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Abstract

The paper shows satis�ability in many propositional modal systems can be

decided by ordinary resolution procedures. This follows from a general result

that resolution and condensing is a decision procedure for the satis�ability

problem of formulae in so-called path logics. Path logics arise from propo-

sitional and normal uni- and multi-modal logics by the optimised functional

translation method. The decision result provides an alternative decision

proof for the relevant modal logics (including K, KD, KT and KB, their

combinations as well as their multi-modal versions), and related systems in

arti�cial intelligence. This alone is not interesting. A more far-reaching con-

sequence of the result has practical value, namely, any standard �rst-order

theorem prover that is based on resolution can serve as a reasonable and

e�cient inference tool for modal reasoning.

Keywords

Resolution decision procedures, propositional modal logics, translation meth-

ods, optimised functional translation.
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1 Introduction

Theoremhood in the normal modal logic K and its extensions KD, KT, KTB,

S4 and S5 (to mention just a few) is decidable. The standard �ltration proof

given in the popular textbooks of Chellas (1980) and Hughes and Cresswell

(1984) on modal logic renders a decision procedure that is not practical. The

proof has two parts. First we must make sure that our logic K� is �nitely

axiomatisable, which is easy. And second, we must exhibit that K� has the

�nite model property, which is usually more di�cult. A logic has the �nite

model property if for every non-theorem a �nite counter-model exists. The

standard approach to exhibiting the �nite model property uses �ltrations for

showing that K� determined by a class of models is also determined by its

subclass of �nite models. Given an arbitrary modal formula ', a systematic

enumeration of theorems starting from the �nite set of axioms using a �nite

number of rules (modus ponens and necessitation) will eventually produce ',

provided ' is a theorem in K�. If ' is not a theorem in K�, a complete enu-

meration of the class of �nite models characterising the logic will eventually

produce a model in which ' is false.

More practical are the semantic tableaux methods found in Kripke (1963),

Hintikka (1957{1963) (for the references see Bull and Segerberg 1984), Fit-

ting (1983) or Rautenberg (1983). These methods are very similar, but su�er

from the non-determinism due to the implicit or explicit presence of accessi-

bility relations and in many cases deduction can become quite unmanageable.

Di�erent from tableaux systems for �rst-order logic, modal tableaux systems

are special purpose systems with the characteristic properties of accessibility

built in. Fine (1975) uses a reduction to normal form from which �nite mod-

els can be constructed. Other practical methods use resolution calculi. For

example, Mints (1986, 1989, 1990) proposes a resolution calculus adapted

and extended for modal propositional formulae.

We use a resolution calculus too. But in contrast to Mints, we use the clas-

sical resolution calculus for predicate logic without changing it. Our method

is indirect in that we manipulate �rst-order translations of modal formulae.

Translating modal formulae into predicate logic eliminates the modal con-

nectives 2 and 3 and introduces new predicate and function symbols and

variables. The standard relational translation maps modal formulae into a

fragment of �rst-order logic with unary and binary predicates, function sym-

bols resulting from Skolemisation and variables. Ordinary resolution (with-

out any re�nement strategies) is not a decision procedure for the relational
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translation. The problem is that very often in�nitely many non-redundant

resolvents are produced. We use a di�erent translation, namely an optimised

version of the functional translation for which in�nite computation does not

occur, as we will show.

The functional translation method was proposed independently by Ohl-

bach (1988a, 1988b), Fari~nas Del Cerro and Herzig (1988), Herzig (1989)

and Au�ray and Enjalbert (1992) for modal predicate logics. Zamov (1989)

claims to have a decision procedure for the logic S4 using lock resolution.

The optimised functional translation method applies only to propositional

modal logics and is due to Ohlbach and Herzig (and it is also implicit in the

paper by Zamov). Ohlbach and Schmidt (1995) show the optimisation can

not only be applied to non-axioms, but also to axioms. An argument put

forward by many authors in favour of the functional translation method is

`e�ciency of automated deduction', without making precise what is meant

by e�ciency, providing neither a decision proof nor performance comparisons

with other methods. The main contribution of this paper is a decision proof

for many non-transitive modal logics. To emphasise the practical value the

paper includes some benchmark results that compare the performance of res-

olution based theorem provers with that of systems based on other decision

methods.

Important for decidability is that, the optimised functional translation

eliminates in the clausal forms all Skolem functions other than Skolem con-

stants. The optimised functional translation embeds modal formulae in logics

called path logics. The basic path logic is a fragment of monadic �rst-order

logic with function symbols. It includes only nullary functions and one desig-

nated binary function, namely juxtaposition. Terms are strings of variables

and constants, and they encode accessibility as paths from the initial world.

Terms, also called paths, satisfy the restriction that di�erent occurrences of

one variable in any clause have the same pre�x. This property, called pre�x

stability, together with a term depth bound assumption are also essential for

the decidability proof.

The paper proves a very general result. Namely, resolution together with

condensing provides a complete method for deciding whether or not a formula

is a theorem in path logics for which

(i) a term depth bound exists for the input clauses as well as all resolvents

(ii) and uni�cation is decidable.
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It follows that for any propositional and normal modal logics for which the

term depth bound assumption holds ordinary resolution, or for modal logics

with a non-empty theory, ordinary theory resolution is a decision procedure,

provided theory uni�cation is also decidable. The logics K, KD, KT and KB,

their combinations as well as their multi-modal versions satisfy the assump-

tion, so that for these logics resolution with condensing, or theory resolution

with condensing, is a complete decision procedure for testing theoremhood

or satis�ability.

The paper is organised as follows. We begin with two preliminary sections

that provide the background for modal logic, the relational and functional

translation methods and resolution. Section 2 de�nes the relational trans-

lation of modal logics, resolution decision procedures and condensing. It

illustrates by way of modal examples what happens when standard resolu-

tion does not terminate for the relational translation because more and more

non-redundant clauses are generated. Section 3 gives some background on

the optimised functional translation method that give rise to path logics.

The main parts of the paper are Sections 4 and 5. Section 4 de�nes basic

path logic and its extensions associated with di�erent normal propositional

modal logics. Section 5 presents the decision proof. It studies the class of

all variable indecomposable and condensed clauses of basic path logic built

from a �nite set of predicate and constant symbols. We prove the cardinality

of this class has a �nite upper bound by showing (in Theorem 5.20) that

the cardinality of a corresponding class of terms has a �nite upper bound.

The section has several subsections. The �rst subsection gives an outline of

the proof. In Section 6 we formally state the decidability results for modal

logics that follow from the decidability result for basic path logic. Since

modal logic has many applications, we mention and state the relevance of

our results for some of them. This section also includes graphs of an empiri-

cal analysis of the performances of �rst-order theorem provers as compared

to special purpose implementations for K. The conclusion raises topics for

further research.

2 The relational translation and resolution

We are concerned with propositional modal logics. In this section we briey

recall the de�nition of the basic propositional modal logic and sketch its rela-

tional semantics on which the relational as well as the functional translation
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approaches are based.

The language of the basic modal logic is a propositional language over a

�nite set V of propositional variables p; q; r; : : : and the familiar connectives

? (false) and ! (implication) plus one or more unary modal operators of

the form 3 or hR

i

i. A modal formula is de�ned inductively by:

(i) Every propositional variable p in V is a modal formula.

(ii) ? is a modal formula.

(iii) '!  is a modal formula, when both ' and  are modal formulae.

(iv) 3' or hR

i

i' is a modal formula, when ' is a modal formula.

The other propositional connectives :, _, ^, $ and > (truth) are de�ned

as usual. The modal box operators 2 and [R

i

] are duals of the respective

diamond operators, that is, by de�nition,2' = :3:' and [R

i

]' = :hR

i

i:'.

As to keep the presentation simple, this paper treats uni-modal logics in detail

and mentions the adaptations required for their multi-modal versions.

The basic uni-modal logic is the logic K. It is de�ned by the axioms and

rules of propositional logic plus one additional axiom, namely the K-axiom

2(p ! q)! (2p ! 2q)

and one additional rule, the rule of necessitation:

if ` p then ` 2p.

Modal logics that satisfy the K-axiom and necessitation are called normal

modal logics. The logic K is the weakest normal uni-modal logic. Extensions

of K are obtained by adding further axioms like

D 2p ! 3p

T 2p ! p

B p! 23p

4 2p ! 22p

Let � be a set of such modal axioms. By K� we denote normal modal logics,

in which the K-axiom and necessitation are true and each of the formulae in

� are axioms. We also use the notation KT4, for example, for extensions of

K with one modality for which both T and 4 are axioms.
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The standard semantics of normal propositional modal logics is known as

the Kripke semantics or possible world semantics which is given in terms of

relational structures called frames. A (relational) frame of a uni-modal logic

is a pair (W;R) of a non-empty set of worlds W and a binary relation R on

W . R is the accessibility relation that determines the truth of modal formulae

in possible worlds. The de�ning class of frames of a modal logic determines

(and is determined by) a corresponding class of models. A (relational) model

is a triple (W;R; �) of a frame (W;R) and a valuation mapping �. The model

is said to be based on the frame (W;R). Validity in any modelM = (W;R; �)

and any world x 2 W is de�ned inductively by:

M; x j= p if x 2 �(p)

M; x 6j= ?

M; x j= '!  ifM; x j= ' impliesM; x j=  

M; x j= 3' if there is a y 2 W such that (x; y) 2 R and M; x j= '

Multi-modal logics have a class of modalities fhR

i

ig

i

, and accordingly, their

frames are tuples of a set W of worlds and a set fR

i

g

i

of binary relations

on W and each accessibility relation R

i

de�nes the corresponding modality

hR

i

i.

The relational translation of modal logics imitates the relational seman-

tics. In general, the relational translation is a mapping �

r

of modal formulae

into second-order logic. For any modal logic K�, �

r

is a function de�ned by

�

r

(�) =

^

'2�

�

r

(')

and

�

r

(') =

(

8P

1

: : : P

n

8x �

r

('; x) if ' is an axiom in �, and

8x �

r

('; x) if ' is any modal formula not in �:

The P

i

are unary predicate symbols uniquely associated with the proposi-

tional variables p

i

occurring in ' as de�ned by the auxiliary function �

r

from

modal formulae and worlds to �rst-order formulae:

�

r

(p; x) = P (x)

�

r

(?; x) = ?

�

r

('!  ; x) = �

r

('; x)! �

r

( ; x)

�

r

(3'; x) = 9y (R(x; y) ^ �

r

('; y))
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(Many authors de�ne a function denoted by ST, which is short for `standard

translation', instead of �

r

. Usually ST is a function from modal formulae to

�rst-order formulae with one free variable x.)

In general, ' is a theorem inK� i� �

r

(�)! �

r

(') is a theorem in second-

order logic. Because we do modal deduction by resolution based �rst-order

theorem provers, for the relational translation, we restrict our attention to

�rst-order de�nable logics. For �rst-order de�nable modal logics, �

r

(�) can

be taken to be a set of �rst-order correspondence properties and

' is a theorem in K� i� �

r

(�)! �

r

(') is a �rst-order theorem(1)

i� �

r

(�) ^ :�

r

(') is f.o. unsatis�able:

The �rst-order correspondence property for the logic KD is that R is a total

(or serial) relation, for the logic KT it is that R is a reexive relation, for

the logic S4 (which coincides with KT4 ), it is that R is a quasi-order, and

so on.

By way of two examples we will now explain modal inference by resolution

combined with condensing and show that resolution without any re�nement

strategies is not a decision procedure for the relational translation of modal

formulae. Resolution is �rst-order theorem proving method that establishes

theoremhood by refutation. If ' is a theorem in a �rst-order de�nable K�,

then any complete resolution procedure R will terminate having reduced

�

r

(�) ^ :�

r

(') to the empty clause (the contradiction).

For example, the formula �

1

= 2p ! 23(3p ^ 3p) is a theorem in

KT. The conjunction in �

1

is an intentional redundancy by which we will

demonstrate how condensing eliminates unnecessary literals from clauses.

We have:

�

r

(T ) = 8x R(x; x)

:�

r

(�

1

) = 9x [8y (R(x; y)! P (y)) ^ 9y (R(x; y) ^ 8z (R(y; z)!

8z

0

(R(z; z

0

)! :P (z

0

)) _ 8z

00

(R(z; z

00

)! :P (z

00

))))]

The Skolemised clausal form of �

r

(T ) ^ :�

r

(�

1

) is the set S

1

consisting of the

following clauses (obtained by the standard transformation procedure that

performs a conversion of �rst-order formulae to prenex conjunctive normal
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form and Skolemisation).

1: R(x; x)

2: :R(x; y) _ P (y)

3: R(x; y)

4: :R(y; z) _ :R(z; z

0

) _ :P (z

0

) _ :R(z; z

00

) _ :P (z

00

)

x and y denote Skolem constants introduced for the existential quanti�ers in

:�

r

(�

1

). Evidently, the last clause is more complex than is necessary as it

is logically equivalent to

4

0

: :R(y; z) _ :R(z; z

0

) _ :P (z

0

):

This is the kind of simpli�cation achieved by condensing. Condensing is

a redundancy elimination method due to Joyner Jr. (1976) and it is shown to

be NP-hard by Gottlob and Ferm�uller (1993). Condensing replaces a clause

by a simpler but logically equivalent clause. The condensation of a clause C,

denoted by cond(C), is the smallest subset of C which is also an instance of

it. A clause is condensed if it does not subsume a proper subclause of itself,

that is,

if there is no substitution � such that C� $ C.

The condensation of a set S of clauses is the set

cond(S) = fcond(C) jC 2 Sg:

Up to variable renaming condensations are unique.

Clauses that are equal modulo variable renaming are called variant clauses.

Two sets S and S

0

of clauses are variants of each other if every clause in S

has a variant in S

0

, and vice versa.

Applying the substitution fz

00

7! z

0

g to clause 4 eliminates the redundant

literals :R(z; z

00

) _ :P (z

00

). 4

0

is a condensation of 4. The other clauses are

condensed, therefore, cond(S

1

) = f1; 2; 3; 4

0

g.

Depending on the de�nition we adopt, deduction based on the resolution

principle does one or more steps producing the sum of instances of two clauses

with complementary pairs of literals from the two clauses cancelling out. As

usual, we use the symbols C;C

0

;D;D

0

; : : : for clauses. By de�nition, dual

literals are complementary, that is, for A an atom, the duals of A and :A

7



are A

:

= :A and (:A)

:

= A, respectively. The dual of a clause C = L

1

_

: : : _ L

n

is the clause C

:

= L

:

1

_ : : : _ L

:

n

.

For propositional clauses or ground clauses deduction according to the

resolution principle produces D _ D

0

, from D _ C and C

:

_ D

0

. For

non-ground clauses the generalisation is:

Infer (D _ D

0

)�, from D _ C and C

0

:

_ D

0

,

provided D _ C and C

0

:

_ D

0

have no common variables and � is the most

general substitution that uni�es C and C

0

, that is, C� = C

0

�. If C and

C

0

:

are singleton sets, then they are referred to as the literals resolved upon.

This deduction process is usually implemented as a combination of binary

resolution and factoring.

A proof for �

r

(T ) ^ :�

r

(�

1

) is the following reduction of cond(S

1

) to

the empty clause.

5: [2:1; 3:1] P (y)

6: [5:1; 4

0

:3] :R(y; z) _ :R(z; y)

7: [1:1; 6:1; 6:2] ;

Inside the square brackets we indicate the literals resolved upon that produce

the resolvents. For instance, clause 5 is the resolvent of clauses 2 and 3 with

the most general uni�er � = fy 7! yg.

Since resolution is a semi-decision procedure for �rst-order logic, the com-

putation will not necessarily halt for non-theorems. The computation can

halt without producing the empty clause when deduction produces no new

clauses that are not variants of clauses already present. In that case, for

any complete resolution procedure, the input set S is satis�able. However,

for many non-theorems resolution generates increasingly more non-variant

clauses.

For example, neither

�

2

= 2(p ! 3p)

nor its negation :�

2

is a theorem of K. �

2

is satis�able, which implies :�

2

is

not a theorem and the formula

:�

r

(:�

2

) = 9x8y (:R(x; y) _ :P (y) _ 9z (R(y; z) ^ P (z)))
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is �rst-order satis�able. The Skolemised clausal form is the set S

2

consisting

of the following two clauses.

1: :R(x; y) _ :P (y) _ R(y; f(y))

2: :R(x; y) _ :P (y) _ P (f(y)):

x is the Skolem constant introduced for the quanti�er 9x and f(y) is the

Skolem term introduced for 9z.

The clauses 1 and 2 have two resolvents.

3: [1:3; 2:1] :R(x; x) _ :P (x) _ :P (f(x)) _ :P (f

2

(x))

4: [1:2; 2:3] :R(x; f(y)) _ R(f(y); f

2

(y)) _ :R(x; y) _ :P (y):

Clause 4 resolves with clause 2 and yields:

5: [2:3; 4:4] :R(x; f

2

(y)) _ R(f

2

(y); f

3

(y)) _ :R(x; f(y)) _

:R(x; y) _ :P (y):

This clause also resolves with 2, and again, the resulting resolvent resolves

with 2, etcetera. Repeatedly resolving the new resolvents with clause 2 yields

increasingly longer and more complex clauses. None of the clauses is redun-

dant and can be deleted. In the limit, our sample S

2

has in�nitely many

non-variant resolvents. This shows standard resolution may not terminate

for relational translations of modal formulae.

There are re�nements of resolution that guarantee termination for the

relational translation, for which refer to Ferm�uller, Leitsch, Tammet and

Zamov (1993) and Hustadt (1997).

The idea of our decision proof for the optimised functional translation

and basic path logic is that of Joyner Jr. (1976). We show that any resolu-

tion procedure combined with condensing produces for a �nite input set S

a �nitely bounded set of non-variant resolvents, by showing that any class

of path clauses built from �nitely many predicate and constant symbols is

�nitely bounded. The second example demonstrates, one reason for an un-

bounded number of resolvents being produced is:

(i) The level of nesting of the terms increases during deduction (from f(y)

to f

2

(y) to f

3

(y), and so on).

Another reason is:
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(ii) The number of literals in the resolvents increases during deduction.

(i) is not a problem in basic path logic as terms do not expand during de-

duction. We will show that (ii) does not happen, by showing that there is an

upper bound on the number of variables that occur in any condensed clause

that is built from �nitely many predicate and constant symbols.

Formally, a resolution procedure is a function R from �nite sets of clauses

to �nite sets of clauses. If S is a �nite set of clauses thenR(S) is a �nite subset

of the union of S and the (possibly in�nite) set of instances of resolvents of

pairs of clauses in S. Let

R

0

(S) = S and

R

n+1

(S) = R(R

n

(S)) if n > 0.

ByR

cond

we denote the procedure that combines any complete resolution

procedure R and condensing. De�ne R

cond

and R

n

cond

by:

R

cond

(S) = S [ cond(R(S) nS);

R

0

cond

(S) = cond(R

0

(S)) = cond(S); and

R

n

cond

(S) = R

cond

(R

n�1

cond

(S)) if n > 0.

In essence, R

cond

is like the procedure R except that each resolvent is re-

placed by its condensation. Joyner Jr. (1976) shows condensing is compatible

with any resolution procedure complete via semantic trees.

A resolution procedure R is (sound and) complete when, for some n � 0,

the empty clause ; is in R

n

(S) i� S is unsatis�able. A complete resolution

procedure may also halt without producing the empty clause. When at some

level n, R

n

(S) and R

n+1

(S) coincide or are variants of each other, a complete

resolution procedure halts and if the empty clause is not in R

n

(S), then S is

satis�able.

Resolution decision procedures are de�ned for e�ectively speci�ed classes

of �rst-order formulae. Let c(') denote the the clausal form of a �rst-order

formula '. A resolution decision procedure for a class C of formulas is a

complete resolution procedure R for which the following is true.

If '2 C and ' is satis�able, then for some n� 0, R

n

(c(')) and

R

n+1

(c(')) are variants.

Such an R halts for any formula that belongs to the class C. In this paper we

focus on the class of path formulae that arise from the optimised functional

translation.
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3 The optimised functional translation

Like the relational translation approach, the functional translation approach

and its optimisation are based on the relational semantics of modal logic.

The functional semantics of modal logics arises from the relational seman-

tics by a reformulation of relations as sets of functions. Any binary relation

R on a non-empty set W can be de�ned by a set AF of (partial or total)

functions � : W �!W as speci�ed by

8xy (R(x; y) $ 9� (�2AF ^ �(x) = y)):

This formulation has the disadvantage that the variable � is a second-

order variable. We simulate functional application with a designated non-

associative binary operation [�; �] : W � AF �! W by interpreting terms of

the form

[x�] as �(x):

Complex terms of the form �

m

(: : : �

2

(�

1

(x))) are simulated by terms of the

form [[[[x�

1

]�

2

] : : : ]�

m

], or in our shorthand notation

[x�

1

�

2

: : : �

m

]:

Any binary relation R is de�ned then by a set AF of functions and the

operation [�; �], when

8xy (R(x; y) $ 9� (�2AF ^ [x�] = y))(2)

in which � is now a �rst-order variable. If R is a total relation then AF

can be taken to be a set of total functions. For the general case that R is

not total we introduce another designated predicate de, called the dead end

predicate, and de�ne any R by

8xy (R(x; y) $ (:de(x) ^ 9� (�2AF ^ [x�] = y)));(3)

with AF being a set of total functions. The right hand side of the equivalence

reads, if x is not a dead end in R then there is a total function � that maps

x to y.

Accordingly, a functional model is a tuple

(W;AF; [�; �]; �) or (W; de;AF; [�; �]; �);
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depending on whether R is a total relation or not. AF is a set of total so-

called accessibility functions de�ned by either (2) or (3). de is a subset of

W . Validity in any functional model M and any world x 2 W is de�ned

inductively by:

M; x j= p if x 2 �(p)

M; x 6j= ?

M; x j= '!  if M; x j= ' impliesM; x j=  

for the propositional part, which is as in the relational semantics, and for

serial and non-serial modal diamond operators, validity is de�ned by

M; x j= 3' if there is an � 2 AF such that M; [x�] j= '

and

M; x j= 3' if x 62 de and there is an � 2 AF s.t.M; [x�] j= ',

respectively.

The truth of a formula ' in a world x depends only on the truth of

subformulae of ' in R-successors of x. This means for the truth of ' in x,

the predecessors of x or disconnected parts of the frame are irrelevant. This

is made precise in the generated model property of normal modal logics. The

property allows us to assume any frame is connected and has a starting world

x, say. In the functional setting worlds are denoted by strings of the form

[x�

1

: : : �

n

] and we note the notation displays also the path from the initial

world x to that world. There is a shift of point of view from worlds to paths.

In relational models for 3' to be true at a world we require the existence of

another accessible world at which ' is true. In functional models for 3' to

be true at a world we require the existence a one step path (or function) that

leads to a world at which ' is true. Terms or strings of the form [x�

1

: : : �

n

]

will also be referred to as paths, even though these terms de�ne worlds.

The functional translation mapping is denoted by �

f

and mimics the

functional semantics. �

f

maps modal formulae of K� to second-order or

�rst-order formulae as given by:

�

f

(�) =

^

'2�

�

f

(')

12



and

�

f

(') =

(

8P

1

: : : P

n

8x �

f

('; x) if ' is an axiom in �, and

8x �

f

('; x) if ' is not an axiom.

(4)

�

f

is the auxiliary function that maps modal formulae and worlds to �rst-

order formulae. It de�nes the unary predicates P

i

uniquely associated with

the propositional variables p

i

in '.

�

f

(p; s) = Ps

�

f

(?; s) = ?

�

f

('!  ; s) = �

f

('; s)! �

f

( ; s)

�

f

(3'; s) =

(

9� �

f

('; [s�]) in KD�

:de(s) ^ 9� �

f

('; [s�]) in non-serial K�.

Like for the relational translation, in general, ' is a theorem in K� i�

�

f

(�)! �

f

(') is a theorem in second-order logic. For �rst-order de�nable

modal logics

' is a theorem in K� i� �

f

(�)! �

f

(') is a �rst-order theorem

i� �

f

(�) ^ :�

f

(') is f.o. unsatis�able:

There is no unique de�nition of a binary relation by a set of total func-

tions which means the class of functional models that capture a complete

modal logic is larger than the class of its relational models. The model the-

ory for normal modal logics gives us choices both in the relational and the

functional context. For example, by the generated model property a modal

logic determined by standard relational models is also determined by the as-

sociated class of generated models. In Ohlbach and Schmidt (1995) we prove

a modal logic determined by a class of relational or functional models is also

determined by the associated class of so-called maximal functional models. A

functional model is maximal i� AF is the set of all total functions that de�ne

R. In these models enough functions are available so that the following is

true.

9�8�  $ 8�9�  

This equivalence is exploited in the optimised functional translation.

13



The optimised functional translation of a modal formula ' is obtained by

a sequence of two transformations. The �rst transformation maps a modal

formula ' to the functional translation �

f

('). The second transformation

applies the so-called quanti�er exchange operator �. It allows for the move-

ment of existential functional quanti�ers inward over universal functional

quanti�ers using the rule:

9�8�  becomes 8�9�  :

Again, ' is a theorem inK� i� ��

f

(�)! ��

f

(') is a theorem in second-

order logic. One of the advantages of the optimised functional translation

over the relational and functional translation is that more modal logics can be

embedded in �rst-order logic. McKinsey's axiom (23p ! 32p) which has

no �rst-order relational correspondence property has a �rst-order optimised

functional approximation. It is not an equivalent formulation of McKinsey's

axiom, but the transformation preserves satis�ability, since

' is a theorem in K� i� ��

f

(�)! ��

f

(') is a �rst-order theorem

i� ��

f

(�) ^ :��

f

(') is f.o. unsatis�able.

This holds for K� that are �rst-order de�nable in the relational setting and

more, for example, for K extended with McKinsey's axiom. Further details

can be found in Ohlbach and Schmidt (1995).

For the logics K and KD, ��

f

(�) is empty. For KDT, KDB and KD4,

the de�ning characteristic functional properties in ��

f

(�) are �rst-order

equations, namely

left identity: [xe] = x;

right inverse: [x��

�1

] = x; and

associativity: [x��] = [x(� � �)]:

The equations are already in Skolemised clausal form. x, � and � denote

�rst-order variables, e is a Skolem constant,

�1

a unary Skolem function and

� a binary Skolem function. The equations give a functional reformulation

of the familiar correspondence properties. For T , left identity says e is the

identity function in AF that maps any world x to x. For B, right inverse says

every function � has an inverse �

�1

, and for 4, associativity says functions

may be composed.

14



The quanti�er exchange operator � allows us to move existential quanti-

�ers inside over universal quanti�ers. We are not compelled to do all quanti-

�er swaps that are possible. The completeness result of the translation ��

f

is true even if we choose to let � do nothing. However, moving all existential

quanti�ers inward as far as possible we can embed any modal non-axiom

into a class of clauses that contains no complex Skolem terms other than

constants. For a given non-axiom ', S is de�ned to be the clausal form of

the negation of the optimised version of the functional translation

S = c(:��

f

('));

with the requirement that the only function symbols occurring in S are

Skolem constants and the application operation [�; �].

We consider two examples. The following formula is a theorem in KD.

�

3

= 2(32:p _33p)

� �  � �

(5)

Its functional translation is

�

f

(�

3

) = 8x 8� (9�8 :P [x��] _ 9�9� P [x���]):(6)

The boxes translate to universal functional quanti�ers and the diamonds

to existential functional quanti�ers in such a way that each occurrence of a

modal operator is uniquely associated with a functional variable, as indicated

in the second line of (5). The propositional symbol p in �

3

becomes a monadic

predicate P . Now apply the quanti�er exchange operator in such a way that

the Skolemised clausal form of the negation of ��

f

(�

3

) does not contain any

complex Skolem terms. This optimisation is always possible. The required

optimisation of �

f

(�

3

) is:

��

f

(�

3

) = 8x 8� (89� :P [x��] _ 9�9� P [x���]):

Note the order of the quanti�ers in the pre�x of the �rst part of the disjunc-

tion is reversed. Negating, we then get the formula

:��

f

(�

3

) = 9x (9�98� P [x��] ^ 9�8�8� :P [x���]):

in which all existential quanti�ers precede all universal quanti�ers. Its clausal

normal form is

1: P [x��]

2: :P [x���]:
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Underlined symbols denote constants and non-underlined symbols denote

variables. x is the initial world and because it occurs in every literal, we

can safely omit x. In what follows, we make x implicit in the notation by

denoting the initial world in any S = c(:��

f

(')) by the empty string [].

One resolution step is possible. If we take the second clause and rename the

variable � by � and instantiate the variable � with the constant , we can

resolve this clause with the �rst clause and get the empty clause. This proves

the formula :��

f

(�

3

) is unsatis�able, ��

f

(�

3

) is a �rst-order theorem and

because the optimised functional translation is sound and complete, we have

shown that �

3

is a theorem of KD.

Consider again the formula �

2

= 2(p ! 3p) from the previous section,

where we saw unre�ned resolution does not terminate for :�

r

(:�

2

). In this

example, we use the non-serial de�nition of �

f

.

:�

2

= 3(p ^ 2(:p))

�

f

(:�

2

) = 8x (:de[x] ^ 9� (P [x�] ^ (:de[x�]! 8� :P [x��])))

��

f

(:�

2

) = 8x8�9� (:de[x] ^ P [x�] ^ (:de[x�]! :P [x��]))

:��

f

(:�

2

) = 9x9�8� (de[x] _ :P [x�] _ (:de[x�] ^ P [x��]))

S = f 1: de[] _ :P [�] _ :de[�];

2: de[] _ :P [�] _ P [��] g

For S no resolution step is possible, which proves S, and hence �

2

, is satis-

�able. (The literals P [�] and P [�

0

�] are not uni�able, because they are the

shorthand notation for P [[]�] and P [[[]�

0

]�] and the application operation is

not associative.)

The structure of modal formulae determines an invariance on variables

and constants in paths (Ohlbach (1988a, 1988b)), which is essential for the

decision proof. The variables in the translation �

f

(') of any modal formula

' are ordered in a certain way. Compare, for instance, �

3

and �

f

(�

3

) in (5)

and (6). The modal operators and the functional variables form unique pairs

(� is associated with the �rst occurrence of a box, etcetera) and the structure

of �

3

determines an ordering on the variable occurrences in the terms [x��]

and [x���] of :�

f

(�

3

). The characteristic ordering of the variables in the

terms is formalised as the pre�x stability property (also called unique path

property by Au�ray and Enjalbert (1992)). Any set S of clauses is pre�x

stable for variables and constants i�

(i) all occurrences of a variable in any term of any clause in S have the

same pre�x, and
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(ii) all occurrences of a constant in any term occurring in S have the same

pre�x (modulo variable renaming).

Path logics satisfy only the �rst restriction for variables, since condition (ii)

is not preserved by forming resolvents.

4 Path logics

The optimised functional translation maps propositional modal formulae into

logics called path logics (not to be confused with the path logic of Au�ray and

Enjalbert or Fari~nas Del Cerro and Herzig (1995)). Path logics are monadic

fragments of �rst-order logic with one special function symbol, namely [�; �],

for de�ning accessibility by juxtaposition. A formula of path logic is further

restricted in that its clausal form may only contain variables and constant

symbols, and it is required to satisfy pre�x stability for variables.

More formally, the vocabulary of the basic path logic includes unary pred-

icates, variables, constants and one binary function. P;Q; : : : denote unary

predicates. Functional variables are denoted by Greek letters �; �; : : : and

functional constants by underlined Greek letters �; �; : : : . The letters x; y; : : :

denote world variables. There is a special world constant, denoted by the

empty string [], for the initial world. [�; �] is a binary left-associative opera-

tion. Terms, also called paths, are of the form

[[[[[]u

1

]u

2

] : : : ]u

m

] or [[[[xu

1

]u

2

] : : : ]u

m

];

or in shorthand notation

[u

1

u

2

: : : u

m

] or [xu

1

u

2

: : : u

m

]:

The u

i

denote functional variables or constants.

The following notation and de�nitions will be used in the next section.

The symbols u; u

1

; u

2

; : : : and also v; v

1

; v

2

; : : : are reserved for either func-

tional variables or constants. The symbols s; t; : : : are reserved for any terms

of the form [], u or [u

1

; u

2

; : : : ]. Usually the term [s t] is malformed since

juxtaposition is assumed to be left-associative. When we write [s t] we mean

the term [s u

1

: : : u

i

], where t = [u

1

: : : u

i

]. Given a path s, let sj

0

= [] and

de�ne all sj

i

for i > 0 by s = [sj

1

: : : sj

m

]. By de�nition, the length of a term

[u

1

: : : u

m

] is m.
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Our de�nition of pre�xes and su�xes extends the conventional de�nition.

Consider the term

t = [suu

i+1

: : : u

m

]:

The subterm s of t is a pre�x in the term t. s may be the empty string. By

de�nition, the pre�x of a variable or constant u in the term t is the term s.

The pre�x of u in [uu

i+1

: : : u

m

] is the empty string []. Similarly, we de�ne

su�xes. [u

i+1

: : : u

m

] is a su�x in the term t. The su�x of a variable or

constant u in the term t is [u

i+1

: : : u

m

]. u

m

has no su�x in t. The su�x of

a subterm s in t is [uu

i+1

: : : u

m

].

A set T of terms is said to be pre�x stable (for variables) if any variable �

occurring in T has exactly one pre�x. A clause is said to be pre�x stable (for

variables) if the set of terms occurring in the clause has this property. The

pre�x of a variable or constant u in a pre�x stable clause (or set of terms) is

the unique pre�x of u in any term of the clause (or set).

The logical connectives and quanti�ers of basic path logic are those of

�rst-order logic. By de�nition, a formula ' is a path formula i� it is a

formula ' over the language just de�ned and its clause form c(') satis�es

pre�x stability for variables. This de�nes the syntax of the basic path logic

associated with K and KD.

Path logics associated with modal logics with non-empty theory � are

extensions of the basic path logic with equational theories determined by

��

f

(�). The modal logics KDT, KDB and KD4 are embedded in exten-

sions in which the theories are de�ned by left identity, right inverse and

associativity, respectively.

The semantics of path logics is de�ned as usual for �rst-order logic.

Any set S of clauses resulting from the optimised functional translation

of a modal non-axiom is well-formed in basic path logic and all its extensions.

Ohlbach (1988a, 1991) proves that pre�x stability for variables is preserved

by resolution, factoring and subsumption. It is not di�cult to see pre�x

stability is also preserved by condensing. Hence, any R

n

(S) and R

n

cond

(S)

(with R being unre�ned resolution) are well-formed in path logics.

Inference for basic path logics is facilitated by resolution with syntactic

uni�cation, whereas inference for non-basic path logics is facilitated by theory

resolution. Theory resolution combines resolution with a more sophisticated

uni�cation algorithm for solving equations modulo a given theory. For T ,

B and 4 uni�cation is modulo the left identity law, the inverse law and the

associativity law, respectively.
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Syntactic uni�cation does not expand terms, as bindings either rename

variables or instantiate variables with constants. Uni�cation for T and B

does not expand terms. For example, the clauses

P [�]

:P [�

0

�] _ Q[�

0

�]

(which do not resolve modulo the empty theory) have a theory resolvent

modulo left identity. A most general uni�er modulo left identity of the terms

[�] and [�

0

�] is f�

0

7! �; � 7! eg. In essence, the uni�cation algorithm of

Ohlbach (1988a) immediately deletes variables that are instantiated with e,

so that the theory resolvent is Q[�]. Theory resolution for right inverse is

similar, combining uni�cation and deleting terms as in the following example.

A resolvent of

P [�]

:P [�

0

�] _ Q[�

0

�]

is Q[�], the most general uni�er being f�

0

7! �;  7! �

�1

g.

For 4 new variables are introduced during resolution and terms expand.

For example, a resolvent of

P [�] _ Q[�]

:P [�

0

�] _ R[�

0

�]

is Q[�(

0

��)] _ R[(� � 

0

)�]. The most general uni�er is f 7! 

0

��; �

0

7!

� � 

0

g with 

0

being a new variable.

5 The decision proof

This section proves that any complete procedure R

cond

is a decision proce-

dure for any �nite formulae of the basic path logic. We will be concerned

with the procedure R

cond

in which R is ordinary resolution without any re-

�nement strategy. To prove that R

cond

produces a �nitely bounded number

of resolvents, we show that every set of non-variant clauses built from given

�nite sets of predicate and constant symbols and terms with bounded depth

is �nite.

What happens is this. Given a �nite set S of input clauses of basic

path logic, we form its condensation cond(S) and then we repeatedly apply
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R

cond

. All clauses formed at any level contain literals that are made up of

only the �nite set of predicate symbols and Skolem constants occurring in

S, and variables. We saw in the example of Section 2, one of two things, or

both, can occur bearing an unbounded number of non-variant clauses.

(i) Either literals of increasingly greater term depth appear in the clauses,

or

(ii) clauses having increasingly more literals are produced.

From the outset we consider only basic path logic in which terms do not

grow. Formulated more generally, we consider only path logics for which

the maximal term depth in any literal is bounded. We prove (ii) does not

happen, that is, we prove there is a bound on the cardinality (size) of any

condensed clause of basic path logic (Theorem 5.20). Then it follows that

there are �nitely many non-variant clauses which means R

cond

does not bear

an unbounded number of non-variant clauses and terminates always for the

path logics under consideration.

The existence of a size bound of any condensed clause follows from the

existence of a bound on the number of its variables. For the proof of the

existence of a variable bound in any clause we use Joyner's (1976) method of

variable partitioning, or splitting (without requiring splitting as an inference

rule). The variable partition of any clause C is the �nest partition of C

into disjoint subclauses that do not share common variables. We say the

subclauses in the variable partition are variable indecomposable or split. For

example, the variable partition of the clause

P (a) _ P (b) _ :Q(z

0

) _ :R(x; y) _ :R(y; z) _ R(x; z)

is the following.

P (a) P (b) :Q(z

0

) :R(x; y) _ :R(y; z) _ R(x; z)

P (a) and P (b) are in separate blocks because no two ground literals share

variables (here we deviate from Joyner). The transitivity subclause is variable

indecomposable because its variables form a chain across the literals. And,

:Q(z

0

) is in a di�erent block from the other subclauses as the variable z

0

occurs in none of the other literals.

Let C be a variable indecomposable and condensed clause in the class of

clauses of basic path logic built from a �nite number of predicate symbols
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and function symbols with bounded term depth. When there is also a bound

on the number of variables that occur in C, then it follows C has �nite size.

Then there are �nitely many non-variant variable indecomposable clauses in

the class and this implies that any condensed clause in the class has �nite

size.

5.1 Overview

Our aim is to prove the existence of a bound on the number of variables that

occur in any variable indecomposable and condensed clause of basic path

logic built from �nitely many predicate symbols and constant symbols. We

do not give an explicit variable bound. Our strategy is, to show there is

an embedding of the variables of a condensed and variable indecomposable

clause into a �nite Boolean algebra. It is natural to look for an embedding

that encodes the variables of a given clause in terms of the �nite entities of

that clause, that is, in terms of the constants and the predicate symbols of

the clause. The problem is how to deal with condensing. Ideally we want

the encoding to have a natural property that captures the condensedness

property of the clause. The encoding we use is weaker. It has a natural

property that is necessary but not su�cient for condensedness. We encode

variables by sets of tuples that represent the set of su�xes of the given

variable and the necessary property for the clause to be condensed is the

antichain property. It requires that the encodings of variables with the same

pre�x form an antichain. An antichain is a subset of pairwise incomparable

elements in a poset (P;�). For example, the set of singleton subsets of a set

with more than two elements is an antichain.

The encoding of variables will be by a family of embeddings ff

s

g. Each

f

s

will map any variable with pre�x s to a tuple-encoding of the set of suf-

�xes of the variable. The encoding exploits the property of pre�x stability

and induces �ner partitions on clauses than the variable partition. The �ner

partitioning is by pre�xes. A block in a pre�x partition is a subclause con-

taining all literals sharing a common pre�x. We show there is a one-one

correspondence between variable encodings and blocks in pre�x partitions of

the clause. The most di�cult part of the proof is showing that, if there is a

subset relationship between the encodings of the pairs of variables (that is,

the antichain property is not true) then one of the corresponding blocks is

redundant (Theorem 5.12).

For reasons of uniformity, improved readability and ease of formulation
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we develop our argument for sets of terms and not for clauses. We encode

clauses as sets of terms all with the same length. More precisely, assuming

that m denotes the maximal length of any term in the input set S, we encode

any clause in S or R

n

cond

(S) by a set of terms of length m+ 1. For example,

if m = 3 the clause

P [��] _ :P [��] _ Q[�

0

] is reperesented by

[� � b p]

[� �p

0

]

[�

0

b q ]

:(7)

b is a special blank constant, and p, p

0

and q are new and di�erent constant

symbols associated with P , :P and Q, respectively.

In general, the terms of a clause have di�erent lengths. By introducing

new blank symbols which we append to terms shorter thanm we obtain terms

with uniform length. We convert literals to terms by introducing additional

new constant symbols for positive and negative occurrences of predicate sym-

bols. We append the new `predicate constant' that represents the `head' of

the literal to the term in the argument. (By the head of a literal we mean

the string obtained by deleting the arguments of the literal.)

In the described way we convert any clause C to a set T of terms all

with equal length. T can be viewed as a matrix when we write the terms

below each other as in (7). This matrix term representation of a clause helps

visualising pre�x partitions.

Reformulated for the term representation our goal is to show that the

number of variables occurring in any condensed and variable indecomposable

set T of terms that is pre�x stable is �nitely bounded. By de�nition, a set T

of terms is condensed if there is no substitution � such that T� $ T .

We de�ne two operations for dividing and reassembling T . Let T (s) be

the set of su�xes of s occurring in T . Formally, let s be a term and de�ne

T (s) = f[u

1

: : : u

i

] j [su

1

: : : u

i

] 2 Tg:

T (s) may be viewed as a sub-matrix of T . For example, if T is the matrix

of (7) then

T ([�]) =

[�b p]

[ �p

0

]

:

Forming sub-matrices satis�es a kind of associativity: For any terms s and t

occurring in T ,

(T (s))(t) = T ([st]):
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s T (s)

9

=

;

s T (s)

t T (t)

9

=

;

t T (t)

� � �

(a) The variable partition T=�

v

s T (s)

9

=

;

s T (s)

s

0

T (s

0

)

9

=

;

s

0

T (s

0

)

� � � � � �

(b) The pre�x partition T=�

i

Figure 1: Partitioning T

We can construct the subset of terms in T that have s as a common pre�x

from the su�xes in T (s) by prepending s with the following operation:

s T

0

= f[su

1

: : : u

i

] j [u

1

: : : u

i

] 2 T

0

g:

Then, s T (s), more precisely s (T (s)), denotes the subset of all terms in T

that have pre�x s. For example, for T of (7)

[�]T ([�]) = �T (�) =

[��b p]

[� �p

0

]

:

Prepending terms is monotone, that is,

T

0

� T

00

implies s T

0

� s T

00

:

Because of pre�x stability, any variable indecomposable set of terms has

the form s T (s), and when the set is not ground, it has the form [s�]T ([s�]).

The variable partition of a set T of terms (given by an equivalence relation

�

v

) can be viewed as depicted in Figure 1(a). Each row in the sub-matrix

marked with s is the term s, and the sub-matrix marked T (s) is the matrix

of all su�xes of s in T .

The opposite picture 1(b) depicts a a pre�x partition of T by an equiv-

alence relation �

i

. The blocks of the partition are s T (s), s

0

T (s

0

), etcetera,

and are such that s; s

0

; : : : are all terms of length i.
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s

t

t

0

� � �

� � �

Figure 2: Nested partitioning of T

For example, the �

1

-partition of the matrix in (7) consists of two blocks:

[��b p]

[� �p

0

]

and [�

0

bq]:

The common pre�x of length one in the �rst block is [�] and the common

pre�x in the second block is [�]. The �

2

- and �

3

-partitions are identical and

consist of three blocks:

[�� b p]; [��  p

0

] and [� 

0

b q]:

The pre�x partitions de�ned by �

2

and �

3

are �ner than the pre�x partition

de�ned by �

1

. This nesting of increasingly �ner pre�x partitions induces a

tree-like devision on any pre�x stable set of terms depicted in Figure 2.

The nested partitioning of T is exploited in the inductive de�nition of

the family ff

s

g of variable embeddings into a �nite Boolean algebra. Each

function f

s

maps any variable � to a set of tuples that encodes the set of

su�xes of � in T . s in the index of f

s

is the unique pre�x of � in T . That
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is, any f

s

maps any variable � with pre�x s to a tuple encoding of the sub-

matrix T ([s�]). Pre�x stability ensures that every variable of T is in the

domain of exactly one function f

s

.

For illustration, we consider again T of (7). For the variables  and �,

the f

s

are de�ned in Figure 3. The encodings are de�ned inductively starting

[� � b p]

[�  �p

0

] f

[�]

() = f(�; p

0

)g

[ � 

0

b q] f

[�]

(

0

) = f(b; q)g

f

[]

(�) = f(�; b; p);

(f(�; p

0

)g; �; p

0

)g

Figure 3: The variable encodings of (7)

with variables closest to the end of any term. We start with the variables

 and 

0

. The su�x of  is [�p

0

] and its encoding by f

[�]

(because [�] is

the pre�x of ) is the singleton set containing the tuple (�; p

0

). Similarly,

the encoding of the su�x [b q] of 

0

by f

[�]

is the tuple (b; q). The variable

� occurs twice and the encoding of its two su�xes by f

[]

is (�; b; p) and

(f

[�]

(); p

0

); �; p

0

) = (f(�; p

0

)g; �; p

0

).

Note the exact correspondence between f

[�]

() = f(�; p

0

)g and the term

[�p

0

] and also between f

[]

(�) = f(�; b; p); (f(�; p

0

)g; �; p

0

)g and the set

�T (�) = f[��bp]; [��p

0

]g. This correspondence is a general phenomenon.

In any condensed set T of terms there is a bijection between the encoding

f

s

(�) of any variable � with pre�x s and the subset [s�]T ([s�]) of terms of

T that have pre�x [s�] (Theorem 5.16). If each f

s

is an embedding of vari-

ables into a �nite structure then each block [s�]T ([s�]) is �nite and then it

follows that T must also be �nite.

The proof that for condensed T each f

s

is an embedding (an injection),

that is, if f

s

(�) = f

s

(�) then � = �, is by contradiction. We prove (in

Theorem 5.12): If f

s

(�) � f

s

(�) for di�erent variables � and � then the block

s T (s) and consequently T is not condensed, or formulated contrapositively,

every condensed set T satis�es the antichain property: for no two di�erent

variables � and � does f

s

(�) � f

s

(�) hold. The proof is by induction on the

length of common pre�xes starting with longer pre�xes in the base case and

increasingly shorter pre�xes in the inductive steps.

We sketch the idea of the proof with the sample sets of Figure 4. All

terms in every matrix have pre�x s. Recall, we assume every term in any
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(i) [s�

1

p] f

s

(�

1

) = fpg

[s�

2

q] f

s

(�

2

) = fqg

[s�

3

r] f

s

(�

3

) = frg

(ii) [s�

1

p] f

s

(�

1

) = fp; qg

[s�

1

q]

[s�

2

p] f

s

(�

2

) = fp; rg

[s�

2

r]

[s�

3

q] f

s

(�

3

) = fq; rg

[s�

3

r]

(iii) [s�

1

p] f

s

(�

1

) = fpg

[s�

2

q] f

s

(�

2

) = fqg

[s�

3

r] f

s

(�

3

) = frg

[s�

4

p] f

s

(�

4

) = fp; qg

[s�

4

q]

(iv) [s�

1

�p] f

s

(�

1

) = f(�; p); (fqg; q)g

[s�

1



1

q] f

[s�

1

]

(

1

) = fqg

(v) [s�

1

�p] f

s

(�

1

) = f(�; p); (fqg; q)g

[s�

1



1

q] f

[s�

1

]

(

1

) = fqg

[s�

2



2

q] f

[s�

2

]

(

2

) = fqg f

s

(�

2

) = f(fqg; q)g

Figure 4: Sample sets of terms and their variable encodings
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set T has length m + 1. The base case of the proof is when s has length

m � 1 as in (i), (ii) and (iii). The sets in (i) and (ii) are condensed and we

note in both cases f

s

(�

1

), f

s

(�

2

) and f

s

(�

3

) form an antichain. For (iii) the

antichain property fails, since

f

s

(�

1

) � f

s

(�

4

) and f

s

(�

2

) � f

s

(�

4

):(8)

The set in (iii) is not condensed. Its condensation is that of (i) and it is

obtained by applying the bindings

�

1

7! �

4

and �

2

7! �

4

:

Note, the redundancy eliminating bindings can be read o� from the subset

relationships of the variable encodings in (8).

In the matrices of (iv) and (v) we assume s is shorter and has lengthm�2.

(iv) is a condensation of (v). The redundancy eliminating substitution is

� = f�

2

7! �

1

; 

2

7! 

1

g:

We have that f

s

(�

2

) is a subset of f

s

(�

1

), which means the antichain property

fails to hold for (v). But, 

1

and 

2

do not have the same pre�x, so that

we cannot compare f

[s�

1

]

(

1

) and f

[s�

2

]

(

2

) (because the functions must have

the same index). Applying f�

2

7! �

1

g to f

[s�

2

]

(

2

) �rst, then 

1

and 

2

have a common pre�x and we see that f

[s�

1

]

(

1

) = f

[s�

1

]

(

2

). In general, if

f

s

(�) � f

s

(�) then the redundancy eliminating substitution � for [s�]T ([s�])

can be constructed by induction.

This concludes the informal preview of the results to come. We proceed

as follows. First we formally de�ne the encoding of a clause as a set or

matrix of terms. Then we study variable partitions and pre�x partitions and

their interrelationships. And �nally we de�ne the family ff

s

g of variable

embeddings and do the boundedness proofs.

5.2 The matrix term representation of clauses

Given any pre�x stable clause C, we take the set T

0

of its terms and transform

T

0

to a set T

00

by appending blanks. Then we append to the terms in T

00

special predicate constants that are uniquely associated with the heads of

the literals in C to obtain a set T .

Let K be the set of constant symbols in the term representation of the in-

put set S. That is, K is a �nite non-empty set of Skolem constants, predicate
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constants and the blank symbol. Let X

1

; : : : ;X

m

be a sequence of pairwise

disjoint non-empty sets of variables. De�ne T (X

1

; : : : ;X

m

;K) to be the set

of all terms that are built from the variables in X

i

and constants in K with

the restriction that

s 2 T (X

1

; : : : ;X

m

;K) i� s = [u

1

: : : u

m

u

m+1

];

where u

m+1

2 K and for each 1 � i � m,

u

i

2

(

X

i

; when u

i

is a variable, and

K; when u

i

is a constant.

Observe that, each X

i

contains the variables that occur in position i of any

term in T (X

1

; : : : ;X

m

;K), and all terms have equal length, namely m+ 1.

Let T be a subset of T (X

1

; : : : ;X

m

;K). Each variable in T occurs at one

�xed position in any term, but T is not necessarily pre�x stable. We view T

as a matrix with m+ 1 columns and as many rows as there are terms in T .

The order of the rows is arbitrary.

In the following two theorems we view T and C as multi-sets. In general,

by a `set' of terms we mean a `multi-set' of terms. If T is condensed then it

is a set.

Theorem 5.1 Let T be any set of terms with maximal length m in the

basic path logic. There is a one-one correspondence between T and a set T

0

of terms all of length m such that the following is true.

(i) T is pre�x stable i� so is T

0

, and

(ii) T and T

0

have the same number of variables.

Proof. Encode each term in T of length shorter than m by appending a

suitable number of blank symbols. The resulting set is

T

0

= f[st] j s 2 T; t = [b : : : b] or t = []; and � (s) + � (t) = mg;

where � (t) is the length of a term t. De�ne a mapping g : T

0

�! T by

g([st]) = s where t = [b : : : b] or t = [] and no blanks b occur in s.

g is a function and it is a bijection. Consequently, (i) and (ii) follow. 2
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For a given pre�x stable clause C letK

0

be a set of new constant symbols

given by

fp j 9s Ps 2 Cg [ fp

0

j 9s :Ps 2 Cg:

p and p

0

are the predicate constants. We assume K

0

is a �nite set contained

in K.

Theorem 5.2 Let C be any clause in the basic path logic with maximal

term length m. Let K

0

� K be a set of new constant symbols de�ned as

above. Then there is a one-one correspondence between C and a set T of

terms in T (X

1

; : : : ;X

m

;K) such that

(i) C is pre�x stable i� so is T , and

(ii) C and T have the same number of variables.

Proof. Let T

0

be the set of terms occurring in C. By the previous result

T

0

can be transformed to a set T

00

of terms all with length m and there is

a one-one correspondence between the two sets. Let T be the union of the

following sets of terms:

f[sp] jPt 2 C for g(s) = t in T

0

and s 2 T

00

g

f[sp

0

] j :Pt 2 C for g(s) = t in T

0

and s 2 T

00

g

s is the term with a su�x of blank symbols that corresponds to t in C. The

bijection between C and T is g

0

: T �! C given by

g

0

([stp]) = Ps

g

0

([stp

0

]) = :Ps

where s does not contains blanks, t is a string of blanks only or t is empty

and p and p

0

are the predicate constants in K

0

that are associated with P

and :P , respectively. T is a subset of T (X

1

; : : : ;X

m

;K) and satis�es pre�x

stability i� T

00

does. Also, the number of variables remains unchanged. 2

The described transformation from clauses to sets of terms preserves pre�x

stability because we append the new predicate constant. Prepending the new

constants does not preserve pre�x stability.
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5.3 Variable partitioning

The variable partition of a set T of terms is the �nest partition into subsets

of terms that do not have any variables in common. Di�erent from Joyner

Jr. (1976) ground terms will belong to separate blocks that are singleton sets.

A set of terms is variable indecomposable (or split) i� its variable partition

is a singleton set.

Let �

v

be a binary relation on a set T of terms de�ned by:

s�

v

t i� s and t have a variable in common or s = t.

In general, �

v

is not an equivalence relation, because transitivity may fail.

For example,

[��]�

v

[�] and [�]�

v

[�];

but we do not have that [��]�

v

[�]. However, �

v

de�ned over pre�x stable

terms is transitive, and it is an equivalence relation.

We use the standard notation. If � is an equivalence relation over a set T

then T=� denotes the set of blocks s=� for s in T , where s=� = ft 2 T j s�tg.

T=� is a set of pairwise disjoint sets (the blocks s=�) that exhaust T . T=� is

said to be a partition of T and � partitions T .

�

v

de�ned over terms in the path logic has the following properties:

Lemma 5.3 Let �

v

be de�ned on T for T a set of terms in the path logic.

Let s and t be terms in T with s not ground. Then

(i) s�

v

t i� for some i, sj

i

= tj

i

is a variable.

(ii) s�

v

t i� s and t have a common pre�x [u

1

: : : u

i

] with u

i

a variable.

(iii) �

v

is an equivalence relation.

(iv) For every s in T , s has a pre�x ending with a variable that is common

to all terms in s=�

v

.

If s is ground then

(v) s�

v

t i� s = t.

(vi) s=�

v

is a singleton set.

30



Proof. Suppose s = [u

1

: : : u

i

] and t = [v

1

: : : v

j

] are terms in T with i � j.

Suppose also s is not ground.

(i) By pre�x stability the common variables of s and t occur at the same

position. Thus, assuming s�

v

t, there is a position k � i such sj

k

is a variable

and sj

k

= tj

k

. The converse direction is evident.

(ii) Again, the right to left direction is evident. Suppose s�

v

t. By pre�x

stability it follows that s and t have a common pre�x and by (i) there is a

common pre�x that ends with a variable.

(iii) Evidently, �

v

is reexive and symmetric. Suppose s�

v

t and t�

v

t

0

with t

0

= [w

1

: : :w

k

]. Then there exist two positions l

1

and l

2

such that

sj

l

1

and tj

l

2

are variables and sj

l

1

= tj

l

1

and tj

l

2

= t

0

j

l

2

. Suppose l

1

� l

2

.

By (ii) t = [u

0

: : : u

l

1

v

l

1

+1

: : : v

j

] and t

0

= [u

0

: : : u

l

1

v

l

1

+1

: : : v

l

2

w

l

2

+1

: : : w

k

].

Evidently, sj

l

1

= t

0

j

l

1

and hence s�

v

t

0

. Therefore �

v

is also transitive and an

equivalence relation.

(iv) is by (ii).

(v) and (vi) for s ground, are evident. 2

Theorem 5.4 Let T be a set of terms in the path logic. Then

(i) T=�

v

coincides with the variable partition of T .

(ii) Each block in T=�

v

that is not ground is uniquely associated with a

term [u

1

: : : u

i

] with u

i

a variable that is the pre�x of every term in the

block.

(iii) Any ground block in T=�

v

is a singleton set.

Proof. (i) Since �

v

is an equivalence relation, T=�

v

is a partition of T . Evi-

dently, no two di�erent blocks in T=�

v

share a variable. Because the blocks

cannot be partitioned further, T=�

v

= fs=�

v

j s 2 Tg is the variable partition

of T .

(ii) and (iii) are immediate by (ii) and (vi) of the above lemma. 2

Property (ii) is important. It says that, any block in the partition T=�

v

that

is not ground, is of the form s T (s). Property (iii) says, ground blocks also

have this form, because ground blocks are singleton sets.

Corollary 5.5 Let T be a set of terms in the path logic.
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(i) Each block in the variable partition has the form s T (s). Every non-

ground block is of the form [s�]T ([s�]), for some variable �.

(ii) If T is variable indecomposable then all terms in T have a common

pre�x and there is a pre�x s in T such that T = s T (s).

Proof. By the previous theorem, all terms in the variable partition T=�

v

have

one common pre�x. 2

This substantiates the claim that the variable partition of a set T may be

viewed as a matrix arranged and divided as in Figure 1(a).

5.4 Pre�x partitioning

For any set T of terms from T (X

1

; : : : ;X

m

;K) we de�ne a sequence of m

equivalence relations �

i

, one for each of the �rst m positions (columns in

the matrix representation of T ). In contrast to �

v

, which is determined by

common variables, the relations �

i

are determined by a common pre�x of

length i. Compare the variable partition T=�

v

in Figure 1(a) with the pre�x

partition T=�

i

in Figure 1(b).

For any 1 � i � m, we de�ne �

i

to be the relation on T given by

s�

i

t i� s and t have a common pre�x of length i(9)

i� sj

j

= tj

j

for every j � i:

We say a set T of terms is pre�x indecomposable if s=�

1

= T for every s 2 T .

Lemma 5.6 Let T be a subset of T (X

1

; : : : ;X

m

;K). Let f�

i

g

i

be the family

of relations on T de�ned by (9). Then:

(i) For every i, �

i

is an equivalence relation.

(ii) For every i, T=�

i

is a partition of T .

(iii) The sequence �

1

; : : : ; �

m

is a descending chain, that is, �

m

� �

m�1

�

: : : � �

1

.

(iv) If T is pre�x stable then �

v

� �

1

.

(v) If T is pre�x stable and variable indecomposable then T is pre�x inde-

composable.
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Proof. (i) and (ii) are straightforward.

(iii): By de�nition, s�

j

t i� for every k � j, sj

k

= tj

k

. For any i � j we

have sj

k

= tj

k

for k � i, that is, s�

i

t. Thus, for any i and j if i � j then

�

j

� �

i

.

(iv) For every non-ground terms s; t 2 T , s�

v

t means s and t share a

variable. Pre�x stability for variables implies s�

1

t, that is, s and t have a

common pre�x of at least length one. Otherwise, for ground terms s�

v

t i�

s = t i� s�

1

t by (i) and Lemma 5.3 (v).

(v) is by (iv) since �

v

� �

1

i� s=�

v

� s=�

1

. 2

Theorem 5.7 Let T be a set of terms in the path logic and let s and t be

any terms occurring in T . Then

(i) The blocks s=�

i

in T=�

i

are of the form t T (t) where t is the pre�x of

length i of s.

(ii) The blocks in T (s)=�

i

are of the form t T ([st]) for some t.

Therefore, like in the blocks in the variable partition, the blocks in a pre�x

partition have the form s T (s). A pre�x partition of T by �

i

can be viewed

as in Figure 1(b), where s, s

0

, etcetera all have length i.

Lemma 5.6 proves �

1

; : : : ; �

m

de�ne a sequence of increasingly �ner pre�x

partitions (recall also the example from the overview). This sequence or

nesting of increasingly �ner pre�x partitions induces a tree-like structure

on any pre�x stable set of terms as depicted in Figure 2. Take a variable

indecomposable set of terms s T (s) and view it as a matrix. T (s) is the sub-

matrix that represents the set of su�xes of the term s in s T (s). The next

two theorems prove pre�x stability and condensedness are preserved by both

forming sub-matrices and prepending pre�xes, and hence it follows that, the

sub-matrix T (s) has the same properties as s T (s).

Theorem 5.8 Let T be a set of terms in T (X

1

; : : : ;X

m

;K). The following

statements are equivalent:

(i) T is pre�x stable.

(ii) For every i, every block s=�

i

in T=�

i

is pre�x stable.

(iii) For every s, s T (s) is pre�x stable.

(iv) For every s, T (s) is pre�x stable.
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(v) For every s and t, t T ([st]) is pre�x stable.

Proof. (i) i� (ii): Pre�x stability is preserved by taking subsets and forming

the union of sets of terms that do not share variables (implicit by Ohlbach

1988a), which imply the ()) and (() directions, respectively.

(ii) i� (iii) follows from the previous result.

(iii) i� (iv): The function f : T (s) �! s T (s) de�ned by f(t) = [st]

is a bijection. Thus the ()) direction is straightforward and the converse

direction follows since s and T (s) do not share variables or constants.

(iv) i� (v) follows from (i) i� (ii). 2

Lemma 5.9 Let T be any set of terms. If every subset T

0

of T is condensed

then T is condensed.

Proof. Since T

0

= T is a special case. 2

The converse is not true in general. For example, both the singleton sets

f[��]g and f[�]g are condensed, but their union is not.

Theorem 5.10 Let T be a set of terms in the path logic. The following

statements are equivalent:

(i) T is condensed.

(ii) For every s, s T (s) is condensed.

(iii) For every s, T (s) is condensed.

(iv) For every s and t, t T ([st]) is condensed.

Proof. Since t T ([st]) = t (T (s))(t), (iii) i� (iv) follows from (i) i� (ii). (iii)

implies (i), since T = T ([]).

We prove that if T (s) is not condensed then s T (s) is not condensed, which

implies T is not condensed, that is, (i) implies (ii) implies (iii). Suppose T (s)

is not condensed. Then there is a substitution � such that T (s)� is a proper

subset of T (s). Since prepending a term s is order preserving we conclude

(s T (s))� = s(T (s)�) is a proper subset of s T (s) and this means s T (s) is

not condensed. Since s T (s) and T n s T (s) have no common variables (by

pre�x stability) we derive that

T� = (T n s T (s))� [ s T (s)� = (T n s T (s)) [ s T (s)�:

This is a proper subset of (T n s T (s))[s T (s) = T . Hence T is not condensed.

2
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Consequently, any sub-matrix T (s) is pre�x stable and condensed if s T (s)

is. So, T (s) can be partitioned further either by variable partitioning or pre�x

partitioning and each block has the form t T

0

(t) where T

0

= T (s). Again,

every sub-matrix T

0

(t) of T (s) is pre�x stable and condensed and may be

divided further. This process of repeatedly partitioning sub-matrices has a

�nitely bounded number of levels, because the original matrix T has �nitely

bounded width. It remains to show each partition consists of a bounded

number of blocks with bounded size.

5.5 The embedding of variables

The embedding of the variables occurring in any condensed and variable

indecomposable set T of terms of the basic path logic is given by a family

ff

s

g of functions. For technical reasons we de�ne the f

s

also for constants.

Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable. De�ne f

s

recursively as

follows: For every pre�x [su] in (any term of) T

(i) if s has length m� 1 and u 2 X

m

[K then

f

s

(u) =

(

fp j [sup] 2 Tg if u is a variable

u otherwise, and

(ii) if s has length 0 � i < m� 1 and u 2 X

i+1

[K then:

f

s

(u) = f(f

[su]

(u

i+2

); : : : ; f

[suu

i+2

:::u

m�1

]

(u

m

); p) j [suu

i+2

: : : u

m

p] 2 Tg

if u is a variable, and f

s

(u) = u otherwise.

The restrictions of each f

s

to constants are identity mappings. Restricted

to variables each f

s

maps u = � to a set of tuples that encodes the set of

su�xes of � in T . s in the index of f

s

is the unique pre�x of � in T . For

sample encodings refer back to Figure 4.

Pre�x stability ensures that every variable of T is in the domain of exactly

one function f

s

. Denote the domain of each f

s

restricted to variables by X

s

.

Assuming that s is a pre�x of length i occurring in T then X

s

is a subset of

X

i+1

with

� 2 X

s

i� [s�] is a pre�x in T .
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In words, X

s

is the set of variables of T that all have pre�x s. In the base

case (i) the restriction of f

s

to variables is a mapping from X

s

to a subset of

the set K

0

of predicate constants. For example

f

s

(�) = fp; qg for

[s�p]

[s�q]

:

If s has length m� 2 as in

[s��p]

[s��q]

[s�q]

the restriction of f

s

to variables is a mapping fromX

s

to a subset of the prod-

uct (K [ 2

K

)�K. In this example, f

s

(�) = f(fp; qg; p); (fp; qg; q); (; q)g.

That is, the restriction of f

s

to variables is a mapping

X

s

�! 2

K

if s has length m� 1;

X

s

�! 2

(K[2

K

)�K

if s has length m� 2;

X

s

�! 2

(K[2

(K[2

K

)�K

)�(K[2

K

)�K

if s has length m� 3;

etcetera. In general, the restriction of f

s

to variables is a mapping X

s

�!

2

B

i+1

where s is a pre�x in T of length 0 � i < m and B

i+1

is de�ned

recursively by

B

m

= K

B

i

= (K [ 2

B

i+1

)� : : :� (K [ 2

B

m

)�K for any 1 � i < m:

SinceK is �nite, each 2

B

i+1

is a �nite Boolean algebra. The size of each f

s

(�)

is bounded by 2

jB

i+1

j

for some i. Provided the restriction of f

s

to variables

is an embedding of X

s

into 2

B

i+1

, it follows that X

s

is �nite. If this is true

for all s then each X

i

is �nite and the number of variables in T is �nite and

we have completed the decision proof.

Clearly, f

s

is not an embedding for every T , especially not if T is not

condensed, because both variables �

1

and �

2

in

[s�

1

p]

[s�

2

p]
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for example, are mapped to fpg. However, for condensed T each f

s

restricted

to variables is an embedding. Proving this is the technical part of the paper.

When we say a function is an embedding we mean it is an injection.

We need the following mapping. Let � be an arbitrary variable in X

s

�

X

i+1

with pre�x s. For any T (not necessarily condensed) de�ne a mapping

h

�

: �T ([s�]) �! f

s

(�)

from the block of su�xes of a variable � (including the variable) to the

encoding of that variable speci�ed by

h

�

([�u

i+2

: : : u

m

p]) = (f

[s�]

(u

i+2

); : : : ; f

[s�u

i+2

:::u

m�1

]

(u

m

); p):

That is, h

�

maps any su�x [�u

i+2

: : : u

m

p] beginning with � to the tuple of

encodings of the u

i+j

following �.

Lemma 5.11 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable. Let � be a

variable in X

i+1

with pre�x s. Then h

�

is a surjective function.

Proof. We readily see that h is well-de�ned, total and single-valued. That h

is onto, that is, for any tuple a in f

s

(�) a term t exists in �T ([s�]) such that

h

�

(t) = a, follows from the de�nition of f

s

. 2

We will show that h

�

is a bijection, provided T (or �T ([s�])) is condensed

(Theorem 5.16).

The next theorem is important as it relates condensedness to the antichain

property of the variable encodings.

Theorem 5.12 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable. Let � and �

be two di�erent variables in T with a common pre�x s. If f

s

(�) � f

s

(�) then

there is a non-trivial substitution � such that

(�T ([s�]))� � � T ([s�]):

Proof. We construct � by induction on the length of s. Example (iii) of

Figure 4 illustrates the base case and example (v) the inductive step.

In the base case we assume s has length m� 1 and �; � 2 X

m

. We have

f

s

(�) = fp j [s�p] 2 Tg

�T ([s�]) = f[�p] j p 2 f

s

(�)g:
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Let � be the binding f� 7! �g. (i) When f

s

(�) � f

s

(�), then (�T ([s�]))� =

f[�p] j p 2 f

s

(�)g is a subset of � T ([s�]) = f[�p] j p 2 f

s

(�)g.

The inductive hypothesis is: For any ; � 2 X

i+j+1

with a common pre�x

t in �T ([s�]) and � T ([s�]), respectively (with � replaced by �), if  6= �

and f

t

() = f

t

(�) then there is a substitution � such that

( T

0

([t]))� = � T ([t�]):

T

0

is Tf� 7! �g. The equality symbols instead of the inclusion symbols is

not a mistake. It turns out we not need the more general condition for the

inductive step.

In the inductive step we assume �; � are in X

i+1

and the length of their

common pre�x s is i. Suppose � 6= � and f

s

(�) � f

s

(�). We aim at showing

(�T ([s�]))� for a suitable � is a subset of � T ([s�]). � will include the

binding

�

0

= f� 7! �g

plus other substitutions � from the inductive hypothesis.

Given that f

s

(�) � f

s

(�), the sets �T ([s�]) and � T ([s�]) can be viewed

as depicted in Figure 5. �T ([s�]) is the union of the set

f[� : : : p] j [s� : : : p] 2 T with the `: : : ' being constants onlyg(�)

and the sets

[�t]T ([s�t])(��)

for  any variable following � so that at the positions between � and 

only constants occur. The term t is a string of constants only. Analogously,

� T ([s�]) is the union of a (�)-part of terms in which � is followed by con-

stants only, and a (��)-part of terms in which � is followed by some variable.

Because f

s

(�) � f

s

(�), the (�)-part of �T ([s�]), modulo a substitution,

is a subset of the (�)-part of � T ([s�]). For any term t

1

= [� : : : p] in (�)

there is a term t

2

= [� : : : p] in � T ([s�]). The dots in t

1

and t

2

denote the

same string of constants. Thus, t

1

�

0

= t

2

. If �

0

� �, then � uni�es the

(�)-part of �T ([s�]) with a subset of the analogous (�)-part of � T ([s�]).

We now consider the sets of the form (��) or (��) and apply the inductive

hypothesis to  T ([s�t]). f

[s�t]

() is the set

f(f

[s�t]

(u

i+j+2

); : : : ; f

[s�tu

i+j+2

:::u

m�1

]

(u

m

); p) j [u

i+j+2

: : : u

m

p] 2  T ([s�t])g
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Figure 5: �T ([s�])[ � T ([s�])
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and for any (a

i+j+2

; : : : ; a

m

; p) 2 f

[s�t]

(), any

b = (�; : : : ; f

[s�t]

(); a

i+j+2

; : : : ; a

m

; p)

that is in f

s

(�) and is also in f

s

(�). Let F be the set of such tuples b, that

is,

F = f(: : : ; f

[s�t]

(); a

i+j+2

; : : : ; a

m

; p) 2 f

s

(�) j (a

i+j+2

; : : : ; a

m

; p) 2 f

[s�t]

()g:

Note the arguments before f

[s�t]

() are all constants, since t is a string of

constants. We have

F � f

s

(�) � f

s

(�):

Since h

�

is onto (Lemma 5.11), for any tuple b 2 F , there is a term t

0

in

� T ([s�]) such that h

�

(t

0

) = b. This means, there is a variable � in � T ([s�]

with pre�x [s�t] (as depicted in (��)) such that

f

[s�t]

() = f

[s�t]

(�)

and F = h

�

([�t�]T ([s�t�])). Instantiate � in T with � to get T�

0

, in which

then f

[s�t]

() = f

[s�t]

() and hence

f

[s�t]

() = f

[s�t]

(�):

By the inductive hypothesis a substitution � exists such that

( (T�

0

)([s�t]))� = � (T�

0

)([s�t�]):(��)

� contains the binding  7! �.

Therefore, a substitution � that is such that (�T ([s�]))� � � T ([s�]) as

required by the theorem is

�

0

[ f� j � satis�es (��) with  a variable in some (��)-part of �T ([s�])g:

This completes the proof. 2

If there is substitution � such that (�T ([s�]))� � � T ([s�]) and � and �

are di�erent then the block [s�]T ([s�]) of T is redundant, and both s T (s)

and T are not condensed. For condensed T and s T (s) a necessary require-

ment is then that for every pair of di�erent variables

f

s

(�) 6� f

s

(�):

In other words:
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Corollary 5.13 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable. If T is con-

densed then the set of f

s

images of X

s

form an antichain (the antichain

property of f

s

).

Furthermore:

Corollary 5.14 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable and condensed.

Let � and � be variables in X

i+1

with a common pre�x s. Then

f

s

(�) � f

s

(�) implies � = �.

Proof. If � 6= � then by the previous result there is a substitution � such that

(�T ([s�]))� � � T ([s�]) and ([s�]T ([s�]))� � [s�]T ([s�]), which implies

s T (s) is not condensed. Then by Theorem 5.10, T is also not condensed. 2

The antichain property of the f

s

is a necessary but not a su�cient con-

dition for condensedness. The problem are constants. The set

[s�p]

[s�� p]

is not condensed but it does satisfy the antichain property, because f

s

(�) =

f(; p)g and f

s

(�) = f(fpg; p)g are not comparable. The redundancy elimi-

nating substitution is f� 7! g and involves binding a constant which is not

conveyed by the encoding.

A special case of Corollary 5.14 is

f

s

(�) = f

s

(�) implies � = �,

which says that the restriction of f

s

to variables is one-one.

Corollary 5.15 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable and condensed.

For any pre�x s occurring in T , the restriction of f

s

to X

s

is an embedding

into 2

B

i+1

.

Proof. We consider f

s

: X

s

�! 2

B

i+1

with X

s

non-empty. f

s

is total and it

is single-valued (that is, if � = � then f(�) = f(�)), hence, it is a function.

By the previous corollary f

s

is an injection. 2

Now it follows that for condensed T , h

�

is an injection, too.
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Theorem 5.16 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable. Let � be any

variable in X

i+1

with pre�x s. If T is condensed then h

�

is a bijection.

Proof. In Lemma 5.11 we showed that h

�

with � a variable in T (not neces-

sarily condensed) is a surjection. Let

t

1

= [�u

i+2

: : : u

m

p] and t

2

= [�v

i+2

: : : v

m

q]

be arbitrary terms in �T ([s�]) and assume h

�

(t

1

) = h

�

(t

2

). This means

f

[s�]

(u

i+2

) = f

[s�]

(v

i+2

), f

[s�u

i+2

]

(u

i+3

) = f

[s�v

i+2

]

(v

i+3

), etcetera. For every

constant � occurring in �T ([s�]), f

s

(�) = �. This means t

1

and t

2

are equal

at all positions that are �lled with constants, in particular, p = q. Thus, if

t

1

contains no variable, neither does t

2

and t

1

= t

2

.

If t

1

does contain a variable, let  be the �rst variable following �, that

is, let

t

1

= [�t

0

u

i+j+1

: : : u

m

p]:

t

0

is a string of constants. Then

t

2

= [�t

0

�v

i+j+1

: : : v

m

p]

for some suitable v

i+j+1

; : : : ; v

m

. Since h

�

(t

1

) = h

�

(t

2

), f

[�t

0

]

() = f

[�t

0

]

(�)

and this implies using Corollary 5.14 that,  = �. Repeat the argument for

the variables following .

We conclude that if h

�

(t

1

) = h

�

(t

2

) then t

1

= t

2

, that is, h

�

is injective.

2

This proves there is a one-one correspondence between �T ([s�]) and f

s

(�),

provided T is condensed. Or, if T is not condensed then there is a one-one

correspondence between the condensation of �T ([s�]) and f

s

(�).

Corollary 5.17 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable and condensed.

Let � be a variable in X

i+1

with pre�x s. Then �T ([s�]) and f

s

(�) have the

same cardinality.

Proof. h

�

is a one-one function from �T ([s�]) onto f

s

(�). 2

Lemma 5.18 Let T � T (X

1

; : : : ;X

m

;K) be pre�x stable and condensed.

Let K be a �nite set of constants. Then:
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(i) For every variable � occurring in T , the size of f

s

(�) is �nitely bounded.

(ii) For every variable � occurring in T , the size of �T ([s�]) is �nitely

bounded.

(iii) For every constant � occurring in T , the size of � T ([s�]) is �nitely

bounded.

(iv) For every pre�x s occurring in T , the size of s T (s) is �nitely bounded.

(v) The size of every block uT (u) in the �

1

-partition of T is �nitely bounded.

(vi) The size of every block s=�

v

in the variable partition of T is �nitely

bounded.

Proof. (i) K is �nite and the size of f

s

(�) is limited by 2

jB

i+1

j

, for some i.

(ii) is then immediate by the previous corollary.

(iii) � T ([s�]) can be viewed like �T ([s�]) in the proof of Theorem 5.12

(see Figure 5) as the union of a (�)-part of the terms in which � has no vari-

able in the su�xes, and a (��)-part of terms in which � does have variables

in the su�xes. The size of the constant part (�) is bounded, since K is and

because T is condensed. By (ii), the size of the non-constant part (��) is

also bounded. Thus a size bound exists for � T ([s�]).

By (ii) and (iii) a size bound exists for any uT ([su]), where u a variable

or a constant. uT ([su]) and [su]T ([su]) have the same cardinality. Thus (iv)

follows.

(v) is a special case of (iv).

And, (vi) is by Lemma 5.6 (iv) and (v). 2

(v) and (vi) allow us to conclude that, given that T is built from �nitely

many constant symbols and predicate symbols,

(i) if T is pre�x indecomposable then the size of T is �nitely bounded, and

consequently,

(ii) if T is variable indecomposable then the size of T is �nitely bounded,

too.

Theorem 5.19 Let T be any variable indecomposable and condensed set of

terms in the path logic in which �nitely many constant symbols occur and

in which the maximal term depth is �nitely bounded. Then the size of T is

�nitely bounded.
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Then there are only �nitely many non-variant variable indecomposable

sets of terms, and consequently:

Theorem 5.20 Let T be any condensed set of terms in the path logic in

which �nitely many constant symbols occur and in which the maximal term

depth is �nite. Then T is bounded in size.

6 Resolution for path logics and its applica-

tion

It follows that R

cond

with syntactic uni�cation terminates for any �nite input

set c(') of path clauses.

Theorem 6.1 Resolution together with condensing is a decision procedure

for the satis�ability problem of a �nite set of �nite clauses in the basic path

logic (with empty theory).

More generally:

Theorem 6.2 Any complete resolution procedure with condensing is a de-

cision procedure for the satis�ability problem of a �nite set of �nite clauses

in path logics, provided

(i) a term depth bound exists, and

(ii) uni�cation is decidable.

These are the main theorems, and in what follows we discuss their applica-

tions and signi�cance.

Theorem 6.1 is a special case of Theorem 6.2 and bears decision proce-

dures for modal systems with empty theory ��

f

(�). It is immediate that

resolution and condensing provides a decision procedure for the satis�ability

problem of modal formulae in K and KD.

The functional encodings of multi-modal K and KD formulae are formu-

lae inside a path logic extended with sorts. The sorts are used for associating

path variables and constants with the di�erent modal operators, for details

see Ohlbach and Schmidt (1995). Extending the boundedness proofs for basic

path logic with sorts is not di�cult. Consequently, resolution and condensing
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provides a decision procedure for the satis�ability problem of modal formulae

in multi-modal K and KD.

Standard resolution combined with condensing can be made more e�-

cient. There are numerous re�nement strategies that reduce the search space

of resolution. Theorem 6.1 implies resolution and condensing combined with

any re�nements that render a complete procedure will also be a decision pro-

cedure for basic path logic and uni- as well as multi-modal K and KD.

Theorem 6.2 de�nes exactly the class of path logics (in general, with a

theory) for which ordinary resolution plus condensing is a decision proce-

dure. The conditions require an upper bound exists for the term depth of

all resolvents and uni�cation modulo the theory is decidable. Both condi-

tions are true for path logics associated with the axioms T or B, or both. It

remains to be investigated exactly which modal logics meet the conditions

of the theorem. For transitive modal logics the �rst condition is not true,

in particular, not for unre�ned resolution. However, the theorem provides a

partial proof of a resolution decision result for transitive modal logics, since it

gives a size bound for resolvents. The proof is complete when we can exhibit

a re�nement strategy that ful�lls the term depth bound condition.

The theorems are powerful for several reasons. One, as we have just

explained, they render resolution based decision procedures for many uni-

modal and multi-modal non-transitive extensions of K and KD.

Two, the theorems can be applied in many areas. They are applicable

in all areas of computer science in which modal logics are used. A rich

�eld of application for modal logic is knowledge representation based on a

system called kl-one. Description logics like ALC (Schmidt-Schau� and

Smolka 1991) are in essence multi-modal logics (Schild 1991, van der Hoek

and de Rijke 1995). Hence, resolution and condensing provides a decision

procedure for the consistency problem of sentences in ALC.

Resolution and condensing may also be used for doing arithmetic in-

side the algebraic counterparts of modal logics. The algebraic versions of K

and multi-modal K are Boolean algebras with unary operators (J�onsson and

Tarski 1951 & 1952).

The third and very practical consequence of the theorems (in particular

Theorem 6.1) is that any existing �rst-order theorem prover using the resolu-

tion approach is a suitable inference machine for modal reasoning, subsump-

tion testing in description logics and arithmetic with algebraic identities.

Condensing is not an operation that is explicitly present in standard the-

orem provers, which use subsumption deletion for eliminating redundancy.

45



1

10

100

1000

10000

100000

5 10 15 20 25 30 35 40

C
PU

 ti
m

e 
(i

n 
se

cs
)

Ratio of conjunctions over propositional variables

Ordered resolution (SPASS)
Hyper resolution (OTTER)

Tableaux (KRIS)
Modal Davis-Putnam (KSAT)

Sequent calculus (LWB)

Figure 6: A comparison of the performance of di�erent theorem provers

But, as a condensation of a clause C is a factor of C that subsumes it,

condensing can be simulated by any fair implementation of factoring and

subsumption and is implicit in all `fair theorem provers'. For many modal

systems no special re�nement strategies of resolution (with or without a the-

ory) are required. All we have to implement, is a front end for transforming

modal formulae to their path encodings and then we can use one of many res-

olution based theorem provers that are available. This gives users complete

freedom to �ne tune their theorem prover for improved performance with

any modi�cations of the standard resolution calculus (for example, hyper-

resolution) or additional reduction rules (for example, tautology deletion) or

re�nement strategies (for example, ordering strategies) that are compatible

with resolution and condensing, or subsumption deletion.

In practice, performance depends very much on the re�nements used and

the sophistication of the implementation. This is demonstrated in the exper-

iments by Hustadt (1997). Figures 6 and 7 give the relative performances of

implementations of di�erent decision methods. The systems used are otter

Version 3.0 (McCune 1994) with the hyper resolution setting, the prototype
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spass Version 0.42 (Weidenbach, Gaede and Rock 1996) implementing stan-

dard resolution restricted by an extension of the Knuth-Bendix ordering, a

system called ksat (Giunchiglia and Sebastiani 1996a) based on a Davis-

Putnam algorithm for propositional modal logic, the KRIS system (Baader

and Hollunder 1991) developed for description logics including ALC which

uses a tableaux method, and the Logics Workbench (LWB) (Heuerding and

Schwendimann 1996) which is based on a sequent calculus.

Each point in the graph of Figure 6 gives the accumulated cpu runtime for

testing the satis�ability of one hundred K -formulae of the same complexity.

The formulae are in a normal form generated at random according to the

scheme of Giunchiglia and Sebastiani (1996a, 1996b). The �xed parameters

are: �ve propositional variables, three disjuncts in any clause and modal

degree two. The number of conjunctions vary which is reected along the

horizontal axis in the ratio of the number of conjunctions over the number

of propositional variables. This ration provides a measure for the complexity

of the di�erent sets of formulae.

The runtime values are plotted in logarithmic scale along the vertical axis

and give the total cpu time for the reasoning process on one hundred formu-

lae. Excluded from the measurement are: the transformation of the modal

formulae to the respective languages of the theorem provers, doing obvious

simpli�cations that throw out trivial tautologies, and the conversion of the

�rst-order formulations to clausal form for otter and spass. Problems not

solved within the time-limit of 1000 seconds are not penalised and contribute

1000 seconds to the total runtime. No theorem prover completes all problems

within the time-limit. Some do better than others as we see in Figure 7.

The benchmarks indicate the superiority of a state of the art theorem

prover, like spass, utilising the optimised functional translation method over

all special purpose modal theorem provers for K that we are aware of.

7 Concluding remarks

There are a number of open ends. A pertinent question is, which logics in the

hierarchy of propositional normal modal logics that are decidable can be em-

bedded in the class of path logics and satisfy the conditions of Theorem 6.2.

An issue not addressed in this paper is computational complexity. The

space bound for condensed clauses implicit in the encoding by f

s

is non-

elementary. Whether an improved space bound can be found that is expo-

48



nential or even polynomial is open. A starting point for investigations in this

direction is the result by Sperner (1928) on the maximal size of antichains

in �nite power set algebras. Alternatively, a more focussed study of the de-

duction steps of resolution and their e�ect on variables may yield a space

bound that is closer to the optimal polynomial space bound. The complex-

ity of re�ned resolution procedures which are more e�cient is of particular

interest.

There are interesting decidable extensions of propositional modal logic,

which have not been explored in the functional framework, for example,

extensions with many-dimensional modal operators like the operators of

Tarskian set constraints and extensions with nominals in modal logic, or

constants (ABox elements) in description logics.
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