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Abstract

Considerthe classicalonline schedulingproblemwherejobsthatarrive oneby
oneareassignedo identicalparallelmachineswith the objective of minimizing the
makespan. We generalizethis problemby allowing the currentassignmento be
changedvheneer a new job arrives, subjectto the constraintthat the total size of
movedjobsis boundedy g timesthe sizeof thearriving job.

Ourmainresultis alineartime ‘online approximatiorscheme’thatis, afamily
of onlinealgorithmswith competitve ratio 1 + e andconstantnigrationfactorf(e),
for ary fixede > 0. Thisresultis of particularimportancef consideredn thecon-
text of sensitvity analysis:While anewly arriving job mayforceacompletechange
of theentirestructureof anoptimalschedulepnly very limited ‘local’ changesuf-
fice to presere nearoptimal solutions.We believe thatthis conceptwill find wide
applicationin its own right.

We also presentsimple deterministiconline algorithmswith migration fac-
torsg = 2 andj = 4/3, respectrely. Their competitve ratio 3/2 beatsthe lower
boundon the performanceof ary online algorithmin the classicalsettingwithout
migration. We alsopresenimproved algorithmsandsimilar resultsfor closelyre-
latedproblems.In particular thereis a shortdiscussiorof correspondingesultsfor
the objective to maximizethe minimumload of a machine.The latter problemhas
an applicationfor configuringstoragesenersthatwasthe original motivation for
thiswork.



1 Intr oduction

A classicalschedulingproblem. Oneof the mostfundamentaschedulingproblemsasksfor
anassignmenbof jobsto m identicalparallelmachinesso asto minimize the makespan.(The
makesparis the completiontime of the lastjob thatfinishesin the schedulejt alsoequalsthe
maximummachineoad.) In the standarctlassificatiorschemeof Graham Lawler, Lenstra,&
Rinnogy Kan [15], this schedulingoroblemis denotedoy P | |Crmax andit is well known to be
stronglyNP-hard[12].

The offline variantof this problemassumeshatall jobs areknown in advancewhereasn
the onlinevariantthejobsareincrementallyrevealedby anadwersaryandthe online algorithm
canonly choosethe machinefor the new job without beingallowedto move otherjobs. Note
thatdroppingthis radicalconstrainton the online algorithmyieldsthe offline situation.

A new online schedulingparadigm. We study a naturalgeneralizatiorof both offline and
online problems.Jobsarrive incrementallybut, uponarrival of anew job j, we areallowedto
migratesomepreviousjobsto othermachinesThetotal sizeof the migratedjobshowever must
beboundedby Bp; wherep; is thesizeof thenew job. For migration factor 8 = 0 we getthe
onlinesettingandfor 8 = oo we getthe offline setting.

Approximation algorithms. For an offline optimization problem, an approximation algo-

rithm efficiently (in polynomialtime) constructsschedulesvhosevaluesarewithin a constant
factora > 1 of theoptimumsolutionvalue. Thenumbera is calledperformanceguaranteeor

performanceatio of theapproximatioralgorithm. A family of polynomialtime approximation
algorithmswith performanceguaranted + ¢ for all fixede > 0 is calleda polynomialtime

approximationscheme(PTAS).

Competitive analysis. In asimilarway, competitiveanalysisevaluatessolutionscomputedn
theonline setting.An online algorithmachiezescompetitiveratio o > 1 if it alwaysmaintains
solutionswhoseobjective valuesarewithin afactora of the offline optimum.Here,in contrast
to offline approximationresults,the achiezable valuesa are not determinedoy limited com-
puting power but by the apparentack of informationaboutpartsof the input thatwill only be
revealedin thefuture. As aconsequencdor all interestingclassicabnline problemsit is rather
easyto comeup with lower boundsthat createa gap betweenthe bestpossiblecompetitive
ratio« and1. In particular it is usuallyimpossibleto construciafamily of (1 + ¢)-competitve
onlinealgorithmsfor suchproblems.

2 RelatedWork

For the online machineschedulingproblem, Grahams list scheduling algorithm keepsthe
makespanwithin a factor2 — 1/m of the offline optimum[13]: Schedulea newly arriving
job ontheleastloadedmachine.lt canalsoeasilybe seenthatthis boundis tight: adwersarial
sequenceonsistsof m(m — 1) jobs of size % followed by onejob of size1. The optimal
makespann this caseis 1.

For the offline setting, Grahamshaved threeyearslater that sorting the jobs in the order
of non-increasingize beforefeedingthemto the list schedulingalgorithmyields an approxi-
mationalgorithmwith performanceatio4/3 — 1/(3m) [14]. Later, exploiting therelationship



betweerthe machineschedulingoroblemunderconsideratiorandthe binpackingproblem,al-
gorithmswith improvedapproximatiomratioshave beenobtainedn aseriesof works[9, 11, 19].

Finally, polynomialtime approximationschemedor a constantnumberof machinesand
for anarbitrarynumberof machinesaregivenin [14, 24] andby Hochbaum& Shmas [17],
respectiely. Thelatter PTAS partitionsjobsinto large andsmalljobs. The sizesof large jobs
areroundedsuchthatan optimumscheduldor the roundedjobs canbe obtainedvia dynamic
programming. The small jobs are then addedgreedily using Grahams list schedulingalgo-
rithm. This approactcanberefinedto analgorithmwith linear runningtime (see,e.g.,[16]):
replacethedynamicprogramwith anintegerlinearprogramon a fixednumberof variablesand
constraintsvhich canbe solvedin constantime [20].

In a seriesof papers,increasinglycomplicatedonline algorithmswith betterand better
competitve ratiosbeatingthe Grahambound2 have beendeveloped|[6, 18, 2]. Thebestresult
known to dateis a1.9201-competitive algorithmdueto FleischermandWahl[10]. Thebestlower
bound1.88 on the competitve ratio of any deterministiconline algorithmcurrentlyknown is
dueto Rudin[23]. For randomizedonline algorithmsthereis a lower boundof e/(e — 1) =
1.58 [8, 27]. For moreresultson onlinealgorithmsfor schedulingve referto therecentsuney
articlesby Albers[3] andSgall[28].

Stratgjiesthatreassignobswerestudiedin thecontet of onlineloadbalancingjobsarrive
in anddepartfrom a systemof m machinenlineandthe schedulehasto assigneachincom-
ing job to one of the machines.Deviating from the usualapproachof comparingagainstthe
optimalpeakload seersofar, Westbrool{29] introducedhe notionof competitvenessagainst
currentload: An algorithmis a—competitve if afterevery roundthe makesparis within « fac-
tor of the optimal makespanfor the currentsetof jobs. Eachincomingjob u hassizep, and
reassignmentostr,. For ajob, thereassignmentosthasto be paidfor its initial assignment
andtheneverytimeit is reassignedObsene thatthe optimal stratgy hasto paythis costonce
for eachjob for its initial assignment.Thusthe optimal (re)assignmentost.S is simply the
sumof reassignmentostsof all jobs scheduledill now. Westbrookshaved a 6-competitire
stratgy for identicalmachineswith reassignmentost3S for proportionalreassignments.e.,
T4 1S proportionalto p,, and2S for unit reassignments,e., r, = 1 for all jobs. Later An-
drews etal. [4] improvedit to 3.5981with the samereassignmenfiactors. They alsoshaved
3 + ¢ and2 + ¢ competitve stratgiesrespectiely for the proportionaland unit case there-
assignmentactordependingonly on e. For arbitraryreassignmentoststhey achieve 3.5981
competitvenesswith 6.8285reassignmenfiactor They alsopresenia 32—competitie stratgy
with constanteassignmentactorfor relatedmachines.Jobdeletionsis an aspecthatwe do
not considerin our work, our focusis primarily on achiezing competitie ratioscloseto 1. Our
resultscanalsobe interpretedin this framewvork of online load balancing,with proportional
reassignmentandwithout job deletions.We shaw stratgieswith bettercompetitve ratios,at
the sametime achieving reassignmentactor strictly lessthanthree. We alsoshav (1 + €)—
competitve stratgies,for ary ¢ > 0, with constanteassignmentactor f(¢). Our resultsare
alsostrongerin the sensehata strat@y with reassignmenfiactor 8 ensureghatwhena job u
arrives,thetotal reassignmentostincurred(for schedulingt) is atmostgr,,. Thisis different
from the morerelaxed constraintthat after ¢ rounds,the total reassignmentostincurredis at
most3 > r,, (summingover all jobs seentill roundt). Most of our stratgiesarerobust, they
convert any a—competitve scheduleto an a—competitve scheduleafter assigningthe newly
arrived job, whereasn [29, 4] it is requiredthatthe schedulesofar is carefully constructedn
orderto ensureghe competitvenessafterassigning/deleting job in the next round.



3  Our Contribution

In Section5 we describea simpleonlinealgorithmwhich achieresapproximatiorratio3/2 us-
ing amoderatanigrationfactors = 2. Noticethatalreadythisresultbeatghelowerbound1.88
(1.58) on the competitve ratio of ary classical(randomizedpnline algorithmwithout migra-
tion. Using a more sophisticatednalysis the migrationfactorcanbe decreasedbo 4/3 while
maintainingcompetitve ratio 3/2. Ontheotherhandwe shav thatourapproactdoesnotallow
for migrationfactor1 and competitve ratio 3/2. Furthermoreanimproved competitve ra-
tio 4/3 canbeachievedwith migrationfactor4. For two machinesye canachieze competitve
ratio 7/6 with amigrationfactorof one. Thisratiois tight for migrationfactorone.

Our mainresultcanbefoundin Section6. We presenta family of online algorithmswith
competitve ratio 1 4+ € andconstanmigrationfactorf(e), for ary fixede > 0. Onthenegative
side,no constanmigrationfactorsuficesto maintaincompetitve ratioone,i.e.,optimality. We
provide interpretation®f theseresultsin several differentcontexts:

Online algorithms. Online schedulingwith boundedob migrationis a relaxationof the clas-
sical online paradigm.Obviously, thereis a tradeof betweenthe desirefor high quality
solutionsandtherequiremento computehemonline,thatis, to dealwith alack of infor-
mation. Our resultcanbe interpretedn termsof the correspondindradeof cune: Any
desiredquality canbeguaranteeavhile relaxingthe online paradignonly moderatelyby
allowing for aconstanmigrationfactor

Sensitivityanalysis.Givenanoptimumsolutionto aninstanceof anoptimizationproblemand
a slightly modifiedinstance canthe given solutionbe turnedinto an optimumsolution
for the modifiedinstancewithout changingthe solutiontoo much?This is theimpelling
questionin sensitvity analysis. As indicatedabove, for the schedulingproblemunder
consideratioronehasto answerin the neggative. Already oneadditionaljob canchange
the entirestructureof anoptimumschedule However, our resultimpliesthattheanswer
is positive if we only requirenearoptimumsolutions.

Approximationresults. Our resultyields a new PTAS for the schedulingoroblemundercon-
sideration.Dueto its onlinebackgroundthis PTAS constructghe solutionincrementally
Thatis, it readgheinputlittle by little alwaysmaintaininga (1+ ¢)-approximatesolution.
Indeed,|t follows from theanalysisof thealgorithmthatevery updateonly takesconstant
time. In particular theoverall runningtime s linearandthusmatcheghe previously best
known approximatiorresult.

We believe thateachof theseinterpretationgonstitutegninterestingnotivationfor resultsik e
the onewe presentherein its own right and canthereforeleadto interestingresultsfor mary
otheroptimizationproblems.

Theunderlyingdetailsof the presentednline approximationschemehave the sameroots
asthe original PTAS by Hochbaum& Shmaqs [17] andits refinementd16]. We distinguish
betweersmallandlarge jobs;ajob is calledlargeif its sizeis of the sameorderof magnitude
astheoptimummakespan Sincethis optimumcanchangenvhenanew job arrives,the classifi-
cationof jobsmustbeupdateddynamically Thesizeof everylargejob is roundedsuchthatthe
problemof computinganoptimumscheduldor the subsebf largejobscanbeformulatedasan
integerlinearprogramof constansize.A newly arriving job causes smallchangen theright
handside of this program. This enableaus to useresultsfrom sensitvity analysisof integer
programsin orderto prove thatthe scheduleof large jobs heedsto be changedonly slightly.
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Our PTAS is very simple, it usesonly this structuralresultand doesnot useary algorithms
from integer programmingtheory For a detailedaccountof linear andinteger programming
theorywe referto the books[26, 21].

In Section8 we discussanapplicationof boundedmigrationto configuringstorageseners.
This wasthe original motivation for our work. In this application,the objective is to maxi-
mize the minimum load. It is well-known [5] thatary online deterministicalgorithmfor this
madine covering problemhascompetitve ratio at leastm (the numberof machines).There
is alsoa lower boundof ©(y/m) for ary randomizedonline algorithm. We develop a simple
deterministioonline stratgy whichis 2-competitve alreadyfor migrationfactors = 1.

4 Preliminaries

Let the setof matinesbe denotedby M = {1,...,m}. Thesetof jobsis {1,...,n} where
job j arrivesin roundj. Letp; denotethe positve processingime or the sizeof job j. Fora
subseDf jobs N, thetotal processingime of jobsin N isp(N) := Zjeij; let pmax(N) :=
max; ey p;. For ascheduleon the setof jobs N, let S(i) denotethe setof jobs scheduledon
madines. For asubsebf machines” C M, let S(Y') := J,;cy S(i). For asubsebf jobs N,
let opt(N) denotethe optimal malespan If the subsetof jobs N anda newly arrived job j
are clearfrom the contet, we sometimesalso usethe shorternotationopt := opt(/N) and
opt’ := opt(N U{j}). It is easyto obsere thatlb(N) := max{p(N)/m, pmax(N)} is alower
boundonopt(N) satisfying

Ib(N) < opt(N) < 2Ib(N) . Q)
Thefollowing well-known factis usedfrequentlyin the subsequerdections.

Obsetrvation 1. For a setof jobs N, consideran arbitrary schedulewith malespanx. As-
signinga new job j to the leastloaded madine yields a schedulewith malespanat most

max{r, 0pt(N U{j}) + (1 — 1/m)p;}.

Proof. We needto shawv thatif the makespanchangesafter schedulingjob 7, thenthe new
makespanis at mostopt(N U {j}) + p;j(1 — 1/m). Sincejob j is scheduledon the least
loadedmachinethenew makesparis atmostp(N)/m + p;. This combinedwith thefollowing
inequalityyieldsthefact;opt(N U {j}) > p(N U {j})/m = p(N)/m + p;/m. O

5 Strategieswith Small Migration Factor

We considerthe problemof schedulingobs arriving oneafteranotheron m parallelmachines
soasto minimize the makespan.We first shav a very simple3/2-competitie algorithmwith
migrationfactor2. Thealgorithmis asfollows:

Procedure FILL 1:
Uponarrival of a new job j, chooseoneof the following two optionsminimizing the resulting
makespan.

Option1: Assignjob j to theleastloadedmachine.

Option 2: Let i be the machineminimizing the maximumjob size. Repeatedlyremove jobs
from this machine;stopbeforethetotal size of removedjobs exceed2p;. Assignjob j
to machinei. Assigntheremoredjobssuccessiely to theleastloadedmachine.
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Theorem1. ProcedueFiLL1is (% — ﬁ)—competitive/vith migration factor 2.

Proof. Fromthedescriptionof FiLL .1, it is clearthatthe migrationfactoris atmost2. In order
to prove competitvenesswe consideranarbitrary(% — ﬁ)-approximateschedulefor asetof
jobs N andshaw thatincorporatinga new job j accordingto FiLL 1 resultsin a newv schedule
whichis still (3 — ;L.)-approximate.In the following, a job is calledsmallif its processing
timeis atmostopt’/2, otherwiset is calledlarge. If thenew job j is small,thenthefirst option
yields makespanat most(% - ﬁ)opt’ by Obseration 1. Thus,we canassumdrom now on
thatj is large.

Sincetherecanbeat mostm largejobsin N U {j}, all jobsonthe machinechosenn the
secondoptionaresmall. Thus,afterremaoving jobs from this machineasdescribedabore, the
machineis eitheremptyor thetotal sizeof removedjobs exceedshe sizeof thelargejob 5. In
bothcasesassigningob j to this machinecannotincreasets loadabove (% — ﬁ)opt'. Thus,
usingthe sameargumentasabove, assigninghe removed small jobs successiely to the least
loadedmachineyieldsagaina (% — L)-approximateschedule. O

2m

Next we shav that the migration factor can be decreasedo 4/3 without increasingthe
competitie ratio above 3/2. Thisresultis achiered by carefullymodifying FiLL 1.

Procedure FiLL 2:
Uponarrival of 7, choosethe oneof the following m + 1 optionsthat minimizesthe resulting
malkespan(Breaktiesin favor of option0.)

Option0: Assignjob j to theleastloadedmachine.

Options [for i € {1,...,m}]: lgnoringthelargestjob on machinei, considerthe remaining
jobsin the orderof non-increasingizeandremove themfrom the machine;stopbefore
thetotalsizeof remwedjobsexceed% p;. Assignjob j to machinel. Assigntheremoved
jobssuccesskely to theleastloadedmachine.

Theorem 2. ProcedueFiLL2 iS %-competitivewith migration factor %

Proof Themigrationfactoris clearfrom thedescriptiorof FiLL 2. To shawv thecompetitve ra-
tio, we consideranarbitrary%—approximateschedule)f N, alsodenotedasinput schedule that
additionallysatisfieghefollowing property;thetotal load on ary machineexcludingits largest
jobis atmostopt. We shav thatincorporatingthenew job j resultsin a %—approximatesched-
ule. As shawvn by the following fact, the resultingschedulealso satisfieshe above additional

property

Fact1. After schedulingjob 7, the total load on any madine excludingits largestjob is at
mostopt’.

Proof Let M’ bethesubsebf machinestouched’by FiLL 2 for schedulingob ;. It sufiices
to shaw thatthetotal loadin sucha machineexcludingits ‘last’ job (thejob thatenteredast)is
atmostopt’. Fix any machinein M’ andconsideiits lastjob. If it is not j thenit wasassigned
aspartof theredistritution phase Sinceredistritution is alwaysperformedon the currentleast
loadedmachinetheloadin this machineexcludingthislastjob is atmostopt’. If thelastjobis
7 then,asoption0 is alwayspreferred the total load of this machinecanonly be smallerthan
theloadin theleastloadedmachineof the input scheduldogethemwith the sizeof job j. Thus
thefactfollows. O
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Figurel: Figureshaving the differencedbetweerthe optimal scheduleandthe input schedule
of jobsin N. ThesetsF, F, L and L capturethesedifferences.The ‘commonsets’in both

scheduleare F' and L. On both schedulesexactly the machinesn M; containonelarge job

eachandsuchjobsbelongto F'.

We distinguishthreecaseglependingn p;. If p; < opt’/2 thenoption0 alreadyyieldsa
scheduleof makesparat most%opt’ by Obsenration1.

Case opt'/2 <p; < 2opt': let
pj =opt'/2+ 6 where 0 < § < opt'/4 2

To handlethis case,it suficesfind ak € {1,...,m} suchthat Option k yields a %—
approximatescheduleWe call it a‘good’ option. We fix k asfollows. Denoteajob aslarge if
its sizeis morethanopt’ — § andsmallotherwise With respecto theinput schedulepartition
thesetof machinesM asmachineswith only smalljobsdenotedas M, andtherestdenotedas
M;. Thatis,

M ={i € M| pmax(5(7)) < opt’ — dy and M; =M — M; )

Obsere thaton ary %—approximatescheduleof N, amachinehasat mostonelarge job.
Hencethereare|M;| large jobs; oneon eachmachinein A;. Consequentlywe fix anoptimal
scheduleof N suchthatlarge jobs are schedulecon M;. We nowv comparethe input sched-
ule with this optimal schedulein the following way. As shawvn in Figure 1, partition N as
F,F,L,L. Inthe optimal schedulethe jobs scheduledn M; and M, are F U F andL U L
respectiely and,therespectie setsin theinput scheduleare F U L and F U L. It follows that
in theinputscheduldghereis amachinein M, with totalloadat mostopt with respecto L. We
fix k asthismachine.Thatis,

p(S(k) = F) = p(S(k)NL) < opt (4)

It remaingto shaw thatoptionk is good.

By the choiceof optimal schedulegvery large job belongsto the ‘commonset’ F. Hence
eachjob in set F hassize at mostd; asit is scheduledalongwith a large job (from F), in
the optimal schedule As a consequencehe setof jobsin machinek with eachhaving sizeat
mosté includesthe subsebf jobsinducedby F. Thatis, if we partitionthesetS(k) asK, and
K., where

K5 = {All jobsin machinek with sizeatmosté}; K, = S(k) — K



then
p(K;) < opt (asF C Ks and p(S(k) — F) < opt by (4)) (5)

This readily implies thatthereis at mostonejob with sizegreaterthanopt’/2 in machinek;
assuchjobs belongsto set K. Consequentlyevery job removed during option k£ hassizeat
mostopt’/2; asthelargestjob is untouchedThis ensuredy Obseration 1 that,reassignment
of theremovedjobsstill yieldsa %—approximatescheduleif the schedulebeforereassignment
is %—approximate Hencewe aredonewith this caseanalysisif we shav thatthe total load of
machinek befoe redistritution, i.e., afterremoval of jobs andassignmenof job 7, is at most
%opt’. Thatis, it is enoughto ensurehatfor machinek,

p(initial jobs) — p(removed jobs) + p; < %opt' (6)
Theinterestingcasdas whenthesetof removedjobsexcludesmorejobsin additionto thelargest
job; thelargestjob hassizeat mostopt’ — 4 (recallthatmachinek belongsto M,). Eventhen,
it is nota problemif anunremaed job belongsto K5 asthis readilyimpliesthatthetotal size
of removedjobsis atleast3p; — 6 > p;, wherezp; is thetotal removal limit. The remaining
situationis thatevery unremared job (apartfrom the largestjob) is from K,.. An unremaed
job from K., by the greedyremoval, immediatelyimpliesthatthereis aremovedjob from K.
This is because(a) the removal limit, i.e. %pj, is at leastopt’/2 and (b) all jobs exceptthe
largestjob have sizeatmostopt’/2 in machinek. Thusp(removed jobs) > p(Kj) + ¢, which
in turn satisfieg6). Theadditionald accountdor theremovedjob from K.

Case p; > 2opt’: let
3 !
pj = Jopt’+0 where § < opt'/4 (7

Sincetherecanbe at mostm jobsin N U {j} eachwith sizegreaterthanopt’/2, thereis a
machinek in theinput schedulevhereall jobs have sizeat mostopt’/2. We shav thatoption
k is good. Obsere thatthe reassignmentf removed jobsyield %opt' makespanscheduledy
Obsenation 1, if the scheduldaeforehas%opt’ makespan.Recallthatin theinput schedule,
on ary machine the load excluding its largestjob is at mostopt. Henceall jobs, exceptthe
largestjob, areremoved andthusyielding a total load of at most%opt’ after assigningob j.
This concludeghe proof. O

Robustness

Most of our schedulingstratgies for minimizing the makespandiscussedn this chapterare
robustin thefollowing senseTheonly invariantthatwe requirein their analysess thatbefore
thearrival of a new job the currentschedulds a-approximate.Jobj canthenbeincorporated
yielding againan a-approximateschedule.ln otherwords,we do not requirethatthe current
schedulas carefullyconstructedofar, to maintainthe competitvenessn thenext round.Only

for ProcedureriLL 2, the scheduleshouldadditionally satisfy that, on ary machine the load

excludingthelargestjob in it is at mostthe optimummakespan.We furtherremarkthatthis is

notanunreasonableequirementseventhe simplelist schedulingalgorithmensureghis.
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Figure2: A %-approximat&chedule(m = 37). If anew job of size86.1arrives,jobs of total
sizeatleast96 have to bemovedin orderto constructa schedulghatis still %—approximate.

5.1 Negative Results

Theoremsl and 2 raisethe questionof which migrationfactoris really necessaryo achiee
competitie ratio 3/2. We canprove that ary robust stratgy needsmigration factor greater
than1 in orderto maintaincompetitve ratio 3/2.

Lemma 1. Theeexistsa 3/2-appioximateschedulesud that, uponarrival of a particular job,
migration factor 1.114 is neededo achieve 3/2-competitivenessvioreover, migration factor 1
only allowsfor competitiveratio 1.52 in this situation.

Proof. The situationis depictedin Figure2. Thereare 37 machines. Machinesl to 8 are
identically pacled. Eachof themhasonejob of size84 andthreejobsof size4. Machines9 to
12 arealsoidentical. Eachof themhasonejob of size68 andtwo jobsof size16. Machinel3
containsfour jobs of size32. Machinesl4 to 37 containonejob of size 96 each. The size of
thenewly arriving job is 86.1. The optimalmakesparns 100. To achieze amakesparof atmost
150, it is necessaryo migrateat least3 jobs of size 32 from machinel3 to othermachines.
Hence,the migrationfactoris at least96/86.1 > 1.114. To shaw the lower boundon the
competitvenesqthe secondpart of thelemma),we setthe sizeof the newly arriving job to 88
insteadof 86.1. It is straightforvard to checkthatthe final optimal makespanis still 100and
the bestpossiblemalkesparachievablefor ary stratgy with migrationfactorg < 1is152. O

An additionalfeatureof FiLL_1 andFiLL 2 isthatthey arelocal in thesensdhatthey migrate
jobs only from the machinewherethe newly arrived job is assignedo. Thereis a classof
optimal scheduledor which, uponarrival of a new job, it is not possibleto achiere a better
competitie ratio than3/2 usingonly local migration. This holdsevenif anarbitrarymigration
factoris allowed. The following optimal scheduleon m machinesuponthe arrival of a new
job, enforcesacompetitve ratio of atleast3/(2 + %) for ary amountof migration. This bound
convergesto 3/2 for largem. Theexamplelooksasfollows: Machinesl and2 eachcontainone
job of sizel/2 andm /2 jobsof sizel/m. All othermachinesontainasinglejob of sizel. The
newly arriving job hassizel. Theoptimummakesparis 1 + 1/m andthemakesparachievable
by ary local strategyy is 3/2 (by schedulingthe new job on say machinel and migratingall
smalljobsto othermachines).



5.2 A ;—Competitive Strategy

In this section,we shav that animproved competitve ratio of % canbe achieved by a more
sophisticatea@lgorithm,riLL 3, with migrationfactor4.

Procedure FiLL 3:
Upon arrival of j, chooseone of the following m + 1 optionsthat minimizesthe resulting
makespan.

Option0: Assignjob j to theleastloadedmachine.

Optioni [for ¢ € {1,... ,m}]: Skip phaseoneif either 2p; < p(S(%)) or p; < Pmax(S(7)).

Phaseone: Let £ denotethe largestjob in machinei. Remae all jobs from machine;
andschedulgob j there.Exceptjob £, assignthe remored jobs successiely in the least
loadedmachine.

Phasetwo: We assignthe unassignegbb £ in this phase If phaseonewasskippedthen
£ is simply job j. Considerm + 1 sub-optionsand choosethe onethat minimizesthe
resultingmakespan.

Sub-optior): Assignjob / to theleastloadedmachine.

Sub-optiork [for k € {1,... ,m}]: Ignoringthelargestjob in machinek, considerthe
remainingjobs in orderof non-increasingize andrepeatedlyremaove them; stop
beforethe total size of removed jobs exceeds2p;. Assignjob £ to machinek and
assigntheremovedjobssuccessiely to theleastloadedmachine.

Theorem3. FILL3 iS %—competitivewith factor4 migration.

Proof Themigrationfactoris clearfrom thedescriptiorof FiLL 3. In bothphaseshemigration
factoris 2. To shaw the competitive ratio, we considerary arbitraryinput scheduleon the set
of jobs N thatis %—approximate.We shav that FiLL 3 yields a %—approximatescheduleon
N U {j}. Wecall ajob b aseithersmall mediumor large where

2 2
small : p, <opt'/3  medium : opt'/3 < pp < gopt' large : pp > gopt'

If job j is smallthenoptionO yieldsa %—approximatescheduld)y Obsenration 1.
Case p; > opt’/3: With respecto theinput schedulewe partitionthe setof machines
M asMj, andMg, where
M;, = {i € M | machine i contains a large job} and Mg =M — M,
Sincep; > opt’/3, the numberof large jobsin N is at mostm — 1; otherwisethe optimal
makesparof N U {;} exceedsopt’.

Obsewvation 2. Considerthe setof jobs A U {b} with optimalmalespanopt’ onm madines.
Letpy, > opt’/3. If therearem' largejobs(m’ < m) in A thenthere are at most2(m —m') — 1
mediumjobsin A.

Proof. Otherwisethe optimalmakesparof A U {b} exceedsopt'. O



Clearly Obseration 2 implies thatthereis a machinez with at mostonemediumjob andno
largejobs. Thus

pmax(S(z)) S _Optl (8)

We shaw thatoptionz is good i.e., it yieldsa%—approximate;chedulefor NuU{j}.

By Obsenation 2, all jobsin machinez, exceptpossiblythelargest,aresmalljobs. Hence
reassigninghemduring phaseoneafter schedulingob j is fine by Obsenration 1. Thusafter
phaseoneof option z, the‘intermediatescheduleis %—approximate.

We now shaw that the sameholds after phasetwo of option z. Recallthatthe job to be
assignedn this phasds denotedas/. If phaseonewasskippedthen/ is simplyjob j. Second
phases entereceither

— skipping phaseone because2p; < p(S(z)) < %opt or pj < Pmax(S(2)) (é) %opt’.

Jobj is sameas/ for phasewo.

®)
— or afterphaseone.Hencep; = pmax(S(z)) < 2opt’ and p; < p;.

In eithercaseit follows thatp, < p; andjob £ is eithersmallor medium.If job £ is smallthen
the sub-option0 yields %—approximateschedulday Obsenation 1.

We completethe proof by handlingthe casethatjob ¢ is medium.As p; > opt’/3, by Ob-
senation 2, in theintermediateschedulafter phaseonethereis a machinez’ with at mostone
mediumjob andno large jobs. We shav that sub-optionz’ yieldsa %—approximate;chedule.
Let the largestjob in machinez’ be#’. Since/' is untouchedn sub-optionz’, all theremoved
jobs aresmall. Henceby Obsenation 1, the makespanof scheduleafter reassignmentf re-
movedjobsis %Opt' if thescheduldneforehas%opt' malkespan.Clearlythisis trueif all jobs
except? wereremoved,asboth/ and/' arenon-lage jobs. At leastoneunremaedjob in ad-
ditionto ¢ alsoensureshis asthetotal sizeof removedjobsin this cases atleast2p; — opt’/3,
where2p; is theremaoval limit. Thusthetotalloadin machinez’ afterassigningob £ is atmost
%opt’ as p; > pg and py > opt’/3. d

Even betterresultsare possiblefor two machines.In section7, we discussa specialized
algorithmwith competitive ratio % andmigrationfactorof one. We alsoshaw thatthis ratio is
tight for ary deterministicstratgy with migrationfactorone.

6 An Online Approximation Schemewith Constant Migration

The resultspresentedn the last sectionraisethe questionhow far the competitve ratio for
onlinealgorithmswith constantnigrationfactorcanbedecreasediefirst prove thatoptimality
(i.e.,competitve ratio 1) cannotbe achieved. However, for ary fixede > 0 we cangetdown to
competitveratiol + e.

Lemma 2. Anyonlinealgorithmcomputingoptimalsolutionsneedsmigration factor Q(m).

Proof. Consideraschedulingnstancewith m machinesand2m — 2 jobs,two of sizei/m for
alli =1,...,m— 1. Upto permutation®f machinesary optimumscheduléhasthe structure
depictedin theleft partof Figure3. The optimummakesparnis (m — 1)/m. Whenanew job
of size 1 arrives, the optimummalespanincreasedo 1. Again, the structureof an optimum
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L new L

123. .. m 123. .. m
Optimal initial schedule Optimal final schedule

Figure3: An instancenhereall machineconfigurationdave to changeo maintainoptimality.

scheduldor the enlaged instanceis unique; seethe right handside of Figure3. From each
machinein {2,... ,m — 1}, atleastonejob from the pair hasto move. Hencethe minimum
total sizeof jobsthathave to be migratedis atleast

1 m=2 1 Um=2)72]
Eme{z,m—l—z}EE Z i,
=1 1=1
whichis Q(m). O

In thefollowing, e > 0 is afixed constant.We assumewithout loss of generalitythate <
1. The following obseration belongsby now to the folklore in the field of scheduling;see,

e.g.,[1].

Obsewation 3. Roundingup ead job’s processingimeto the neaestinteger powerof 1 + ¢
increaseghe malespanof an arbitrary scheduleat mostby a factor 1 + €. In particular, in
specifyinga (1 + O(e))-competitivealgorithm we can assumethat all processingtimesare
integer powes of 1 + e.

Thecurrentsetof jobsis denotedby N. A job in N is calledlarge if its processingime
is atleasteIb(IV); otherwise,it is calledsmall The subsebf large andsmalljobsis denoted
by N1, andNg, respectiely. We partition NV into classesV;, 1 € Z, with

N == {jeN|pj=(1+¢"} .

Let] :={i € Z | eIb(N) < (1+¢€)" < pmax(N)} suchthat N, = |J;c; Ni. Thus,thenumber
of differentjob sizesfor largejobsis boundedy |I| andthereforeconstant:

Pmax(IV) 1 2 1+e€
Il < 1+1 —_— < 141 - < =1 . 9
I | = + Og1+€ € lb(N) = + Og1+6 € = ¢ og € ( )

Givenanassignmenbf jobs Ny, to machineswe saythata particularmachineobeys configu-
rationk : I — INy if, for all i € I, exactly k(i) jobsfrom N; areassignedo this machine.The
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setof configurationghatcanoccurin ary scheduldor Ny, is
K := {k:I—>Ny|k(:) <|N;|foralli € I} .

Up to permutation®f machinesanarbitraryscheduldor N, canbe describedy specifying,
for eachk € K, thenumbery;, of machineghatobey configurationk. Corversely avectory €
INo¥ specifiesafeasiblemn-machine-scheduler Ny, if andonly if

oy =m and (10)
keK
> k(@) ye = N foralli e 1. (11)
keK

We denotethe setof vectorsy € INy¥ satisfying(10) and(11) by S. Thus,S representshe
setof all schedulegup to permutation®f machinesandup to permutation®f equalsizejobs)
for N. Foraconfigurationk € K let

load(k) := Y (1 +€) k(i)

el

denotethe load of a machineobeying configurationk. The makespanof a scheduley € S is
equalto max{load(k) | yx > 0}. Foru > 0, let

K(p) := {k € K|load(k) < u} .
Thesetof all schedulesvith makesparat mosty is denotedoy
S(p) == {y €S|y, =0if load(k) > p} .

In the following, we usuallyinterpreta scheduley € S(u) asa vectorin INg¥(®*) by ignoring
all zero-entriexzorrespondingo configurationsiotcontainedn K(u).

Theminimummalkesparfor N;, canbe obtainedby determininghe minimumvaluey with
S(p) # 0. CheckingwhetherS(u) is emptyand,otherwise finding a scheduley € S(u) can
bedoneby finding a feasiblesolutionto anintegerlinearprogram.We canwrite

S(n) = {y € No®®W | A(p)y = b} ,

where A (1) is a matrix in INo("HTDXIK()| andp is a vectorin INy'+7I. Thefirst row of the
linearsystemA(u) y = b correspondso constraint(10); theremaining|Z| rows correspondo
constraintg11).

Lemma 3. Let N bea setof jobsandlet j bea new job of sizep; > elb(N). Anysdedule
for Nz, with malespany < (1 + €)opt(IN) canbe turnedinto a schedulefor Ny, U {;j} by
touching only a constantnumberof madinessud that the malespanof the resultingschedule
is at mostmax{u, opt(Ng, U {j})}.

Proof. Wedistinguishtwo caseslf p; > 2y, thenit is easyto obsere thatopt(N, U{j}) = p;
andanoptimalscheduldor N;,U{j} canbeobtainedy assigningob j to anarbitrarymachine
andmoving all jobsthatarecurrentlyon this machineto ary othermachine.

12



In theremaindef theproofwe canassumehatp; = (1+€)” < 2u andthereforeopt(N U
{j}) < 2pu. Lety € S(u) denotethegivenscheduldor Ny,. Then,y satisfies

Ay =b, yeNKW . (12)

Let I := I U {4’} andlet K’ denotethe setof configurationst : I’ — IN, thatcanoccur
in ary schedulefor N, U {j}. Then,K'(u), S'(u), A'(), andd’ are definedanalogously
to K(u), S(u), A(p), andb, respectrely, with K replacedoy K’ and! replacedy I'.

Let g’ := max{u,opt(N U{j})} < 2u. Wearelooking for aschedule)’ € S’(n'), that
is, ' mustsatisfy

Ay =t ,  y eNKW) . (13)

Moreover, y' shouldbe ‘similar’ to y. In orderto comparethe two vectors,we first ‘lift’ y to
avectorin INo¥' () asfollows. A configurationk € K(u) canbe interpretedasan element
of K'(u') by definingk(:) := 0 forall ¢ € I' \ 1. Wethendefine

Yy == 0 forallk € K'(u') \ K(p) -

It follows from (12) thatthe extendedvectory satisfies

~

Ay =b, yelNKW) . (14)

Theright handsideb € INy 17l is definedasfollows: If I' = I, thenb = b; otherwise,l’ =
I U {i'} andwe definetheentry of vectorb correspondindo ' to be zeroandall otherentries
asin vectorb.

Thus,y andy’ aresolutionsto essentiallythe sameinteger linear program((14) and (13),
respectiely) with slightly differentright handsidesh and®¥', respectiely. More precisely the
right handsidesareequalfor all but oneentry (the onecorrespondindo i) wherethey differ
by 1.

Theorem4 ([26, Corollary 17.2a]). Let A be anintegral m x n-matrix, sud that ead sub-
determinanbf 4 is at mostA in absolutevalue letb andd’ becolumnm-vectos, andlet c bea
row n-vector Supposenax{cz | Az < b; z integral} andmax{cz | Az < ¥';  integral} are
finite. Thenfor eat optimumsolutiony of thefirst maximunthere existsan optimumsolution
y' of the secondmaximunsud that

ly = 'l < nA (b = Vlloo +2)-

By Theorem4 (choosing: to be zerovector),thereexistsa solutiony’ to (13) satisfying
ly —v'llo < 3|K'(1)|A (15)

whereA is anupperboundon the absolutevalueof ary sub-determinanf the matrix A’(u').
To completethe proof, we have to shaw thattheright handsideof (15)is constant.

First we give an upperboundon the numberof columns|K'(x')], i.e., on the numberof
machineconfigurationsvith loadat mosty’. Sinceeachjob hassizeatleast

D €
b(N) > < opt(N) >
elb(N) > 5 opt( )_2(1—I—€



thereareat mosty := [4(1 + ¢)/e] < & jobsin ary configurationk € K'(x/). In particu-
lar, k(i) <~ foralli € I'. Thisyields

. T+1 (9 2 log(
K'(1)] < A" < 4 < (§) < (g)
€ €

Le) ) (He)?log(f) |
€

Finally, all entriesin thefirstrow of A’(u') arel andtheremainingentriesareof theform k(i) <
~. Hencewe bound A asfollows. The maximumdimensionof a squaresub-matrixinside
A'(i') is at mostthe numberof rows, i.e., 2 + |I| and,eachentryin it hasvalue at mosty.
Hencethevalueof its determinants upperboundby ((2 + |I|)7)2+‘”. Thus

12 4
orr] @ 8\ /8\2H1 (@ /14¢) o8l
A< (@+]I)y)*" T < (6—2> = <

€ €

Henceby (15) thenumberof machinesoucheds at most

(16)

1+ e\« loglo)
€

3K (W)|A < 3 (

andthereforeis a constant.This concludeghe proof. O

Theorem5. Let N bea setof jobsandlet j be a new job not containedin N. Any (1 + ¢)-
approximatesdedulefor N canbeturnedinto a (1 + ¢)-approximatesdedulefor N U {;}
sudh thatthetotal sizeof jobsthat haveto be movedis boundedby a constants(e) timesp;.

Proof. We distinguishtwo cases.If the newly arrivedjob is small,i.e.,p; < elb(N), thenj
cansimply beassignedo theleastloadedmachineby Obseration 1 andnojob in NV hasto be
moved.

It remainsto considerthecasep; > elb(NV). Thegivenscheduldor N inducesaschedule
for Nz, with makesparu < (1 + €) opt(N) < (1 + €)opt(N U {j}). By Lemmas3, thelatter
schedulecanbeturnedinto ascheduldor Ny, U {5} with makesparat most

max{u,opt(Np U{j})} < (1+e€)opt(NU{j}) ,

by touchingonly a constannumberof machines.n the following, this subsef machineof
constansizeis denotecby M'. We construcia scheduldor N U {;} asfollows:

i) Startwith thescheduldor N, U {;} discussedbove.

ii) Thejobsin Ng thatwereassignedby the given scheduleor N, to oneof the machines
in M \ M' areassignedo the samemachineagain.

iii) Theremainingjobsin Ng areassignedneafteranotherto theleastioadedmachine.

Themakesparof thepartialscheduleonstructedn stepd) andii) is boundedoy themaximum
of themalesparof thegivenscheduldor N andtheoptimalmalkesparof thescheduldor Ny, U
{j}. It is thusboundedby (1 + €)opt(N U {j}). Assigningsmall jobs greedilyto the least
loadedmachinein stepiii) thereforeresultsin a (1 + ¢)-approximatescheduldor N U {j} by
Obsenration 1.

14



Finally, noticethat, in the whole processonly jobs that have initially beenscheduledn
machinesM’ aremoved. Thetotal sizeof thesgobsis at most

@) 1
(1+eopt(N) | M| < 21 +¢€lb(N)|M'| < 2pj< +6) | M|
€
10g(2/6))

(16) (1+e>o( .

€

This concludegheproof. O

Theorem 6. Theee existsa (1 + ¢)-competitiveonline algorithmwith constantmigration fac-
tor 3(e) sud thattherunningtimefor schedulinga newly arrived job is constant.

In particular it follows from the last propertymentionedn the theoremthatthe algorithm
haslinearrunningtime.

Proof. The resulton the competitve ratio follows from Theorem5. It remainsto shaw that
uponarrival of anew job 7, thescheduleeanbe updatedn constantime. We consideronly the
non-trivial casee < 1. We assumehatfor the currentsetof jobs N the following information
is given:

— Thetotalsizeof jobsp(N), themaximumjob sizepmax(N), andthelower boundlb(V).
— For eachmachinejts loadroundeddown to the nearestnteger powerof 1 + §.

We arguethatthisinformationcanbeupdatedn constantime for thenew setof jobs NU{j}. It
is certainlyeasyto computep(NU{j}) := p(N) +pj, Pmax(NU{j}) := max{pmax(N),p; },
and1lb(N U {j}) := max{p(N U {j})/m, pmax(N U {j})}. Sinceonly constanthumberof
machinesaretouchedto incorporatehe new job j, approximatinghe modifiedmachindoads
canalsobedonein constantime.

From Lemmas3, we recall the notion of a machineconfigurationk(-) with respecto the
setof large jobs. In thefollowing, we call ajob smallif its sizeis lessthan §1b(N) andlarge
otherwise.This slightly modifieddefinitionis just a technicalityandit only affectsthe bound
onI andy in Lemma3, by aconstanfactor Thusit only changeshebound(16),by aconstant
factor

Similarto theagumentsn Lemma3, we arguethatthe numberof machineconfigurations
with eachconfigurationhaving load at most41lb(N) is a constant. Thatis |K(41b(N))| is
a constant. Eachlarge job (belongingto Ny) hassize at least§1b(N). Hencea machine
configurationwith total load at most41lb(N) hasat most% jobs from Ny. Eachsuchjob
belongsto oneof thejob classedrom I. Sincethetotal numberof large job classes!| is also
aconstanendthejob classesreindexedfrom [log; , (5§1b(N))] =: i toi+ |I|, weget:

Observation 4. Thee are at mosta constantnumber(sayc) of configuationswith eat con-
figuration havingtotal load at most4lb(XV), andwe canenumeate themin constantime

The given scheduleon N is representedising the following simple datastructure. We
assumehat initially the schedulds givento usin this form. Later we shav how to update
it in constantime while schedulingob j. The machineconfigurationsarerepresentedising
structuresasshawn in Figure4. Thereis anarrayof ConfigHeads of dimensiorc, onefor each
possibleconfiguration,and eachConfig Head pointsto the list of machineg(list of Machine

15



ConfigHead

# of i — inti i
Machines Array of ConfigHeads — eachpointingto the setof machines

with sameconfiguratiorwith respecto Nz, .

Machine Node
Machine Node Batch Head Job Node
prev ——s=Machine Node Total Size
next —s=MachineNode Size next——= Job Node
next +—s»Batch Head
——Batch Head
——correspondingnachine T—=JobNode
nodein thebucket

Figure4: Thedifferentstructuresusedin representinghe schedule.

Nodes) obeying that configuration.A Machine Nodepointsto the list of jobsin it groupedas
batchesThesmalljobs(belongingto Ns) in it aregroupednto batcheof sizeatmost$1lb(N)
andthelarge jobsremainasabatchwith singlenode.Clearlythereareonly a constannhumber
of suchbatchesn ary machine Eachbatchhasa Batcdh Headthatpointsto thelist of jobs(Job
Nodes)in it.

Sincelb(-) is monotonicallyincreasingthe machineselongingto the sameconfiguration
list still belongtogetherin future, possiblyin a differentconfigurationlist, aslong asthey are
untouchedThuswhile incorporatingob j, ConfigHeadarrayandits associatednachinelists
canbeupdatedn constantime if aconstannumberof machinesaretouchedandthe pointers
to their correspondindiachine Nodes areavailable.

To find amachinewith loadatmost(1 + §)1b(IV) in constantime, we usebucketing. This
is neededfor assigningsmall jobs. The machinesare partitionedinto buckets basedon the
exponentof 1 + § to whichmachindoadsarerounded All machineswith approximatdoadat
mostlb(XV) belongto bucket 0. Eachmachinebelongingto bucket: > 0 hasits approximate

load ¢ suchthat ﬁ(?/g < (1+f/2)i < Ib(N). Sincethe maximumload of a machineis at most
20pt(N) < 41b(N), thenumberof bucketsis atmosta constantA machinefrom bucket 0 can
befoundin constantime (bucket 0 is alwaysnon-empty) Obsere thattheuntouchednachines
in a bucket staytogetherevenin future (possiblyin a new bucket) aslb(-) is monotonically
increasing.Thusthe bucket structurecanbe updatedn constantime while assigningob j if
only a constannhumberof machinesaretouched.We assumehatthe bucket representatiofor

N is alsoavailablein the beginning.
If thenew job j is small(p; < £Ib(IV)), then

i) Considerary machinefrom bucket 0. Assigningjob j to it changesdts load to at most
(1 + e)Ib(N) < (1 4 €)opt(N U {j}), asary machinein bucket 0 hasload at most
(1+ §)Ib(N).

i) Assignj to abatchof smalljobssuchthatthetotalloadin it doesnotexceedS1b(NV). If no
suchbatchexists, createa new batchfor job j. Updatethe batcheqdmemge small batches)
with respecto N U {j}. Thereareonly constannumberof batchesnitially.
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i) Updatethe bucket structurewith respecto N U {j}.
If thenew job j is largethenwith respecto theinput scheduley

a) Generatdeasibleschedules € S'(41b(NU{;})) by enumeratingll vectorswith constant
distance|ly — 4[| (se€(15)and(16)of Lemma3), wherey’ € S'((1+ €) opt(N U{j})).
Obsere thatS’((1 + €) opt(N U {j})) C S'(41b(N U {j})). Thereareonly constant
numberof suchvectorsandthey canbe generatedn constantime by Obseration 4. For
eachfeasiblevectordo the following andchoosethe oneminimizing the makespan.

b) The componentwise differencebetweeny and z specifiesa subsetof configurationsand
non-zeronumberof machinesrom eachsuchconfigurationthat shouldbe modified. For
eachsuchconfigurationwe remove the requirednumberof machinedrom the front of the
machindist pointedto by therespectie ConfigHead

Remaove smalljob batchegwith respecto N U {;j}) from thesemachines.
Reschedul¢heremainingiobsamongthesemachines.
Assignthesemachinedo the appropriateconfigurationlists.

Updatethe bucket structurewith respecthe nev machindoads.

Eachof thesmallbatchesarereassignedsin the smalljob casediscusse@bove.

It is straightforvard to verify thatall of the above stepstake only constantime. Thuswe
concludethe proof. O

7 The Two Machine Case

In this sectionwe shawv a tight competitve ratio of % for the two machinecase.Considerthe
following procedureriLL 4.

Procedure FiLL 4:

Uponarrival of j, choosehe optionminimizing the makesparfrom the following options.

For eachfixedmachinei € {1,2}, we definemultiple optionsin thefollowing way. Let
L bethelargest3 jobsin machinei. SetL could possiblyhave lessthanthreejobs. Let
the remainingjobsin machine; be B. Thatis B = S(i) \ L. Let £ C 2 besetof all
possiblesubsetgincluding ¢) of L suchthat for each L, € £, p(Ly) < p;. Eachset
Ly € L givesriseto anew

Option (z.k): Migrate jobsin Lj to the othermachine.Considerthe jobsin B in non-
increasingorderorderof sizeandrepeatedlyremore them; stopbeforethe total size of
removed jobs exceedsp; — p(Ly). Let By, denotetheseremoved jobs. Assignjob j to
machinei andassigntheremovedjobssuccessiely to theleastioadedmachine.

Option0: Assignjob j to theleastloadedmachine.
Theorem7. FiLL 4 S %—competitivewith factor 1 migration.

Proof. Themigrationfactoris clearfrom theriLL_4 description.To shav thecompetitize ratio,
we consideran arbitraryinput scheduleon the setof jobs N thatis %—approximateWe shav
thatriLL.4 yieldsa %—approximate;chedulefor NU{j}.

If job j is suchthatp; < opt’/3 thenoption O alreadyyield a %—competil‘i/e schedule
by Obsenration 1. It remainsto handlethe casep; > opt’/3. Fromnow on we assumehat
Option0 doesnot sufiice. As thelargestthreejobsarenotincludedin setB we have,
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Figure 5: Comparisonof input scheduleon N and optimal scheduleon N U {5}, for two
machines.

Observation 5. For anymadines considerthe setB asdefinedin FiLL 4. Everyjob in it has
sizeat mostopt’/3.

Observation 6. Migrating jobs of total sizeat mostp; — opt’/3 fromany fixedmadine and
assigningob j there yieldsa %—apploximatesdﬁedulefor NuU{j}.

Proof Let machine2 bethehigherloadedmachineandlet p(S(2)) = opt’ — p;/2 + y. This
impliesthatp(S(1)) < opt’ — p;/2 — y. Merely assigningob j to machinel fail only if
thefinal load differenceexceedsopt’/3. For thisit is necessaryhaty < p;/2 — opt’/6 and
p; > opt’ /3. Thetotal migrationamountneededs eitherp;/2 — opt’/6 (from machinel to 2)
orp;/2 +y — opt’/6 (from 2 to 1), whichis atmostp; — opt’/3. O

Thoughabore obserationis true, it is possiblethat every feasiblesetof jobsthatneedso
bemigratedhave total sizemorethan p; — opt'/3.

Fact 2. Theeis asubsebfjobsoftotal sizeat mostp; residingin amadinesud thatscedul-
ing job 5 here and migrating this subseto the othermadiineyieldsa %—apploximatesmedule

It might take exponentialtime in the worst caseto identify the subsetthat needsto be
migrated. Using Obsenation 6 we shav that our polynomialtime stratgy alsoworks. Let X
denotethe setwith the smallesttotal sizethat needsto be migratedfrom machinei according
to Fact2. Considerthe setsL and B for machine; asdefinedin FiLL4. Let X N L = Ly.
ObserethatL; € £. We shav thatOption (i.k) yieldsa%—approximateschedule.‘l’hesetof
jobsthatareeithermigratedor removedfrom machine; beforeassigningj is Ly, U B;. Obsene
thatp(Ly U By) is at leastp; — opt’/3 unlessB, = B assizeof ary job in B is at most
opt’/3 by Obseration5. Thusin ary casep(X) < p(Ly U By) asp(X) < p; — opt’/3 by
Obseration 6. Thusby Obseration 6 the total load in machines after assigningjob j, i.e.,
p(S(i) \ (Lx U By)) + pj, is atmostZopt'. Thereassignmentf jobsin By (eachhave sizeat
mostopt’/3) is alsofine by Obsenation1. O

Proof (Fact2) Itis clearthatthereis noneedio migrateatotal sizemorethanp; (simplyassign
p; onthedestinatiormachineinstead).Fix ary optimalscheduleof N U {;j}. We capturethe
differencebetweerthis optimal scheduleandthe input scheduleon N by setsd;, d2, A; and
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As. As shawn in Figure5, theabove four setsdefinea partitionof N. Theseté; is thesetof all
jobs assignedo machinel on both schedulesSimilarly, setA, is the setof all jobs assigned
to machine2 on both schedulesThe remainingtwo setscapturethe differencesetweerthese
two schedulegxceptfor job j, whichis only presenin the optimalschedule.

We consideronly the interestingcasethat assigning; to ary machinewithout migration
fails. Fromnow, for corveniencewe denotethe sizeof ary setX assimply X. For job j we
denoteits sizeas;j. We alsonormalizeopt’ to 1. The optimal schedulgFigure5) andthefact
thatassigningj without migrationfails implies

(1) 6146+ <1 (3) oi+A1+j5>7/6
(2) Aj+Ay <1 (4) 0o +Do+5>T7/6

It is straightforvardto verify thatthesefour inequalitiesyield j > 2/3 andhenced; +do <
1/3 (Inequalitiesl and3imply A; > 1/6+ d,. Inequalitie2 and4 imply do +5 > 1/6+ Aq).
W.l.o.gletd; < 1/6. Hencethe migrationstratey is; migrateAs to machinel andschedulej
onmachine2. O

Tight Lower Bound

Theorem 8. Let A beanydeterministicalgorithmthat is c—competitiveon two madineswith

migration factor at mostone Thenc > ﬁ for anysuficiently smallpositivee € IR*.

Proof. Theadwersaryinitially issuedour jobswith thefollowing size:1/6+¢/2,1/6+4¢/2,1/2
and1/2. It is easyto verify thatthe only ﬁ—approximateway of schedulingthemis to
assignin eachmachineonejob of size1/6 + ¢/2 andonejob of sizel/2.
Assumethatbothmachinesontainonejob of sizel/2 andonejob of size1/6 + ¢/2. Now
adwersaryissuesa new job of size2/3. The optimal makespanis 1 + e. But if the migration

factoris restrictedto 1, thenthe bestpossiblemakesparby A is 7/6. Hencec = 6(116) . O

8 Maximizing the Minimum Machine Load

An alternatve, yet lessfrequentlyusedobjective for machineschedulingis to maximizethe
minimumload. However, we have a concreteapplicationusingthis objective functionthatwas
the original motivation for our interestin boundedmigration: Storageareanetworks (SAN)
usuallyconnectmary disksof differentcapacityandgrow overtime. A cornvenientwayto hide
the complity of a SAN is to treatit asa singlebig, fault tolerantdisk of hugecapacityand
throughput[7, 25. A simple schemewith mary nice propertiesimplementsthis ideaif we
managdo partitionthe SAN into several sub-serers[25] of aboutequalsize. Mappingto the
schedulingramework, the contentsof diskscorrespondo jobsandthe sub-sererscorrespond
to machinesEachsub-serer storegshe sameamountof data.For example,if we have two sub-
seners, eachof themstoresall the datato achieve a fault tolerancecomparablego mirroring
in ordinary RAID level 0 arrays[22]. More sub-serers allow for a more flexible tradeof
betweenfault tolerance redundang andaccesgranularity In ary case,the capacityof the
sener is determinedby the minimumcapacityof a sub-serer. Moreover, it is not acceptable
to completelyreconfigurethe systemwhena new disk is addedto the systemor whena disk
fails. Rathey the userexpectsa “proportionateresponse”j.e., if sheaddsa disk of  GByte
shewill not be astonishedf the systemmovesdataof this orderof magnitudebut shewould
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complainif muchmoreis moved. Our theoreticalinvestigationconfirmsthat this ‘common
sense’expectationis indeedreasonable.

We concentrateon the casewithout job departuregdisk failures). We shav that the fol-
lowing simplestratgy, which is very similar to FiLL_1, is 2—competitve alreadyfor migration
factors = 1.

Procedure FILL 5:

Uponarrival of anew job 7, dothefollowing. Repeatedlyemove jobsfrom theleastioadedma-
chineinin; stopbeforethetotal sizeof removedjobsexceeds ;. Assignjob j to machingimin.
Assigntheremoredjobssuccessiely to theleastloadedmachine.

Theorem9. FILL5 is 2—competitivenith migration factor 1.

Proof The migrationfactoris clearfrom the descriptionof FiLL 5. In the input scheduleon
N, considerthe maximunloadedmadine amongthosecontainingmultiplejobs If thereis no
suchmaching(i.e, every machinehasat mostonejob) thenthescheduleafterassigningob j is
1—approximatdgoptimal). Hencetheinterestingcaseis that suchmachinesexist. We call such
machinesasmulti-job machines.

We assumehatthefollowing propertyholdsfor theinput schedule;

maximumload of a multi-job machine < 2 - minimumload an

Laterwe shav thattheabove propertyis presered onthe outputschedule An outputschedule
with above propertyis a 2—approximatescheduleas the optimal minimumload is at mostthe
maximumload of a multi-job machine. Thusit remainsto shav that property(17) holdsfor
the outputschedulelf p; < p(S(imin)) thenthisis straightforvard. In casep; > p(S(imin)).
initially all jobs from the leastloadedmachineareremoved andj is assignedhere. This in-
termediateschedulgbeforereassigningheremovedjobs) satisfiegproperty(17). Obsenre that
eachof theremoved jobs hassizeat mostthe intermediateminimumload. Hencereassigning
themstill preseresthe propertyasshavn abore. O

Negative Result

The following lemmashaws that it is not possibleto startwith an arbitrary 2—approximate
scheduleon N and obtain a 2—approximateschedulefor N U {j} with constantmigration
factor

Lemma4. Thek is a 2—appoximatesceduleon m madinessud that uponthe arrival of
a new job, it is not possiblefor any strategy to obtain 2—appoximateschedulewith migration
factorlessthanm — 2.

Proof. In theinitial schedulanachinel has2m jobsof sizel. All theremainingm—1 machines
have onejob of sizel. In totalthereare3m — 1 jobs. The optimalminimumloadis 2. Hence
this is a 2—approximateschedule.A new job of sizel arrives. The new optimal minimumis
3. To achieve minimumload greaterthanl, ary stratgy hasto move atleastm — 2 jobsfrom
machinel. O
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