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A general scaling rule for the collision energy
dependence of a rotationally inelastic differential
cross-section and its application to NO(X) + He†

Xia Zhang,a Chris J. Eyles,b Craig A. Taatjes,c Dajun Ding*a and Steven Stolte*ade

The quasi-quantum treatment (QQT) (Gijsbertsen et al., J. Am. Chem. Soc., 2006, 128, 8777) provides a

physically compelling framework for the evaluation of rotationally inelastic scattering, including the

differential cross sections (DCS). In this work the QQT framework is extended to treat the DCS in the

classically forbidden region as well as the classically allowed region. Most importantly, the QQT is

applied to the collision energy dependence of the angular distributions of these DCSs. This leads to an

analytical formalism that reveals a scaling relationship between the DCS calculated at a particular

collision energy and the DCS at other collision energies. This scaling is shown to be exact for QM

calculated or experimental DCSs if the magnitude of the (kinematic apse frame) underlying scattering

amplitude depends solely on the projection of the incoming momentum vector onto the kinematic

apse vector. The QM DCSs of the NO(X)–He collision system were found to obey this scaling law nearly

perfectly for energies above 63 meV. The mathematical derivation is accompanied by a mechanistic

description of the Feynman paths that contribute to the scattering amplitude in the classically allowed

and forbidden regions, and the nature of the momentum transfer during the collision process. This

scaling relationship highlights the nature of (and limits to) the information that is obtainable from the

collision-energy dependence of the DCS, and allows a description of the relevant angular range of the

DCSs that embodies this information.

1. Introduction

Rotationally inelastic scattering is one of the fundamental
collision-induced energy transfer processes that underlie inter-
molecular energy flow in chemically reacting systems such as
combustion, astrochemistry, atmospheric and ultra-cold chem-
istry. Because of developments in experimental techniques,

such as velocity mapped ion imaging,1,2 explorations of the
quantum state-to-state resolved rotationally inelastic Differen-
tial Cross-Sections (DCSs) have become possible.3–12 Experi-
mental studies13–15 exploring the collision-energy dependence
of the quantum state-to-state resolved rotationally inelastic
integral cross-sections (ICSs) upon the collision energy have
recently been reported, and may be expected to soon extend to
measurement of the associated DCSs.

Comparison between theoretical and experimental scattering
cross sections is commonly employed as a test of the accuracy
of the potential energy surface. For example, the agreement
between the experimental and theoretical fully quantum state
resolved DCSs at collision energies of around 500 cm�1 has
been demonstrated to be very good for NO(X) + He3,16 and
nearly perfect10,17,18 for NO(X) + Ar. Nevertheless, a combined
theoretical and experimental study19 of the depolarization rate
of rotationally quantum state selected NO molecules in colli-
sions within a thermal bath of Ar atoms (T = 298 K) yielded
experimental depolarization rates that differed significantly
from their theoretical counterparts. Interestingly, these calcula-
tions were performed using the same high quality ab initio
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PES’s employed to predict the NO(X)–Ar DCSs, which were
found to be in excellent agreement with experimental measure-
ments. Changing the initial collision energy of a rotationally
inelastic scattering process accesses different areas of the
potential energy surface, and also alters the angular depen-
dence of the DCS by purely kinematic effects.

Early studies20,21 explored the feasibility of a scaling law
describing the temperature dependence of the thermally aver-
aged rate constants for rotational energy transfer in collisions
between an electronically excited Na2*(A1S) molecule and a rare
gas atom. These led to a scaling law based on the energy
corrected sudden approximation in combination with the
assumption of a power gap law, which required only 3 para-
meters to a fit all rotational energy transfer rate constants for
a given target gas to within 7%–12% deviations. However, a
disquieting feature of these scaling laws was the lack of a
simple theoretical justification.22

In this paper, we show that the quasi-quantum treatment
(QQT) formalism,23–25 previously introduced as a physically
intuitive simplification of exact quantum scattering, reveals a
new collision-energy scaling relationship, and we use the
rotationally inelastic quantum state resolved DCSs associated
with the NO(X)–He collision system as a case study to explore
that relationship. The NO(X)–He system is especially inter-
esting, as the electronic structure allows the investigation of
rotational energy transfer among hyperfine states, L-doublet
states and spin–orbit states. Furthermore, the collision
dynamics of the scattering of an NO molecule from a rare gas
atom is an experimental benchmark and paradigm for mole-
cular collisions involving more than one Born–Oppenheimer
potential energy surface.

The collision-energy scaling procedure will be demonstrated
using rotationally inelastic DCSs obtained both from full close-
coupled quantum mechanical (QM) calculations, as well as
from QQT. Collision energies of EL

col = 63 meV and EH
col =

147 meV, corresponding to separate experimental measure-
ments,3,26 will be considered. The QM method represents the
current state of the art in scattering calculations, while the QQT
method can be expressed in a more compact, analytical form,
yielding additional insight into the scattering problem. Addi-
tionally, the extension of the QQT into the classically forbidden
angular region of the DCS will be presented, allowing a more
complete comparison to be conducted with the corresponding
QM data.

The present DCS scaling procedure applies rigidly when the
magnitude of the scattering amplitude depends only on the
projection of the incoming momentum vector k on the direc-
tion of the kinematic apse vector

a � m
�h
ðv0rel � vrelÞ ¼ k0 � k (1)

Here k and k0 denote the relative wave-vectors of the collision
partners before and after the collision respectively. This
assumption is shared by the QQT on a hard shell PES, and so
the scaling procedure can be rigorously applied in that
instance. In the more general QM calculations, the interaction

potential may be softer, even containing attractive regions; but
in experimental and theoretical studies,3–17,27,28 a strong pro-
pensity to conserve the projection quantum number ma of the
rotational molecular wave function onto a is found in nearly
all cases.

By definition, the projection of k and k0 onto the plane
perpendicular to a must remain conserved; hence kJ and k0k play
only a minor role in rotationally inelastic collisions.3,10,17,23,26–28

Differences between the measured collision-energy dependence
and the predictions from the scaling relationship can highlight
the repulsive or attractive character of parts of the interaction
potential that govern the rotational energy transfer.

The paper is organized as follows. In Section 2-I the coupled
channel exact solution of the rotationally inelastic scattering
problem is presented, with emphasis on the case of ma ¼ m0a.
In Section 2-II the essentials of the QQT hard shell PES apse
frame computational model are summarized, along with the
equations needed to transform a rotationally inelastic (QM or
QQT) DCS and relevant vector quantities from the scattering
frame to the apse frame. In Section 2-IIIA the QQT is extended
into the classically forbidden region of scattering angles.
The results and consequences of such an extension for the
NO(X) + He rotationally inelastic QQT DCSs are given in Section
2-IIIB. The scaling formalism describing the collision energy
dependence of the QQT DCS is provided in Section 2-IVA and
subsequently extended to the QM DCSs in Section 2-IVB.
Section 2-IVC describes in detail the scaling method of the
QQT and QM DCSs from EH

col = 147 meV to EL
col = 63 meV for the

j = 0 - j0 = 2 and j = 0 - j0 = 6 rotationally inelastic transitions.
The results and discussion are presented throughout Section 3.
Section 3-I presents the collision energy scaled closed shell
NO(X)–He DCSs and the agreement with the directly calculated
DCSs is discussed. The corresponding open shell NO(X)–He
DCSs are provided and discussed in Section 3-II. Our conclu-
sions are presented in Section 4, where Section 4-I focuses on
the accuracy of the DCS collision-energy scaling relationship
and Section 4-II on the signature of the properties of the
interaction potential that are visible in the DCS.

2. Method
I Coupled-channel QM solution of the rotationally inelastic
scattering problem

The solution of the rotationally inelastic scattering of a diatomic
molecule colliding with an atom by the coupled channel
quantum mechanical formalism is exact. As such, it represents
the most accurate method by which calculations can be per-
formed, and contains all available information pertaining to
the scattering process.

As a starting point, one expands the scattering wave function
as a series of partial waves, which are simply the eigenfunctions
of the total angular momentum quantum number, J, and its
projection quantum number, MJ, onto an arbitrary space fixed
axis. Both the magnitude and projection of this vector remain
conserved throughout the course of the collision.
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The collision geometry is uniquely specified by the length, R,
of the displacement vector, R, from the He atom to the center of
mass (COM) of the NO molecule, and by the polar angle

gR � arccos (R̂�r̂NO) (2)

where r̂NO is the unit vector pointing along the diatomic mole-
cular axis from O to N. These two variables then jointly specify the
potential interaction energy according to some function V(R,gR).

In the case of the NO(X) molecule, the coupling of the
various angular momenta are best described according to
Hund’s case (a), at least for low values of the rotational
quantum number. The coupling between S (the projection of
the electronic spin of the unpaired electron onto the inter-
nuclear axis) and L (the projection of the electronic orbital
angular momentum of the singly occupied p* orbital onto the
internuclear axis) gives rise to two spin–orbit channels speci-
fied by the total electronic angular momentum projection
quantum number O. Transitions within a single spin–orbit
manifold (where the magnitude of O is conserved) can be
shown to take place on an effective potential Vsum(gR,R), while
changes in spin–orbit state are mediated by the qualitatively
different potential Vdif(gR,R).29,30

The Schrödinger equation must then be solved for each value
of J. This entails finding the solution to a large set of second
order differential equations (describing the coupling between the
initial and final quantum states) with respect to the atom–diatom
distance R. This coupling between a particular initial and final
molecular state is provided by the R-dependent potential matrix
element, hj0,l0,f,J,MJ|V(R,gR)|j,l,i,J,MJi. Here j denotes the initial
rotational quantum number, l the orbital angular momentum
quantum number of the scattering channel, and i(f) all other
quantum numbers associated with the initial (final) state. Primed
indices are associated with the outgoing final quantum state.

From the R dependence of the radial wave functions, UJ;M
j0 ;l0 ;f ðRÞ,

obtained from these coupled equations, the T J-matrix elements in
the total angular momentum representation can then be calcu-
lated. These matrix elements, TJ

j0;l0;f ;j;l;i, then directly reflect the

probability amplitudes associated with transitions from one
quantum channel to another during the scattering process,
allowing the subsequent calculation of any observable quantity
of interest associated with the collision.

In this case we are interested in obtaining the differential
cross-sections, and so we first calculate the dimensionless

scattering amplitude fj0;m0
j
;f j;mj ;iðk̂0Þ where the scattering angle

y is defined by the relation k̂0�k̂ = cos y, and specifies the polar
angle of k0 in the collision frame for which k points along
the Z axis.30,31

fj0;m0
j
;f j;mj ;iðk̂0Þ ¼

X
l;l0;J

il�l
0 ½ð2l þ 1Þp�0:5ð2J þ 1Þ

j

mj

J

�mj

l

0

 !

�
j0

m0j

J

�mj

l0

mj�m
0
j

0
@

1
ATJ

j0;l0;f ;j;l;iYl0 ;mj�m0j ðk̂
0Þ

(3)

The differential cross-section itself is then given by the
square modulus of the dimensionless scattering amplitude
averaged over mj and summed over m0j .

dsj0 ;f j;i

do
ðk̂0Þ ¼ 1

k2
1

2j þ 1

X
m0
j
;mj

fj0;mj0 ;f j;mj ;iðk̂0Þ
��� ���2 (4)

In the case that the projection of the rotational angular
momentum of the NO molecule is conserved along some axis
(e.g., this projection along â must always be conserved for a
hard-shell type of collision), the scattering amplitude becomes
diagonal with respect to the ma projection quantum number
along that axis, and may be written as

fj0;ma;f j;ma;iðk̂0Þ ¼
X
mj ;m

0
j

D
j0

m0
j
;ma
ða; b; 0ÞDj�

mj ;ma
ða; b; 0Þfj0;m0

j
;f j;mj ;iðk̂0Þ

(5)

where the spherical angles b and a denote the direction of â
with respect to k̂,

b � arc cos (â�k̂) (6)

While eqn (3) and (5) appear appealingly simple, it is typically
a state of the art numerical effort to obtain the requisite
T J-matrix elements, TJ

j0;l0;f ;j;l;i. This is mainly due to the very
large set of coupled differential equations containing all the
relevant scattering channels j,l,i,j0,l0,f, that must be solved for
each value of J. Typically, one has to couple more than
thousand channels more than a hundred times.

II QQT calculation of the rotationally inelastic scattering problem

In the quasi quantum treatment (QQT) of the rotationally
inelastic scattering problem, the interaction potential is
approximated by a smooth convex hard shell, whose radius RS

is given by the function RS(gR). In the case of the NO(X)–He
system, this shell is defined by the potential energy contour

Vsum (gR,R) = ES (7)

in which ES is set equal to the (most relevant) lower collision
energy considered in this study, EL

col = 63 meV. The predomi-
nantly attractive nature of the Vdif(gR,R) interaction potential that
mediates changes in spin–orbit state does not facilitate the
definition of an anisotropic shell in this fashion, so we treat
the rotational energy transfer as dominated by the more repul-
sive spin–orbit conserving interaction potential Vsum(gR,R) in all
cases. To further simplify the calculations and associated expres-
sions, the angular momentum eigenfunctions of the NO mole-
cule are approximated by their closed-shell 1S|j,mi equivalents.

In QQT one addresses the rotationally inelastic collision
problem in the so-called kinematic apse frame, in which the
quantization axis points along the kinematic apse vector a. The
magnitude of the outgoing wave vector is determined by the
amount of translational energy Ecol = �h2k2/2m transferred into

rotational excitation DEROT
j0 j � EROTð j0Þ � EROTð jÞ,

k0 ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� DEROT

j0 j =Ecol

q
(8)
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In contrast to the exact coupled channel QM solution of the
collision problem (but very much in the spirit of the classical
treatment of the rotationally inelastic collision problem by
Evans et al.32), QQT suppresses the summation over the
angular momentum J, l and l0 quantum numbers (eqn (3))
and provides a transition moment type expression for the
scattering amplitude in which the spherical scattering angles
y and f are replaced by the spherical angles of the kinematic
apse b and a.

Other essential QQT variables include the polar angle
ga of the diatomic inter-nuclear axis, r̂NO, with respect to
the kinematic apse, and the azimuthal angle fa of the
molecular plane (defined by the vectors r̂NO and RS(gR))
with respect to the scattering plane (defined by the vectors k̂,
k̂0 and â). Note that the cylindrical symmetry of the hard
shell implies that r̂NO, RS(gR) and â must all reside in the
same plane.

In the case of a hard shell, as depicted in Fig. 1 and 2,
momentum transfer is restricted to the direction perpendicular
to the area of the surface at which the collision takes place.
Moreover, only the component of k parallel to n̂, k> = |k cos b|,
plays a role in the transfer into rotational energy with

k̂0? ¼ ð�1Þpk̂?. Note that the index p = 1 or 2 denotes whether
the transition is classically allowed or forbidden, as discussed
further in Section IIIA. Because the component of k parallel to
the surface, k|| = k sin b, cannot be used to transfer energy into
the rotational degrees of freedom of the molecule (as depicted
in Fig. 1) it must be conserved kk ¼ k0k.

The apse frame scattering amplitude, g(b), associated with
a particular quantum state-to-state resolved scattering process,
can now be expressed in terms of the overlap integral between
a specific final hf| and initial |ii molecular state, together
with the coupling between the two states. Within the QQT
formalism, this coupling is expressed in terms of the
phase shift, Z, associated with each of the scattering paths
within the integral over the full range of the spherical angles ga

and fa.

gQQT
j0;m0a ;f j;ma ;i

ðb; pÞ ¼ CðbÞ j0;m0a; f ggeom ga; bð Þ
���

� exp iZj0;f j;i ga; b; pð Þ
h i���j;ma; i

E
dma ;m0a

(9)

Where C(b) is a normalization constant that will be discussed
later. It should be noted that in the case of a collision with a
hard shell, the projection of j onto the kinematic apse must
remain unchanged, such that m0a ¼ ma.23–25 The phase shifts
themselves are calculated via the expression24,25,33

Zf i ga; b; pð Þ ¼ � aðb; pÞ � RSðgaÞ

¼ � k? � ð�1Þpk0?
� �

� RSðgRÞ cos gR � gað Þ
(10)

This phase shift is defined as the difference in phase
between (1) the path of the incoming wave, k, which is scattered
at the shell surface into a outgoing wave, k0, and (2) the virtual
reference path in which k passes unhindered through the hard
shell surface, intercepts the COM of the NO molecule and
scatters into the outgoing wave k0, and then passes without
hindrance through the hard shell surface in the outwards
direction.

Each of these paths is weighted by the so-called molecule fixed
geometric dimensionless scattering amplitude ggeom(ga;b):23,24

ggeom ga; bð Þ � k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dsgeom ga; bð Þ

doa

s
¼ k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j cos bjr1 gað Þr2 gað Þ

p
(11)

in which r1(ga) and r2(ga) denote the local radii of curvature of
the cylindrically symmetric convex surface. This geometric

differential cross-section,
dsgeom ga; bð Þ

doa
, is simply the area of

the hard shell that presents itself to the incoming plane wave
given the angles (ga;b) defining its orientation. In our case of
j = 0 or j = 1

2 averaging over the spherical angles ga and fa of
r̂NO with respect to â yields the NO orientation-averaged
geometric DCS,

dsgeomðbÞ
doa

¼ 1

2

Z 1

�1
d cos ga

dsgeom ga; bð Þ
doa

(12)

The normalization constant C(b) in eqn (9) is chosen
such that the QQT DCSs recover the geometric (NO orienta-

tion averaged) DCS,
dsgeomðbÞ

doa
, for all values of b, when summed

over all final states. Hence the QQT scattering amplitude is
normalized with respect to the incoming flux. [See Section IVC

Fig. 1 Representation of the classically allowed, p = 1 (solid lines) and classically
forbidden, p = 2 (dashed lines) Feynman paths that contribute to the scattering
amplitude within the QQT formalism.
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for a comparison to the normalization of the QM case of
eqn (3)].

Eqn (9) captures the fundamental methodology of QQT
particularly clearly. The (apse frame) scattering amplitude can
be seen to be given by a path integral considering the phases, Z,
of all possible paths associated with all possible relative orien-
tations, (ga;b), of the hard shell with respect to the kinematic
apse. Neither the QQT phase shift function, Zf’i(ga;b,p), nor the
geometric scattering amplitude, ggeom(ga;b), depend on wa,
and so it suffices to conduct the integral solely over the polar
angle ga.

dsQQT
j0 j¼0
doa

ðb; pÞ ¼
gQQT
j0 j¼0ðb; pÞ

��� ���2
k2

¼ CðbÞ22j
0 þ 1

4k2

�
Z 1

�1
d cos gaPj0 ðcos gaÞggeomðga; bÞ exp½iZj0 0ðga; b; pÞ�

����
����
2

(13)

As can be seen by comparing eqn (3) and (9), the standard
QM approach specifies the differential cross-section in terms
of the collision frame spherical angles (y,f), while the
QQT provides the DCSs in terms of the angles (b,a),
defined with respect to the kinematic apse. These spherical
angles may be chosen such that a � f. In this case, the apse
frame and collision frame DCSs are related to one other
according to

dsf i

do
ðy;fÞ ¼ dsf i

doa
ðb; aÞ d cos bðyÞ

d cos y

����
���� (14)

This will turn out to be an important expression, because
as well as allowing us to directly compare the QM and
QQT DCSs, it also clearly shows the basis of the collision

energy relationship that underlies the scaling formalism
developed below.

As a starting point to derive the Jacobian in eqn (14), we
consider the coordinate frame for which

k̂ � Ẑ (15)

k̂0 � X̂ sin y + Ẑ cos y (16)

The kinematic apse can then be re-written in terms of these
new coordinates as

a � k0 � k = X̂ [k0 sin y] + Ẑ [k0 cos y � k] (17)

Taking the dot product of the kinematic apse with the Z axis
then yields the relation

cos b ¼ â � Ẑ ¼ k0 cos y� kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k
02 � 2kk0 cos yþ k2

p (18)

The Jacobian appearing in eqn (14) can then be re-written as

d cos b
d cos y

¼ ðk0Þ2½k0 � k cos y�

ðk0Þ2 � 2kk0 cos yþ k2
h i1:5 (19)

This expression can now be used in conjunction with
eqn (14) (or its inverse) to allow for facile transformation
between the scattering frame and apse frame DCSs, allowing
direct comparison between the QM and QQT calculations.

III A Extension of QQT into the classically forbidden
region. As mentioned already in Section II, the index p specifies
whether a particular scattering path, included in the path
integral formulation of the scattering amplitude, is classically
allowed or forbidden. All previous QQT derivations and calcula-
tions have focused on the classically allowed region of the
DCS.10,23–25,33 In this Section we shall extend the formalism

Fig. 2 Representation of the angles defining the QQT collision geometry (left hand panel), and the classically allowed, p = 1 (upper right hand panel) and classically
forbidden, p = 2 (lower right hand panel) Feynman paths that contribute to the scattering amplitude within the QQT formalism. Although the illustrative NO(X) + He
system is represented here, the formalism is general, and extends to any atom–diatom collision system. The labels associated with all vectors and angles are explained
in the main text.
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to include the classically forbidden region. The scattering angle
can be obtained by re-arrangement of eqn (18) to give

y ¼ arc cos
k

k0

� �
sin2 bþ ð�1Þpj cos bj 1� k

k0

� �2

sin2 b

" #0:58<
:

9=
;

(20)

The mathematical origin of the index p that indicates whether a
particular path is classically allowed or forbidden now becomes
clear—it simply serves to distinguish between the two allowed roots
of eqn (20). In this study only the lowest initial rotational quantum
state of j is considered, and so the magnitude of the outgoing wave-
vector, k0, cannot be larger than that of the incoming wave-vector, k.
Eqn (20) gives rise to two distinct scattering angles for each possible
value of b; these shall be denoted y1 if p = 1 (classically allowed) and
y2 if p = 2 (classically forbidden). The classically allowed case p = 1
corresponds to a scattering angle range of yC r y1 r p, while the
angular range from 0 r y2 o yC corresponds to the classically
forbidden case p = 2, where

cos yC = k0/k (21)

Further inspection of eqn (20) indicates that to obtain a real
value of y, the range of b is restricted between �1 and some
cut-off value bC, defined such that

�1 � cos b � cosbC ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðk0=kÞ2

q
(22)

Note that eqn (22) implies bC r b r p, while the collision
frame DCS is provided for 0 r y r p. In the case of elastic
scattering, the substitution of k0 = k into eqn (21) and (22) yields
values of cos yC = 1 and cosbC = 0, implying a one to one
relation between y and b, such that y = 2b � p.24

Previous QQT expressions10,23–25,33 were restricted to the
classically allowed angular range y1 Z yC. The rotationally
inelastic QQT DCSs were found to decrease monotonically with
decreasing scattering angles as y1 - yC and the relative magni-
tude of the DCS near y1 E yC was found to be very small. As
such, for values of yo yC the DCSs were set to zero. However, the
QM rotationally inelastic DCSs exhibit no such cutoff for yo yC.
Indeed, the small scattering-angle region is an especially inter-
esting area for comparison, because QQT neglects the diffractive
contribution to the scattering process, due to the rigid relation
imposed between y and b. This difference can be expected to
lead to features in the QM DCSs that remain absent in the
corresponding QQT calculations. More significantly, the exten-
sion of the QQT DCS into the classically forbidden region plays a
crucial role in the collision-energy scaling procedure developed
here, as will be shown in the following section.

Further insight into the collision dynamics can be obtained
by considering the details of the hard shell collision Feynman
paths that correspond to the p = 1 and p = 2 cases. As has been
argued in previous studies, a (non-diffractive) direct collision
requires that the incoming wave-vector, k, impinges directly
onto the hard shell surface. This precondition implies that the
component of k directed perpendicular to the surface, k>,
should point inwards towards the surface (i.e. the incoming

plane wave is traveling towards the hard ellipsoid). This can be
seen to be the case for all paths depicted in Fig. 1. The intuitive
classically allowed path is then impulsively scattered from the
hard shell surface such that k0? makes a positive projection
onto the kinematic apse. However, the classically forbidden
path is distinctly less intuitive, and can be seen to pass through
the hard shell surface, with k0? making a negative projection
onto the kinematic apse.

Fig. 2 depicts the classically allowed (panel b) and classically
forbidden (panel c) pathways that contribute to the scattering
process, along with the angles specifying the collision geometry
(panel a). In all panels the incoming wave-vector k, depicted as
a horizontal green arrow, defines the Z-axis of the collision
frame. The azimuthal angle wa (panel a of Fig. 2) does not
influence the outcome of the scattering amplitude because of
the cylindrical symmetry of RS(gR).

The same (arbitrary) choice of ga is used for all panels of Fig. 2,
leading to identical impact positions, RS(gR), depicted as a solid
purple displacement vector with respect to the COM of the NO
molecule. The spherical angles (b,a) and (y,f) define the spatial
directions of â and k0 with respect to k. The projections of k and
k0 onto the shell surface are indicated by a dashed purple line.

As discussed previously, in panel b of Fig. 2 (depicting the
classically allowed path), k01;? must point outwards from the
shell. Panel c depicts the corresponding classically forbidden
path, in which the k02;? component of the outgoing k02 wave-
vector points inwards towards the shell. That this outcome
should be Feynman path allowed can be rationalized by con-
sidering the limit in which the DCS is defined at an arbitrarily
high level of scattering angle resolution.

This implies that the Heisenberg uncertainty relation between
scattering angle and classical impact parameter (or quantum
mechanical partial wave),32 automatically incorporated in the
Schrödinger equation, permits any lateral displacement of the
path of the k02 wave-vector with respect to the position at which
the incoming k vector impinges upon the hard shell. This lateral
displacement of the (dashed red) k02 wave-vector in Fig. 2 its
lower right panel is conducted such that the wave front (and
therefore also the phase shift) of the (solid red) outgoing k02 wave-
vector remains matched to that of the incoming k vector.

III B Example calculations

To demonstrate the extension of the QQT DCSs into the
classically forbidden region, the NO(X) + He rotationally inelastic
DCSs for transitions from j = 0 to j0 = 1–12 have been calculated
for a collision energy of EL

col = 63 meV. The DCSs associated
with these transitions are displayed in Fig. 3, both in the apse
frame (dashed lines) and in the collision frame (solid lines).
It should be noted that the DCSs displayed here are plotted so
that the horizontal axes are linear in cos y. At a first glance,
these two sets of DCSs, related to one another according to
eqn (14), appear qualitatively similar to one another. In all
cases, the QQT DCSs lack the characteristic oscillatory structure
arising from the diffractive effects that one would expect to find
in the corresponding QM calculations. However, the magnitude
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of most collision frame DCSs was found to be about half that of
the corresponding apse frame ones. These differences are due
to the weighting factors associated with the polar angles b
and y. Since the two angles are constrained to within different
ranges, so the weighting factors take different values. These
corresponding values of cosb are depicted along the upper
horizontal axes in each panel.

The classically allowed range of cosb can be seen to run from�1
(at the right end of each plot) to cosb = cosbC (near the left end of
each plot), where the classically allowed boundary is illustrated with
a vertical dotted line. The classically forbidden region is then located
to the left of this line, although it is too small to be visualized in the
case of j0 = 1. In accordance with eqn (22), the classically forbidden
region of cosb is found to increase with increasing j0. Most
importantly, Fig. 3 shows that as a result of the formalisms
developed here, the QQT DCSs can now be smoothly and
continuously extended through this classically forbidden region.

As follows from the relations expressed in eqn (18) and (20),
a rigid correspondence between y and b is presumed. The
azimuthal symmetry of a DCS requires that its first derivative
with respect to y should be zero at y = 0 and y = p, or
equivalently that it displays a stationary point at these values.
This requirement is met by all the DCSs displayed in Fig. 3.

In Section IA of the ESI† we show that all QM and QQT DCSs
exhibit this stationary behavior in both the apse and collision
frames. The QM collision frame DCSs must necessarily display
such stationary behavior at y = 0 or y = p, by virtue of the fact
that they can be written as a series of Legendre polynomials, all
of which individually obey this requirement.34 The apse and
collision QQT DCSs at EL

col = 63 meV are also listed for y = 0 and
y = p in Table S1 Section IB of the ESI.†

IV A Scaling formalism describing the dependence of the QQT
DCSs on Ecoll

The basis for the scaling formalism describing the energy depen-
dence of the QQT DCSs lies in the transformation from the apse
frame to the collision frame. As the collision energy increases, the
mapping between the scattering angle y and the apse angle b
changes, so that a particular scattering angle corresponds to
different regions of the apse frame DCS at different collision
energies, as can be seen from eqn (18) and (20). The dependence
of the phase shifts on the collision energy Ecol follows from

Zf i ga; b; pð Þ ¼ k cos b 1� ð�1Þp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� DEROT

j0 j =Ecol

qh i
� RS gRð Þ cos gR � gað Þ

(23)

Fig. 3 Differential cross sections for the scattering of NO(X) + He from the initial state j = 0 to final rotational states j0 = 1–12, calculated using closed-shell QQT at a
collision energy of 63 meV. The DCSs are displayed in both the collision frame (as a function of y, with solid lines) and the apse frame (as a function of b, with dashed
lines). The angular threshold at which the transition becomes classically forbidden is indicated with a dashed vertical line.
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The phase shifts associated with a particular scattering
angle, y, calculated at two different collision energies, EH and
EL, are related to one another according to a simple geometric
relationship

ZLf i ga; cosbL; pð Þ ¼ ZHf i ga; cos bH ¼
kL

kH
cos bL; p

� �
(24)

Similarly a further, scalar dependence of the DCS on the
collision energy is given by the collision energy scaling of the
molecule fixed geometric scattering amplitude, which varies
according to

gQQT;Lgeom ga; cos bLð Þ ¼

ffiffiffiffiffiffi
kL

kH

s
gQQT;Hgeom ga; cosbH ¼

kL

kH
cosbL

� �
(25)

Upon combining these scaling factors, the collision energy
dependence of the QQT DCSs follows from:

dsQQT;L
f i cos bL; pð Þ

doa
¼ kH

kL

�
dsQQT;H

f i cos bH ¼
kL

kH
cos bL; p

� �
doa

(26)

Note that only the range �kL
kH
� cos bH � 0 of

dsQQT;H
f i cos bH; pð Þ

doa
is scaled down to

dsQQT;L
f i ðcosbL; pÞ

doa
. How-

ever, since the range of cos bL is �1 o cos bL o 0, according to
eqn (26), cos bH should be stretched to fill this range by an

additional factor of cos bL ¼
kH

kL
cos bH. These factors combine

to give

sQQT;L
f’i = SFQQTs

QQT; H
scale, f’i (27)

Where SFQQT = (kH/kL)2 = EH
col/E

L
col is defined as the scaling factor

and the incomplete ICS sQQT;H
scale,f’i denotes the scalable part of

sQQT;H
f’i with

sQQT;H
scale;f i � 2p

X2
p¼1

Z 0

�kL=kH
d cos bH

dsQQT;H
f i cos bH; pð Þ

doa
(28)

It should be noted that the scaling relationship, as outlined
here in the case of QQT, is exact only when the same hard shell
surface is taken for both collision energies.

IV B Applying the scaling formalism to the QM DCSs

As described in Sections I and II, an important difference
between the QM and QQT treatments of the scattering problem
is that QM is formulated in the collision frame, in which the
quantization axis, Z, points along the incoming wave-vector, k,
while QQT is evaluated in the kinematic apse frame, for which
the quantization axis, Za, points along the kinematic apse, a. In
the collision frame, the state-to-state DCS is described by the
spherical angles (y,f) which reflect the direction of k0 with
respect to k, whereas in the apse frame the direction of a with
respect to the collision frame Z axis is given by the spherical
angles (b,a). The azimuthal symmetry of the collision problem

about the Z axis implies that the DCS is independent of f and a.
Because k points directly along the Z axis we are thus free to set
a = f. The corresponding collision frame and apse frame DCSs
are then related to one another as described in eqn (14).

In the previous section, it was shown that the collision
energy scaling of the DCSs can be exactly applied to the QQT
expressions for rotationally inelastic collisions. Now we will
extend this application to include the collision energy scaling of
the exact numerically calculated QM state-to-state resolved
rotationally inelastic DCSs. As the scaling method has its
motivation firmly within QQT, it is not automatically given that
it will be applicable to the more general QM calculations. The
key approximations for the scaling expression are the conserva-
tion of angular momentum projection on the kinematic apse,
a scattering amplitude which magnitude depends solely on
the projection of the incoming momentum vector onto the
kinematic apse and the invariance of the interaction potential
with collision energy. Any discrepancies between scaled and
directly calculated (or measured) DCSs may yield valuable
information on the scope and limitations of the approxima-
tions involved, while good agreement will instead validate the
approximations as found below.

The first step is the transformation of the QM DCS from the
collision frame into the kinematic apse frame. Eqn (17), (18),
and (20) describe in detail the mathematical relations between
the two reference frames, and eqn (14) and (19) describe the
transformation itself. The second step in the procedure is the
application of eqn (26) to account for the collision energy
scaling of the DCS within the kinematic apse frame. However,
to match the integrated amplitude of the numerically exact
directly calculated EL

col DCS to that of the EL
col DCS obtained by

scaling the EH
col QM DCS, an additional calibration factor

CFQM( j0,f ’ j,i) is needed. Finally the scaled apse frame DCS
is transformed back into the collision frame, using the inverse
of the procedure employed in the first step.

IV C Example calculations

Very recently, accurate QM DCSs for the scattering of closed
shell NO(X) molecules residing in the j = 0 level and open shell
NO(X) molecules residing in the lower L-doublet level of the
rotational ground state j = 0.5 with He, at a collision energy of
EH

col = 147 meV and of EL
col = 63 meV were presented.35,38 As in

other studies,10,17,23–25,33,35,38 rotational energy levels of
NO(X)36,37 are employed that are spaced according to spectro-
scopic observations,36 which are in agreement with mixed
Hund’s case eigenenergies of the NO angular momentum wave
functions (given in Section II of the ESI†).37 Accordingly, in the
case of integer j values the rotational energy transferred during

a collision DEROT
j0¼Dj j¼0 was equalized to DEROT

j0¼Djþ1
2
;F1 j¼1

2
;F1

which

refers to the mixed Hund’s case rotational energy level spacing
between final and initial rotational states. The QM NO(X)
closed shell rotationally inelastic scattering calculations were
carried out on an ab initio NO(X)–He surface obtained by
Kłos et al.16 These rotationally inelastic DCSs will be used as
a case study for the application of the QQT collision energy
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scaling method developed in this work, in which the quantum
state-to-state resolved NO(X)–He DCSs will be scaled from EH

col =
147 meV to EL

col = 63 meV.
Fig. 4 depicts the closed-shell QM NO(X) + He DCSs calcu-

lated for transitions from the initial state j = 0 to the final states
j0 = 2, j0 = 6. Each vertical pair of panels refers to a discrete step
in the collision energy scaling formalism as outlined in the
preceding text.

The QM (solid red lines) and QQT (dashed blue lines)
scattering frame DCSs for the transitions from j = 0 to j0 = 2
and j0 = 6 are depicted in the top row of Fig. 4. Note that the
differences between the QM and QQT DCSs arise from Dma a 0
transitions in the kinematic apse frame, and from the neglect
of diffractive contributions to the scattering amplitude in QQT.
It should however be emphasised at this stage that any dis-
crepancies between the QM and QQT DCSs do not affect in any
way the validity of the scaling formalism derived here as it
applies to either QM or QQT DCSs. A black dotted vertical line
separates the classically forbidden p = 2 y o yC range from the

classically allowed p = 1 y Z yC region. These panels show
similar information to that displayed in Fig. 3. The second row
of panels depicts the kinematic apse frame DCSs after the
transformation has been performed according to eqn (14). As
such, the horizontal scale is now linear in cos b rather than
linear in y (as in the first row of panels). The classically allowed
p = 1 contributions to the DCS are depicted as solid red curves
and classically forbidden p = 2 contributions as solid green
curves. Note the steep rise to infinity for cos b - cosbC at
which cos y - cos yC. Eqn (19) shows that the inverse Jacobian
d cos y
d cos b

����
���� becomes infinity if y = yC but for all y a yC

d cos y
d cos b

����
����

remains finite and all QM apse frame DCSs show a smooth
dependence upon b away from the unique singularity at b = bC.
The dotted black vertical line denotes the lower limit to the
range of values for which cos bH = �kL/kH can contribute to the
QQT apse frame collision energy scaled DCS and ICS, defined
by eqn (26) and (28) respectively.

The third row of panels shows the simple collision-energy
scaling of the apse frame angle, b, given in eqn (26) multiplied by
an additional calibration factor CFQM( j0,f ’ j,i) to retrieve the
QM ICS calculated by Kłos35,38 at EL

col = 63 meV. The application
of the scaling relationship can be seen to effectively ‘stretch’ the

region of the high collision energy DCS from �kL
kH
� cosbH � 0

to fill the entire (apse frame) angular range �1 o cosb o 0 of
the lower collision energy DCS. In addition to the predicted
(EL

col = 63 meV) DCSs obtained from scaling the (EH
col = 147 meV)

data, given by dashed red (p = 1) and dashed green (p = 2) curves,
the directly calculated closed shell QM DCSs at EL

col = 63 meV
(transformed from the collision frame to the apse frame) are
given as solid black curves in the panels of the third row.

It is important to note that in the second row of panels,
dsQM;H

scale /doa is designated only within the range of cosb that
is scalable from EH

col to EL
col; �kL/kH r cos bH r 0. Upon

‘‘stretching’’ from this limited range of cosbH to the full range,
�1 r cos bL r 0, the angular dependence of the collision
energy scaled DCS was found to be nearly identical to that
of the directly calculated DCS, as shown in the third row of
panels. All of the information pertaining to the Vsum PES
contained within the lower collision energy DCS is concen-
trated into the reduced angular range �kL/kH r cos bH r 0 of
the higher collision energy DCS. The effectiveness of this
scaling procedure implies that the DCS associated with a
rotationally inelastic transition is determined solely by the
component of the incoming wave vector that is directed along
the a vector.

The final row of panels then depicts the transformation back
from the kinematic apse frame (now at the lower collision
energy EL) to the collision frame, at which point the collision
energy scaling procedure is complete. Again the scaled dashed
red (p = 1) and dashed green (p = 2) collision frame QM DCS’s
are depicted in this last row of panels together with the solid
black curve of the exactly calculated DCSs for comparison.

It should be noted at this stage that when the scaled and
the directly calculated DCSs are compared with one another,

Fig. 4 Illustration of the step-by-step process used to scale the closed-shell QM
DCSs from a high collision energy EH to a lower collision energy EL. The scattering of
NO(X) + He from j = 0 to j0 = 2 and to j0 = 6 are considered as examples here. The
various steps associated with each row of panels are described in the main text.
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a proportionality factor is applied to scale these DCSs such that
both render an identical ICS. In the case of QQT this factor is
given rigorously by the collision energy scaling factor SFQQT =
EH

col/E
L
col, as derived above. This factor is multiplied by the

j0-dependent CFQM( j0,f ’ j,i) to yield an identical QM cross

section sQM
j0;f!j¼0;i for the collision-energy scaled and the exactly

calculated DCS for each rotationally inelastic j0,f ’ j,i transi-
tion. The QM calibration factor CFQM( j0,f ’ j,i) is introduced
because flux normalization of a particular quantum-state-

resolved sQM
j0;f j;i assures that when one expands the incoming

plane wave exp(ikZ)|i,j,mi in spherical waves, the total outgoing
scattering angle-integrated flux of all |f,j0,m0i states equals the
incoming flux of the spherical wave expansion of the |i,j,mi
plane wave.34,39 In the case of QQT the incoming plane
exp(ikZ)|i,j,mai is not expanded in spherical waves but is rather
flux-normalized, as described in Section II, by the introduction
of the normalization constant C(b) in eqn (9), ensuring that at
each b the geometric differential cross section equals the sum
of the QQT elastic and inelastic apse-frame DCSs. In all QQT
solutions of the collision problem, C(b) was found to be close or
equal to unity. In the QM case the elastic DCS is required always
to be larger than the sum of inelastic DCSs, even when one
ignores the diffractive forward scattered elastic DCS,34 whereas
in QQT the contribution of the elastic DCS does not have to
exceed the sum of inelastic DCSs. However the maximum

allowed magnitude of the sum of the inelastic ICSs in the
semi-classical limit is similar for QQT and QM in the case of a
hard shell PES.34

3. Results and discussion
I Collision-energy scaling of the closed-shell NO(X) + He DCSs

Using the methodology outlined in the previous section, the
DCSs for the scattering of NO(X) + He, calculated using the
closed-shell QM formalism, were scaled from the collision
energy of 147 meV to the lower collision energy of 63 meV.
The comparison of these scaled calculations with those obtained
directly from closed-shell QM calculations at 63 meV is depicted
in Fig. 5. At first glance, the agreement between the collision
energy scaled DCSs and their directly calculated counterparts
can be seen to be extremely good for all final quantum states and
for the entire scattering angle range of the DCSs. Even the rapid
oscillatory structures present in the forward scattered direction
are correctly accounted for, being most accurately reproduced for
j0 = 1 and j0 = 2 with values of yC = 4.731 and yC = 8.211
respectively. These oscillations arise from diffraction inter-
ferences at the small scattering angle yo 351 region,40,41 where
a nearly proportional relation exists between y and cos b, as can
be seen from eqn (20). The angular separation between two
neighboring peaks is inversely proportional to the wave vector,

Fig. 5 Complete set of the closed-shell QM NO(X) + He DCSs from j = 0 to j0 = 1–12, scaled from a collision energy of 147 meV to 63 meV (dashed lines). Also shown
are the corresponding DCSs calculated directly at 63 meV (solid lines). Insets in the first two panels show a detailed comparison at low scattering angles. The scattering
angle at which each transition becomes classically forbidden is shown as a dashed vertical line.
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being given by DyE p/kRm,42 where Rm E 6a0 gives the location
of the global minimum of the He–NO PES.38 These peaks are
reproduced to a lesser extent at j0 = 3 and j0 = 4 DCSs. Although
the classically forbidden p = 2 scattering angle range 0 r yo yC

increases with j0, it is just at this range that the DCSs of larger j0

are found to be small. Consequently, the contribution of the
classically forbidden part of the DCS to the ICS is minor for j0 > 4.
The differences between the scaled and directly QM calculated
DCSs become more significant around y = 1801. It is just at these
high values of y that the magnitude of the kinematic apse vector,
|a|, approaches its maximum allowed value, |k0| + |k|. As can be
seen from eqn (10), the QQT phase shift, Zf’i(ga;b, p = 1) =
�a(b,p = 1)�RS(ga), reaches its maximum sensitivity to ga around
this region. In this scattering angle region the magnitude of a
scaled QM DCS with respect to the directly calculated QM DCS
is most sensitive for the precise form of the Vsum(gR,R) potential.

The header of Table 1 lists DEROT, sEH
dir , sEH

scale, s
EL
dir and CFQM

for j0 = 1–12. sEH
dir and sEL

dir denote respectively the directly QM

calculated ICSs at 147 and 63 meV. The QQT scaled ICSs sEL
scale

(sEL
scale � SFQQTs

EH
scale not shown in Table 1) need to be multiplied

by a calibration factor to result in sEL
dir ¼ CFQMsEL

scale. For j0 = 1
CFQM = 0.69 turns out to be slightly larger than that for j0 = 2

CFQM = 0.62. Note that CFQM o 1 indicates that sEH
scale 4sEL

dir =SFQQT,
which is expected for inelastic transitions that DCSs at EH are

more mostly brought about by the softer part of the PES compared
to those at EL. For j0 > 2 transition, CFQM gradually increases with
j0 to about 1.0 for j0 = 11 and j0 = 12. At these high j0-values the
hard shell features of the PES are apparently dominant both at EH

and EL such that SFQQT itself provides already the proper scaling

factor to result sEL
dir . Moreover, note that in Table 1 both sEH

dir and

sEL
dir become marginally small at DEROT far from the kinematic

limit. The magnitude of sEH
dir and sEL

dir relates to the strength of the
various anisotropic terms of the intermolecular potential.10,17,35,38

Besides the very minor differences between the absolute magni-
tude of the scaled DCSs and the directly QM calculated DCSs at
strongly backwards scattering angles the overall high level of
agreement of the angular distributions lends considerable sup-
port to the validity of the collision-energy DCS scaling relationship
for the closed shell He–NO system.

II Collision-energy scaling of the open-shell NO(X) + He DCSs

Fig. 6 and 7 depict the directly calculated open-shell QM DCSs
at 63 meV, together with those scaled from EH

col = 147 meV to
EL

col = 63 meV for j0 = 1.5–12.5, with |j = 1
2,
�
O = 1

2, e = 1i as the initial
state and |j0,F1, e = 1i (Fig. 6) or |j0,F1, e = �1i (Fig. 7) as final
state. All are presented in a similar fashion as the closed-shell
DCSs (Fig. 5). The similarity among the two DCSs belonging to
the same parity pair in the limit of Hund’s (a) follows directly

Table 1 Numerical values of the closed-shell and open-shell QM NO(X) + He ICSs. Values are given both for the calculations performed directly at 147 meV and
63 meV, also for the calculations scaled from 147 meV. The associated QM calibration factor (see text for details) is also given here

Dj DEROT (meV)

c-s QM o-s QM o-s QM

F1e - F1e F1e - F1f

sEH
dir (Å2) sEH

scale (Å2) sEL
dir (Å2) CFQM sEH

dir (Å2) sEH
scale (Å2) sEL

dir (Å2) CFQM sEH
dir (Å2) sEH

scale (Å2) sEL
dir (Å2) CFQM

1 0.62 1.888 1.822 2.94 0.69 1.002 0.969 1.446 0.64 2.161 1.866 2.758 0.63
2 1.66 5.200 4.509 6.48 0.62 3.121 2.684 3.943 0.63 0.679 0.623 1.043 0.72
3 3.11 2.225 1.993 3.235 0.70 0.883 0.806 1.327 0.71 1.289 1.000 1.808 0.78
4 4.98 2.805 2.202 3.637 0.71 1.514 1.161 2.088 0.77 0.602 0.550 1.027 0.80
5 7.26 2.214 1.967 3.228 0.70 0.676 0.613 1.111 0.78 0.900 0.456 0.937 0.88
6 9.95 1.885 0.999 1.769 0.76 0.944 0.475 0.975 0.88 0.523 0.347 0.747 0.92
7 13.06 2.126 1.477 2.644 0.77 0.538 0.356 0.736 0.89 0.606 0.180 0.416 0.99
8 16.59 1.257 0.461 0.870 0.81 0.584 0.160 0.368 0.99 0.476 0.105 0.248 1.01
9 20.53 2.093 0.646 1.31 0.87 0.446 0.103 0.223 0.93 0.249 0.046 0.118 1.09
10 24.89 0.483 0.165 0.348 0.90 0.227 0.030 0.074 1.05 0.355 0.012 0.025 0.89
11 29.66 1.848 0.156 0.362 1.00 0.290 0.014 0.019 0.57 0.117 0.006 0.017 1.17
12 34.84 0.230 0.034 0.080 1.00 0.078 0.002 0.004 0.85 0.153 0.003 0.003 0.57

Dj DEROT (meV)

o-s QM o-s QM

F1e - F2e F1e - F2f

sEH
dir (Å2) sEH

scale (Å2) sEL
dir (Å2) CFQM sEH

dir (Å2) sEH
scale (Å2) sEL

dir (Å2) CFQM

1 15.49 0.015 0.013 0.018 0.62 0.277 0.203 0.269 0.57
2 16.55 0.144 0.115 0.155 0.57 0.142 0.127 0.167 0.56
3 18.04 0.087 0.079 0.107 0.58 0.339 0.278 0.334 0.51
4 19.96 0.222 0.174 0.225 0.55 0.347 0.304 0.410 0.58
5 22.31 0.240 0.206 0.296 0.62 0.250 0.178 0.212 0.51
6 25.08 0.224 0.135 0.179 0.57 0.460 0.347 0.499 0.62
7 28.28 0.357 0.234 0.362 0.66 0.184 0.109 0.141 0.56
8 31.90 0.175 0.089 0.129 0.62 0.485 0.211 0.317 0.64
9 35.95 0.422 0.131 0.207 0.68 0.117 0.048 0.064 0.58
10 40.43 0.108 0.035 0.051 0.62 0.476 0.063 0.090 0.62
11 45.33 0.432 0.032 0.047 0.63 0.073 0.010 0.012 0.51
12 50.66 0.091 0.006 0.007 0.52 0.366 0.008 0.010 0.50
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Fig. 6 As for Fig. 5, but showing the open-shell spin–orbit conserving QM NO(X) + He DCSs transition from j = 0.5 e = 1 to j0 = 1.5–12.5 e = 1, scaled from a collision
energy of 147 meV to 63 meV.

Fig. 7 As for Fig. 5, but showing the open-shell spin–orbit conserving QM NO(X) + He DCSs transition from j = 0.5 e = 1 to j0 = 1.5–12.5 e = �1, scaled from a collision
energy of 147 meV to 63 meV.
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from the structure of the coupled Schrödinger equation35,38

and is not restricted to a hard shell alike PES. In the open-shell
QM rotationally inelastic He–NO scattering problem the
Vsum(gR,R) PES is coupled with Vdif(gR,R). The exit channels of
the former connect to spin–orbit conserving and the latter
spin–orbit changing channels. Also QQT predicts a close to
similar angular recoil distributions for the n = j0 closed-shell
QM DCSs to those in case of Hund’s case (a) for spin–orbit
conserving parity pair DCSs with n = j0 � ee0/2. The similarity
between the EL QM DCSs scaled from the EH by employing the
QQT relationship of eqn (26) and the QM DCSs calculated
directly at EL exactly for spin–orbit conserving rotational transi-
tions displayed in Fig. 6 and 7 is striking and holds also for
their spin–orbit changing counterparts in Fig. 8 and 9. This
agreement provides strong evidence that the component of k
perpendicularly to the apse a has only a minor influence on the
rotationally inelastic dynamics of the He–NO ( j = 1

2, e = 1)
scattering at the collision energies between 63 and 147 meV.

Table 1 provides an overview of the QQT collision energy
scaling parameters of relevance to the DCS scaling process.
In the case of open-shell QM spin–orbit conserving DCSs, the
calibration factor rises from CFQM = 0.63 at n = 2 smoothly up to
close to unity at n = 8, as was the case for the closed-shell QM
DCSs. At these quite high n-values, the hard shell features of the
PES become apparently dominant both at EH and EL. Thereafter
CFQM exhibits a rather irregular dependence upon n. At n = 10

CFQM > 1, which means that sEH
scaleSFQQT osEL

dir . In this case the

scalable part of the spin–orbit conserving ICS at EH is appreciably
more depleted by its larger opacity for spin–orbit changing
transitions than that at EL. Qualitatively this could be understood
from the larger spin–orbit changing and smaller spin–orbit
conserving opacity functions at EH compared to those at EL.38

It is well known18,43 that when both L-doublet components
of the initial j = 1

2 rotational state are equally populated there is

a propensity for molecules such as NO with p1 electron configu-
ration, to preferentially populate the A00-symmetry L-doublet
component of the j0 state on collision. So in the case of a spin–
orbit conserving rotationally inelastic transition the upper
e0 = �1 L doublet component of the F1 rotational wave function
will be preferred. And in the case of a spin–orbit changing
transition the lower e0 = 1 L-doublet component of the F2

rotational wave function will be preferred. These rules do not
apply when the initial j = 1

2 rotational state resides exclusively in

its lower e = 1 L-doublet component, as in the present study.
The propensity for the conservation of parity for He–NO rota-
tionally inelastic Integral Cross Sections (ICSs) at EL

col = 63 meV
and EH

col = 147 meV also plays an important role.35,38 Inspection
of Table 1 shows that the calibration factor CFQM for a parti-
cular parity pair number n turns out to be typically a few
percent larger for F1e - F1f transitions than that for F1e -

F1e transitions. This phenomenon reflects a weak preference

for sEH
scale at EH

col = 147 meV to scatter into A0 symmetry, favoring
e(e = 1) levels, rather than A00 symmetry favoring f(e = �1) levels.

Fig. 8 As for Fig. 5, but showing the open-shell spin–orbit changing QM NO(X) + He DCSs from j = 0.5 e = 1 to j0 = 1.5–12.5 e = 1, scaled from a collision energy of
147 meV to 63 meV.
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This preference is essentially absent at EL
col = 63 meV for sEL

dir .43

The spin-orbit-changing transitions do not exhibit a regular
dependence of CFQM on n. The value of CFQM at fixed n > 2 was
always found to slightly larger for the F1e - F2e transitions than
for the F1e - F2 f transitions. This trend shows that the preference
for scattering into A0 symmetry (favoring f (e =�1) levels) is greater

for sEH
scale at EH

col = 147 meV than it is for sEL
dir at EL

col = 63 meV.38

4. Conclusions
I Accuracy of the collision-energy scaling relationship

As the QQT-derived collision-energy scaling procedure relies on
the assumption that the interaction potential can be approxi-
mated by a hard shell, its application is most appropriate for
collision systems where this assumption is at least approximately
true. This is an excellent approximation for the NO(X) + He
Vsum(gR,R) interaction potential (which governs all closed-shell
transitions, and spin–orbit conserving open-shell transitions) as
it is overwhelmingly dominated by repulsive intermolecular forces.
The magnitude of the NO(X)–He van der Waals well, the most
attractive part of the potential energy surface, is less than 1/17 of
even the lower collision energy of EL

col = 63 meV used in this work.
It is interesting to note that the QQT-derived scaling performs
extremely well in the more forward-scattered region of j0 o 9 final
rotational quantum states, where one would expect the scattering
dynamics to be less dominated by hard shell type interactions.

A favorable property of the NO(X)–He collision system for the
QQT treatment is its low reduced mass. At EL

col = 63 meV the
de Broglie wave length is 1.15a0, which is a factor of 2.2 larger
than that of the NO(X)–Ar system at the same collision energy.

In contrast, the NO(X) + He Vdif(gR,R) interaction potential
(which is involved in spin–orbit changing transitions) is much
‘‘softer’’ in character, containing a significant attractive com-
ponent. The effective potential on which spin–orbit changing
and conserving transitions take place may be written as

Veff(j̃,gR,R) � Vsum(gR,R) � Vdif(gR,R) cos (2j̃) (29)

where j̃ denotes the azimuthal angle of the symmetry plane of
the unpaired antibonding P orbital in the molecular NO
frame.30,37 The special case of ~j = 0, 1

2p then correspond to
A0, A00 symmetry respectively. Neither VA0(gR,R) = Veff(j̃ = 0, gR,R)
or VA00(gR,R) = Veff(~j = 1

2p,gR,R) qualifies as a soft surface,16,38,44

and the soft Vdif potential serves only to induce a small cos 2j̃
dependent modulation of the repulsion dominated He–NO
effective PES Veff(j̃, gR,R). In light of this observation, both spin
orbit state conserving and changing transitions can be seen to
be brought about by repulsion dominated He–NO interactions.
The reproduction of the diffractive features in the forward
scattered direction, suggests a robust behavior of the kinematic
apse frame collision energy scaling formula even in the case of
interaction potentials that deviate significantly from a simple
hard shell. More specifically, the QQT scaling procedure
assumes that only the component of k anti-parallel to â is of

Fig. 9 As for Fig. 5, but showing the open-shell spin–orbit changing QM NO(X) + He DCSs transition from j = 0.5 e = 1 to j0 = 1.5–12.5 e = �1, scaled from a collision
energy of 147 meV to 63 meV.
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relevance for the outcome of a particular rotationally inelastic
transition. Consequently in all types of collisions for which this
assumption holds or shows strong propensity, the QQT DCS
collision energy scaling method will hold. In the case of a not
infinitely steep shell, a PES with a well, or branching to e.g. other
spin–orbit state outgoing channels, the absolute value of the QQT
scaled QM calculated or experimentally determined QQT scaled
DCSs need to be multiplied with the calibration factor CFQM( f ’ i)
to result in the same ICS as the directly QM calculated or
experimentally determined ones to facilitate comparison. An
interesting extension of the present work would be to explore
such collision systems as NO(X)–Ar and/or OH(A)–He, that carry a
substantial well in their interaction potential.45 The theoretically
predicted maximum well depth of the NO(X) + Ar Vsum PES is
116 cm�1.18 The OH radical in its first electronically excited state
forms strongly bound van der Waals complexes with the rare gas
atoms; the well depth for OH(A) + Ar is about 1219 cm�1.46 As
such, the application of the collision energy scaling relationship
presented here to QM calculations of the DCS for these systems
could yield further insight into its flexibility and operation.

II Signatures of the potential energy surface within the DCSs

The structures present in the state-to-state resolved DCS all have
their origin in the interaction potential on which the collision
takes place. Therefore, features of this potential can be inferred
from a close study of the features present within the DCSs. For
example, the rapid oscillations present at low scattering angles
for small values of Dj can be attributed to diffraction interference
between trajectories scattered from a core approximately the
radius of the global minimum of the He–NO PES.38,40,41 The
broader, slower oscillations that can be seen in the DCSs for
the scattering of NO(X) + Ar are rather ascribed to the anisotropy
of the inner repulsive core of the potential energy surface (these
oscillations do not appear for NO(X) + He because of the lower
relative momentum associated with the collision, and hence the
longer de Broglie wavelength). The changes in these characteri-
stic structures in the DCS as a function of the collision energy
could thus yield information on the anisotropy and steepness of
repulsive features in the potential energy surface, or on the
depth and position of any attractive wells that may be present.
Changes in these features with total (collision) energy will be
manifested by departures from the collision-energy scaling
relationship, which assumes no change in the interaction
potential with changes in collision energy.

Another interesting area of consideration is the question of
which angular regions of the DCS provide the most information
on a particular feature of the interaction potential. Intuitively,
we expect the forward scattering region to provide more infor-
mation about the attractive part of the potential, and the
backward scattered region to provide more information about
the repulsive part of the potential. To this intuition, we can now
add the behavior described in eqn (24) and (26); when going
from a high collision energy to a lower collision energy, a

section of the high energy apse frame DCS from cos bHC 	

cos b 	 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EL
col=E

H
col

q
is extended to fill the lower energy DCS

within the range cosbL
C Z cosbZ�1. Because both the higher and

lower energy DCSs contain the entire angular range in y, this implies
that all the information contained within a lower energy DCS

excludes contributions from the cos bHC 	 cosb 	 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EL
col=E

H
col

q
range of the higher collision energy DCS. Hence the backward

scattering �1 � cos bo �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EL
col=E

H
col

q
region of a high collision

energy DCS contains information about the interaction
potential that is excluded from the lower collision energy
DCS. This realization requires a pure quantum state resolved
DCS. The collision energy dependence of DCS or ICS associated
with j0,e0 ’ j = 1

2,e rotationally inelastic transition with e = e0 is
expected to be dissimilar to that with e = �e0 even in the case of
pure Hund’s case (a). This is because one of these two rota-
tionally inelastic DCSs concerns a parity conserving rotationally
inelastic transition while the other one concerns a parity
changing rotationally inelastic transition.

The successful application of the QQT collision energy
scaling formalism reinforces the evidence that the He–NO
rotationally inelastic DCSs depend very sensitively on the
anisotropy of the repulsive part of the PES. This repulsive part
of an atom molecule PES is the most difficult to predict
accurately from ab initio based calculations.

For the He–NO(X) collision system our study demonstrated
that the scattering angle dependence of all its QM DCSs directly
calculated at EL

col = 63 meV are essentially perfectly reproduced by
the part of the EL

col = 147 meV DCSs QQT scaled to EL
col = 63 meV.

As argued in subsection 3 IVC this implies that the Vsum and Vdif

PESs are similarly probed by the range of values of cosb that

contribute to sEH
scale and sEL

dir . The dependence of the calibration
factor, CFQM, listed in Table 1, on the final rotational quantum
state of the NO molecule yields complementary information on
the He–NO(X) Vsum and Vdif PESs. CFQM denotes the factor by
which the QM DCSs that have been scaled from the higher
collision energy of EL

col = 147 meV to the lower collision energy
of EL

col = 63 meV must be multiplied, in order to obtain ICSs that
are in agreement with those directly calculated at EL

col = 63 meV.
Thus, complementary information on the He–NO(X) Vsum and Vdif

PESs is also provided by the j0,e0dependence of the ratio sEL
dir=s

EH
scale.

In summary, the collision-energy scaling formalism developed
here has been shown to be remarkably accurate when applied to
the case study of the DCSs of NO(X) + He for collision energies of
147 meV and 63 meV. It can be successfully applied to both the
spin–orbit conserving and the spin–orbit changing collision
channels, suggesting it is capable of operating both for the hard
shell like potentials from which was derived, and for more
general potentials with a significant attractive component. The
extension of the QQT into the classically forbidden region has
also been presented, allowing the comparison of QM DCSs with
their corresponding QQT counterparts throughout the entire
angular range. Finally, the role of these new methodologies in
characterizing interesting features of the potential energy surface
from the calculated DCSs has been discussed, with the collision
energy scaling formalism emerging as a useful new tool that is
now available to tackle such problems.
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