrives at a structurally conflict-free system
description with span(ST) C span(R(u, ), NT).

§ 4.66 (Assumption of non-conflicting ). We discussed above that systems with conflicts
between clamped chemical potentials coupled by rapid-equilibrium assumptions are physically
meaningless. In a thermodynamic model M such conflicts can be easily resolved. Thus, for
further analysis we may assume that no conflicts between clamped variables and the rapid-
equilibrium assumption occur and that the system is kinetically conflict free. Because we
assume a constant column space of R(u, i), this assumption is equivalent to the assumption
that for every value of the clamped potentials p. the equation

R(M:/Le) J+NTM+ ST,ue =0
has at least one solution (.J, u).

§ 4.67 (Consistent initial conditions py and p.p). We discussed above that Corollary
restricts the combination of rapid-equilibrium assumptions and the clamping of chemical po-
tentials. It also restricts possible initial conditions. If the relation given in Corollary is
violated by the initial conditions py and o, no solution starting at po and p. exists.
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4. Transformation and Reduction

Example 4.68. Consider the network A é B é C with R; > 0 and rapid equilibrium for
reaction 2 (Ry = 0). This means that ugp = puc. Thus, we cannot have initial conditions

KUB.o i Hco-

§ 4.69 (Choice of initial conditions). The consistency conditions for initial chemical potentials
1o form a linear equation system. Thus, from a mathematical point of view, it is not difficult
to choose consistent initial conditions. However, it may be rather tedious since the consistency
conditions depend on the clamped potentials .o and on the null space of the resistance matrix
R. Both properties typically change during the modeling process or even from simulation to
simulation. Often a modeler does not want to spend too much effort in the choice of initial
conditions. An implementation of the model reduction method should support the computation
of consistent initial conditions from user-supplied, potentially inconsistent initial conditions. In
the following paragraph, we develop an easily automatable method for the computation of
consistent initial conditions.

§ 4.70 (Computing consistent initial conditions from inconsistent initial conditions). Systems
with initial conditions that are not near the thermodynamic equilibrium of the rapid reactions
undergo rapid relazation dynamics. In the short relaxation time, the fast fluxes go to equilibrium
and the effect of the slow and the clamped fluxes is negligible. Let T;5 be a kernel matrix of R
with RT;9 = 0. The rows of T';5 span the space of rapid fluxes. During the relaxation time of
the rapid fluxes we can neglect the slow fluxes and we have J € span(7}3). We further neglect
the clamped fluxes and thus get ¢ € span(N T5). During the relaxation time the conservation
relation 7., c = 1.1 co holds. Here, T.; is a left kernel matrix of NT)o with T.; NT;, = 0.
Let g and o be the user-specified, inconsistent initial conditions and the adapted, consistent
initial conditions, respectively. From the invariance of the conservation relations, we have that
Teqc(pos peo) = Teqc(ph, freo). From RJ = Ap we conclude further that consistent initial
conditions fulfill the equilibrium condition T, Ay = =T7, ST peg — Ty N j1g = 0. These two
equations allow the numerical computation of consistent initial conditions p from user-defined,
inconsistent initial conditions ).

Corollary 4.71 (Possible non-uniqueness of the fluxes J). Let M be a thermodynamic system
with a singular R(u, p.) and let

X = null(R) Nnull(N) # {0}.

Let AJ(t) be an arbitrary trajectory in X, i.e. AJ(t) € X for allt. Further, let c(t), u(t), Au(t)
and J(t) be a solution of M for given inputs pi.(t) and J.(t). Then, the trajectory characterized
by c(t), p(t), Au(t) and J(t) + AJ(t) is also a solution of M for the inputs p.(t) and J.(t).

Proof. The fluxes J enter the model equations in the mole balances ¢ = N J + N, J. and in the
kinetic equations R .J = Apu. Both equations are independent of AJ(t):

c=N(J+AJ)+N'J,=NJ+NJ,
Au=R(J+AJ)=RJ.
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Thus, if the flux vector J fulfills these two equations, the flux vector J + AJ also fulfills the
equations. n

Example 4.72 (Non-unique fluxes). The case discussed in Corollary occurs if all reactions
in a stoichiometric cycle have resistance 0. Consider a system with the reactions

0 L 4L gl p)

J3 ,\\’C// Jo

Assume that the resistance matrix is constant and diagonal with diagonal elements Ry, Rs, R3
and R4. For the sake of simplicity we only consider the steady state. In steady state, we have that
J. = Ji—J3 = Ji—Jy = J4. Stoichiometrically possible flux distributions are linear combinations
of the two flux distributions J? = J,(1,0,0,1) and J = J, (0, —1,—1,1) with J = z, J, +x3 J,
and z, + z, = 1. Their relative contributions z, and z, to the flux distribution depend on
the resistances. We have that Ry J, = Ry J. ¥y = pia — pp, RoJo = — Ry Jox, = up — e and
R3 J3 = —R3 J.xp, = pic — pra. Summing up the latter two equations and dividing the result by
the first equation yields (Ry+ R3) J. 2 = pa — pp and z,/x, = (Ra+ R3)/ Ry, respectively. The
lower the resistance R;, the more the flux distribution .J, via reaction 1 is favored. The lower
resistances Ry and R3, the more the flux distribution J, via reactions 2 and 3 is favored. If the
resistances along the cycle are zero Ry = Ry = R3 = 0, the ratio x,/x; is undetermined and
the model equations do not uniquely determine the fluxes Ji, J, and J3. However, the model
equations uniquely determine J;, = J.. They also uniquely determine p4, g and pe and thus
ca, cg and cc. From Ry Jy = pup — pep and Jy = J. we get pup = pe.p + R4 J.. With the
equilibrium conditions this leads to pa = g = pe = pte,p + R4 J.. Thus, the non-uniqueness is
limited to the fluxes .J;, Jo and Js.

§ 4.73 (Feasibility of non-unique fluxes). In the above example, we could not determine the
ratio z,/x, for Ry = Ry = R3 = 0 . Thus, from a mathematical point of view, all x, and
xp with z, + 2, = 1 define valid flux distributions. However, if we acknowledge the fact that
zero resistances are a limit case with R; = p; e with p; > 0 and € — 0, we get the additional
condition that the ratio x,/x, = (Ry + R3)/R1 = (p2 + p3)/p1 is positive. Thus, z, and z; are
restricted to 0 < x,,x, < 1. This means that further physical constraints for non-unique fluxes
exist that are not modeled by the equations with R; = 0. This thesis does not further explore
these constraints since for simulation one usually will either avoid situations with non-unique
fluxes or ignore their values.

§ 4.74 (Model-reduction of non-unique J). The reduction method that is presented below can
deal with thermodynamic models with non-unique fluxes J. The reduced-order model has a
unique solution. However, the reconstruction of the original fluxes J from the reduced fluxes J
is not unique.

§ 4.75 (Models with non-unique J). Corollary and Example show that it is problematic
to set all resistances along a cycle to zero. Then, the model equations do not contain information
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about the relative contributions of the different, stoichiometrically equivalent pathways through
the network. However, the non-uniqueness is limited to the fluxes J. Since the different possible
fluxes have the same stoichiometric effect, concentrations ¢, potentials 1 and forces Ap can be
uniquely determined. Such a non-uniqueness of some model variables is unusual, but is not
necessarily problematic. Consider a network function, e. g. the production of a precursor, that
can be performed by two stoichiometrically equivalent pathways. Then, the network contains
a cycle. If the reactions in both pathways are fast compared to the time scale of interest,
the rapid-equilibrium assumption can be used. Then, the relative contributions of the two
alternative pathways to the production of the precursor cannot be determined. However, the
overall precursor production can be uniquely computed. This non-uniqueness is acceptable if
the contributions of the respective pathways are not in the focus of interest.

§ 4.76 (Avoiding non-unique fluxes J). A modeler can avoid situations with non-unique fluxes
J by removing one reaction in the cycle, or equivalently setting the resistance of one reaction in
the cycle to a strictly positive value. Then, only one branch of the cycle is used. If the relative
contributions of the different branches of the cycle are of importance, the rapid-equilibrium
assumption cannot be used for all reactions in the cycle, but one needs to assign positive values
to at least one resistance in every branch of the cycle.

§ 4.77 (Model reduction). For model reduction we transform the system with a partitioning
transformation of concentrations and fluxes into a form where Aji; = 0 and where i only
depends on the clamped potentials p.. Then, the equations of the second subsystem can be
easily solved and the subsystem with subscript 1 forms the reduced model. The details are
discussed in the following corollary.

Corollary 4.78 (Rapid equilibrium assumption). Let M be a kinetically conflict-free thermody-
namic model (see Deﬁmtion p.140 and Definition p{73). Further, let Ty = [Ty1,T2],

TI = [T, T, Ac and Aj be square and invertible matrices with
RT3 =0, T.iNTj=0, rank(T.o N Tys) =rank(T,2), ToiA T}, =0, T7,A;Ty5=0.

Then, the dynamics of M can be reconstructed from the dynamics of the reduced system M with

N =T, NTy,, S =8 (T — Ty inv(Too NTy2) Too N Ty1),
Ne = Tc,l N, fo = inVi;1<Tc,1) Ho,
C(jt, pre) = Tep g, pre), R(fi, pre) = Ty R(p, pre) Tia
where
¢ = c(p, pe), H= Tgl = Tc:,FQ inVT(Tc,2 NTj») T}:Q S pre
J =Ty J+ Ty Jo, Ap = inVA;1(T}:1) Af
and

jg = iHV(TQQ NTJ72) Tc,Z (C - NTJJj — Ne Je) + Ajg
with any AJy(t) € null(T,o N Tys).
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Proof. Transform M with the given partitioned matrices T, and T; (see p.. The system
M, with subscript 1 corresponds to the reduced system M. The corresponding model equations

are
&= (TaNTp) - HTaN)
o= (TeaNTy1)Ji +(TeoNTyo)Jo +(Teo Ne) Je,
Ajiy=—(T.a NTy1)" i —(Tea NTy1)" fia —(STy1)" pee,
Afly = —(Tc,z N TJ,2)T flo —(S TJ,Q)T Me, (4 4)
A/ll = (Tfl RTJJ) jl;
Aﬂ? = O)
1 (:&7 :u€> = TC,l C(Tg:l ﬂl + ch:2 ,&27 ,u€>7
Ca (/}H :U’€> = TC,Q C(Tg;l /:Ll + ng [j’?a :U’€>’
Thus, we get a linear relation
0=Afiyg = (Tea N Tyo2)" fig + (S Ty2)" pre (4.5)

of fi; and p.. Because the system is kinetically conflict-free the equation RJ = —N7T pu— STy,
has at least one solution p (, p. Premultiplying this equation with T}:z and substituting

4.5, This means that the solution vector fis of Equation
exists for every p.. The solution fis of this equation is unique because 1. N T';5 has full row-

p= T i+T}, jiz leads to Equation
rank. Premultiplying the equation with inv} (7,5 N T;5) with a positive definite and symmetric
matrix A yields the solution

fio = —invy (Toa N Ty2) T75 ST e

Because the solution is unique, it is independent of the choice of A and the subscript A can
suppressed. Using this result we get

Afy = —(T.a NTy)" fiy — (—(Toa N Ty1)" inv? (T.o N Tys) T}; ST+ T}fl STY e

- /

v N~
NT T

With these equations and using (p., the derivation of the reduced model M is straight-
forward. As we already discussed before, the reconstruction of the fluxes J from the reduced
fluxes J may not be unique. We can reconstruct the fluxes J, from the balance equations
¢, = ... in Equation . If the matrix 7.5 N T';5 is not quadratic, the solution is not unique.
The expression for the reconstruction of J, that is given above can be easily derived using

Corollary (p-29). O

§ 4.79 (Computational complexity of the reduction). The model reduction of systems with a
singular resistance matrix requires only basic operations from linear algebra (matrix multiplica-
tion and inversion). The reduction does not involve the solution of non-linear equations. Thus,
the application of the reduction method can be easily automated.
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§ 4.80 (Computation of transformation matrices). Suited matrices Ty, T2, Tr1, Tr2, Ac and
A can be gained easily by computing kernel matrices and inverses: (1) Compute 75 as a kernel
matrix of R with RT;o = 0. If R is diagonal T}, consists of unit vectors e; for every flux j
with Rj; = 0. (2) Choose an arbitrary invertible, symmetric Ay, e.g. A; = I; compute T;; as
a right kernel matrix of T}:Z Ay with T}:z A;T;; =0. (3) Compute T, ; as a left kernel matrix
of NT;5 with T,y NTj;5 = 0. (4) Choose an arbitrary invertible, symmetric A, e.g. A, = I;
compute T, as a right kernel matrix of T, ; A, with T.; A, T}, = 0.

Since T is constructed as a left kernel matrix of N 75, the row space of T, is equal to the
left null space of N'T);,. Since the rows of 1;; and T¢ 5 form a basis of R, the row space of T
does not contain vectors in the left null space of N T';,. Thus, the matrices constructed above
fulfill the rank condition: rank(7.o N T';5) = rank(7,).

If N'T}5 has full column rank, the fluxes in the system are unique. In this case it is most con-
venient to compute T, as a left inverse of N T with T.o N Typ = I, i.e. T, 5 = inv} (T7,NT).
Then, the reduced model equations and the relations for reconstruction of the original variables
get much easier than in the general form given in the corollary.

§ 4.81 (c(p, te) vs p(c,ce)). Definition (p.[A0) uses the function c(y, pte) to describe the
relation of the chemical potentials ;1 and the concentrations c. Alternatively, one could express
this relation by a function pu(c,c.). The following considerations show that the use of the
function c(p, pe) is advantageous with respect to the rapid-equilibrium assumption. For the
sake of simplicity, the considerations are restricted to closed systems with p. = ().

The rapid-equilibrium conditions 7T’ fQA,u = _T}:Q NT i = 0 are linear in the chemical po-
tentials and thus their solution p = Tgl i is straightforward. Using this result, one can easily
express the relation of the concentrations and chemical potentials in the reduced system by
¢(fi) = To1 e(T) f1). In contrast, the rapid-equilibrium conditions are non-linear in the concen-
tration 77, Ay = —T7, N p(c) = 0. For this reason, a parameterization c(¢) of the solution
set of this equation with independent parameters ¢ cannot be determined easily. This means
that the rapid equilibrium assumption is more difficult to perform when using the function p(c)
instead of ¢(u) to express the relation of ¢ and p. For this reason, Definition (p.{40) uses
the function ¢(u, pe).

§ 4.82 (Invariance of entropy production). The entropy production is invariant under the above
described reduction. With the expressions for the reconstruction of the original variables (see

Corollary [4.78)) we get
ols]| = Au" J = Ap” invf_l(TJTl) (T J+ T jg) = A" J = o[s].
J b

§ 4.83 (Transformation of the Gibbs energy). The differential of the Gibbs energy is not in-
variant under the above described reduction: dg = p* dc = (g T.; + dul M) dec = " T, dc +
dul M de = p* dé + dul M de = dg + dul M de with M = ST;o inv(T.o N Tj2) T.o. The dif-
ference occurs because the reduction removes internal compounds that are in rapid-equilibrium
with external compounds.
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Example 4.84. Consider the network X, EiN Xo 2 X3 with ¢; (i) = ¢ exp((p; —pl)/(R*T)),
Ry(p) > 0 and Ry(u) = 0. The network is characterized by

-1 0

N (o) =
0 1

The model can be reduced by the matrices

1 0 1 00
J1 (0) ) J2 (1) ; el (0 1 1) ) 2 (0 1 1)

with A, = [ and A; = I. This leads to puy = i1, pe = fig and pug = fis. The reduced model is
characterized by

N = <:&) : R(fi, pie) = R (. pe), (2%5: Zj) - (Cz(ﬂj)lflc)g(ﬂﬂ) .

. 5 Joo - - .
This reduced model corresponds to a network X; = Xy where ¢; = ¢ and ¢y = ¢+ ¢3 is a pool
of X9 and X5.

4.2.3. Reduction of the Boundary Conditions

The methods for the translation of the chemical potentials (Corollary p. and the fluxes
(Corollary |4.15| p. provide us with a possibility to reduce the size of the matrices S and N,
that describe the boundary conditions of the system.

4.2.3.1. Reduction of Clamped Potentials

In certain systems with constant clamped chemical potentials, we may reduce the number of
columns of the matrix S and thus the number of clamped potentials p. by a suited translation
of the chemical potentials. Clamped chemical potentials model the boundary conditions of
open systems. One can distinguish between two kinds of clamped potentials. (1) The system
A+ (ATP) = B+ (ADP) + (P) can reach thermodynamic equilibrium (Ap = pa — up +
e, aTP — e aADP — fte,p = 0) for all values of ji arp, tie app and . p. (2) In contrast the system
consisting of the reactions A + (ATP) = B + (ADP) + (P) and A = B realizes a futile cycle
that will not reach thermodynamic equilibrium for pte arp — fte app — fte.p # 0. The first system
class behaves similar to a closed system and thus its model can be reduced to a closed system
described by the reaction equation A = B. In a large system, clamped chemical potentials of
both types may occur. The following corollary describes how such systems can be treated. This
is helpful to remove ubiquitous compounds as for example water or protons from the system
description.
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Corollary 4.85 (Reduction of clamped potentlals) Let M be a thermodynamic model (see

Definition H @) with ST = (ST,57), ul = (uly, uly), and pey = const. Let oy and dficy
be constant vectors with NT 5y + ST Opten —l— ST pes = 0. Then, the solution of M and of a
system M with

N:N7 SISl? Ne:Neu
&(fi, fie) = c(fi = Opt, (fie = Optens, pe2)), R fie) = R(fi — Oy, (fie — Optens pre2))s  fio = pro + Op

are equivalent. The solutions of M can be reconstructed from the solution of M with the following

equations:

c=¢ = fi—ou, J=J, Ap= A fle1 = fle — Ofic.
Proof. Apply Corollary - p. 54) with the translations du and dul = (§pe1, —pte). Then, we
have fi. o = 0, which can be omitted. O

Example 4.86. Consider a system A + (X) = B with ¢; = ®exp((i; — p5/(R*T))) and
constant . x. We have N7 = (—1,1) and S = —1. We set S; = () and S, = —1 and get the
condition —dp4 + dpp — pe,x = 0. We choose dup = 0 and get d0pug = —pte, x. The reduced
system is A = B with & = ®exp((fi; — i) /(R*T)), ji% = p% — pe.x and ji = p%. Observe
that in the example the reduced system is closed, but the original system is open because the
clamped potential of X is reduced from the system.

§ 4.87 (Entropy production, Gibbs energy). Being a pure translation of chemical potentials,
the above reduction method preserves the entropy production, but not the Gibbs energy of the
internal compounds: dg = i’ dé = p* de+ dp” de = dg + Su” de. With suited initial conditions
this can be integrated to § = g + du’ c.

§ 4.88 (Legendre Transformation). Alberty [1I, 2, 3] suggests the use of Legendre transforms of
the Gibbs energy as a convenient way to study the thermodynamics of systems at constant pH
(npg+ = const), water activity (um,0 = const), ATP-ADP-energy gradient (fiarp, tapp = const)
or with a constant chemical potential of other compounds. Thus, the use of Legendre transforms
and of Corollary is equivalent because both provide a way to remove compounds with a
constant clamped potential from the system description. In order to understand the relation of
Corollary to the use of Legendre transforms, it is instructive to consider the total Gibbs
energy of the internal and external compounds ¢'**. For the sake of simplicity, we assume
that pe.o € R and p.; = (). Then, ¢'" is defined by dg'* = p” dc + pesdces where c.o is
the concentration of the clamped compound. The total Gibbs energy of the reduced system
is given by dg*" = p"dé = dg'" + op” de — plydeey. Let a € R™ be a vector such that
NTa + ng = 0. Then, a possible choice for the translation vector is dpt = —a .2 and one
gets dg't = dg'" — ieo (a” dc + dcs). Note that the expression ¢, = a’ ¢ + c.» describes a
conserved moiety of the system defined by the stoichiometric matrices N and S, 2. For constant
ez, it follows from dg' = dg'* — .o de, that " = ¢'" — pie o c.. In this representation, one
sees that ' is a Legendre transform of g™ (see [1H3, 23]). This means that the application of
Corollary is equivalent to the use of a Legendre transform of the Gibbs energy.
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4. Transformation and Reduction

4.2.3.2. Reduction of Clamped Fluxes

Similarly to the reduction of the size of S by a translation of chemical potentials, we also may
reduce the number of columns of N, by a translation of fluxes. This is equivalent to the pooling
of clamped fluxes.

Corollary 4.89. Let M be a thermodynamic model (see Deﬁmtion p.@) with a partitioned
matric N, = (Ne1, Ne2) and vector JI = (J1,,J%,). Let §J and 6J.1 be vectors with N 6.J +
Nei16Jey + NeoJeo =0 and RoJ = 0. Then, the solution of M and of a system M with

N:N’ g:S, Ne:Ne,la
E(ﬂa ﬂe) = C(ﬂ? ﬂe)a R(laa /16) = R(/L, Me)a IELO = Mo

are equivalent. The solutions of M can be reconstructed from the solution of M with the following
equations:

c=7¢ L=, J=J—-4J, Ap = AL, Jor=J,— 0,1

Proof. Apply Corollary (p. with the translations 6.J and §J! = (6.J.1,—Je2). Then,
we have J, 9 = 0, which can be omitted. O

Je, Je,
Example 4.90 (Non-singular R). Consider a system with 0 % A and 0 % A. Then, we

have N, = (1,1). We set N.; = 1 and N.o = 1. Thus, we have 6.J.; = —J.5. The reduced

Je, I . . . .
system is 0 ;14 A with J.1 = Je1+ Jeo. Thus, in this case, the reduction method is equivalent
to a simple pooling of clamped fluxes.

Je -
Example 4.91 (Singular R). Consider a system with 0 % A2 (B) (see Example [4.18|

p.. We have that N = —1, N, =1, S =1 and R = 0 and choose N.; = () and N,y = L.
Thus, we have 0J = J.. The reduced system is A g (B). In this example, an open system

could be reduced to a closed system. By applying Corollary (p. we could further reduce
the system.

§ 4.92 (Entropy production, Gibbs energy). Being a pure translation of fluxes, the above
reduction method preserves the entropy production and the Gibbs energy (see §4.16] p..

4.3. Conclusions and Discussion

This chapter introduced a series of model transformation and model reduction methods for
thermodynamic models. According to Definition (p., a thermodynamic model M is
characterized by a set of matrices and functions: The stoichiometric matrix N defines how the
reaction fluxes act on the compounds. The stoichiometric matrices S and N, define how the
clamped potentials and fluxes act on the system. These matrices model the boundary conditions
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compound based reaction based

conservation relations (Section 4.2.1.1 stoichiometric cycles (Section 4.2.1.2
NTy=0, N'v=0 Nv=0,Sv=0

thermodynamic submodel (Section 4.2.2.1} kinetic submodel (Section 4.2.2.2
quasi-steady state assumption) rapid- equilibrium assumption)
(Oc/Ou)v =0 Rv=0

clamped potentials (Section |4.2.3.1)) clamped fluxes (Section |4.2.3.2))
NT01+STv2:0 NUl—f-Ne’UQ:O

Table 4.1.: Rank deficiencies of system matrices and the according reduction methods. The
reduction methods are applicable if vectors v, v; and v, exist such that the conditions
given in the table are fulfilled.

of the system. The resistance matrix R(u, ) characterizes the relation of the thermodynamic
forces and the fluxes. The thermodynamic state function c(u, i) gives the relation of the
chemical potentials and the concentrations. Thus, the matrix dc/0u relates the changes of
chemical potentials and concentrations.

The functions and matrices describing a thermodynamic model can be transformed into other
coordinates such that the trajectories of the transformed and of the original model are equiva-
lent. The transformation methods introduced in Section (p.[p1) are designed such that the
transformed system can be written as a thermodynamic model. Based on the transformation
methods, Section , (p. derived model reduction methods. Model reduction is possible if
the matrices describing a thermodynamic model have rank deficiencies. In this way, we can
reduce the stoichiometric, kinetic and thermodynamic submodel, as well as the boundary con-
ditions. We can derive an equivalent model with smaller, full-rank matrices and less variables.
The following paragraphs compare the different model reduction methods and discuss their
practical usability.

§ 4.93 (Duality of the reduction methods). The methods for the reduction of singular network
matrices appear in pairs (see Table . One method in a pair is associated with properties
of compounds and one with properties of fluxes. The methods in a pair are partly dual to
each other, in the sense that there are similarities in their application. However, the duality is
not strong in the sense that the solution of a problem is equivalent to the solution of its dual
problem.

§ 4.94 (Application and usability of the reduction methods). Model reduction is performed for
three main reasons: (1) simplification of the simulation equations; in particular, reduction of the
numbers of state variables; (2) reduction of the number of parameters; in particular, reduction of
the badly identifiable parameters; and (3) reduction of the stiffness of the equations. However,
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reduction of the reduction of the number of  reduction of computationally
state variables ~ parameters stiffness cheap
conservation relations -+ - - -

stoichiometric cycles - - - ,

thermodynamic submodel + + + -
kinetic submodel + + +

clamped potentials - - -

+ 4+ o+

clamped fluxes - - -

Table 4.2.: Comparison of the reduction methods.

these advantages have to be seen in comparison to the computational costs of the reduction.
Some of the developed reduction methods require the solution of a nonlinear equation which
can be computationally expensive. The following paragraphs discuss these critical points for
the reduction methods. The results of the discussion are collected in Table [4.2

§ 4.95 (Reduction of the number of state variables). The state variables of the simulation equa-
tions are the chemical potentials y1; or the concentrations ¢; (see §3.5 p.[41). The dimension of
the simulation equations depends on the number of compounds ig. The reduction of stoichio-
metric cycles lowers the number of reactions but not the number of compounds. The reduction
of conservation relations lowers the number of compounds ig by the number of conservation
relations. The number of compounds 7, is also lowered by the reduction of the thermodynamic
and the kinetic subsystems, i.e. the quasi-steady-state and the rapid-equilibrium assumption.
The reduction of boundary conditions only lowers the number of inputs to the system.

§ 4.96 (Reduction of the number of thermodynamic and kinetic parameters). The parameters of
thermodynamic models are the stoichiometric coefficients and the parameters of the functions
c(p, pe) and R(p, ). Table only refers to the number of parameters of the functions
c(u, pe) and R(p, pie). The stoichiometric coefficients are usually much better known than these
parameters and thus the knowledge of thermodynamic and kinetic parameters is the limiting
factor for modeling. A reduction of the number of parameters is particularly advantageous
if one does not need to assess the parameter values of the original model to formulate the
reduced model, i.e. if one does not need a fully parameterized detailed model to derive the
reduced model. Then, one can perform reduced-order modeling rather than model reduction.
The reduction of boundary conditions and of the stoichiometric submodel lower the size of the
stoichiometric matrices and thus only the number of stoichiometric coefficients. The reduction of
the thermodynamic and the kinetic subsystems are always approximative because real systems
do not have singular matrices R and d¢/0u. In natural coordinates, these matrices are diagonal
and non-singular. For the approximation of non-singular matrices R or dc/0u by singular ones,
one does not need to assess all elements of these matrices. In particular, the exact values of
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the small entries in the vector c(u, i) and the matrix R(u, i) need not to be known. It is
sufficient to know that these entries are small enough to be approximated by zero. Thus, the
methods for the reduction of the thermodynamic and the kinetic submodel provide a possibility
for reduced-order modeling because they allow the formulation of the reduced model without
quantitative knowledge of all parameters of the original model.

§ 4.97 (Reduction of the stiffness). A differential equation system is stiff if it describes dynamics
at a fast and at a slow time scale. Models of reaction networks tend to be stiff because kinetic
constants can vary over a large range. Although the matrices R and dc/0u are in real systems
always positive definite, they are often nearly singular such that the system is stiff. If it
is possible to approximate the system dynamics using singular matrices R and dc/du, the
stiffness can be reduced by the introduced model reduction methods. Thus, the reduction of
thermodynamic and the kinetic submodel leads to a reduction of the stiffness of the equations.
The other model reduction methods do not change the stiffness of the system.

§ 4.98 (Computational costs of reduction). The methods for the reduction of the kinetic sub-
model and of the clamped potentials and fluxes only involve the solution of linear equations
with constant coefficients. For this reason, the application of these methods is computationally
cheap. To compute the reduced resistance matrix during a reduction of stoichiometric cycles,
one needs to compute the inverse of T’ fQ R(fi, pte) Tyo. This computation should be performed
symbolically because R(fi, jt) is in general not constant. Thus, this is a problematic, compu-
tationally expensive step. The methods for the reduction of conservation relations and of the
thermodynamic submodel involve the solution of nonlinear equation systems. In the case of a
reduction of conservation relations, this system is usually uniquely solvable. For the reduction
of the thermodynamic submodel, the solution neither always exists nor is always unique. An
alternative to the symbolic solution of the non-linear equations before the simulation is the nu-
merical solution during the simulation. Then, the model equations form a differential-algebraic
equation system. This system has as many state variables as the original system, but the ap-
plication of the reduction method may nevertheless be advantageous. The reduction of the
kinetic submodel reduces the stiffness of the system and thus increases the minimal step size
for simulation. A model with conservation relations contains limit-stable eigenmodes (“poles
at zero”) and thus the Jacobian of the system is singular. This leads to problems with some
implementations of numerical analysis methods (e.g. integration with sensitivity analysis and
continuation methods). The reduced model does not contain a limit-stable eigenmode, and thus
has a non-singular Jacobian. This means that a reduction of the thermodynamic submodel and
a reduction of conservation relations may be sensible, even if the computational costs are high.

§ 4.99 (Approximation quality). The reduction of conservation relations and of the thermody-
namic and kinetic submodel decrease the number of state variables of the system. For systems
with rank-deficiencies of certain matrices (see Table the reduced order model allows an
exact reconstruction of the dynamics of the original model. In natural systems, the respective
matrices usually do not have a rank deficiency but only are ill-conditioned. The original system
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needs to be approximated by a system with rank deficient matrices before applying these meth-
ods. This work only develops methods to derive the reduced models from the approximated,
singular models, but does not intend to predict the approximation quality. The latter problem
is in general very hard and for large, non-linear models it is impossible to develop a general
and generic method to predict the approximation quality. This is explained in the following
paragraphs.

§ 4.100 (Approximation quality — conservation relations). If open systems are considered, a
system does usually not contain real conservation relations. Substances with low production
or consumption rates whose amounts do not change considerably in the relevant time scale
are treated as conservation relations. An example for this are total enzyme concentrations in
a model that neglects enzyme synthesis and degradation. If the production and consumption
rates tend to zero, the behavior of the original model tends towards the behavior of the reduced
model. However, without a thorough analysis of the system dynamics, it is not possible to assess
the approximation quality. Depending on the sensitivity of the system, even a small production
or consumption rate could lead to a largely different system behavior. For this reason, it is not
possible to derive a generic measure for the anticipated approximation quality.

§ 4.101 (Approximation quality — thermodynamic and kinetic submodel). In natural systems,
the matrices dc/Op and R are always non-singular. Thus, a reduction method based on the
assumption of singularity is always approximative. In general, it is not guaranteed that the
reduced and original models show a qualitatively similar behavior. Consider a non-singular
system M, with a small parameter € > 0 that tends towards a singular system M as € tends to
zero. For an ideal dilute solution with mass-action kinetics, the parameter ¢ could be a small
resistance R; or a small derivative dc¢;/Ou;. Let £(e,t) and £(0,¢) be the solutions of these
models with equal initial conditions £(e,0) = £(0,0). Tikhonov’s Theorem (see e.g. Heinrich
and Schuster [45], Wasow [103]) gives a sufficient condition for the convergence of the solutions,
i.e. for lim. o &(e,t) = £(0,¢). For non-linear systems the conditions of Tikhonov’s Theorem
are difficult to check since they involve the stability analysis of a non-linear system. Thus, for
models of larger systems with partly unknown parameters it is virtually impossible to prove if
the singular system behaves similar to the non-singular system as € tends to zero.

If the conditions of Tikhonov’s Theorem are fulfilled, it is guaranteed that a nearly singular
system M, can be approximated by a singular system M, for ¢ — 0. However, the theorem
does not make any assertions concerning the approximation quality for a finite e. Additionally,
the value of € can usually not be experimentally assessed as small resistances R; or small
Oc;/Ou; lead to fast dynamics. For this reason, these parameters can often not be determined
quantitatively by a measurement on a slow time scale. Measurements on a slow time scale can
only show that e is small. Thus, even if it is possible to check the conditions of Tikhonov’s
Theorem, it is not clear if the approximation is justified. In the rare cases where the value of
the small parameter € is known, the approximation quality can be checked after the reduction
by comparing the simulation results.
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§ 4.102 (Reduced-order modeling — quantitative and qualitative parameters). The above two
paragraphs explained why it is not possible to develop generic and computationally feasible
criteria that guarantee a good approximation quality for the reduction of the thermodynamic
and kinetic submodel of non-singular models and for the reduction of conservation relations
in open systems. Thus, the approximative model reduction techniques can normally only be
applied “blindfold”, i.e. without guarantees for the approximation quality. However, it is
important to note that this is done anyhow in any modeling work. Most biochemical species
are not elementary chemical species but pools of isomers or differentially protonated species.
For modeling purposes it is assumed that these species are in equilibrium with each other
(see Alberty [1l, 2 [3]). Similarly, biochemical reactions are not elementary reaction steps but
are composed from simpler reaction steps that are connected via quasi-stationary intermediate
complexes. Thus, most if not all modeling efforts rely on an implicit, a priori reduction of
the kinetic and thermodynamic submodel. The validity of the approach is usually implicitly
assumed rather than formally checked.

From this perspective, the model parameters fall apart into qualitative and quantitative
parameters. Qualitative parameters determine if a certain resistance R; or a certain Oc;/p; can
be approximated by zero. The quantitative parameters are the parameters of the remaining non-
zero functions c(u, p.) and R(u, pe). In ideal dilute solutions with ideal mass action kinetics, the
quantitative parameters are the chemical standard potentials p; and the factor p that occurs
in the resistance functions (see Section , p.. To describe the behavior of a system,
quantitative and qualitative parameters need to be estimated from the measurement data. The
proposed methods are not used for model reduction because there is no original model with
quantitative values for all parameters, but for reduced-order modeling.

§ 4.103 (Conclusions). Table shows that the reduction of the kinetic submodel, i.e. the
rapid-equilibrium assumption, is the most usable and powerful reduction method. The other
methods either are intrinsically difficult to apply or do not lead to a significant simplification of
the model equations. This does not mean that an application of these methods is not reasonable
in special cases. However, we cannot expect to develop a general and scalable implementation
for the methods that involve the solution of nonlinear equations. Methods that do not reduce
the number of state variables or parameters have nevertheless their justification. For example,
a reduction of clamped potentials often simplifies the following steps because it is possible
to remove ubiquitous compounds as protons or ADP from the system. The approximative
reduction methods do no require the knowledge of the parameter values that can be reduced.
Thus, the proposed methods are reduced-order modeling methods rather than model reduction
methods.
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The previous chapter introduced a thermodynamic formalism for the mathematical modeling
of chemical reaction networks. Methods for transformation and reduction of such models were
presented. In particular, the reduction of the kinetic submodel by the rapid-equilibrium as-
sumption is a promising tool to simplify models of large networks.

However, the application of the thermodynamic formalism to real systems is difficult because
even for simple systems the mathematical expressions c(u, ) and R(p, pe) are complex. The
high complexity of the model equations makes it very cumbersome to treat example systems
without the help of computers and even complicates the use of computer programs for symbolic
computations. Numerical simulation suffers from the removable singularity in the expression of
the ideal resistance function R, that is part of most resistances (see Definition , p..

This chapter introduces the thermokinetic modeling (TKM) formalism, which is also called the
Thermodynamic-Kinetic Modeling (TKM) formalism. It is directly derived from thermodynamic
modeling and thus guarantees the thermodynamic feasibility of the model equations. However,
the model equations are much simpler. Thus, the thermokinetic formalism is much better
suited for modeling and model analysis. In the thermokinetic modeling formalism, we replace
the chemical potentials p; and the thermodynamic forces Ap; by thermokinetic potentials §; and
forces Fj. In the simplest case of mass-action kinetics in ideal dilute solutions, thermokinetic
potentials & and forces F}; are proportional to concentrations ¢; and fluxes J;, respectively. This
leads to constant thermokinetic resistances and thermokinetic functions ¢;(&, €.) that are linear
in the thermokinetic potentials &;.

A preliminary version of the TKM formalism was published in Ederer and Gilles [32].

5.1. Thermokinetic Potentials, Forces and Resistances

Definition 5.1 (Thermokinetic potential ;). The thermokinetic potential &; of the compound
X; is defined by

oo i)

Definition 5.2 (Thermokinetic capacity C;). The thermokinetic capacity C; of the compound
X; is defined by C; = ¢;/&; or equivalently ¢; = C; &;.

§ 5.3 (Relation of p; and &;). From the above definition we get directly:

pi = R T log(&).
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In differential form we have that

1 0 R*T
de; = (22) du, dps = o de,.
§= o P\ o ) Hi= "¢ §

§ 5.4 (Function ¢(&, &) vs c(p, fe)). The information content of the functions ¢(u, ) and

c(&, &) is equal, since £ and g are in a one-to-one correspondence. TKM uses the function
c(&, &) instead of c(p, e ), since this simplifies the treatment of ideal dilute solutions.

§ 5.5 (c(§,&) in ideal dilute solutions). In ideal dilute solutions with the relation p; = pf +
R* T log(c;/c°) we get the function

G(6,6) = ¢ exp (— i ) 3

R*T

(. J

v~

C;
Here, the thermokinetic capacity C; is a £-independent constant and thus a constant parameter

of the system.

§ 5.6 (Equilibrium constants in ideal dilute solutions). Using the relation in , the equi-
librium constant of a reaction in an ideal dilute solution (see §2.51] p.[33) can be written in
dependency on the capacities C;:

ki Z;OZ Vij 1% a Ceq,i \ ¥ = Ci\"™
R = 2o (- E) ST (22 - T1(2)
—J

i=1 i=1

In vector notation we have
T ,,0

N n T Co C
K., = - =N <_‘1> = NTu (=
where N is the matrix of the stoichiometric coefficients v;; and # denotes the lin-log product
(Definition p.[25)).
§ 5.7 (Relation of dc/0u and 0c/9E). The Jacobians of the two functions ¢(u, p.) and c(€, &)
are related by

oc 1 Oc oc oc
Ye AT ) T px i 1 '—1 )
on " T 0¢ diag(&:), 9 R i diag(&; )

This follows directly from §5.3]

Definition 5.8 (Thermokinetic force F;). The thermokinetic force F; along the reaction
Z VEij Xi = Z vpij Xi
i€E; i€P;

is defined as

Fj _ H é-;/E,ij _ H SiVP,ij

’iEEj ’iEPj
—_—— ——
FEV‘] FP!]

where Fg; and Fp, are the thermokinetic forces exerted by reactants and products, respectively.
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§ 5.9 (Relation of Appg/p; and Fg / p;). The thermokinetic and thermodynamic forces exerted

by reactants and products (see §2.38| p.|30) are related by
N
Fp; = exp (%) , App,; = R T log(Fg,;),
o A,LLP,]' %
Fp; =exp T ) Appj = R*T log(Fp,;).

In differential form we have:

1 A RT

dFE,j = W exp ( RMT > dA,LLEj, dANE,j = Fp dFE,jy
?-]

WFpj = o P ( RMI;F ) ABes, ey = Fri
’-7

These conversion formulas are equivalent to the formulas for the conversion between u; and &;

in §5.3

§ 5.10 (Sign of F}). The thermokinetic force F; has the same sign as the thermodynamic force
sign(Fj) = sign(Ag;).

Proof. Observe that R*T log(Fg ;) = Apg; and R*T log(Fp;) = Aup,. Because the loga-
rithm is a monotonic function, this proves the assertion. O

§ 5.11 (Relation of Ay and F'). The thermodynamic force Ay; and the thermokinetic force Fj
are related via the ideal resistance function. From Definition [3.22] m p. ) it follows directly that

App; Appg _ Ap;
R*T’ R*T F; -

J

R*T-R, (
In matrix notation, we have that
Ap=R"TR,F,

where R, is the diagonal matrix of the ideal mass-action resistances for the reactions.

§ 5.12 (Relation of F' and J). With the above notation and with R.J = Apu, we can directly
derive that

(R"TR)'RJ=F.
A Y —
R

This allows defining the thermokinetic resistance matriz R.
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Definition 5.13 (Thermokinetic resistances). The matrix of thermokinetic resistances R is
defined by R = (R*T R,)"! R where R is the matrix of thermodynamic resistances and R,
is the diagonal matrix of the ideal mass-action resistances of the reactions. If the matrix of
thermodynamic resistances R is diagonal, the matrix of thermokinetic resistances R is also di-
agonal. Then, in analogy to thermodynamic resistances (Section p., the thermokinetic
resistance R; of the reaction j is defined by R; = F}/J; or equivalently R; .J; = F}.

§ 5.14 (Thermokinetic resistance of generalized mass-action kinetics). For generalized mass-
action kinetics in ideal dilute solutions, the thermokinetic resistance matrix is diagonal. Sec-
tion (p. derived an expression for the thermodynamic resistance of generalized mass-
action kinetics: R; = p;j(k, ) Ro(App;/(R*T), App;/(R*T)) where p;(k, i) is a function that
defines the deviation from the ideal mass-action behavior. Thus, the thermokinetic resistance
is Rj = Rj/(R*T Ro(App;/(R*T), Aup;/(R*T))) = pj(k, ) /(R*T). With the expression for
pj(k, i) given in Section (p. and the expression for C; given in (p., this can be

written in dependence of the capacities C;, the kinetic parameters k. ; and the function f;(k, c):

ree) - I (S) ks

i€E;

O R (5.1)
s TH(S) T ttbeteson™
iep;
§ 5.15 (Thermokinetic resistance of ideal mass-action kinetics). For ideal mass-action kinetics
with f(c, k) = 1, the thermokinetic resistance matrix is diagonal and the diagonal elements
R; are constant. These constant diagonal elements are system parameters. Compared to the
use of thermodynamic resistances, the use of thermokinetic resistances strongly simplifies the
treatment of such rate laws. This is highly comfortable because the ideal mass-action law is an
elementary kinetic rate law that is widely used for the description of biochemical networks.

§ 5.16 (Thermokinetic resistance of Michaelis-Menten type kinetics). Simple enzyme-catalyzed
reactions A = B can often be described by the generalized mass-action law J = cg (k4 (ca/c®)—
k_(cg/c?))/(ko/c® + kaca/c® + kpcp/c®), where ki, ko, ka and kp are kinetic parameters
and cp is the enzyme concentration (cf. Example , p.. Here, the function f(k,c) is
f(k,c) = cg/(ko/c® + kaca/c® + kpcp/c®). The thermokinetic resistance can be written as
R = c/(ky f(k,¢c)Ca) = (po + paa + ppép)/ce where py = ki' Cy' ko, pa = ki'ka and
pB = kjrl C,' Cp kp are constant, positive system parameters. Thus, the thermokinetic resis-
tance consists of a part that is independent from the thermokinetic potentials of reactants and
products plus a linear combination of the thermokinetic potentials of reactants and products.
More complex reaction mechanisms typically lead to resistances that are polynomial in the
thermokinetic potentials. The thermokinetic resistance is typically inversely proportional to

the enzyme concentration.

Example 5.17 (Thermokinetic model). Consider a system of two reactions with A #1 B é
C' + D. We assume an ideal dilute solution with the relation ¢; = exp((u; — p)/(R*T))
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where the standard potentials p; are constant system parameters. Ideal mass action kinet-
ics are modeled by the thermodynamic resistances Ry = p1 Ro(pa/(R*T), pup/(R*T)) and
Ry = pa Ro(up/(R*T), (e + pp)/(R*T)) where p; and p, are constant system parameters.
The thermokinetic capacities C; are constant and given by C; = ¢ exp(—ug/(R*T)). The
thermokinetic resistances Ry = py/(R*T) and Ry = py/(R*T) are constant as well. Thus, we
get the thermokinetic model equations:

cx = —J1, cg = J — Jo, cc=¢p=Jp
with
¢; =C;& fori e {A,B,C, D}
and
RyJi=Fy =& — &3 Ry Jy = Fy =& — Ecp.

These model equations can be simplified to the simulation equations:

Ca é:A =—(8a — 53)/1?1, )
Cpés - =+(€a—&s)/R1 —(&B —fch)/]?z,
Ccéc=Cpép= +(& — &0 ép)/ Ra

with the state vector (£4,&p, &0, €p) and the system parameters Cy, C, Ce, Cp, Ry and R,.
This thermokinetic representation is much more simple than the corresponding thermodynamic
model.

Above we introduced thermokinetic capacities and resistances as an alternative set of param-
eters for kinetic models. The following two paragraphs discuss their relation to the traditional
mass-action parameters.

§ 5.18 (Computation of the kinetic parameters from the thermokinetic resistances and ca-
pacities). In an ideal dilute solution with generalized mass-action kinetics, the capacities C;
are constant and the thermokinetic resistance matrix is diagonal. The diagonal elements
R;j(k, &, ... &,) may depend on further system parameters k and the thermokinetic potentials
¢. If the thermokinetic capacities and resistances of a reaction j are known, its generalized
mass-action parameters ky; and f;(p,c) can be computed by

~

1 C;\ P 1 Ci\ k
P | S T S | 0 A pe— .
+7 k H (CO) J l{} 7’EHPJ (Co> f]( C) Rj(k701101.--0i010i0>

S

where & > 0 is an arbitrary positive constant. This expression results from substituting
& = ¢;/C; into J; = Fj/ Fij and comparing the result with a generalized mass-action kinet-
ics (Definition , p.. The choice k = R; and f;(k,c) = 1 is convenient if the resistance

R; is constant.
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§ 5.19 (Computation of the thermokinetic resistances and capacities from the kinetic param-
eters). The thermokinetic capacities can be computed from the chemical standard potentials
C; = ¢® exp(—pg/(R*T)). The chemical standard potentials, or more precisely the Gibbs en-
ergies of formation, are tabulated for many important metabolites [I], 36]. However, for many
networks, e.g. for signal transduction networks, no such data is available. If a kinetic model
with generalized mass-action laws is available, the thermokinetic capacities and resistances can
be alternatively computed from the generalized mass-action parameters ky; and f;(k, c).

The thermokinetic capacities determine the equilibrium point and can be computed from
the equations in (p.. For given equilibrium constants K., ;, capacities C; only exist
if the generalized Wegscheider conditions (see , p. are fulfilled. Otherwise, the given
parameters k4 ; describe a physically infeasible system. If the generalized Wegscheider conditions
are fulfilled, the equation system in contains rank (V) independent relations for iy unknown
capacities. This system is undetermined because rank(N) < iy. For each of the d;, = iy —
rank(/NV) conservation relations of the system, the modeler has one degree of freedom to choose
the capacities. Different choices lead to models that are related by a translation of chemical
potentials (Section , p.. If the capacities are known, the thermokinetic resistances
can be computed with Equation (p.[92).

Example 5.20 (Model of the PTS dynamics). In the following example we derive the capacities
and resistances for a model of the Escherichia coli Phosphotransferase System (PTS) based on
the model from Rohwer et al. [87]. We use the reference concentration ¢® = 1 puM, since the
concentrations of the PTS proteins are in this order of magnitude. The model contains the
following reactions

k4+1=1960 uM min~—! k42=108000 pM min~?!

(PEP) + EI Pyr-P-EI (Pyr)+ EI-P
k_1=480000 pM min—! k_9=294 uM min—!
k13=14000 uM min—?! k14=84000 uM min—1!
EI-P+ HPr EI-P-HPr EI + HPr-P
k_3=14000 pM min—?! k_4=3360 pM min—1!
= min—1! = min~!
HPr-P + [1A 22222200 HPr-P-IIA —S2221 HPr+ ITA-P
k_5=21960 pM min—1! k_6=3384 pM min—!
ki7= min—1 kig= min—1
IIA-P+ [ICB —=20 [TA-PIICB —22201 [IA+ IICB-P
k_7=880 pM min—1! k_g=960 uM min~?!
k19=260 min~?! k110=4800 min~?!
[ICB-P + (Gle) =2 [ICB-P-Gle =20 [1CB + (Gle-P)
k_9=389 uM min—! k_10=5.4=3 uM min—!

where the dot “-” indicates a complex of the respective species. The reaction scheme describes
how a phosphoryl group is transferred from phosphoenol-pyruvate PEP to glucose Glc via the
proteins EI, HPr, [T A and [1CB. The parameters above and below of the reaction arrows are
mass-action parameters according to Definition (p. with f;(k,c¢) = 1. For this reason
the forward constant k,; and the backward constant k_; have the same unit. The overall
concentrations of the four occurring proteins FI, HPr, I A and IICB are invariant. For this
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reasons, we have four degrees of freedom in choosing the capacities of the proteins. We choose
Cgr = Cupr = Cr1a = Crrep = 1 1M,

since the total concentrations of these proteins are in this order of magnitude. The number

of phosphoryl groups cpgp + cpyr-p-1 + Cgr-p + Cpr-P-HPr + CHPr-P + CHPr-P-171A + Ci1A-P +
crra-p-110B + Cricp-p + Criep-p-Gic + +Caie-p s also invariant and we choose

CEI-P =1 LLM

Further, the concentrations cpgp + cpy, and cgic + caic-p are invariant and we are free to choose
in accordance with typical concentrations:

prr = CGlc = 1000 },LM.

Alternatively, using the expression in (p., we could compute the capacities of the
metabolites phosphoenol-pyruvate PEP, pyruvate Pyr, glucose Glc and glucose-6-phosphate
Gle-P from suited tables of Gibbs formation energies, e. g. from Alberty [I] or Feist et al. [36].
The use of such tables is preferable because this guarantees a certain standardization of the
capacities and resistances that makes them exchangeable between models (cf. Definition m,
p.. The degrees of freedom in choosing the capacities should normally only be used for
species where no information on the Gibbs formation energies is available. For the sake of
demonstration, we choose here a different approach and use the degrees of freedom to set the
capacities of PEP and Glc.

We compute the remaining capacities from the given kinetic parameters. According to
(p., we have that Cpy,.p.pr = Ke_q,12 Cpyr Cgr-p/c®, where K.y o = kio/k_o is the equilib-
rium constant of reaction 2. Similarly, we have Cprpp = K;Lll Cpyr-P-EI CE} &, Cgr.p-upr =
Key3Crr-p Cupr/c® and Cypr.p = Kega Crr-p-upr C’E} c®. Performing the same calculations
for the reactions 5 to 10 we can compute all capacities:

Cpgp = 666.7 uM, Cpyr-p-gr = 2.722 uM, Cpyr = 1000 pM,
Cpr =1 uM, Cer-p-ppr = 1 UM, Cprp=1uM,
Crpr =1 uM, Crpr-p-114 = 25 UM, Crpr-p = 25 uM,
Crra =1 uM, Cria-p-11c = 32.45 uM, Cria.p = 32.45 uM,
Criep =1 uM, Crics-p-qie = 59638.7 uM, Cries-p = 89.23 uM,
Cere = 1000 pM, Ceie-p = 5.301 x 10'° M.

From Equation (p. we can compute the resistances, e.g. Ry = ki (¢°)?CpppCpp =

k= e C;;T, p.pr- Thus, we have two equivalent possibilities to compute R;. This equality can
be used as a probe for the calculated capacities, since both expressions would yield different
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energy
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Apg

Alp,

reaction coordinate

Figure 5.1.: Energy of the species along the reaction coordinate.

results if the capacities were wrong. We get

Ry =0.7653 x 107% min uM ™1, Ry =3.401 x 107% min uM ™1,
Ry =71.43 x 107% min pM ™, Ry =11.90 x 107% min pM 1,
Rs; = 1.821 x 107% min uM~?, Rg =9.107 x 107% min uM ™1,
R; =35.02 x 107® min pM ™1, Rg =11.67 x 107% min uM ™1,
Ry = 0.0431 x 1075 min uM ™}, Rip = 0.00349 x 107® min pM .

The computed capacities and resistances spread over several orders of magnitude. Depending
on the scaling of the system, this could be a hint to a potential for model reduction. We will

discuss the reduction of this model in Example (p.|148).

5.2. Excursus: The Theory of the Activated Complex

The theory of the activated complex provides a model for the functional dependency of the
rate of simple reactions on several intensive variables as for example the temperature or the
electrical potential [9]. It is based on the assumption that a molecular collision event needs
a certain energy to trigger a reaction event. This means that the energy of the species along
the reaction coordinate has a maximum as shown in Figure 5.1, The molecular conformation
at the energy maximum is called the activated compler. The difference of the maximal energy
and the energy of the reactants and products is called the activation energy of the forward and
backward reaction, respectively.

This excursus demonstrates how the theory of the activated complex can be applied to a
thermokinetic model. For this purpose, it first introduces the thermokinetic potential of the
thermal energy, i.e. the energy of the collisions. Treating energy as a catalyst of a reaction
directly leads to the corresponding rate laws.

§ 5.21. The total differential dS = 1/T°dU + p/TdV — > p1;/T dn; (see §2.32] p.29) shows
that 1/7 is the conjugated potential of the energy in the same way as —p; /T is the conjugated
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potential of compound X;. This motivates the definition of a thermokinetic potential of the
energy.

Definition 5.22 (Thermokinetic potential of the energy). The thermokinetic potential of the
energy &y is defined by

§u = exp (— RI:OT) (5.2)

where u° =1 J mol ™! is the standard energy.

§ 5.23 (Extended reaction stoichiometry). Reaction events with a collision energy lower than
the activation energy do virtually not occur. Further, collisions with high energy are very
improbable compared to collisions with low energy. For this reason, we can assume that most
reaction events occur with a collision energy near the activation energy [9]. Thus, a certain
amount of energy /i; is needed in a stoichiometric relation. We may write an extended reaction

equation:
ZVE”X + vy J mol™ 1_ZVPUX + vy J mol ™ (5.3)
i€E; ﬁ’_/ 1€EP; ﬁ’_/
J J

It is crucial to note that the energy fi; is not the reaction heat. It is the collision energy that
is needed to overcome the activation barrier. Thus, the energy fi is only ‘borrowed’ from the
environment and is released after the reaction event. The energy [i; enters the reaction equation
as a catalyst.

§ 5.24 (Rate of a reaction with an activation barrier). For the above reaction equation, we get
the thermokinetic force F = & ] B &P — & P, €79, In an ideal dilute solution with
C; = & exp(—u3/(R*T)), i.e. & = exp(u?/(R* T)) cl/c and ideal mass-action kinetics with
constant resistances Rj, the reaction rates J; read

=1 1% VE, i vy, j vpij
enyt (e e e L) -

i€E; =

o N Vg i v 5.4)
. Apgj — i e\ B NS — fu; ri
_ -1 E,j J l I i -1 P; J H
- Rj o (W) i€eE; (E) - Rj P ( ) EP; ( ) '
e ke,

§ 5.25 (Arrhenius Law). The equations for the rate constants ky; given above are known as
Arrhenius Law. The activation energies of the forward and the backward reaction are F; =
fij — Apg; and E_; = ji; — App ;, respectively (see Figure . Thus, the assumption of a
constant thermokinetic resistance for a reaction equation extended by the activation energy is
equivalent to Arrhenius Law for the temperature dependency of the reaction rate.
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§ 5.26 (Butler-Volmer Equation). The transport of charged compounds between membrane-
separated compartments with different electrical potential plays a pivotal role in the cellular
metabolism. For example, many reactions in the electron transport chain are coupled to the
transport of protons across a membrane.

The reaction coordinate of transport reactions can be associated with a spatial path through
the interface between the compartments. Thus, the activated complex occurs at a specific
electrical potential. As an example, consider the passive transport of a species A with charge
number z,4 from a phase () with electrical potential ¢’ to a phase (”) with electrical potential
¢". The activated complex A occurs at the electrical potential qu The activation energy falls
apart in a thermal and a electrical activation energy that both need to be considered in the
extended reaction equation:

A+p+zaFo=A"+0+24F¢

where F' is the Faraday constant. The electrochemical potential of A in an ideal dilute solution
is pa = pS+ 24 F o+ R*T log(c;/c°) . Thus, its thermokinetic capacity is C4 = ¢ exp(—(u$ +
zaF¢)/(R*T)). A constant resistance R leads to a rate equation that can be written in the
form

J—Rp1 (f’A (Atza Fd)/u® _ en <ﬂ+ZAF¢3>/u°> _

U ASU
F
ot (B AN &
+R exp(R*T)exp<(1 a) T -
_ p-1 Py — 1 _ zaFA¢ %
R exp( R*T)exp( a—R*T o

with the electrical potential difference A¢ = ¢/ — ¢’ and the transition factor o with ¢ =
a¢d’ 4+ (1 — ) ¢” that determines the electrical potential of the activated complex relative to
the electrical potentials of the phases (’) and (”). This is the Butler-Volmer equation as it is
used to model electrode processes and the transport of charged species [9, 93]. Thus, simple
transport reactions can be modeled by extending the stoichiometric equations by the thermal
and electrical activation energy and assuming a constant thermokinetic resistance.

§ 5.27 (Kinetic salt effect). A major source of non-ideality in biochemical networks are ionic
interactions. This means that the chemical potentials of ions depend on the ionic strength I =
(1/2) 3", 22 ¢;. According to the Debye-Hiickel theory, the dependency can be approximated for
small concentrations and a small ionic strength by p; = u$—R* T A 22 (I/c°)Y?+R* T log(c;/c°)
with A = 0.510651 at 298.15 K [I]. The activated complex X of a reaction B + C' = D has
the charge number zy = zp = zp + z¢. Thus, the stoichiometric equation extended by the
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activation energy reads
B+C+ji—RTA(zp+20) (I/¢*)? = D+ ji— R*T Alzp + 20)° (1)),

With a constant resistance R this leads to

(535 gu R*T A(zp+z¢)? (I/c®)V/?) /u — & §<u R*T A(zp+zc)? (1/c®)M/?) [u® ) —
_ &+ us — [ o CB C
+ R exp <MBR5—;M) exp (—A (I/c)Y? (22 + 22 — (2B +zc)2)) c_]: C—f
- fp — [+ ¢D
—R! —.
eXp( RT ) o

This rate equation describes the kinetic salt effect, i.e. the effect of the ionic strength on the
reaction rates, in simple reactions as described in Atkins [9).

§ 5.28 (Conclusions). The theory of the activated complex can be naturally integrated in the
TKM formalism. For this purpose, one extends the stoichiometric reaction equation by the
activation energy that acts as a catalyst. The amount of activation energy may depend on
variables as the electrical potential or the ionic strength. Then, the thermokinetic force is
formulated as if the activation energy was a further reactant with thermokinetic potential & .
This means that activation energy is treated as if it were a chemical compound. In the simple
situations that are considered above, a constant resistance is sufficient to describe the basic
laws used to describe the dependency of the reaction rate on the temperature, the electrical
potential and the ionic strength. Thus, TKM provides a natural and unifying way to model
these dependencies.

This method can possibly be generalized to more complex situations. For example, one could
model transport reactions between compartments of different temperature and ionic strength.
Further, one could model a coupling of mass and heat flow, by assuming that the activation
energy is acquired in one compartment but released in an other. It is beyond the scope of
this work to study if the according TKM rate laws approximate the observed kinetics in such
complex situations. In any case, the use of the TKM formalism guarantees the thermodynamic
consistency of the model.

5.3. Thermokinetic Models

Section introduced thermokinetic potentials &, thermokinetic forces F' and the matrix of
thermokinetic resistances R. These quantities contain the same information as the chemical
potentials p, thermodynamic forces Ay and thermodynamic resistances R, but their handling
is much easier. This holds in particular for mass-action kinetics in ideal dilute solutions. Then,
thermokinetic potentials & and forces [} are proportional to concentrations ¢; and fluxes Jj,
respectively. Thus, model equations in these new thermokinetic variables are much simpler than
in the original thermodynamic formulation.
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The advantage of the thermokinetic formalism gets lost if non-diagonal resistance matrices
occur, e. g. after certain transformation or reduction steps, since then the ideal resistance func-
tion R, that is described by a complex expression appears in the off-diagonal elements of the
resistance matrix. For this reason, the further considerations are limited to diagonal resistance
matrices. It will be discussed when and how non-diagonal matrices can be avoided during
transformation and reduction.

We reformulate our original definition of thermodynamic models (Definition [3.1] p.[40) with
thermokinetic variables. Since we consider only diagonal resistance matrices, it is sufficient to
use the vector of the diagonal elements. For the sake of simplicity, we will suppress the bar (*)
over the thermokinetic resistances from now on. Thus, we denote the vector of thermokinetic
resistances simply by R.

The thermodynamic variables u, Aug and App are proportional to the logarithm of the
thermokinetic variables £, Fg and Fp, respectively. Thus, linear operations in p, Aug and Aup
are equivalent to lin-log operations as introduced in Section (p..

Definition 5.29 (Thermokinetic model (TK model) of a reaction system). A thermokinetic
model M of a reaction system with iy internal compounds, jo internal fluxes, ip. compounds
with clamped thermokinetic potentials and jy . clamped fluxes is characterized by (1) stoichio-
metric matrices Ng, Np € R0*00 N, € Roxioe Sp Sp € Rioe*o (2) functions c(£,&,.) € R,
R(£,€.) € R and (3) initial thermokinetic potentials & € R™. For the functions c(¢,€.) and
R(&, &) we demand:

Rj(ﬁ’ ge) >0,

(5 0sc0) = (5 s (aion(©) 5 ) = 0

forall £ € ]RT and &, € Ri‘f‘o. The environment is described by clamped thermokinetic potentials
£.(t) € R and clamped fluxes J,(t) € R, The model equations read

¢=NJ+NeJo, F=Ng#€oSp#éc — Np#Eo Sp#&e, c=c(€&), R(§&)oJ =T

with N = Np — Ng, S = Sp — Sg and £(0) = &. We formally characterize a thermokinetic
model of a reaction system by the tuple M = [Ng, Np, Sg, Sp, Ne, ¢(&, &), R(€, &), o).

§ 5.30 (Matrices Ng, Np, Sg and Sp). The above definition distinguishes between the stoichio-
metric matrices of reactants Ng and Sg and the stoichiometric matrices of products Np and Sp.
The matrices N and S of the corresponding thermodynamic model are given by N = Np — Ng
and S = Sp— Sg (see , p.. This distinction is necessary to formulate the thermokinetic
forces F'.

The notation Ng,p or Sg/p will be used, Whenever an expression is valid for Ng and Np or
SE and Sp, respectively.
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Example 5.31. Consider the system of Example[5.17] (p. with A é B é C+D and constant
thermokinetic capacities C; and resistances ;. The thermokinetic model of this system is given

by (€, &) = (Caéa,CpéB,Ccéc, Cp §D)T, R(&,&) = (Rl,R2)T and

NE: NP:

o O O =
o O = O
o O = O
== O O

The matrices Sg, Sp and N, are empty because the system is closed.

5.4. Transformation and Translation

The thermokinetic modeling formalism is a convenient reformulation of the thermodynamic
modeling formalism. Both formalisms are basically equivalent and the transformation and
translation methods for thermodynamic models (see Section , p. can be applied.

Here we give the transformation and translation rules for thermokinetic models. Since we re-
strict ourselves to diagonal resistance matrices, we can only adapt methods where the occurrence
of off-diagonal elements in the resistance matrix can be avoided.

Further, this section introduces an additional transformation method, namely the translation
of stoichiometric coefficients that is specific for thermokinetic models.

5.4.1. Linear Transformation

Due to the restriction to diagonal resistance matrices, linear transformations of fluxes are not
possible. Such transformations lead to non-diagonal resistance matrices. Thus, the following
corollary considers only a transformation of concentrations.

Corollary 5.32 (Transformation of a thermokinetic model). Let M be a thermokinetic model
(see Deﬁm’tion p., and let T, T, . and Ty, be square matrices of full rank. Then, the
solution of the system M with

Np =T, Ng, Np = T.Np,
SE = Tc,e SE7 S1P = Tc,e SP;

(€, 6) = Toe(TTHE, TEHE,), R(E, &) = R(TT#E, T #¢,),
Ne = Tc Ne TJ,e; éO = TCT,_I#€0~

15 equivalent to that of M with

(N
I

A

T.c, TT#e = ¢, TI#E =&,
J, F=F, Tred. = Je.

>
I

101



5. Thermokinetic Modeling

Proof. This transformation rule follows from the Corollary (p.. O]

§ 5.33 (Negative stoichiometric coefficients). In natural coordinates the entries of the matrices
Ng, Np, Sg and Sp are non-negative. After a transformation of concentrations, the entries of
the corresponding transformed matrices may be negative.

5.4.2. Translation of the Variables

Section (p. . 54)) introduced rules for the translation of the variables ¢, p and J in thermody-
namic models. Analog rules can be formulated for thermokinetic models. This section discusses
only the translation of chemical potentials because this operation is needed for an appropriate
scaling of the state variables of the simulation equations. It is equivalent to a change of the
reference state of the Gibbs formation energies.

Corollary 5.34 (Scaling of a TK model). Let M be a thermokinetic model (see Definition[5.29,
p., and let 6¢ € R, 6¢, € R be vectors with NT log(6¢) + ST log(6¢.) = 0. Then, the
solution of the system M with

Ng/p = Ng/p, Sg/p = Sg/p, N, = N,
o6, &) =c(§ode M & osel ), b =& 00V
and
R(E, &) = NE#5¢ o SE#og o R (€000, €, 0 5601
= NE#0¢ 0 Sh#ogo R (£00600 & oael )

is equivalent to that of M with

é:C, 525055, éezfeo(sgea
j:J, F:F je:Je'

Proof. The proof follows the lines of the proof of Corollary - p.p Wrrte down the model
equations of M. Now replace J=J F=F, &= §o5f ) and &, = feoéfe . This immediately
leads to the functions c(f {6) and the matrices N E/P S r/p and N To prove the expression
for R we start with the equation RoJ=F and prove that it is equivalent to Ro J = F. The
equation RoJ=F can be expanded to

R
NE#5€ 0 STH0E oR o = F = NE#E o ST#é. — NE#€ 0 STHE,
5Fg
= NE#¢ 0 SE#E, o NL#6E o STHE, ~NE#E o SE#€, o NE#OE 0 SE#6E. . (5.5)

§Fg SFp
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Due to the specific choice of 6¢ and €., we have NE log(6€) + ST log(d¢.) = N log(6€) +
SL log(6€,.) and thus 6Fp = 0Fp. For this reason these terms cancel out and the equation
R o J = F remains. O

Example 5.35 (Scaling of capacities and resistances). The above corollary is often neces-
sary to numerically scale the simulation equations. Consider the single reaction of glucose-6-
phosphate to fructose-6-phosphate (g6p = f6p) that is catalyzed by the phosphoglucose iso-
merase. Alberty [I] gives transformed Gibbs formation energies A G?° at pH =7, T = 298.15 K,
I =025Mand c®*=1M:

ApGr = —1318.92 kJ mol AyG', = —1315.74 kJ mol .

gbp

These values may be used as chemical standard potentials i and lead to the capacities (C; =

¢ mexp(—p;/(R*T))):
Cyep = 1.160 x 10%' M, Crep = 3.217 x 10%%° M.

Clearly, these values are not suited for direct use in numerical simulations. The tables from
Alberty [1] are based on the convention that chemical elements in the standard state in their
most stable form have A;G)? = 0. Most relevant (bio)chemical species have a rather low,
negative A;G; because the respective compounds are energetically more favorable than an
analogous mixture of pure elements.

Using the above corollary, we can scale the capacities to values more suited for numerical
computations. The stoichiometric matrix is N7 = (—1,1) and thus the condition for the
scaling factors is —log(0€,6,) + log(0& r6p) = 0 or equivalently 9,6, = 6& f6p-

Assume that ¢g6p has a typical concentration of 1 mM. From a numerical perspective, an
optimal value of its capacity is 1 mM because then the thermokinetic potential {4, that is a state
variable of the model varies around the typical value 1. We choose 0,6, = 6& 6, = 1.160 x 10234
and get the new relation

—1 £ 1 2
cg6p = Coep 5€g6p Eg6p crop = Clrop 08 f6p Erop
—— ——
CQGP Cf6p

with C'gﬁp = 1 mM and C’fﬁp = 0.2773 mM. These values are moderate and thus can be used
for numerical computations.

§ 5.36. The above example shows that tables of Gibbs formation energies can be used to
determine the capacities. The standardized and widely accepted definition of the reference
state that underlies the tables of Gibbs formation energies allows for the direct exchange of
model parameters between different models. These tables should be used if they are available.
This often leads to very large capacities because most Gibbs formation energies are rather
low. To avoid numerical problems, the models can be scaled before simulation and analysis by
applying the above corollary. This scaling of the model can be performed automatically by the
modeling or simulation tool.
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5.4.3. Translation of the Stoichiometric Coefficients

The thermokinetic modeling formalism explicitly distinguishes the stoichiometric matrices of
reactants and products. In the thermodynamic modeling formalism, this distinction is not
necessary because the information is coded in the expression for the thermodynamic resistances.
For example, the ideal thermodynamic resistance function for mass-action kinetics depends on
the thermodynamic forces exerted by reactants and products Apug/p; = > ici/p, VE/Pjj Hij that
depend on the stoichiometric coefficients of reactants and products (see Definition , p..
The explicit introduction of Ng/p and Sg/p in TKM allows for a further translation operation.

Two reactions with the same overall stoichiometry may differ in their reactant and product
stoichiometry. Consider the reaction from A to B catalyzed by X. Its stoichiometry can be
described by two equivalent variants: (1) The reaction equation A + X = B + X shows that
X is a catalyst of the reaction. (2) The formulation A = B has the same overall stoichiometry
but does not refer to the catalyst X. Assume mass-action kinetics and small concentrations of
A and B such that saturation effects of the catalyst X can be neglected. Then, the kinetics of
variant (1) can be described by a constant thermokinetic resistance R; = const, whereas the
resistance of the variant (2) is {x-dependent in order to model the catalyzing activity of X,
i.e. Ry is proportional to «S)}l. From a formal point of view, both model variants are equivalent.
Depending on the context, the modeler will prefer variant (1) or (2).

In the following corollary we establish the general rules that allow transforming such different
representations into each other. These rules are based on a translation of the stoichiometric
coefficients.

Corollary 5.37 (Translation of stoichiometric coefficients). Let M be a thermokinetic model
(see Deﬁmtzon 5.29, p.|100) and let SN € R*¥ gnd §S € R%<*4 Then, the solution of the
system M with

NE/P = Ng/p + 0N, SE/P = Sg/p + 085, N, = Ne,
é(€.6) = (€6, R(E,&) = R(E. &) 0 ON#E 0 6SHE., & =&
15 equivalent to that of M with
¢c=c, é = 5 ée = fey
J=1J, — F o ON#E 0 6S#¢,, J, = J,.

Proof. We compare the model equations of M and M (see Definition , p. under appli-
cation of the above transformation rules.

Since N = Np — Ng = N and S = Sp—Sg = S’ the mole balance equations are equal é=c.
Since ¢ = ¢, £ = £ and &, = &, the equatlons ¢ = c(é” Se) and ¢ = ¢(&,&,.) are also equivalent.
Further, we have that F= NE#g o SE#ﬁe Np#f o Sp#&e Ng#EoINH#E 0 Sp#HE 0 0SHE —

Np#E o ON#E o Sp#E. 0 05#E = IN#E 0 05#E o (Np#E o Sp#lp — Np#E o Sp#p) =
ON#E 0 0S#E o F. Thus, the forces follow the given transformation rule. With this result it
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follows that R.J = F' is equivalent to R.J = F. Thus, all four parts of the model equations
given in Definition are equivalent. [l

Example 5.38 (Catalyzed reaction). Let the reaction A+X = B+X have a constant resistance
R. The species X has an overall stoichiometric coefficient of zero (vx = vx p — vx g = 0) and
is therefore a catalyst of the reaction. With the ordering (A, B, X), we have N1 = (1,0, 1) and
NE = (0,1,1). By using 6N” = (0,0, —1) we get the reaction A = B with N% = (1,0,0),
NIZ = (0,1,0) and a resistance R= R{;l. Thus, the effect of the catalyst could be moved from
the stoichiometric submodel to the kinetic submodel. Observe that in the case of a constant
C'x the model M can be reduced, since the concentration and the thermokinetic potential of
the catalyst are constant: £x = C ! ¢, = const. In the translated model £y, can be treated as
a model parameter and not as a state variable.

5.5. Model Reduction

5.5.1. Reduction of the Stoichiometric Submodel

The reduction of the stoichiometric submodel relies on rank deficiencies of the stoichiometric
matrices. (see Section p.p8). In the following sections, these reduction methods are
discussed for thermokinetic models.

5.5.1.1. Reduction of Conservation Relations

The following corollary for thermokinetic models is analog to Corollary (p.[p8) for ther-
modynamic models. It shows how conservation relations can be reduced from thermokinetic
models.

Corollary 5.39 (Reduction of conservation relations). Let M be a thermokinetic model (see
Deﬁmtzonn -) LetT, = Tgp TgﬂT be a square and invertible matriz with T, o N = 0,
T.oNp =0 and T.o N, = 0. Assume that T, dc/0¢ diag(€) T, co s inwvertible for all & € RY and
e € ]Rie‘o. Let M be a thermokinetic model with

NE/P =Teq NE/P, SE/P = Sg/p; NeN:
(g 56) - ch(T 1#5 2#52(5 fe) 66) ( 7€

where &(€,&.) is a solution of

Too c(TH#E 0 TH#E, €eo) = Tuz (&0, &)

and A. is an invertible matriz with T, A, 7T co = 0. Then, the dynamics of M can be recon-

T,

1 Ne, € = iIlpr (T2 1) #o,
) ( 1#50 cQ#&?(&&e) 56)

structed from the dynamics of the reduced system M by

c= T‘c_1 (T QC(EO 5 0)) ’ €: Tgl#éo (;1:2#52(57 ge)a

J=J, F=F.
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Proof. The proof is analog to that of Corollary [4.21, In Corollary the condition 7., N =0
guarantees that A = Ap. Here the stronger conditions T, o Ny = 0 and 7. Np = 0 guarantee
that Ajig/p = Apg/p which is equivalent to FE/p = Fg/p and thus F=F. O

§ 5.40 (Role of the condition 7.5 Ng/p = 0). Per se the conditions 7. o Ng = 0 and T, » Np = 0
are much stronger than the condition T.oN = T,.3(Np — Ng) = 0. They are hardly fulfilled
in a system in natural coordinates and do not cover all conservation relations. By means of
translation of stoichiometric coefficients (Corollary , p., we can bring any system to a
form where both conditions are equivalent. A trivial solution is to choose ) N = —Ng. Then, the
translated matrices are N 7 =0 and N p = N and the conditions 7 5 N g/p=0and T.o N =0
are equivalent. Thus, the application of the above corollary usually requires a preprocessing of
the system by a translation of stoichiometric coefficients.

Example 5.41 (Reduction of a conservation relation). Consider a reaction A = B with con-
stant thermokinetic capacities C4 and Cg and resistance R. The system contains the conser-
vation relation ¢4 + cp = cap + cgo = capo = const. Since NL = (1,0) and N} = (0,1),
there is no matrix T, # 0 with 70y Ng/p = 0. With Corollary (p. we translate
this system to a system with a negative stoichiometric coefficient (A — B = 0) with resis-
tance R = R&5'. Now we have that N = (1,—1), Nh = (0,0) and we can use the matrices
T.o = (1,1) and T,; = (1,0) to reduce the conservation relation. This means that we apply
the transformation ¢, = ¢, = ¢4 and ¢ = ¢4 + ¢g. According to the transformation rules we
get £4 = él fg and £ = 52. With f = fl the conservation relation reads C’Aéég +Cp 52 = CAB
Which can be solved to 52 = CaBO / (C’Aé + Cp). With this result we get the new capacity:

= 0/51 = (C’AfA)/g = CA§2 = cABOC'A/(C'A§ + Cpg). We get the reduced system X =0
Wlth the resistance R = R = R - (C’Af + Cp)/capo and the capacity C. The zero at the right
hand side of the reaction equatlon means that in the reduced system this reaction does not have
a product. Its force is FF =& — 1.

5.5.1.2. Reduction of Stoichiometric Cycles

In the general case, the reduction of stoichiometric cycles (Section [£.2.1.2] p.[61) leads to a non-
diagonal resistance matrix. We will not further discuss the general reduction of stoichiometric
cycles because we restrict ourselves to diagonal resistance matrices. However, the special case
of reactions with the same stoichiometry can be treated easily in the TKM formalism. This
special case will be discussed later when considering model reduction on the level of reaction

equations (Section [6.2.2 p.[113)).

5.5.2. Reduction of the Thermodynamic and the Kinetic Submodel

The reduction of the thermodynamic and the kinetic submodel as described in Section [4.2.2]
(p.[63) relies on rank deficiencies of the matrices dc/Op and the thermodynamic resistance
matrix. This section discusses these cases for thermokinetic models.
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5.5.2.1. Reduction of the Thermodynamic Submodel

According to Section (p. a reduction of the thermodynamic submodel is possible if
Oc/0p is singular for all ;1 and p.. In an ideal dilute solution with ¢; = ¢ exp((u; —us)/(R* T)),
the matrix dc/0p is diagonal and lime .. dc;/Op; = 0. Thus, de;/Op; goes to zero and dc/dp
gets singular if C; = ¢® exp(—p5/(R*T')) goes to zero. In real systems, this condition can only
approximately be fulfilled.

In the thermokinetic formalism, a capacity of zero (or close to zero) indicates a potential for
an (approximative) model reduction. In the general case, the reduction of the thermodynamic
submodel as described in Section leads to a non-diagonal reduced thermodynamic resis-
tance matrix. Thus, the reduced system cannot be expressed as a thermokinetic model with a
diagonal resistance matrix. For this reason, we will not further discuss this reduction method
here.

In Section m (p.[113) when studying the reduction on the reaction equation and reaction
rule level, we will discuss special cases where the application of these reduction method is easily
possible.

5.5.2.2. Reduction of the Kinetic Submodel

The kinetic submodel can be reduced if the thermodynamic resistance matrix is singular (Sec-
tion , p.[73)). For diagonal resistance matrices this is only the case if a diagonal element
is zero. Thus, a thermokinetic model can be reduced if some of its thermokinetic resistances
are (approximately) zero.

Corollary (p. describes the reduction of the kinetic submodel for thermodynamic
models. For the reduction one needs to choose a matrix Ty = [17;1, T} 2] with certain properties.
Then, the reduced thermodynamic resistance matrix can be computed from the original resis-
tance matrix and the matrices T;; and T';,. For any system with a diagonal resistance matrix
where some of the diagonal elements are zero it is possible to choose a matrix 7’;;, such that
the reduced system has a diagonal resistance matrix. Thus, it is possible to write the reduced
system as a thermokinetic model. The following corollary gives the details of this reduction
procedure.

Corollary 5.42 (Rapid equilibrium assumption). Let M be a kinetically conflict-free thermoki-
netic model. Let R, Ng, Np, Sg and Sp be partitioned, such that

R/
R= (0> J Ne/p = <N1/E/P g/P) ) Se/p = (S,E/P g/P)

with the vector R € R% and the matrices N}y, N}, € Ro*io N N7 e RioxUo—io) gr &1
Rivexio gnd S}, S € RioexUo=io) - Pyrther, let TT = [T%, TY,] and A, be square and invertible

c,1»
matrices with

T..N" =0, rank(T.o N”) = rank(T, ), T AT), =0.
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Then, the dynamics of M can be reconstructed from the dynamics of the reduced system M with

NE:TCIN/E; NP:T01N1/D7

SE—SI —S” HIV( CQN )TC,QN/E7 SP—SI —S” IHV( CQN )TQQNIID,

Ne - Tc,l Nea 50 an ( c,l)#{O;

&€,&) = Teac(§, &), REC) = R(E.E)
where
c=c(§ &), £ = Th#E o (—8" inv(T.o N") T.0) ..
7= (T BT = (FT o7)

and

Jy = inv(T,s N") Ty (¢ — N'J — N, J.) + A,
with any AJy(t) € null(T,, N").

Proof. The proof follows the lines of the proof of Corollary - p.-|78). We choose the matrices
Ty, € Rio¥io T,y e RioxUo—io) such that Ty = [Ty, Ty] = I and Ay = I. Then, we have
NE/P = Ng/pTyy, NE/P = Ng/p T2, SE/P = Sg/pTy; and SE/P = Sg/pTy2. We transform
the system with Corollary [5.32] - -

The forces FQ — V" — (TclN”)T#'f, ( CQN”)T#g,OSNT#fe ( c1N")T#§' ( C2N//)T#€H
SYT4#E. = 0 vanish because R” = 0. This equation simplifies to (T.o Np)T#&" o SE#E, —
(T2 NB)TH#E" 0 SET#E, = 0 because due to T.; N” = 0 it holds (7.1 Np)T#& = (T.1 Np)T#¢'.
The unique solution of the equation F” = 0 is ¢’ = (—inv’ (T, N") S"T)#&, (cf. proof of Corol-

lary - p. . Substituting this result into the forces F' = (T.q Np)T#& o (Too Njp)T#&" o

SEH#E — (Toqa Np)T#E o (T Np)T#E" o SE#E. = 0 yields
F' =(T,, Np)'#¢ o (S, — 8" inv(T.o N") T.o Ni) ' #&,
—(To1 Np)"# o (Sp — 8" inv(T.o N") Tpo Np) " #E.

From this expression, one can derive the matrices Sg /p. Observe that the result contains only
the matrices S” and N” but not the matrices SZ“/P and Ng/P.
The other formulas in the corollary are equivalent the formulas in Corollary (p.[78).

5.5.3. Reduction of the Boundary Conditions

Section (p. introduced methods for the reduction of the number of the input vectors
that define the boundary conditions in thermodynamic models. Methods to reduce the number
of clamped potentials and clamped fluxes were discussed. These methods are based on suited
translation of potentials and fluxes. Since these translation methods also apply to thermokinetic
models (see Section L D. - the reduction of boundary conditions can be directly applied
to thermokinetic models and needs not to be discussed here in detail.

108



5. Thermokinetic Modeling

5.6. Conclusions

This chapter introduced the Thermokinetic Modeling (TKM) formalism. The TKM formalism
is derived from the thermodynamic formalism, but leads to much simpler model equations.

The complexity of the thermodynamic modeling formalism arises from the strongly nonlinear
relation of thermodynamic forces and reaction rates. Whereas thermodynamic forces scale
linearly with the logarithm of the concentrations, the rate laws of mass-action kinetics scale
linearly with products of concentrations. Therefore, the thermodynamic resistances that are
the ratio of thermodynamic forces and fluxes are described by complicated expressions.

This chapter introduced suited thermokinetic variables — namely the thermokinetic poten-
tials £ and the thermokinetic forces F' — that are derived from thermodynamic potentials and
forces. Further, it introduced thermokinetic capacities C; that are the ratios of concentrations
and thermokinetic potentials. Analogously, the thermokinetic resistances R; are the ratios of
thermokinetic forces and fluxes. In the standard case of mass-action kinetics in an ideal di-
lute solution, thermokinetic potentials and forces are proportional to concentrations and fluxes,
respectively. This means that capacities C; and resistances R; are constant system parameters.

Many of the reduction methods that were derived in Chapter [4] for thermodynamic models
apply with small modifications also to thermokinetic models. Only the reduction of stoichio-
metric cycles and the reduction of the thermodynamic submodels could not be extended to TK
models in a general way. In general, these methods inherently lead to a non-diagonal resistance
matrix. This is only a minor limitation of TKM because — as was discussed in Section [4.3] (p.[33)
— the reduction of stoichiometric cycles does not lead to a considerable reduction of the model
equations. In addition, the reduction of the thermodynamic submodel is often not possible due
to the occurring non-linear equations. Important special cases of the reduction of stoichiometric
cycles and of the thermodynamic submodel in thermokinetic models are discussed in Chapter [6]
The reduction of the kinetic submodel, i. e. the application of the rapid equilibrium assumption,
which is especially useful and simple, is applicable to TK models.

Although the thermodynamic modeling formalism is more general than the thermokinetic
modeling formalism, the practical restrictions are minor, since non-diagonal resistance matrices
usually do not occur in the kinetic modeling of reaction networks. The advantage of using TKM
is its simple and elegant parameterization of the model equations. In contrast to the conventional
kinetic modeling formalism, TKM structurally guarantees the thermodynamic consistency of
the model equations. Compared to the thermodynamic modeling, the model equations of TKM
and their handling are simple.

The methods developed in this chapter are formulated as operations on thermokinetic mod-
els. Thus, their application requires the complete formulation of the system matrices Ng/p,
Sk/p, Ne and the functions ¢(§, &) and R(, &) of the whole network. The derived methods are
ideally suited for the development of a computer tool for modeling and model reduction. A pro-
totypical implementation is available and described in Appendix [A] The next chapter explores
the possibilities of model reduction on the reaction equation level, which allows applying the
reduction methods without explicitly building the system matrices. This simplifies modeling
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and shows the inherent modularity of the developed methods. The procedure developed in
the next chapter is particularly useful for calculations with ‘paper and pencil’ and for systems
defined by reaction rules.
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6. Model Reduction of Reaction
Equations

Chapters [3] and [4] developed a quite general thermodynamic modeling formalism for reaction
networks. This allowed developing algorithms for model transformation and reduction. How-
ever, due to the complexity of the occurring mathematical expressions, the thermodynamic
formalism is not suited for modeling larger networks. For this reason, Chapter [5| modified the
thermodynamic formalism in order to arrive at the thermokinetic formalism that leads to much
simpler model equations. However, the introduced model reduction methods are described for
whole models of reaction networks in the form of matrix operations. For larger networks, model
reduction as described in the previous chapters can only be done using computer programs.
This chapter introduces procedures that allow for the application of several model reduction
techniques on the level of reaction equations. This means that rules are given that describe how
to transform a set of reaction equations, with capacities and resistances to an equivalent reduced
formulation. These methods can be easily applied without using a computer program but only
with ‘paper and pencil’. They can also be applied to reaction rules as they are often used for
the description of combinatorial protein-protein interaction networks in signal transduction.

Definition 6.1 (Reaction Equations). A reaction system is defined by a list of reaction equa-
tions

E VE,ini\:\E VP,ini

iEEj iGPj

with stoichiometric coefficients vg,/p;; and indices i = 1.. .49, j = 1...j0. Every reaction has a
resistance R;(§) > 0 and every compound X; has a capacity C;(§).

§ 6.2 (Stoichiometric coefficients). The overall stoichiometric coefficient of X; in reaction j is
Vij = —Vg,j + vpy;. Initially, vg;; or vp;; are positive, but models with negative vg ;; or vp;;
may occur during the model reduction. The overall stoichiometric coefficient v;; is negative if
X, is a reactant of reaction j and positive if it is a product.

§ 6.3 (Open vs. closed). In the previous chapters, we distinguished between closed systems and
open systems. In open systems, certain thermokinetic potentials ¢; and fluxes J; are clamped.
Thus, the system does not necessarily reach thermodynamic equilibrium, but a continuous ex-
change of matter and energy with the environment may occur. In order to treat open systems,
we introduced the external stoichiometric matrices N, and S. This is a clear, formal way to

111



6. Model Reduction of Reaction Equations

include the boundary conditions. However, the goal in this chapter is to arrive at a methodol-
ogy that is not only formally appealing and thermodynamically correct, but can also be easily
applied with paper and pencil without using a computer program. A clear distinction of exter-
nal and internal fluxes and compounds throughout the computations is tedious and increases
notational complexity without adding to the comprehension. Thus, we always treat reaction
equations as if they constituted a closed system. Clamping of potentials and fluxes can be done
after the reduction steps. This is easily possible because, in the methods proposed below, fluxes
and thermokinetic potentials of reduced and original system are equal (or of course removed by
the reduction steps).

6.1. Transformations and Translations

The transformation and translation rules developed in the Sections (p. and
(p.[102) operate on whole networks rather than on single reaction equations or rules. The
translation vector depends on properties of the whole network and not on properties of single
reactions. Extensions or modifications of the network make it necessary to redo the calculations.
This means that transformation and translation cannot be applied on the reaction equation level
only.

An exception is the translation of stoichiometric coefficients (see Section , p- .

Corollary 6.4 (Translation of stoichiometric coefficients). A reaction j with stoichiometry
vpij and vp; and resistance R; can be replaced by a reaction j with Vg; = v + 0v;, Dpij =
oriy s and By = By TI2, 6

Proof. This follows directly from Corollary (p.[104). O

Example 6.5. Consider the reaction A + F = B + E with resistance R. Here E has the role
of a catalyst. The reaction is equivalent to the reaction A = B with resistance R = R/{g.

6.2. Reduction of the Stoichiometric Submodel

6.2.1. Reduction of Conservation Relations

In the traditional formalism with concentration dependent kinetic rate laws, the reduction
of conservation relations is straightforward. In TKM we seek for models with a guaranteed
thermodynamic feasibility and thus use rate laws that depend on thermokinetic potentials in a
defined way. As shown in Section (p. a reduction of conservation relations preserving
the TKM formalism is possible but requires solving nonlinear equations. Thus, we cannot expect
that this reduction technique is in general easily applicable within the framework of TKM. For
this reason, we do not seek to formulate rules for this case.
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6.2.2. Reduction of Stoichiometric Cycles

The reduction of stoichiometric cycles as discussed in Section (p.[61)) for thermodynamic
models leads to a non-diagonal resistance matrix. This cannot be accounted for in the TKM
formalism (see the discussion in Section , p.. However, we can give a rule for a simple
but important case.

The simplest possible stoichiometric cycle is formed by two or more reactions with the same
stoichiometry, e. g. isoenzymes. This is equivalent to a parallel connection of these reactions and
analogous to the parallel connection of electrical resistances. To treat such cases, the following
definition from electrical theory is helpful.

Definition 6.6 (Parallel resistances). The operation R; || Rz || ... || Ry is defined by
(Ril|Ro |l ... | R) " =Ry "+ R ' +...+ R/’

Corollary 6.7 (Parallel reactions). Let j = 1...q be the indices of reactions with equal stoi-

chiometry (vpsn = ... = Vg, and vpy = ... =vp,, for alli=1...i0). The q reactions can be

replaced by one reaction with the resistance R =Ry || Ra || ... || Ry

Proof. Since the stoichiometry is equal the forces are equal F' = Fy = ... = F,. Thus, the

overall fluxis J = Ji+...+ J,=R{'Fi+ ...+ R'F,=(R'+...+ R;)F=R'F. O

1
Example 6.8 (Parallel reactions). Consider a system that contains two reactions A = B and

2 . C .
A = B. Because both reactions have equal stoichiometry, they can be replaced by A = B with
a resistance of

Ry R,
R=Ry | Ry = —72
R Ry + R,

6.3. Reduction of the Thermodynamic and Kinetic Submodel

If some capacities or resistances are zero, a reduction of the model size is possible. While for
vanishing capacities we can only give rules for a special but important case, the reduction in
the case of vanishing resistances, i. e. the rapid equilibrium assumption, is a very powerful tool.

6.3.1. Reduction of the Thermodynamic Submodel

The reduction of the thermodynamic submodel for a singular dc/du or vanishing capacities
involves the solution of a nonlinear equation system (see Section £.2.2.1] p.[63)). The existence
and uniqueness of the solution of this equation system is not guaranteed. Thus, a general and
simple rule for this reduction method cannot be given. Further, as pointed out in Section[5.5.2.1]
(p. the reduction method in general leads to a non-diagonal resistance matrix and thus is
not suited for TKM. However, for the special case of serial reactions that corresponds to a serial
connection in electrical theory we may give a simple rule.
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Corollary 6.9 (Serial reactions). Consider a network with two reactions 1 and 2 such that the
products of reaction 1 are the reactants of reaction 2 (P, = Ey and vp; = vge for alli). Let
C; = 0 for at least one i € P, = Fy. Further, assume that the compounds in the set P, = F,
with C; = 0 do not appear anywhere else in the reaction network and that the resistances and
capacities of the network do not depend on their thermokinetic potentials.

These two reactions can be replaced by a single reaction with = Ey, P = P, vg; = Vg,
vp; = Vpi2 and a resistance R = Ry + Ry. The force Fpy = Fgo can be reconstructed by

Ry Fp1+ Ry Fpp
Ry + Ry '

Fpy=Fga =

Proof. We have that F'p; = Fg 2 because the reactants of reaction 2 are the products of reaction
1. Since C; = 0 for a compound i € P; and since this compound does not occur anywhere else
in the network, we get J = J; = Jy. Thus, it is Ry J = Fg1 — Fp; and Ry J = Fgo — Fpo.
Since Fpy = Fga, we get (Ry + Ry)J = Fgy1 — Fps and thus RJ = F. Further we get
Fpy1 = Fgs = Fg1— R, J which leads to the expression for Fip; = I given in the corollary. [l

Example 6.10 (Serial reactions — simple case). Let A = B and B = C be two reactions in a
network with Cg = 0 and no further occurrences of B. Then, we can replace these reactions
by A = C with R = R; + Rs. The thermokinetic potential of the reduced compound B can be
reconstructed by {g = Fp1 = Fpo = (Raéa + R1&c) /(R + R2).

Example 6.11 (Serial reactions — loss of uniqueness). Let A é B, + By and B; + By é C
be two reactions in a network with Cz, > 0 and Cp, = 0 and no further occurrences of B;
and B;. Then, we can replace these reactions by A = C with R = R; + Rs. The force
exerted by the compounds B; and B; can be reconstructed by Fr; = Fps = {p1&p2 =
(Reéa+R1&c)/(Ry+Rs). If Cpy > 0 then the thermokinetic potential {51 = ¢p1/Cp1 = Ep1o
is constant because the quasi-steady condition J; = J; leads to ¢g; = 0. In this case, g2 is
given by g0 = F1/€p10. If Cp1 = 0, we have no possibility to separately compute {5, and
£p,2- This case is an example of the non-uniqueness of the solution as discussed in (p..

The above corollary can be generalized to a case where only some of the products of reaction
1 are reactants of reaction 2.

Corollary 6.12 (Partially serial reactions). Consider a system with two reactions 1 and 2
such that some of the products of reaction 1 are reactants of reaction 2 (X = P, N Ey # {}
and vpy = vge for all i € X). Let C; = 0 for at least one i € X. Further, assume that
the compounds in the set X with C; = 0 do not appear anywhere else in the reaction network
and that the resistances and capacities of the network do not depend on their thermokinetic
potentials.

Then, these two reactions can be replaced by a single reaction with E = (F1 U FEy)/X, P =
(PLUDRy)/X, vg; = Vg + Ve, Vpi = Vpj + Upia and a resistance R = Ry HieEQ/X 57 +
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Ry HZ.GPI/X &7, The force Fx exerted by the compounds in X can be reconstructed by

S | G | G L
ieX i€X

Proof. Let Fx = [licx & = [Liex & Fa = [Licr,)x & and Fp = [Licr/x &
With these abbreviations we have that Fpo = Fx Fy and Fp; = Fx Fp. Since C; = 0 for a
compound ¢ € X and since this compound does not occur anywhere else in the network, we
get J =Jy = Jy. Thus, it is Ry J = Fg1 — Fx Fp and Ry J = Fx Fy — Fps. Eliminating Fy
yields (Ry Fa+ Re Fg) J = Fg1 Fa — Fps Fg and thus RJ = F. Eliminating J from the same
equations yields the expression for F'x given in the corollary. The stoichiometry of the overall
reactions follows from J; = J5. O

Example 6.13 (Partially serial reactions). Let E = X + B and X + A = P be two reactions
in a network with Cx = 0 and no further occurrences of X. Then, we can replace these
reactions by £+ A = P+ B with R = Ry {4 + Rs&p. The thermokinetic potential of X can
be reconstructed by &x = Fxy = (Reép + R1&p)/(R1éa + R2&R).

6.3.2. Reduction of the Kinetic Submodel

If a network contains vanishing resistances, the corresponding thermokinetic forces are zero.
The resulting algebraic equations allow for a reduction of the model (Section [5.5.2.2) p.[107)).

The approximative use of the reduction methods introduced below is possible if the resistances
are small such that the respective reactions rapidly approach thermodynamic equilibrium.

This section presents simple but comprehensive precepts for the reduction of systems defined
by reaction equations that contain fast reactions.

Corollary 6.14 (Reduction of reaction equations). Let M be a system defined by the reaction
equations

E VE,ini\:\E vpij Xi
iEEj iEPj

with resistances R;(§) > 0 and capacities C;(€) fori=1...i9 and j =1...jy. Let at least one
resistance be zero. Without loss of generality, we write Ry =0 and v17 # 0. Further, let M be
a system defined by

E ﬂE,ini\:\E Upij Xi

iEEj iGPj
with stoichiometric coefficients
. Vi1 - Vi1
VE,j = VEij —VE1j — Vpij = Vpij — VP1j —
i U
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resistances R](f) = R;(&) and capacities

fori=2...190 and j =2...j9. The solutions of M and M are equivalent with

Vi1l ~

gi:é? Cizéi‘f’LCla Jj: Jo Fj:ﬁ’jv
V11
iO - 1 jO N
&ank—w@l/m, a=C0C&, Jl:y_ (él—ZVlj Ji |, Fr =0
k=2 11 =2

withi=2...79 and 7 =2... 7.

Proof. The above follows from Corollary (p.[107). There the fast subsystem is denoted
by (”) and the slow subsystem by (’). Thus, when applying Corollary we must take into
account the different ordering of reactions and compounds. We have

R VE/P11 bﬁ/p
/ . _
R =1 . ) NE/P: ag/p NE/P
Rjo —— N——
Ngp Ngp
with
VE/P21 Vg/p22 --- VE/P2j
ag/p = : . bpp= (vespr2 -~ vepajy), Nep = :
VE/Pjigl VE/Pjio2 --- VE/Pjojo
The transformation matrix T, with T, = [T7,, T},
Teq = (—,%H a 12'071> ; Teo = (1 0 ... O)

and with @ = ap — ag is square and of full rank. The matrices 7T¢.; and T, fulfill the required
conditions T.; N” = —a+a = 0 and rank(7,.o N”) = rank(vy;) = 1 = rank(7»). Thus, we can
use these matrices to gain a reduced representation with

& g H;;:O:2 ~k_Vk1/V11
&2 (- Vin a’ 4 :2 _ 3
: Iiy—1 . :
&O \_.T,_/ 5@'0 é
Tc 1 ~ 0
E Y 13
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and
~ va1
Co C1 Cy — T C1
1 —
= < D a ]Zo—1> = :
G 4 4 . Yigl
Cig ,Z?Crl Cig Ciy i C1
~—— ’ ——
é c

The reduced system has stoichiometric matrices

Newo=(—La I bE/P =N b bL
E/p = =570 lip—1 - = Ng/p z/na E/P-

R Ng/p
Ten 5/—/
NE/P

This is equivalent to the formula given for the new stoichiometric coefficients in the above
corollary. According to Corollary , we have for the resistance R = R’. The function ¢(§) is
given by

Cr& — 201G Cy — 2 1%
— () Cio&io — 22 C1 & Ciy — 2L Cy 5_10
6@

Fluxes and forces of original and reduced system are related by

T T Fy Fy
‘]j J Jo F Ji F Jo
—— = —_— =
J J J F
Fi =0 and
. 2% . bT\ - L (. & -
Ji = 1 e 1 e | = J|=— — i J;
1 = 1nv ( 0 0) (a) ( 0 0) c (N) o <01 Z_;mg j
T2 S—— Te,2 SN——" =
N/l N/
The above derived expressions are equivalent to the expressions given in the corollary. O]

§ 6.15 (Step-by-step procedure). The application of the above corollary to a list of reaction
equations is straightforward. Here we give a step-by-step procedure for the reduction of networks
with fast reactions:

1. Choice of the reaction equation and the compound that is to be reduced:
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a) Choose a reaction assumed to be in rapid equilibrium (R; = 0):
io io
Z Vil X; = Z vpil X;.
i=1 i=1

b) Choose a compound X to eliminate. This compound must be a true reactant or
product of the fast reaction (v1; = vp11 — vg11 # 0).
2. Computation of the reduced stoichiometry:

a) Solve the rapid reaction equation for X; as if it is a linear equation:

Vpi1 —Vpsil
X = E —_— X,

VP11 —VE11

fi=—vi1/v11

(e.g. A+ B=C+D — C=A+B-D).

b) Replace the compound X in the remaining reaction equations by this solution. In
order to distinguish the reduced model from the original model, add a tilde to all
species in all reaction equations. In the example from the previous item, C'+ F = F

and G+ H =1become A+ B—D+E=Fand G+ H=1.
3. Reconstruction of original from reduced variables:

a) We have ¢; = ¢ — fic; and § = é for i = 2...4y. Further it is & = 2022 éfk. With
this we can reconstruct ¢; by ¢ = C &;.

b) The slow fluxes and forces of the original and reduced system are equal: .J; = jj
and F; = Fj for j = 2...jp. The fast force is F; = 0 and the fast flux can be
reconstructed by J; = (¢ — 2;0:2 v1; J;)/1v11. In many cases, a reconstruction of the
fast flux is not necessary.

4. Computation of the reduced parameters:

a) The reduced resistances are equal to the original resistances Rj = R;.

b) The new capacities are given by

51
C,=C,+ fi=C
f&

7

c¢) If capacities C and resistances R depend on &, the results of step [3| can be used to
express them in dependence on €.

5. If the network contains further reactions with resistance 0, apply the reduction method
again until all remaining reactions have a strictly positive resistance.
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§ 6.16 (Clamping of potentials and fluxes). In §6.3| (p.[L11)) it was argued that it is sufficient to
formally limit the development of the reduction method to closed systems because it is easily
possible to clamp potentials and fluxes after the reduction step. The remaining potentials &;
and fluxes J; of the reduced system are equal to the corresponding potentials and fluxes of the
original system. Thus, the clamping of these compounds can be easily done after the reduction.
During the reduction one has to take care that no clamped flux or potential is removed.

§ 6.17 (Conflicting potentials &;). During the application of the procedure in , it may
not be possible to choose a compound that is to be removed because all compounds that
participate in a fast reaction are going to be clamped. This situation corresponds to conflicts
among clamped potentials as discussed in Corollary (p.. Such situations need to be
resolved as explained in (p. because they correspond to physically inconsistent model
assumptions. Either a rapid-equilibrium assumption has to be relaxed, or the potential of a
clamped compound has to be released.

§ 6.18 (Non-uniqueness of J;). During the application of the procedure in it may happen
that a network still contains fast reactions (R; = 0), but its overall stoichiometric coefficients v;;
are all zero. In this case the reduction cannot be applied, since it requires at least one compound
with ;1 # 0. In such cases, the rapid-equilibrium condition F; = 0 is trivially fulfilled and the
flux J; is not uniquely determined. This situation corresponds to the non-uniqueness of fluxes
that may occur under certain conditions (cf. Corollary , p.. A possibility to treat such
situations is to completely remove the problematic reaction equation from the network (cf. ,
p.. This makes the fluxes unique, and only influences the values of the respective fluxes but
no other quantities.

. . . . R R )
Example 6.19 (Linear reaction chain). Consider the system A = B = C with constant
resistances R; > 0, Ry = 0 and constant capacities C'4, Cp and C¢. Applying the procedure

~ R ~
in §6.15/ in order to remove species C' and reaction 2 we get the reduced system: A — B

with Cy = C, Cp = Cp + &/€3 Co = Cp + Co, ca = éa, cp = ép — e, co = Coée and
o = § 5. A more appropriate notation for B would be BC, since the compound B comprises

the compounds B and C' (¢ = ¢p + c¢).

. . . . . . R
Example 6.20 (Reaction chain with bimolecular reaction). Consider the system A + B =
R . . .-
C = D with constant resistances Ry = 0, Ry > 0 and constant capacities C4, Cp, Cc and

: : .+~ Ry =~
C'p. We remove species C' and reaction 1 from the system. The reduced system is A+ B = D

with ¢y = ¢a —cc, cg = ¢p = co, c¢ = Co e, cp = Cp, §a = éa, &8 = &b, &o = Eap, &p = &b,
CA =Cy+ C(jfg/fA =(C4+ Cch and CB =(Cg+ C(jfg/fB =(Cg+ CC’&A Thus, the new
compounds A and B are the pools of {4, C'} and {B, C}, respectively.

§ 6.21 (Simultaneous reduction of several fast reactions). By successive application of the
procedure in we can completely reduce all reactions with a resistance zero from a reaction

119
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system. However, we can only remove one fast reaction at a time. To reduce several reactions
simultaneously, one needs to fall back to Corollary and compute the required null spaces
(i. e. solve linear equations). However, for a simple but frequent case we can extend the procedure
in to reduce several reactions simultaneously: Assume that the first ¢ reactions are fast
(Rj =0for j =1...q). Further, assume that each fast reaction contains a compound X; that
occurs only in this fast reaction, but not in other fast reactions (v;; # 0 for i = j, v;; = 0 for
i#7,1,j =1...q). Then the ¢ reduction steps that are necessary to reduce the ¢ fast reactions
with procedure can be done simultaneously. The only point where the ¢ reduction steps
interact is in the reconstruction of ¢; and in the computation of the reduced capacities C;. There
one needs to add a corresponding summand for each reduced compound.

R1=( R3>0
Example 6.22. Consider a network consisting of the four reactions: A —=— B, ik Ch,

Ro=0 R4>0 . . . 1. . .
A ——= By ——= (5. The reactions 1 and 2 are in rapid equilibrium and we will remove

By and B,. Both reduction steps can be done simultaneously and lead to the reduced model

< Rs>0 ~ o+ Ry>0 ~ .~ ~ ~ .
Aﬁ&Cl,AﬁLCQWI’ChCA:CA—i-CBl—i-CBQ,CCl:Ccl,CCQ:CCQ,CA:CA+CBI+CB2,

ECl = Ccy and 602 = Ccoy-

6.4. Reduction of the Boundary Conditions

The reduction of the number of clamped potentials and clamped fluxes requires the knowledge
of the complete stoichiometry of the model. It is based on the null space of a combination
of stoichiometric matrices (see Section , p.. By adding or removing reactions and
compounds to the network, this null space changes. This means that the reduction method
depends on properties of the whole network and not of single reactions or species only. For
this reason, we do not give rules for the reduction of the boundary conditions on the reaction
equation level.

6.5. Excursus: Combinatorial Protein Interaction Networks

In protein-protein interaction networks, the number of distinguishable protein-protein com-
plexes and the number of distinguishable reactions is typically very large. This is due to the
combinatorial explosion of these numbers for scaffold proteins with several binding sites. The
number of species and reactions in such networks easily goes into millions even if only a few
proteins are considered (see e.g. Hlavacek et al. [49]). The number of stoichiometric cycles
and thus the number of Wegscheider conditions grows over-proportionally with the model size
(Example [2.60) p.[37). Therefore, the thermodynamically consistent kinetic modeling of such
networks gets increasingly involved.

Reaction rules are a possibility to describe models of these networks by a relatively short
list of reaction equations [35]. We define a reaction rule as a reaction equation with an index
variable, e. g. the reaction rule Ag 4, 2, + B = Aj 4, », With the indices z9, 3 € {0,1}. This rule
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describes 4 single reaction equations. Several computer programs exist that build simulation
equations from a set of indexed reaction rules; e. g. BioNetGen [I8|. However, this approach gets
easily intractable because the number of model equations grows exponentially with the number
of involved proteins. Several model reduction techniques were developed for such systems. The
method of Conzelmann et al. [28] relies on an observability analysis and on finding a minimal
Kalman realization of the system. The approaches of Koschorreck [63], Koschorreck and Gilles
[64], Koschorreck et al. [65] and Borisov et al. [20] use approximative assumptions for the re-
duction of the model size. The approximative approach of Koschorreck implicitly uses specific
rapid equilibrium assumptions that allow avoiding a great deal of the combinatorial complexity.
This approach is based on specific interaction motifs that occur frequently. The methods men-
tioned above are highly valuable for modeling protein-protein interaction networks, however,
there is still no satisfying and general method for the reduced-order modeling of protein-protein
interaction networks. The development of a more general method for the application of rapid
equilibrium assumptions is a promising task. This excursus sketches a possible approach.

6.5.1. Reaction Rules and Interaction Factors

This section shows by means of an example how reaction rules can be formulated in TKM. This
is a prerequisite for the consideration of complex protein interaction networks.

Example 6.23 (Complex formation at a scaffold). Consider the binding of three ligands L,
Ly and L3 to a scaffold protein S. The system can be described by 12 reactions that can be
written by three reaction rules:

1

Ll + SO,:EQ,:E;), ﬁ Sl,a)g,a)ga
EN

L2 + Sml,O,xg N Sm,l,acga
A

L+ 511,962,0 ~ SI1,1271'

with x1, 29,23 € {0,1}. The three subscripts z; indicate whether the corresponding binding
site for ligand L; is occupied (z; = 1) or not (z; = 0). The capacities and resistances of the
reactions depend on the indices x1, 9 and x3. We assume that we can describe the reaction
kinetics by ideal mass-action laws. In contrast to the usual conventions, we allow that the rate
constants k4 ; of the single reactions described by a reaction rule are different. Thus, we can
describe the network by 11 constant capacities and 12 constant resistances. These numbers
increase exponentially with the number of ligands (see Example , p.. The following two
paragraphs introduce a convenient representation of the capacities and resistances by means of
thermodynamic and kinetic interaction factors.

Thermodynamic interaction factors. The capacities Cg of the scaffold complexes can

T],L9,T3

be written as

— 1 2 xr3 1 T2 T1 T3 T2 T3 1 T2 T3
C'Sml,mz,m3 =Cy Kc,1 KC,2 KC,3 KC’,12 KC,13 KC,23 KC,123
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with a constant base capacity Cs of the unoccupied scaffold and constant thermodynamic in-
teraction factors K¢ .. This way of denoting the dependency of the capacities on the binding
state of S is especially appealing because it reflects the interaction structure of the scaffold. If
we rewrite the above expression for C's, . in terms of chemical standard potentials (see ,

p. we get:

pgm% =—R"T log (%) —1 ﬁ* T l\org Ke1—2o R°T {org KC% —I3 \R* T lgg Kes
#05«0:)’0 »i ns us
— 2129 R*T log Koo —x1 23 R*T log Kois —wov3 R*T log K¢ og
1o 193 133

— T1T2T3 R*T log K07123
N -~ >
a3

where g is the standard potential of free S. The terms 7 /273 together with the standard
potentials of the ligands L;/5/3 determine the Gibbs binding energies of L;/3/3 to free S. For
example, the Gibbs binding energy of Ly to free S'is AGY | 11, —s, 0 = —H3y 00— MLy THS 00 =
—u7, — p7. The other terms describe interactions of the ligand bindings. If uf, is not equal
zero, bound L; and bound Ly influence each other with the Gibbs interaction energy n3,. Such
an interaction occurs if Ly and Ly bind in direct neighborhood (i.e. with physical contact) at
the scaffold protein and thus interact in this way. Another possibility is that the binding of L,
stabilizes the scaffold in a certain conformation with an increased or decreased affinity for L.
This kind of interaction occurs in signal transduction from extracellular ligands (e. g. hormones)
to intracellular ligands. Observe that interactions are always reciprocal, i. e. the effect of bound
L, on the Gibbs binding energy of L, is equal to the effect of bound L, on the Gibbs binding
energy of L. If two bindings are independent, the respective p5 ;, equals zero, and the respective
K;,i, equals one . There is also the possibility of higher-order interactions (Kja3 # 1) that occur
if the concerted effect of several ligand bindings influences the binding of a further ligand. For
large scaffolds with only a few interactions, a simple list of all capacities would be very long,
but a formulation in terms of interaction factors K¢, . is short because interaction factors equal
to one can be omitted.

Kinetic interaction factors. The resistances of the reaction rules depend on the respective
free index variables. We parameterize them in the following way:

R, (z2,3) = Ry (KR’IQ)IQ <KR’173)363 (KR,1,23>362 N y
2 Kco Kcs Kcpos

RZ (z1,23) — R2 (KRQ’I ) N <KR7273 > h (KR’ZB > o )
1) Kecg Kcs Kcas

KR 1 KR T2 KR 21 T2
B3 (21,20) = I3 Sl 5.2 —R312 .
Kca Keo Kc1

Here R;/y/3 are the resistances of the binding of L;/5/3 to the unoccupied scaffold Sy and

KRg/2/3,- are the kinetic interaction factors. They describe the effect of the binding state of
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the scaffold on the binding rate constant of L;5/3. For example, the rate constants of the
binding of ligand 1 is ki1 sy = Ry C5' Cr! Ky K Kpioy (see p.. The
interaction factors Kg12, Kr13 and K23 describe the influence of bound Ly, bound L3 and
the concerted effect of bound Ly and Lz on the binding of L. If for example Kr;2 < 1, the
association constant of Ly to a S-Lo-complex is greater than to the empty scaffold S.

The definition of the kinetic interaction factors Kp . . given above is advantageous because
the forward rate constants k. ; are independent of the thermodynamic interaction factors K¢, ..
Thus, a change of the binding velocity is solely determined by the kinetic interaction factors.
Often the diffusion of the ligand L; is the rate-limiting step for the binding. In this case, the
association constants k,; are independent of the state of the scaffold S (see [15, 35]) and the
kinetic interaction factors equal one; Kg; . = 1. This means that the signal transmission in
this diffusion limited case is solely determined by the thermodynamic interaction factors K¢, ..

Independent processes. If the higher order thermodynamic interactions vanish (K¢12 =
Keci13 = Koo = 1) and the kinetic interactions vanish (Kp . . = 1), the binding processes
of Ly, Ly and L3 are mutually independent. Then, the rate constants for the reaction rules do
not depend on the binding state of the scaffold.

§ 6.24 (Difference to other notations). Other approaches for modeling by reaction rules usually
assume that all reactions defined by a reaction rule have the same kinetic constants k, and k_
[19, 28, [65]. This means that the binding event described by a rule is independent of the state
of the complexes that participate in the reaction rule. In the above example, this corresponds
to the case of independent processes. To allow for interactions, the system needs to be written
with more than three reaction rules. The parameterization of reaction rules as introduced in
the above example is more general, since it is only assumed that resistances and capacities can
be expressed in terms of the indices z; that are used to write the reaction rules.

Example 6.25 (Effect of the interaction factors). To illustrate the meaning of the interaction
factors, we consider the signal transduction mediated by a scaffold S with two ligands L; and
Ly. We start in thermodynamic equilibrium of the binding of L; and Ls. The ligands L; and
Lo are partly bound to the scaffold S. At a certain point in time, the total concentration of L;
(¢r, = cr, +cs,4+Cs, ) is increased by adding a certain amount of free L;. In response to this
pulse a part of the added free L; binds to the scaffold. Due to the interactions at the scaffold, this
may have effects on the binding of Lo, i.e. the concentration of bound Ly (¢s. L =Csou T C$y.1)-
If this is the case, the scaffold transmits a signal from ligand L; to ligand L,. Figure [6.1] shows
several cases with different interaction factors. In this example, the thermodynamic interaction
factors determine the steady state response and the kinetic interaction factors characterize the
transient behavior.

§ 6.26 (Conclusions). Thermodynamic and kinetic interaction factors allow for the thermo-
dynamically consistent modeling of information flow in protein-protein interaction networks.
Such a description is the basis for the application of the rapid equilibrium assumption that is
discussed in the following section.
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0 time time time time time
Koo =1 Koo >1 Kcia =1 Koo >1 Kcia >1
Kpri2=1 Kris=1 Kpri2>1 Kpri2>1 Kpri2>1
Kpoy1 =1 Kroy1 =1 Kproy <1 Kgroy <1 Kpoi >1

Figure 6.1.: Effect of the interaction factors on the signal transduction at a scaffold S. Free
ligand L; is added at time ¢ = 0. The plot show the concentration of bound ligand

L2 (éS.,l = CSp4 + 651,1)'

6.5.2. Model Reduction of Reaction Rules

The step-by-step procedure (p. for the reduction by rapid equilibrium assumptions
can be applied to reaction rules. It is usually not necessary to completely expand the rules
to a list of reaction equations, but it is possible to directly formulate the reduced reaction
rules. This means that the formulation of the reduced-order model equations does not require
the formulation of the detailed model equations. This is an essential advantage because the
detailed model defined by the expanded reaction rules may contain an infeasibly high number
of equations. We demonstrate this by means of a few examples.

Example 6.27 (Complex formation at a scaffold). Consider a scaffold protein S with ¢ binding
sites for ¢ ligands L; (i = 1...q). By Sz,..z, We denote the complexes of the scaffold, where
x; = 0 means that the i*" site is free and z; = 1 means that L; has bound to site i. The reaction
rules

1
Ll + SO,a:g...;tq # Sl,wg...axq

Lg+ Servq10 = Serzgsst
with z; € {0,1} describe all binding processes at the scaffold. The network contains g x
2971 reactions, 29 scaffold complexes and ¢ free ligands. Assume that the binding of L; is
fast (R; = 0). We remove the respective reactions and the L;-S-complexes Si 4, , from the
network. The new concentrations in the reduced network are ¢, = ¢y, + mexq CS1ay..aq
and Csy,, .. = CSoup.wg T CS14y. 0.~ Lh€ quantity ¢z, is the total concentrations of Ly. The
concentrations Cs, ,, . describe how much complexes with a binding state defined by (2. .. ,)
but arbitrary z; exist. The notation ¢g,,, , is chosen systematically as described in ,
p.[[T71 An alternative and more intuitive notation for the same quantity is CS. (o The

|’ 2 Iq
original thermokinetic potential of the reduced complexes can be reconstructed by &g, ,, . =

€11 8S04y..0,- Lhe remaining concentrations are not changed by the reduction: ¢, = ¢, for
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i = 2...q. The reduced capacities are Cp, = Cp, + 32, . (€s14y.00/601) CS1ay. ey = CLi +
ng...xq 55’0,124.41(1 CSl,IQ.“zq? CSO,ZQH.Zq = CSO,IQ.NIQ + (651,124..zq/5'50,12.4.1(1)031,12.4.33(1 = CSO,ZQ...Zq +

39 C81 ..y and CN'Ll. =C;fori=2...q.
We compute the reduced stoichiometry and the reduced resistances. For this purpose we use
the binding of L, with resistance Ry (4, 4...2,) as an example. The reaction rule for the binding

of Ly can be decomposed into two rules:
2a 2b
L2 + SO,O,xg...a:q S S071,x3...arq> L2 + Sl,O,xg...a:q = Sl,l,wg...xqa

where only rule 20 contains the complexes S 4,....,. The resistances are Roq (25...2,) = F2,(0,25..2,)
and Rop,(zy..0,) = Ro,(1,25..0,)- According to @, we get the reduced stoichiometry:

~ ~ 2a ~ ~ ~ ~ 2 ~ ~
Ly + SO,O,arg...zq = SO,l,a;g...;qu Lo+ Ly + SO,O,arg...zq =L+ SO,I,z3...$q'

Reaction 2b can be simplified by a translation of stoichiometric coefficients (Corollary p.[112)
~ ~ ~ b
because L; does not enter its overall stoichiometry. Reaction 20 simplifies to Lo + So0.25...c, =

5'071@3,”% with a resistance égb = ézb,(1,x3...zq)/éL,1. Using Corollary (p-|113)), the rules 2a

and 2b can be combined to

~ ~ 5 ~
Lo+ S0025..24 = S0,1,05..2,

with resistance ]%2,(%“%) = RQ(I,(O,W“%) I (sz,(lﬁman)/&l). Analog expressions can be given
for the binding of the other ligands. The reduced system describes the binding of the remaining
q — 1 ligands Lo,...L, It contains (¢ — 1) x 2772 reactions, 27! scaffold proteins, ¢ — 1
free ligands (Ls...L,) and one ligand L, that represents the sum of free and bound ligand
L. Thus, the reduced system contains 2¢9~! = 50% compounds less than the original system.
The reaction rules, capacities and resistances of the reduced system can be derived without
completely expanding the original reaction rules.

Example 6.28 (Interaction by stabilization of a conformation). Let S be a scaffold with ¢
ligands L;. Assume that the ligands bind in sufficient spatial distance such that they do not
interact directly. Such a situation occurs for example if a transmembrane receptor binds an
extracellular ligand (e.g. a hormone) and an intracellular ligand (e.g. a kinase). This leads
to the interaction factors K¢ ;1 = ... = K¢, = 1 and Kg; . = 1 because the ligands do not
directly interact. Based on this interaction factors, the capacities have the form Cly =

T1...Tq

Cs K¢y .. K, g‘fq. The following reaction rules and resistances describe the binding events:

1 —x —x
Ll + SO,zg...:rq = Sl,xg...mqa Rl,(:pg,..xq) = Rl KC}QQ ce chq

q — —Xg—
2\ _ z1 q—1
Lq + le...zq,l,() ~ le...xq,l,la Rq,(m..‘mq,l) = Rq KCJ cee KC’q,1 .
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T T Z3 Ly
0 phosphatase form dephosphorylated no L, bound no L, bound
1 kinase form phosphorylated Ly bound Lo bound

Table 6.1.: The meaning of the subscripts of the scaffold protein Sy, ;, 2,2, in Example .

We assume that the scaffold S can exist in an inactive conformation S that does not allow
for the binding of any ligand. As a consequence, only free S can go to the inactive state. The
capacity of the inactive state is Cg = C'y K where K > 0 is a constant. We further assume that
there is a rapid equilibrium of the active and the inactive form:

O —
So.0o =5, Ry =0.
Applying the reduction method, we remove the inactive scaffold S from the system and get the
new concentration ¢g, , = c¢s, , +cg. The other concentrations are not changed: ¢z, = ¢z, and
CSyy . ay = CSs, ..y fOT at least one z; # 0. The new capacities are Cs, , = Cg, ,+Cs = Cs (K+1)
and C'Li =Cy,, C’lequ = Cs,, ,, for at least one z; # 0. The capacities can be expressed in a
= Cs K¢y ... K& (K +1)° with 6 = JT7, (1 — ;). If one does
not experimentally distinguish between the active and the inactive forms of the free scaffold

more compact form as Cg,

-Tq

and thus measures only the concentration ¢g, ,, one can only measure the apparent association
ki =R Cg' C1 (K +1)7° and dissociation constants k_; = R; ' Cg' K (see §5.18, p..
Thus, the apparent dissociation constants k_; are independent of the binding state of S, but

the apparent association constants I%H- depend on the binding state.

In the examples above, the steady state signal flows at scaffold proteins are bidirectional.
Whenever the binding of a ligand L; has influence on the binding of another ligand Lo, the
binding of L, necessarily has an effect on the binding of L;. This bidirectionality is an effect of
the symmetry of the thermodynamic interaction factors and thus of the Wegscheider conditions.
It can be broken if additional Gibbs energy (e. g. in the form of ATP) is supplied to the receptor.
The next example derives the apparent association and dissociation constants for a model of
such a mechanism.

Example 6.29 (Retroactivity-free signal transduction by a receptor kinase). In the following
example, we derive a reduced-order model of the signal transduction at a receptor kinase.
Consider a receptor protein Sy, z, 242, (See Table . The receptor can spontaneously switch
between two folding states (z; € {0,1}) with auto-kinase (z; = 1) and phosphatase (x; = 0)
activity, respectively. An extracellular ligand L, can bind to the kinase form (x3 = 1 means that
Ly is bound). The resulting L;-S complex cannot switch to phosphatase form. If the receptor
is in the kinase form, it rapidly undergoes auto-phosphorylation. If it is in phosphatase form,
it rapidly undergoes auto-dephosphorylation. The index x5 = 0 indicates an unphosphorylated
and xo = 1 a phosphorylated receptor. After phosphorylation, an intracellular ligand Ls rapidly
binds to the phosphorylation site (z4 = 1 means that L, has bound). 