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Abstract

Considertheclassicalonlineschedulingproblemwherejobsthatarrive oneby
oneareassignedto identicalparallelmachineswith theobjective of minimizing the
makespan. We generalizethis problemby allowing the currentassignmentto be
changedwhenever a new job arrives,subjectto theconstraintthat the total sizeof
movedjobsis boundedby � timesthesizeof thearriving job.

Ourmainresultis a lineartime ‘online approximationscheme’,thatis, a family
of onlinealgorithmswith competitive ratio

FE�W�
andconstantmigrationfactor � iR��j

,
for any fixed

����k
. This resultis of particularimportanceif consideredin thecon-

text of sensitivity analysis:While anewly arriving job mayforceacompletechange
of theentirestructureof anoptimalschedule,only very limited ‘local’ changessuf-
fice to preserve near-optimalsolutions.We believe that this conceptwill find wide
applicationin its own right.

We also presentsimple deterministiconline algorithmswith migration fac-
tors ��� H

and ��� l��4I
, respectively. Their competitive ratio

IK�4H
beatsthe lower

boundon theperformanceof any online algorithmin theclassicalsettingwithout
migration. We alsopresentimprovedalgorithmsandsimilar resultsfor closelyre-
latedproblems.In particular, thereis ashortdiscussionof correspondingresultsfor
theobjective to maximizetheminimumloadof a machine.Thelatterproblemhas
an applicationfor configuringstorageservers that wasthe original motivation for
thiswork.



1 Intr oduction

A classicalschedulingproblem. Oneof themostfundamentalschedulingproblemsasksfor
anassignmentof jobs to � identicalparallelmachinessoasto minimize themakespan.(The
makespanis thecompletiontime of thelast job thatfinishesin theschedule;it alsoequalsthe
maximummachineload.) In thestandardclassificationschemeof Graham,Lawler, Lenstra,&
Rinnooy Kan [15], this schedulingproblemis denotedby

���:�����v�.�
andit is well known to be

stronglyNP-hard[12].
Theoffline variantof this problemassumesthatall jobsareknown in advancewhereasin

theonlinevariantthejobsareincrementallyrevealedby anadversaryandtheonlinealgorithm
canonly choosethemachinefor thenew job without beingallowed to move otherjobs. Note
thatdroppingthis radicalconstrainton theonlinealgorithmyieldstheoffline situation.

A new online schedulingparadigm. We studya naturalgeneralizationof both offline and
onlineproblems.Jobsarrive incrementallybut, uponarrival of a new job � , we areallowedto
migratesomepreviousjobsto othermachines.Thetotalsizeof themigratedjobshowevermust
beboundedby �/�C� where�C� is thesizeof thenew job. For migration factor ��� k

we get the
onlinesettingandfor ����� we gettheoffline setting.

Approximation algorithms. For an offline optimizationproblem,an approximationalgo-
rithm efficiently (in polynomialtime) constructsscheduleswhosevaluesarewithin a constant
factor �|� F

of theoptimumsolutionvalue.Thenumber� is calledperformanceguaranteeor
performanceratio of theapproximationalgorithm.A family of polynomialtimeapproximation
algorithmswith performanceguarantee

Fs���
for all fixed

�_��k
is calleda polynomialtime

approximationscheme(PTAS).

Competitiveanalysis. In asimilarway, competitiveanalysisevaluatessolutionscomputedin
theonlinesetting.An onlinealgorithmachievescompetitiveratio �{� F

if it alwaysmaintains
solutionswhoseobjective valuesarewithin a factor � of theoffline optimum.Here,in contrast
to offline approximationresults,the achievablevalues � arenot determinedby limited com-
putingpower but by theapparentlack of informationaboutpartsof theinput thatwill only be
revealedin thefuture.As aconsequence,for all interestingclassicalonlineproblemsit is rather
easyto comeup with lower boundsthat createa gapbetweenthe bestpossiblecompetitive
ratio � and

F
. In particular, it is usuallyimpossibleto constructa family of

i Fo�{��j
-competitive

onlinealgorithmsfor suchproblems.

2 RelatedWork

For the online machineschedulingproblem, Graham’s list scheduling algorithm keepsthe
makespanwithin a factor

H^�eF�� � of the offline optimum [13]: Schedulea newly arriving
job on theleastloadedmachine.It canalsoeasilybeseenthat this boundis tight: adversarial
sequenceconsistsof � i � ��F�j

jobs of size  ¡ followed by one job of size
F
. The optimal

makespanin thiscaseis
F
.

For the offline setting,Grahamshowed threeyearslater that sortingthe jobs in the order
of non-increasingsizebeforefeedingthemto the list schedulingalgorithmyieldsanapproxi-
mationalgorithmwith performanceratio

l��4I���F��GiRI � j
[14]. Later, exploiting therelationship
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betweenthemachineschedulingproblemunderconsiderationandthebinpackingproblem,al-
gorithmswith improvedapproximationratioshavebeenobtainedin aseriesof works[9, 11, 19].

Finally, polynomial time approximationschemesfor a constantnumberof machinesand
for anarbitrarynumberof machinesaregiven in [14, 24] andby Hochbaum& Shmoys [17],
respectively. ThelatterPTAS partitionsjobs into largeandsmall jobs. Thesizesof large jobs
areroundedsuchthatanoptimumschedulefor theroundedjobscanbeobtainedvia dynamic
programming. The small jobs are thenaddedgreedily using Graham’s list schedulingalgo-
rithm. This approachcanberefinedto analgorithmwith linear runningtime (see,e.g.,[16]):
replacethedynamicprogramwith anintegerlinearprogramonafixednumberof variablesand
constraintswhichcanbesolvedin constanttime [20].

In a seriesof papers,increasinglycomplicatedonline algorithmswith betterand better
competitive ratiosbeatingtheGrahambound

H
have beendeveloped[6, 18, 2]. Thebestresult

known to dateis a
F4¢£x�H4k/F

-competitive algorithmdueto FleischerandWahl[10]. Thebestlower
bound

F4¢£?�?
on the competitive ratio of any deterministiconline algorithmcurrentlyknown is

dueto Rudin [23]. For randomizedonline algorithmsthereis a lower boundof ¤ �Gi ¤ ��F�j¦¥F4¢£A�?
[8, 27]. For moreresultson onlinealgorithmsfor schedulingwe referto therecentsurvey

articlesby Albers[3] andSgall[28].
Strategiesthatreassignjobswerestudiedin thecontext of onlineloadbalancing,jobsarrive

in anddepartfrom asystemof � machinesonlineandtheschedulerhasto assigneachincom-
ing job to oneof the machines.Deviating from the usualapproachof comparingagainstthe
optimalpeakload seensofar, Westbrook[29] introducedthenotionof competitivenessagainst
current load: An algorithmis � –competitive if afterevery roundthemakespanis within � fac-
tor of theoptimal makespanfor thecurrentsetof jobs. Eachincomingjob § hassize �7¨ and
reassignmentcost ©;¨ . For a job, thereassignmentcosthasto bepaidfor its initial assignment
andthenevery time it is reassigned.Observe thattheoptimalstrategy hasto paythis costonce
for eachjob for its initial assignment.Thus the optimal (re)assignmentcost ª is simply the
sumof reassignmentcostsof all jobs scheduledtill now. Westbrookshowed a

D
-competitive

strategy for identicalmachineswith reassignmentcost
I ª for proportionalreassignments,i.e.,©;¨ is proportionalto �E¨ , and

H ª for unit reassignments,i.e., ©;¨|� F
for all jobs. Later An-

drews et al. [4] improved it to 3.5981with thesamereassignmentfactors.They alsoshowedIb���
and

Hb���
competitive strategiesrespectively for the proportionalandunit case,the re-

assignmentfactordependingonly on
�
. For arbitraryreassignmentcoststhey achieve 3.5981

competitivenesswith 6.8285reassignmentfactor. They alsopresenta
I�H

–competitive strategy
with constantreassignmentfactorfor relatedmachines.Jobdeletionsis an aspectthat we do
not considerin ourwork, our focusis primarily on achieving competitive ratioscloseto

F
. Our

resultscanalsobe interpretedin this framework of online load balancing,with proportional
reassignmentsandwithout job deletions.We show strategieswith bettercompetitive ratios,at
the sametime achieving reassignmentfactorstrictly lessthanthree. We alsoshow

i FN����j
–

competitive strategies,for any
�p�«k

, with constantreassignmentfactor ¬ iR��j
. Our resultsare

alsostrongerin thesensethata strategy with reassignmentfactor � ensuresthatwhena job §
arrives,thetotal reassignmentcostincurred(for schedulingit) is at most �g©;¨ . This is different
from themorerelaxed constraintthatafter ­ rounds,the total reassignmentcostincurredis at
most �¯®°©;¨ (summingover all jobsseentill round ­ ). Most of our strategiesarerobust, they
convert any � –competitive scheduleto an � –competitive scheduleafter assigningthe newly
arrived job, whereasin [29, 4] it is requiredthat theschedulesofar is carefullyconstructedin
orderto ensurethecompetitivenessafterassigning/deletinga job in thenext round.
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3 Our Contrib ution

In Section5 wedescribeasimpleonlinealgorithmwhichachievesapproximationratio
IK�4H

us-
ing amoderatemigrationfactor��� H

. Noticethatalreadythisresultbeatsthelowerbound
F4¢£?�?

(
F4¢£A�?

) on thecompetitive ratio of any classical(randomized)onlinealgorithmwithout migra-
tion. Usinga moresophisticatedanalysis,themigrationfactorcanbedecreasedto

l��4I
while

maintainingcompetitive ratio
IK�4H

. Ontheotherhandweshow thatourapproachdoesnotallow
for migration factor

F
andcompetitive ratio

IK�4H
. Furthermore,an improved competitive ra-

tio
l��4I

canbeachievedwith migrationfactor
l
. For two machines,wecanachieve competitive

ratio ± �4D with amigrationfactorof one.This ratio is tight for migrationfactorone.
Our mainresultcanbefound in Section6. We presenta family of onlinealgorithmswith

competitive ratio
Fv���

andconstantmigrationfactor � iR��j
, for any fixed

����k
. On thenegative

side,noconstantmigrationfactorsufficesto maintaincompetitive ratioone,i.e.,optimality. We
provide interpretationsof theseresultsin severaldifferentcontexts:

Onlinealgorithms.Onlineschedulingwith boundedjob migrationis a relaxationof theclas-
sicalonlineparadigm.Obviously, thereis a tradeoff betweenthedesirefor high quality
solutionsandtherequirementto computethemonline,thatis, to dealwith a lackof infor-
mation. Our resultcanbeinterpretedin termsof thecorrespondingtradeoff curve: Any
desiredqualitycanbeguaranteedwhile relaxingtheonlineparadigmonly moderatelyby
allowing for aconstantmigrationfactor.

Sensitivityanalysis.Givenanoptimumsolutionto aninstanceof anoptimizationproblemand
a slightly modifiedinstance,canthe given solutionbe turnedinto an optimumsolution
for themodifiedinstancewithout changingthesolutiontoo much?This is theimpelling
questionin sensitivity analysis. As indicatedabove, for the schedulingproblemunder
considerationonehasto answerin thenegative. Alreadyoneadditionaljob canchange
theentirestructureof anoptimumschedule.However, our resultimpliesthattheanswer
is positive if we only requirenear-optimumsolutions.

Approximationresults.Our resultyieldsa new PTAS for theschedulingproblemundercon-
sideration.Dueto its onlinebackground,thisPTAS constructsthesolutionincrementally.
Thatis, it readstheinputlittle by little alwaysmaintaininga

i F��@�+j
-approximatesolution.

Indeed,it followsfrom theanalysisof thealgorithmthateveryupdateonly takesconstant
time. In particular, theoverall runningtime is linearandthusmatchesthepreviouslybest
known approximationresult.

Webelieve thateachof theseinterpretationsconstitutesaninterestingmotivationfor resultslike
theonewe presentherein its own right andcanthereforeleadto interestingresultsfor many
otheroptimizationproblems.

Theunderlyingdetailsof thepresentedonlineapproximationschemehave thesameroots
asthe original PTAS by Hochbaum& Shmoys [17] andits refinements[16]. We distinguish
betweensmallandlarge jobs;a job is calledlarge if its sizeis of thesameorderof magnitude
astheoptimummakespan.Sincethisoptimumcanchangewhenanew job arrives,theclassifi-
cationof jobsmustbeupdateddynamically. Thesizeof every largejob is roundedsuchthatthe
problemof computinganoptimumschedulefor thesubsetof largejobscanbeformulatedasan
integerlinearprogramof constantsize.A newly arriving job causesasmallchangein theright
handsideof this program. This enablesus to useresultsfrom sensitivity analysisof integer
programsin orderto prove that the scheduleof large jobs needsto be changedonly slightly.
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Our PTAS is very simple, it usesonly this structuralresultanddoesnot useany algorithms
from integer programmingtheory. For a detailedaccountof linear andinteger programming
theorywe referto thebooks[26, 21].

In Section8 wediscussanapplicationof boundedmigrationto configuringstorageservers.
This wasthe original motivation for our work. In this application,the objective is to maxi-
mize the minimum load. It is well-known [5] that any online deterministicalgorithmfor this
machine covering problemhascompetitive ratio at least � (the numberof machines).There
is alsoa lower boundof ² i�³ � j

for any randomizedonline algorithm. We develop a simple
deterministiconlinestrategy which is

H
-competitive alreadyfor migrationfactor ��� F

.

4 Preliminaries

Let thesetof machinesbedenotedby ´ �¶µ F4·:¢:¢:¢�· ��¸ . Thesetof jobs is µ F4·:¢:¢:¢y·#¹ ¸ where
job � arrivesin round � . Let � � denotethepositive processingtimeor thesizeof job � . For a
subsetof jobs º , the total processingtimeof jobsin º is � i º j)Q � ® �:»�¼ � � ; let � �v�.��i º j)Q �23��� �;»4¼q�G� . For a scheduleon thesetof jobs º , let ª i1½.j

denotethesetof jobsscheduledon
machine

½
. For a subsetof machines¾¶¿u´ , let ª i ¾ j)Q �eÀ¯Á »�Â ª i1½.j

. For a subsetof jobs º ,
let

0�Z7"yi º j
denotethe optimal makespan. If the subsetof jobs º anda newly arrived job �

areclear from the context, we sometimesalso usethe shorternotation
0�Z�"�Q � 0�Z�"�i º j

and0�Z�"#Ã[Q � 0�Z7"�i ºÅÄqµ+�/¸ j . It is easyto observe that
�&Jgi º j=Q � 2@��� µ#� i º j#� � · � �v�.�/i º j ¸ is a lower

boundon
0�Z�"�i º j

satisfying �&Jai º j�ÆÇ0�Z�"�i º j�ÆÇH4�&JXi º j�¢
(1)

Thefollowing well-known factis usedfrequentlyin thesubsequentsections.

Observation 1. For a set of jobs º , consideran arbitrary schedulewith makespan È . As-
signing a new job � to the least loadedmachine yields a schedulewith makespanat most23��� µyÈ ·#0�Z7"�i º�Ä
µ+�G¸ jÉ��i F)��F�� � j � � ¸ .
Proof. We needto show that if the makespanchangesafter schedulingjob � , then the new
makespanis at most

0�Z�"�i ºÊÄËµ+�G¸ j)� �C� i F¯�«F�� � j
. Sincejob � is scheduledon the least

loadedmachine,thenew makespanis atmost� i º j#� � � � � . Thiscombinedwith thefollowing
inequalityyieldsthefact;

0�Z�"yi º�Ä
µ+�G¸ j ��� i º�Ä
µ+�G¸ j#� �Ì��� i º j#� � � � � � � .

5 Strategieswith Small Migration Factor

We considertheproblemof schedulingjobsarriving oneafteranotheron � parallelmachines
soasto minimize themakespan.We first show a very simple

IK�4H
-competitive algorithmwith

migrationfactor
H
. Thealgorithmis asfollows:

Procedure FILL 1:
Uponarrival of a new job � , chooseoneof thefollowing two optionsminimizing theresulting
makespan.

Option1: Assignjob � to theleastloadedmachine.

Option 2: Let
½

be themachineminimizing themaximumjob size. Repeatedlyremove jobs
from this machine;stopbeforethetotal sizeof removed jobsexceeds

H � � . Assignjob �
to machine

½
. Assigntheremovedjobssuccessively to theleastloadedmachine.
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Theorem 1. Procedure FILL 1 is Í;ÎÏ �  Ï ¡pÐ -competitivewith migration factor
H
.

Proof. Fromthedescriptionof FILL 1, it is clearthatthemigrationfactoris at most
H
. In order

to provecompetitiveness,weconsideranarbitrary Í;ÎÏ �  Ï ¡qÐ -approximateschedulefor asetof
jobs º andshow that incorporatinga new job � accordingto FILL 1 resultsin a new schedule
which is still Í ÎÏ �  Ï ¡¯Ð -approximate.In the following, a job is calledsmall if its processing
timeis atmost

0�Z�"#Ã��4H
, otherwiseit is calledlarge. If thenew job � is small,thenthefirst option

yieldsmakespanat most Í ÎÏ �  Ï ¡¯Ð 0�Z�" Ã by Observation1. Thus,we canassumefrom now on
that � is large.

Sincetherecanbeat most � large jobs in ºÑÄ�µ+�G¸ , all jobson themachinechosenin the
secondoptionaresmall. Thus,after removing jobsfrom this machineasdescribedabove, the
machineis eitheremptyor thetotal sizeof removedjobsexceedsthesizeof thelargejob � . In
bothcases,assigningjob � to thismachinecannotincreaseits loadabove Í ÎÏ �  Ï ¡pÐ 0�Z�" Ã . Thus,
usingthesameargumentasabove, assigningthe removed small jobssuccessively to the least
loadedmachineyieldsagaina Í ÎÏ �  Ï ¡pÐ -approximateschedule.

Next we show that the migration factor can be decreasedto
l��4I

without increasingthe
competitive ratio above

IK�4H
. This resultis achievedby carefullymodifying FILL 1.

Procedure FILL 2 :
Uponarrival of � , choosetheoneof thefollowing � �ÒF

optionsthatminimizestheresulting
makespan.(Breaktiesin favor of option

k
.)

Option
k
: Assignjob � to theleastloadedmachine.

Option
½

[for
½sÓ µ F4·:¢:¢:¢�· ��¸ ]: Ignoringthelargestjob on machine

½
, considertheremaining

jobs in theorderof non-increasingsizeandremove themfrom themachine;stopbefore
thetotalsizeof removedjobsexceedsÔ Î � � . Assignjob � tomachine

½
. Assigntheremoved

jobssuccessively to theleastloadedmachine.

Theorem 2. Procedure FILL 2 is ÎÏ -competitivewith migration factor Ô Î .

Proof. Themigrationfactoris clearfrom thedescriptionof FILL 2 . To show thecompetitive ra-
tio, weconsideranarbitrary ÎÏ –approximatescheduleof º , alsodenotedasinputschedule, that
additionallysatisfiesthefollowing property;thetotal loadonany machineexcludingits largest
job is atmost

0�Z�"
. Weshow thatincorporatingthenew job � resultsin a ÎÏ –approximatesched-

ule. As shown by the following fact, the resultingschedulealsosatisfiestheabove additional
property.

Fact 1. After schedulingjob � , the total load on any machine excluding its largest job is at
most

0�Z�"%Ã
.

Proof. Let ´ Ã
bethesubsetof machines‘touched’by FILL 2 for schedulingjob � . It suffices

to show thatthetotal loadin suchamachineexcludingits ‘last’ job (thejob thatenteredlast)is
at most

0�Z�" Ã
. Fix any machinein ´ Ã

andconsiderits lastjob. If it is not � thenit wasassigned
aspartof theredistribution phase.Sinceredistribution is alwaysperformedon thecurrentleast
loadedmachine,theloadin thismachineexcludingthis lastjob is atmost

0�Z�"#Ã
. If thelastjob is� then,asoption0 is alwayspreferred,thetotal loadof this machinecanonly besmallerthan

theloadin theleastloadedmachineof theinput scheduletogetherwith thesizeof job � . Thus
thefactfollows.

5
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Figure1: Figureshowing thedifferencesbetweentheoptimalscheduleandtheinput schedule
of jobs in º . The sets Ý ·oÞÝ ·%ß

and
Þß

capturethesedifferences.The ‘commonsets’ in both
scheduleare

ÞÝ and
ß

. On both schedules,exactly the machinesin ´�à containone large job
eachandsuchjobsbelongto

ÞÝ .

We distinguishthreecasesdependingon � � . If � � Æ�0�Z�"#Ã��4H
thenoption0 alreadyyieldsa

scheduleof makespanatmost ÎÏ 0�Z�" Ã by Observation1.

Case
0�Z7" Ã �4H�á � � Æ ÎÔ 0�Z�" Ã : let

� � � 0�Z�" Ã �4Hs�{â
where

keáÇâÒÆÇ0�Z�" Ã �yl
(2)

To handlethis case,it suffices find a ã Ó µ F4·:¢:¢:¢g· ��¸ suchthat Option ã yields a ÎÏ –
approximateschedule.Wecall it a ‘good’ option.We fix ã asfollows. Denotea job aslarge if
its sizeis morethan

0�Z7" Ã ��â
andsmallotherwise.With respectto theinput schedule,partition

thesetof machineś asmachineswith only smalljobsdenotedas ´�ä , andtherestdenotedas´�à . Thatis,

´|ä=�Åµ ½=Ó ´ � � �v�.��i ª i1½.j#jTÆ�0�Z7" Ã ��â ¸ and ´�àE��´ � ´|ä (3)

Observe that on any ÎÏ –approximatescheduleof º , a machinehasat mostonelarge job.
Hencethereare

� ´�à � large jobs;oneon eachmachinein ´åà . Consequently, we fix anoptimal
scheduleof º suchthat large jobs arescheduledon ´�à . We now comparethe input sched-
ule with this optimal schedulein the following way. As shown in Figure 1, partition º asÝ ·vÞÝ ·%ß)·�Þß

. In theoptimalschedule,the jobsscheduledon ´åà and ´�ä are ÝÒÄ ÞÝ and
ß Ä Þß

respectively and,therespective setsin theinput scheduleare
ÞÝuÄ Þß

and ÝuÄ ß
. It follows that

in theinputschedulethereis amachinein ´ ä with total loadatmost
0�Z�"

with respectto
ß

. We
fix ã asthismachine.Thatis,

� i ª i ã jæ� Ý j �ç� i ª i ã jaèTß=j�Æé0�Z7"
(4)

It remainsto show thatoption ã is good.
By thechoiceof optimalschedule,every large job belongsto the ‘commonset’

ÞÝ . Hence
eachjob in set Ý hassizeat most

â
; as it is scheduledalongwith a large job (from

ÞÝ ), in
theoptimalschedule.As a consequence,thesetof jobs in machineã with eachhaving sizeat
most

â
includesthesubsetof jobsinducedby Ý . Thatis, if wepartitiontheset ª i ã j as ê^ë andê@ì , where

ê@ë-�Åµ All jobsin machineã with sizeatmost
â ¸Kí¶ê ì ��ª i ã jæ� ê^ë

6



then

� i ê3ì jåÆî0�Z7" i
as Ýï¿Ëê@ë and � i ª i ã jæ� Ý jYÆ�0�Z�"

by (4)
j

(5)

This readily implies that thereis at mostonejob with sizegreaterthan
0�Z�"#Ã]�4H

in machineã ;
assuchjobsbelongsto set ê3ì . Consequently, every job removed duringoption ã hassizeat
most

0�Z7"#Ã&�4H
; asthelargestjob is untouched.This ensuresby Observation1 that,reassignment

of theremovedjobsstill yieldsa ÎÏ –approximateschedule,if theschedulebeforereassignment
is ÎÏ –approximate.Hencewe aredonewith this caseanalysisif we show that thetotal loadof
machineã before redistribution, i.e., after removal of jobsandassignmentof job � , is at mostÎÏ 0�Z�" Ã . Thatis, it is enoughto ensurethatfor machineã ,

� ið$���$&"%$����Uñ 0�J7!�jo� � i1,%9;2p0yò�9;Vsñ 0�JE!�ja� � � Æ IH 0�Z�" Ã
(6)

Theinterestingcaseis whenthesetof removedjobsexcludesmorejobsin additionto thelargest
job; thelargestjob hassizeat most

0�Z�"�ÃC�|â
(recallthatmachineã belongsto ´�ä ). Eventhen,

it is not a problemif anunremoved job belongsto ê@ë asthis readily impliesthat thetotal size
of removedjobs is at least Ô Î � � �{â �{� � , where Ô Î � � is the total removal limit. Theremaining
situationis thatevery unremoved job (apartfrom the largestjob) is from ê ì . An unremoved
job from ê3ì , by thegreedyremoval, immediatelyimpliesthatthereis a removedjob from ê@ì .
This is because,(a) the removal limit, i.e. Ô Î �C� , is at least

0�Z�"#Ã��4H
and(b) all jobs except the

largestjob have sizeatmost
0�Z�" Ã �4H

in machineã . Thus� i1,%9;230�ò�9;V�ñ 0�JE!+j ��� i ê^ë jL��â
, which

in turn satisfies(6). Theadditional
â

accountsfor theremovedjob from ê3ì .
Case � � � ÎÔ 0�Z�"#Ã : let

� � � Il 0�Z�" Ã ��â
where

â�ÆÇ0�Z�" Ã �yl
(7)

Sincetherecanbe at most � jobs in ºÌÄ|µ+�/¸ eachwith sizegreaterthan
0�Z�" Ã �4H

, thereis a
machineã in theinput schedulewhereall jobshave sizeat most

0�Z7"#Ã��4H
. We show thatoptionã is good. Observe that the reassignmentof removed jobsyield ÎÏ 0�Z�"�Ã makespanscheduleby

Observation 1, if the schedulebeforehas ÎÏ 0�Z�" Ã makespan.Recall that in the input schedule,
on any machine,the load excluding its largestjob is at most

0�Z7"
. Henceall jobs, except the

largestjob, areremoved andthusyielding a total load of at most ÎÏ 0�Z�" Ã after assigningjob � .
Thisconcludestheproof.

Robustness

Most of our schedulingstrategies for minimizing the makespandiscussedin this chapterare
robust in thefollowing sense.Theonly invariantthatwe requirein their analysesis thatbefore
thearrival of a new job thecurrentscheduleis � -approximate.Job � canthenbeincorporated
yielding againan � -approximateschedule.In otherwords,we do not requirethat thecurrent
scheduleis carefullyconstructedsofar, to maintainthecompetitivenessin thenext round.Only
for ProcedureFILL 2 , the scheduleshouldadditionallysatisfythat, on any machine,the load
excludingthelargestjob in it is at mosttheoptimummakespan.We furtherremarkthatthis is
notanunreasonablerequirementaseventhesimplelist schedulingalgorithmensuresthis.
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Figure2: A ÎÏ -approximateschedule( �Ç� I ± ). If a new job of size86.1arrives,jobsof total
sizeat least

x�D
have to bemovedin orderto constructa schedulethatis still ÎÏ -approximate.

5.1 NegativeResults

Theorems1 and2 raisethe questionof which migrationfactor is really necessaryto achieve
competitive ratio

IK�4H
. We canprove that any robust strategy needsmigration factorgreater

than
F

in orderto maintaincompetitive ratio
IK�4H

.

Lemma 1. Thereexistsa
IK�4H

-approximateschedulesuch that,uponarrival of a particular job,
migration factor

F4¢�F�FUl
is neededto achieve

IK�4H
-competitiveness.Moreover, migration factor

F
onlyallowsfor competitiveratio

F4¢£A�H
in this situation.

Proof. The situationis depictedin Figure 2. Thereare 37 machines. Machines1 to 8 are
identicallypacked.Eachof themhasonejob of size84 andthreejobsof size4. Machines9 to
12 arealsoidentical.Eachof themhasonejob of size68 andtwo jobsof size16. Machine13
containsfour jobsof size32. Machines14 to 37 containonejob of size96 each.Thesizeof
thenewly arriving job is 86.1.Theoptimalmakespanis 100.To achieve amakespanof atmost
150, it is necessaryto migrateat least3 jobs of size32 from machine13 to othermachines.
Hence,the migration factor is at least

x�DK�4?�DC¢�Fu�óF4¢�F�FUl
. To show the lower boundon the

competitiveness(thesecondpartof thelemma),we setthesizeof thenewly arriving job to 88
insteadof 86.1. It is straightforward to checkthat thefinal optimal makespanis still 100and
thebestpossiblemakespanachievablefor any strategy with migrationfactor � ÆÒF

is 152.

An additionalfeatureof FILL 1 andFILL 2 is thatthey arelocal in thesensethatthey migrate
jobs only from the machinewherethe newly arrived job is assignedto. Thereis a classof
optimal schedulesfor which, uponarrival of a new job, it is not possibleto achieve a better
competitive ratio than

IK�4H
usingonly localmigration.Thisholdsevenif anarbitrarymigration

factor is allowed. The following optimal scheduleon � machines,uponthe arrival of a new
job, enforcesacompetitive ratioof at least

IK�GiRHo� Ï¡ j
for any amountof migration.Thisbound

convergesto
IK�4H

for large � . Theexamplelooksasfollows: Machines1 and2 eachcontainone
job of size

F��4H
and � �4H

jobsof size
F�� � . All othermachinescontainasinglejob of size

F
. The

newly arriving job hassize
F
. Theoptimummakespanis

Fa�|F�� � andthemakespanachievable
by any local strategy is

IK�4H
(by schedulingthe new job on say, machine1 andmigratingall

small jobsto othermachines).

8



5.2 A Ô Î –CompetitiveStrategy

In this section,we show that an improved competitive ratio of Ô Î canbe achieved by a more
sophisticatedalgorithm,FILL 3, with migrationfactor

l
.

Procedure FILL 3:
Upon arrival of � , chooseone of the following � �ôF

optionsthat minimizesthe resulting
makespan.

Option
k
: Assignjob � to theleastloadedmachine.

Option
½
[for

½=Ó µ F4·:¢:¢:¢g· ��¸ ]: Skipphaseoneif either
H � � á � i ª i1½.j#j

or � � á � �v�.��i ª i1½.j#j
.

Phaseone: Let õ denotethe largestjob in machine
½
. Remove all jobs from machine

½
andschedulejob � there.Exceptjob õ , assigntheremovedjobssuccessively in theleast
loadedmachine.

Phasetwo: We assigntheunassignedjob õ in this phase.If phaseonewasskippedthenõ is simply job � . Consider� �«F
sub-optionsandchoosethe onethat minimizesthe

resultingmakespan.

Sub-option
k
: Assignjob õ to theleastloadedmachine.

Sub-optionã [for ã Ó µ F4·:¢:¢:¢X· ��¸ ]: Ignoringthelargestjob in machineã , considerthe
remainingjobs in orderof non-increasingsizeandrepeatedlyremove them; stop
beforethe total sizeof removed jobsexceeds

H �C� . Assignjob õ to machineã and
assigntheremovedjobssuccessively to theleastloadedmachine.

Theorem 3. FILL 3 is Ô Î –competitivewith factor
l

migration.

Proof. Themigrationfactoris clearfrom thedescriptionof FILL 3. In bothphasesthemigration
factoris 2. To show thecompetitive ratio, we considerany arbitrary input scheduleon theset
of jobs º that is Ô Î –approximate.We show that FILL 3 yields a Ô Î –approximatescheduleonº�Ä
µ+�G¸ . Wecall a job ö aseithersmall, mediumor large where

!%2@�����[Q �E÷ Æ�0�Z�" Ã �4I 2p9;V�$�'�2øQ-0�Z7" Ã �4I�á �E÷ Æ HI 0�Z�" Ã ���4,%>�9`Q �E÷ � HI 0�Z�" Ã
If job � is smallthenoption0 yieldsa Ô Î –approximatescheduleby Observation1.

Case �C� �u0�Z�"#Ã]�4I
: With respectto theinput schedule,we partitionthesetof machines´ as ´�ù and ´|ú , where

´�ùû� µ ½�Ó ´ ��23����67$��/9=½[�U0K��"%��$���!æ�N���4,%>�9gñ 0�J ¸ and ´|ú^��´ � ´�ù
Since � � �Ñ0�Z�"#Ã]�4I

, the numberof large jobs in º is at most � �ÅF
; otherwisethe optimal

makespanof º�Ä
µ+�G¸ exceeds
0�Z�"#Ã

.

Observation 2. Considerthesetof jobs ü�Ä�µyö�¸ with optimalmakespan
0�Z�"#Ã

on � machines.
Let �Ú÷ ��0�Z�"#Ã��4I

. If thereare � Ã
large jobs( � Ã[á � ) in ü thenthereareat most

H/i � � � Ã&jG�
F
mediumjobsin ü .

Proof. Otherwisetheoptimalmakespanof ü�Äýµyö�¸ exceeds
0�Z�"#Ã

.

9



Clearly Observation 2 implies that thereis a machineþ with at mostonemediumjob andno
largejobs.Thus

� �v�.��i ª i þ j#j|Æ HI 0�Z�" Ã
(8)

Weshow thatoption þ is good, i.e., it yieldsa Ô Î –approximateschedulefor ºøÄ�µ+�G¸ .
By Observation2, all jobsin machineþ , exceptpossiblythelargest,aresmall jobs. Hence

reassigningthemduringphaseoneafterschedulingjob � is fine by Observation 1. Thusafter
phaseoneof option þ , the‘intermediateschedule’is Ô Î –approximate.

We now show that the sameholdsafter phasetwo of option þ . Recall that the job to be
assignedin this phaseis denotedas õ . If phaseonewasskippedthen õ is simply job � . Second
phaseis enteredeither

– skippingphaseonebecause
H � � á � i ª i þ j#jTÆ ÔÎ 0�Z�" or � � á � �v�.��i ª i þ j#j (8)Æ ÏÎ 0�Z7" Ã

.
Job � is sameas õ for phasetwo.

– or afterphaseone.Hence �/ÿ �Ì� �v�.��i ª i þ j#j (8)Æ Ï Î 0�Z�" Ã and �/ÿ Æ � � .
In eithercaseit follows that ��ÿ Æ � � andjob õ is eithersmallor medium.If job õ is small then
thesub-option0 yields Ô Î –approximatescheduleby Observation1.

Wecompletetheproof by handlingthecasethatjob õ is medium.As �/ÿ ��0�Z7"%Ã&�4I
, by Ob-

servation2, in theintermediatescheduleafterphaseonethereis a machineþ Ã with atmostone
mediumjob andno large jobs. We show that sub-optionþ Ã yieldsa Ô Î –approximateschedule.
Let thelargestjob in machineþ Ã be õ Ã . Since õ Ã is untouchedin sub-optionþ Ã , all theremoved
jobs aresmall. Henceby Observation 1, the makespanof scheduleafter reassignmentof re-
movedjobs is Ô Î 0�Z�"%Ã if theschedulebeforehas Ô Î 0�Z�"#Ã makespan.Clearly this is true if all jobs
except õ Ã wereremoved,asboth õ and õ Ã arenon-large jobs. At leastoneunremovedjob in ad-
dition to õ Ã alsoensuresthisasthetotalsizeof removedjobsin thiscaseis at least

H � � �30�Z7" Ã �4I
,

where
H � � is theremoval limit. Thusthetotal loadin machineþ Ã afterassigningjob õ is atmostÔ Î 0�Z�" Ã as � � � �/ÿ and �/ÿ ��0�Z�" Ã �4I

.

Even betterresultsarepossiblefor two machines.In section7, we discussa specialized
algorithmwith competitive ratio

�� andmigrationfactorof one. We alsoshow that this ratio is
tight for any deterministicstrategy with migrationfactorone.

6 An Online Approximation Schemewith ConstantMigration

The resultspresentedin the last sectionraisethe questionhow far the competitive ratio for
onlinealgorithmswith constantmigrationfactorcanbedecreased.Wefirstprovethatoptimality
(i.e.,competitive ratio

F
) cannotbeachieved.However, for any fixed

�)�Ëk
wecangetdown to

competitive ratio
Fh���

.

Lemma 2. Anyonlinealgorithmcomputingoptimalsolutionsneedsmigration factor ² i � j
.

Proof. Consideraschedulinginstancewith � machinesand
H � ��H

jobs,two of size
½.� � for

all
½ � F4·:¢:¢:¢y· � ��F

. Up to permutationsof machines,any optimumschedulehasthestructure
depictedin the left partof Figure3. Theoptimummakespanis

i � ��F�j#� � . Whena new job
of size

F
arrives, the optimummakespanincreasesto

F
. Again, the structureof an optimum

10



job
new

 1

m m 3 2 1 3 1  2  . . . . . .
Optimal initial schedule Optimal final schedule

Figure3: An instancewhereall machineconfigurationshave to changeto maintainoptimality.

schedulefor the enlarged instanceis unique;seethe right handsideof Figure3. From each
machinein µ HC·:¢:¢:¢X· � �uF ¸ , at leastonejob from thepair hasto move. Hencetheminimum
total sizeof jobsthathave to bemigratedis at least

F
�

¡�� Ï�
Á��  

23$�� µ ½%· � ��F)� ½ ¸�� F
�
�
	 ¡�� Ï
��� Ï���

Á��  
½
·

which is ² i � j
.

In thefollowing,
�¦�Åk

is a fixedconstant.We assumewithout lossof generalitythat
�¦ÆF

. The following observation belongsby now to the folklore in the field of scheduling;see,
e.g.,[1].

Observation 3. Roundingup each job’s processingtimeto thenearestinteger powerof
F=�Ë�

increasesthe makespanof an arbitrary scheduleat mostby a factor
Fs���

. In particular, in
specifyinga

i Fb���3iR��j#j
-competitivealgorithm we can assumethat all processingtimesare

integer powers of
Fh���

.

Thecurrentsetof jobs is denotedby º . A job in º is called large if its processingtime
is at least

���&Jgi º j
; otherwise,it is calledsmall. Thesubsetof large andsmall jobs is denoted

by º ù and º ú , respectively. Wepartition º into classesº Á , ½hÓ��
, with

º Á Q � µ+� Ó º � � � � i F����+j Á ¸ ¢
Let � Q �Åµ ½=Ó����4�7�&Jgi º j-ÆÒi Fg� �+j Á Æ � �v�.��i º j ¸ suchthat º¦ù_� À¯Á »�� º Á . Thus,thenumber
of differentjob sizesfor largejobsis boundedby

� � � andthereforeconstant:

� � �wÆ Fh�{��0�>  ���� � �v�.� i º j���&Jgi º j Æ F��{�&0�>  ���� F � Æ H � �&0�>�� F�����! ¢
(9)

Givenanassignmentof jobs º¯ù to machines,we saythata particularmachineobeys configu-
ration ã Q �#" � }%$

if, for all
½=Ó � , exactly ã i1½.j

jobsfrom º Á areassignedto thismachine.The
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setof configurationsthatcanoccurin any schedulefor º¦ù is& Q � µyã Q �'" � } $ � ã i1½.jYÆ�� º Á � for all
½�Ó �7¸ ¢

Up to permutationsof machines,anarbitraryschedulefor º ù canbedescribedby specifying,
for eachã Ó(&

, thenumber)+* of machinesthatobey configurationã . Conversely, avector ) Ó� } $-,
specifiesa feasible� -machine-schedulefor º¦ù if andonly if�* » , )+*Ë� � and (10)�* » , ã i1½.j )+*u� � º Á � for all

½=Ó � . (11)

We denotethesetof vectors ) Ó{� }%$.,
satisfying(10) and(11) by / . Thus, / representsthe

setof all schedules(up to permutationsof machinesandup to permutationsof equalsizejobs)
for º¯ù . For aconfigurationã Ó�&

let��0K��Vgi ã jåQ � �
Á »�� i F����+j Á ã i1½.j

denotethe loadof a machineobeying configurationã . Themakespanof a schedule) Ó / is
equalto

23��� µ �&0K��Vgi ã j)� )+* ��k ¸ . For 0 � k
, let&�i 0 jåQ � µyã Ó�& ���&0K��Vgi ã jYÆ 0æ¸ ¢

Thesetof all scheduleswith makespanatmost 0 is denotedby

/ i 0 jåQ � µ1) Ó / � )+*�� k
if

��0K��Vai ã j-� 0æ¸ ¢
In thefollowing, we usuallyinterpreta schedule) Ó / i 0 j asa vectorin

� } $-, 	32 �
by ignoring

all zero-entriescorrespondingto configurationsnotcontainedin
&�i 0 j .

Theminimummakespanfor º¦ù canbeobtainedby determiningtheminimumvalue 0 with/ i 0 j54�76 . Checkingwhether / i 0 j is emptyand,otherwise,finding a schedule) Ó / i 0 j can
bedoneby findinga feasiblesolutionto anintegerlinearprogram.Wecanwrite

/ i 0 j � µ1) ÓW� } $ , 	32 � � ü i 0 j )@��ö�¸ ·
where ü i 0 j is a matrix in

� } $ 	  ��98 � 8 ��: 8 , 	;2 � 8 and ö is a vectorin
� } $  ��98 � 8 . The first row of the

linearsystemü i 0 j )T�eö correspondsto constraint(10); theremaining
� � � rows correspondto

constraints(11).

Lemma 3. Let º bea setof jobsand let � bea new job of size�G�_� ���&Jgi º j
. Anyschedule

for º¦ù with makespan0 ÆÇi FN�Å�+j~0�Z�"�i º j
can be turnedinto a schedulefor º¯ùTÄ{µ+�G¸ by

touching only a constantnumberof machinessuch that themakespanof theresultingschedule
is at most

2@��� µ10 ·#0�Z�"�i º¦ùpÄ
µ+�G¸ j ¸ .
Proof. Wedistinguishtwo cases.If � � � H 0 , thenit is easyto observe that

0�Z7"�i º¦ùYÄwµ+�G¸ j �å� �
andanoptimalschedulefor º¦ùvÄ�µ+�G¸ canbeobtainedby assigningjob � to anarbitrarymachine
andmoving all jobsthatarecurrentlyon thismachineto any othermachine.

12



In theremainderof theproofwecanassumethat� � � i F��`�+j Á=< áËH 0 andtherefore
0�Z�"yi º¯ùÚÄµ+�/¸ j-ÆËH 0 . Let ) Ó / i 0 j denotethegivenschedulefor º ù . Then, ) satisfies

ü i 0 j )e� ö · ) ÓT� } $ , 	;2 � ¢
(12)

Let � Ã Q �>�3Ä|µ ½ Ã ¸ andlet
& Ã

denotethe setof configurationsã Q � Ã " � } $
that canoccur

in any schedulefor º¦ù�Ä�µ+�/¸ . Then,
&ýÃði 0 j , / ÃRi 0 j , ü Ã�i 0 j , and ö Ã are definedanalogously

to
&�i 0 j , / i 0 j , ü i 0 j , and ö , respectively, with

&
replacedby

& Ã
and � replacedby � Ã .

Let 0 ÃgQ � 23��� µ10 ·#0�Z�"yi º¯ù3Ä�µ+�G¸ j ¸ Æ�H 0 . We arelooking for a schedule) ÃÉÓ / ÃRi 0 Ã�j , that
is, ) Ã mustsatisfy

ü Ã i 0 Ã j ) Ã � ö Ã · ) Ã ÓT� } $ , < 	32 < � ¢
(13)

Moreover, ) Ã shouldbe ‘similar’ to ) . In orderto comparethe two vectors,we first ‘lift’ ) to
a vectorin

� } $ , < 	;2 < �
asfollows. A configurationã Ó?&|i 0 j canbe interpretedasan element

of
& Ã i 0 Ã j by defining ã i1½.j-Q � k

for all
½hÓ � ÃA@ � . We thendefine

)+* Q � k
for all ã Ó�& Ã i 0 Ã j @ &|i 0 j�¢

It follows from (12) thattheextendedvector ) satisfies

ü Ã i 0 Ã j )��CBö · ) ÓT� } $ , < 	32 < � ¢
(14)

Theright handside Bö Ó � } $  ��98 � < 8 is definedasfollows: If � Ã �D� , then Bö`�«ö ; otherwise,� Ã ��bÄ�µ ½�Ã ¸ andwe definetheentryof vector Bö correspondingto
½�Ã

to bezeroandall otherentries
asin vector ö .

Thus, ) and ) Ã aresolutionsto essentiallythesameinteger linearprogram((14) and(13),
respectively) with slightly differentright handsides Bö and ö Ã , respectively. More precisely, the
right handsidesareequalfor all but oneentry (theonecorrespondingto

½�Ã
) wherethey differ

by
F
.

Theorem 4 ([26, Corollary 17.2a]). Let ü be an integral �FE ¹
-matrix, such that each sub-

determinantof ü is at mostG in absolutevalue, let Bö and ö Ã becolumn� -vectors,andlet H bea
row

¹
-vector. Suppose

23��� µIHKJ � üLJ Æ BöÉíMJ integral ¸ and
23��� µIHKJ � üLJ Æ ö Ã íNJ integral ¸ are

finite. Thenfor each optimumsolution ) of thefirst maximumthere existsan optimumsolution) Ã of thesecondmaximumsuch thatO ) � ) Ã OQP Æî¹ G i O Bö � ö Ã OQP �{HKj+¢
By Theorem4 (choosingH to bezerovector),thereexistsasolution ) Ã to (13)satisfyingO ) � ) Ã OQP Æ I5RR & Ã i 0 Ã j�RR G ·

(15)

where G is anupperboundon theabsolutevalueof any sub-determinantof thematrix ü ÃRi 0 Ã�j .
To completetheproof,wehave to show thattheright handsideof (15) is constant.

First we give an upperboundon the numberof columns
� &WÃ�i 0 Ã�j:� , i.e., on the numberof

machineconfigurationswith loadat most 0 Ã . Sinceeachjob hassizeat least

�7�&Jgi º j (1)� �H 0�Z7"yi º j � �H/i F�����jS0 � �l7i F=���+jT0 Ã ·
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thereareat most U Q �WV l7i FN����j#�4�YX ÆFZ� jobs in any configurationã Ó[&ýÃði 0 Ã]j . In particu-
lar, ã i1½.jYÆ U for all

½�Ó � Ã . Thisyields

RR & Ã i 0 Ã j�RR Æ U 8 � < 8 Æ U 8 � 8 �É  Æ � ? �M 8 � 8 �É  (9)Æ � ? �M �\]M^`_Ya 	cb�d ]] � Æ � F�����! e\]M^`_Ya 	gf ] � ¢
Finally, all entriesin thefirst row of ü Ã i 0 Ã j are

F
andtheremainingentriesareof theform ã i1½ jYÆU . Hencewe bound G as follows. The maximumdimensionof a squaresub-matrixinsideü Ãði 0 Ã]j is at most the numberof rows, i.e.,

H¦� � � � and,eachentry in it hasvalueat most U .
Hencethevalueof its determinantis upper-boundby

i#iRH���� � ��j U j Ï �98 � 8 . Thus

G Æ Í iRH���� � ��j U Ð Ï �98 � 8 (9)Æ � ?� Ï  Ï �98 � 8�h � ? �  Ï �98 � 8 (9)Æ � Fh����  b�i] ^`_Ya 	�j ] �
Henceby (15) thenumberof machinestouchedis at most

I RR & Ã i 0 Ã j RR G Æ I � Fh����  b�k]l^`_Ya 	 f ] � (16)

andthereforeis aconstant.Thisconcludestheproof.

Theorem 5. Let º be a setof jobsand let � be a new job not containedin º . Any
i F��u��j

-
approximateschedulefor º can be turnedinto a

i F��u�+j
-approximateschedulefor º°Äåµ+�/¸

such that thetotal sizeof jobsthathaveto bemovedis boundedby a constant� iR��j
times� � .

Proof. We distinguishtwo cases.If thenewly arrived job is small, i.e., � � áï���&Jgi º j
, then �

cansimplybeassignedto theleastloadedmachineby Observation1 andno job in º hasto be
moved.

It remainsto considerthecase� � � ���&Jgi º j
. Thegivenschedulefor º inducesa schedule

for º¯ù with makespan0 Æïi F-���+j�0�Z7"yi º jNÆïi F-����j�0�Z�"yi ºÑÄ�µ+�G¸ j . By Lemma3, thelatter
schedulecanbeturnedinto aschedulefor º ù Ä
µ+�/¸ with makespanat most23��� µ10 ·#0�Z�"yi º¯ùqÄýµ+�/¸ j ¸ Æ i F=���+j�0�Z�"�i º�Äýµ+�/¸ j ·
by touchingonly a constantnumberof machines.In thefollowing, this subsetof machinesof
constantsizeis denotedby ´ Ã

. Weconstructaschedulefor º�Ä
µ+�G¸ asfollows:

i) Startwith theschedulefor º¯ù¯Ä
µ+�/¸ discussedabove.

ii) The jobs in ºqú thatwereassigned,by thegiven schedulefor º , to oneof themachines
in ´ @ ´ Ã

areassignedto thesamemachineagain.

iii) Theremainingjobsin ºqú areassignedoneafteranotherto theleastloadedmachine.

Themakespanof thepartialscheduleconstructedin stepsi) andii) is boundedby themaximum
of themakespanof thegivenschedulefor º andtheoptimalmakespanof theschedulefor º¦ùoÄµ+�/¸ . It is thusboundedby

i Fs����j~0�Z�"yi ºÌÄ�µ+�G¸ j . Assigningsmall jobs greedily to the least
loadedmachinein stepiii) thereforeresultsin a

i F=����j
-approximateschedulefor º¶Ä�µ+�/¸ by

Observation1.
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Finally, notice that, in the whole process,only jobs that have initially beenscheduledon
machineś

Ã
aremoved.Thetotal sizeof thesejobsis atmost

i F����+j~0�Z7"yi º jL� ´ Ã � (1)Æ H/i FY���+jC�&Jgi º jL� ´ Ã � Æ H � � � Fh����  � ´ Ã �
(16)� �C� � Fh����m Lnporq sutYv iuw ]yx] z ¢

Thisconcludestheproof.

Theorem 6. There existsa
i F-���+j

-competitiveonlinealgorithmwith constantmigration fac-
tor � iR��j

such that therunningtimefor schedulinga newly arrived job is constant.

In particular, it follows from thelastpropertymentionedin thetheoremthat thealgorithm
haslinearrunningtime.

Proof. The resulton the competitive ratio follows from Theorem5. It remainsto show that
uponarrival of anew job � , theschedulecanbeupdatedin constanttime. Weconsideronly the
non-trivial case

�`áeF
. We assumethat for thecurrentsetof jobs º thefollowing information

is given:

– Thetotalsizeof jobs � i º j
, themaximumjob size� �v�.�Ci º j

, andthelowerbound
�&Jai º j

.

– For eachmachine,its loadroundeddown to thenearestintegerpowerof
F=� �Ï .

Wearguethatthisinformationcanbeupdatedin constanttimefor thenew setof jobs º|Ä�µ+�/¸ . It
is certainlyeasyto compute � i º Äwµ+�/¸ jYQ ��� i º j4� � � , � �v�.�Ci ºuÄwµ+�G¸ j-Q � 23��� µ#� �v�.��i º j+· � � ¸ ,
and

�&Jai ºçÄåµ+�G¸ j3Q � 23��� µ#� i ºçÄåµ+�G¸ j#� � · � �v�.��i ºçÄåµ+�G¸ j ¸ . Sinceonly constantnumberof
machinesaretouchedto incorporatethenew job � , approximatingthemodifiedmachineloads
canalsobedonein constanttime.

From Lemma3, we recall the notion of a machineconfigurationã i h j
with respectto the

setof large jobs. In thefollowing, we call a job small if its sizeis lessthan �Ï ��Jgi º j
andlarge

otherwise.This slightly modifieddefinition is just a technicalityandit only affectsthebound
on � andU in Lemma3, by aconstantfactor. Thusit only changesthebound(16),by aconstant
factor.

Similar to theargumentsin Lemma3, we arguethatthenumberof machineconfigurations
with eachconfigurationhaving load at most

lK�&Jgi º j
is a constant. That is

� &|i1lK�&JÉi º j#j:�
is

a constant. Eachlarge job (belongingto º¦ù ) hassize at least �Ï �&Jai º j
. Hencea machine

configurationwith total load at most
lK�&Jgi º j

hasat most
Z � jobs from º¯ù . Eachsuch job

belongsto oneof thejob classesfrom � . Sincethetotal numberof large job classes
� � � is also

aconstantandthejob classesareindexedfrom { �&0�>  ���� i �Ï �&Jgi º j#j�| � QK½
to

½Ú�Ò� � � , we get:

Observation 4. There are at mosta constantnumber(say H ) of configurationswith each con-
figuration havingtotal loadat most

lK�&Jgi º j
, andwecanenumeratethemin constanttime.

The given scheduleon º is representedusing the following simple datastructure. We
assumethat initially the scheduleis given to us in this form. Later we show how to update
it in constanttime while schedulingjob � . The machineconfigurationsarerepresentedusing
structuresasshown in Figure4. Thereis anarrayof ConfigHeadsof dimensionH , onefor each
possibleconfiguration,andeachConfigHead points to the list of machines(list of Machine
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Figure4: Thedifferentstructuresusedin representingtheschedule.

Nodes) obeying thatconfiguration.A MachineNodepointsto the list of jobs in it groupedas
batches.Thesmalljobs(belongingto ºqú ) in it aregroupedinto batchesof sizeatmost �Ï �&Jgi º j
andthelargejobsremainasabatchwith singlenode.Clearlythereareonly aconstantnumber
of suchbatchesin any machine.EachbatchhasaBatch Headthatpointsto thelist of jobs(Job
Nodes) in it.

Since
�&Jgi h j

is monotonicallyincreasing,themachinesbelongingto thesameconfiguration
list still belongtogetherin future,possiblyin a differentconfigurationlist, aslong asthey are
untouched.Thuswhile incorporatingjob � , ConfigHeadarrayandits associatedmachinelists
canbeupdatedin constanttime if a constantnumberof machinesaretouchedandthepointers
to their correspondingMachineNodes areavailable.

To find amachinewith loadatmost
i Fæ� �Ï j.�&Jgi º j

in constanttime,weusebucketing.This
is neededfor assigningsmall jobs. The machinesarepartitionedinto buckets basedon the
exponentof

Fo� �Ï to whichmachineloadsarerounded.All machineswith approximateloadat
most

�&Jgi º j
belongto bucket

k
. Eachmachinebelongingto bucket

½N��k
hasits approximate

load õ suchthat ^`~ 	 ¼ � ���� � Ï á ÿ	  ���� � Ï
��� Æ��&Jgi º j
. Sincethemaximumloadof a machineis at mostH�0�Z�"�i º jYÆ�lK�&Jgi º j

, thenumberof bucketsis atmostaconstant.A machinefrom bucket
k

can
befoundin constanttime(bucket

k
is alwaysnon-empty).Observethattheuntouchedmachines

in a bucket staytogethereven in future (possiblyin a new bucket) as
�&Jgi h j

is monotonically
increasing.Thusthebucket structurecanbeupdatedin constanttime while assigningjob � if
only aconstantnumberof machinesaretouched.Weassumethatthebucket representationforº is alsoavailablein thebeginning.

If thenew job � is small(� � á �Ï �&Jgi º j
), then

i) Considerany machinefrom bucket
k
. Assigningjob � to it changesits load to at mosti Fw�«�+j.�&Jgi º j|Æ i Fw�«��j~0�Z�"yi º ÄËµ+�G¸ j , as any machinein bucket

k
has load at mosti F�� �Ï j.�&Jgi º j

.

ii) Assign� to abatchof smalljobssuchthatthetotal loadin it doesnotexceed �Ï �&Jgi º j
. If no

suchbatchexists,createa new batchfor job � . Updatethebatches(mergesmallbatches)
with respectto º�Ä
µ+�G¸ . Thereareonly constantnumberof batchesinitially.
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iii) Updatethebucket structurewith respectto ºøÄ
µ+�/¸ .
If thenew job � is largethenwith respectto theinput schedule)
a) Generatefeasibleschedulesþ Ó / Ã Í lv�&Jgi ºuÄwµ+�G¸ j Ð by enumeratingall vectorswith constant

distance
O ) � ) Ã OQP (see(15)and(16)of Lemma3), where) Ã Ó / Ã Í i FX� ��j�0�Z�"yi ºïÄ^µ+�/¸ j Ð .

Observe that / Ã Í i F�����j�0�Z�"�i ºîÄ�µ+�G¸ j Ð ¿�/ Ã Í lv�&Jgi ºÇÄ�µ+�/¸ j Ð . Thereareonly constant
numberof suchvectorsandthey canbegeneratedin constanttime by Observation 4. For
eachfeasiblevectordo thefollowing andchoosetheoneminimizing themakespan.

b) The componentwise differencebetween) and þ specifiesa subsetof configurationsand
non-zeronumberof machinesfrom eachsuchconfigurationthat shouldbe modified. For
eachsuchconfiguration,we remove therequirednumberof machinesfrom thefront of the
machinelist pointedto by therespective ConfigHead.

– Removesmall job batches(with respectto º�Ä
µ+�/¸ ) from thesemachines.

– Rescheduletheremainingjobsamongthesemachines.

– Assignthesemachinesto theappropriateconfigurationlists.

– Updatethebucket structurewith respectthenew machineloads.

– Eachof thesmallbatchesarereassignedasin thesmall job casediscussedabove.

It is straightforward to verify thatall of theabove stepstake only constanttime. Thuswe
concludetheproof.

7 The Two Machine Case

In this sectionwe show a tight competitive ratio of
�� for the two machinecase.Considerthe

following procedureFILL 4.
Procedure FILL 4:
Uponarrival of � , choosetheoptionminimizing themakespanfrom thefollowing options.

For eachfixedmachine
½)Ó µ F4·�H ¸ , we definemultiple optionsin thefollowing way. Letß

bethelargest3 jobs in machine
½
. Set

ß
couldpossiblyhave lessthanthreejobs. Let

the remainingjobs in machine
½

be � . That is �°�ôª i1½.j @ ß)¢
Let �ï¿ H ù besetof all

possiblesubsets(including � ) of
ß

suchthat for each
ß * Ó � · � iðß * j�Æ �C� ¢ Eachsetß * Ó � givesriseto anew

Option
i1½%¢ ã j : Migrate jobs in

ß * to theothermachine.Considerthe jobs in � in non-
increasingorderorderof sizeandrepeatedlyremove them;stopbeforethe total sizeof
removed jobsexceeds� � � � iðß * j . Let �5* denotetheseremoved jobs. Assignjob � to
machine

½
andassigntheremovedjobssuccessively to theleastloadedmachine.

Option
k
: Assignjob � to theleastloadedmachine.

Theorem 7. FILL 4 is
�� –competitivewith factor 1 migration.

Proof. Themigrationfactoris clearfrom theFILL 4 description.To show thecompetitive ratio,
we consideranarbitraryinput scheduleon thesetof jobs º that is

�� –approximate.We show
thatFILL 4 yieldsa

�� –approximateschedulefor º�Ä
µ+�/¸ .
If job � is suchthat � � Æ 0�Z�" Ã �4I

then option 0 alreadyyield a
�� –competitive schedule

by Observation 1. It remainsto handlethe case� � �ï0�Z7"#Ã��4I
. From now on we assumethat

Option
k

doesnot suffice. As thelargestthreejobsarenot includedin set � we have,
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Figure 5: Comparisonof input scheduleon º and optimal scheduleon ºÊÄËµ+�/¸ , for two
machines.

Observation 5. For anymachine
½

considertheset � asdefinedin FILL 4. Everyjob in it has
sizeat most

0�Z�"#Ã]�4I
.

Observation 6. Migrating jobs of total sizeat most�C� �{0�Z�"#Ã��4I
from any fixedmachine and

assigningjob � there yieldsa
�� –approximateschedulefor ºøÄ
µ+�/¸ .

Proof. Let machine2 bethehigherloadedmachineandlet � i ª iRHKj#j � 0�Z�"#Ã/� �C� �4HN� ) . This
implies that � i ª i F�j#j°Æ 0�Z�" Ã � � � �4H3� ) . Merely assigningjob � to machine1 fail only if
thefinal load differenceexceeds

0�Z�"#Ã��4I
. For this it is necessarythat ) á � � �4Hq�{0�Z�"#Ã��4D

and� � ��0�Z�" Ã �4I
. Thetotalmigrationamountneededis either� � �4Hs�ý0�Z7" Ã �4D

(from machine
F

to
H
)

or � � �4Hs� ) � 0�Z�"#Ã&�4D
(from

H
to

F
), which is atmost� � � 0�Z�"#Ã]�4I

.

Thoughabove observation is true,it is possiblethatevery feasiblesetof jobsthatneedsto
bemigratedhave total sizemorethan � � � 0�Z�" Ã �4I

.

Fact 2. Thereis a subsetof jobsof total sizeat most�C� residingin a machinesuch thatschedul-
ing job � hereandmigrating thissubsetto theothermachineyieldsa

�� –approximateschedule.

It might take exponentialtime in the worst caseto identify the subsetthat needsto be
migrated.UsingObservation6 we show thatour polynomialtime strategy alsoworks. Let �
denotethesetwith thesmallesttotal sizethatneedsto bemigratedfrom machine

½
according

to Fact 2. Considerthe sets
ß

and � for machine
½

asdefinedin FILL 4. Let � è ß � ß * .
Observe that

ß * Ó � . We show thatOption
i1½�¢ ã j yieldsa

�� –approximateschedule.Thesetof
jobsthatareeithermigratedor removedfrom machine

½
beforeassigning� is

ß *aÄ��5* . Observe
that � iðß *¦Ä��5* j is at least � � ��0�Z7" Ã �4I

unless�5*|��� as sizeof any job in � is at most0�Z�"#Ã]�4I
by Observation 5. Thusin any case� i � jpÆ � iðß *�Ä��5* j as � i � jqÆ � � �{0�Z�"#Ã]�4I

by
Observation 6. Thusby Observation 6 the total load in machine

½
after assigningjob � , i.e.,� i ª i1½.j @ iðß *)Ä��5* j#ja� � � , is at most

�� 0�Z7"#Ã
. Thereassignmentof jobsin �5* (eachhave sizeat

most
0�Z�"%Ã��4I

) is alsofineby Observation1.

Proof. (Fact2) It is clearthatthereis noneedto migrateatotalsizemorethan� � (simplyassign�C� on thedestinationmachineinstead).Fix any optimalscheduleof º Ä µ+�G¸ . We capturethe
differencebetweenthis optimal scheduleandthe input scheduleon º by sets

â   ·�â Ï · G   and
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G Ï . As shown in Figure5, theabove four setsdefineapartitionof º . Theset
â   is thesetof all

jobsassignedto machine1 on bothschedules.Similarly, set G Ï is thesetof all jobsassigned
to machine2 on bothschedules.Theremainingtwo setscapturethedifferencesbetweenthese
two schedulesexceptfor job � , which is only presentin theoptimalschedule.

We consideronly the interestingcasethat assigning� to any machinewithout migration
fails. Fromnow, for convenience,we denotethesizeof any set � assimply � . For job � we
denoteits sizeas � . We alsonormalize

0�Z�" Ã
to 1. Theoptimalschedule(Figure5) andthefact

thatassigning� withoutmigrationfails impliesi F�jýâ   ��â Ï � � Æ FiRHKj G   � G Ï Æ F iRIKjWâ   � G   � � � ± �4Di1l�jWâ Ï � G Ï � � � ± �4D
It is straightforwardto verify thatthesefour inequalitiesyield � �ËHK�4I

andhence
â   �^â Ï ÆF��4I

(Inequalities1 and3 imply G   ��F��4DX�ýâ Ï . Inequalities2 and4 imply
â Ï � � ��F��4DÉ� G   ).

W.l.o.g let
â   ÆÅF��4D

. Hencethemigrationstrategy is; migrate G Ï to machine1 andschedule�
on machine2.

Tight Lower Bound

Theorem 8. Let ü beanydeterministicalgorithmthat is H –competitiveon two machineswith
migration factor at mostone. ThenHË� �� 	  ���� � for anysufficientlysmallpositive

�sÓ_� � � .

Proof. Theadversaryinitially issuesfour jobswith thefollowing size:
F��4DG�q���4HC·;F��4D/�q�+�4HC·;F��4H

and
F��4H

. It is easyto verify that the only
�� 	  ���� � –approximateway of schedulingthemis to

assignin eachmachineonejob of size
F��4D������4H

andonejob of size
F��4H

.
Assumethatbothmachinescontainonejob of size

F��4H
andonejob of size

F��4Dv� ���4H
. Now

adversaryissuesa new job of size
HK�4I

. Theoptimal makespanis
F��u�

. But if themigration
factoris restrictedto

F
, thenthebestpossiblemakespanby ü is ± �4D . HenceH)� �� 	  ���� � .

8 Maximizing the Minimum Machine Load

An alternative, yet lessfrequentlyusedobjective for machineschedulingis to maximizethe
minimumload.However, we have aconcreteapplicationusingthisobjective functionthatwas
the original motivation for our interestin boundedmigration: Storageareanetworks (SAN)
usuallyconnectmany disksof differentcapacityandgrow over time. A convenientwayto hide
thecomplexity of a SAN is to treatit asa singlebig, fault tolerantdisk of hugecapacityand
throughput[7, 25]. A simpleschemewith many nice propertiesimplementsthis idea if we
manageto partition theSAN into severalsub-servers[25] of aboutequalsize.Mappingto the
schedulingframework, thecontentsof diskscorrespondto jobsandthesub-serverscorrespond
to machines.Eachsub-server storesthesameamountof data.For example,if wehave two sub-
servers,eachof themstoresall the datato achieve a fault tolerancecomparableto mirroring
in ordinary RAID level 0 arrays[22]. More sub-servers allow for a more flexible tradeoff
betweenfault tolerance,redundancy, andaccessgranularity. In any case,the capacityof the
server is determinedby the minimumcapacityof a sub-server. Moreover, it is not acceptable
to completelyreconfigurethesystemwhena new disk is addedto thesystemor whena disk
fails. Rather, the userexpectsa “proportionateresponse”,i.e., if sheaddsa disk of J GByte
shewill not be astonishedif thesystemmovesdataof this orderof magnitudebut shewould
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complainif muchmore is moved. Our theoreticalinvestigationconfirmsthat this ‘common
sense’expectationis indeedreasonable.

We concentrateon the casewithout job departures(disk failures). We show that the fol-
lowing simplestrategy, which is very similar to FILL 1, is

H
–competitive alreadyfor migration

factor ��� F
.

Procedure FILL 5:
Uponarrival of anew job � , dothefollowing. Repeatedlyremovejobsfrom theleastloadedma-
chine

½ ���`�
; stopbeforethetotalsizeof removedjobsexceeds�G� . Assignjob � to machine

½ ���`�
.

Assigntheremovedjobssuccessively to theleastloadedmachine.

Theorem 9. FILL 5 is
H
–competitivewith migration factor

F
.

Proof. The migrationfactor is clear from the descriptionof FILL 5. In the input scheduleonº , considerthemaximumloadedmachineamongthosecontainingmultiplejobs. If thereis no
suchmachine(i.e,everymachinehasatmostonejob) thenthescheduleafterassigningjob � isF
–approximate(optimal). Hencetheinterestingcaseis thatsuchmachinesexist. We call such

machinesasmulti-job machines.
Weassumethatthefollowing propertyholdsfor theinput schedule;

maximumloadof amulti-job machine
ÆÊH h

minimumload (17)

Laterwe show thattheabove propertyis preservedon theoutputschedule.An outputschedule
with above propertyis a 2–approximatescheduleastheoptimal minimumload is at mostthe
maximumload of a multi-job machine.Thusit remainsto show that property(17) holdsfor
theoutputschedule.If � � Æ � i ª i1½����`��j#j

thenthis is straightforward. In case� � � � i ª i1½����`�4j#j
,

initially all jobs from the leastloadedmachineareremoved and � is assignedthere. This in-
termediateschedule(beforereassigningtheremovedjobs)satisfiesproperty(17). Observe that
eachof theremoved jobshassizeat mostthe intermediateminimumload. Hencereassigning
themstill preservesthepropertyasshown above.

NegativeResult

The following lemmashows that it is not possibleto start with an arbitrary
H
–approximate

scheduleon º and obtain a
H
–approximateschedulefor º Ä�µ+�G¸ with constantmigration

factor.

Lemma 4. There is a
H
–approximatescheduleon � machinessuch that uponthe arrival of

a new job, it is not possiblefor anystrategy to obtain
H
–approximateschedulewith migration

factor lessthan � �åH
.

Proof. In theinitial schedulemachine1has
H � jobsof size1. All theremaining� �¦F

machines
have onejob of size1. In total thereare

I � �ËF
jobs. Theoptimalminimumloadis 2. Hence

this is a 2–approximateschedule.A new job of size1 arrives. Thenew optimal minimum is
3. To achieve minimumloadgreaterthan1, any strategy hasto move at least � �|H

jobsfrom
machine1.
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