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Abstract

Weo specify and implement a kernel for computational geometry in arbitrary fi-
nite dimensional gpace. The kernel provides points, vectors, directions, hyperplanes,
scgments, rays, lines, atline transformations, and operations connecting these tyvpes.
Points have rational coordinates, hvperplanes have rational coefficients, and anal-
ogous statements hold for the other types. We therefore call our types ret_point,
rat_vector, rat_direction, rot_hyperplane, rof_segment, rat_roy and rat_line. All ge-
ometric primitives are ezact, i.e., they do not incur rounding error (because they
are implemented using rational arithmetic) and always produce the correct regult,
To this end we provide types integer_vector and integer_matriz which realize cxact
linecar algebra over the integers.

The kernel is submitted to the CGAL-Consortium as a proposal for its higher-
dimensional geometry kernel and will become part of the LEDA platform for com-
binatorial and geometric computing.

*T'his work was carried out as part of EUI LI'R CGAL,
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1 Introduction

We detine and implement the basic data types of higher-dimensional computational geom-
ctry: points, vectors, directions, hyperplanes, segments, rays, lines, afline transformations,
and operations connccting these types. Points have rational coordinates, hyperplancs
have rational coctlicients, and analogous statements hold for the other types. We there-
fore call our tvpes rat_point, rat_vector, rat_divection, rat_hyperplane, rat_segment, rat_ray
and rat_fine. All geometric primitives are ezact, le., they do not incur rounding error
(becanse they are implemented nsing rational arithmetic) and always produce the correct
rosult. To this cud we provide types integer_vector and infeger_matriz which roalize exact
lincar algehra over the integers.

We need to briefly review the basics of analytical geometry, We use d to denote the
dimension of the ambient space and assnme that our space is equipped with a standard
Cartesian coordinate system. We identity any point p with its carfesian coordinate vector
P = {(po.....p4-1), where the p, 0 <7 < d, ave rational numbers. We store a point by
homogenous coordinates (A, . ... hy) where p; = Jyfhy for all . 0 <4 < d, and the by's
arc integer (LEDA type integer). The homogenizing coordinate by is always positive.

Points, vectors, and directions are closely related but nevertheless clearly distinct
types. In order to work out the relationship it is usefull to identity a point with an
arrow extending from the origin (= an arbitrary but fixed point) to the point. In this
view a point is an arrow attached to the origin. A vector is an arrow that is allowed
to float freely in space, more precisely, a vector is an equivalence class of arrows where
two arrows are equivalent if one can be moved into the other by a translation of space.
Points and vectors can be combined by some arithmetical operations. For two points p
and ¢ the difference p — ¢ is a vector (= the equivalence class of arrows containing the
arrow extending from ¢ to p) and for a point p and a vector v, p + v is a point. All
operations of linear algebra apply to vectors, 1.e., vectors can be stretched and shrunk (hy
multiplication with a scalar) and inner and cross product applies to them. On the other
hand, geometric tests like collinearity, only apply to points,

A direction is also an equivalence clags of arrows, where two arrows arc cquivalent
if one can be moved into the other by a translation of space followed by stretching or
shrinking. Alternatively, we may view a direction as a point on the unit sphere. In
two-dimensional space directions correspond to angles.

The defanlt ditnension of all objects 1s 2. This means that a call to the standard con-
structor rat_point() delivers an instance of type rat_point for planar geometry. A point in
d-dimensional space is constructed by p(integer_vector ¢, integer D) or p(integer_vector ¢).
In addition there are standard static initialization operations 42 and 48 which allow com-
fortable creation of objects for the dimensions 2 and 3.

With respect to the user interface we can group together points, vectors, directions
and on the other hand segments, rays and lines. For the first group there are common
operations like [| and coord() to access cartesian coordinates and Acoord() to access ho-
mogenous coordinates. Conversions within the first group can be made by operations
with prefix to.. Thus to interpret a point p as its coordinate vector with respect to the
origin one can use p.to_rat_vector() or to_rat_vector(p). For the second group there are
similar operations to access the coordinates of the determining pair of points.

The input and output operators of group one and hyperplane objects work on integer
tuples (ig,. ... 24-1,1q) with d+ 1 components (homogenous representation). This extends



to @ pair of points with syntax [(¢0....,2d) === (Ja.....Jja)] for the objects of the second
gl'()llI).

There are many operations that are only available for two-dimensional objects. Some
of these make only sense for two-dimensional ohjects, e.g., the right_turn predicate for
points, and others come with a special syntax for d-dimensional predicates, e.g., the ori-
entation predicate for (d+ 1)-tuples of points. We have three reasons for this verbosity: It
allows a more natural mode of expression, it (essentially) gnarantees upward compatibil-
ity with the previous 2d rationsl geometry module of LEDA, and it allows more efficient
implementation of the two-dimensional operations.

For all of our hasic geometric types we have affine transformations which can be used
by a call to the common member operation transform().

The geometry kernel presented in this paper is submitted to the CGAL-consortium
as a proposal for its higher-dimensional geometry kernel and will also become part of
LEDA [MXN89, MN95, NU95]. The CGAL-consortium is also developing a kernel for two-
and three-dimensional geometry [FGK196, Ove96]. This kernel is parametrized with the
underlying arithmetic; the rational arithmetic version offers similar functionality to the
kernel described here. The design of our kernel was mainly influenced by three sources:
the experiences with the two-dimensional LEDA geometry kernel, our experiences with an
experimental higher-dimensional kernel [MZ94], and discussions with the group developing
the low-dimensional CGAL-kernel.

This docnment has two main parts. The first part contains the mannal pages of the
implemented data types grouped into the linear algebra module and the geometric objects
module {the actual geokernel). Iu the second part we append the complete implementation
of each data tvpe in form of CWEB-projects.



2 The Manual Pages

2.1 The Linear Algebra Module

2.1.1 Matrices with Integer Entries (integer matrix)

1. Definition

An instance of data type integer matriz is a matrix of integer variables. The types inte-
ger matrix and integer vector together realize many functions of basic linear algebra. All
functions on integer matrices compute the exact result, Le., there is no rounding error.
Most functions of linear algebra are checkable, i.e., the programs can be asked for a proof
that their output is corrcct. For example, if the lincar svstem solver declares a lincar

system Ax = b unsolvahle it also returns a vector e such that e A = 0 and ¢'b #£ 0.

2. Creation

integer_maotric M (int n =0, int m = 0);
creates an instance M of type integer_matrix, M is initial-
ized to the n x m - zero matrix.

integer-matriz M (array<integer_vector>A);
creates an instance A of type integer matrix. Let A be an
array of m column-vectors of common dimension n. M 1s
initialized to an n x e matrix with the colmnns as specified

by A.
3. Operations
it M .diml(: :] roturns n, the number of rows of M.
nt M.dim2() returns e, the number of columns of M.

integer_vector&s M.row(int ¢)

returns the ¢-th row of M (an r-vector).
Precondition: 0 <7 <n — 1.

integer_vector M.col(int i) returns the ;-th column of M (an n-vector).

Precondition: 0 <1 <m — 1.

integerds M{int i, int j)
returns M; ;.
Precondition: 0 <:<n—1land 0 <3< m—1.



mnteger_matric M + M1 Addition.
Precondution: M.dunl() = M1.diml({) and M.dim2() =
M1.dim2().

anteger ynatriz M — M1 Subtraction.
Precondition: M.diml() = M1.diml() and M.dim2() =
M1.dim2().

integer_maoetriz M+ M1 Multiplication.
Precondition: M.dim?2() = M1.diml1().

wnteger_vector M o« integer vector vec

Multiplication with vector.
Precondition: M.dim2() = vee.dim().

wnteger—maetrie M o« anteger ¢ Multiplication of every cntry with wmteger #.
wnteger—maetriz teger x o+ M Multiplication of every entry with integer z.

integer_matriz identity(int n)

returns an n by n identity matrix.

integer_maotriz transpose( integerometrizc M)

returns MY (m x n - matrix).

integer_maotriz inverse(integeromatriz M. integerds D)
returns the inverse matrix of M. More precigsely, 1/D times
the matrix returned is the inverse of M.
Precondition: determinant(M) #£ 0.

bool  inverse(integer_matriz M, integer_matrizds dnverse, integer&s D,
integer_vectords ¢)

determines whether A7 has an inverse. It also computes either the inverse
as (1/D) - inverse or a vector ¢ such that ¢7 - M = 0.

integer determivant (enteger_matric M. integermatriz&e L, integer_matriz & U,
array<int>& q, integer vector&s ¢)

returng the determinant D of M and sufficient information to verify that
the value of the determinant is correct. If the determinant is zero then ¢
is a vector such that ¢ - M = 0. If the deferminant is non-vero then L
and U are lower and upper diagonal matrices respectively and g cucodes a
permutation matrix ¢ with Q(¢,7) =11t ¢ = ¢(;) such that L- M -Q = U,
L(0,0) = 1, L(e,s) = Tlr—Le— 1) forall 2, 1 < ¢ < n, and D =
s-U{n—1n—1) where s 1s the determninant of ).

Precondition: M 1s quadratic.



bool  verifv.determinant(integer_matriz M. integer D, integeromatrizdc L.
integer_natrinds U, array<int>q, integer_vectords ¢)

verifies the conditions stated above.

integer determinant (integer_matriz M)

returns the determinant of A
Precondition: M is quadratic.

int sign of determinant (integer matriz M)

returns the sign of the determinant of M.
Precondition: M 1s quadratic.

beol  linearsolver(integer_matriz M, integer_vector b, integer_vectords z, integerés D,
integeromatrinds spanning vectors, integer vectorde «)

determines the complete solution space of the lincar systemn M -0 = 5. Tf
the system is unsolvable then ¢ - M = 0 and 7 - & # 0. If the system
is solvable then (1/D)x is a solution, and the columns of spanning vectors
are a maximal set of linearly independent solutions to the corresponding
h()IH()g(—?n(—?()'IIS S}"St(—‘]f[l.
Precondition: M.diml() = b.dim().

hool  lineavsolver(integer_matriz M, integer_vector b, integer_vectords x, integer& D,
integer_vectordes o)
determines whether the lincar svstem M - 2 = b is solvable. If yes, then
(1/D)x is a solution, if not then ¢” - M = 0 and ¢" -5 £ 0.
Precondition: M.dim1() = b.dim().

bool  linearsolver(integer matriz M, integer vector b, integer_vectords z, integer&s D))

as above, but without the witness ¢

Precondition: M.dim1() = b.dim().

hool  solvable(integer matriz M, integer vector b)

determines whether the system M - & = b is solvable
Precondition: M.dim1() = b.dim().

bool  homogeneouslinear solver(integer matriz M, integer vectords z)

determines whether the homogeneous linear system M - o = 0 has a non-
trivial solution. If yes, then @ 1s such a solution.

void  independent colnmns(integer_matric M, array<int>& columns)
returns the indices of a maximal subset of independent columns of M. The

index range of columns starts at (.

int rank(integer_matriz M)
refurns the rank of matrix M
ostreamds ostreamdc 0 <« M

writes matrix M row by row to the output streamn O.



wstreamds istream&s T > integer_matrinds M

reads matrix M row by row from the input stream 7.

4. Implementation

The datatype integer matrix 1s implemented by two-dirmensional arrays of integers. Op-
erations determinant, inverse, linear_solver, and rank take time O(n?), col takes time
O(n), row, diml, dim2, take constant time, and all other operations take time O(nm).
The space requirement is O(nm).

All functions on intcger matrices compite the exact result, ic., there is no rounding
crror. The implemenation follows a proposal of J. Edmonds (J. Edmonds, Systems of
distinct representatives and linear algebra, Journal of Research of the Bureau of National
Standards, {B), 71, 241 -243). Most functions of lincar algehra arc checkable, i.c.. the
programs can be asked for a proof that their ontput is correct. For example, if the lincar
gvstem solver declares a linear svstem Az = b unsolvable it also returns a vector ¢ such

that ¢! A =0 and /b # 0.

2.1.2 Vectors with Integer Entries (integer_vector)

1. Definition
An instance of the data type infeger_vector 1s a vector of variables of fype integer.
2. Creation

integer vector u; creates an instance v of type integer_vector; v is initialized to
the zero-dimensional vector.

integer vector w(int d);  creates an instance v of type integer vector: v is inisialized to
the zero vector of dimension d.
integer_vector wv(integer a, integer b);

creates an instance » of type integer_vector; v 1s imitialized to
the two-dimensional vector {a, b).

integer_vector v(integer a, integer b, infeger cf;

creates an instance v of tyvpe integer_vector; v is initialized to
the three-dimensional vector (a,b,¢).

3. Operations

it wdim( ) returns the dimension of v.



integerd vlint i returns 7-th component of v.
Precondition: 0 < ¢ < wdim( ) — 1.
This check can be turned off by the flag
LEDA_CHECKING.OFF.

integer_vectords v+ = vl Addition plus assigument.
Precondition: w.dim( ) = ol . dim( ).

integer vectords  v— = vl Subfraction plus assignment.
Precondition: wdim( ) = vl.dim( ).

integer vector v+ vl Addition.
Precondition: w.dim( ) = vl.dim( ).

integer_vector i — ul Subtraction.
Precondition: wdim( ) = wl.dim( ).
wnteger v * vl Inner Produes.
Precondition: w.dim( ) = ul.dim( ).
wnteger_vector integer % v Cormponentwise multiplication with nnmber .
integer_vector v * integer r Componentwise multiplication with number r.
hool ¢ = w Test for equality.
bool vl=w Test for inequality.
ostreamnds ostreamds 0 € v writes v componentwise to the outpuf stream
0.
istream& istreamndc 1 > integer_vectords v

reads ¢ componentwise from the input streamn

I

4, Implementation

Vectors arc implemented by arrays of intcgers. All operations on a vector » take time
O(v.dim( )), except for dim and [ | which take constant time. The space requirement is

Ofw.dim( ).



2.2 The Geometric Objects

2.2.1 Rational Points (rat_point)

1. Definition

An nstance of data type rotpoint 18 a point with rational coordinates in an arbitrary
dimensional space. A point p = (po.....pe—1) in d-dimensional space is represented by
homogeneous coordinates (hy, fi1. ..., hg) of arbitrary length integers such that p; = hifha.
The homogenizing coordinate hy is positive.

We call p;, 0 < ¢ < d the i-th cartesian coordinate and f;, 0 << ¢ < d, the ¢-th homogeneous
coordinate. We call d the dimension of the point.

The default ordering is the lexicographic ordering of the cartesian coordinate tuples.

rat_point is an item type.

2. Creation

rat_point plint d = 2): introduces a variable p of type raf_point in d-dimensional

space.
rat_point  plinteger a, integer b, integer D = 1)
introduces a variable p of tvpe rat_point initialized to the
two-dimensional point with homogeneous representation
(a. b, D) if D is positive and representation (—a, —b, — D)

if I is negative.
FPreeondition: 1) is non-zcro.

rat_point  plinteger_vector e, integer D);
introduces a variable p of type ral_point initial-
ized to the point with homogeneous coordinates
(=eu, ..., teqy, £D), where d is the dimension of ¢ and
the sign chosen 1s the sign of D).
Precondition: D 13 non-zerao.

rat_point  plinteger_vector ¢); introduces a variable p of type rat_point initialized to the
point with homogeneous coordinate vector +e. where
the sign chosen 1s the sign of the last component of ¢
Precondition: The last component of ¢ is non-zero.

3. Operations



3.1 Initialization, Access and Conversions

rat_point

rat_point :: d2(integer a, integer b, integer D = 1)

returns a rai_point of dimension 2 initialized to a point
with homogeneous representation (a.b, D) if D is posi-
tive and representation (—a, —b, —D) if D Is negative.

Precondition:

rat_point

D is non-zero.

rafopoint o d3{integer a, wnteger b, integer ¢, indeger D = 1)

returns a rat_peint of dimension 3 initialized to a point
with homogeneous representation (a,b, ¢, D) if D is pos-

itive and representation (—a, —b,

tive.
Precondition:

rot_point rat_pownt corigin{imt d = 2)

—c,— D)t D s nega-

D is non-zcro.

returus the origin in d-dimensional space.

returns the dimension of p.
refurus the -th cartesian coordinate of p.
returns the ¢-th cartesian coordinate of p.

returng the i-th homogencous coordinate of p.

nt pdim( )

rational p.coord(int i)

rational plint i

wmnteger phcoord(int i)

rat_point ptranstorm( off_transformation t)

rat_vector

rat_vector

rat_direction  ptorat.direction( )

p.torat_vector( )

refurns 1(p).

converts p to an vector.

torat_vector(raf_point p)

converts p to an vector.

converts p to a direction.
Precondition: p 1s different form the origin.

rat_direction torat.dircction(rat point p)

converts p to a direction.
Precondition: p is different form the origin.

Additional Operations for points in two-dimensional space

rational

rational

p.xcoord( )

p.yeoord( )

returng the zeroth cartesian coordinate of p.

returns the first cartesian coordinate of p.



integer
wnteger
wnteger

raf_poind

rat_point

3.2 Tests

hool

hool

hool

hool

pX() returns the zeroth homogeneous coordinate of p.

p.Y() returns the fivst homogencous coordinate of p.
2 W() refurns the homogenizing coordinate of p.

protated0({ rat_point q)
returns p rotated counterclockwise by 90 degrees about
q.

prrotated0( ) returns p rotated counterclockwise by 90 degrees about
the origin.

pisoriging ) returng trie if p is equal to the origin.

identical(ratpoint p, rat_point q)

test for identity

= test for equality.

pl=yq test for ineguality.

3.3 Arithmetical Operators

rat vector

rat_point

rat_point

rat_potntds

rat_point

rat_pointd

p—q returns p — ¢.
Precondition: p.dim( ) = q.dim( ).

P+ ratvector v returns p + v.
Precondition: p.dim( ) = v.dim( ).

ptranslate( rat_vector v)

returns returns p + v.
Precondition: p.dim( ) = v.dim( ).

P4 = ratwvector

adds » to p.
Precondition: p.dim( ) = v.dim( ).

p — ratvector v refurns p — v,
Precondition: p.dim( ) = v.dim{ ).

p— = ratuvector v

subtracts v from p.
Precondition: p.dim( ) = o dim{ ).



3.4 Input and Output

ostreamds ostreamés (} <& p
writes the homogencous coordinates of p to output
stream O,

tstreambs istreamé&s I 3 rat point& p

reads the homogeneons coordinates of p from input
stream . This operator uses the current dimension of

2

3.5 Position Tests

int  orientation( array<rat_point>A)

determines the crientation of the points in A, where A consists of d + 1
points in d-space. This 1s the sign of the deferminant

1 1 1 1
A0] AQL] ... A[d]

where A[i] denotes the cartesian coordinate vector of the i-th point in A,

int  sideof oriented sphere( array<rat point>A, rat_point =)
determines whether the pomnt @ lies inside (= —1), on (= 0}, or outside
(= +1) the oriented sphere defined by the points in A, where A consists
of d 4+ 1 points in d-space. This is the sign of the determinant

1 1 1 1 1
Et(A[O]) HRCALLD) ... Lft(A[d]) kift(s)

where for a point p with cartesian coordinates p; we use Lft(p) to

denote the d + 1-dimensional point with cartesian coordinate vector
2

(Pigsens « P81 2 u<icd Py 3

int  sideolsphere(array<rat_point> A, rat_point )
determines whether the point z lies inside (= —1), on (= 0), or outside (=
+1) the sphere defined by the points in A4, where A consists of d+ 1 points
in d-space. (equivalent to erientation(A) x side_of_oriented_sphere( A, x))
Precondition: orientation(A) # 0

hool containedin simplex{array<rat_point> A, rat_point x)
determines whether x is contained in the simplex spanned by the points
in 4. 4 may consists of up to d+ 1 points.
Precondition: The points in A are affinely independent.



3.6 Affine Hull, Dependence and Rank

bool containedin athine hull{ array<rat_point>4, rat_point z)

determines whether @ is contained in the atfine hull of the points in 4.

wnt  affine rank{ grray<rat_point>A)

computes the affine rank of the points in A.

bool affinely independent(array<rai_point>A)

decides whether the points in A4 are athinely independent.

Additional Operations for points in two-dimensional space

rational arca{rat_point a, rat_point b, rot_pomnt c)

computes the signed area of the triangle determined by a.be, positive if
orientation(a. b, ¢) > 0 and negative otherwise.

wnt  orientation{ rat_point a, rat_point b. rel point )

computes the orientation of points a, b, ¢, i.c., the sign of the determinant

U gy

by B By

Gy G Uy

bool collinear(rat point o, rat point b, rat_point c)

returns true if points a, b, ¢ are collinear. i.e., orientation(a, b, ¢) = 0, and
false otherwise.

bool right turn{rat_peint a. rat_point b, rat_point ¢)

returns truc if points a, b, ¢ form a right turn, i.c., erientation(a.b.¢) = 0,
and false otherwise.

hool leftturn(retpoint a, rat_point b, raf_point ¢)

returns true if points a, b, ¢ form a left turn, i.e., orientation(a.b.¢) < 0,
and false otherwise.

int sldeoforiented circle(ratpoint u. ratopownt b, retpoint . rat_point d)

returns +1 if point d lies left of the directed circle through points a, b,
and ¢, 01 a,b.c,and d are cocireular, and —1 otherwise. If o, b, and ¢ are
collincar the directed circle 18 a line oriented from a to b if ¢ 1s not part
of the connecting scgment ab, or else oriented from b to .

int sidcofcircle{rat_point a, rat_point b, rat_point ¢, rat_point d)
returns 41 if point d lies inside of, 0 if on and —1 if outside of the circle
through points a, b, and ¢,
FPrecondition: a, b, ¢ are not collinear



bool cocircular(rat_point a, rat_point b, raf_point c, rat_point d)

returns  true i peoints o« b, e, d are cocircular, i.c.,
side, forientedyirale(a, b, ¢) = 0, and false otherwise.

bool incircle(rat_point a, rat_point b, rat_point ¢, rat_point d)

returns true if point  lies in the interior of the circle through the points
t, b, and ¢, and false otherwise.

bool outcircle(ratpoint a. rai_point b, rat_point c, rat_point d)

returns true if point d lics outside the crcle through the points «, b, and
c. and false otherwise.

4. Implementation

Points are implemented by arrays of integers as an item type. All operations like cre-
ation, initialization, tests, point-vector arithmetic, input and output on a point p take
time O(p.dim( ). dim( ). coordinate access and conversions take constant time. The
operations for affine calculation and determinant evaluation have the cubic costs of the
used matrix operations. The space requirement is O(p.dim( ).

2.2.2 Rational Vectors (rat _vector)

1. Definition

An instance of data type ratvector is a vector of rational numbers. A d-dimensional
vector v = (rp,...,rq—1) 1s represented in homogencous coordinates (b, ..., hy), where
ri = hifhg and the h;'s are of type integer. We call the r;’s the cartesian coordinates of
the vector. The homogenizing coordinate hy 1s positive.

This data type is meant for use in computational geometry. It realizes free vectors as
opposed to position vectors (type rai_point). The main difference between position vec-
tors and free vectors 1s their behavior nnder affine trausformations, c.g., free vectors are

Invariant under translations.
rat_vector is an item type.

2. Creation

rat.vector wviint d = 2); introduces a variable v of tvpe rat vector initialized to
the zero vector of dimension .

rat_vector wv(integer a, integer b, integer D = 1);
introduces a variable ¢ of type ret_vector initialized to
the two-dimensional vector with homogeneous repre-
sentation (e,b, D) it D is positive and representation
(—a,—b,— D) if D is negative.
Precondition: I is non-zero.



rat vector w(integer weetor o, tnteger D):
introduces a variable v of type ratvector initial-
ized to the wvector with homogeneous coordinates
(*en. ..., Feqy, £D), where d 1s the dimension of ¢ and
the sign chosen is the sign of D.
Precondition: D is non-zero.

rat_vector wv(integer_vector ¢); introduces a variable v of type rat_vector initialized to
the direction with homogeneous coordinate vector +e,
where the sign chiosen is the sign of the last component
of e
Precondition: The last component of ¢ is non-zero.

3. Operations

3.1 Initialization, Access and Conversions

rat_vector raf_vector md2( amteger o, infeger b, anteger D = 1)
returns a rat vector of dimension 2 initialized
to a vector with homogeneous representation
{a.b, D) if D is positive and representation
{(—a.—b,—D)if D is negative.
Precondition: 1) is non-zcero.

rat veclor rat_vector ::d3(integer a, integer b, integer ¢, integer D = 1)
returns a ret_vector of dimension 3 initialized
to a vector with homogencous representation
(a,b,e, D) if D is positive and representation
(—a, —b,—¢c,— 1) if D is negative.
Precondition: D 1s non-zero.

rat_vector rat vector unit(int i, int d = 2)

returns a raf_vector of dimension d initialized to
the -th unit vector.
Precondition: 0 <7 < d.

rat_vector rat_vector ::zero(int d = 2)

returns the zero vector in d-dimensional space.

it v.dim( ) roturns the dimension of v.
rational v.coord(int %) returns the ¢-th cartesian coordinate of v.
rational wint i returns the ¢-th cartesian coordinate of .

integer v.heoord(int 1) returns the ¢-th homogeneous coordinate of v.



rat_direction

rat_direction

rat_point

rat_point

rat_vector

v.torat_direction( ) converts to a direction.
toratdirection(ratvector v)
converts to a direction.

v.torat point( ) converts to a point.

torat_point(rat_vector v)

converss to a point.

viransform( aff _transformation t)

returns #(w).

Additional Operations for vectors in two-dimensional space

rational
rational

integer

mnleger
wnteger
3.2 Tests

hool

hool

hool

v.xcoord( ) returns the zeroth cartesian coordinate of v,

v.ycoord( ) returns the first cartesian coordinate of w.

0. X() returns the zeroth homogeneous coordinate of
u.

0.Y () returns the first homogeneous coordinate of v.

0. W() returns the homogenizing coordinate of o.

identical{rat_vector o, rat_vector w)

Test for identity.

n=w Test for equality.

o 1= Test for imequality.

3.3 Arithmetical Operators

rat_vector

rat_vector

rat_vectords

rat_vectorde

rat_vector

rat_vector

integer nox v multiplies all cartesian coordinates by n.
rational v * v multiplies all cartesian coordinates by r.
v % = integer n multiplics all cartesian coordinates by n.
v = vational r multiplies all cartesian coordinates by r.
v [ integer n divides all cartesian coordinates by n.

v [/ rational divides all cartesian coordinates by n.



rat_vectords

rat_vectords

rational

rat_vector

rat_vectords

rat_vector

rat_vectords

rat_vector

v [ = integer n

v [ = rational v

0ok W

v+ w

v —=1w

3.4 Input and Output

ostreamds

sstrenmds

ostreamds () < v

divides all cartesian coordinates by n.

divides all cartesian coordinates by ».

scalar product, 1.e.. Yoo, vy, where o and
wy; are the cartesian coordinates of © and w re-
spectively.

adds cartesian coordinates.

addition plus assigniment.

subtracts cartesian coordinates

subtraction plus assigniment.

returns -v.

writes ©’s homogeneous coordinates componen-
twise to the output stream (J.

sstreaends T S rot vectords v

reads ©’s homogeneous coordinates componen-
twise from the input stream I. The operator
uses the current dimension of v.

3.5 Linear Hull, Dependence and Rank

hool

it

hool

contained in linear hull{ erray<rat_vector> A, rat_vector x)

determines whether ¢ is contained in the linear
hull of the veetors in A.

linear rank{ array<rat vector>4)

computes the linear rank of the vectors in A.

linearly.independent( erray<rat_vector>A)

decides whether the vectors in A are linearly
independent.

array<rat_vector> linearbase( array<rat_vector> A)

4. Implementation

computes a hasis of the lincar space spanned by
the vectors in A.

Vectors are implemented by arravs of integers as an item type. All operations like cre-



ation, initialization, tests. vector arithmetic, input and output on an vector v take time
O(w.dim( }). dim( ), coordinate access and conversions take constant time. The oper-
ations for lincar hull, rank and independence have the cubic costs of the used matrix
operations. The space requirement is Ofv.dim( )).

2.2.3 Rational Directions (rat_direction)

1. Definition

A rat_direction 13 any non-zero vector. We represent directions in d-dimensional space
as a tuple {(hg,...,hs) of integers which we call the homogeneous coordinates of the
direction. The coordinate fiy must he positive. The cartesian coordinates of a direction
are ¢; = hi/hg for 0 < ¢ < d. Two directions are equal if their cartesian coordinates are
positive multiples of cach other. Directions are in one-to-one correspondence to points on

the unit sphere.

In two-dimensional space directions are also in one-to-one correspondance to angles. More
preciscly, a direction dir = (hq. by, ha) corresponds to the angle o with sine = ¢4/ L and

cosa = ¢ /L and L = /(h5+ hi)/h3 the length of dir. For a direction dir we use

angle(dir) to denote this angle.

rat_divection iz an item type.

2. Creation

rat_direction dir(int d = 2); introduces a variable dir of type rat direction initialized
to some direction in d-dimensional space.

rat direction dir(integer a, integer b, integer D = 1);
introduces a variable div of type rat_direction initialized
to the two-dimensional direction with homogeneous rep-
resentation (a. b, D) if D is positive and representation
(—a,—b,—D) i D 1s negative.
Precondition: D is non-zero.

rat_dircction  dir(integer_vector e, integer DY;
introduces a variable dir of type rat_direction initialized
to the two-dimensional direction with homogeneous co-
ordinates (e, ..., £cg—y, £D), where d is the dimen-
siont of ¢ and the sign chosen 1s the sign of D,
Precondition: D is non-zcro.



rat_direction dir(integer_vector c):

3. Operations

introduces a variable dir of type rat direction initialized
to the direction with homogencous coordinate vector +e,
where the sign chosen is the sign of the last component
of ¢.

Precondition: The last component of ¢ is non-zero.

3.1 Initialization, Access and Conversions

rat_direction raldirection:: d2(integer a, integer b, integer D = 1)

returns a raf_dercction of dimension 2 imitialized to a
dircction with homogencous representation (a, b, D) if
D is positive and representation (—a, —b, — D) if D is
negative.

Precondition: I} 1s non-zero.

rat_direction vat dircction:: d3(integer a. integer b, integer ¢, integer I} = 1)

returns a rat direction of dimension 3 initialized to a
direction with homogeneons representation (a,b, ¢, D)af
D is positive and representation (—a, —b, —e, —D) if D

1s negative.
Precondition: D is non-zero.

rot_divection  vof_direction unit(ant ¢, ot o = 2]

wnt
rational
rational
integer

rat_direction

rat_direction
rat_direction

rat_vector

der.dim{ )
dir.coord(int 1)

dir[int i]

dirhcoord(ind )

returns a rat_direction of dimension d initialized to the
7-th unit direction.

Precondition: 0 < i < d.

returns the dimension of dir.

returns the 2-th cartesian coordinate of dir.

rcturns the 2-th cartesian coordinate of dir.

returns the s-th homogeneons coordinate of dir.

dirAranstorm(aff _transformation 1)

dir.opposite( )

—dir

returns #(p).

returns the direction opposite to dir.

returns dir.opposite( ).

dir.torat vector() returns a vector pointing in direction dir.



rat_vector dir.toxat_vector{ rat_direction d)

returng a veesor pointing in dircction dir.

Additional Operations for directions in two-dimensional space

integer dir X() returus the zeroth homogencous coordinate of dir.
wnteger der Y () returns the fivst homogencous coordinate of dir.
3.2 Tests

hool identical(rat direction v, rat direction w)

Test for identity.

bool v = aw Test for equality.
bool vi=w Test for inequality.

3.3 Input and Output

ostreamd&s ostream&s O < 4

writes the homogencous coordinates of d to output
stream (.

tatreamds tetreamd&s T S rot dircetionds o
reads the homogeneous coordinates of J from input

gtream I. This operator uses the current dimension of
d.

4. Implementation

Directions are implemented by arrays of integers as an item type. All operations like
creation, initialization, tests, inversion, input and output on a direction d take time
O(d.dim( ). dim( ), coordinate access and conversion take coustant time. The space

requirement is O(d. dim( )).

2.2.4 Rational Hyperplanes (rat_hyperplane)

1. Definition

An instance of data type rat fiyperplane is a hyperplane with rational coeflicients in an
arbitrary dimensional space. A hyperplane A is represented by cocfficients {eg. 1. ..., cq)
of arbitrary length integers. At least one of ¢y to ¢y 1 must be non-zero. The planc

equation 18 ¥ je,«q ciz; = 0, where 2 to 24 are homogeneous point coordinates. The sign



of the left hand side of this expression determines the position of a point 2 with respect
to the hyperplane (on the hyperplane, on the negative side, or on the positive side).

There are two cquality predicates for hyperplanes.  The {weak) equality predicate
(operator =) declares two hyperplanes equal if they consist of the same set of points,
the strong equality predicate (strong eq) requires in addition that the negative halfspaces
agree. T other words, fwo hyperplanes are strongly equal if their cocthaient vectors are
positive multiples of each other and they are {(weakly) equal if their coeflicient vectors are
multiples of each other. Corresponding to the two equality predicates we have two linear
orders: compare corresponds to weak equality and strong_compare corresponds to strong
ecuality.

rat_hyperplanc is an item type.

2. Creation

rat_hyperplane hiwint d = 2);

introduces a variable & of type rat_hyperplane initialized to some
hyperplane in d-dirmensional space.

rat_hyperplane  k(integer_vector ¢);

introduces a variable & of type rat hyperplone initialized to the
hyperplane with coefficients e.

rat hyperplane  hiinteger vector ¢, integer D):

mtroduces a variable b of type rat hyperplone initialized to the
hyperplane with coethicients (¢, D).

rat_hyperplance  h(array<vet_point>P. rat_point o, int k = 0);

consgtructs some hyperplane that passes through the points in P.
If ke {—1,+1} then o is ou h-side of the constructed hyperplanc.
Precondition: There must be a hyperplane passing through the
points in P and if & # 0 then o must not lic on the constructed
hyperplane

rat_hyperplane h(rat_point p, rat_direction dir, rat_point o, int side = 0);

constructs some hyperplane with normal direction dir that passes
through p. If & € {—1.+1} then o is on k-side of the constructed
hyperplane.
Precondition: If & # 0 then o must not lie on the constructed
hyperplane

3. Operations



3.1 Initialization, Access and Evaluation

rot_hyperplane

rat_hyperplane

it

witeger

inteqer_vector

raf_vector

rat_direction

mteger

1l

heool

rat_fyperplane

rat_hyperplane = A2(rat_point pl, rat_point p2.
rat_point 0 = rat_point:origin( ), int k = 0)

returns a rat fiyperplane of dimension 2 that passes
through the points pl and p2. If k& € {—1.+1}
then o 1s on k-side of the constructed hyperplane.
Precondition: If k& # 0 then o must not lic on the
constructed hyperplane

rat_hyperplane A3 (rat_point pl, rat_point p2., ratpoint p3,

rat_point o = ratpoint: ovigin(3), mi k= 0)

fr.dim )
hlint il

h.coefficent_vector( )

f.normal vector( )

fnormal direction( )

hovalucat(rat_point p)

returns a rat_hyperplane of dimension 3 that passes
through the points pi, p2, p3. If k € {—1.+1}
then o is on k-side of the constructed hyvperplane.
Preconditior: If k # 0 then o must not lie on the
constructed hyperplanc

returns the dimension of A.
returns the -th coefficient of A.
returns the coeflicient vector (eqg.....cq) of A

returns the normal vector of h. Tt points from the
negative halfspace into the positive halfspace and
its homogeneous coordinates are {cy,....cq_1,1).

returns the normal direction of A. It points from
the negative halfspace into the positive halfspace.

returns the valune of A at the point p, 1.,
Zog@gd fipi.

Warning: this value depends on the particular rep-
resentation of & and p.

howhich side(rat_point p)

returns the side of the hvperplane & containing p.

h.contains{ ret_point p)

return if the point p lies on the hyperplane A.

h.transtorm(aff_transformation )

returns t(A).



3.2 Tests

int strong comparc{ ret hyperplane hl, rat_hyperplane h2)

st roung compare.

bool identical{rat_hyperplanc ki1, rat_hyperplane h2)

test for identity.

hool hi=h2 test for equality.
hool hi'= h2 test for inequality.
bool strong eq(rat hyperplane hi, rat hyperplane h2)

test for strong equality.
3.3 Input and Output

ostrearnds ostreamds O < b writes the coeflicients of & to output stream ().

istreamds istream&c I > rat_hyperplaneds b

reads the coetlicients of A from input stream 1.
This operator uses the current dimension of A.

4. Implementation

Hyperplanes are implemented by arrays of integers as an item type. All operations like
creation, initialization, tests, vector arithmetic, input and output on a hyperplane £
take time O(h.dim( )). dim( ) and coordinate access take constant time. The space
requirement is O{h.dim( )).

2.2.5 Rational Segments (rat segment)

1. Definition

An instance s of the data type rat segment 1s a directed straight line segment connecting
two rational points p and g. p 1s called the start or source point and g 1s called the target
point of s, both points are called endpoints of 5. A sepgment whose endpoints are equal is
called trivial.

2. Creation

rat_segment s(int d = 2);

introduces a variable s of type rat_segment and initializes it to some
segment in d-dimensional space,



rat_seqment

raf_segment

s(rat_point p, rat_point q);

introduces a variable s of type raf segment. s is initialized to the
scgment (p, g).

s(integer 1, integer yl, integer x2, integer y2):

introduces a variable s of type rofsegment. s is initialized to the
sogment [(r1.yl). (22, y2)] in two-ditmensional space.

3. Operations

3.1 Initialization, Access and Conversions

rat_scgment

raf_seqment

rat_seqment

rad_soegment

it

rat_point
rat_point
rat_point
rat_point

rational

rat segment »d2(integer x1 | integer 41, integer D1 integer 22,
integer w2, integer D2)
introduces a variable s of type raf segment. s is initial-
ized to the segment [(21,yl, D1). (22,42, D2)] in two-

dimensional space.

rat_segment ;:d2(integer z1, integer yl, integer 2, integer y2)
introduces a variable s of type rofsegment. ¢ is ini-
tialized to the segment [(21.941,1),(22.y2,1)] in two-
dimensional space.

rat_seqment A3 {integer o1, inteqer yi, integer z1, integer z2. integer y2,
infeger z2)
introduces a variable s of type reisegment. s 1s iui-
tialized to the segment [(z1,yl, 21, 1), («2,42.22,1)] in
three-dimensional space.

ratscgment d3(indeger 21, mteger 41, infeger 21, integer DI,
integer 2, enteger y2, integer z2, enteger D2)
introduces a variable s of type ret_segment. s is initial-
ized to the segment [(21,y1, 21, D1}, (¢2,y2. 22. D2)] in
three-dimensional space.

sdim( ) returng the dimension of the underlying space.
s.sottree( ) returng the source point of scgment s.
spointl() returns the source point of segment s.
starget( ) returns the target point of segment s.
spoint2( ) returns the target point of segment s,

s.coordl{int 1) returns the 2-th cartesian coordinate of the source of s.



rational

integer

integer

rat_segment

rat_direction

raf_vector

rat_line

raf_scgrment

3.2 Tests and Calculations

hool

hool

hoo!

hool

hool

hool

hool

hool

s.coord2{int i)

sheoordl (int 7)

sheoord2(int 7)

sreverse( )

s.direction( )

returns the 2-th cartesian coordinate of the target of s.
returns the i-th homogeneous coordinate of the source
of s.

returnsg the i-th homogeneous coordinate of the target
of s.

returns the segment (target( ), source( )).

returns the direction of s.
Precondition: s 1s non-trivial.

ssource target vector( )

returns the vector from source to target.
Precondition: s 1s non-trivial.

asupporting line( ) returns the supporting line of .

Precondition: # 1s non-trivial.

straustorm{ aff transformation t)

s.istrivial( )

N
Il
T

sl=1

returns #(s).

returns true if s is trivial.

identical(ratsequent s1. rat_segment s2)

Test for identity.

strong eq(rat_segment sl, rat_segment s2)

Test for equality as oriented segiments.

Test for equality as unoriented segrents.

Test for inequality.

parallel{rat_seqment s1, rat_segment s2)

Test 1f the supporting lines are parallel.
Precondition: © 81 and s2 arc uot trivial.

s.contains( ratpomt p)

returns true if p lies on s and false otherwise.

common endpoint({rat_segment si, rat_segment 32, rat_pointd common)

it 7 and 2 touch in a common end point, this point
is assigned to common and the result is true, otherwise
the result is false.



it s.intersection(ratline ¢, rat_point& i1, rot_pointls i2)
returng the intersection set 3Nt by the following means.
The return value is one of the constants {NO_f, PNT I,
SEG I, RAY I, LIN I}, The corresponding set is de-

termined by the two points 1 and 2:

return value | intersection set
NOI empty
PNT I rat_point(il)
SEG.I rat_seqgment (i1 ,12)
RAY T rat_ray(il, i2)
LIN T rat_line (11, 42)

it sintersection(rat_ray t, ratopoint& o1, retpointds 12)

returns the intersection sct ¢ Mt as above.

int s.intersection(rat segment t, rat point& i1, rot point& i2)

returns the intersection sef s N+ as above.
3.3 Input and Output

ostreamnds ostreamés (3 < s

writes the homogeneons coordinates of s to output
streain (0 (1n order source-target).

istreamds wstream&s > ratsegment&e s

reads the homogeneous coordinates of s from input
stream I (in order source-target).

Additional Operations for segments in two-dimensional space

rationol g.xcoordl( ) returns the z-coordinate of the source point of segrent
8.

rational s.xcoord2( ) returns the x-coordinate of the target point of scgment
8.

rational s.ycoordl( ) returns the y-coordinate of the source point of segment
8.

rationol sycoord2( ) returns the y-coordinate of the target point of segrment
8.

wnteger 4.X1() returns the zeroth homogeneous coordinate of the start

point of segment s.

nteger 5.X2() returns the zeroth homogeneous coordinate of the end
point of segment s.



integer

wnteger

mnleger

integer

wnbeger

enteger

heool

hool

hool

hool

ind

it

s W1()

s W2()

()

s.dy(: ]

s.vertical( )

s.horizontal( )

returns the first homogeneous coordinate of the start
poiut of segment s.

returns the first homogeneous coordinate of the end
point of segment s.

returns the homogenizing coordinate of the start point
of scgment s.

returns the homogenizing coordinate of the end point of
segment s.

returns the normalized x-difference X1 - W2 — X2. 171

of the seginent.

returus the normalized y-difference Y1 - W2 — V2. 1171

of the seginent.

returns true if s is vertical (or trivial) and false other-

wise.

returns true if & is horizontal (or trivial) and false oth-
erwise.

sintersection(rotsegment t, rat_point& p)

if 5 and t interseet in a single point the point of inter-
section is assigned to p and the result is true, otherwise
the result is false.

Precondition: The supporting lines are not parallel.

sintersectionof lines{rof_segment &, rot_point& p)

if the lines supporting s and ¢ are not parallel their point
of intersection is assigned to p and the resnlt is true.
otherwise the result is false.

oricutation{ raf_segrnent s, vol_powt p)

computes orientation(a, b, p), where a and b are the
source and target of 5 respectively.

cmpslopes{ rat_segment si, rat_segment s2)

returus compare(slope(sl ), slope(s2)).



it cmpat line defined by(rat_segment si. rat_segment s2, rat_point r)
Let L be the direeted curve consisting of a vertical up-
ward ray ending in {r.xcoord( ) + €2, r.ycoord( ) + ¢) fol-
lowed by a horizontal segment ending i (r.zcoord( ) —
2, rycoord( ) + €),
followed by an upward vertical ray; here € is a positive
inhinitesimal. Tf both scgients are non-trivial then the
result is the order of the two intersections along the
line L. If at least one of the segments is trivial then the
result is zero if one of the segments is contained in the
other segment. If exactly one of the segments is trivial
then the result is the position {(above, on, or below) of
this segment with respect to the other segment.

Precondition: For ¢ = 1,2 we have: if s2 is trivial then
both endpoints are equal to »r and if s 1s non-trivial
then its smaller endpoint is less than or equal to r and
ity larger endpoint is larger than ».

bool intersection(rat_segment si, rat segment s2)

decides whether s1 and 2 intersect in one point when
the supporting lines are not equal.

4. Implementation

Segments are implemented by a pair of points as an item type. All operations like creation,
initialization, tests, the caleulation of the direction and sonrce-target vector, input and

outpnt on a segment s take time O(s.dim( )). dim( ). coordinate and end point access,

and identity test take constant time. The operations for intersection calculation alzo take

time O s.dim( }). The space requirement is O s.dim{ ).

2.2.6 Rational Rays (rat_ray)

1. Definition

An instance of data type rat_ray is a ray in d-dimensional Euclidian space. rafray is an

item type.

2. Creation

ral ray viind d = 2);

introduces a ray in d-dimensional space

rat ray r(rat_point p, rat point g);

introduces a ray through p and ¢ and starting at p.
Precondition: p and ¢ are distinet and have the same dimension.



rat_ray  v(rat_pomt p, ref_direction dur):

introduces

a ray starting in p with direction dir.

Precondition: p and dir have the samne dimension.

ratray v rot_segment s);

introduces

s.source( ).

a ray through s.source( ) and s.target( ) and starting at

Precondition: s 1s not trivial.

3. Operations

3.1 Initialization, Access and Conversions

rof_riy

rat ray

rat_riy

rat ray

vt

rat_point
rat_point
rat_point

rat_direction

rat_ray: d2{integer
integer

ratray: d2{ integer

rat_ray o d3(integer
nteger

rat ray:: d3(integer
ndeger

rdim( )

r.source( )
r.pointl( )
r.point2( )

r.direction( )

al, wnteger g, indeger D1, wndeger o2, integer y2,
D2)

introdices a variable v of type rat_ray. r is initialized
to the ray [(21,y1, D1), (22, 42, D2)] in two-dimensional

Sprace.
zl, integer yl, integer x2, integer y2)

introduces a variable v of type ratray. r 1s initialized to
the ray [(xl,y1, 1), (22, y2,1)] in two-dimensional space.

xl, dnteger yl, inteqer 21, infeger x2, integer y2,

z2)

introduces a variable r of type rat_ray. » is initial-
ized to the ray [{xl,yl,21.1),(22,¥2,22,1})] in three-
dimensional space.

xl, integer yl, integer zI1, integer DI, integer 2,

Y2, integer z2, integer D2)

introduces a variable v of type rat ray. + is initialized
to the ray [(zl,yl,21,D1), (22,y2.52, D2)] in three-
dimensional space.

returus the dimmension of the underlying space.
returns the source point of r.
returns the source point of r.
returns a point on r distinet from r.source( ).

returns the direction of r.



rat_line

rat_ray

r.supporting line( )

returng the supporting line of .

r.transform( aff_transformation t)

returns #(7).

3.2 Tests and Calculations

hool

hool

hool

nt

hool

bool

identical(ratray r1, rat_ray r2)

test for identity.
ri =2 test for equality
rl 1= r2 test for inequality.

parallel{rat_ray r1, ratoray r2)

returns true if #1 and r2 are parallel and false otherwise,

r.contains{ raf_point p)

returng trie if p lies on 7.

r.contains( rat segment s)

returns truc if s is part of » and false otherwisce.

3.3 Intersection Calculations

hool

rat_poind

wnt

rintersection(rat hyperplane h, rot_pointds p)
returns true if & and r intersect in a single point and false
otherwise. In the first case the point of intersection is
assigned to p.

rintersection(rat_hyperplane h)

returns the intersection of the hyperplane b with the ray
T
Precondition: b and r intersect in a single point.

rinterscetion(rat line . rat_pointds il, rat pointls i2)
returus the intersection set »MN# by the following means.
The return value is one of the constants {NO_I, PNT_I,
SEG I, RAY I. LINI}. The corresponding set is de-
termined by the two points <7 and i2:

return value | intersection set
NOT empty

PNT I rat_point(il )
SEG. I rat_segment (i, i2)
RAY_ I rat_ray(il, i2)
LIN_[ rat_fine (11, 42)




wnt rintersection({rat_ray ¢, rat_pointds i1, rat_pointds i2)

rcturns the intersection set v M1 as above.

wnt rintersection(rat_segment t, rat_point& i1, rat_peint& i2)

returns the intersection set v M # as abowve.
3.4 Input and Output

ostreamds astreambs (0 < 7

writes the cocthicicuts of » to output stream ().

tatreamds istreamd&s 1 > rat raybs v

reads the coefficients of » from input stream f. This
operator uses the current dimension of .

Additional Operations for rays in two-dimensional space

bool r.vertical( ) returns true if 7 1s vertical or trivial and false otherwise.

bool r.horizontal{ ) returns true if r is horizontal or trivial and false other-
wise.

bool rintersection(rat_ray (1, rat_pointds p)

if » and I} are not parallel the point of intersection is
assipned to p and the result is true, otherwise the result
1y false.

it orientation{ratray r, ratpoint p)

comptes orientation{a, b, p). where « and b are sowrce
and another_point of r respectively.

4. Implementation

Rays are iinplemented by a pair of points as an item type. All operations like creation, ini-
tialization, tests, direction calculation, input and output on a ray r take time Q(r.dim( )).
dim( ), coordinate and point access, and identity test take constant time. The opera-
tions for interscction caleulation also teke time O(s.dim( )). The space requirement is

Ofwv.dim( }).

2.2.7 Rational Lines (rat line)

1. Definition

An instance of data type refline is an oriented line in d-dimensional Euclidian space.

rof_line 1s an item type.



2. Creation

rat line

rat line

rat line

rat line

[{int d = 2)

e
introduces a variable { of type rat line and initializes it to somne line
in d-dimensional space

[{rat_point p. ral_point q):

introduces a line through p and ¢ and oriented from p to q.
Precondition: p and ¢ are distinet and have the same dimension.

H{rat_point p, ral_direction dir);

introduces a line through p with dircction dir.
Precondition: p and dér have the same dimension.

I{rat segment s):

3. Operations

introduces a variable I of type raf fine and initializes it to the line
through s.source( ) and s.target( ).
Precondition: s 1s not trivial.

3.1 Initialization, Access and Conversions

rot_line

rai_line

rat_line

rat_line

wnt

rat_line

rat_line

rat line 1

rat line

{.dim( )

2 A2(dnteger xl, integer yl, integer DI integer 22, integer y2.

nteger D2)
introduces a variable [ of tvpe rat line. [ is initialized
to the line [(21,y1, D1), (22,42, D2)] in two-dimensional
space.

d2(integer x1, integer yl, integer =2, integer y2)
mtroduces a variable { of type rof line. s mitialized to
the line [(«1.y1,1), (22, %2,1)] in two-dimensional space.

A3(integer 1. integer yl, integer z1. integer 22, integer y2.
integer z2)
introduces a variable [ of type rofline. [ is initial-
ized to the line [(z1,y1.21.1), (22,42, 22,1)] in three-
dimensional space.

s d3(anteger wl, integer gl integer z1, integer DI dnteger 2,

integer y2, tnteger z2, integer DZ2)
introduces a variable [ of tvpe rat line. [ is initialized
to the line [(x1,yl,z1, D1}, (22,y2,22, D2)] in three-

dimensional space.

returns the dimension of the underlying space.



rat_point l.pointl( ) returns a point on /.

rat_point Lpoint2( ) returns a point on [ distinet from Lpointl( ). The line
is dirccted from pointl to point2.

void Ltwopoints(rat_pointds pl, rat_point& p2)
after the call pi and p2 are two different points on 1.
The line is directed from p? to p2.

rat_direction  Ldirection( | returns the direction of 1.

rot_{ime Ltvanstform(aff _transformation )

returns £(1).

3.2 Tests
bool identical(rat line 11, rat line [2)
test for identity.
bool i =1z equality as unoriented lines.
heol I11=12 mequality as unoriented lines.
hool strong cq(rattine 11, ratline 12)
equality as oriented lines.
hool Leontains{ rat point p)
returng true if p lies on [ and false otherwise,
hool Leontains{ rat_segrnent )
returns true if s is part of 1 and false otherwise.
int parallel{rat line 11, rat line 12)

returns true if {1 and [2 are parallel and false otherwise.

3.3 Intersection Calculations

hool Lintersection(rat_hyperplane b, rat_pointés p)

returns true if 4 and { intersect in a single point and false
otherwise. In the first case the point of intersection is
assigned to p.

rat_point Lintersection(rat hyperplane h)

returngs the intersection of hyperplane & with line |
Precondition: h and ! intersect in a single point.



wnt Lintersection(rat_line t. rat_point& i1, rat_point&s i2)

returng the intersection set M1 hy the following means.
The return value is one of the constants {NO_f, PNT I,
SEG I, RAY I, LIN I}, The corresponding set is de-

termined by the two points 1 and 2:

return value | intersection set
NOI empty
PNT I rat_point(il)
SEG.I rat_seqgment (i1 ,12)
RAY T rat_ray(il, i2)
LIN T rat_line (11, 42)

it Lintersoction(ret ray ¢, retpoimtde il . ratpoint& i2)

returns the intersection set I M1 as above.

wnt Lintersection(rat_segment t, rat_point&e i1, rat_point& i2)

returns the intersection set I M1 as above.
3.4 Input and Output

oatreamd&s ostreamés (3 <« 1 writes the coefficients of [ to output stream O.

tatreamds wtreamds I % ratllineds ]

rcads the cocflicients of [ from input strcam 1.

operator uses the current dimension of /.

Additional Operations for segments in two-dimensional space

bool [.vertical( ) returns true if [ is vertical and false otherwise.
beol [.horizontal( ) returns true if [ is horizontal and false otherwise.
hool Lintersection(ratline 11, ratpoint& p)

This

if { and [, are not parallel the point of intersection is

assigned to p and the result is true, otherwise the result

15 false.

rat_line Lperpendicular(rat_point p)

computes the perpendicular line of { through p.

int orientation{rat line [, rat_point p)

compiutes orientation(a, b, p), where a and b are pointl

and point2 of { respectively.

int cmp slopes(rat line {1, rat line [2)

returns compare(slope(ll), slope(12)).



4. Implementation

Lines are implemented by a pair of points as an item type. All operations like creation, ini-
t1alization, tests, direction caleulation, input and output on a line [ fake time O dirn [: :] ).
dim( ), coordinate and point access, and identity test take constant time. The opera-
tions for intersection calculation also take time O(lLdiém( )). The space requirement is

O(Ldim( ).

2.2.8 Affine Transformations (aff transformation)

1. Definition

An instance of the data type aff_transformation is an affine transformation of d-
dimensional space. It is specified by a square integer matrix M of dimension  + 1. All
entries in the last row of M except the diagonal entry must be zero; the diagonal entry
must be non-zero. A point p with homogencous coordinates (p|0], . .., p[d]) is transformed
into the point A = p.

aff _transformation is an item type.

2. Creation

aff _transformation tlint d = 2);

introduces the identity transformation in d-dimensional space.

aff -transformation t(integer_matriz M);

the transformation of d-space specified by matrix A4,
Precondition: M is a square matrix of dimension d + 1.

aff -transformation  t(ret_vector v);

translation by vector e,

aff _transformation t{integer_vector v);

the transformation of d-space specified by a diagonal matrix with
vector v on the diagonal (a scaling of the space).
Precondition: v 1s a vector of dimension o + 1.

3. Operations

aff transformation aff transformation:: d2scale(integer num, integer den)

returns a scaling hy a scale factor num/den.

aff _transformation aff _transformation:: d2 transl{ ret_vector vec)

refurns a translation by a vector wvee.



aff transfermation

aff _transformation aff tronsformation:

aff _transformation aff transformation:

aff transformation aff _transformation:

wnt

wnteger_maotris

aff transformation
aff transformation

ostreamds

tstreamés

aff transformation:

t.din( )
tanatrix( )
tinverse( )

t1 %12

ostreambs () < a

sd2rot(integer sin_nwm, integer cos_num.
integer den)
returns a rotation with sine and cosine values
sin_num/den and cos_num/den.
Precondition: sin_num? + cos_num? = den’.

(A2 rot_approx( rat_direction dir, integer numn,
imteger den)

returns a rotation of 2-space. Approximates the

rotation given by direction dir, such that the dif-

ference hetween the sindes and soines of the rota-

tion given by dir and the approximation rotation

are at wost num/den each.

sd2trafo(integer m11, integer m12, integer m15,
integer m21, integer m22, integer m25,
nteger m33)
returns  a general afline transformation in
the 3 x 3 matrix form. The sub  matrix
((myr.mar)". (m91,m90)")  containg  the scaling
and rotation information, the vector (my, i)t
contains the translational part of the transforma-
tion.

:d2 crafo(integer m11, integer m12, integer m21,
integer m22, integer mS59)

returns @ general  linear  transformation  in

the 2 x 2 matrix form. The sub matrix

((my1.mar)". (m91,m90)")  containg  the scaling

and rotation information. There’s no transla-

tional part.

the dimension of the underlying space
returns the transformation matrix
returns inverse transfommation

composition of fransformations

writes the fransformation matrix of a to output
stream Q.

istreamdés [ >3 aff transformationds a

reads the coordinates of the transformation ma-
trix from input strcam . This operator uses the
current dimension of «.



4. Implementation

Affine Transformations arc implemented by matrices of integers as an item tvpe. All
operations like creation, initialization, mpnt and ontput on a transformation f take tine
O( . dim( )2) dirn( ) takes constant time. The operations for inversion and composition
have the cubic costs of the used matrix operations. The space requirement is Ot dim( ;]2_).



3 The CWEB Projects
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Matrices with Integer Entries
(class integer matrix)

Geokernel
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Abstract

An instance of data type integer_matriz is a matrix of integer variables. The types
integer_malriz and infeger_veclor together realize many lnctions ol basic linear algebra. All
functions on integer matrices compute the exact result, i.c.. there 1s no rounding crror. Most
functions of linear algebra are checkable, 1.e., the programs can be asked for a proof that their
output is correct. For example, if the linear system solver declares a linear system Az — b
unsolvable it also relurns a vector ¢ such that ¢ A = 0 and %' £ 0.
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1. The Manual Page of class integer_matrix

1. Definition

An instance of data type integer_matriz is a matrix of integer variables. The types integer matrix
and integer_vector together realize many functions of basic linear algebra. All functious ou
integer matrices compute the exact result, L.e., there is no rounding error. Most functions of
linear algebra. are checkable, i.e., the programs can be asked for a proof that their output is
correct. For example, it the lnear system solver declares a linear svstem Az = & unsolvable it
also returns a vector ¢ such that ¢f.4 = 0 and 7 £ 0.

2. Creation

integer-matriz M {(int n =0, int m = 0);
creates an instance M of type integer_matrix, M g initialized to
the n x m - zero matrix.

integer_matriz M {array<integer_vector>A);
creates an instance M of type integer matrix. Let 4 be an array
of m column-vectors of common dimension n. M is initialized to
an 7 X m matrix with the columns as specified by A.

3. Operations

1t M.dim1() returns n, the number of rows of M.
int M.dim2() returns m, the number of columns of AL,

integer vector& M.row(int 1)

returns the i-th row of 3 (an m-vector).
Precondition: 00 <{¢<n — 1,

integer_vector M.col(int i) returns the i-th column of M (an n-vector).
Precondition: 0 <{<m — 1.

inteqersc M {int i, int §)

returns M, ;.
Precondition: 0 <{¢i<<n—1land 0 < <m — 1.

integer matrie M 4 M1 Addition.
FPrecondition:  M.diml() = M1l.diml() and 2M.dim2{) =
M1.dim2().

integermatrie M — M1 Subtraction.
FPrecondition: M.diml() = M1l.diml() and 3M.dim2{) =
M1.dim2().

integer matrie M o« M1 Multiplication.
Precondition: M.dim2() = M1.diml().



integer_vector M x integer_vector vee

Multiplication with vector.
Precondition: M .dim2() = vec.dim().

integer-matriz M+ integer & Multiplication of every entry with integer x.
integer_matriz wnfeger x x M Multiplication of every entry with integer .

integer_matriz identity(int n)

returns an n by n identity matrix.

integer_matriz transpose(integer_matriz M)

returns M7 {m x n - matrix).

integer matriz inverse(integer matriz M| integer D)
returns the inverse matrix of M. More precisely, 1/D times the
matrix returned is the inverse of M.
Precondition: determinant(Af) # 0.

bool  inversc(integer_matriz M, integeromatriz & inverse, integer& D, integer_vector& c)
determines whether M has an inverse. It also computes either the inverse as
(1/D) - inverse or a vector ¢ such that ¢ - M = 0.

integer determinant(integer matriz M, integer_matrizle L, integer matric& U, arvay<int>& g,
integer_vectords «)

returng the determinant 2 of Al and sufficient information to wverify that the
value of the determinant is correct. If the determinant is zero then ¢ is a vector
such that ¢! - A7 = 0. If the determinant is non-zero then L and {7 are lower and
upper diagonal matrices respectively and g encodes a permutation matrix () with
Qui./)=1iffi=q¢(j)suchthat L-M-Q = U, L{0,0) =1, L{i,) = U(i—1,i—1)
forall i, 1 < i< m,and D=s-U{n — 1.n — 1) where s is the determinant of ().
Precondition: M 1s quadratic,

bool  verify. determinant(integer_matriz M. integer D, integer_matrizd: L,
integer-matriz& U, arrey<int>q, integer_vector& «)
verifies the conditions stated above.

integer determinant (integer-matriz M)

returns the determinant of A,
Precondition: M is quadratic.

int sign of determinant (integer-matriz M)

returnsg the sign of the determinant of AL,
Precondition: M is quadratic,



bool  lincarsolver(integer_matriz M, integer_vector b, integer_vector& z, integer& D,
integer_matriz & spanning_vectors, integer_vector& )
determines the complete solution space of the lincar syvetem M -2 = 6. If the
system is unsolvable then ¢ - A = 0 and ¢! - b £ 0. If the system is solvable then
(1/D)x is a solution, and the columns of spanning vectors are a maximal set of
linearly independent solutions to the corresponding homogeneous system.

Precondition: M.dim1() = b.dim().

bool  lincarsolver(integer_matriz M, integer_vector b, integer_vector& z, integer& D,
mteger_vectords ¢)
determines whether the lincar system M - 2 = b is golvable. If yes, then (1/D)a
is a solution, if not then ¢! - A =0 and L - b £ 0.
Precondition: M.dim1() = b.dim{).

bool  lincar solver (integer wnatriz M, integer_vector b, integer vectords x, integer§ D)
as above, but without the witness ¢
Precondition: M.diml1() = b.dim().

bool  solvable(integer_matriz M, integer vector b)

determines whether the system M - # = b is solvable
Precondition: M.dim1() = b.dim().

bool  homogeneonslinear solver (integer matriz M, integer vectords )

determines whether the homogeneous linear system A -z = 0 has a non-trivial
solution. If yes, then @ is such a solution.

noid  independent_columnsiinteger_matriz M, array<int>& columns)

returns the indices of a maximal subset of independent columns of M. The index
range of columns starts at 0.

int rank(integer matriz M)

returns the rank of matrix M

ostreamés ostreaméc O < M

writes matrix M row by row to the ountput stream (.

istreamds tstreamnds I % integer-motricdc M

reads matrix M row by row from the input stream 1.

4. Implementation

The datatype integer_matrix iz implemented by two-dimensional arrays of integers. Operations
determinant, inverse, lincar_solver, and rank take time O(n?), cel takes time O (n), row, dim1,
dim2, take constant time, and all other operations take time O(nm). The space requirement is

O(nm).

All functions on integer matrices compute the exact result, i.e., there is no rounding error. The
implemenation follows a proposal of J. Edmonds (J. Edmonds, Systems of distinet representa-
tives and lincar algebra, Journal of Rescarch of the Burcan of National Standards, (B), 71, 241



-245). Most functions of lincar algcbra arce checkable, i.c., the programs can be asked for a proof
that their output is correct. For example, if the linear system solver declares a linear system
Aw = b unsolvable it also returns a vector ¢ such that ¢” A =0 and "6 #£ 0.



2. The Header File of class integer_matrix

{integer_matrix.h 2}=
#ifndef LEDA_INTEGER_MATRIX_H
#define LEDA_INTEGER_MATRIX_H
#include <math.h>

#include <LEDA/basic.h>
#include <LEDA/array.h>
#include <LEDA/integer.h>
#include <LEDA/rational.h>
#include "integer_vector.h"

#define MAX_SIZE_OF_SMALL_OBJECT 256

typedef integer integer_t;

typedef rational rational_t;

class integer_matrix {
integer_vector #:*v;
int d1:
int d2;
void check_dimensions(const integer_matrix &) const;
integer_t &elem(int 7,int j) const { return v[i]-v[j]; }
void allocate_small(integer_vector *x&v, int d);
void deallocate_small(integer_vector ++uv,int d);
static int LEDA_SMALL;

public:
integer_matrix (int » = 0,int m = 0);
integer_matrix (const array (integer_vector) &.4);
integer_matrix (const integer_matrix &);
integer_matrix (const integer_vector &);
integer-matrix (int, int, integer_t «x);
integer_.matrix &operator={const integer_matrix &):
~integer_matrix( ;
int diml () const { return df: }
int dim?2() const { return d2: }

integer_vector &row(int i) const
1
#ifndef LEDA_CHECKING_OFF
if (i <0ViZ>dl) errorhondler(1, "integer_matrix: :row: index out,of range.");
#endif
return *v[i];
)
integer_vector col(int i) const;
integer_vector to_integer_vector() const;
friend integer_vector to_integer_vector (const integer_matrix &);
integer_vector &operator [|{int ¢) const { return row{i); }
integer_t &operator {)(int i,int j)
{

#ifndef LEDA_CHECKING_OFF



if t<0viz>dl)
error_handler (1, "integer_matrix::operator() : row,index out of range.");
if (j<0vjz>d?)
error_handler (1, "integer_matrix::operator() : col,index out,of range.");
#endif
return elem(i, j):
s
integer_t operator ()(int ¢.int j) const
{
#ifndef LEDA_CHECKING_OFF
if @ <0vViZzdil)
error_fndler (1, "integer_matrix::operator() :yrow,index out of range.");
if (j<O0vjZ>d2)
ervor_handler (1, "integer_matrix::operator(): col,index out of range.");
#endif
return elem(i, j);

}

int operator=(const integer_matrix &) const;

int operator#(const integer_matrix &) const

{ return —{*this = 2); }

integer_matrix operator+(const integer_matrix &M/ );
integer_matrix operator —(const integer_-matrix &M/ );
integer_matrix operator—(); // unary

integer.matrix {&operator——={const integer.matrix &);
integer_matrix &operator+={(const integer_matrix &);
integer_matrix operator * (const integer_matrix &MI1) const;

integer_vector operator * (const Integer_vector {:vec) const

{ return ({(+this) + integer_matrix (vec)).to_integer_vector( ); }
integer_matrix compmul(integer_t z) const;

friend integer_matrix operator # (const integer_matrix &M, integer_t )
{ veturn M.compmul(x); }

friend integer_matrix operator + (integer_t z, const integer_matrix &A7)
{ veturn M.compmul(z); }

friend integer_matrix identity (int n);

friend integer_-matrix transpose(const integer_matrix &i);

friend integer_-matrix inverse({const integer_matrix &M, integer_t &D)
integer_matrix result;
integer_vector c;
if (imwerse( M, result, D, ¢)) return resuli;
error_hendler(1,"integer_matrix::inverse: matrix is singular.");

)

friend bool inverse{const integer_matrix &M, integer_matrix &inverse, integer_t
& D, integer_vector &c);

friend integer_t determinant (const Integer_matrix &1, integer_matrix
& L. integer_matrix &7, array(int) &q, integer_vector &¢);

friend bool wverify_determinant{const integer_matrix &M, integer_t
D,integer_matrix &L, integer-matrix &U, array{int) ¢, integer_vector &¢);



friend integer_t determinent (const integer_matrix &M):
friend int sign_of_determinant (const integer_matrix &M);
friend bool linear solver (const integer_matrix &M,
const integer_vector &b integer_vector &z, integer_t & D, integer_matrix

&spamning_vectors, integer_vector &¢);

friend bool linear_solver {const integer_matrix &M, const Integer_vector
&b, integer_vector &z, integer_t & D, integer_vector &c)
{

integer-matrix spanning_vectors;

return linear_solver (M, b, z, D, spanning_vectors, ¢);

¥

friend bool linear solver(const integer_matrix &4, const integer_vector
&b, integer_vector &z, integer_t &D)
{
Integer_-matrix spanning vectors;
Iinteger_vector c;
return linear_solver (M, b, &, D, spanning vectors., ¢);
)
friend bool solvable{const integer_matrix &M, const integer_vector &b)
{
integer_vector z;
integer_t D;
integer_matrix spanning_vectors;
integer_vector ¢;
return lincar_solver (M, b, ©, D, spanning_vectors, ¢);
)
friend bool homogeneous linear solver (const integer_matrix &AM, integer_vector
&a);
friend void independent_columns(const integer-matrix &M, array(int} &eolumns);
friend int renk(const integer_matrix &M);
friend ostream &operator<(ostream &(J, const integer_matrix &M );
friend istream {operator 3-(istream &7, integer_matrix &id);

LEDA_MEMORY (integer_matrix );
,

I
inline void Print(const integer_matrix &m,ostream &out)
{ out € m; }
inline void fead (integer-matrix &m, istream &in)
{ in e m: }
inline int compare (const integer_matrix &, const integer_matrix &)
1
error_handler (1, "compare: not, defined, for, type, ‘integer_matrix‘.");
return (;
LEDA_TYPE_PARAMETER(integer_matrix)
Hendif



3. The Implementation of class integer_matrix

We discuss the implementation of the class integer_matrix in two parts. In the first part
we give the implementation of the constructors, the destructor, assignment, equality, all access
functions, and all arithmetic operators, and in the second part we deal with the functions of
linear algebra.
(integer_matrix.c 3}=
#include "integer_matrix.h"
int integer-matrix::LEDA_SMALL = MAX_SIZE_OF_SMALL_OBJECT/sizeof (integer-vector);
{ basic functions 1};
{lincar algchra 3);

4. Construction and Basic Operations

A matrix is repregented as a CH+-array of pointers to row-vectors with integer entries (type
integer_vector). Thus v[{] iz a pointer to a vector and hence v[é]~v[j] is the entry (¢, §) of the
matrix.

{ basic functions 4} =
void integer_matrix :: allocate_small(integer_vector *x+&v, int d)
J# we use this procedure to allocate memory for small arrays. We first got an appropriate
picce of memory from the LEDA memory manager and then initialize cach cell by an inplace
new. x/
¢ = (integer_vector *#) allocate_bytes (d = sizeof {integer_vector *)):
integer_vector ¥rp=uv+d—1;
while (p > v) {
new (p, 0) integer_vectors;
P
)
r
void integer-matrix :; deallocate small (integer-vector #*v, int )
/+ we use this procedure to deallocate memory for small arravs. The components are already
deleted at this point and we only have to return the memaory. «/

1

deallocate_bytes (v, d  sizeof (integer_vector #*));

}

integer_matrix ::integer_matrix(int diml . int dim2)
y
if (dimi < 0V dim2 < 0)
error_handler (1, "integer_matrix::constructor: negative dimensiocn.");
di = dimli;
d2 = dimz;
if {d7 >0){
if (di < LEDA_SMALL) allocate_small(v, d1);
else © — new integer_vector + [d!];
for (int + = 0; ¢ < dI; i++) ¢[{] = new integer_vector (d2);
)

else v = nil;

——



integer_matrix :integer_matrix(const integer_matrix &p)
{
dil = p.di;
42 = p.d2;
if (df > 0) |
if (d1 < LEDA_SMALL) allocate_smnall(v, d1);
else v = new integer_vector x [d!];
for (int + = 0; ¢ < dI; i++) v[{] = new integer_vector (#p.u[i]);

)

else v — nil;

}

integer-matrix ::integer-matrix(const array (integer-vector) &)

{
int ol = Allow();
d2 = Ahigh() — al + 1;
dl = Alal].dimn();
if {df >0)
if (d! < LEDA_SMALL) allocate small(v, d1);
else » = new integer_vector « [dI];
for (int : = 0; ¢ < df; i++) {
¢[i] = new integer_vector (d2):
for (int j = 0; j < d2; j++) v[i]-e[j] = Alal + j][d;
.
I

}

else v — nil;
t
integer_matrix :integer_matrix(int dimm!, int dirn2, integer_t #xp)
{
dl = dimnl;
a2 = dimé;
if (d1 < LEDA_SMALL) allocate_small(v, dl):
else v = new integer_vector = [d7];
for (int i =0; i< dl; i++) {
¢[i] = new integer_vector (d2);
for (int 7 =0; j < d2; j++) elem(i, 7) = pli][4];
¥
}
integer_-matrix ::~integer_matrix( )
{
if (v) {
int d = di;
while (d1 —) delete v[d!];
if (d < LEDA_SMALL) deallocate_small{v, d);
else delete []v;
)
¥
void integer_matrix :: check dimensions(const integer-matrix &mat) const
{
if (I # mat.dl vV d2 £ mat.d2)



error_handler (1,
"integer_matrix::check_dimensions: incompatible matrix types.");

.
i

integer_matrix ::integer_matrix(const integer_vector &wec)

{

dl = vec.d;
A2 =il

if (d1 < LEDA_SMALL) allocate_small(n, d1);
else v = new integer_vector * [dI];
for (int ¢ =0; ¢ < dI; i++) 4
v[i] = new integer_vector (1);
elen (1, 0) = weeld];
1
I

1
i

integer_matrix &integer_matrix ::operator=(const integer_matrix &mat)
{
register int i, j;
if (dI # mat.di vV d2 £ mat.d2) {
for (i =0; i < di; i++) delete v[i;
it (1) {
if (di < LEDA_SMALL) decilocate_small{v, d1);
else delete []u:
]
dl = mat.dl;
d2 = mat.d2:
if (df < LEDA_SMALL) allocate small(v, d1);
else » = new integer_vector « [d!];
for (i =10; { < di; i++) »[i{] = new integer_vector (d2);
)
for (i =0; i < dl; i++)
for (=0, j<d2; j++) elem(i, j) = mat.clem (i, j);
return xthis;

i,
I

int integer_matrix ::operator=(const integer_matrix &) const
{

register int i, 7;

if (di 2 2.d1 v d2 # ».d2) return false:

for (i=0; i < df; i++)

for (1 =0; j < d2; j++)
if (elem(i,j) # v.elem(s, j)) return false;

return true;
¥
integer_vector integer_matrix :: col(int {) const

1

i (i <0V iZ>d2) error_handler(1,"integer_matrix::ccl: index out of, range.");
integer_vector result (d1);
int j=d71;
while (j—) result.v[j] = elem(j, 1);
return result;



}
integer_vector integer_matrix :: to_integer_vector () const
if (d2 # 1) error_handler (1, "integer_matrix::to_integer_vector: cann\
ot make,integer_vector from matrix.");
return col(0};

}

integer_vector to_integer_vector (const integer_matrix &3M)

{ return M .to_integer vector(); }

integer_matrix integer_matrix ::operator—+(const integer_matrix &mat )

{ register int i, j;
check_dimensions(mat);
integer_matrix result (d1,d2);
for (i=0; i < dl; i++)
for (j =0; j < d2; j++) result.elem(i, J) = elem(i, J) + mat .elem(i, j);
return result;

}

integer_matrix integer_matrix ::operator—(const integer_matrix &mat)
1

register int i, j;

check_dirnensions (mat )

integer_matrix resuli(dl, d2);

for (0 =0; i < dl; itr)

for (j =0 7 < d2; j++) result.elem(i, ) = elem (i, J) — mat .elem (i, j);
return result;

}

integer_matrix &integer_matrix ::operator+=(const integer_matrix &mat)
{
register int i, j;
check_dimensions(mat);
for (i=0: i < dI; i++)
for (7 =0; j < d2; j++) elem(d, ]) += mat.clem (i, j):
return +this;

}

integer_matrix &integer_imatrix ::operator—=(const integer_matrix &mat)
{

register int ¢, j;

check_dimensions(mat);

for (i=0; i < dl; i+t)

for (j =0; 7 < dg; j++) elem(i, j) —= mat.elen (i, §);

return sthis;
}
integer_matrix integer_matrix ::operator—() // unary
{

register int i, j;

integer_matrix result (d1,d2);



for (i=0; i < dI; i++)
for (7 =0: 7 < d2; j++) result.elem(i, ) = —elem (i, 7);
return result;

}

Integer_matrix Integer_matrix :: compmul (integer_t ) const
i
register int i, j;
integer_matrix result(d1, d2);
for (i=0; i <dl; i+r)
for (7 =0; j < d2; j++) result.elem(i, J) = elem(i, J) * f;
return result:

1
i

integer_matrix integer_matrix ::operator * (const integer_matrix &mat) const
{
if (d2 # mat.dl)
error_handler(1,"integer_matrix: :operator*: incompatible matrix types.");
integer_matrix result (dI, mat.d2);
register int i, j;
for (i = 0 i < mat.d2: i+t)
for (j =0; j < di; j++) result.elem(j, 1) = =[] + met.col{i);
return resuit;

}

ostream {operator < {ostream &s, const integer_matrix &AM)
1

int 7

I << Il\nll;

for (i=0; i < M.dI; i++) s M[i] < "\n";

return s;

1
i

istream &zoperator 3 (istream &s. integer_matrix &)
i

int ¢ = 0;

while (i < M.dI A s> M[i+])

return s;

}

integer_matrix identity (int n)

1

integer_matrix result(n,n); // sets all entries zero
for (int i=0; ¢ < 0y i++) rvesult(i, i) =1; // scts diag entries to one
return result:

1
i

integer_matrix transpose(const integer_matrix &A7)
1
int dI = M.dimlI();
int d2 = M.dim&();
integer-matrix resuli(d2,d1);
for (int i=0; i < d2; i++)
for (int y =0; j < dI; j++) reswlt.elem (i, j) = M(j,i);



return result:

1
i

This code is used in chunk 3.

5. Linear Algebra

We now turn to the functions of linear algebra. We frequently need a function that swaps the
valies of its arguments.
(lincar algebra 5) =
template{class T} void swap(T &z, T &y)
{Fhe=w 2= g0 )
See also chunks 6, 15, 16, 17, 18, and 20,

This code is used in chunk 3.

6. Thoe most important operation is the solution of a non-homogencous lincar systemn. We use
(Ganssian climination as deseribed by J. Edmonds (J. Edmonds, Systems of distinet representa-
tives and linear algebra. Journal of Research of the Bureau of National Standards, (B), 71, 241
-245) .

Consider a linear system A - = b. (Gaussian elimination operates in two phases. In the
first phase it transforms A by a sequence of row and column operations into an upper diagonal
matrix and in the second phase it solves the resulting upper diagonal system.

Let us have a closer look at the first phase. It operates in subphases, numbered 0 to m — 1
where m is the number of rows of 4. Before the k-th subphase we have transformed A into a

D FE
0o ¥

we have Cy = A. In the k-th subphase we first determine a non-zero element in F (called the

matrix Cy = . where D is a non-singular upper triangular matrix of order &, For k=10

pivot-elernent) and move it inte the left upper corner of F by interchanging rows and columns
if necessary aud then subtract suitable multiples of the top row of F from the other rows of F
to zero out all below diagonal entries in F's first column. ¥We assume for case of exposition that
ne interchanging of rows and columns iz ever necessary.

Lemma 1 All entries of F can be written as rational nurnbers with denominator dot Az where
Ap ig the subrmatric formed by the first k rows and colurmns of A,

Proof: Fora matrix M and row indices 4y, ..., 4, and column indices 741, ..., 7; use ;‘Jﬂ{f"'fgi" to
denote the [ x I submatrix formed by the elements in the selected rows and coluns. Counsider

any cutry fi; of ', We have
_ det((Cgri )
T den{(Culy i)

since the matrix in the numerator has f;; in the right lower corner, zeroes in all other entries of

the last row, and the matrix in the denominator in its other row and columna. The numerator
is therefore f;, times the denominator. Observe next that both deferminants do not change if
we write 'y instead of Cy since Cy 18 obtained from Cy by subtracting multiples of the first %
rows from the other rows, Thus,

 det({Co)Y

dct((Co,)gl:::i\:j}



The Lemma above suggests to take det 44 as the denominator of all entries of F, to store
the denominator separately, say in a variable denom.and to keep only the numerators in the
matrix F. Thus, we maintain the invariants

(1) denom = det Ay,
(2) Fij=det Ay =19, fori> ki 2k
(3) fij = FE,/denom.

The effect of the k-th subphase is to replace f;; by

i = Fi= Fa- fuil T
(Fiy « for = Fir* s/ fu
= ((Fig - Fir = Foe+ Fly)/ det Ax)/ Fi

for ¢ > k and j > k.
Lemma 2 Fy; = det Ay and the division (Fy;Fur — Fip Fry)/ det Ay ds without remainder.

Proof: TInvariant (2) shows
c ol k=1
Fip = det{ Ay ") = det 4y,

and Lemma 1 tells us that f:J can be written as a rational number with denominator Fye. Thus,
(Fij B — FinFiy) / det 4y must be an integer. 1

We summarize. We take a matrix ' and initialize it with 4. Before the k-th subphase we
have
(1) Ciyi=detdjp for0<i<k
(2) Cc()).... 71 is non-singular upper triangular
(3) Ci;=0fori>kand j<k
(4) Cij = det A j;'{ﬁ 1“’fu1 izkj2k
(5) Cy; = det —12 dfor i< ko>

.,,471

In the k-th subphase we set
Cy; = (CiiCrp — CinCrj)/ dot Ag

For i > k and j > k. The divigion is without remainder.

So far we ignored pivoting and the right-hand side b, We handle b by adjoining it to 4 as
an additional column, We handle pivoting by storing all column interchanges {there is no need
to keep track of the row interchanges since we adjoined b to 4 and hence handle both sides of
the equation in the same way). We store the column interchanges in an array ver: What is now
column j was originally column war[f]. In other words, column j of C' represents variable var[j].

It s useful to keep track of all row operations performed. We do so in a matrix L which we
initialize to an m X m identity matrix and subject to the same row operations as ', i.e., in the
k-th subphase we sot

Il = (L,jj Chr — Clhir - ij)/dct Ap

¥

for ¢ > k and all 7. This maintains the invariant

(AD)-P=C



where (A]6) denotes the matrix obtained by adjoining b to A, P is the permutation matrix
corresponding to war and C' is the matrix we are working in. We initialize €' with (A[h) and we
intialize I with the identity matrix.

We gtill need to fill in two details in our treatment of phage 10 Why do the entries of L stay
integral and how do we dizscover unsolvability?

Lemma 3 The entries of L stay integrol,

Proof: Let ug again ignore piveting. Then

U o

before subphase & where [7 iz a lower diagonal matrix of order k and W is a diagonal matrix.
It is readily proved by induction on £ that all diagonal entries of W are equal to det 4y, ie.,
W7 = (det Ag) - I. and that the diagonal entries of U7 are det Ag, det 4), ..., det 4;_,. Let

e [ A ]
Then U - Az = D and V. Ay + W - 4;, = 0. Thus, I/ = DA;] and ¥V = fF‘VA;ﬂA;] =
—(det Ag) -Ai,_-il,:] . This implies alvcady the integrality of V' osince all entries of Af are rational
numbers whose denominator divides det Ay (by Cramers’s rule). For matrix I/ we at least know
that it is uniguely defined. It therefore suffices to show that there is an integral matrix 7
satisfying U - 4y = D. This is easy to see. We have DJ;, = det —13:{;’ Expansion according
to the last column yields ' ‘

47 g AUi=] )
D = Z(_l) 7 det *"10,...1;71,t+1,...,i*‘llj-
rr g gap 40eiml
Thus, E= (—1) det;—10““’55_1.1_'_1““1:._ i

Unsgolvahility is casy to detect. We discover unzolvahility in subphase & when the search for
a non-zero pivot is unsuccessful but the current right hand side has a non-zero entry in row k&
or below.
We are now ready for the program.
{lincar algebra 5) 4=
bool linear solver (const integer_matrix & A, const integer_vector &b,
integer_vector &, integer_t & 13,
integer_matrix &spanning vectors, integer_vector &c)

bool solvable = true;

{(iuitialize C and L from A and b 7)

{phasc 1 8}

{ test whether a solution exists and compute ¢ if there is no solution 13}
if (solvable) {

{ compute solution space 14}

return solvable;

——



7. Initialization.

{initialize €' and L from 4 and b 7) =
int 4, 7, k& // indices to step through the matrix
int rows = A.diml ();
int cols = A.dim2();
/#* at this point one might want to check whether the computation can be carried out with
doublcs see section 21, #/

(b.dimi () # rows) error_hondler{1l, "linear_solver: b has wrong dimension");
111teger-matr1x C{rows, cols +1);  // the matrix in which we will calculate (C' = (A|b))
/4 copy A and binto C' #/
for (i =0; i < rows; i++) {

for (j=0: j < cols: j++) Cli.j) = A(i. J);
Ci, cols) = b[i];
¥
integer_-matrix L({rows, ’mfur?‘)' // is initialized with zeros

for (i =0; ¢ < rows; i++) L(i,i) =1; // sets dlagoual elements to one

T'his cade is used n chunks 6, 15, |6, 17, 18, and 20.

8. Phase 1 of Gaussian climination.

(phase 1 8) =
array {int} var(0, cols — 1); // column j of C' represents the ver[j]-th variable
// the array is indexed between 0 and cols — 1

for (j=0: j < cols; j++) var(jl=j; // at the beginning, variable #; stands in column j
integer_t denom = 1; // the determinant of an empty matrix is 1
int sign — 1; // no interchanges vet
int rank = 0: // we have not seen any non-zero row yef
/# here comes the main loop #/
for (k=0; k< rows; k++) {
{scarch for a non-zero clement; if found it is in (4, j) 9)
if (non_zero_found) {
rank++; //increase the rank
{(interchange rows &k and 7 and columns &k and j 10}
{ one subphase of phase 1 11}

J

else break;

}

This code iz used in chunks @, 15, 16, 17, 18, and 20.

9. We search for a non-zero element.
{ search for a non-zero element; if found it is in (4, 7) 9) =
bool non_zero_found = folse;
for (i =Fk; ¢ < rows; i++) // step through rows & to rows — 1
y
for (j=Fk j<eols ACU, ) =0: j++)  // step through columns k to cols — 1

if (j < cols) { non_zero_found = true; break: }

}

‘I'his code 15 used in chunk 8.



10. Woe interchange rows and columns. Any exchange changes the sign of the determinant.,

{interchange rows k and { and columns % and j 10} =

if ((#K) {

SN = — 8N
[+ we interchange rows & and ¢ of L and €/
swap (L[], LK)

swap (C7). C[k]):
}
if (j#K) {
SLgn = — Stgn;
/% We interchange colnmns & and § %/
for (int ik = 0: ih < vows: ih++) swap (Clil, k), C{h, 7))
[+ Wo gtore the exchange of variables in var +/
swap (var[k], var[f]):

This code is used in chunk 8.

11. Now we are ready to do the pivot-step with the element Cy ;. We do the L's first since
we want to work with the old values of C'. Note that the division hy denom is allowed as this

factor 1s contained in the nominator term.

{onc subphase of phase 1 11} =
for (i =%+ 1; i < rows; i++)
for (j =0 j < rows; j+) //and all columns of L
L{i,j) = (L(i, j}  Clka k) — C(i, F) « L(k, )/ denom:
for (1 =k+1; i < rows; i++) {
/# the following iteration uses and changes C'(4, k) =/
integer_t temp = Ci, k);
for (j=Fk; j <wols; j++) CU,j) = (CQ, )« Clk k) — temp « Clk, j))/denom;

1
i

denom = C(k, k);
{check invariant L- AP = 12)

This code is used in chunk &,

12. It is good custom to check the state of a computation. The matrix L mulriplied by 4
permuted ag given by wver should be equal to the current ¢, The permutation var moves
colurnn ver[j] of 4 to column j of C.
{check invariant L-A-P=(C 12) =
#ifdef LEDA_TEST
for (i =0; 4 < rows; i++) {
for (j=0; j < cols; j++) {

Integer_t Surn = (;

for (int [ =0; { < rows: [++) Sum 4+= L{. 1) + A, var[f]):

if (Swm #£ C(i, 7)) error_handler(1, 'linear_solver: L*A+P different, from C"});

}

integer_t Sum — (;



for (int [ = 0; ! < rows; [++) Swm += L(i, 1)« A{l, cols);
if (Sum # C(4, cols)) error_handler(1,"linear_solver: L#AxP different,from C");

.
i

#endif

‘I'hiz code 15 used in chunk 11.

13. We are done with Ganssian elimination. Af this point C has a rank X rank upper triangular
matrix in its left upper corner and the remaining rows of € are zero. The system is solvable if
the current right hand side has no non-zero entry in row rank and below, Assume otherwise,
say O, eols) £ 0. Then the i-th row of L proves the unsolvability of the system.

{ test whether a solution exists and compute ¢ it there is no solution 13) =
for (i = rank: { < rows AC(i, cols) = 0; i++) 5 // no body
if (¢ < rows) {
solvable = false;
¢ = integer_vector (rows);
for (7= 0; j < rows; j++) [j] = L{i. j)s
}

This code is used in chunk 6.

14. We compute the solution space. It is determined by a solution @ of the non-homogenocus
system plus cols — rank linearly independent solutions to the homogeneous system.

Recall that € Las a rank X rank upper triangular matrix in its upper left corner. We view the
variables corresponding to the first rank columuns as dependent and the others ag independent.
The vector var connects columns with variables: column j represents variable var[j].

The components of 2 are rational numbers with common denominator deniom (by Cramer’s
rule and since denomn is (up to sign) equal to the determinant of the submatrix formed by the
dependent varlables). We set the components corresponding to the independent variables to zero
and compute the components corresponding to the dependent variables by back substitution.
During back substitution we compute ; (again ignoring pivoting) by @; = (b — 325, ¢i5%;) /¢
Let @[7] be the numerator of z;. Then z[i] = (b; * denom — 37,5, ¢ + z[3])/ eis-

We have a spanning vector for each independent variable. We set the value of the independent
variable to 1 = denom /denom and then compute the values of all depeudent variables.

{ compute solution space 14) =
» = integer_vector{cols);
D = denom;
for (i=rank —1: i>0; i—) {
integer_t i = C(i. cols) « D,
for (j =i+ 1; j < rank:; j++) {
h —= C(4, j) * &[var[f]];
1
J
x[var[i]] = h/C(i,0);

}

#ifdef LEDA_TEST
/4 we check whether 2 is a solution =/

{
for (i=0; ¢ < rows; i++) {
Integer_t sumn — (;



for (j =0 j < cols; j++) sum += A, j)*z[J]:
if (sum # D« b[i]) error_handler (1, "linear_solver: base is not,a solution");
}
}
#endif

int dimension = cols — rank; //dimension of solution

spanming_vectors = Integer- matrix (cols, dimension);
if (dimension > 0) {
/# In the I-th spanning vector, 0 < [ < dimension we set variable var[rank +1] to 1 =
denom /denorn and then the dependent variables as dictated by the rank + I-th colunn of
Cox/
for (int /= 0; I < dimension; I++) {
spanning vectors (var [rank +1],1) =
for (i=romk —1; 1 >0y i—) {
integer_t h = ~C{i,rank +1)+ D;

D

for (j =i+ 1; j < rank; j4++) h —= C{i. j) ¥ spanning_vectors (var[j], 1)
spanning_vectors (var[{],1) = h/C3,1);
}

#ifdef TEST
[+ woe check whether the I-th spanning vector is a zelution of the homogencous system
¥/

integer_vector zero(rows);

i (A spanning_vectors.col (1) # zero)
error_handler (1, "linear_solver: spamning_vector,is not a solution.");
1

!
Hendif
)l
I
;
I

‘I'his code i1z used in chunks 6 and 20.

15. This complotes the implementation of the lnear solver. We next turn to the functions
determanant , and inverse, and rank.

The determinant function is simple. The determinant is either zero (if the matrix does not
have full rank) or is sign + denom where sign and denom are computed during phase 1.

{linear algebra 5) +=
integer_t determinant(const integer_matrix &A4)

{
if (A.dimlt()#£ Adim2())
error_hondler (1, "determinant : jonlysquare matrices_ are_ legal inputs.");
integer_vector b{A.dimi{)); [/ zero-vector
(initialize C' and L from A and b 7)
{phase 1 8}
if (rank < rows) return 0;
else return integer_t (sign) * denom;

——



16. The certified version of the determinant is slightly more interesting. If the matrix is
singular then the last row of L proves that fact, i.e., is a vector ¢ with ¢f - A4 = 0. If the matrix
is non-singular then we return the LU-decomposition. Note that no row interchanges took place
during the first phase of Gaunssian elimination when A is non-singular. Thus L is really a lower
diagonal matrix.

We need to check whether I and U are really lower and upper diagonal matrices, whether
the diagonal clements are as prescribed, whether L-4 - Q) = U7 and whethor the claimed value
of the determinant is equal to the sign of ¢ times U{n — 1,7 — 1], Since @ is given implicitely
by a array{int} ¢ the handling of @ requires a lictle bit of work.

We firat check whether ¢ is indeed a permutation by checking whether it is surjective and
then compute the glgn of ¢. To do so we trace the cycles of . A cycle of length I contributes
{(—1)"=" to the sign. We trace each cycle starting at its smallest element.

{linear algebra 5) +=
integer_t determinont(const Integer_matrix &4, integer_matrix & LD,
integer_matrix & UD, array(int} &q, integer_vector &¢)
{

if (A.dimi()#£ Adim2())
error_hendler(1, "determinant : jonly,square matrices_are,legal inputs."):
integer_vector d{A.dimi()); // zero-vector
{initialize C' and L from A and b 7)
{phase 1 &8}
if (rank < rows) {
¢ = L.orow(rows — 1);

return (;
}
else {

LD =1L;

UD = integer_matrix (rows, rows);
for (1 = 0: ¢ < rows; i++)
for (1 =0; j < rows; j+) UD(i,j) =C(i,7);
g = var;
return integer_t (sign) * denom;
}

}

int sign_of determinont(const integer_matrix &)
{

return sign{determinant (M));
}
bool verify_determinant (const integer_matrix &4, integer_t D,

integer_matrix &1, integer_matrix &U, array(int} ¢, integer_vector &¢)

if (qlow()#£ 0V q.high() # Adim2() — 1) error_handler (1, "verify_determinant:\
uqushould be a permutation array with,index range [0,A.dim2()-1].");

int n = A.diml();

int 7, 7;

if (D=0} {
/% we have ¢d - A =0 %/
integer_vector zero(n);

return (transpose{A) * ¢ = zero);



}

else |
/# we check the conditions on L and U7 =/
if (L(0,0)# 1) return false;
for (i=10; { < n; i++) {
for (7=0; 7 <t 7++)
if (U(:) #0) return false;
if (i>0AL(HH£TU(E—1,i—1)) return false;
for (j=i+1: j<n j++)
if (L(i.j) # 0) return false;
}

/* check whether L. A Q=T =/
integer_-matrix LA = L * A;
for (=0; j <n j++)
if (LA.col{q[f]) # U.eol(§)) return false:
/x compute sign s of Q@ «/
int sign — 1;
/# we chase the cycles of ¢o An eveu length cycle contributes -1 and vice versa s/
array{bool} already_considered(0, n — 1);
for (¢ =10; ¢ < n; i++) already_considered[?] = fulse;
for (i = 0; ¢ < n; t++) already_considered|qli]] = true;
for (: =0; ¢ < n; 0HF)
if (—already_considered][i])
error_handler [jl, "verify_determinant:q,,is not a permutation.");
else alrcady_considered[i] = false;
for (i =0; i <ny i++) {
if (already considered[i]) continue;
/# we have found a new cycle with minimal clement . #/
int & = g[¢);
already_considered[i] = true;

while (& #£4) {

stgn = — Sign;
already_considered|k] = true;
k= q[k];

}
)

return (D = integer_t{sign) * U(n — 1,n — 1));
1
J

L =Ee]

17. To determine a maximal subset of independent columns of a matrix we use the main
modiles of our linear solver and collect the columns which are represented by the independent
variables after the diagonalization of the matrix.
{linear algebra 5) +=

void independent colurnns{const integer_matrix &4, array{int} &columnns)

integer_vector b(A.dimi()); [/ zero-vector



{initialize €' and L from A and b 7}

( phase 1 8}

/+ at this point we have: ' has an rank x rank upper triangular matrix in its left upper
corner; var tells us the columns of 4 corresponding to the dependent variables; «/

columns = arvay{int) (rank);

for (i =0; ¢ < rank; i++) columns[i] = var[i;

}

18. rank and wnverse are casy to lmplement. The rank s already computed during phase 1
and the +th column of the inverse is a solution to the lincar system A -2 = ¢ where ¢ 18 the
i-th unit-vector.
{linear algebra 5) +=

int runk(const integer_matrix &A4)

integer_vector b(A.divnl ()); [/ zero-vector
{initialize " and L from A and & 7)
{phase 1 &)

return rank:

}

bool mverse{const integer-matrix &A, integer-matrix &inverse,
integer_t & D, integer_vector &¢)

if (Adimi()# Adim2())

error_handler(1,"inverse: only square matrices are legal_ inputs."};

integer_vector b(A.dimi()); // zero-vector

{initialize C and L from 4 and » 7)
{ phase 1 &)
if (rank < rows) {
/# matrix is singular; we return a vector ¢ with ¢! - A = 0.4/
¢ = integer_vector (rows);
for (j =0; j < rows; j++) e[j] = L{rows — 1, 7);
return false;
}
{ complete computation of inverse 19}
return frue;

——

19. In order to compute the i-th column of the inverse we need to solve the linear system
A2 = g, where £; is the i-th unit vector. We have already subjected e; to the firat phase of
Gaussian elimination as the ¢-th column of L. Thus we ouly have to perform back substitution
with this column in order to get the i-th column of the inverse.

{ complete computation of inverse 19) =
D = denom;
inverse = integer_matrix (rows, rows);

Integer_t h;



for (i=0; ¢ < rows; i+) { // i-th column of inverse
for (j=rows—1: j20; j—) {
h = L{j, 1)« D
for (int I = j+1; I < rows; I++) h —= C(j. 1) » inverse(var[l], i)
inverse (var[f]. 1) = h/C(f, 1);
¥
¥
#ifdel TEST
if (—(A * inverse = identity(rows) + D))
error_hoandler (:1, "inverse: matrix inverse computed incorrectly.");
#endif

This code iz used in chunle 18,

20. Lot’s next solve a homoegeneous system.

(lincar algebra 5) 4=
bool homogeneous_linear_solver(const integer_matrix &4, integer_vector &x)
J# returns true if the homogeneons system Az = 0 has a non-trivial solution and false other-
wise. */

{

integer_vector b(A.dimi()); // zero-vector
integer_t D;

{initialize C and L from A and b 7)

(phase 1 8)

integer_matrix spanning vectors:

{ compute solution space 14}

il (dimension = 0) return folse;

J# return fivst column of spanning vectors */

for (1 =0; i < cols; i++) x[i] = spanning_vectors (i, 0);
return true;

—

21. Optimization.

When can we carry out the computation with double arithmetic? Double arithmetic works
as long as all determinants computed are at most 2°2 in absolute value, The determinant of «
matrix is bounded by the product of the norms of the column vectors. The norm of a vector is
bounded by /nM where A4 is the maximal absolute value of any matrix entry. The log of the
determinant is therefore bounded by n{log M 4+ (1/2) -logn).

We need to square this number since we compute terms of the form Dy D/ D and hence before
the division our numbers may be as large as the square of the determinant.

{unused code: does double arithmetic suffice? 21) =
{
double max_entry = 1;
for (int i =0; : < rows; i++)
for (int y = 0; j < eols; j++) {
if (fabs(A(i,]) > maz_entry) maz entry = fabs{A{i, j));
}
if (rows * (log (rnac_entry) + log (rows)/2) < 26)
{ convert the input to double and use double arithmetic 0);






22, A Test of class integer_matrix

And finally we test our vector tvpe in a little program. We first test construction and access
operations. We test our equality operators. Then we do some basic calculations with matrix-
matrix and matrix-vector operations. We also use transpose, rank to characterize example
matrices. Then we test the modules inverse and linewr solver of the package.

(integer_matrix-test.c 22} =
#include "integer_matrix.h"
#define MAT_DIM 10

ratr( )

{ /[ some coustruction and access opsg s/
integer_matrix A(MAT_DIM,MAT_DIM), B(MAT_DIM,MAT_DIM);
for (int i = 0; i < MAT_DIM; i++)

for (int j = 0; j < MAT_DIM; j++) {

Al ) =14

}
integer_matrix C'({A);
/#* some dimension and equality testing =/
cont < "Our test input, with dimensions: ";
cout < A.dimi () < "x" < Adim2() < "\n\n";
cout < "Matrix A:" <€ A< "\n";
cout < "Matrix B:" « D < "\n";
cout < "Matrix, C:" < (' € "\n";

cout < "AL" L (A=B7T == M=) & " B\n™;
cout & "A" € (A= 7 == =) & " CAn";
/#* some basic arithmetic testing */

C = A4;

C —=Ax%3;

C = -,

cout € "CL" L (U= A7 == M=) g "~ (CutuAL—034) \n\n™;
/+ some row sums: */

integer_vector ones(MAT_DIM);

for (int i = 0; : < MAT_DIM; it++) ones[i] = 1;

cout < "A * 1-vec=" <& A+ ones < "\n";

cout < "Bu¥ 1-vec= " & B + ones < "\n\n";

/+ matrix operations +,* and transpose, rank +/

cont < "Au+ Bu=" € (C= A+ B) « "is "

cout < (C = transpose(C) 7 "eymmetric" : "not, symmetric"):
cout <€ " and has rank,," < rank(C) < "\n\n";

cout < "Ap*F B=" € (C= Ax B) € "igy'

cout < (€' = transpose(C') 7 "symmetric" : "not, symmetric");
cout < " and, has rank,," < rank(C) < "\n\n";

/# matrix operations 2% and identity, determinant »/

C' = 2 % identity (MAT _DTM);

cout < "Matrix 2 % I:" & ' « "has determinant '";

integer_matrix L, I7;
integer_vector c;
array (int) ¢;



integer det = determinant(C', L, U, ¢, c);
bool ok = verify_determinant (C. det, L, U, q. ¢);
cout < det < " which,is " < {6k 7 "ok" : "not o0k") < "\n\n";
/+ matrix operation inverse */
C += (A4 B);
integer_matrix I);
integer denom:
hool invertible = inverse(C, D, denom, ¢);
cout < "if we add this matrix and A+B we get" < ('
cout < "\nthis matrix has rank " < rank (') < "Jand is";
cout < (invertible T "' : "not") < "invertible:\n";
if (invertible) ecout < "Inverse =,1/" <€ denom < " " < D;
else cout < "Proofvector,=," < ¢;
cout < "\nif we multiply both we get:" < C* D < "\n";
[+ a random linear solver task: x/
integer_matrix FE(MAT_DIM, MAT_DIM);
integer_vector H(MAT_DIM), ¢(MAT_DIM);
integer-vector »(MAT_DIM);
random_source runso;
for (int i =0; i < MAT_DIM; i++) {
for (int j = 0; j < MAT_DIM; j++)
E(%, 7) = ranso{—MAT_DIM, MAT_DIM);
bli] = ranso(—MAT_DIM,MAT_DIM):

| ¥
T

cout < "random linear, ,system,{E,b) with dimensions ";
cout < E.diml() < "x" <« E.dim2()+1;
cout < E < "\n" < b < "\n\n",;
if {linear_solver (E, b, z, denom, A, €)) {
cout < "solvable with soluticn x:\n" < = < "\n";

cout < "ELxox" <€ (B wxr = denom # b7 == 0=l 0 b\n";
¥
else {
cout < "not solvable with preof e: " < ¢ < "\n";
cout < "e ¥ E_ =" < (transpose(E) % ¢) < "\n";
cout <€ "bu* EL=y" <€ (b ¢) < "\n";
.
J

}
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1. The Manual Page of class integer_vector

1. Definition

An ingtance of the data type integer_vector is a vector of variables of type integer.

2. Creation

inteqer vector v} creates an instance » of type integer vector: v is initialized to the
zero-dimensional vector.

integer_vector uv(int d); creates an instance v of type integer_vector; v is initialized to the
zero vector of dimension d.

integer_vector v(integer a, integer b):

initlalized to the

s
>

creates an instance v of type enteger_vector; v
two-dimensional vector (a, b).
integer_vector w(integer a, integer b, integer ¢);
creates an instance v of type integer_vector; v 1s initialized to the
three-dimensional vector (a. b, ¢},

3. Operations
il o.dim( ) returns the dimension of v,
integer& vfint £ returns i-th component of v,

Precondition: 0 < ¢ < w.dimn( ) —1. This check
can be turned off by the flag LEDA CHECKING OFF.

integer_ vector&s v+ = vl Addition plus assignment.
Precondition: v.dim( ) = vl.dim( ).
integer_vector& v— = wul Subtraction plus assigument.

Preconditior: v.dinn( ) = vl.dim( ).

wnteger vector v+ i Addition.
Precondition: v.dim( ) = vl.dim( ).

integer_vector v — v Subtraction.
Precondition: v.dim( ) = wol.ditn().

integer vk vl Inner Product.
Precondition: v.dim( ) = vil.dim().

integer_vector mteger v Componentwise multiplication with number r.
integer vector 0o dnteger T Componentwise multiplication with nnmber .
bool 0= w Test for equality.



hool vil=w Test for incquality.
OSErearn & ostreamnds O < v writes v componentwise to the output stream O,
istreamds istreamn& I 7 integer_vectords v

reads v componentwise from the input stream 1.

4. Implementation

Vectors are implemented by arrays of integers. All operations on a vector v take time
O(v.dim( ). except for dim and [ ] which take constant time. The space requirement is

O(v.dim{ )).



2. The Header File of class integer_vector

{integer_vector.h 2}=
#ifndef LEDA_INTEGER_VECTCOR_H
#define LEDA_TNTEGER_VECTDR_H
#include <math.h>

#include <LEDA/basic.h>
#include <LEDA/integer.h>
#include <LEDA/rational .h>

#define MAX_SIZE_OF_SMALL_OBJECT 256

typedef integer integer_t;
typedef rational rational_t;

class integer-vector {
friend class integer_matrix;
integer_t *u;
int d:
void check dimensions (const integer_vector &) const;
void allocate_small{integer_t +& v, int d);
void deallocate_srnoll (integer_t v, int d);
static int LEDA_SMALL;

public:
integer_vector( );
integer_vector{(int d);
integer_vector(integer_t «, integer_t b);
integer_vector(integer_t n,integer_t 5, integer_t c};
integer_vector(const integer_vector &);
~integer_vector( );

integer_vector &operator=(const integer_vector &);
int dim() const { return d; }

integer_t &operator [|(int i)
{
#ifndef LEDA_CHECKING_OFF
if @ <0viZzd)
error_handler (1, "integer_vector::operator[]: index out of range.");
#endif
return v[i];
}
integer_t operator [|(int ) const
{
#ifndef LEDA_CHECKING_OFF
if (t<Ovi>d)
error_handler (1, "integer_vector::operator[]: index out of range.");
Zendif
return v[i];
¥
integer_vector &operator+=(const integer_vector &uv!);
integer_vector &{coperator —=(const integer_vector &ul);
integer_vector operator+(const integer_vector &vl) const;

integer_vector operator —(const integer_vector &vl) const;



integer.t operator + (const integer_vector &vl) const;

integer_vector compmul(integer_t r) const;

friend integer_vector operator * (integer_t r, const integer_vector &v);
friend integer_vector operator x (const integer_vector &v,integer_t r);
integer_vector operator —( ) const:

bool operator={const integer_vector &w) const;

bool operator(const integer_vector &w) const { return —(xthis = w); }
friend ostream &operator<(ostream &O, const integer_vector &v);

friend istream &operators(istream &1, integer_vector &u);
static int emp(const integer_vector &, const integer_vector &);

LEDA_MEMORY (integer_vector)
inline int compare(const integer_vector &, const integer_vector &y)
{ return Integer_vector:cmp(z,y); }

inline void Print(const integer_vector &v,ostream &out) { out < v; |}

inline void Read (integer_vector &, istream &in) { in > v; }
LEDA_TYPE_PARAMETER (integer_vector)
Hendif



3. The Implementation of class integer_vector

We use the LEDA constant MAX_SIZE_Q0F_SMALL_OBJECT to implement a two level memory
allocation scheme dependent on the integer size.

(integer_vector.c 3)=

#include "integer_vector.h"
int integer_vector::LEDA_SMALL = MAX_SIZE_OF_SMALL_OBJECT/sizeof (integer_t):
{ constructors, destructors, and assigninent 4);
{ other functions 3};

4. Coustructors, Destructors, and Assigninent.

{ constructors, destructors, and assignment 4} =
void integer_vector :: allocate_srnall (integer_t +&v,int d)
/# we use this procedure to allocate memory for small arrays. We first got an appropriate
picce of memory from the LEDA memory manager and then initialize cach cell by an inplace
new. x/

{
v = (integer_t ) wllocate_bytes (d » sizeof (integer_t ));
integer_t +p— v+ d— 1;
while (p > v] { new (p) integer_t; p—; }
}
void integer_vector :: deallocate small (integer_t +u, int d)
/+ we use this procedure to deallocate memory for small arrays. We first call the destructor
for type integer_t for each cell of the array and then return the piece of memory to the LEDA
INeINOTY mlalager. */
y
integer_t +p=v+4+d— 1;
while (p > v) { p=~integer_t(); p—: }
deallocate_bytes (v, d + sizeof (integer_t));
}
integer_vector ::integer_vector()
{d=0; v=mnil; }
integer_vector::integer_vector(int »)
1
if (n < 0) error_handler(1,"integer_vector::constructor: negative dimension."):
d = n;
v = nil;
if (d>0) {
if (d < LEDA_SMALL) integer_vector : allocate small(v,d);
else ¢ = new integer_t [d];
integer_t zero — 0
while (n—) u[n] = zero;
)
!

integer_vector::~integer_vector( )

{
if (0)
if (d < LEDA_SMALL) integer_vector :: deallocate siall{v, d);



else delete []u:

1
i

integer_vector::integer_vector(const integer_vector &p)
{
d = p.d;
v = nil;
if (d>0){
if (d < LEDA_SMALL) integer_vector :: allocate_small(v, d);
else v — new integer_t [d]:
for (int ¢ = 0; @ < d5 i++) v[i] = p.efd];
)
}
integer_vector &integer_vector ::operator={const integer_vector &uvec)
{
register int n = wvec.d;
if (n#d) {
if (v) {
if (d < LEDA_SMALL) integer_vector :: deallocate_small (v, d):
else delete []i:
Y
)
if (n < LEDA_SMALL} integer_vector:: allocate_small (v, n);
else © = new integer_t [n;
d=m

1
I

while (n—) #[n] = vec.v[n];
return sthis;
}
integer_vector ::integer_vector(integer_t 2, integer_t y)
y
integer_vector :: allocate_small (v, 2);
d = 2;
o[0] = 3
u[l] = y;

}

integer_vector :: integer_vector{integer_t =, integer_t y, integer_t z)

{

integer_vector :: allocate_small (v, 3);
d=3;
v

0
1
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1
i

T'his cade s used in chunlk 3.

5. Other Functions.

{ other functions 5) =
void integer_vector :: check ditnensions (const integer_vector &wvec) const

{



if (d # vec.d)
error_hondler [:1_, "integer_vector::check_dimensions: different dimensions."});

.
i

integer_vector &integer_vector :operator+=(const Integer_vector &vec)

1

check_dimensions(vee);
register int n — d;
while (n—) u[n] += vec.v[n];
return »this;

}

integer_-vector &integer_-vector :ioperator —={const integer_vector &vec)

{

check_dimensions(vec);
register int n = d;
while (n—) v[n] —= vec.v[n];
return *this;

1

I
integer_vector integer_vector::operator+(const integer_vector &wvec) const
check_dimensions(vec);
register int n = d;
integer_vector result(n);
while (n——) resuwlt.v[n] = vin] + vec.vnl;

return result:

1
i

integer_vector integer_vector::operator—(const integer_vector &wvee) const
y

check_dimensions (vec);

register int n = d;

integer-vector result(n);

while (n——) result.v[n] = v[n] — vee.v[n];

return result;
1

J
integer_vector integer_vector:operator—() const // unary minus
register int n = d;
integer_vector result(n);
while (n—) result.v[n] = —v[n):
return result:
;
i
integer_vector integer_vector :: compmaul (integer_t 2) const

int » =d;

integer_vector result(n);

while (n——) result.o[n] = v[n] % 2
return result;



integer_vector operator * (integer_t f.const integer_vector &v)
{ return v.compmul(f); }

integer_vector operator * (const integer_vector kv, integer_t f)
{ return v.comprmul(f); }

integer_t integer_vector:operator * (const integer_vector &vec) const

i

check_dimensions(vec);

integer_t result = 0;

register int n = d;

while (n——) result = resull + ¢[n] * vec.o[r];
return result;

}

bool integer_vector ::operator=(const integer_vector &wvec) const
{
if (vec.d £ d) return false;
int i = 0;
while [(i < d) A (e[i] = vec.e[t])) e4++:
return (i = d);
v
ostream &operator<{ostream & s, const integer_vector &v)
{
for (int i=0; i < ed; i++) s uli] € "™
return s;
¥
istream {&coperator s (istream &s, integer_vector &)
y
int i = 0;
while (i < z.dA s> 2elitt]) ;
return s;
¥
int integer_vector :: ¢cynp(const integer_vector &wl, const integer_vector &v?)
1
register int i
vl .check_dimensions{v2);
for (1 =0; 2 < vl dim( ) Ael[f] = w2[i]; ¢++) 5
if (i =uwvi.dim()) return 0
return (o1 [i] < v2[¢]) 7 —=1:1;

}

This code is used in chunk 3.



6. A Test of class integer_vector

And finally we test our vector type in a little program. We first test construction and access
operations. Then we do some basic calculations.

{integer_vector-test.c 6)=
#include "integer_vector.h"
#define VEC_DIM 17

marre( )
{ /* some construction and access ops x/

integer_vector v (VEC_DIM), »2(VEC_DIM);
for (int ¢ = 0; ¢ < VEC_DIM; +++) {

vl [i] = i;

2 [?] = VEC_DIM — i;
}
integer_vector v (vl );
[+ some dimension and equality testing */
cout < "three_ vectors vl,vZ,v3:\n";
cout < vl < "\n";
cout <. 02 < "\n";
cout < v8 < "\n";
cout < "with dimension " < v .dim() < "\n";
cout < "vi" <& (vl = w2 P ==t =) g v y2\n';
cout < "viy" € (vl =03 T "==" 0= & U y3\n";
[+ some arithietic testing =/
ul += 2% u2;
vl —= v2;
vl = —uvl;
cout <& "squared lengthyof (vig+uv2) o =y" < v vl € "\n":
cout < "should, be dim*dim*dim = " < VEC_DIM x VEC_DIM x VEC_DIM < "\n';
cout < "yixyl = vexv2: " & (vl x vl — 02« vd) <€ "\n";
cout < "(vi+v2) (v1-v2) 1" <€ ({vl — 02) x (vl +v2)) < "\n\n";

——
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2 RATIONAL POINTS (rat_point)
1. The Manual Page of class rat_point

1. Definition

An instance of data type raf_point is a point with rational coordinates in an arbitrary dimen-
sional space. A point p = (po,...,Pd—1) in d-dimensional space is represented by homogeneous
coordinates (ho, hy, ..., hq) of arbitrary length integers such that p; = h;/hg. The homogenizing
coordinate hq is positive.

We call p;, 0 < 7 < d the i-th cartesian coordinate and h;, 0 < 7 < d, the i-th homogeneous
coordinate. We call d the dimension of the point.

The default ordering is the lexicographic ordering of the cartesian coordinate tuples.

rat_point is an item type.

2. Creation

rat_point p(int d = 2); introduces a variable p of type rat_point in d-dimensional
space.

rat_point p(integer a, integer b, integer D = 1);
introduces a variable p of type rat_point initialized to
the two-dimensional point with homogeneous representation
(a,b, D) if D is positive and representation (—a,—b, —D) if
D is negative.
Precondition: D is non-zero.

rat_point p(integer_vector c, integer D);
introduces a variable p of type rat_point initialized to the

point with homogeneous coordinates (%cy, ..., *c4—1,£D),
where d is the dimension of ¢ and the sign chosen is the sign
of D.

Precondition: D is non-zero.

rat_point p(integer_vector c);. introduces a variable p of type rat_point initialized to the
point with homogeneous coordinate vector +c, where the
sign chosen is the sign of the last component of c.
Precondition: The last component of ¢ is non-zero.

3. Operations

3.1 Initialization, Access and Conversions

rat_point rat_point::d2(integer a, integer b, integer D = 1)
returns a rat_point of dimension 2 initialized to a point with
homogeneous representation (a,b,D) if D is positive and
representation (—a, —b, —D) if D is negative.
Precondition: D is non-zero.
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rat_point rat_point::d3(integer a, integer b, integer c, integer D = 1)
returns a rat_point of dimension 3 initialized to a point with
homogeneous representation (a, b, ¢, D) if D is positive and
representation (—a,—b, —¢, —D) if D is negative.
Precondition: D is non-zero.

rat_point rat_point::origin(int d = 2)

returns the origin in d-dimensional space.

int p.dim() returns the dimension of p.

rational p.coord(int %) returns the i-th cartesian coordinate of p.
rational plint i) returns the ¢-th cartesian coordinate of p.
integer p.hcoord(int 1) returns the :-th homogeneous coordinate of p.
rat_point p.transform (aff_transformation t)

returns ¢(p).

rat_vector p-toratvector() converts p to an vector.

rat_vector torat.vector(rat_point p)

converts p to an vector.

rat_direction  p.toratdirection() converts p to a direction.
Precondition: p is different form the origin.

rat_direction toratdirection(rat-point p)

converts p to a direction.
Precondition: p is different form the origin.

Additional Operations for points in two-dimensional space

rational p.xcoord( ) returns the zeroth cartesian coordinate of p.
rational p.ycoord( ) returns the first cartesian coordinate of p.
integer p.X() returns the zeroth homogeneous coordinate of p.
integer p.Y() returns the first homogeneous coordinate of p.
integer p-W() returns the homogenizing coordinate of p.
rat_point p.rotate90(rat_point q)

returns p rotated counterclockwise by 90 degrees about g.

rat_point p.rotate90( ) returns p rotated counterclockwise by 90 degrees about the
origin.
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3.2 Tests
bool p.isorigin() returns true if p is equal to the origin.
bool identical(rat_point p, rat_point q)
test for identity
bool P=gq test for equality.
bool pl=gq test for inequality.

3.3 Arithmetical Operators

rat_vector pP—q returns p — gq.
Precondition: p.dim( ) = q.dim( ).

‘mt_poz'nt p + rat_vector v returns p + v.
Precondition: p.dim() = v.dim().

rat_point p-translate(rat_vector wv)

returns returns p 4 v.
Precondition: p.dim( ) = v.dim().

rat_point& p+ = rat_vector v adds v to p.
Precondition: p.dim() = v.dim().

rat_point p — rat_vector v returns p — v.
Precondition: p.dim( ) = v.dim( ).

rat_point& p— = ratvector v subtracts v from p.
Precondition: p.dim() = v.dim().

3.4 Input and Output

ostream& ostream& O <K p writes the homogeneous coordinates of p to output stream
Q.
istream& istream& I > rat_point& p

reads the homogeneous coordinates of p from input stream
I. This operator uses the current dimension of p.

3.5 Position Tests

int orientation(array<rat_point>A)

determines the orientation of the points in A, where A consists of d + 1 points
in d-space. This is the sign of the determinant

where A[i] denotes the cartesian coordinate vector of the ¢-th point in A.
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int sideoforiented sphere(array<rat_point>A, rat_point z)

determines whether the point z lies inside (= -1), on (= 0), or outside (= +1)
the oriented sphere defined by the points in A, where A consists of d+ 1 points
in d-space. This is the sign of the determinant

1 1 1 1 1
Lft(A[0)) Uft(AQL]) ... Uft(Ald]) lft(z)

where for a point p with cartesian coordinates p; we use lift(p) to denote the d+

1-dimensional point with cartesian coordinate vector (po, - - -, Pa—1, 3 o<i<d P?)-

int side.ofsphere(array<rat_point>A, rat_point z)
determines whether the point z lies inside (= —1), on (= 0), or outside (= +1)
the sphere defined by the points in A, where A consists of d + 1 points in d-
space. (equivalent to orientation(A) x side_of_oriented_sphere(A, z))
Precondition: orientation(A) # 0

bool contained in simplex(array<rat_point>A, rat_point z)
determines whether z is contained in the simplex spanned by the points in A.

A may consists of up to d + 1 points.
Precondition: The points in A are affinely independent.

3.6 Affine Hull, Dependence and Rank

bool contained.in affine hull(array<rat_point>A, rat_point z)
determines whether z is contained in the affine hull of the points in A.

int affinerank(array<rat_point>A)
computes the affine rank of the points in A.

bool affinely independent(array<rat_point>A)
decides whether the points in A are affinely independent.

Additional Operations for points in two-dimensional space

rational area(rat_point a, rat_point b, rat_point c)
computes the signed area of the triangle determined by a,b,c, positive if
orientation(a,b,c) > 0 and negative otherwise.

int orientation(rat_point a, rat_point b, rat_point c)
computes the orientation of points a, b, c, i.e., the sign of the determinant

Ay Gz Gy
by by by

Cw Cz Cy

bool collinear(rat_point a, rat_point b, rat_point c)
returns true if points a, b, c are collinear, i.e., orientation(a, b, c) = 0, and false
otherwise.
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bool right turn(rat_point a, rat_point b, rat_point c)
returns true if points @, b, ¢ form a right turn, i.e., orientation(a,b,c) > 0, and
false otherwise.

bool left turn(rat_point a, rat_point b, rat_point c)

returns true if points a, b, ¢ form a left turn, i.e., orientation(a,b,c) < 0, and
false otherwise.

int sideof oriented circle(rat_point a, rat_point b, rat_point c, rat_point d)

returns +1 if point d lies left of the directed circle through points a, b, and ¢, 0
if a,b,c,and d are cocircular, and —1 otherwise. If a, b, and ¢ are collinear the
directed circle is a line oriented from a to b if ¢ is not part of the connecting
segment ab, or else oriented from b to c.

int sideofcircle(rat_point a, rat_point b, rat_point c, rat_point d)
returns +1 if point d lies inside of, 0 if on and —1 if outside of the circle through
points a, b, and c,
Precondition: a, b, ¢ are not collinear

bool cocircular(rat_point a, rat_point b, rat_point c, rat_point d)

returns true if points a, b, ¢, d are cocircular, i.e., side, foriented.ircle(a,b,c) =
0, and false otherwise.

bool incircle(rat_point a, rat_point b, rat_point ¢, rat_point d)
returns true if point d lies in the interior of the circle through the points a, b,
and ¢, and false otherwise.

bool outcircle(rat_point a, rat_point b, rat_point c, rat_point d)

returns true if point d lies outside the circle through the points a, b, and ¢, and
false otherwise.

4. Implementation

Points are implemented by arrays of integers as an item type. All operations like creation, ini-
tialization, tests, point-vector arithmetic, input and output on a point p take time O(p.dim()).
dim( ), coordinate access and conversions take constant time. The operations for affine calcula-
tion and determinant evaluation have the cubic costs of the used matrix operations. The space
requirement is O(p.dim()).
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2. The Header File of class rat_point

The type rat_point is an item class with representation class geo_rep. It shares this representation
class with hyperplanes, vectors, and directions. We derive rat_point from handle_base and derive
geo_rep from handle_rep. This gives us reference counting for free. We give all implementations
which are trivial directly in the header file and postpone all others to the next section. Aside
from this the header file is in one-to-one correspondence to the manual page.

(rat_point.h 2)=

#ifndef LEDA_RAT_POINT_H

#define LEDA_RAT_POINT_H

#include <iostream.h>

#include <math.h>

#include <ctype.h>

#include <LEDA/array.h>

#include "integer_vector.h"

#include "integer_matrix.h"

#include "geo_rep.h"

#include "rat_direction.h"

#include "rat_vector.h"
class aff_transformation;
class rat_point : public handle_base {
geo_rep *ptr() const { return (geo_rep *) PTR; }
rat_point (const handle_base &p) : handle_base(p) {}
friend class rat_vector; '
friend class rat_direction;

public:
rat_point (int d = 2) { PTR = new geo-rep (d); ptr()~v[d] =1; }
rat_point (integer_t a,integer_t b,integer_-t D = 1)

{

if (D =0) error_handler(1,"rat_point::constructor: D must be_nonzero.");
if (D <0) PTR = new geo_rep (—a,—b,—D);
else PTR = new geo_rep (a,b, D);

}

rat_point (int a,int b,int D = 1)

{
if (D =0) error_handler(1,"rat_point::constructor: D must be nonzero.");
if (D <0) PTR = new geo._rep (—a,—b,—D);
else PTR = new geo_rep (a,b, D);

}

rat_point (const integer_vector &c, integer_t D)

{
if (D =0) error_handler(1,"rat_point::constructor: D must be_nonzero.");
if (D <0) PTR = new geo-_rep (—c,—D);
else PTR = new geo_rep (c, D);

}

rat_point (const integer_vector &c)

{
int d = c.dim();
integer_t D = c[d — 1];
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if (D =0) error_handler(1,"rat_point::constructor: D must be nonzero.");
if (D < 0) PTR = new geo.rep (—c);
else PTR = new geo-_rep (c¢);
}
rat_point (const rat_point &p) : handle_base(p) {}
~rat_point () {}
rat_point &operator=(const rat_point &p)
{ handle_base::operator=(p); return xthis; }
static rat_-point d2(integer-t a,integer_t b, integer_t D = 1);
static rat_-point d3(integer-t a,integer_t b, integer-t c,integer_t D = 1);
static rat_point origin(int d = 2);
int dim() const { return pir()~dim; }
‘rational_t coord (int i) const { return rational_t (ptr () -v[i], ptr() ~v[ptr()~dim]); }
rational_t operator [](int 7) const { return coord(); } '
integer_t hcoord (int i) const { return ptr()-v[i]; }
rat_point transform(const aff_transformation &t) const;
rat_vector to_rat_vector() const;
friend rat_vector to_rat_vector (const rat_point &p);
rat_direction to_rat_direction() const;
friend rat_direction to_rat_direction(const rat_point &p);
rational_t zcoord() const { return rational-t(hcoord(0), hcoord (ptr()~dim)); }
rational_t ycoord() const { return rational_t(hcoord (1), hcoord (ptr()—~dim)); }
integer_t X () const { return hcoord(0); }
integer_t Y () const { return hcoord(1); }
integer_t W () const { return hcoord (ptr()-~dim); }
rat_point rotate90 (const rat_point &g) const;
rat_point rotated0() const { return rat_point (-Y (), X(),W()); }
bool is_origin() const

{
for (int i =0; i < dim(); i++)
if (hcoord (i) # 0) return false;
return frue;

}

friend bool identical (const rat_point &p, const rat_point &gq)
{ return p.ptr() = g¢.ptr(); }
int c¢mp(const rat_point &p, const rat_point &gq) const
{ return (identical(p,q) ?0:
p.ptr () ~cmp_rat_coords (p.ptr( ), g.ptr())); }
friend int compare(const rat_point &p, const rat_point &gq)
{ return p.cmp(p,q); }
friend bool operator=(const rat_point &p, const rat_point &gq)
{ return p.cmp(p,q) =0; }
friend bool operator#(const rat_-point &p, const rat_point &gq)
{ return p.cmp(p,q) #0; }
rat_vector operator —(const rat_point &gq) const;
rat_-point operator+(const rat_vector &v) const;
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rat-point translate(const rat_vector &v) const
{ return operator+(v); }

rat-point &operator+=(const rat-vector &v);

rat_point operator—(const rat_vector &v) const;

rat-point &operator—=(const rat_vector &v);

friend ostream &operator< (ostream &0, const rat_point &p);

friend istream &operator>>(istream &I, rat_point &p); } ;

inline void Print(const rat_point &p,ostream &out) { out < p; }

inline void Read(rat-point &p,istream &in) { in > p; }

int orientation (const array(rat_point) &A);

int side_of_oriented_sphere(const array(rat_point) &A, const rat_point &z);
int side_of_sphere(const array(rat_point) & A, const rat_point &z);

bool contained_in_simplez (const array(rat_point) & A, const rat_point &z);
bool contained_in_affine_hull (const array(rat_point) &A, const rat_point &z);
int affine_rank(const array(rat_-point) &A);

bool affinely_independent(const array(rat_point) &A);

rational_t area(const rat_point &a,const rat_point &b, const rat_point &c);
int orientation (const rat_point &a,const rat_point &b, const rat_point &c);

inline bool collinear(const rat_point &a,const rat_point &b, const rat_point &c)

{ return orientation(a,b,c) =0; }

inline bool right_turn(const rat_point &a,const rat_point &b, const rat_point &c)

{ return orientation(a,b,c) < 0; }

inline bool left_turn(const-rat_point &a,const rat_point &b, const rat_point &c)

{ return orientation(a,b,c) > 0; }

int side_of_oriented_circle(const rat_point &a,const rat_point &b, const rat_point

&c, const rat_point &d);

inline int side_of_circle(const rat-point &a,const rat_point &b, const rat_point
&c, const rat_point &d)

{ return (orientation(a,b, c) * side_of_oriented_circle(a,b, ¢,d)); }

inline bool cocircular (const rat_point &a,const rat_point &b, const rat_point

, &c, const rat_point &d)

{ return (side_of-oriented_circle(a,b,c,d) =0); }

inline bool incircle(const rat_point &a, const rat_point &b, const rat_point &c, const
rat_point &d)

{ return (orientation(a, b, c) * side_of_oriented_circle(a, b, c,d) > 0); }

inline bool outcircle(const rat_point &a,const rat_point &b, const rat_point
&c, const rat_point &d)

{ return (orientation(a,b, c) * side_of_oriented_circle(a, b, c,d) < 0); }

#endif



10 RATIONAL POINTS (rat_point)

3. The Implementation of class rat_point

(rat_point.c 3)=
#include "rat_point.h"
(initialization 4)
( conversions 5)
(input and output 6)
(arithmetic operations 7)
( position tests 11)
( affine operations 15)
( special operations- of 2-space 18)

4. Initialization
We provide some easy initialization operations for the two and three dimensional case.
(initialization 4) = .
rat_point rat_point :: d2(integer-t «,integer_t b,integer_t D)
{
if (D =0) error_handler(l,"rat_point::d2: denominator must not_be zero.");
return rat_point (a, b, D);
}
rat_point rat_point :: d3 (integer-t a,integer_t b, integer_t c,integer_t D)
{
rat_point .d3p(3);
if (D =0) error_handler(1,"rat_point::d3: denominator must_not be zero.");
if (D < 0) d3p.ptr()-~init{ (—a,—b, —c,—D);
else d3p.ptr()-init{(a,b,c, D);
return d3p;
}
rat_point rat_point ::origin(int d = 2) { return rat_point (d); }
This code is used in chunk 3.

5. Conversion

Points can be converted to directions and vectors. Since the converted object has the same
representation, conversion amounts to a call of the copy constructor of the base class.

(conversions 5) = :
rat_direction rat_point :: to_rat_direction () const

{

if (is_origin()) error_handler (1,
"rat_point::to_rat_direction:origin,cannot be aydirection. ”);

return rat_direction (xthis);

}

rat_vector rat_point :: to_rat_vector () const

{ return rat_vector(xthis); }

rat_vector to_rat_vector(const rat_point &p)

{ return p.to_rat_vector(); }

rat_direction to_rat_direction(const rat_point &p)

{ return p.to_rat_direction(); }

This code is used in chunk 3.
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6. Input and Output

We define the operators < and >. The output operator reduces to the output operator for
geo_reps. The input operator additionally has to take care that is does not overwrite a commonly
used representation object. Moreover it has to secure our invariant that the denominator is
neither zero nor negative.
(input and output 6) =

ostream &operator < (ostream &out, const rat_point &p)

{
out L p.ptr();
return out;

}

istream &operator>>(istream &in,rat_point &p)

{
int d = p.dim();
if (p.refs() > 1) p = rat_point (d);
n > p.ptr();
if (p.hcoord (d) = 0)
error_handler (1, "operator>>: denominator of point must be_nonzero.");
if (p.hcoord (d) < 0) p.ptr()-negate(d + 1);
return in; )

}

This code is used in chunk 3.

7. Arithmetical Operators

The operators + and — do the obvious. They construct a new rat_point and fill it with the
appropriate values.

(arithmetic operations 7) =
rat_point rat_point ::operator+(const rat_vector &v) const

{

rat_point res(dim());

c_add(res.ptr(), ptr(),v.ptr());
return res;

}

rat_point rat_point ::operator—(const rat_vector &v) const

{

rat_point res(dim());

c_sub(res.ptr(), ptr( ), v.ptr());
return res;

}

rat_vector rat_point ::operator—(const rat_point &gq) const

{

rat_vector res(dim());

c_sub(res.ptr(), ptr(), ¢.ptr());
return res;

}

See also chunks 8 and 9.
This code is used in chunk 3.
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8. The operators += and —= are almost implemented the same. However, they avoid the
construction of a new geo_rep if the left hand side was sole owner of its geo_rep. We establish
a pointer old to the old geo_rep, construct a new geo_rep if necessary, and then fill the new
geo_rep. Be warned, the old and the new geo_rep might be identical and hence care is necessary
when this code is adopted to operators that are less local than + and —.
(arithmetic operations 7) +=
rat_point &rat_point ::operator+=(const rat_vector &v)
{
int d = dim();
rat_point old (xthis);
if (ptr()-count > 2) xthis = rat_point (d);
c-add (ptr(), old.ptr (), v.ptr());
return *this;

}

rat_point &rat_point::operator —=(const rat_vector &v)
{ v
int d = dim();

rat_point old(xthis);

if (ptr()-count > 2) xthis = rat_point (d);
c-sub(ptr(), old.ptr(),v.ptr());

return xthis;

9. The transformation of a point is just implemented by a matrix multiplication of the trans-
formation matrix and the vector which represents the point.
(arithmetic operations 7) +=

rat_point rat_point :: transform(const aff_transformation &t) const

{ return rat_point (t.matrix () * ptr( ) ~ivec()); }

10. Linear Algebra

11. Orientation. We are given a array A of d+1 points in d-space and compute their orientation.
This amounts to computing the sign of the determinant

1 1 1 1
Al0] A[1] ... A[4]

where A[i] denotes the cartesian coordinate vector of the i-th point in A. Multiplying the i-th
column by the homogenizing coordinate of A[i] leaves the sign of the determinant unchanged.
We set up this matrix and return its determinant. Actually, it is more convenient to transpose
it and to make the first row the last. This changes the sign if the number of rows is even, i.e.,
if d is odd.

( position tests 11) =
int orientation(const array(rat_point) &A)

{

int al = A.low(); // the lower index start of A
int d = A.high() — al; // A contains d+1 points
if (d # Alal].dim())
error_handler (1, "orientation: needs A[] .dim()+1_many_input points.");
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integer_matrix M(d+1,d + 1);
for (int 1 =0; 7 < d; i++)
for (int j =0; j < d; j+) M(3,j) = Alal + i].hcoord(j);
integer_t det = determinant(M);
int s=(d%2=071:-1);
if (det > 0) return s;
if (det < 0) return —s;
return 0;
}
See also chunks 12, 13, and 14.
This code is used in chunk 3.

12. Side of sphere. We have tests which test a point in relation to a sphere. The first one tests
the location of a point z with respect to the oriented sphere defined by d + 1 points in d-space,
and the second test determines the location with respect to the sphere.

The first test amounts to evaluate the sign of the determinant

1 1, 1 1 1
lft(A) Ef(ALL) ... ft(Ald) Uft(z)

where for a point p with cartesian coordinates p; we use lift(p) to denote the d + 1-dimensional
point with cartesian coordinate vector (po,...,Pd—1, Y o<ica P?)- The lifting map lift maps a
point p onto the paraboloid of revolution and the position of the point z with respect to the
oriented sphere defined by the points in A is the same as the orientation of the lifted points. In
order to evaluate the determinant we multiply each column by the square of the homogenizing
coordinate. This turns any column into (h3, hohg, ..., Rd—1Rd, S o<ica h?), where the h;’s denote
homogeneous coordinates. Thus we set up this matrix and return its sign (it is actually simpler
to set up the transposed matrix and so that’s what we do).

( position tests 11) +=
int side_of_oriented_sphere(const array(rat_point) & A, const rat_point &z)

{

int al = A.low(); // the lower index start of A
int d = A.high() — al; // A contains d + 1 points
if (d # A[al].dim()) error_handler(1,
"side_of_oriented_sphere: needs_ A[].dim()+1 many input_points.");
integer_matrix M(d +2,d + 2);
for (int 1 =0; : < d; i++) {
integer_t Sum = 0;
integer_t hd = Alal + 7].hcoord (d);
M (3,0) = hd * hd;
for (int j=0; j<d; j+) {
integer_t hj = A[al + 1].hcoord(j);
M(i,j+ 1) = hj * hd;
Sum += hj * hj;

}
M(i,d+ 1) = Sum;
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integer_t Sum = 0;

integer_t hd = z.hcoord(d);

M(d+1,0) = hd  hd;

for (int j=0; j<d; j+) {
integer_t hj = z.hcoord(j);
M(d+ 1,74 1) = hj * hd;
Sum += hj * hj;

M(d+1,d+ 1) = Sum;
integer_t det = determinant(M);
if (det > 0) return 1;

if (det < 0) return -1;

return 0;

18. The side_of_sphere function first checks its precondition and then returns the value stated
in the specification.

( position tests 11) +=
int side_of_sphere(const array(rat_point) &A, const rat_point &z)
{
int s = orientation (A);
if (s=0) error_handler(1,"side_of_sphere: A must be full dimensional.");
return s * side_of_oriented_sphere(A, z);

}

14. Containment in Simplex.

A point z is contained in the convex hull of a set A of points if z is a convex combination of
the points in A, i.e., if the system }_ A\;A; = = has a solution with > A; =1 and A; > 0. If the
points in A are linearly independent then the solution is unique (if it exists at all). We therefore
proceed as above and then check whether the solution vector is non-negative.

( position tests 11) +=
bool contained_in_simplez (const array (rat_point) & A, const rat_point &z)
{
int al = A.low(); // the lower index start of A
int k= A.high() — al +1; // A contains k points
int d = Alal].dim();
integer_matrix M (d + 1, k);
integer_vector b(d+ 1);
for (int 1 =0; i < d; i++) {
b(i] = z.hcoord (i);
for (int 7 =0; j < k; j+) M(3,5) = Alal + j].hcoord (3);
}
integer_t D;
integer_vector lambda;

if (linear_solver (M, b, lambda, D)) {
int s = sign(D);
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for (int j=0; 7 <k; j+) {
int t = sign(lambda[j]);
if (sxt < 0) return false;
} ,
}
return true;

}

15. Containment in Affine Hull.

A point z is contained in the affine hull of a set A of points if z is an affine combination of
the points in A, i.e., if the system ) A;A; = = has a solution with }_ A; = 1. Set A\; = A; 48:/z4
with A; 4 being the homogenizing coordinate of A; and z4 being the homogenizing coordinate
of z. The i-th column of the system for the §;’s is simply the homogeneous vector of A4; and the
right hand side is simply the homogeneous vector for z. Thus we proceed as above but let ¢ run
up to d.

(affine operations 15) =
bool contained_in_affine_kull (const array(rat_point) &A, const rat_point &z)

{

int al = A.low(); // the lower index start of A
int k= A.high() — al +1; // A contains k points
int d = Alal].dim();
integer_matrix M(d + 1,k);
integer_vector b(d + 1);
for (int i =0; ¢ < d; i++) {
b(i] = z.hcoord (3);
for (int j =0; j < k; j++) M(3,5) = Alal + j].hcoord (3);
}

return solvable(M,b);

}

See also chunks 16 and 17.
This code is used in chunk 3.

16. Affine Rank.
The affine rank of points po, p1,..., pk is the linear rank of points po — pk, ..., Pk—1 — Pk-

(affine operations 15) +=
int affine_rank(const array(rat_point) &A)

{

int al = A.low(); // the lower index start of A
int k = A.high() — al; // A contains k + 1 points
if (k< 0) return —1;
if (k=0) return 0;
int d = Alal].dim();
integer_matrix M(d, k);
for (int j=0; j < k; j++) {
rat_point p = (Alal + j] — Alal + k]).to_rat_point( );
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for (int 1 =0; ¢ < d; t++) M(3,) = p.hcoord(i);
}

return rank(M);

}

17. Affine Independence.
A set of points is affinely independent if their affine rank is equal to the number of points
minus 1.

(affine operations 15) +=
bool affinely_independent(const array(rat_point) &A)
{ return (affine_rank(A) = (A.high() — A.low())); }

18. Special Operations in 2-Space

(special operations of 2-space 18) =
int side_of_oriented_circle(const rat_point &a,const rat_point &b, const rat_point
&c, const rat_point &d)
{ /* copied from the LEDA 2d module _rat_point.c */
integer_t AX =a.X();

);
()
integer_t BX = b.X()
integer_t BY =5.Y ()
integer.t BW = b.W(
integer_t CX = c.X();
integer_t CY = c.Y();
integer_.t CW = c.W(
integer_t DX =d.X()
integer_-t DY =d.Y();

integer_t DW =d.W();

integer_t bz, by, bw, cz, cy, cw, dz, dy, dw;

if ( AW=1ABW=1ACW=1ADW =1) {

bz = BX — AX;
by = BY — AY;
bw = bz * bz + by * by;
cz = CX — AX;
cy = CY — AY;
CW = CT * CT + CcY * cyY;
de = DX - AX;
dy = DY - AY,
dw = dz x dz + dy * dy;
}
else {

integer-t b1 = BX x AW — AX x BW;
integer_t b2 = BY x AW — AY « BW;
integer_t ¢! = CX x AW — AX « CW;
integer_t c2 = CY « AW — AY « CW;
integer_t dI = DX * AW — AX « DW;
integer_t d2 = DY x AW — AY x DW;
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bz = b1 « AW x BW;
by = b2 x AW « BW;
bw = bl % bl + b2 x b2;
ct =cl x AW x CW,;
cy =c2x AW x CW,
cw =cl xcl + c2 xc2;
dz = dl x AW x DW;
dy = d2 x AW « DW
dw = dl xdl + d2 * d2;

}

17

return sign((bz * cy — by x cz) * dw + (by x cw — bw * cy) x dz + (bw * cz — bz * cw) * dy);

}

int orientation (const rat_point &a,const rat_point &b, const rat_point &c)

{ /* copied from the LEDA 2d module _rat_point.c */
integer_-t AX = a.X();
integer_t AY = a.Y();
integer_t AW = a.W();
integer_t BX = b.X();
integer_t BY =b.Y ();
integer_t BW = b.W();
integer_t CX = c.X();
integer_t CY = c.Y();
integer_t CW = c.W();

integer_-t D = (AX x BW — BX * AW ) x (AY * CW — CY * AW) — (AY x BW — BY «

AW) x (AX x CW — CX x AW);
return sign(D);

}

rational_t area(const rat_point &a,const rat_point &b, const rat_point &c)

{

return ((a.zcoord() — b.zcoord()) * (a.ycoord() — c.ycoord()) —
(a.ycoord() — b.ycoord ()) * (a.zcoord () — c.zcoord()))/2;

rat_point rat_point :: rotate90 (const rat_point &gq) const

{

integer_t 20 = ¢.X();

integer_t y0 = ¢.Y ();

integer_t w0 = ¢.W();

integer_t zI = X ();

integer_t yI =Y ();

integer_t wl = W ();

integer_t z = (20 + y0) * w1 — yI * w0;
integer_t y = (y0 — z0) * wl + z1 * w0;

return rat_point(z,y, w0 * wl);

}

This code is used in chunk 3.
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19. A Test of class rat_point

We do the testing in two stages. First we consider the easier and direct implemented 2-space
operations. There we test only the special functions. Then we shift our attention to the d-
dimensional operations which we test in 3-space.
(rat_point-test.c 19) =
#include "rat_point.h"
main ()
{
(2d tests 20)
(3d tests 21)

}

20. In this chunk we test the special 2d procedures.

(2d tests. 20) =
{ /* some construction test x/

cout < "\n2-SPACE_ MODULE:\n";

rat_point p0 = rat_point ::origin(), pI(1,0), p2 = rat_point ::d2(0,1), p3(2);

cout < "three points p0,p1,p2:," € p0 < pl K p2 < "\n";

/* some input and access test */

cout K "enter fourth point_ p3:,";

cin > p3d;

cout K "accessoperations on. p3:";

cout K "\ncartesian: " < p3.zcoord() K "," K p8.ycoord();

cout < "\nhomogenous: " K p3.X() < "," €« p3.Y() < "u" < p8.W();

/* the geometric operations and predicates x/

cout € "\n(p2,==ypl.rotated0()) =" K (p2 = pl.rotated0());

cout < "\np3.rotated0(p2):." K p3.rotated0 (p2);

cout < "\narea(p0,pl,p2) =." < area(p0,pl,p2);

cout < "\norientation(p0,pl,p3) =u" <K orientation(p0,pl,ps);

array (rat_point) tp(3);

tp[0] = p0; tp[1] = p1; tp[2] = p3;

cout < "\norientation(<p0,p1,p3>) =" K orientation (tp);

cout < "\nleft_turn(p0,pl,p3),=." < left_turn(p0,pl1,p3);

cout < "\nright_turn(p0,pl,p3) =" K right_turn(p0,pl,p3);

tp[2] = p2;

cout < "\nside_of_oriented_circle(p0,p1,p2,p3)=u" K side_of-oriented_circle(p0,
p1,p2,p3);

cout € "\nside_of_oriented_sphere(<p0,p1,p2>,p3) =." K side_of-oriented_sphere (tp,
p3);

cout < "\nside_of_circle(p0,p1,p2,p3)u=u" K side_of-circle(p0,pl,p2,p3);

cout K "\nside_of_sphere(<p0,p1,p2>,p3) =" K side_of_sphere(tp,p3);

cout <€ "\nincircle(p0,p1,p2,p3)=u" K incircle(p0,pl,p2,p3);

cout < "\noutcircle(p0,pl,p2,p3) =u" K outcircle(p0,pl,p2,p3);

rat_point p5 = rat_point::d2(1,0,2);

cout < "\nthe_ points p0,pl,p5:," K p0 K pl L p5;

cout € "\nside_of_oriented_circle(p0,p5,pl,p3)u=." K side_of-oriented_circle(p0,
p5,p1,p3);
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cout < "\n";

}

This code is used in chunk 19.

21. Next we do some tests in 3-space. Here we test the d-dimensional components.

(3d tests 21) =
{ /* some construction test %/

cout < "\nd-SPACE_ MODULE:,(d=3)\n";
rat_point p0 = rat_point ::origin(3); // the origin
rat_-vector el = rat_vector ::unit(0,3), e2 = rat_vector:: unit(1, 3);
// the first two unit vectors
rat_point pI (p0 + el), p2(p0 + e2), p3 = rat_point ::d3(0,0,1), p4(3);
cout K “"four points p0,pl,p2,p3:\n";
cout L p0 L pl K p2 <K p8;
cout K "\np0.is_origin()u=u" K p0.is_origin();
cout < "\npi.is_origin() =u" < pI.is_origin();
/* some input and access test */
cout < "\nenter fifth point_ p4:,";
cin > p4;
cout L "accessgoperations,on p4:";
cout < "\ncartesian:";
int ¢
for (i=0; i < pf.dim(); i++) cout <K p4.coord(i) K ",";
cout < "\nhomogenous:,";
for (i=0; i < pf.dim(); i++) cout K p4.hcoord (i) <K ",";
cout < "\ncompare(p1,p4) =." < compare(pl,ps);
/* orientation, sphere position, simplex position */
array (rat_point) A(4);
A[0] = p0; A[1] = pI’; A[2] = p2; A[3] = p4;
cout < "\norientation(<p0,p1,p2,p4>), =" <K orientation(A);
A[3] = p3;
cout < "\nside_of_sphere(<p0,p1,p2,p3>,p4) =" K side_of_sphere (A, p4);
cout < "\ncontained_in_simplex(<p0,pl,p2,p3>,p4) =L";
cout K contained_in_simplez (A, p4 );
/* affine hull, independence and rank */

array (rat_point) P12(2);

P12[0] = p1; P12[1] = p2;

cout < "\ncontained_in_affine_hull(<p1,p2>,p4) =,";

cout K contained_in_affine_hull (P12, p4);

rat_vector a = p/ .to_rat_vector();

cout K "\na translation vector,a(p4):," < g;

p0 —=a; pl =pl —a; p2 +=a; p3 = p3 + q;

cout < "\nwe translate_ the points_ pO-=a,_pl-=a, p2+=a,,p3+=a:\n";
cout K p0 < pl <K p2 <K p3;

array (rat_point) B(3);

19
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B[0] = p1; B[l] = p2; B[2] = p3;

A[0] = p0; A[l] = p1; A[2] = p2; A[3] = p4;

cout € "\naffinely_independent(<p0,p1,p2,p3>),=u";
cout K affinely_independent (A);

cout € "\naffine_rank(<p0,p1,p2,p3>),=,";

cout K affine_rank (A);

cout < "\n\n";

}

This code is used in chunk 19.
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List of Refinements

(2d tests 20) Used in chunk 19.

(3d tests 21) Used in chunk 19.

(affine operations 15, 16, 17) Used in chunk 3.
(arithmetic operations 7, 8,9) Used in chunk 3.
(conversions 5) Used in chunk 3.
(initialization 4) Used in chunk 3.

(input and output 6) Used in chunk 3.

( position tests 11,12, 13, 14) Used in chunk 3.
(rat_point-test.c 19)

(rat_point.c 3)

(rat_point.h 2)

(special operations of 2-space 18) Used in chunk 3.
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1. The Manual Page of class rat_vector

1. Definition

An instance of data type ratvector is a vector of rational numbers. A d-dimensional vector
r = (rg.....rg_1) s represented in homogeneous coordinates (ho,...,hy). where v, = h;/hy
and the ki's are of type integer. We call the r;'s the cartesian coordinates of the vector. The
homogenizing coordinate fiy is positive.

This data type is meant for use in compucational geometry. It realizes free vectors as opposed to
position vectors (type raf_point). The main difference between position vectors and free vectors
is their behavior under affine transformations, c.g., free vectors are invariant under translations,

raf_vector 13 an item type.

2. Creation

ratvector w(int d = 2); introduces a variable » of type rat_wvector initialized to the
zero vector of dimension d.

ratvector w{integer a, integer b, integer D = 1);
introduces a variable v of type rat_vector lnitlalized to the
two-dimensional vector with homogeneous representation
(a.b. D) if D is positive and representation (—a, —0, —D)
if D is nogative,
Precondition: D is non-zero.

ratvector w{integer vector ¢, integer D);

introduces a variable v of type rat_vector initialized to the

vector with homogeneous coordinates (+eq, .. .. feg ), D),
where o is the dimension of ¢ and the sign chosen is the gign
of D.

Precondition: D is non-zero.

ratvector w{integer vector c); introduces a variable » of type rat vector initialized to the
direction with homogeneous coordinate vector +¢, where the
gign chosen iz the sign of the lasgt component of ¢.
Precondition: The last component of ¢ is nou-zero.

3. Operations

3.1 Initialization, Access and Conversions

rat_vector rat_vector :d2(integer o, tnteger b, integer D = 1)
returns a rat vector of dimension 2 initialized to a
vector with homogeneous representation (a, b, D) if
D is positive and representation (—a, —b,—D)if D
s negative.
Precondition: D is non-zero.



ral_vector

rat_vector

rat_vector

int

rationel
rational
integer
rad_direction

rat_direction

rat_peint
ral_point

rat_vector

rotvectorid3(integer o, integer b, integer ¢, integer D = 1)

returns a rat vector of dimension 3 initialized
to a vector with homogeneous representation
(a,b,c, D) if D is positive and representation

(—a, —b, —c

,— 1) if D is negative.

Precondition: D is non-zero.

rotvectorunit{ing i, int d = 2)

returns a rai_vector of dimension d initialized to the

i-th unit vector,
Precondition: 0 <1 < d.

ratwector nzero(ing d = 2)

returns the

pdim( ) returns the
weoordiind ©) returns the
v tret i returns the
w.heoord{int 1) returns the
w.toratdirection( ) converts fo

toratdirection{ rat_vector v)

converts to

w.toratpoint( ) converts to
torat polut{rut vector v) converts to

wiransform (eff_transformation t)

zero vector in d-dimensional space.

dimension of v.

i-th cartesian coordinate of v.
t-th cartesian coordinate of v,
i-th homogeneous coordinate of .

a direction.

a direction.

a point.

4 point.

returns t(w).

Additional Operations for vectors in two-dimensional space

rational
rationael
integer
integer
integer

3.2 Tests

bool

w.xcoord( ) returns the
w.ycoord( ) returns the
0.X() returns the
2.Y () returns the
2.W() returns the

identical{rat_vector v, ratvector w)

zeroth cartesian coordinate of ».
first cartesian coordinate of v.
seroth homogeneous coordinate of v,
first homogeneons coordinate of v,

homogenizing coordinate of v.

Test for identity.



bool

bool

3.3 Arithmetical Operators

rat_vector

rat_vector

rat_vector &

rat_vector&s

raft_vector

rat_vector

rat_vector&s

rat_vector&

rational

ot vector

rat_vectorde

ral_vectoyr

rat_vector&

ot vector

inteqer nox v

rational v+ v

27 %

v

[t

v

el T Tl T

= anteger 1

= rationael r

integer n

rational T

= anteger n

= rational r

v+ w

1+ = w

3.4 Input and Output

ostreamés

istreamés

ostreambs O < @

Test for equality.

Test for inequality.

multiplies all cartesian coordinates by n.
multiplics all cartesian coordinates by 7.
multiplies all cartesian coordinates by .
multiplies all cartesian coordinates by r.

divides all cartegian coordinates by n.

divides all cartesian coordinates by n.

divides all cartesian coordinates by n.

divides all cartesian coordinates by r.

scalar product, i.e., 350504 viw;, where v; and w;
are the cartesian coordinates of ¢ and w resgpee-
tively.

adds cartesian coordinates.

addition plus assignment.

gubtracts cartesian coordinates

subtraction plus assignment.

returns -,

writes ©’s homogeneous coordinates componentwise
to the output stream €.

istream&c I 3 ratovector& v

reads ©'s homogeneoug coordinates componentwize
from the input streamn I. The operator uses the
current dimension of .

3.5 Linear Hull, Dependence and Rank

bool

contained in linear hull{ array<rot_vector> A, rat_vector x)

determines whether 2 13 contalued in the incar hull
of the vectors in A.



int lincar_rank{array<rat_vector>A)

computes the linear rank of the vectors in A.

bool linearlv_ independent (array<rot_vector>A)
decides whether the vectors in A are linearly inde-
pendent,

arroy <rat_vector> linear base(array <rat_vector> A)

computes a basis of the linear space spanned by the
vectors in A.

4. Implementation

Vectors are implemented by arrays of integers as an item type. All operations like creation,
initialization, tests, vector arithmetic, input and ountput on an vector v take time O (v.dim( ).
dim.( ), coordinate access and conversions take congtant time. The aperations for linear hull, rank
and independence have the cubic costs of the used matrix operations. The space requirement is

O(v.dim( ).



2. The Header File of class rat_vector

The type rat_vector iz an item class with representation class geo rep. It shares this representa-
tion class with hyperplanes, points, and directions. We derive rat_vector from handle hase and
derive geo_rep from handle_rep. This gives us reference counting for free. We give all implemen-
tations which arc trivial directly in the header file and postpone all others to the next section.
Aslde from this the header file is in one-to-one correspondance to the manual page.
(rat_vector.h 2)=

#ifndef LEDA_RAT_VECTOR_H

#define LEDA_RAT_VECTOR_H

#include "rat_point.h"
#include "rat_direction.h"
#include "aff_transform.h"
#include "geo_rep.h"
class rat-point;
class rat_direction:
class aff_transformation;
class rat_vector : public handle_base {
geo_rep +pir() const { return (geo_rep x) PTR; }
rat_vector(const handle_base &p) : handle_base(p) { }
friend class rat_point:
friend class rat_direction;
friend class rat_hyperplane;
friend class geo_pair_rep;

public:
rat_vector(int d =2} { FTE = new geo_rep (d); ptr{)-v[d =1; }

rat_vector (integer_t «, integer_t b, integer_t D = 1)

{

if (D=0} error_handler(1,"rat_vector::constructor: D must_ be_nonzero.");
if (D < 0) PTR = new geo_rep (—a.—h,—D);
else PT1t = new geo_rep (¢,b, D):

}

rat_vector(const integer_vector {e. integer_t D)

{

7 if (D=0} error_handler(l,"rat_vector::constructor: D must_be nonzero.");
if (D < 0) PTR = new geo_rep (—¢, —D):
else PTI = new geo_rep (¢, D):

}

rat_vector(const integer_vector &)

{
int d = e.dim();
integer_t D = [d — 1];
if (D =0) error_handler(1,"rat_point::constructor: D must,be_ nonzerc");
if (D < 0) PTR = new geo_rep (—¢);
else PTR = new geo_rep (c);
1

rat_vector(const rat_vector &p) : handle_base(p) {}

~rat_vector{) {}



rat_vector &operator=(const rat_vector &p)

{ handle_base::operator=(p); return +this; }

static rat_vector J2 (integer_t «,integer_t b, integer_t D = 1);

static rat_vector d7 (integer_t «,integer_t b, integer_t ¢, integer_t D = 1);
static rat_vector unit(int 4.int J = 2);

static rat_vector zero(int d = 2);

int dim() const { return ptr()-dim; }

rational_t coord(int i) const { return rational t(ptr()-v[i], ptr{)-vptr()~dim]); }
rational_-t operator [](int i) const { return coord{(i); }

integer_t hcoord(int ¢) const { return pér{)-uv[¢]; }

rat_direction to_rat_direction() const;

friend rat_direction to rat_direction(const rat_vector &u);

rat_point to rof point( ) const:

friend rat_point fo_rat_point(const rat_vector &v):

rat_vector transform(const aff_transformation &t} const;

rational_t zcoord () const { return rational_t (heoord (0), heoord (ptr( ) ~dim)); }
rational_t yeoord() const { return rational_t (heoord (1), heoord (ptr () ~dim)); }
integer_t X () const { return heoord (0); }

integer_t Y'() const { return hcoord(l); }

integer_t W() const { return hecoord (ptr()-dim);

friend bool identical{const rat_vector &, const rat_vector &w)
{ return v.pir() = w.pir{); }
int cmp (const rat_vector &'1:, const rat_vector &y) const
{ return (identical(x,y)?
z.ptr () =emporat. morde(q pr(O)ypir ()}
friend int compare(const rat_vector &p. const rat_vector &¢)
{ return p.cmp(p,q); }
bool operator=(const rat_vector &w) const
{ return cmp(*this, w) =0; }
bool operator#(const rat_vector &) const
{ return crp(xthis, w) #£ 0; }

rat_vector rat_vector :: scale{integer_t ., integer_t =) const;
void rat_vector :: self scole{integer_t m. integer_t n);

friend rat_vector operator « (int », const rat_vector &1);
friend rat_vector operator « (integer_t n, const rat_vector &v);
friend rat_vector operator # (rational_t r, const rat_vector &i:);
rat_vector &operatorx = (integer_t »);

rat_vector {operatorx = (int n);

rat_vector &operator+ = (rational_t r);

friend rat_vector operator/(const rat_vector &v,int n);

friend rat_vector operator/(const rat_vector &u,integer_t n);
friend rat_vector operator/(const rat_vector &u,rational_t r);
rat_vector &operator/={(integer_t n);

rat_vector &operator/=(int n);

rat_vector &operator/=(rational_t r);

friend rational_t operator * (const rat_vector v, const rat_vector &w);



friend rat_-vector operator | (const rat_vector &u,const rat-vector &w):
rat_vector &operator+={(const rat_vector &u);

friend rat_vector operator—(const rat_vector &wv.const rat_vector &uw);
rat_vector &operator —={const rat_vector &u);

rat_vector operator—( ) const:

friend ostream {operator < (ostream &0, const rat_vector &v);

friend istream &operator(istream &I, rat_vector &v);

s

inline void Print(const rat_vector &uv,ostream &out) { out < v |

inline void Read (rat_vector &u,istream &in) { in 3 v; }

bool conteined in_lincar_hull (const array (rat_vector) &4, const rat_vector &z ):
int linear_rank (const array {rat-vector) &A):

bool lnearly_independent{const array(rat_vector) &A);

array {rat_vector} linear_bose{const array{rat_vector) &A4);

#endif



3. The Implementation of class rat_vector

(rat_vector.c 3)=
#include "rat_vector.h"
{initialization 4}
{conversions 5 )
{input and output 6}
{arithmetic operations 7)
{linear operations 11)

4. Initialization

We provide some easy initlalization operations for the two and three dimensional case.
{initialization 4} =
rat_vector rat_vector:: dZ(integer_t ¢, integer_t b, integer_t D)
if (D=0) errer_handler(l,"rat_vector::d2: denominator must,not be,zero.");

return rat_vector(w, b, D):
g

I
rat_vector rat_vector :: d3(integer_t «,integer_t b, integer_t ¢, integer_t D)
{ _
rat_vector d3v(3);
if (D =0) error_handler(1,"rat_vector::d3: denominator must,not be,zero.");
if (D <0) div.ptr()~initf{(—a, —b,—c, —D);
else d3v.pir()-~initd (a,b, ¢, D);
return div;
1
I
rat_vector rat_vector :: unit(int . int )
{
if (i <0ViZz=d) errorchondler{l,"rat_vector::unit:, i out of,range.");
rat_vector uw(d):
uv . ptr () -e[i] = 1
return wu;
¥
rat_vector rat_vector:: zero(int d) { return rat_vector(d); }

‘I'his code 15 used in chunk 3.

5. Conversions

Vectors can be converted to points and directions. Since the converfed object has the same
representation, conversion amounts to a call of the copy constructor of the base class.
{ conversions §) =
rat_direction rat_vector ::to_rat direction() const
y
if (to_rat_point().isorigin()) error_handler(1,
"rat_vector::to_rat_direction: origin,cannot, be a direction. ”'];
return rat_direction {+this);
¥



rat_point rat_vector:: to_rat_point() const

{ return rat_point{«this); }

rat_direction to rat_direction(const rat_-vector &)
{ return v.to_rat_direction(); }

rat_point to_rat_point(const rat_vector &uv)

{ return w.to_rat_point(); }

This code is used in chunk 3.

6. Input and Output

Wo just take care that in case of input we don’t overwrite a common representation. Apart from
that we use the [/0-operations of geo_rep.
{input and output 6} =
ostream {operator<(ostream &out, const rat_vector &a)
f |
out < a.ptr{);
return oui;
¥
istream Scoperatory(istream &in,rat_vector &a)

1

int d = a.dim();
if (a.refs() > 1) « = rat-vector(d):
in 2 aptr();
if {(0.heoord(d) = 0)
error_handler (1, "operator>>: denominator of ,vector must be_nonzero." )
if (a.heoord (d) < 0) a.ptr()-negate(d+ 1);
return in:

}

This code is used in chunk 3.

7. Multiplication and Division

We start with the operators * and /. We define a function scele (m, n) that multiplies the
homogenizing coordinate by » and all other coordinates by m and reduce the operators to this
function.
{arithmetic operations 7) =

rat_vector rat_vector ::scele(integer_t m, integer_t n) const

i
int d = dim();

rat_vector result (d);

result.ptr () ~v[d] = ptr()-v[d] * n;

integer_t g = ged (ptr( ) -v[d], m);

result.ptr ()-v[d] /= o

m /= g;

for (int i = 0; i < d; i++) result.ptr()-v[i] = ptr () -v[i] « m;
return result;

——



void rat-vector :: self scale{integer_t m, integer_t n)

{
int d = dim();

prr( ) =old] «= n;
integer_t g = ged (ptr( ) -v[d]. m):
pir(J-vld] /= g5

m /=g
for (int i = 0; i < d; i++) pir()-~v[i] #= m;

}

rat_vector operator » (int n,const rat_vector &p)

{ return p.scale(n, 1); }

rat_vector operator x (integer_t n, const rat_vector &p)
{ return p.scale(n,1): }

rat_-vector operator « (rational_t r, const rat_vector &p)
{ return p.scale (ronumerator (), rodenominator ());
rat_vector operator/(const rat_vector &p,int n)

{ return p.scale(1.n); }

rat_vector operator/{const rat_vector &p,integer_t n)

{ return p.scale(1.n); }

rat-vector operator/{const rat_vector &p, rational_t r)
{ return p.scale(r.denominator (), ronumerator [ )); }
rat_vector &rat_vector:operators = (:integer_t ”)

{ selfscale(n,1): return +this; }

rat_vector &rat_vector :operatorx = (int n)

{ self scale(n,1); return xthis; }

rat_vector &rat_vector:operatorx = (rational_t )

{ self scale(r.numerator (), r.denominator ()): return xthis; }
rat_vector &rat_vector :operator/=(integer_t »)

{ self-scale(1l,n); return «this; }

rat_vector &rat_vector:operator/=(int n)

{ selfscale(1,n): return +this; }

rat_vector &rat_vector:operator/=(rational_t »)
{ self scale (r.denominator (), r.numerator ()); return xthis: }

rational_t operator * {const rat_vector v, const rat_vector &w)

1

int d=uv.dim();

if {d #w.dim()) error_handler (1, "inner product: dimensions disagree.");
integer_t nom = (;

for (int i=0; ¢ < d; i++) nom += e.heoord (i) x w.heoord (1);

integer_t denom = v.heoord (d) * w.heoord (d);

return rational_t (nom, denom);

Sce also chunks 8 and 9.

‘I'his code 15 used in chunk 3.



B.

Addition and Subtraction

To implement addition and substraction of the cartesien coordinates we use common code in our
class geo_rep. As these operations have the same functionality which are required for rat_points.

(arithmetic operations 7) +=

9,

rat_vector operator+(const rat_vector &v, const rat_vector &w)
| |
rat_vector res(v.dim{));
c_add (res.ptr (), vptr (), w.ptr());
return res;
}
rat_vector &1'at_vector::0perat0r+:(c0nst rat_vector &'ur)
y
int d= dim{);
rat-vector old(+this);

if (ptr()-count > 2) +this = rat_vector(d);
c_add (ptr( ). old.ptr (), woptr()):
return sthis;

}

rat_vector operator —(const rat_vector &v, const rat_vector &w)
1

rat_-vector res(v.dim{));

c_sub (res.ptr (), vaptr (), weptr());

return res;

}

rat_vector &rat_vector:operator—=(const rat_vector &u)

1
int d = dirn();
rat_vector old(+this);

if (ptr()-count > 2) *this = rat_vector(d);
c_sub (ptr( ), old ptr (), w.ptr());

return +this;

}

rat_vector rat_vector: operator—( ) const

i
int d = dim();

rat-vector result(d);

result.ptr{ ) —=copy (ptr ()

result . ptr { ) -negate (d);
return result;

——

Transformation

To transform a vector we interpret it as a point in the coordinate system with origin origin()
and take the the difference between the transformed point and the transformed origin as the
transformed vector. There should be more officient implementation possible when you take out

the translational part of the trausformation.



{arithmetic operations 7) 4=
rat_vector rat_vector :: transform(const aff_transformation &t) const
1
integer_matrix m_at = f.matrix();
int d=t.dim();
for (int i = 0; i < d; i++) m_at (i, d) = 0;
return rat_vector(m_at « (ptr( )~tvee()));

}

10. Linear Algebra

11. Containment in Linear Hull. A vector @ is contained in the linear hull of o set A of vectors
it & is a lincar combination of the vectors in A, i.e., if the system 37 A A; = ¢ has a solution. We
may scale cach vector by its homogenizing coordinate and hence forget about the homogenizing
coordinates.
{lincar operations 11} =
bool conteined_in_linear_hull (const array(rat_vector) {4, const rat_vector &)
{
int ol = Alow();
int k= Ahigh{)—al+1; // A contains k vectors
int d = Alal].dim();
integer_matrix M (d, k);
integer_vector b{d);
for (int i =0; i< d; i++) {
bli] = w.hevord (1);
for (int j = 0; § < ki j++) M(4,7) = Alal + j].hcoord (i);

b

return solvable( AL, b);
}
Sce also chunks 12, 13, and 14.

‘I'his cade is used in chunk 3.

12. Lincar Rank.

Weo get up a matrix having the cartesian coordinates of the vectors in A as its columns.
The linear rank is the rank of this matrix. Since the rank of a matrix does not change under
multiplication of a row with a constant we may also uze the homogeneous coordinates 0 to d — 1
of the vectors in A.

{linear operations 11} +=

int linear rank (const array {rat_vector} & A4)

{
int al = A.low():
int k= Adigh{)—al +1; // A contalus k vectors
int d = Alal]l.dim{);
integer_matrix M (d, &);
for (int i = 0; i < d; i++)

for (int j=0; j < k; j++) M(d. ) = Alal + j.heoord (i);

return rank{);

——



13. Lincar Independence.
A set of vectors is linearly independent if their linear rank is equal to the number of vectors
in the set.

{lincar operations 11) 4=

bool linearly_independent{const array(rat_vector) &A)
{ return (énear_rank(A) = A.high() — A.low()+1); }

14. Linear Base.

(lincar operations 11) +=
array (rat_vector) linear_base{const array{rat_vector) &.4)
y
int af = Alow();
int &= Abigh()—al +1; // A contains k vectors
int d = Alal].dim{ );
integer_t denom;
integer_matrix M (d, k);
for (int j=0: j <k j++)
for (int « = 0; ¢ < d; i++) (i j) = Alal + j).heoord (1),
array{int} indcols:
independent_columns (M, indeols):

int indeolsdim = indeols.high() + 1:

array{rat_vector) L(indcolsdin);

for (int i = 0; i < indecolsdim: {++) L[i] = rat_vector(M.col(indecols[i]), 1);

return L;



15. A Test of class rat_vector

We test the construction, access to the components and all the arithmetical operators in 3-Space.

{rat_vector-test.c 15)=
#include "rat_vector.h"
muain ()
{ /% construction and access */
integer_vector vil (1), vi2(3);
vil [0] = 15 wil [1] = 23 wil[2] = 3; vl [3] = 1;
wdl] =3y wdl[1] =2 w22 =1y
rat_vector aff(3), ol (vil), af(vi2,1), a3 = rat_vector::d7(4,—4,0.1), a4 (3);

cout < "fouryvectors_ al,al,a2,ad:\n" & af) & ol <€ a2 € ad;
cout < "\nenter fifth vectoryad: ";

cin Dpoad

cout € "access operations onat:\n";

cout € "cartesian:";

for (int i = 0; ¢ < af .dim(); i++) cout € af .coord () <€ "";
cout < "\nhomogencus:,":

for (int i=0; i < af .dim(); i) cout <€ uf heoord (i) < 0"
/# arithmetical operatious and compare */

rout <€ "\nquadraticylengthyof vector a4, =" <€ a4 * a4 ;
cout < "\ncompare(a0,ad) =" < compare(al, ad )

vl [0] = 1; vl [1] = 15 wil (2] = 1; il [3] = 1;

rat_vector eins{wil);

cout < "\na0,,=_at, +,a2: " < (al) = al + a2);

cout < "\nal,+= eins:" < (afl += cins);

cout < "\naly~=geins: " < (af —= eins);

cout < "\naOy=pa0,-pa4:" < (af = o — a4 );

cout <€ "\naO,= 2 % a0: " < (aff =2« ad);

cout < "\naOy,=,1/2*,a0: " € (el = rational_t(1,2) + a0);
cout < "\naO *=_3:" <& (a0 += 3);

cout < "\naO *=_,1/3:," < {af) *= rational_t (1, 3));

cout <€ "\naO =palu/u4:0" € (afl = al/4);

cout < "\nal,=,a0.,/u1/4:," < (a0 = afl /rational_t{1,4));
cout < "\naO,/=,5:_" < (af /=5);

cout < "\naO,/=,1/5:." < (a0 /= rational_t(1.5));

if ({0l +a2 —af)=all) cout < "\n(al+a2-a4) ==,a0\n";
else cout <€ "\nscmething wrong: ,(al+a2-a4),'= a0\n";
cout < "\naOy=y-ad:," < (all = —af):

/# some linear algebra +/

array {rat_vector) F12(2):

P1200] = al; P12[1] = a2;

coul <7 "\ncontained_in_linear_hull{<al,a2>,a4) =.";
cout < contained in_linear hull (P12, a4 );

cont < "\ncontained_in_linear_hull(<al,a2>,al+a2) ,=,";
cout & contained_in_linear_hull (P12, a1 + a2):

array (rat_vector) B(3). A{4):
B[0] = a0; B[1] = al; B[2] = o2;
Al0] = af; A[l]=al; A2] =a2: A[3] = al + a2;



cout < "\nlinearly_independent(<a0,al,a2>)_ =";
cout < linearly_independent(B);

cout < "\nlinearly_independent(<a0,al,a2,al+a2>) =,";
cont < linearly_independent (A);

cout < "\nlinear_rank(<a0,al,a2,al+a2>) = ";
cout <€ linear_rank (A);

cout < "\nlinear_basec(<al,al,a2,al+a2>) =";
array({rat_vector) res = lincor_base(A);

for (int i = 0; i < res.high() + 1; i++) cout < res[il;
cont < "\n\n":
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1. The Manual Page of class rat_direction

1. Definition

A rat_direction is any non-zero vector, We represent directions in d-dimensional space as a
tuple (hp, ..., hy) of integers which we call the homogeneous coordinates of the direction. The
coordinate fig must be pogitive. The cartesion coordinates of a direction are ¢; = ky/fhg for
0 <4< d. Two directions are equal if their cartesian coordinates are positive multiples of each
other. Directions are in one-to-one correspondence to points on the unit sphere.

In two-dimensional space directions are also in onc-to-one correspondance to angles. More
precizely, a direction dir = (hp, hy, h2) corresponds to the angle o with sina = eo/L and
cosa = /L and L = /(hZ + h3)/h% the length of dir. For a direction dir we use angle(dir) to
denote this angle,

raf_direction is an item type.

2. Creation

ratdirection dir(int d = 2); introduces a variable dir of type rat_direction initialized to
some direction in d-dimensional space.

rut_direction  dir(integer a, integer b, integer D = 1);
introduces a variable dir of type ret_direction initialized
to the two-dimensional direction with homogencous rep-
resentation (a.b, D) if D is positive and representation
(—a,—b,—D)if D is negative.

Precondition: D 1s non-zero.

rat_direction dir(integer_vector ¢, integer D);
introduces a varlable dir of tvpe rot direction initialized
to the two-dimensional direction with homogeneous coor-
dinates (+co, ..., Feqo1, £D), where d s the dimension of ¢
and the sign chosen is the sign of D.
Precondition: D is non-zero.

rat_direction  dir(integer_vector ¢);
introduces a variable dir of type rai_direction initialized to
the direction with homogeneous coordinate vector +¢, where
the sign chosen is the sign of the last component of c.
Precondition: The last component of ¢ is non-zero.

3. Operations



3.1 Initialization, Access and Conversions

ratdirection  rat_direction::d2(integer a. integer b, integer D = 1)
returns a rat direction of dimension 2 initialized to a direc-
tion with homogeneous representation (a. b, D) it D is posi-
tive and representation (—a, —b, — D) if D is negative.
Precondition: D is nou-zero.

rot_direction.  raidirection:d3(integer a, integer b, integer e, integer D = 1)

returns a rat direction of dimension 3 initialized to a di-
rection with homogencous representation (a, b, ¢, D) if D is
positive and representation (—a, —b, —c, —D) if D iz nega-

tive.
Precondition: D is non-zero.
rot_direction  retdirectionunit(int 4, int d = 2)

returns a rat_direction of dimension d initialized to the i-th
unit direction.
Precondition: 0 < ¢ < d.

int dirdim( ) returns the dimension of dir.

rationael dircoord{int 1) returns the ¢-th cartesian coordinate of dir.
rational dir[int i] returns the ¢-th cartesian coordinate of dir.
integer dirhecoord (int i) returns the i-th Lhomogeneous coordinate of der.

ratdirection  dir.transform (aff_transformation f)

returus £(p).

ratdirection  dir.opposite( ) returns the direction opposite to dir.
rat_direction  —dir returns dir.opposite().

rat_vector dirtoratvector() returns a vector pointing in direction dir.
rat_vector dir.torat vector (rat_direction d)

returns a vector pointing in direction dir.

Additional Operations for directions in two-dimensional space

integer dirX() returns the zeroth homogeneous coordinate of dir.
integer dir Y () returns the first homogencous coordinate of dir.
3.2 Tests

hool identical{ rat_direction v, rat_direction w)

Test for identity.



hool U= w Test for equality.
bool v l=w Test for inequality.

3.3 Input and Output

ostreamée ostreamdz (0 € d  writes the homogeneous coordinates of d to output strean
0.
istreamés istream&s I > rat.direction& d

reads the homogencous coordinates of d from input stream
1. This operator uses the current dimension of d.

4. Implementation

Directions are implemented by arrays of integers as an item type. All operations like creation,
initialization, tests. inversion, input and output on a direction d take time O(d.dim( ). dim( ),
coordinate access and conversion take constant time. The space requirement is O(d.dim( ).



2. The Header File of class rat_direction

The type rat direction is an item class with representation class geo rep. It shares this represen-
tation class with rat_hyperplanes, rat_points, and rat directions. We derive rat direction from
handle_hase and derive geo_rep from handle_rep. This gives us reference counting for free. We
give all implementations which are trivial directly in the header file and postpone all others to
the next section. Aside from this the header file is in one-to-one correspondence to the manual
page.

{rat_direction.h 2)=

#ifndef LEDA RAT DIRECTION H

#define LEDA AT DIRECTION_H

#include "rat_vector.h"
#include "rat_point.h"
#include "aff_transform.h"
#include "geo_rep.h"

class aff_transformation;
class rat_vector;
class rat_point: class rat_direction : public handle_base {

geo_rep *pir( ) const { return (geo_rep x) FTR; |
rat_direction (const handle_base &p) : handle_base(p) {}

friend class rat_vector;
friend class rat_point;

public:
rat_direction (int d = 2) { PTR = new geo_rep (d); ptr()-v[d] =1; }
rat_direction (integer_t «,integer_t b, integer_t D = 1)
{
if (D=0) error_handler(l,"rat_direction::constructor: Dumust be monzero.");
if (D < 0) PTR = new geo_rep (—a, —b, —D);

else PTIi = new geo_rep (a,b, D);

1
i

rat_direction (const integer_vector &c.integer_t D)
{
if (D=0) error_handler(l,"rat_direction::constructor: D must be nonzero.");
if (D < 0) PTE = new geo_rep {—¢, —D):
else PTIi = new geo_rep (¢, D);
}
rat_direction (const integer_vector &¢)
{
int d = c.dim();
integer_t D = ¢[d — 1];
if (D=0} error_handler(l,"d_rat_point::constructor: Dumust be nonzero");
if (D <0) PTR = new geo_rep {—c);
else PTH = new geo_rep (¢);
5
i

rat_direction (const rat_direction &p) : handle_base(p) {}

~rat_direction() {}

rat_direction &operator=(const rat_direction &p)
{ handle_base::operator={p); return «this; }



static rat_direction d2{integer.t ¢, integer.t b,integer_t D = 1);
static rat_direction J49(integer_t o, integer_t b, integer_t ¢, integer_t D = 1);

static rat_direction wnit(int {,int d = 2);
int dim () const { return pir()-dim; }
rational_t coord (int ¢) const { return rational_t (ptr()=v[i], ptr{)-v[ptr( )=dim]); }
rational_t operator [](int i) const { return coord(i): }
integer_t hcoord(int i) const { return pfe( )-~[i]; }
rat_direction transform (const aff_transformation &t) const;
rat_direction opposite() const;
rat_direction operator—{ ) const { return opposite(); }
rat_-vector to rat vector() const;
friend rat_vector to_raf_vector (rat-direction d};
integer-t X () const { return hecoord ((); }
integer_t Y () const { return hcoord(l); }
friend bool identical{const rat_direction &v, const rat_direction &w)
{ vreturn w.ptr() = w.ptr(); }
int cmp (const rat_direction &i!, const rat_direction &h2) const:
friend int compare (const rat_direction &p, const rat_direction &)
{ return p.cmp(p,q); }
friend bool operator=(const rat_direction &v,const rat_direction &w)
{ return compure(v,w) =0; }
friend bool operator+(counst rat_direction &v,const rat_direction &)
{ return compare(v,w) # 0; }
friend ostream &operator < (ostream &0, const rat_direction &d);
friend istream &operator > (istream &I.rat_direction &d):
P
inline void Print(const rat_direction &v.ostream &out) { out < v; |}
inline void Read(rat_direction &, istream &in) { in > v; }
#if (0)
inline int compure (const rat_direction &p, const rat_direction &)
{ return p.emp(p, q); }
Hendif

Hendif



3. The Implementation of class rat_direction

(rat_direction.c 3)=

#include "rat_direction.h"
{ initialization 1)

conversion 5}

input and output 6)

other operations 7)

compares ¥ )

{
{
{
{

4. Initialization

We provide some easy initialization operations for the two and three dimensional case.
(initialization 1) =
rat_direction rat_direction ::d2(integer_t a.integer_t b, integer_t D)
y
if (D=0) error_handler(l,"rat_direction::d2: denominator, must, not be zero."];
return rat_direction (a, b, D):
}
rat_direction rat_direction :: 43 (integer_t «, integer_t b integer_t c.integer_t D)
{
rat-direction 43d(3);
if (D=0) error_handler(l, "rat_direction: :d3: denominator must, not be,zero.");
if (D < 0) did.ptr()~init4 (—a, —b, —c,—D);
else d3d.ptr()~init{ (a. b, e, D);
return Jd3d;
1
J

rat_direction rat_direction ::unit(int 7, int d)

{
if (i< 0vi>d) errorhondler(l,"_direction::unit: i out ofyrange.");
rat_direction wud (d);
wd .ptr()-v[{] = 1;

return ud;

}

‘I'hiz code 15 used in chunk 3.

5. Conversion

Directions can be converted to vectors. Since the converted object has the same representation,
conversion amonnts to a call of the copy constructor of the hase class.
{conversion 5} =

rat_vector rat_direction ::to_ref_vector () const

{ return rat_vector(«this); }

rat_vector to_rat_vector(rat_direction d)

{ return d.to_rat_vector(); }

‘I'his code 15 used in chunk 3.



6. Input and Output

We just take care that in case of input we don’t overwrite a common represcutation. Apart from
that we use the I/O-operations of geo rep.
{input and output 6) =
ostream &operator<{ostream &out, const rat-direction &d)
y
out < d.pitr( );

return out;

1
i

istream &operator(istream &in, rat_direction &d)
1

nt dim = d.dim();

if (d.refs() > 1) d = rat_direction((int) dim);

i S doptr();

if (d.heoord (dim) = 0)

error_hondler (1, "operateor>>: denominator of direction must be nonzeroc.");
if (d.heoord (dim) < 0) d.ptr{)-negate (dim + 1);
return in:

}

This code is used in chunk 3.

7. Other Operations. We can easily create the opposite direction by sign inversion. The
transformation operation is the same as for the rat_vector type as we anyway ignore the length
of directions. We could also implement a special transtorm operation which ignores the scaling
and translation component of the transformation.

{other operations 7) =
rat_direction rat_direction :: opposite() const
{
int d = dirn();
rat-direction result(d);
result. ptr { ) =copy (pir ());
result.ptr () -negate (d);

return result;

.
i

rat_direction rat_direction ::transform(const aff_transformation &t) const
{ return to_rat_vector ( ).transform(t).to_rot_direction(): }

Thiz code 15 used in chunk 3.

8. The Compare Function. Two dircctions are equal if their cartesian coordinates are positive
multiples of cach other. This is equivalent to saying that their first d—1 homogencous coordinates
are positive multiples of each other. Thus we take the lexicographic order of the first f — 1
homogeneous coordinates under multiplication of positive multiples. We gave the details of this
already in rat_hyperplane : strong_compare.
{compares §) =

int rat_direction :: cmp(const rat_direction &7, const rat_direction &A2) const

{
if (ddentical(h1,h2)) return 0;



int /;
int o = hl.dim():
for (i=0; ¢ < dA ki heoord(¥) = 0A h2.heoord (i) = 0; i++) 5 [/ no body
int ¢l = gign(hl. heoord(i));
int ¢2 = gign(h2.heoord (1));
if (c1 # ¢2) return compare(cl, c2);
integer_t s/ = (integer_t) sign(h2.heoord (i) « h2 heoord (1);
integer_t s2 = (integer_t) sign(hl.heoord () + hi heoord (7);
i+t
int ¢;
while (i < d) {
¢ = compare (s1 = i heoord(4), £2 % h2 heoord (1) );
if (¢#0) return (¢>071:-1);
[

}

return 0;

}

This code is used in chunk 3.



9, A Test of class rat_direction

{rat_direction-test.c §)=
#include "rat_direction.h"
main | )
{ /+ construction and access */
integer_vector vi(4):
w[0] = 1; wi[l] = 5; wi[2] = —-3: wi[3] =1;
rat_direction df(vi), dI = rat_direction ::unif(2,3), d2 = rat_direction::d%(1,1,0),
d3(3);
cout € "three directions d0,d1,d2:\n" < d0 < dI < d2;
coul <€ "\nenter third, direction, ,d3:,";
cin 3 48
cout < "access operations on;,d3:\n";
cout < "cartegian: "
for (int i = 0; ¢ < d3.disn(): ¢++) cout <€ dF.coord (i) < "u";
rout <€ "\nhomogencus:y";
for (int i=0; ¢ < dS.dim(); i++) cout <€ d8 . heoord(i) < "U";
J# inversion and compare #/
cout < "\ndO.opposite() =" < di.opposite( );
cout < "\ncompare(d0,d3) =" < compare(dQ,d3);
cont < "\n\n":
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1. The Manual Page of class rat_hyperplane

1. Definition

An instance of data type rat hyperplane is a hyperplane with rational coefficients in an arbi-
trary dimensional space. A hyperplane h is represented by coefficients (eq, ey, ..., ¢cq) of ar-
bitrary length integers. At least one of ¢y to ¢g—; must be non-zero. The plane equation is
Yocicqg Gri = 0, where g to oy are homogeneous point coordinates. The sign of the left hand
side of this expression determines the position of a point # with respect to the hyperplane (on
the hyperplane, on the negative side, or on the positive side).

There are two equality predicates for hyperplanes. The (weak) equality predicate (operator =)
declares two hyperplancs equal if they consist of the same set of points, the strong cquality
predicate (strong_eg) requires in addition that the negative halfspaces agree. In other words,
two hyperplanes are strongly eqnal if their coefficient vectors are positive multiples of each other
and they are (weakly) equal if their cocflicient vectors are multiples of cach other. Corresponding
to the two equality predicates we have two linear orders: compare corresponds to weak equality

and strong compare corresponds to strong equality.
rat_hyperplane iz an item type.

2. Creation

rat_hyperplane hiint d = 2);

introduces a variable A of type rat_hyperplane initialized to some hyper-
plane in d-dimensional space.

rat_hyperplane  h{integer vector c);

introduces a variable k of type ret hyperplone initialized to the hyper-
plane with coefliclents e,

rat_hyperplane  h{integer_vector ¢, integer D);

introduces a variable kb of type rat hyperplone initialized to the hyper-
plane with coefficients (¢, D).

rat_hyperplane  h{array<rai_point>P, rot_point o, int k = 0);
congtructs some hyvperplane that passes through the points in P, If
ke {—1,41} then o is on k-side of the constructed hyperplanc.
Preconditzon: There must be a hyperplane passing through the points
in {7 and if & # 0 then o must not lie on the constructed hyperplane

ral_hyperplane  L{ratpoint p, rat_direction dir, raf_point o, int side — 0);
congtructs some hyperplane with normal direction dir that passes
through p. If & € {-1,41} then o is on k-side of the constructed
hyperplane.
Precondition: It k: &£ 0 then o must not lie on the constructed hyperplane

3. Operations



3.1 Initialization, Access and Evaluation

raf_hyperplane

rat_hyperplane

it

inteqger

integer_vector

rat_vector

rat_direction

inteqer

int

bool

raf_hyperplone

3.2 Tests

it

bool

rat_hyperplane :: d2(rat_point pl, rot_point p2,
ratpoint o = rabpointoriginl ), int B = 0)

returng a raf_byperplone of dimcension 2 that passcs
through the points pl and p2. If ¥ € {—1,+1} then
o is on k-side of the constructed hyperplane.
Precondition: It & # 0 then o must not lie on the
constructed hyperplane

rat_hyperplane 1 d3(rat_point pl, ratpoint p2, rat_pont p3,
ratpoint o = rofpoint:origin(3), int kb = 0)

fr.dim( )
hlint i
h.coetlicent vector( )

fnormal vector( )

haormal direction( )

h.value at(rot_point p)

returng a rai_byperplone of dimension 3 that passcs
through the poiuts pI, p2, p3. I k€ {—-1,41} then
o is on k-side of the conztructed hyperplane.
Preconditaon: If & # 0 then o must not lic on the
constructed hyperplane

returns the dimension of A,
returng the i-th coefficient of h.

returns the coetlicient vector (eq, .. .,

cq) of h.
returng the normal vector of A0 It points from the
negative halfspace into the positive halfspace and its
homogeneous coordinates are (eg. ..., ¢q-1.1).

returng the normal direction of A, It points from the
negative halfspace inte the positive halfspace.

returns the value of b at the point p. l.e., 3 g cq il
Warning: this value depends on the particular repre-
sentation of f and p.

h.which side(rat_point p)

returng the side of the hvperplane A containing p.

fcontaing(ratpoint p) return if the point p lies on the hyperplane h.

h.transform(eff_transformation t)

returns ¢(h).

strong compare(rat_byperplane k1, rot_hyperplone h2)

SLIONg compare.

identical{rat_hyperplane b1, rat_hyperplone h2)

test for identity,



hool il = hé test for equality.
bool hil=h2 test for inequality.

bool strong cq{ret hyperplane b, vot hyverplone h2)

test for strong equality.
3.3 Input and Output
vstreamss ostrearndc O € I writes the cooflicients of B to output stream €.

istreamds istreamdc I 3> rat_hyperplencds h
reads the coeflicients of h from input stream I. This
apcrator uses the current dimension of f.

4. Implementation

Hyperplanes are implemented by arrays of integers ag an item type. All operations like creation,
initialization, tests, vector arithmetic, input and output on a hyperplane b take time O (h.dim( ).
dim( ) and coordinate access take constant time. The space requirement is O (h.dim( ).



2. The Header File of class rat_hyperplane

The type rat_hyperplane is an item class with representation class geo_rep. It shares this repre-
sentation class with pointg, vectors, and directions. We derive rat_hypoerplane from handle base
and derive geo_rep from handle_rep, This eives us reference counting for free. We give all im-
plementations which are trivial directly in the header file and postpone all others to the next
section. Aside from this the header file is in one-to-one correspondence to the manual page.
{rat_hyperplane.h 2}=

#ifndef LEDA_KAT_HYPERPLANE_H

#define LEDA_RAT_HYPERFLANE_H

#include "rat_point.h"

#include "geo_rep.h"
class rat_hyperplane : public handle_base {
geo_rep *pir( ) const { return (geo_rep x) PTR; }

public:
rat_hyperplane(int ¢ = 2) { PTR = new geo_rep (d); }
rat_hyperplane(const integer_vector &¢) { PTR = new geo._rep (¢); }
rat_hyperplane{const integer_vector &, integer_t D)
{ PTR = new geo_rep (¢, D); }

rat_hyperplane{const array (rat_point} &P, const rat_point &o,int & =0);

rat_hyperplane(const rat_point &p, const rat_direction &dir,const rat_point
&o,int side = 0);

rat_hyperplane(const rat_hyperplane &p) : handle_base(p) {}

rat_hyperplane(const handle_base &p) : handle_base(p) {}

~rat_hyperplane() {}

rat_hyperplane &operator={const rati_hyperplane &p)

{ handle_base::operator=(p); return +this; }

static rat_hyperplane d2(const rat_point &pi, const rat_point &p2, const rat_point
&o = rat_point ;1 ordgin ), int & = 0);

static rat_hyperplane d3(const rat_point &pl,const rat_point &p2, const rat_point
&pd, canst rat_point &e = rat_paint ::origin(3),int & = 0);

int dim() const { return ptr()-dim; }

integer_t operator [|(int /) const { return ptr()-o[i]: }

integer_t hcoord(int ¢) const { return pér( )-uv[¢]; }

integer_vector cocfficent_vector () const;

rat_vector normal vector() const;

rat_direction normol direction() const;

integer_t valuc at(const rat_point &p) const;

int which_side (const rat_point &p) const;

bool conteins(const rat_point &p) const { return {(value_ at(p) =0): }

rat_hyperplane fransform (const aff_transformation &t) const

{ return rat_hyperplane (trunspose (t.inverse( ). matrix{)) * ptr () ~fvec()); |

int emp(const rat_hyperplane &, const rat_hyperplane &) const;

int strong_cmp (const rat_hyperplane &A1, const rat_hyperplane &42) const:
friend int strong_compare(const rat_hyperplane &h1,const rat_hyperplane &h2);
friend bool identicol{const rat_hyperplane &4l const rat_hyperplane &A2)

{ return hi.pir()= h2.ptr(); }



friend bool operator=(counst rat_-hyperplane &4, const rat_hyperplane &42)
{ veturn Al.cmp(hi, h2)=0; }
friend bool operator#(const rat_hyperplane &#i1. const rat_hyperplane &42)
{ return ht.cmp(hi,h2) £0; }

friend bool strong cg(const rat_hyperplane &1, const rat_hyperplane &2 )
{ return hi.strong_cmp(h! h2)=10; }

friend ostream &operator < (ostream &0, const rat_hyperplane &h);
friend istream &operator®(istream &7, rat_hyperplane &h);

}i

inline void Print(const rat_hyperplane &h. ostream &out) { out < h; }
inline void Read (rat_hyperplane &£, istream &in) { in > b }
inline int compare (const rat_hyperplane &A1, const rat_hyperplane &42)
{ return hl.crap(hi, h2); }
inline int strong_compare (const rat_hyperplane &£41, const rat_hyperplane &42)
{ return hi.strong ermp{hl, b2); }
#endif



3. The Implementation of class rat_hyperplane

(rat_hyperplane.c 3)=

#include "rat_hyperplane.h”
{initialization 4}

constructors 5 );

input and output 7){vectors §);

functions 12 };

compares 14);

{
{
{
{

4. Initialization

We provide some easy initialization operations for the two and three dimensional case.

(initialization 4) =
rat_hyperplane rat_hyperplane:: d2 (const rat_point &pi!,const rat_point
&p2. const rat_point &o,int k)
1
array{rat-point) P12 (2);
Pi2[0] = pt:
Pl = py
return rat_hyperplane (12,0, k});
¥
rat_hyperplane rat_hyperplane:: d3(const rat_point &pI,const rat-point
&p2,const rat_point &pd, const rat_point &o,int k)
i
array {rat_point) P123(3);
P123[0] = pt;
P1238(1] = p2;
P123[2] = p3;
return rat_hyperplane(P723, 0, k):
"
I

‘I'his code 15 used in chunk 3.

5. Constructors

Weoe want to construct a hyperplane that passes through a set P of points in d-dimensional space
and has a specified point o on a specified side. I gimply have to find a vector » such that

p! - n = 0 for every point in . Afterwards I use the point o to normalize.

{ coustructors 3 ) =
rat_hyperplane ::rat_hyperplane (const array(rat_point} &P, const rat_point &o, int
side)

{
int pl = P.low();
int d = P[pl].dim(); // we are in d-dimensional space
int m = P.high()— pl+1; // P has m points
integer_matrix A(d, d+ 1);
int ¢, j, k;



for (i=0; i <m; i+H) {

[+ define i-th equation #/

for (j =0; j<d; j++) A(i.j) = Plpl +4].hecoord(j); // j-th coord of {-th point
)

integer_vector non_triv_sol;

if (—homogeneous_linear_solver (A, non_triv_sol))

error_handler (1, "rat_hyperplane: :constructor: set F is full dimensional.");
if (side =0) {

PTR = new geo_rep (non_triv_sol);

return;

1
I

integer_t sum = 0;
for (1 =0; i € d; i++) sum 4+= non_triv_sol[i] + o.heoord (i);
if (sum =0) error_handler (0,
"rat_hyperplane: :constructor:cannot, use 0, to determine side. "];
if (sign(swm) # side) PTR = new geo_rep [—non_triv_sol);
else PTI = new geo_rep (non_triv_sol);

1

See also chunk 6,

I"his cade is nsed n chunlk 3.

6. Given a point p and a direction dir we want to construct a hyperplane with normal direction
dir and passing through p. We set the coefficent vector equal to (dirg, ..., dirg_(, D) for some
unknown D and then use p to determine D. Note that D will be rational in general.
( constructors i} +=
rat_hyperplane ::rat_hyperplane(const rat_point &p, const rat_direction &dir, const
rat-point &o,int side)
1
int d = p.dim();
integer_vector ¢{d + 1):
integer_t sum = 0;
for (int i=10; : < d; t++) {
surn += dir.heoord (4) # pheoord (1); /) D is —sum fp.heoord (d)
c[i] = dir heoord (1) * p.heoord (d);

3
eld] = —sum;
int s = 1;

if {smide #£0)
integer_t sum = (;
for (int i = 0; ¢ < d; i++) sum += ¢[i] * o.hcoord (i);
if (sign(sum) # side) ¢ = —e;

)

PTE = new geo_rep (¢);

7. Input and Qutput

We just take care that in case of input we don’t overwrite a commeon represeutation. Apart from
that we use the I/O-operations of geo rep.



{input and output 7) =
ostream {operator < (ostream &out, const rat_hyperplane &h)
y
out & h.ptr();

return ouf;

}

istream &operators(istream &in,rat_hyperplane &h)
{

int d = h.dim();

if (hrefs() > 1) h = rat_hyperplane(d);

in > hoptr();

return n;
}

This code is used in chunk 3.

8. Vectors

To deliver the coefficent vector is a trivial task.
{vectors 8) =
integer_vector rat_hyperplane :: coefficent_vector( ) const
{ integer_vector result (ptr()~dim + 1);
for (int ¢ = 0; ¢ < ptr()=dim; i+t) result[i] = ptr{)-v[i];
return result;

}

See also chunks 9, 10, and L1,

This code 15 used in chunk 3.

9. Normal Vector.

Any multiple of (eg,...,¢4-1) I8 a normal vector. We want the vector to point from the
negative to the positive halfspace. Recall that our hyperplane has the equation ¢+ 3> {e;2;) = 0,
where the z[{] are Buclidian point coordinates. The point 2 = —e4-¢/]| ¢ || is on the hyperplane,
the point &, = (=1 —¢y) - ¢/]| ¢ || is in the negative halfspace and the point z, = (1 —«cq) - /| ¢ ||
is in the positive halfspace. Thus any positive multiple of ¢ is the desired normal vector. We

take (co, ... 421,10
{vectors 8) +=
rat_vector rat_hyperplane :: normal vector( ) const
{
int d = dim();
rat_vector res(d):
res.pir () ~copy (ptr()):
res.ptr{ ) ~u[d] = 1;
return res;

—

10. Normal direction,
We take the normal vector and convert 1t to a direction.



{vectors 8) 4=
rat_direction rat_hyperplane :: normal_direction( ) const
{ return normal vector().to_rat_direction(); }

11. Functions

For value_at we just calculate the inner product 32,04 fip; of both representations.

{veetors 8) +=

integer_t rat_hyperplane:: value_at (const rat_point &p) const

{
if (dim() # p.dirm())

error_hondler (1, "rat_hyperplane: :value_at: dimensions disagree.");

integer_t result = (;
for (int i =0; ¢ < dim(); i++) resull += heoord (i) * p.heoord (i);
return result;

1
i

12. For which_side we compute ¥ -;0q Rsp; and return its sign. Note that points and hyper-
planes are invariant under positive multiples only.
{(functions 12) =
int rat_hyperplane :: which_side (const rat_point &p) const
{
if {dim() # p.dim{))
error_handler (1,"rat_hyperplane::which,side: dimensions do, not agree. s
return sign{value at (p));

}

This code is used in chunk 3.

13. Weak Linear Order

Wealk equality considers two hyperplanes equal if their coefficient vectors are multiples of each
other. We define the weak lincar order ag the lexicographic order under weak equality, Lot ¢ be
minimal such that either fil; or 72; is non-zero. We may assume that a non-zero value is positive
(since we consider weak equality). Thus if exactly one of the vlaue is non-zero, we can decide
the order right there: The vector with the entry zero is smaller. If both entries are non-zero, we
compute scaling factors that make the i-th coefficients equal and positive and proceed.
{compares 13) =
int rat_hyperplane :: crmp(const rat_hyperplane &#1. const rat_hyperplane &£2)
const

i
if {identical(h,h2)) return 0;

int i, o

int d=hi.dim();

for (i =0; i <dA R heoord (i) = 0A b2 heoord () = 0; i++) 1 // no body
if (hl.heoord(i) =0) return —1;

if (h2.hcoord(i) =0) return +1;



int s = swn (ki . hcoord (1)) * sign (k2 .heoord(i));
integer_t s/ = (integer_t) s « h2 . heoord (i);
integer_t s2 = (integer_t) s « ki hcoord (i);
[/ 81 % bl heoord () is | i1 heoord (i) x b2 heoord (1) |
i+t
while (i < d) {
¢ = compare (sl = hi.heoord(i), s2 x h2 . heoord(1));
if (¢#0) return ¢
-
}
return 0;
}
See also chunk 1.

This code is used in chunk 3.

14. Strong Linear Order

Strong cquality considers two hyperplanes equal if their coefficient vectors are positive multiples
of cach other. We define the strong lincar order as the lexicographic order under strong equality.
Let 2 be minimal such that either A1; or £2; is non-zero. If the values have different signs we
can decide the order right there: The vector with the smaller entry is smaller. If the entries
have the same sign we compute positive scaling factors that make the i-th coeflicients equal and
proceed.
(compares 13) +=
int rat_hyperplane ::strong conp (const rat_hyperplane &1, const rat_hyperplane
&h2) const
( |
if (identical(h1,h2)) return 0;
int 7
int d =l .dim{);
for (i =0; i <dA M heoord (i) = 0A B2 heoord(i) = 0; i++) 1 // no body
int af = sign(hl. heoord(?));
int c2 = sign(he.heoord (2));
if {¢cI # ¢2) return compare(cl, c2);
integer_t s/ = (integer_t) sign(h2.hcoord (i) + k2 heoord (i);
integer_t s2 = (integer_t) sign(h!.hcoord (i) + ki heoord(i);
i+
int ¢
while (i < d) {
¢ = compare (sl « hi heoord (i), 82 « h2 .heoord (1));
if (¢ # 0) return ¢
i+t

}

return 0;

—



15. A Test of class rat_hyperplane

We test the construction, access to the components and all the arithmetical operators.,
{rat_hyperplane-test.c 15} =
#include "rat_hyperplane.h"
i ()
{ /% construction and access #/
(4);
integer_vector vi2 (3);
w0 =1; vil[l] =2
// two lvec inits

integer_vector vil
vil[2] = 3; vl [3] = 4 wi2[0] = —4; vi2[1l] = —-3; wi2[2] = -2

rat_point p! = rat_vector ::unit(0, 3).to_rat_point( ), p2 = rat_vector ::unit (1,
3).to_rat_point( ), pd = rat_vector ::unit(2, 3).to_rat_point ()

// oue three polnt init

rat_direction dir = rat_direction::d3(1,1,1);

rat_point o = rat_point ::d7(—1,—-1,-1); // onc dir init

rat_hyperplane /0 (vil), hi(vi2,1), h2 = rat_hyperplane::d3{p?,p2,p3, 0 —1),
h$ = rat_hyperplane :: d3 (rat_point :: origin(3), rat_point :: origin(3),
rat_point :origin(3), 0, —1), h{f(pl. dir,0,1), h5(3);

// all kind of rat_hyperplane inits

cout < "three points pl,p2,p3:u" € pI € p2 € p5;

cout € "\na direction dir: " < dir;

cout < "\nfive hyperplanes h0,h1,h2(pl,p2,p3),h3(0,0,0),h4(pl,dir) :\n";

cout < ht) < hl < h2 < RS < hy;

cout < "\nenter hyperplane h5:,";

cin 3 ho

coul € "accessyoperations on h5:";

cout < "\ncoefficents: ";

for (int i =0; ¢ < A5 .dim(); i++) cout <€ ARO[ € "™

cout << "\ncoefficent vector:" < hi.coefficent vector();

/+ compares and other operations /

cout < "\ncompare(hO,h1) =" < compare(h(, hi);

cout < "\ncompare(h2,hd) =" < compare{h2 b )

cout < "\nstrong_compare(hO,hl) =" & strong_compare(h2, h{):

cout < "\nstrong_compare(h2,h4) =" <& strong compare(h2, hi);

cout < "\nh2.normal_vector () =" < hZ.normal_vector( );

cout < "\nthree_ points_pl,p2,p3uwhich lie in h2: ";

cout < pl € p2 < py;

cout < "\nh2.value_at(p1l) (p2) (p3lL=u":

cout < h2 value_at (pl) < "W < b2 value_at (p2) < "™

cout < h2 valuc_at (p3);

cout < "\nvector_pl-p2.=." <« pl — p2;

cout < "\nh2.normal_vector () =," <& h2.normal_vector();

cout < "\n(pl-p2) * h2.normal_vecter() = ";

cout < (pl — p2) + h2 normal_vector ():

cout < "\na reference point o:," & o

cout < "\nh2.which_side (o) =" < h2. which side (0);

cout < "\nhd .which_side(o) =" « h{ .whic.’t,side(o);

cont < "\n\n";

——
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1. The Manual Page of class rat_segment

1. Definition

An instance s of the data type raf_segment is a directed straight line scgment connecting two
rational points p and g. p is called the start or source point and g iz called the target point of
s, both points are called endpoints of 5. A segment whose endpoints are equal is called #rivial

2. Creation

raf_segment s(int 4 = 2);

introduces a variable s of type rof_segment and initializes it to some
gegmoent in d-dimensional gpace,

rat_segment  s(rat_point p, rat_point §);
introduces a varlable ¢ of type rat_segrnent. ¢1sinitialized to the segment
(. q).

rat_segment  s(integer wl, wnteger yl, nteger w2, mteger y2);
introduces a variable s of type rat_segment. sisinitialized to the segment
[(21,y1), (22,92}] in two-dimensional space.

3. Operations

3.1 Initialization, Access and Conversions

raf_seqment  roisegment:id2(infeger x1, integer yl, inteqer DI, integer 22, integer y2,
wnteger D2)
introduces a variable s of type rat_segment. sis initialized to
the segment [(21,yl, D1), (22,42, D2)] in two-dimensional
space.

rot_segment  ratsegment:d2(integer xl, integer yl, integer 2, integer y2)

introduces a variable s of type rat_segment. s is initialized
to the segment [(21.y1.1),(22,%2,1)] in two-dimensional
space.

ratsegment  rat_segrentnd3 (integer wl, integer yl, integer z1, integer o2, integer v2,
integer z2)
introduces a variable s of type rat_segment. s is initial-
ized to the segment [(»1,yl.21,1), (22,92, 22,1)] in three-
dimensional space,

rat_segment  rat segment i d3(dnteger wl, integer yl, integer z1, wnteger DI, integer @2,
wideger y2, wmteger z2, inleger D2)
introduces a varlable s of type rai_segment. s is initialized
to the segment [(«1,yl, 21, D1), (22, y2, 22, D2)] in three-
dimensional space.
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sdlim( returns the dimension of the underlying space.

gsouree( ) returns the source point of segment s.
s.pointl() returns the source point of segment s.
starget() returns the target point of segment s.
s.point2() returns the target point of segment s.
scoordl(int 1) returns the i-th cartesian coordinate of the source of 5.
scoord2(int 7) returns the ¢-th cartesian coordinate of the target of s.
sheoordl(int i) returns the ¢-th homogeneons coordinate of the source of s.
sheoord2(int i) returns the ¢-th homogeneous coordinate of the target of &.
sreverse( ) returns the segment (target( ), source( )).
sdirection() returns the direction of s.

Precondition: s is non-trivial.

ssource target vector( )
returns the vector from source to target.
Precondition: s is non-trivial.

ssupporting line( )  returns the supporting line of s.
Precondition: & is non-trivial.

srransform (aff_transformation t)

returns #(s).

3.2 Tests and Calculations

bool

bool

bool

bool

bool

bool

sisbrivial() returns true if s 1s trivial.

identical({rat_segment si. rat_segment s2)

Test for identity.

strong eq(rat_segrnent s, rat segment $2)

Test for equality as oriented segments.
5=t Test for equality as unoriented segments.
sl=t Test for inequality.

parallel{rat_segment s1, rat_segment s2)
Test if the supporting lines are parallel.
Precondition: 1 sl and ¢2 are not trivial.



hool scontains(rat_point p)

returns true if p lies on s and false otherwise.

bool commor endpoint(rat_segment sI, rut_segment s2, rat_point& common)
if 7 and =22 touch in a common end point, this point is

assigned to common and the result is true, otherwise the
result is false.

int sintersection(rat line t, rat_pomnt& 11, rat_pointds i2)

returns the intersection set Nt by the following means. The
return value is one of the constants {NO I, PNT I, SEG T,
RAY_ I, LIN_I}. The corresponding set is determined by
the two points 7 and i2:

return value | intersection set
NOT crupty
PNT I rat_point(il)
SEG.T rat_scgment (il , i2)
RAY I ratray (i1, 12)
LIN I rat line(il, 12)

int sintersection(ret_ray t, ret_point& il, ratpoint& i2)

returns the intersection set ¢ M+ as above.

int sintersection{ref_segment t, rot_point& i1, rat_point& i2)

returns the intersection set ¢ M+ as above.
3.3 Input and Qutput

nstreamés nstreamd& (O <€ &  writes the homogeneous coardinates of s to output stream
O (in order source-target).
istreamée istreamdés I > rat_segmentds s

reads the homogencous coordinates of s from input stream
I (in order source-target).

Additional Operations for segments in two-dimensional space

rational sxcoordl( ) returns the z-coordinate of the source point of segment s,
rational s.xcoord2( ) returns the z-coordinate of the target point of segment s.
rational aveoordl() returns the ycoordinate of the source point of segmont «.
rational sycoord2( ) returns the y-coordinate of the target point of segment s.
integer & X1() returns the zeroth homogencous coordinate of the start point

of segment s.

integer £ 2X2() returns the zeroth homoegeneous coordinate of the end point
of segment s.
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inteqger

integer

integer

integer

integer

bool

bool

bool

boo{

tnt

int

&Y1() returns the first homogeneous coordinate of the start point
of segment s.

&Y2() returns the first homogeneous coordinate of the end point of
segment s.

s W1() returns the homogenizing coordinate of the start peint of
segment s.

& W2() returns the homogenizing coordinate of the end point of seg-
ment s.

sdx() returns the normalized z-difference X1-W2 — X2 . W1 of
the segment.

sdyv() returns the normalized y-difference ¥'1-W2-Y 2. W1 of the
segment.

s.vertical( ) returns true if s is vertical {or trivial) and false otherwise.

shorizontal( ) veturns true if ¢ is horizontal (or trivial) and false otherwise.

sintersection(rut_segment £, rot point& p)
if & and # intersect in a single point the point of intersection
is assigned to p and the result is true, otherwise the result
is false.
Precondition: The supporting lines are not parallel.

sintersection ot lines( rat_segment t, rat_point& p)

if the lines supporting s and ¢ are not parallel their point of
intersection is assigned to p and the result is true, otherwize
the result is false.

orientation{rai_segment s, rot_point p)
compites orientation(e, b, p), where @ and b arc the source
and target of s respectively.

cipslopes{ raf_segment 81, rat_segment s2)

returns compare(slope(sl), slope(s2)).



int

bool

4. Implementation

cmpatlincdefined by(rat_segment si, rat_segment s2, rot_point r)

Let L be the directed curve consisting of a vertical upward
ray ending in (r.zcoord( ) + €%, r.ycoord( ) + ¢) followed by a
horizoutal segment ending in (racoord( ) — €2, rogeoord{ ) +
E)f

followed by an upward vertical ray; lLere e is a positive
infinitesimal. If hoth segments are non-trivial then the
result iz the order of the two intersections along the line
L. It at least one of the segments is trivial then the result
is zero if one of the segments is contained in the other
segent, If exactly one of the segments is trivial then the
result Is the position (above, on, or below) of this segent
with respect to the other segment.

Precondition: For + = 1,2 we have: if si is trivial then
both endpoints are equal to r and if si is non-trivial then
its smaller endpoint is less than or equal to r and its larger
endpoint is larger than r.

intersection{rat_seqgment s1. rat_segment s2)

decides whether s1 and 52 intersect in one point when the
supporting lines are not equal.

Segments are lmplemented by a palr of peints as an item type. All operations like creation,

initialization, tests, the calculation of the direction and source-target vector, input and output

on a segment s take time O(s.dim()). dim{ ), coordinate and end point access, and identity

tost take constant time. The operations for intersection caleulation also take time OQ(s.dim( )).

The space requirement is O(s.don( ).



2. The Header File of class rat_segment

The type ratsegment is an itemn class with representation class geo_pair_rep. It shares this
representation class with rat line and rat ray. We derive rat segment from handle base. By this
representation scheme we obtain reference counting from the LEDA base classes. We give all
implementations which are trivial directly in the header file and postpone all others to the next
section. Aside from this the header file is in one-to-one correspondence to the manual page.

(rat_segment.h 2)=
#ifndef LEDA_RAT_SEGMENT_H
#define LEDA_RAT_SEGMENT_H
#include "geo_pair_rep.h"
#include "rat_point.h"
#include "rat_line.h"
#include "rat_ray.h"

class rat_segiment : public handle_base {
geo_pair_rep #pir() const { return {geo_pair_rep ) PTR: }
rat_segment(const handle_base &b) : handle_base(l) { }

friend class rat_line:
friend class rat_ray;

public:

rat_segment (int J = 2)

{ PTR = new geo_pair_rep (rat_point (d}, rat_point (d}}; }

rat_segment (const rat_point &p, const rat_point &q)

{ PTE = new geo_pair_rep (p.q); }

rat_segment{const integer_t &z!,const integer_t &y!,const integer_t &#2, const
integer_t &y2)

{ PTE = new geo_pair_rep (rat_point(z!,yl).rat_point (2, y2)); }

rat_segment{const rat_segment &s) : handle_base(s) {}

~rat_segment () {}

rat_segment &operator=(const rat_segment &s)
{ handle_base::operator=(s); return +this; }

static rat_segment d2(integer_t !, integer_t y!,integer_t DI, integer_t
22, integer_t y2,integer_t D2};

static rat_segment J2(integer_t 2/, integer_t ¢!, integer_t =2 integer_t y2});

static rat_segment d3(integer_t =/, integer_t y/, integer_t =/ integer_t z2,integer_t
y2,integer_t z2):

static rat_segment d3(integer_t z! . integer_t y!, integer_t zI,integer_t
Di,integer_t z2.Integer_t y2,Integer_t z2,Integer_t D2};

int dim () const { return (ptr{)-souwrce.dim()); }

rat_point source() const { return ptr()-source; }

rat_point peoint! () const { return ptr{)-source; |

rat_point stert() const { return pir()-source; }

rat_point target() const { return pir()-target; }

rat-point point?() const { return ptr()-target; }

rat_point end() const { return pir()-target; }

rational_t coord! (int i) const {

return rational_t (pir () ~source heoord (i), pir{ ) ~source. hcoord (dim{))); }



rational_t coord2 (int !) const {
return rational_t (ptr () ~target heoord (i), ptr( ) =target heoord (dim())); }

integer_t hcoord! (int ¢) const { return ptr()-souwrce heoord(1); }
integer_t hcoord?2(int 7) const { return pir( )-target.heoord (i); }
rat_segment reverse() const | return rat_segment(end( ), start()); }
rat_direction direciion() const;

rat_vector source_ltorgel vector( ) const;

rat_line supporting_line() const;

rat_segment trensform (const aff_transformation &) const

{ return rat_segment {point! ().transform(t), point2 ( ).transform(£)); }
bool is_trivial( ) const { return pir()-source = pir( )~target; }

friend bool identical(const rat_segment & s, const rat_segment &52):
friend bool strong_eq(const rat_segment &s1,const rat_-segment &s2)
{ return (s!.source() = s2.source( ) A sl .target{ ) = 52 .target()); }

bool operator=(const rat_segment &t) const

{ return (strong ey (+this,t)V strong eq(+this, t.reverse())); }

bool operator #(const rat_segment &) const

{ return —operator=(t); }

friend bool paraliel{const rat_segment &/, const rat_seginent &s2):

bool contains(const rat_point &p) const;

friend bool common_endpoint (const rat_segment &s7,const rat_segment
&s2, rat_point &common);

int intersection(const rat_line &¢# rat_point &4/, rat_point &i2) const;

int intersection(const rat_ray &t,rat_point &if,rat_point &i2) const;

int intersection(const rat_segment &f, rat_point &I, rat_point &i2) const:

friend ostream &operator < (ostream &0, const rat_segment &s):

friend istream &operator’® (istream &7, rat_segment &s);

rational zcoordl () const { return pir()-source.zcoord(); }

rational 2zcoord?() const { return ptr()-target.zcoord(); |

rational ycoordl () const { return ptr( )-source.yeoord(): }

rational yeoord2() const { return ptr( ) -torget.ycoord(); }

integer_t X7 () const { return pir()-source. X{); }

integer_t X2() const { return ptr()-target. X(); }

integer_t YI() const { return pér()-source.} (J }

integer_t Y2() const { return ptr()-taerget.Y(); }

integer_t Wi() const { return pt'r-()-'so-?.',w.‘e.lf’[' () }

integer_t W2() const { return ptr()-target.W(); }

integer-t dz() const { return ptr()-ds; }

integer_t dy() const { return pir()-dy; }

bool wertical() const { return ptr()-de =0: }

bool horizontal( ) const { return ptr{)-dy =0; }

bool intersection(const rat_segment &t rat_point &p) const;

bool intersection_of lines(const rat_segment &f, rat_point &p) const
{ return ptr( )~d2 interseciion(x(t.ptr ()}, p): }



friend int orientation (const rat_segment &s, const rat_point &p)

{ return orientation(s.source( ), s.target( ), p); }

friend int cmp_slopes(const rat_segment &s7, const rat_segment &s2);

friend int cmp_at line defined by (const rat_segment &s/, const rat_segment
&2, const rat_point &7 );

friend bool intersection(const rat_segment &3/, const rat_segment &s2);

int on_line_position{const rat_point &¢q) const:

b

inline void Print(const rat_segment &s,ostream &out) { out < s }

inline void Read (rat_segment &s, istream &in) { in > s |

inline bool identical (const rat_segiment &s7, const rat_segment &s2)

{ return si.ptr{) = s2.ptr(); }

inline bool parallel(const rat_segment &5/, const rat_segment &s2)

{ return si.direction() = 2 divection( ) v

sl .direction() = 52 direction( ) }
inline int cmp slopes(const rat_segment {57, const rat_segment &s2)
{ return sign(s!.dy()+s2.de() — e2.dy() +sl.de()); }
enuin on_position {
out_before, id_point] , in_between, id_point2, out_after
b
Hendif



3. The Implementation of class rat_segment

{rat_segment.c 3)=
#include "rat_segment.h"
{initialization 1)
{ conversion functions 3}
{ the tests 6)
{intersection operations 7)
{input and output 14}
{some 2-gpace operations 15}

4. Initialization
We provide some easy initialization operations for the two and three dimensional case.
{initialization 4} =
rat_segment rat_segment::d2(integer_t z/.integer_t y!, integer_t DI, integer_t
z2 . integer_t y2,integer_t D2)
{ return rat_segment (rat_point ::d2(z1,y!, DI).rat_point :: d2(z2,y2, D2)): }
rat_segment rat_segment :: J2(integer_t zI,integer_t yI.integer.t zZ,integer.t y¢)
{ return rat_segment{rat_point ::d2 (21, y!), rat_point ::d2 (22, 42)): }
rat_segment rat_segiment:: d3 (integer_t z/,integer_t yI,integer_t z{,integer-t
2 integer_t y2, integer_t z2)
{ return rat_segment{rat_point ::d? (2!, yI, zI) rat_point ::d%{z2,y2,22)); }
rat_segment rat_segment::d3 (integer_t z/,integer_t yI,integer_t zI,integer_t
D1, integer_t 22, integer_t y2,integer_t z2,integer_t D2)
{ return rat_-segment{rat_point ::d3(x1,yl, 21, D1), rat_point 1 d3{(z2,y2,22,D2)): }

T'his code 15 used in chunlk 3.

5. Conversion Operations

{ conversion functions 3} =
rat_vector rat_segment :: source target_vector () const
if (és_triviel()) ervor_handler(l,"rat_segment::source_target_vector: triv\

ial segmentcannot, be, converted. "];
return ptr( ) ~to_rat_vector();

}

rat_direction rat_segment :: direction() const
if (s trivial () error_hondler(1,
"rat_segment::direction: trivial,segment, cannot be converted.");

return ptr( ) ~to_ret_direction( );

}

rat_line rat_segment :: supporting line() const
if {is triviel()) error_handler(1,
"rat_segment::supperting_line: trivial,;segment,,cannot,be converted. e
return rat_line(«this);

}

‘I'his code 15 used in chunk 3.



6.

Containment Tests

{ the tests 6) =
bool rat_segment :: contains (const rat_point &p) const

1

}

int d = dim();

rat_point s = start();

rat_point ¢ = end( );

integer_t Inwmn = (p.hicoord (0) * s.heovrd (d) — s hecoord (0) * p heoord (d)) * t.hcoord (d);
integer_t lden = (t.heoord (0) = s.hecoord (d) — s.heoord (0) * t.heoord (d)) * p.heoord (d);
integer_t Inum_i, lden_i;

if (Inwm « lden < 0V abs(lnum) > abs(lden)) return false;

for (int i=1; i < d; i++) {

lnurn_i = (p.hevord (i) * s.heoord (d) — s heoord (7)) # pheoord (d)) * £ heoord (d);

lden_i = (t.heoord (i) + s.heoord (d) — s.heoord (1) = t.heoord (d)) + p.heoord (d);

if (Inum * lden i # lnum_i + lden) return folse:

}

return frue;

This code is used in chunk 3.

7.

Intersection Operations

In this section wo lmplement the intersection operation of a segment with all oqual dimensional
straight line objects (segments, rays, lines). I the scgment s trivial, the check is done by
the constains operation. If the supporting lines of both are parallel, they can be identical or

different. In the first case we have to take a closer look, in the seccond case there’s certainly no
intersection. If the lines are not parallel, we use our  dimensional intersection routine of our
geo_pair_rep class and determine with the help of the lambda reference parameters if in case
of intersection the point lies on the segment, the ray or the line. For a segment s = pp; the
routine delivers a A such that the intersection point ¢ = p; + A% (p2 — p1). Thus to be part of the
segment the intersection point has to be a convex combination of the endpoints with A € [0, 1].
To be part of the ray through py and py starting in py A mway not be negative. For the line
there'’s nothing to check anyway.

{intersection opoerations 7) =
int rat_segment ::interscction{const rat_line &, rat_point &if , rat_point &i2) const

1
if (dim() # t.dim())

error_handler [:l, "intersection: the dimensions, of jthe objects must agree.");

if (is_trivial())

if (t.contains(pointi (1)) {
il = point! {);
return PNT_J;

1
g
else return NO_7; // now +this is not trivial

if (parallel(supporting_line().1))

if (t.contains(point1 ())) {
il = point! ();
i2 = point2{ );
return SEG [;



}

else return NO_I;
rational_t lombdal , lambde?:

if {(ptr()-d_intersection(x(t.ptr (), i1, lambdal , lambda2) A 0 < lombdal A lambdal < 1)
return PNT T;

return NO_[;

1
J
See also chunks 8, 10, 12, and 13.

This code 1s used in chunk 3.

8. In this chunk we implement the intersection operation of a segment and a ray. Look above
for more information.

{intersection operations 7} +=
int rat_segment :: éntersection{const rat_ray &t, rat_point &¢I, rat_point &¢2) const
{
if (i () # t.dim())
error_hondler (1, "intersection: the dimensions, ,of jthe objects must agree."):
if (is_triviel())
if (t.contains(point? (1)) {
il = point!{);
return PNT_I;
]
else return NO_I; // now sthis is not trivial
if (purallel (supporting_line( ). tLsupporting_line( ))) {
if (t.supporting line().contains(source()))
{ check segment #this and ray ¢ on line position 9}
else return NO_I;
+ // now xthis and t are not parallel

rational_t lambdal, lambda?;
if (ptr( ) ~d_intersection (= (t.ptr (), i1, larnbdal |

lombda2) A0 < larnbdal A lambddal < 1 A0 < lambde2) return PNT T,
return NO_[;

—

9. In chis chunk we want to calculate the intersection set of a line segment s = #this and a
ray £ which are part of a common line. There are three possibilities here: empty, a point or a
segment (part of both segments. To calculate the result we take the following steps:

1. we orient s like # such that they have a common direction from pointi () to point2 ().

2. we determine the relative position of s.point? () and s.point2 () with respect to the points
t.pointl () and t.point2() in terms of the constants out_before, id_pointl, in_between,
id_point2 and owt_after. This is done in on_line_position ().

3. by casgeswitching over cach of the five constants we determine the maybe start and cnd
points ¢ and 42 of the common scgment. in certain situations we kuow that ! and s2
must be digjoint and we return accordingly.

4. if there’s a possible overlapping of s and £ it can be a point set or a segment set. We
determine this by comparing #1 and 42 afterwards.



{ check segment #this and ray ¢ on line position 9) =
{
rat_point pl, p2, g, g2;
gl = t.pointl{);
q2 = t.peint2();
if {direction() = t.direction()) {
p1 = point! ():
P2 = point2 ();

}

else {
pl = point2 ();
P2 = point! ();

1
I

/#* now we know that the segments p;p; and g1 gy representing a ray starting in ¢, have the
same direction on the common supporting line /
int pl_pos = rat_segment (gl , ¢2).on linc_position(pl );
int p2 pos = rat_segment (g1, ¢2).on_line_position (p2 );
switch {(pf_pos) {
case out_before:
il = ¢l; [/ maybe start
break:
case id_pointl: case i _between: case wd_point?: case out_after:
il = pl; // certainly start
break:

¥

switch (p2 pos) {

case out_before:
return NO_I: // no overlapping possible

case id_pointl . case in_between: case id_point2: case out_ofter:
i2 = p2; [/ certainly end
break:

)

if (11 =142) return PNT_I:

else return SEG I,

}

This code is used in chunk &.

10. In this chunk we lmplement the intersection operation of two segments. Look above for
more information.
{intersection operations 7) +=
int rat_segment ::interscction(const rat_segment &f, rat_point &if,rat_point &i2)
const
{
if (dim() # t.dim())
error_handler [:l, "intersection: the dimensions of the objects must agree.");
if (istriviel())
if (t.contains(pointl ())) {
11 = pointd {);



——

11.
and
ar a

1.

9

return PNT.I:

1
I

else return NO_T;
if (t.is trivial())
if (contains(t.point? (1)) {
il = t.pomtl ();
return PNT [,
}
else return NO_7; // now +this is not trivial
if (parallel(supporting_line (). t.supporting_line()))

if (f.supporting_line () .contains (source ()

{ check segment #this and segment ¢ on line position 11}
else return NO_I;
rational_t laembdal , lambdad;
it (ptr()~d_intersection(«(t.ptr (), i1, lambdal
lambda2) A0 < lambdal A llombdal < 1 A0 < lambda2 A lambda2 < 1)
return PNT T;
return N(O_T;

In this chunk we want to calculate the intersection set of two line scgments sf = xthis
¢2 =t which are part of a commaon line. There are three possibilities here: empty, a point
segment (part of both segments. To calculate the result we take the following steps:

we orient s and t such that they have a common direction from pointl () to peint2 ().

we determine the relative position of si.peinti () and sI.point2() with respect to the
points sZ.pointl () and s2.point2{) in terms of the coustants owt_before, dd_pointl,
in_between, wd_point? and owi_after. This is done in on_line_position().

. by cazeswitching over each of the five conztants we determine the mayhe start and end

points ¢ and 22 of the common segment. in certain situations we know that si and s2
must be digjoint and we return accordingly.

. if there’s a possible overlapping of s and s2 it can be a point set or a segment set. We

determine this by comparing 77 and 2 afrerwards.

{check segment +this and segment ¢ on line position 1) =

1

rat_point pl, p2, gI, ¢2;

pl = pointl ();

P2 = poimt2():

if {direction{) = t.direction()) {
ql = t.pointl ();
g2 = t.point2( );

)

else {
gl = t.point2();
92 = t.pointl ( );
)
/#* now we know that the segments pip; and g1z have the same direction on the common
supporting line */



int pf_pos = rat_segment (gl , ¢2).on_line_position (pl );
int p2 pos = rat_segment (¢!, q2).on_line_position (p2 );
switch (pf pos) {
case out_before: il = ql; // maybe start

break:
case il pointl: case in_between: case wd_pomnt2:

i1 =pl; [/ certainly start

break;
case out_after:

return NO.I; // no overlapping possible

)

switch (p2 pos) {
case out_before:
return NO_I: // no overlapping possible
case id_pointl . case in_between: case id_point2:
i2 = p2; [/ certainly end
break;
case out_after:
i2 = ¢2; // maybe end

break:

}

if (¢l =¢2) return PNT_I;
else return SEG 1

b

This code iz used in chunk 10.

12. In this chunk we provide an operation which allows us to examine the position of a point
¢ on the supporting line of a segment . We know that, s.supporting_line( ).contains(q) = true.
But we want to find the position of the point in terms of the constants eut_before, id_pointl,
in_between, id_point2, out_after. We just calculate the A in the equation ¢ = s+ Ax (t — s) And
compare it to the interval [0, 1].
{intersection operations 7} +=

int rat_segment :: on line_position (const rat_point &¢) const

{
int J = dim();
rat_point s = start();
rat_point ¢ = end( };
integer_t [num = (g.icoord (0) * s.heoord (d) — s.heoord (0) « g.heoord (d)) * t.heoord (d);
integer_t lden = (t.heoord (0) * s heoord (d) — s.heoord (0) + t.heoord (d)) # g heoord (d);
if (lden < 0) {
fnwrn = —Inwrn;
lden = —lden;
} // nowlden ; 0
if (Inum =0) return id_pointi:
if (Inum = lden) return id_point2;
if (Inum < 0) return out_before;
if {Inurn > lden) return out_after;
return in between;



13. Sometimes we want to check if two segments touch in a common endpoint.
{intersection operations 73 +=

bool common_endpoint (const rat_segment &s!,const rat_segment &s2, rat_point
&common)

if (s1.start() = s2.start()) {
cormmon = sl .start ( 3
return truc;

1

i

if (s1 . start() = s2.end()) {
commmon = sl .start();
return irue;

)i

if (s1.end()=s2.start()) {
common = sl.end();
return true:

T

j
if (s1.end()=s2.end(}) {

common = sl.end();
return irue;

¥

return false;

—

14. Input and Output

{input and output 14} =
ostream &operator <€ {ostream &0, const rat_segment &s)
{7 o
O <& s.plr ():
return O;
1
il

istream &operator®(istream &I, rat_segment &s)

{

int d = s.dim( );

if (s.refs() > 1) s = rat_segment (d);
I s.pir( );

return [;

}

This code iz used in chunk 3.

15. 2d-Operations



{some 2-space operations 15) =
bool intersection(const rat_segment &s7.const rat_segment &s2)
{ /# decides whether the segments s and s2 intersect. */

int of = orientation(s1, 2. start());
int 02 = orientation(s1, s2.end()):
int 03 = orientaiton(s2, s1 . start());
int of = orientation(s2, s1.end{));
return (el # 02 A 03 #£ o4 )
}
bool rat_segiment :: infersection(const rat_segment &t, rat_point &p) const
{ /[ decides whether £ and this segment iutersect and, if so, returns the intersection in p. It
is assumed that both segments have non-zero length */
if (—:iinterscetion(+this.f)) return folse:

return pir( ) ~d2intersection (+(t.ptr (). p);

}

int cmp_at_line_defined_by(const rat_segment &s1, const rat_segiment {252, const
rat_point &r)
{
error_hondler (0, "cmp_at_line_defined_by notyuyet implemented.");

return 0;

}

T'hiz coda 1= used n chunle 3.



16. A Test of class rat_segment

(rat_segment-test.c 16)=
#include "rat_segment.h"
mvain )
{
{2d tests L7
{3d tests 18)
1
J

17. In this chunk we test the special 2d procedures.
{2d tests 17) =
{ /x sowe coustruction test */
cout <€ "\n2-SPACE MODULE:";
rat_point pf (-5, 1), p2(5,1};
rat_segment s (pf,p2), 32 = rat_segment ::d2 (-1, -5, -1,3), s3;
cout < "\ntwo_segments, s1,82:\n" & 51 <« 52;
cout < "\nsl.horizontal () =" < sI .horizontal();
cout < "\ns2.vertical (),,=," < s2.vertical( ],
/# some input and access test x/
cout < "\nenter segment_s3: ";
cin P 8d)
cout < "segment access ops:\n'";
cout < s X1() <" <53 YI() = " s W) =",
cont <& ‘?"?XQ() & nun & 57, YQ() & ”u” <& 83, WQ(] & ”\n“;
cout < s3.xcoordl () <€ """ < s3.ycoordl () < "™
cout < s8.xcoord? () <€ "L <€ sdycoord2( );
/# intersection and orientation =/
rat_point ipntl, ipnts;
cout < "\nsl.intersection(s3,ipntl) =" < si .intersection(s3, ipntl };
cout < "\nwith, ipntl =" < ipntl;
cout < "\nsl.intersection(s3,ipntl,ipnt2) ="
cout <€ sl intersection(sd, tpntl , ipnt2);
cout < "\nwith ipntl/2 =" < qpntl < pnt2;
cout < "\ncmp_at_line_defined_by(sl,s3,ipntl) =.";
cout < cmp_at_line_defined by (21, 83, ipntl );
cout € "\nsl.intersection_cf_lines(s3,ipntl) =,";
cout & sl .intersection_of_lines(s3, ipntl);
cout < "\nwith ipntl = " < ipntl;
cout € "\norientation(sl,ipntl) =" &€ orientation(sl, pnitl};
cout < "\norientation(s3,ipntl1) =" < orientation{sd, ipntl);
cout < "\ncmp_slopes(sl,s3) =" € cmp_slopes(sl,s9);
coul < "\n";

1
i

This code 1a used m chunk 16.

18. Next wo do some tests in 3-space. Here wo test the d-dimensional componcents.



{3d tests 18) =
y
/# some construction test =/
cout < "\nd-SPACE MODULE:, {(d=3)";
rat_point p0 = rat_point ::d3(1,1,1), p(3), ¢(3), wpntl (3), ipnt2(3); rat_vector ¢ =5
srat-vector :wnit (0,3); // the first unit vector
rat_point p! (pd + ¢1);
rat_segment sI(p0d,pl), s2 = rat_segment :d7(5,1,1,5,5,5), 83 (sl.reverse()):
cout € "\nthree segments; s1,s2,83:\n" « sf <€ s2 <€ 55,
/4 some equality and containment tests «*/
cout < "\n(sl_==,83) =" <« (3] = 3J3);
cout <€ "\nstrong_eq(sl,s3) =u" < strong eg(sl, s3);
cout < "\na point pu=u" < (p = p0 + el /2):
cout < "\nsl.contains(p) =" <& sI.conteins(p);
rat_point cpnt(3);
cout < "\ncommon_endpoint(sl,s2,cpnt) =4";
cout <€ common_endpoint(s1, s2, cpnt):
cout <€ "\nwithcpnty,=." <€ cpnt;
cout < "\nparallel(sl,s3) =" < parallel(s,s3);
S input #/
cout < "\nenter  two points to,define a line cbject:,";
cin 3 p g
rat_segment s (p.g);

cout < "\nsegment ;54 {we test against sl) " <€ &f;
cout < "\naccessyoperations on s4:";

cout << "\ncartesian: ";
int ¢

for (i=10; @ < sf.dimm(); i++) cout € 84 .coord] (1) <€ """
for (i =0; ¢ < 84 dimn{ ) t4+) cout <€ 84 .coord2 (i) <€ "y";
cout <€ "\nhomogenous:";

for (i =0; 1 € sf.dim(); i++) cout € s heoord] (1) < """,

for (i =0; 7 < 84 .dim{); (++) cout € s4 heoord2 (i) < """,

cout <€ "\nsegment between: " < sf.point! () <€ sf .point2();

cout < "\ns4.is_trivial (),=" < s4 .is_trivial( );

if (—s4.is trivial () cout < "\nparallel(sl,s4) =" <& porellel{sl, s4);
cout < "\nsl.intersection(s4,ipntl,ipnt2) =4";

cout <€ sl .intersection(sd , ipntl, pnid);

cout < "\nwith ipntl/2_ =" <« pntl <€ pnt2;

rat_ray r(p, q);

cout < "\nray r  (we testy against sl1): " < r;

cout <€ "\nsl.intersecticn(r,ipntl,ipnt2) =,";

cout <€ sl .intersection(r, ipntl . ipnt2);

cout < "\nwith ipntl/2 =" < ipntl < ipntd;

rat_line I{p, q):

cout < "\nline 1, (we test against,s1):," < I

cout < "\nel._intersection(l,ipnti,ipnt2) ,=,";

cout <€ sl intersection(l, ipntl , ipnt2):

cout < "\nwith ipntl/2 =" < ipnil € pnt2;



cout € "\n\n"; }

‘I'his code 1s used in chunk 16.
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1. The Manual Page of class rat_ray

1. Definition

An lustance of data type rafray g a ray in d-dimensional Euclidian space. rut ray 18 aun item
type.

2. Creation

ratray riint d = 2); introduces a ray in d-dimensional space

ratray r{retpoint p, rat_point q);
introduces a ray through p and ¢ and starting at p.
Precondition: p and g are distinet and have the same dimension.

ratray  r{retpoint p, rot_direction dir);

introduces a ray starting in p with direction dir,
Precondition: p and dir have the same dimension.

rat_ray  r{rat_segment )

introduces a ray through s.sowrce( ) and s.torget( ) and starting at
s.source( ).
Precondition: s is not trivial.

3. Operations

3.1 Initialization, Access and Conversions

Tt ray ratray s d2(integer ol integer yI. integer DI, integer 22, integer 32,
integer D2)
intreduces a variable r of type rof_ray. r is initialized to the
ray [(21,y1, D1}, (22,42, D2)] in two-dimensional space.

rut_roy ratray A2 (integer o1, integer yl, integer ©2, integer y2)
introduces a variable r of type ratray. ¢ is initialized to the
ray [(#1,41,1), (22,42,1)] in two-dimensional space.

rat_ray ratray s d3(integer w1, integer y1, inteqer 21, integer ©2, integer 32,
integer z2)
introduces a variable r of type rat ray. r is initialized to the
ray [(z1, y1, #1. 1), (x2,y2, 22, 1)] in three-dimensional space.

rerk_ray ratoray d3(iteger ol | dnteger y1. integer 21, dnteger DI, integer 32,
integer y2, integer 22, integer D2)
introduces a variable = of type rat_ray. r is initialized to the
ray [(21,y1, 21, D1), (22,92, 2, D2)] in three-dimensional
space,

it rdim( ) returns the dimension of the underlying space.



rat_point rsource( ) returns the source point of r.

rat_point r.pointl( ) returns the source point of r.

rat_point r.point2( ) returns a point on r distinet from r.source( ).
rat_direction  rdirection( ) returns the direction of r.

rat_firne raupportingline( ) returns the supporting line of ».

rat_ray r.transform(aff_transformation t)

returns £{1).

3.2 Tests and Calculations

bool identical{rat ray r1, rat_ray v12)

test for identity.

hool rl =718 test for equality
hool vl =l test for inequality.
int parallel{rat_ray 1, rotray r2)

returns true if vl and r2 are parallel and false otherwise.

hool r.contains(ratpoint p)

returns true if p lies on v,

hool reontaing(rot segment )

returns true if s is part of + and false otherwise.

3.3 Intersection Calculations

bool rintersection (rat_hyperplane h. rat_point& p)
returns true if 4 and r intersect in a single point and false
otherwise, In the first case the point of intersection is as-
signed to p.

rrt_perint rintersection (rat_hyperplane h)

returns the intersection of the hyperplane 2 with the ray r
Precondition: h and v intersect in a single point.



int rinterscection ( rat_line t, rot_pointés i1, rat_pointd i2)
returns the intersection set Mt by the following means. The
return value is one of the constants { NOI, PNT I, SEG I,
RAY_I, LIN_I}. The correspouding set is determined by

the two pointg of and i2:

return value | intersection set
NOIT empty
PNT I rat_point (il )
SEG_1 rat_segment(il, i2)
RAY_I ratray (il , 12)
LIN T rat_line(i1,12)

int rintersection(rat_roy t, ratpointé i1, rotpointé& i2)

returns the intersection set r Mt as above.

int rintersection (rat_segment t, rat_pointds i1, retpoint& 12)

returns the intersection set » NE as above,
3.4 Input and Output
ostrearnd&s ostreamds () € r  writes the coeflicients of r to output stream O,

istreamds istreaméec 1 ™ ratrayde r

reads the coefficients of r from input gtream I. This operator
uses the current dimension of r.

Additional Operations for rays in two-dimensional space

hool r.vertical( ) returns true if r is vertical or trivial and false otherwise.
bool rhiorizontal( ) returns true if v is horizontal or trivial and false otherwize,
hool rintersection(rat_ray 11, rot_point& p)

if + and {1 arc not parallel the point of intersection is assigned
to p and the result iz true, otherwise the result is false.

it orientation{ref_ray r, rat_point p)

compites orientation(e, b, p), where @ and b are souree and
another_point of r respectively.

4. Implementation

Rays are implemented by a pair of points as an ifem type. All operations like creation, initial-
lzatiou, tests, directlon caleulation, input and output ou a ray r» take time O(r.dirn{ ). dim( ),

coordinate and polnt access, and identity test take constant time, The operations for intersection
calculation also take time O(s.dim( )). The space requirement, is O(w.dim( )).



2. The Header File of class rat_ray

The type ratray i an item class with representation class geo _pair_rep. It shares this repre-
sentation class with rat_segment and rat line. We derive rat_ray from handle_base. Bw this
representation scheme we obtain reference counting from the LEDA base classes. We give all
implementations which are trivial directly in the header file and postpone all others to the next
section. Aside from this the header file is in one-to-one correspondence to the manunal page.
{(rat_ray.h 2)=

#ifndef LEDA_RAT_RAY_H

#define LEDA_RAT_RAY_H

#include "geo_pair_rep.h"

#include "rat_point.h"

#include "rat_line.h"

#include "rat_segment.h"
class rat_ray : public handle_base {
geo_pair_rep #pir( ) const { return {geo_pair_rep =) PTR: }
rat_ray (const handle_base &b) : handle_base(d) {}

friend class rat_line;
friend class rat_segment;

public:
rat_ray(int d = 2)
{ PTER = new geo_pair_rep (rat_point(d}, rat_point(d}}): }
rat_ray (const rat_point &p, const rat_point &q)
{
if (p=q)
error_hendler(1, "rat_ray::constructor: the two points must be different.");
PTR = new geo_pair_rep (. q);
}
rat_ray (const rat_point &p, const rat_direction &dir)
{
rat_point ¢ = p+ dir.to_rat_vector( );
PTR = new geo_pair_rep (p, ¢);
}
rat_ray (const rat_segment {s);
rat_ray(const rat_ray &p) : handle_base(p) {}

~rat_ray() {}

rat_ray &operator—(const rat_ray &p)

{ handle_base::operator=(p); return +this; }

static rat_ray d2 (integer_t z/,integer_t y!, integer_t DI, integer_t z2, integer_t
y2,integer_t D2 );

static rat_ray JdZ(integer_t z/,integer_t y!,integer_t 22, integer_t y2):

static rat_ray d¥(integer_t z!.integer_t y!, integer_t zI,integer_t z2,integer_t
y2,integer_t z2):

static rat_ray d7F (integer-t «I,integer_t y!,integer_t zI,integer_t DI, integer_t
+2,integer_t y2,integer_t z2,integer_t D2);

int dim() const { return ptr()-source.dim(); }

rat_point source() const { return pir{)-source; }



rat_point point! () const { return ptr{)-source; }
rat_point point2() const { return pir()-target; }
rat_direction direction() const;
rat_line supporting_line() const;
rat_ray transform(const aff_transformation &t) const
{ return rat_ray (pointi ().transform(t). point2().transform(t)); }
friend bool identical(const rat_ray &r!, const rat_ray &r2)
{ return r1.ptr() = r2.ptr(); }
friend bool operator=(counst rat_ray &r!,const rat_ray &r2)
{ return r1.source() = r2.source( ) A
r! .direction() = 72 .direction{); }
friend bool operator#(const rat_ray &r!,const rat_ray &r2)
{ veturn (~(rf = r2)); }
friend int parallel(const rat_ray &r!,const rat_ray &r2):
bool conteins(const rat_point &p) const;
bool conteins(const rat_segment &s) const;
friend int cmp(const rat_ray &, const rat_ray &)
{ error_handler (1, "not,implemented"); return 0; }
bool intersection(const rat_hyperplane &5, rat_point &p);
rat_point intersection(const rat_hyperplane &h):
int intersection(const rat_line &¢, rat_point &7, vat_point &i2) const;
int intersection(const rat_rvay &t,rat_point &if, rat_point &i2) const;
int intersection(const rat_segment &f, rat_point &¢I, rat_point &i2) const;
friend ostream &operator<(ostream &), const rat_ray &r);
friend istream &operator:® (istream &I, rat_ray &v);
bool vertical () const { return pir{)-de = 0; }
bool horizontal() const { return pir()-dy =

bool ntersection(const rat_ray &I, rat_-point &p) const;
friend int orientation (const rat_ray &r.const rat_point &p):
. %
Iz
inline void Print(const rat_ray &I, ostream &out) { out < [; }
inline void Read(rat_ray &I, istream &in) { in > I; }
inline int orientation (const rat_ray &r.const rat_point &p)
{ return orientation(r.source{ ), r.point2().p); }
inline int parallel{const rat_ray &+, const rat_ray &r2)
{ return (r!.direction ()= r2.direction()) Vv
(r1 .direction() = —(r2.direction(})); }
#endif



3. The Implementation of class rat_ray

(rat_ray.c 3} =

#include "rat_ray.h"
{initialization 1)
{ conversion operations 3}
{input and output 6}
{intersection operations &)
( the containment test 7)
{some 2-dim operations 13}

4. Initialization
We provide some easy initialization operations for the two and three dimensional case.
{initialization 4} =
rat_ray rat_ray ::d2(integer_t z/, integer_t y! integer_t D/ integer_t z2,integer_t
42.integer_t D2)
{ return rat_ray (rat_point ::d2(z1,yl, D1}, rat_point ::d2 (22,42, D2)); }
rat_ray rat_-ray:d?(integer_t 1. integer_t yI.integer_t =2, integer_t y2)
{ return rat_ray(rat_point ::d2 (21, y1), rat_point :d2 {22, y2)): ]
rat_ray rat_ray ::d5(integer_t =7 ,integer_t yf,integer_t z[,integer_t =2, integer_t
y2.integer_t z2)
{ return rat_ray(rat_point ::dj(z1.yl.20). rat_point::d3(z2,y2,22)); }
rat_ray rat_ray ::d3(integer_t z1,integer_t y!, integer_t z7,integer_t DI, integer_t
z, integer_t y? integer_t 2%, integer_t D2)
{ return rat_ray(rat-point ::d¥ (21, y!, 21, DI ). rat_point ::d3 (22, 2, 22, D2)); }

This code 15 used in chunk 3.

5. Conversion Operations

To determine the direction of the line we just call the corresponding operation of the represen-
tation clags. To transform the ray into a line we use the normally hidden copy construction.
{ conversion operations 5} =

rat_direction rat_ray ::direction() const

{ return ptr()-to_rat_dircction(): }

rat_line rat_ray :: supporting line() const

{ return rat_line(«this); }

rat_ray ::rat_ray (const rat_segment &s) : handle_base(s) {}

‘I'his code 15 used in chunk 3.

6. Input and Qutput

We just use the input and output routines of our base class geo_pair_rep. Note that in case of
input we have to take care not to overwrite a shared storage ohject.

{input and output 6¢) =
ostream {operator < (ostream &0, const rat_ray &r)
f |
Q< roptr():
return O;
1
i



istream &operator (istream &7, rat_ray &r)
f |
int d = r.dim();
if (rorefs() > 1) r = rat_ray(d);
I roptr ()
if (r.source() = r.point2 ()
error_handler (1, "operator<<: defining pointsgof ray must be different.");

return I;

}

‘I'his code i1s used in chunk 3.

7. Containment

A ray r starting in peint s and geing through ¢ containg a point p if there is a non-negative A
such that ’ ; )

B B _ B B

Pa 8d td 84
for all 7. In other words, the numbers (p;sq — s;py)ta/pa(tizy — sity) must all agree and he
non-negative.

(the containment test 7) =

bool rat_ray:: contains(const rat_point &p) const

{
int d = dimn{ );
rat_point s = source( ):
rat_point t = point2 ();
integer_t [num = (p.hcoord (0) + s.heoord (d) — s.heoord (0) * p.heoord (d)) + t.heoord (d);
integer_t lden = (+.heoord (0) = s.heoord (d) — s.heoord (0) + t.heoord (d)) « p.heoord (d);
integer_t num_i, lden_i;

if (Inum + lden < 0) return folse:
for (int i = 1; i < d; i++) {
Inum_i = (p.heoord (1) * s.heoord (d) — s.heoord (i) * p.heoord (d)) = t.heoord (d);
lden_i = (t.heoord (1) « s.heoord (d) — s.heoord (1) = t.heoord (d)) + p.heoord (d):
if (Inum # iden i = lnwm_i « [den) return folse:
1
return frue;
¥
bool rat_ray :: contains(const rat_segment &s) const
{ return contains(s.start()) A contains(s.end()): }

Thiz code is used in chunk 3.

8. Intersection Calculation

To calculate the intersection point of a ray and a hyperplane we use our intersection procedure
of the line case and check afterwards if our intersection point is contained in the ray.

(intersection operations 8) =
bool rat_ray ::intersection(const rat_hyperplane &k, rat_point &p)

{
if (supporting_line().intersection(h, p) A contuing(p))
return true;



return false;

1
i

rat_point rat_ray :: intersection(const rat_hyperplane &)
{
rat_point p(dim(});
if (—intersection(h, p))
error_hondler (1, "intersection: h and, *this, must,intersect.");
return p;

}

See also chunks 9, 10, and L2,

This code iz used in chunk 3.

9. In this chunk we implement the intersection operation of a ray with a line. If the supporting
line of the ray and the line are parallel, they can be identical or different. In the first case the
ray is just a gubset of the line, in the second case there’s certainly no intersection. If the lines
arc not parallel, we use our d dimensional interscction routine of our geo_pair-rep class and
determine with the help of the lambda reference parameters if in case of intersection the point
lics on the ray. For a scgment s = pyps the routine delivers a A such that the intersection point
t = p1+ A (p2—p1). To be part of the ray through p; and p; starting in p; A may not he

negative. For the line there's nothing to check anyway.

{intersection operations 8) +=
int rat_ray ::intersection(const rat_line &t rat_point &if, rat_point &i2) const
y
if {dim() # t.dim())
error_hendler(1,"intersection: the dimensions, of the cbjects must jagree.");
if (parollel (supporting_line{ ), t))
if (f.contains{pointl ())) {
il = point!{);
i2 = point2();
return RAY_I:

1
!

else return NO_T;
rational_t lambda! , lambda?;

if (ptr()-~d intersection(+(t.ptr()), i1, lambdal , lambda2) A0 < lambdal ) return PNT T;
return NO.T;

10. In this chunk we implement the intersection operation of two rays. If the supporting lines
of the rays are parallel, they can he identical or different. In the first case we have to take a
closer look, in the second case there’s certainly no intersection, If the lines are not parallel, we
use our d dimensional intersection routine of our geo_pair_rep class and determine with the
help of the lambda reference parameters it in cage of intersection the point lies on the ray. For a
segment s = pypy the routine delivers a A such that the intersection point ¢ = py 4 A (p2 — p1).
To be part of the ray through p; and p; starting in p; A may not be negative.

{intersection operations 8) +=

int rat_ray ::intersection(const rat_ray &t,rat_point &il,rat_point &i2) const

{



if (dim() # t.dim( )]
error_hondler [:1_, "intersection: the dimensions, of jthecbjects must agree.");
if (parallel(supporting line(), t.supporting line())) {
if (t.supporting_line().contains(source()))
{ check ray xthis and ray ¢ on line position 11)
else return N()_I;
}// now xthis and t arc not parallel
rational_t fombdal , lambdad
if (ptr()-dintersection(+(t.ptr()), i1, lambdal , lambda2) A0 < lambdai A0 < lambda?)
return PNT_T;
return NO.T;

11. In this chunk we want to calculate the intersection set of two rays s — xthis and ¢ which
are part of a common line. There are four possibilities here: empty, a point or a segment (part
of both rays or a ray. Toe calculate the rezult we have to check if the rays arc equally oriented or
not. If they’r equally oriented, one 18 a subset of the other. If their directions are the opposite
of each other we have to check f.source() against s and decide the result.

{check ray +this and ray # on line position 11} =
{
rat_point pl = point? ();
rat_point p2 = point2();
int { source pos = rat_segment (pI, p2).on line position (t.source( )):
if (direction() = t.direction( }) {
switch (¢ source pos) {
case out_before: case id pointl:

il = pl;
12 = p2;
break;

case n_between: case id pont2: case ouvt_after:
il = topoint! ();
i2 = t.point2();
break;

J

return BAY T;

¥

else // the directions are opposed to each other
{
switch (t_source_pos) {
case out_before:
return NO_I;
case ud_pointl:
il = pl;
return PNT T;
case n_between: case id_point?: case out after:
il = pi;
i2 = t.pointl ():
return SEG I,



}
1
I

.
i

This code 15 used in chunk 10.

12. The rest is done by a call to the scgment class membher.

{intersection operations 8) +=
int rat_ray ::intersection(const rat_segment &t rat_point &if, rat_point &i2) const
{ return t.intersection(xthis, it :2); }

13. Special Operations in 2-Space

In this chunk we implement necessary operations for rays in the plane.
{some 2-dim operations 13) =
bool rat_ray :iintersection(const rat_ray &r7,rat_point &p) const
{ /= The intersection routine is hidden in the class geo_pair_rep =/
bool result = ptr( ) ~d2_intersection(x(r! .ptr (). p);

return result A contains(p) A r1 .contains(p);

}

This code is used in chunk 3.



14. A Test of class rat_ray

{(rat_ray-test.c 11}=
Zinclude "rat_ray.h"
mmain ()
1
(2d tests 15)

{3d tests 16)
1
i

15, In this chunk we test the speclal 2d procedures.
{2d tests 15) =
{ /* some construction test =/
cont < "\n2-SPACE_MODULE:":
rat_point p!(1,1), p2(-2,1), p3(1,—1);
rat_direction dir(1, 1, 1);
rat_ray r1(pl,p2), r2(p2.p3), r3{pl.dir), r4;
cout < "\nthree rays rl,r2,r3:\n" <« rf < r2 < r¥;
cout < "\nril.horizontal () =\" < r! .horizontel():
cout < "\nr2.vertical () =" < r2.vertical( );
rat_point ipnt;
cout < "\nrl.intersection(r2,ipnt) =" < rl.intersection(r2, ipnt);
cout < "\nwith, ipnt,=," < ipnt;
/#* some input and access test x/
cout € "\nenter ray_ré: ";
e BT
cout < "ray through: " < rf .point! () <€ rd pont2();
cout < "\norientation(r4,ipnt) =" <& orientation(r4,ipnt);
cout < "\n";

}

This code iz used in chunk 1-1.

16. Next we do some tests in 3-space. Here we test the d-dimensional components.
{3d tests 16) =

1

/4 some construction test */

cout < "\nd-SPACE_MODULE:, ,{(d=3)";

rat_point pf = rat_point ::d5(1,1,1,1); // a point

rat_vector ¢/ =3

srat-vector::unit(0,3): // the first unit vector

rat-point pI (p0 + cl), p(3), q(3);

rat_ray rI (p0,pl). r2(pd.r!.direction()), r5(3);

cout <€ "\ntwo rays_rl,r2:." < ri < r;

7+ some equality and containment tests «*/

cout < "\n(rl ==,r2) =" < (rl = r2);

cout <€ "\ntwo points p,q =" <« (p=p0 +5xel) < (q=pf —Oxel);

cout <€ "\nrl.contains(p) =" < 1l .contains(p);

cout << "\nrl.contains(q) =" < rl.contains(q);



rat_segment s(p0, p);

cout <€ "\nnew rat_segment,s = " < s;

cout < "\nrl.contains(s) =" < ri.contains(s);

J# Input +/

cout < "\nenter ray, r3,(we_ test,against rl):,":
cin S rd;

cout < "ray through: " < r3.pointl () < rd.point2();
cout < "\nparallel(ri,r3),=" < parollel(ri, r3);

[+ intersection tests #/

rat_hyperplane h(pd. ri.direction( ), rat_point :: origin(3));
rat_point pntl (3), ipnt2(3);

cout < "\na_hyperplane h =" < h;

cout < "\nr3.intersection(h,ipntil) =" <€ rJ.intersection(h, ipntl);
cout < "\nwith ipntl =" < wpntl;

cout < "\nr3.intersection(rl,ipntl,ipnt2) ="
cout <€ rd.intersection(rl , ipnil | ipnt2);

cout <€ "\nwith,ipnt1/2,=" < ipntl <€ ipnt2;
rat_line /(3};

cout < "\nenter line 1, (we testyagainst rl):,";
cin 3 )

cout < "line =" < I;

cout <€ "\nrl.intersection(l,ipntl,ipnt2)_=.";

cout € vl intersection(l, ipntl, ipnt2);

cout <€ "\nwith,ipnt1/2 =" < ipntl <€ ipnil;

cout < "\n\n"; }

This code is used in chunk 141.
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1. The Manual Page of class rat_line

1. Definition

An instance of data type ret_line is an oricuted line in d-dimensional Euclidian space. rot fine
is an item type.

2. Creation

rat line I{int d = 2);

introduces a variable [ of type rat_line and initializes it to some line in
d-dimensional space

ratline [{rot_point p, rat point q);

introduces a line through p and ¢ and oricuted from p to 4.
Precondition: p and g are distinct and have the same dimension.

ratline  I{rot_point p, rat_direction dir);
introduces a line through p with direction dir.
Precondition: p and dir have the same dimenszion.

ratline  I{rat_segment s):
introduces a varlable { of type rufline and initializes it to the line
through s.source( ) and s.target( ).
Precondition: s iz not trivial.

3. Operations

3.1 Initialization, Access and Conversions

rat fine rat_line d2(integer ol , integer w1, integer D1, integer w2, integer y2,
integer D2)
introduces a variable [ of type rat line. 1is initialized to the
line [{«1,yl, D1), (2,42, D2)]in two-dimensional space.

rat_line ret_line d2(integer 1, integer yi, integer ©2, integer y2)
introduces a variable [ of type raf line. [ is initialized to the
line [(«1,yl, 1}, (¢2,42,1)] in two-dimensional space.

rat line rat line :d3(integer w1, integer yl, integer z1, integer 22, integer y2,
integer z2)
introduces a variable [ of type rutline. [ Is initialized to
the line [(x1,y1,21,1), (22, y2, 22, 1)] in three-dimensional
Space.



rat_{ine rat_line::d3(integer ol integer yi, integer z1, integer D1, integer 22,
integer Y2, integer 22, integer D2)

introduces a variable I of type ret_line. [ 1s initialized to the
line [(«1,y1,21,D1), (22,4222, D2)] iu three-dimensional

apace.

it ldim( ) returns the dimension of the underlying space.

rot_point Lpoint1() returns a point on /.

rat_point L.point2( ) returns a point on ! distinet from Lpointf{ ). The line is
dirccted from pointl to point?.

vl Ltwo_points( rat_pointés pl, rat_pointds p2)

rab_direction  Ldirection()

after the call pf and p2 are two different points on I. The
line is directed from p! to p2.

returns the direction of (.

rot {ine Lrransform (aff transformation 1)

returns (7).

3.2 Tests
bool identical(rat_line 11, rat line 12)
test for identity.
bool 1=12 equality as unoriented lines,
bool 11=12 inequality as unoriented lines.
hool strong eq(raf line {1, rat line 12)
equality as oriented lines.
hool Leontains(rat_point p)
returns true if p lies on 1 and false otherwise.
hool l.contains(rat_segment s)
returns true if s is part of [ and false otherwise.
nt parallel{rat_line 11, rat line 12)

3.3 Intersection Calculations

returns true if {7 and 12 are parallel and false otherwise.

hool Lintersection(rat_hyperplane h, rat point& p)

returns true if A and 7 ntersect in a single poiut and false

otherwise. In the first case the point of intersection 15 as-
signed to p.



rat_point Lintersection(rat_hyperplane h)

returns the intersection of hyperplane h with line [
Precondition: h and [ intersect in a single point.

int Lintersection(rat line £, rot_pointés i1, rat_pointss ©2)
returns the intersection set [Nt by the following means. The
return value is one of the constants { NO I, PNT I, SEG T,
RAY I, LIN.T}. The corresponding set is determined by
the two points ¢1 and i2:

return value | intersection set
NOT empty
PNTI rat_point (i1 )
SEG I rat_segment (i1, i2)
RAY I ratray (il , 12)
LIN_I rot_line(11,12)

int Lintersection(rat_ray t, rat_pointd& i1, ratpoint& i2)

refirns the intersection set ! Mt as above.

it Lintersection(ret_segment t, rat_point& i1, rat_pointé i2)

returns the intersection set I M¢ as above.
3.4 Input and OQutput

ostreams ostreamés O <€ | writes the coefficients of | to output stream 0.

istreamés istreamés T . ratlineks [

reads the coefficients of { from input stream £, This eperator
uses the current dimension of [

Additional Operations for segments in two-dimensional space

bool l.vertical( ) returns true if [ is vertical and false otherwise.
hool Lhorizontal () returns true if [ is horizontal and false otherwise.
bool Lintersection(rai_line 11, ral_puint& p)

if [ and {4 arc not parallel the point of intersection is assigned
to p and the result is true, otherwise the result is false.
rat line Lperpendicular(rat_point p)

computes the perpendicular line of { through p.

int orientation{rat_line [, rat_point p)
computes orientation(e, b, p), where @ and b are pointl and
point2 of I respectively.

int cmpslopes(rat_line 11, rat_line [2)

returns compare(slope(ll), slope(l2)).



4. Implementation

Lines are implemented by a pair of points as an item type. All operations like creation, initial-
ization, tests, divection calculation, input and output on a line ! take time O(Ldim( ). dom( ),
coordinate and point access, and identity test take constant time, The operations for intersection
calculation also take time O(Ldim()). The space requirement is O(Ldim( )).



2. The Header File of class rat_line

The type rat line iz an item class with representation class geo pair_rep. It shares this repre-
sentation class with ratscgment and rat_ray. We derive ratline from handle_base and derive
geo_pair_rep from handle_rep. This gives us reference counting for free. We give all implemen-
tations which are trivial directly in the header file and postpone all others to the next section.
Aside from this the header file is in oue-to-oue correspondsuce to the manual page.
(rat_line.h 2)=

#ifndef LEDA_RAT_LINE_H

#define LEDA_RAT_LINE_H

#include "geo_pair_rep.h"
#include "rat_point.h"
#include "rat_hyperplane.h"
#include "rat_segment.h"
#include "rat_ray.h"

class rat_line : public handle_base {
geo_pair_rep *pir( ) const { return (geo_pair_rep x) PTR; }
rat_line (const handle_base &b) : handle_base(b) { }

friend class rat_ray;
friend class rat_segment;
public:
rat_line (int d = 2)
{ PTR = new geo_pair_rep (rat_point(d), rat_point (d)): }
rat_line (const rat_point &p.const rat_point &gq)
t
if (p=yg)
error_hendler (1, "rat_line: :constructor: the two points must _be different.");
PTR = new geo_pair_rep (p. q);
}
rat_line (const rat_point &p.const rat_direction &dir)
{
rat_-point ¢ = p+ dir.to_rat vector ( ;
PTR = new geo_pair_rep (. q);
¥
rat_line(const rat_segment &s);
rat_line (const rat_line &p) : handle_base(p) {}
~rat_line(} {}
rat_line &operator={const rat_line &p)
{ handle_base::operator=(p); return +this; }
static rat_line d2(integer_t z7,integer_t yI, integer_t D!, integer_t &2,integer_t
y2,integer_t D2);
static rat_line 42 (integer_t ri,integer_t yI,integer_t z2,integer_t y2);
static rat_line d3{integer_t z7, integer_t y!, integer_t 2/, integer_t z2. integer_t
¥2, integer_t 22);
static rat_line 47 (integer_t 27, integer_t 3!, integer_t z/,integer_t DI, integer_t
x2 . integer_t yZ,integer_t z2,integer_t D2);

int dim () const { return (pir()-source.dim()); }



rat_point point! () const { return ptr{)-source; }
rat_point point2() const { return pir()-target; }
void two_points(rat_point &p! ., rat_point &p2) const
{ p? = ptr()-~source; p2 = pir{ )~target; }
rat_direction direction() const;

rat_line transform(const aff_transformation &t) const
{ return rat_line{point! { ).transform(t), point2( ).tronsform(t)); }

friend bool identical{const rat_line &[7,const rat_line &I2)
{ rveturn [{ ptr()=12.ptr(); }
friend bool operator=(const rat_line &1, const rat_line &I[2)

{ return [ .contains(I2 pointl ()) A 11 contains (12 .point2()); }

friend bool operator#(const rat_line &I/, const rat_line &I[2)
{ return (=(l1 =2)); }
friend bool strong_eg(const rat_line &, const rat_line &[2)
{ return [I.contains(I2 pointl ()) A
(11 direction( ) = 12 direction()}); }

bool conteins(const rat_point &p) const;
bool conteins(const rat_segment &s) const;
friend int parallel(const rat_line &I1, const rat_line &I12);

int ¢myp (const rat_line &, const rat_line &)
1
error_handler (1, "emp: for rat_line not,implemented.");

return 0;

.
i

bool intersection(const rat_hyperplane &h, rat_point &p):

rat_point intersection(const rat_hyperplane &h):

int intersection(const rat_line &¢, rat_point &I, rat_point &i2) const;
int intersection(const rat-ray &t¢,rat-point &il,rat-point &i2) const;
int intersection(const rat-segment &t rat_point &if ., rat_point &i2) const;
friend ostream &operator < (ostream &, const rat_line &I);

friend istream &operator > (istream &7 rat_line &7);

bool vertical () const { return ptr{)-de =0; }

bool horizontel() const { return ptr()-dy =0; }

bool intersection(const rat_line &[1.rat_point &p) const;

rat_line perpendicular (const rat_point &p) const;

friend int orientation (const rat_line &I, const rat_point &p);

int cmp_slope (const rat_line &/2) const

{ return sign(ptr () ~dy = [2.ptr () ~de — 12.ptr () ~dy * ptr() ~dz); }
friend int emp_slopes(const rat_line &[1,const rat_line &/2);

g

inline void Print(const rat_line &{, ostream &out)

{ out < I; }

inline vold Read(rat_line &I, istream &in)

{in>»l}

inline int orientation (const rat_line &/, const rat_point &p)

{ return orientation(l.pointl (), Lpoint2 (), p); }



inline int parailel{const rat_line &[7, const rat_line &(2)
{ return (/! .direction() = [2.direction())V
(11 direction() = —(I2 direction())); }
inline int cmp_slopes(const rat_line &{f, const rat_line &I2)
{ veturn [7.emp_slope(12); }

Hendif



3. The Implementation of class rat_line

The tasks to implement arc line-hyperplane intersection and peint containment check.

(rat_line.c 3)=
#include "rat_line.h"
{initialization 4}
{ conversion operations 3
{input and output 6}
{ intersection operations 7}
{ the containment test 10}
{some 2-dim operations 11}

4. Initialization

We provide some easy initlalization operations for the two and three dimensional case.
{initialization 4} =
rat_line rat_line::d2(integer_t z!,integer_t y! . integer_t DI integer_t zZ,integer_t
y2.integer_t D2)
{ return rat_line(rat_point ::d2 (21, 4!, D1), rat_point ::d¢ (2£, y2. D2)); }
rat_line rat_line ::d2(integer_t z! . integer_t yI, integer_t 22, integer_t y2)
{ return rat_line(rat_point ::d2(z!, y!), rat_point :d2 (22, y2)); }
rat_line rat_line:: d3 (integer_t ! ,integer_t yI,integer_t zI,integer_t 2, integer-t
y2.integer_t 22)
{ return rat_line(rat_point ::d3 (z!, y?,z!), rat_point =:d3 (22,42, 22)): }
rat_line rat_line :: d3 (integer_t «i,integer_t yI,integer_t z!,integer_t DI, integer-t
2, integer_t y2,integer_t 22, integer_t D2)
{ return rat_line(rat_point ::d3 (x!,yf,z!, DI ), rat_point ::d3 (22, y2, z2, D2)); }

This code is used in chunk 3.

5. Conversion Operations

To determine the direction of the line we just call the corresponding operation of the represen-
tation clags.
(conversion operations 5} =

rat_direction rat_line ::direction{) const

{ return ptr()-to_rat_direction(): }

rat_line ;:rat_line(const rat_segment &s) : handle_base(s)
{ 1f (s.datrivial())

error_handler (1, "rat_line: :constructer: segment,is trivial. ”); }

T'his cade s used in chunlk 3.

6. Input and Output

We just use the input and output routines of our base clags geo_pair_rep. Note that in case of
input we have to take care not to overwrite a shared representant.



{input and output 6) =
ostream {zoperator < (ostream &0, const rat_line &)
i |
O < Lptr():

return (J;

}

istream &operator(istream &7, rat_line &)
{
int d =Ldim();
if (Lrefs() > 1) | = rat_line{d);
Iz lptr{);
if (Lpointl () = Lpoint2())
error_handler (1, "operator<<: defining points of, line must be different.");
return I;

}

This code is used in chunk 3.

7. Intersection Calculation

Let I be defined by points p and ¢. The poiut of intersection is of the form « = Ag+ (1 — A)p
aud satisfies h{x) = 0. Since L ig a linear function this implies A = &(p)/(h(p) — h{¢)}. Thus
r = (hip)g — h(q)p)/(h{(p) — h{g)). The i-th component of 2 is therefore equal to (gih(p)ps —
pil(@)ga)/ (paga(B(p) — hig)).
{intersection operations 7) =
bool rat_line ::intersection({const rat_hyperplane &/, rat_point &p)
y

int o = h.dim();

rat_point pl = pointl ();

rat_point p2 = point2();

if (d # dim()) error_handler (1,

”intersection:udimensionsuofuhyperplaneuandulineudon’tuagree”];

integer_t hp! = h.value_at(p1); // still need to divide by p! [d]

integer_t Ap2 = h.value_at(p2); // as above

integer-t D = hpl x p2.heoord (d) — hp2 » pl keoord (d);

it (D =0) return false:

integer_vector ¢{d);

for (int i=0; : < d; i++) cli] = p2.heoord (i) * hpl — pl heoord (3) « hp2;

p = rat_point (¢, D);

return true;

}

ral_point rat_line ::intersection(const rat_hyperplane &7)
y
rat_point p(dim());
if (—intersection(h, p))
error_handler(1,"intersection: h and #this must,intersect.");
return p;
Scc} also chunks 8 and 9.

‘I'his code 15 used in chunk 3.



8. In this chunk we implement the interscction operation of two lines. If the two linesg are
parallel, they can be identical or different. In the first case the intersection set is a line, in the
second case there’s certainly no intersection. If the lines are not parallel, we use our d dimenzional
intersection routine of aur geo_pair_rep class the intersection point if they intersect.

(intersection operations 7) +=
int. rat_line :: intersection(const rat_line &f, rat_point &i7, rat_point &i2) const
{
if (i () # t.dim())
error_handler (1, "intersection: the dimens ionsof jthe cbjects must agree."});
if {(porallel(+this,t))
if (t.contains(point1 (1)) {
il = point! ();
i2 = point2();
return LIN_ T;

}

else return NO)_T;
rational_t lambdal , lambda?
if {ptr()-d_intersection(x(t.ptr()), i1, lambdal , lambde?2)) return PNT T,
return NO T;

——

9, The rest is done by a call to the ray and gegment clags members,
{iutersection operations 7) +=
Int rat_line :: infersection(const rat_ray &f, rat_point &iI,rat_point &i2) const
{ return t.intersection(xthis,if.:2); }
int rat_line ::intersection(const rat_segment &f, rat_point &i7 . rat_point &:i2) const
{ return t.intersection(xthis,if.i2); }

10. Countainment

A line [ though points s and ¢ containg a point p if there is a A such that

By 5
Pda Sd tq Sd

for all 7. In other words, the numbers (p;$q — sipa)fa/Pa(tisa — $:1q) must all agree.

{ the containment test 10) =
bool rat_line :: conteins(const rat_point &p) const
{
int d = din();
rat_point s = point! { );
rat_point ¢ = point2();
integer_t fnum = (p.hcoord (0) + s.heoord (d) — s.heoord (0) + p.heoord (d)) « t.heoord (d);
integer_t lden = (£.heoord (0) = s.heoord (d) — s.heoord (0) + t.heoord (d)) + p.heoord (d);
integer_t num_i, Ilden_i;
for (int i = 1; i < d; i++) {
Inum_i = (p.heoord (1) * s.heoord (d) — s.heoord (i) * p.heoord (d)) = t.heoord (d);
lden_i = (t.heoord (i) = s.heoord (d) — s heoord (i) = t.heoord (d) ) = p.heoord (d);
if (fnwn * iden i £ lnum 4 « lden) return folse;



}

return frue;

.
i

bool rat_line :: conteins{const rat_segment &s) const

{ return contains(s.start()) A contains(s.end()): }

This code is used in chunk 3.

11. Special Operations in 2-Space

In this chunk we implement necessary operations for linez in the plane.
{some 2-dim operations 11} =
bool rat_line ::intersection{const rat_line &I[J,rat_point &p) const
{ /# The intersection routine is hidden in the class geo_pair_rep */
return ptr( ) ~d2 intersection (+(11 .ptr (1)), p):

}

rat_line rat_line :: perpendiculor (const rat_point &p) const
{
rat_point s — pointl { );
rat_point t = point2 ();
/#* the homogenous params of the supporting line of I %/
integer_t a(s.Y ()« t.W () —£.Y () =TV());
integer_t b(¢.X () * V() —s.X()«t.W()):
integer_t ¢(s. X{)+tY () - £X()+sY());
/+ the homogenous params of the perpendicular through p: «/
integer_t ap (b p.VW());
integer_t bp(—axp. WV ());
integer_t cp(a+pY () —bxp.X());
[+ the intersection point of two lines: */
rat_point on(bxep —bp+c,ap+«c—a+cp,axbp —ap +b);
[+ an offset point on the line: /
rat_point through = on + (f — s);
/# this is perpendicular of *this through p oriented counterclockwise rotated by 90 degree
about the intersection point on of the two lines: =/
return rat_line(on, through.rototed0 (on)):

This code 1s used in chunk 3.



12. A Test of class rat_line

We want to test construction, equality, intersection with hyperplanes and containment of a point.
We take a hyperplane in d-Space take a line which intersects it and one which doesn™. The we
make our test. Afterwards we do the same for a line and two points on the line and outside.
{rat_line-test.c 12}=
#include "rat_line.h"
ratr( )
{2d tests 13)
{3d tests 14)

1
i

13. lu this chunk we test the spoecial 2d procedures,
{2d tests 13) =
{ /[ some coustruction test =/

coul <€ "\n2-SPACE_ MODULE:";
rat_point p!(1,1), p2(-2,1}, p3(1,—1):
rat_direction dir(1,1,1);
rat_line 11 (pf,p2), I12(p2,p8), 18 (pl,dir), 14(2), 15(2);
cout <7 "\nthree lines11,12,13:\n" < I <« 12 <« I3,
rout <€ "\nll.horizontal () _=." < i .horizondal{ );
cout < "\nl2.vertical (=" < 12 .vertical( );
rat_point ipnt;
cout < "\nll.intersection(12,ipnt) =" < II unfersection (12, ipnt):
cout € "\nwith_ipnt,=." < ipni;
/* some input and access test =/
cout < "\nenter_ line 14:";
cn S
cout < "line through: " < If .pointl () < If .point2();
cout % "\n(15,=_14.perpendicular(ipnt)), =_";
cout < (15 = I .perpendiculor (ipmt));
cout < "\ninner product of direction vectors(14,15),=,";
cout < (14 direction ( ).fo_rat_vector( ) * I .direction ( ).fo_rat_vector ());
cout < "\norientation(1l4,ipnt), =" < ovientation (1§ ipnt);
cout < "\norientation(15,ipnt) =" <& orientation (15, ipnt);
cout < "\ncmp_slopes(11,14) =" < cmp_slopes{ll,1{):
cout < "\n";

}

This code is used in chunk 12,

14. Next we do some tests in 3-space. Here we test the d-dimensional components.

{3d tests 14) =

{

[+ sowe construction test =/
cout < "\nd-SPACE_MODULE:{d=3)";



rat_point pf = rat_point :d3(1,1,1); // a point

rat_-vector el = 5

srat_vector::unit{0,3); // the first unit vector

rat_point p! (p0 + el );

rat_line {1 (p0,p1), 12(p0, —11 direction()), {2(3):

cout < "\ntwo_lines 11,12: " < {1 < 12;

/¥ some equality and containment tests */

cout << "\n(l1 ==,12) =" <« (1 =12}:

cout < "\nstrong_eq(11,12) =" < strong eq(11,12);

cout < "\nll.contains((7,2,2,1)) =" < I .contains(p0 + 5+ el );

rat_segment s(pf — 3« el ,p0 + 7« el };

cout <€ "\nnew_rat_segment,s =" < §;

cout € "\nll.contains(s) =" < [I .contains(s);

J4 input #+/

cout < "\nenter line 13, (we test against, 11):.";
cin S 13

cout <€ "line through: " < 3. .pointl () < 15 .point2( ):
cout <€ "\nparallel(11,13) =" < parallel(l1,19);

/* intersection tests */

rat_hyperplane h{p?, (I .direction( ), rat_point :: origin (3));
rat_point pnt! (3), ipnt2(3):

cout < "\na_hyperplane h =." < &

cout < "\nl3.intersection(h,ipntl) =" < [7.intersection(h, ipnil );
cout < "\nwith ipntl =" < pntl;

cout <€ "\nl3.intersection(ll,ipntl,ipnt2) =,";

cout < (8 intersection(l1, ipntl | ipnt2):

cout < "\nwith ipntl/2 =" < ipntl < ipnt2;

cout < "\n\n"; }

This code is used in chunk 12.



a: 11, lambdal: 8.

ap:  11. lambda?: 8.

b: 2, 11. lden: 10.

bool: 7, 10, 11. lden_i: 10.

hp: 11 LEDA_RAT_LINE_H: 2.
c: 7, 11. LIN T: 8.

cin: 13, 14 lnwm: 10

cmp: 2. num_i: 10,
cmp_slope: 2. {1: 2,11, 13, 14.
crp_slopes: 2, 13, 2. 2,13, 14
contars: 2, & 10, 14, [5: 13, 14.

cout: 13, 14. l4: 13,

ep: 11, i5: 13,

D 7. meirz: 12,

d: 2,6, 7, 10. NO_I: 8.
d_intersection: 8. 0. 2, 6.

dim: 2, 6, 7, & 10. on: 11,

dir: 2, 13. operator: 2, 6.
direction: 2. orientation: 2, 13.
de: 2, origin: 14,

dey: 2. out: 2.

Di: ; i » 2: L Ma 11.
d2: 2, 4. parallel: 2, 8, 14,
Dz2: 2 4. perpendicular: 2, 11, 13.
d2_intersection: 11. PNTT: B.

dg: 2, 4, 14. pointl: 2,6, 7,8, 10, 11, 13, 14.
end: 10, potnt2: 2,6, 7,8, 10, 11, 13, 14.
error_handler: 2,5, 6, 7, 8. Print: 2.

el: 14. pir: 2, 5, 6, 8 11.
falser 7, 10. PTR: 2

h: 2,7, 14. plt: 14,
handle_base: 2, 5. pl: 27,13, 14
heoord: 7, 10. p2: 2,7, 13.
horizontal: 2, 13. pd: 13

hpi . T g 2.

hpd: 7. rat-direction: 3.
I- 2, 6. rat_line: 2. 4, 11.
e 7, 10. rat_point: 7.
identical; 2. rat_ray: 2.

i 2. rat_segment: 2.
int: & 9. Read: 2.
intersectton: 2,7, 8,9, 11, 13, 14, refer 6.

sprei: 13, rotated(: 11.
ipntl: 14, s 2,5, 10, 11, 14,
il 14, swyn: 2.

is_triviad: 5 source: 2.

l: 2,8, 9. start:  10.

i2: 2,8, 9 strong_eq: 2, 14,

I 2,6 o2, 8,9, 10, 11.



target: 2.

through: 11.
to_rat_direction: 3.
to_rat_vector: 2, 13.
transform: 2.
true: 7, 10,
two_pownts: 2.
wnat: 14,

value_at: 7.
wvertical: 2, 13.
xl:
T8
Yyl
Y2
ol
z8:
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1. The Manual Page of class aff_transformation

1. Definition

An instance of the data type aff troansformation is an affine transformation of d-dimensional
space. It 13 specified by o square integer matrix M of dimension d 4+ 1. All entries in the last
row of M except the diagonal entry muat be zero; the diagonal entry must be non-zero. A point

p with homogeneous coordinates (p[0],....p[d]) is transformed into the point M * p.

off _trarsformation 1s an item type.

2. Creation

aff transformation tlint d = 2);

introduces the identity transformation in d-dimensional space.

aff_transformation t(integer-matriz M);
the transformation of d-space specified by matrix M,

Precondition: M 13 a square matrix of dimension o + 1.

aff_transformation

aff_transforination

3. Operations

aff _tronsformation

aff_transfornation

aff_transformation

aff_transformation

t{rat vector w);

translation by vector .

t{integer_vector v);

the transformation of d-space specified by a diagonal matrix with vector

v on the diagonal (a scaling of the space).
Precondition: v is a vector of dimension  + 1.

aff _transformation :

aff_transformation:

aff_transformation:

off _transformation :

d2scale(integer num, integer den)

returng a scaling by a scale factor nwm /den.

:d2 transl(raf_vector vec)

returns a translation by a vector vec.

d2rot(integer sin_nwm, nteger cos_num, integer den)

returns a rotation with sine and cosine wvalues
stn_num /den and cos_num/den.

Precondition: .‘:‘i‘.‘ﬁ,,‘f.’.‘?!.'ffl-z + (I().‘L’J’l-’h'.’f.l’f,z = den”.

A2 rot approx(rat direction dir, integer num,

integer den)
returns a rotation of 2-space. Approximates the ro-
tation given by direction dir, such that the difference
between the sindes and =oines of the rotation given
by dir and the approximation rotation are at most
num, /den each.



aff_transformation

aff _transformation

ind

integer ot
aff_transformation
aff_transformation

08 t’."(’.(L’."I’L&

istreamés

aff_transformation :

aff _transformation :

tdim( )
t.ma.‘r.l'iX( )
tinverse{ )
t1 * t8

ostreamnd (O < «

d2trafo(integer mil, integer mi2, integer mi3,
mteger m21, integer m22, integer mE3,
integer m3d)

returns a general affine transtormation in the 3 x3 ma-

trix form. The sub matrix ({mq1. mg1)t (g1, mag)')

contains the scaling and rotation information, the vec-

tor (my3, mg3)? containg the translational part of the

transtormation.

d2 trafo(inteqer mi11, integer mi12, integer m21,
integer m22, integer m33)

retiurns a general linear transformation in the 2x2 ma-

trix form. The sub matrix ({mq1, may)?, (mar, mgy)H)

containg the scaling and rotation information. There’s

ne translational part.

the dimension of the underlving space
returns the transformation matrix
returns inverse transfomation
composition of transformations

writes the transformation matrix of e to output stream

0.

istreamds I > aff transformationds o

4, Implementation

reacls the coordinates of the transformation matrix
from input stream I. This operator uses the current
dimension of «.

Affine Transformations are implemented by matrices of integers as an itom type. All operations
like creation, initialization, input and output on a transformation t* take time O(t.dim()").

dirn( ) takes coustant time. The operations for inversion and composition have the cubic costs

of the used matrix operations. The space requirement is O£ dimn( )‘3)



2. The Header File of class aff_transformation

{aff_transform.h 2)=
#ifndef LEDA_AFF_TRANSFORM_H
#deﬁne LEDA_AFF_TRANSFODRM_H

#include <math.h>
#include "integer_matrix.h"
#include "rat_vector.h"
#include "rat_direction.h"
class aff_transformation;
class rat_vector;
class rat_-direction;
class aff_transformation_rep : public handle_rep {

friend class aff_transformation;

friend ostream &operator < (ostream &0, const aff_transformation &a):

friend istream &operator(istream &1, aff_transformation &a);

friend aff_transformation operator # {const aff_transformation &ti,const
aff_transformation &#2);

int :

integer_matrix A;

public:

aff_transformation-rep (const integer-matrix &M_init)

{
M = M_init:
d= Minit.dimi{)— 1

)

~aff_transformation_vep() {}
I8
class aff_transformation : public handle_base

1

aff_transformation_rep *pir() const
{ return (aff_transformation_rep *) PTE; }

public:

aff_transformation (int d = 2};
afl_transformation (const integer_matrix &M );
aff_transformation (const rat_vector &v);
aff_transformation (const integer_vector &v);

static aff_transformation d2_scole(inteqer_tnum., integer_tden):
static aff_transformation Jd2_transl(rat_vector vec):
static aff_transformation d2 rot(integer tsin nwm, integer tcos num, integer tden );
static aff_transformation d2 rof approz (rat_direction dir. integer_t num, integer tden);
static aff_transformation d2 trafo(integer tmil, integer tmi2, integer tmid,
integer_tm2l ,integert m22, integer_t m23 | integer_t miq);
static afl_transformation d2_trafo{integer_tmi1l , integertm12, integer_tmi
integer_t m22 | integer_t m55):
int dim() const { return ptr{)-d: }

integer_matrix matrix() const { return pir()-M; }



aff_transformation fnverse() const;

friend aff_transformation operator + (const aff_transformation &17. const
aff_transformation &¢2);

friend ostream &operator < (ostream &0, const aff_transformation &a);

friend istream &operator> (istream &7, aff_transformation &a);

T

#endif



3. The Implementation of class aff transformation

{aff_transform.c 3)=
#include "aff_transform.h"
inline void swap (integer_t & 2, integer_t & y)
integer_ttmp =
¢ =y
Y= tmp;
}
inline integer_t sqr (integer_ta)
{ return z+z; }
{ construction 4)
{initialization 5}
{input and output 10}
{ basic operations 11)

4, Construction

The constructors provide a simple interface to create affine transformations. We have construe-
tors

e to create the identity transformation in d-space.
e to create an affine transformation from a matrix.

e to create an affine transformation based on integer entries on the diagonal picked from an
Integer_vector.

e to create an translational transformation according to a rational vector,

{construction 4} =
aff_transformation :: aff_transformation (int d)
{ PTE = new aff_transformation_rep (identity(d+ 1)); }
aff_transformation :: aff_transformation (const integer_matrix &Af)
{ PTR = new aff_transformation_rep (M); }

aff_transformation :: aff_transformation (const integer_vector &)
{

integer_matrix M (v.dim (), v.dim()):

for (int i =0; i < v.dim(): i++) M3, 1) = o[i]

PTR = new aff_transformation_rep (M);

}

aff_transformation :: aff_transformation (const rat_vector &u)
{
int d = e.dim();
integer_matrix M (d+ 1,d + 1);
for (int i=10; i< d: i++) {
M, 1) = v.heoord (d);
M (i, d) = v.heoord (3);
1
J



Mid, d) = v.heoord (d);
PTR = new aff_transformation_rep (M);

.
i

This code 15 used in chunk 3.

5. Initialization

In this chunk we implement the special initialization operations for dimension 2. First we provide
a simple scaling transformation. We put the numerator of the rational scaling factor into the
Matrix elements Moo and M) ) and the denominator into the lower right corner element 34, :

T
I
den

{initialization 5} =
aff_transformation aff_transformation :: d2_scale(integer tnum, integer_tden)
{
integer_-matrix M (3,3);
M(0,0) = M(1,1) = num;
M(2,2) = den;
return aff_transformation(A{);
}
Sce also chunks 6, 7, &, and 9.

This code 15 used in chunk 3.

6. To obtain a translational transformation we call the standard constructor deing the same
job. The homogenous representation of the rational vector is put into the last column of the
matrix and the rest of the diagonal is filled with the homogenizing element:

vee W() vee. X ()
vee W () wvecY()
vec. W ()

{initialization 5) 4=
aff_transformation aff_transformation :: d2_transl(rat_vector vece)
if {vec.dim() #£2) error_handler(1,"d2_transl: wrong ,init,vector,dimension.");
return aff_transformation (vec):
1
J

7. Toimplement a rational rotation we put the standard 2d rotation matrix into the left upper
corner and the denominator of the sine and cosine values into the right lower corner:

COS_ NI — SRR,
sMn_nwm  Ccos_num
den



{initialization 5) +=
aff_transformation aff_transformation :: d%_rot (integer_t sin_num. integer_t cos_num,
integer_tden)

if {sin_num * sin_num + cos_num x coscnum # den x den)
error_hendler(1,"d2_rot: rotation parameters disobey, precondition."};

integer_matrix M (3,3);

M(0,0) = cosonwm; M(0,1) = —sin_num;

M(1,0) = sin_num; M(1,1) = cos_nom;

M(2,2) = den:

return aff_transformation (1f);

—

8. Here we mplement a gpecial rotation calculation procedure starting from a direction dir
and a rational error bound num /dern. We want to find a triple (sin, cos, denom) which obeys the
cquality sin® +eos? = denom? and at the same time approximates the rotation given by direction
dir, such that the differeces between the sindes and cosines of dir and the approximation are at
most s /den.

The code is based on the rational rotation method presented by Canny and Ressler at the
Bth SCG 1992, The approximation iz basced on Farcy sequences. To check the quality of the
current approximation we have to compare a rational and a (possibly) non-rational number.
The implementation used division and modulus operation % (the division is always exact, that

is, it is known that there is no remainder).

( initialization 5) +=
aff_transformation aff_transformation ::d2 rof appros (rat_direction
dir, integer tnum, integer t den )

if {dir.dim() # 2)
error_hendler(1,"d2_rot_approx:,dir has tec be 2, dimensional.");
if (num < 0V den < num)
error_handler (1,"d2_rot_approx: num_and den have to_ be positive.");
// now num /den is a rational greater zero
vriteger_t sin;
writeger tcos;
integer_t denom;
integer_t dr = abs (dir X ()):
integer_t dy = abs (dir Y ());
inteqer_tsg_hypotenuse = dr + dr + dy * dy;
inteqer_t commaon_part:
integer_t diff_part;
witeger_t rhs;
bhool lower_ok;
bool upper_ok;
if (dy > de) |
swap (de, dy);

1
T

/* approximate sin = dy/sqrt (sq_hypotenuse)
it (dy/sqri{sq_hypotenuse) < num/den) «/
if (ey = dy * den x den < sq hypotenuse * nuwm + numn) {



cos = denom = 1:

sin = 0
¥
else {
nteger_tp. q, 00, g0, pl, ql:
pl =10
gt = pl =gl = 1;
for (;: ) {
p=pl+pl:
¢=qU+ql;

sin = anteger_t (2) « p o+ g;
denom = sqr(p) + sqr(q); // sanity check for approximation
/1 osinfdenom < dy/sqrt{hypotenuse) + nun [ den
/1A sin/denomn > dy fsqrt{hypotenuse) — numn [ den
/= sinfdenom — nwm /den < dy/sqri (sq_hypotenuse )
/A sin/denom + num fden > dy [ sqri{(sq hypotenuse)
/= (sqrsin)sgr(den) + sgr(num)sqr(denom)) sq_hypotenuse — 2.,
[/ < sqridy)sqr(den)sqr(denom)
/A (sqrsin)sqr(den) + sgr(num) sqr (denom)) sq_hypotenuse + 2.
/> sqr{dy)sqr(den)sqr(denom)
commor_port = (sgr(sin) = sgr(den) + sqr{nwn) * sqr(denom)) * sq_hypotenuse;
diff_part = integer_t(2) « num + sin + den + denom » sq_hypotenuse;
rhs = sqr{dy) * sqr(den) = sgr(denom);
upper_ok = (common_part — diff_part < rhs);
lower_ok = (common_part + diff part > rhs);
if (lower ok A wpper_ok) |
if (sqrip) %2+ sqriq)%2>1) {
St = p*q;
cos = (sqrig) — sqr(p))/2; // cxact division
denom = (sqr(p) + sgr(¢))/2; /[ cxact division

b

else {
cos = sqr(q) — sqrp);
}

break;

¥

else {
[x i (dy/fsqrt (sqhypotenuse) < sin/denom) +/
if (sgridy) + sqr(denom) < sqr(sin) « sq_hypotenuse) {

»l =
gl = ¢;

}

else {
pl = p;
q0 = q;

}

3

T
b/ o)
}
de = dir . X();



dy = dir Y'( )

if (dy > dz) swap(sin, cos);

if (dz < 0) sin = —sin;

if (dy < 0) cos = —cos;
return d2_rot (sin, cos, denom);

—

9. The last two constructors are just initilizing the transformation matrix with the correspond-
ing values:
)1 ‘T)?.J_’g My s
i Tiea2 Mgy
0 0 s s

{initialization 5) +=
aff_transformation aff_transformation :: d2 trofo(integer tmi1, integer tm 2,
tnteger_tmld, infeger_tm21 | integer_t m22 | infeger_ 3, integer_tm33)
y
integer_matrix Af(?) 3);
M{0,0) =mil: M(0,1) = mi2; JI(IU,Q\] = g
M(1,0)=m21: M(1,1) = m22; M(1,2) = m23;
M(2,2) = md 5’,
return aff_transformation (M);

}

aff_transformation aff_transformation :: d2 trafo (integer tmil, integertmi2,
integer_tm2l1 , integer_tm22, integer_t mis )

integer_matrix M (3, 3);
M0,0)=mil: M(0.1) =mi2;
M{1,0) = m21: M(1,1) = m22;
M(2,2)= 'rrc.,?fa’,

return aff_transformation(1f);

——

10. We still need the input and output operators.

{input and output 10} =
ostream &operator<{ostream &0, const aff_transformation &a)
{V i
O < a.ptr{)-M;
return (J;

}

istream $zoperator:s(istream &7, aff_transformation &a)

{
I apir()-M;
return [;

}

T'his cade 15 nsed n chunlk 3.



11. Here we implement the combination of two transformations by matrix multiplication and
the inversion of a transformation.
{ basic operations 11} =

aff_transformation aff_transformation ::inverse() const

1

integer_matrix fnuv;

wrteger D

integer_vector dummy;

if (—dnverse(pte( ) -M, Inv, D, dumry))
error_hondler (1, "aff_transformation::inverse: *this not_ invertible.");

return aff_transformation (/nv);
b
alfl_transformation operator * (const afl_transformation &tI,const
aff_transformation &12)
{ return aff_transformation ({7 ptr( j=M = 2. ptvr ()=M); }

T'hiz code 15 used in chunlk 3.



12,

A Test of class aff_transformation

{aff_transform-test.c 12)=
#include "aff_transform.h"
#include "rat_hyperplane.h"
#include "rat_segment.h"

#include "rat_ray.h"
#include "rat_line.h"
muain ()

{

integer_vector fv(3);

(0] =2; w[l] =3; w2 =1;

rat_vector rv = rat_vector::d2(5,0);

rat_direction rd — rat_direction ::d2 (2, 3);

aff_transformation ati (2), // id

at? (iv); /7 diag

aff_transformation «f? = aff_transformation ::d2 scule(3,1), // scale
ut4 = aff_transformation ::d2_transl(rv), [/ trans

atf = aff_transformation ::d2_rot(1,0,1), // rot pi/2

ot = aff_transformation ::d2_rot_approz (vd,1,1000), // rot

a7 = aff_transformation ::d2 trafo(—1,0,0,-1,1), // rou pi

0t8 = aff_transformation ::d2 trafo (0, -1,1,1,0.1,1); // rot -pi/2 + trans

voul <€ "\n2-3PACE MODULE:";
cout < "\nsome affine transformations atl -_at8,:\n";
cout < "\nati_id trafe";

cout < atl:

cout < "\nat2_diag trafo";

cout < at?;

cout < "\nat3_ 3 scaling trafo";

coul < atd;

cout < "\nat4,(5,0) translation trafo';

coul < aly;

cout < "\nath pi/2 rotation trafo';

coul < ath:

cout < "\nat6,(2,3) approx rotation_ trafo";

cout < ath;

cout < "\nat7_pi rotation trafo";

cout <€ at?;

cout < "\nat8 -pi/2 rotation +,(1,1) translation trafo";
cout < al8;

cout < "\natb.inverse() =" < atd inverse();

cout < "\nat8*at8.inverse () =" < a8 * ut8 .inverse( );
rat_point p — rat_point ::d2 (1, 1);

cout < "\n\npoint p.=." < p;

cout <& "\np.transform(atl) =" < p.transform(at!
cout < "\np.transform(at2) =" & p.transform (at2
cout < "\np.transform(at3) =" < p.transform(atd
cout < "\np.transform(atd) =" < p.transformaid
(
(

\

)
N
7
3

)
2)
?)

)
cout < "\np.transform(at5) =" < p.transform(at5)
cout < "\np.transform(at6) =" <& p.transform (aif)

\



cout < "\np.transform(at?)_ =" € p.transform(ct?);

cout < "\np.transform(at8) =" & p.transform (at8):
rat_vector v = rat_vector::d2(1,1);

cout < "\n\nvector v =" <€ v;

cout < "\nv.transform(atl) =" € v.fransform(atl );

cout < "\nv.transform(at2) =" <€ v.transform(at?);

cout < "\nv.transform(at3) =" <« v.transform (et };

cout < "\nv.transform(at4) =" < v.transform(at{);

cont < "\nv.transform(ath) =" < v.fmnsfbrm(atfj);

cout < "\nv.transform(at6) =" < v.transform (ot );

cont < "\nv.transform(at?) =" <& v.transform(el?});

cout < "\nv.transform(at8) =" < v.transform (at8 );
rat_direction dir — rat_direction ::d2 (3, 1);

coul < "\n\ndirection, dir =" < dir;

cout < "\ndir.transform(at8) =" < dir.transform at8);
rat_point g = rat_point ::d2 (-3, 1);

rat_hyperplane hyp = rat_hyperpione = d2 (p, ¢, rat_point : origin( ), —1);
rat_hyperplane hyp_trans = hyp . transform{at7);

cout < "\n\nhyperplane hyp,=0" < hyp;

cout < "\nwith, through, points p,q:," < p <

cout < "\nhyp_trans; = hyp.transform(at8) =" < hyp_trans;
cout < "\nhyp_trans.contains(p.transform(at8)) = ";

cout < hyp_trans .contains(p.dronsform(at§ ));

cout < "\nhyp_trans.contains(g.transform(atd)) =_'
cout <€ hyp_trans . contains (g.tronsform (at8 )

rat_segment s(p, ¢);

rat_ray r(p. q);

rat_line I(p. ¢);

cout < "\n\nsegment,s(p,q)=u" € 5

cout < "\nray_r{p,q)_=." <€ r;

cout <. "\nline 1(p,q) =" < I;

cout < "\nall three transfcrmed by at8_=_\n";
cout < s.transform (at8) < "\n";

cout < r.tronsformat8) < "\n";

cout < ltransform (at8) < "\n\n";
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1. The Manual Page of class geo_rep

1. Definition

The class geo_rep is used to represent rat_points, rai_vectors, rat_hyperplanes, and rat_directions.
The latter four classes are item types that use geo rep as their representation class. We derive
geo_rep from handle_rep and each one of the item classes from handle_base. The class geo rep
is for internal LEDA-use only and is not visible at the user level, in particular, its manual page

does not. appear in the LEDA-mannmal.

An ingtance of georep contains an int dim and a CH+-vector v of dirm + 1 integers. The types
that use class georep usually put additional constraints on the instances, c.g., rat_points and
rat_hyperplanes always require o[dim] to be positive. The class geo_rep does neither enforee nor
check these additional constraints. This is the sole responsibility of the using type.

The class georep serves several purposes. Firstly, it is a representation clasgs in the sense of
independent item types of LEDA, sccondly, it ecncapsulates the memory management for many
geometric objectz, and thirdly, it provides some functionz common to all types referring to
qeo_reps.

2. Creation

qeorep o, creates an instance g of type georep of dimension 0. (oder
besser -1) All components of ¢ are initialized to zero.

georep glint d); creates an instance g of type georep of dimension d. All
components of g are initialized to zero.

geo_rep g integer_vector ¢); creates an instance g of type georep of dimension
c.dim( ) — 1. g is initialized componentwise by c.

qeorep  glinteger_vector ¢, integer D);
creates an instance g of type geovep of dimension edirm( ).
v[dim] is initialized to D and the other components are
copied from e.

georep glinteger a, integer b, integer D);
creates an instance g of type georep of dimension 2. g is
initialized to (a, b, D).

integer_vector givec() returns the represented integer tuple.
int gempratcoords(georep + a, geo_rep * )
the lincar order of cartesian coordinates.

int gcmp hom coords{georep * a, georep  b)

the lincar order of homogenous coordinates.

wnotd ginitd(integer 0, integer o1, integer 22)

initializes the slots 0 to 2 of g.



void

void

void

ostream&s

istrearnds

void

void

ginitd{integer xf, infeger ol , nfeger 12, infeger £5)

initializes the slots 0 to 3 of 4.
geopy (genrep + gl) copies the entries of g into g.
g.negate(int d) inverts the sign of the first d entries.

ostream& out € georep * p

writes the coordinates of p to output stream €.

istrearnds in > georep * p
reads the coordinates of p from inpuc stream 7. This
operator uses the current dimension of p.

cadd{georep « res, geo_rep =, georep + b)
calculates the cartesian sum xres = xa + *b where the
three geo_reps are homogenous representations of rational
vectors.,

csub(geo_rep x res, georep * a, georep * b)
calculates the cartesian difference #res = *a—b where the
three geo_reps are homogenous representations of rational
VeCtors.



2. The Header File of class geo_rep

The class geo_rep is used to represent rat_points, rat_hyperplanes, rat_directions, and rat_vectors.
The latter four classes arc item types that uze geo_rep ag their representation class. We derive
geo_rep from handle_rep and each one of the item classes from handle_bagse. The class geo_rep
is for internal LEDA-use only and is not visible at the user level, in particular, its manual page
does not appear in the LEDA-manunal.

An instance of class geo_rep contains an inc dim and a C++-vector v of dimn + 1 integers. The
types that use class geo_rep nsual ly put additional constraints on the instances, e.g., rat_points
and rat_hyperplanes always require v[dim] to be positive. The class geo rep does neither enforce
nor check these additional coustraints. This is the sole respousibility of the using type.

The class geo_rep serves several purposes. Firstly, it is a representation class in the senge
of independent item tvpes of LEDA, secondly, it encapsulates the memory management for
many geometric objects, and thirdly, it provides some functions common to all types referring
Lo geo_reps.

The class geo_rep also has a static member LEDA SMALL that is needed by the memory
managenient.

{ data members of class geotep 23 =
int dim;
integer_t *u;
static int LEDA SMALL:

This code i1s used in chunk 3.

3.(geo_rep.h 3}
#ifndef LEDA_GEO_REP_H
#define LEDA_GEO_REP_H

class rat_vector;
class rat_direction;
class rat_hyperplane;
class rat_point;

#include <iostream.h>
#include <math.h>

#include <ctype.h>
#include <LEDA/integer.h>
#include <LEDA/rational.h>
#include "integer_vector.h"

typedef Integer integer_t;
typedef rational rational_t;

class geo_rep : public handle_rep
y

friend class rat_point;
friend class rat_hyperplane;
friend class rat_direction;
friend class rat_vector;

{data members of class geo rep 2)
{ functions to allocate and deallocate small arrays 3)
{friends of clags georep 10}

public:



geo-rep/( );
geo_rep(int d);
geo_rep(const integer_vector &c);
gea_rep(const integer_vector &, integer_t D);
geo_rep(integer_t «,integer_t b, integer_t D):
~geo.rep! );
integer_vector ivec() const:
int emp_rat_coords(geo_rep +a, geo_rep *h) const;
int crnp_hom_coords (geo-_rep #a, geo_rep *b) const;
private: void init? (integer-t z0,integer-t z7.integer-t z2);
void init4 (integer_t z0,integer_t z7, integer_t 22, integer_t z3);
void copy(geo_rep +g!);
void negate (int d);
friend ostream &operator<(ostream &out, geo_rep xp);
friend istream &operator > (istream &in, geo_rep *p):
friend void ¢ add (geo_rep xres, geo_rep *a, geo_rep *b);
friend void c¢_sub(geo_rep #res, geo_rep xa, geo_rep *b):
LEDA_MEMORY (geo_rep)
B
#endif



4, The Implementation of class geo_rep

(geo_rep.c 4)=

#include "geo_rep.h"
int geo_rep:: LEDA SMALL = MAX_SIZE_DF_SMALL_DBJECT/sizeof (integer-t );
{ construction and destruction 7);
{access 9)
{ compare function 14);
{input and output 16}
{ basic arithmetic 17}

5. Memory management,

A constructor allocates and initializes memaory and a destructor reverses this process. The
simplest way to allocate memory for the array ¢ in a georep of dimension o iz to write v = new
integer_t [d + 1]. The disadvantage of this approach is that it gives the control over memory
management to C++. LEDA has its own memory manager for small objects. The LEDA memory
manager has built in garbage collection and we uge it for small geo_reps.

We first define procedures allocate_small and deallocate_smell that allocate and deallocate
small ©'s respectively. Allocate_smell first gets an appropriate piece of memory from the LEDA
memory manager and then initializes each cell by an inplace new. The new operator used here
is defined in LEDA/param_types.h. Deallocate_small calls the destructor for type integer_t for
cach cell of the tuple and then returns the piece of memory to the LEDA memory manager.

{functions to allocate and deallocate small arravs 3) =

void allvcate_small{integer_t x&v,int d)

{ Y

v = (integer_t +) allocate bytes (d + sizeof (integer_t)):
integer_t sp = v4+d—1;
while (p > v]) { new (p,0) integer_t; p—; }
¥
void deallocate_small(integer_t *u,int )
y
integer_t xp=v+4+d—1;
dmllocate-bytbs (v, d + sizeof (integer_t)):
¥

while (p > ») { p-~integer_t{); p—; }

This code i1s used in chunk 3.

6. Construction and Destruction.
All constructors follow a common scheme. We get dim to the correct value, allocate space
for © and then initialize v. We factor out the second part.
{ allocate space for v 6) =
if (disn < LEDA_SMALL) ollocate_small (v, dive + 1);
else » = new integer_t [dim + 1];

‘I'his code 15 used in chunk 7.



7.{construction and destruction 7) =
geo_rep :geo_rep( )
y
dim =
{allocate space for v 6 );
e[ dim] = 0;

g -

eo.rep ::geo_rep(int d)

A

dim = i
{ allocate space for v 6);
}

geo.rep ::geo_rep(integer_t o, integer_t b, integer_t D)
{
dim = 2:
{ allocate space for v 6);
ity (a, b, D)
}
geo_rep ::geo_rep(const integer_vector &, integer_t D)
{ |
dim = c.dim();
{ allocate space for v 6);
v[dim] = D
for (int i = 0; i < dirn; o++) vlé] = i
}
geo_rep ::geo_rep(const integer_vector &)
{
dim = c.dim () — 1;
{ allocate space for v 6);
for (int « = 0; i < dim; i++) o[i] = ¢[i];
}
See also chunks 8, 11, 12, and L3,

‘T'his code 1s used in chunk 4.

8. Destruction. The destructor calls deallocate_small if the geo rep is small and delete []
otherwise.
{ construction and destruction 7) +=
geo_rep i~geo_rep| )
{
if {dim < LEDA_SMALL) deallocate_small (v, dim + 1);

else delete []u;
1
J

9. Access. We need an conversion from the represented tuple to an integer vector.
{access 9) =

integer_vector geo_rep ::ivce( ) const

{

integer_vector res{dim + 1);



for (int i =0; : < dim; i++) resli] = v[il;
return res;

.
i

I"his cade 15 nsed n chunlke 4.

10. Some friends of geo_rep. Some outside operations have to be allowed to access private
parts of this class.
(friends of class geo_rep 10) =

friend istream &operator>-(istream &, rat_point &);

friend istream {operator 3 (istream &, rat_vector &);

friend istream &operator:»(istream &, rat_direction &):

‘I'his code is used in chunk 3.

11. Initialization.
For our basic dimensions 2 and 3 we want to have special initialization operations.
{construction and destruction 7) +=
void geo_rep ::initd(integer_t z0.integer_t z1,integer_t z2)

{

=
I
=
&

¢[1] = «f
v[2] = «2;
1
i

void geo_rep ::initf (integer_t =0, integer_t z!,integer_t 22, integer_t 24)

{

e[0] = «0;
¢[1] = «1;
v[2] = x22;
v[3] = =8

—

12. Copyring Contents.
Sometimes we want to copy the content of a geo_rep into another object to modify it further.
{ construction and degtruction 7) 4=
vold geo_rep ::copy(geo_rep xgi)
y
for (int i = 0; ¢ < dim; i++) w[i] = g1 ~v[i);

}

13. Negation.

We need this operator to invert the sign of a prefix of the integer tuple. It is used either
as @ correction after an input operations when a negative homogenizing coordinate has to be
corrected or as part of the unary minus operation.

{construction and destruction 7) +=
void geo_rep :negate(int d)
{
for (int i=0; ¢ < d; i++) oli] = —v[i];
¥



14. Comparc Functions.
The default order on the item types based on geo rep depends on the item type. Some uze
the lexicographic ordering of the underlying cartesian coordinate vector.

{ compare function 11) =
int geo_rep :: cmp_rat_coords (geo_rep xa, geo_rep *b) const
y
if {e~dim # b~dim) error_hendler(1,"geo_rep: :cmp:dimensions disagree.");
integer_t ow = a~vlu—dim];
integer_t bw = b-v[b=dimn];
int signodim = (ew >071:-1);
int signbdim = (bw >071: —1);
int s = signadim * signbdim;
for (int : = 0; i < a~dim; i++) {
integer_t aibw = a—uv[i] * bw;
integer_t biaw = b-v[{] ¥ aw;
int S = compare (atbur, biow);

if (S+#0) return s« 5,

1
T

return (;
See also chunk 15.

This code is used in chunk 4.

15. Another way to compare geo_reps is to simply use the lexicographic ordering on the vector
i
{ compare function 11} +=
int geo_rep :: emp_hom_coords (geo_rep ., geo_rep +b) const
y
if (a-dirn # b~dim) error_handler (1, "geo_rep: :cmp:dimensions disagree.");
for (int i = 0; i < a-dim; i++) {
int § = compare (a—u[i], b-v[i]):
if (S #0) return S;
)

return 0;
¥

16, Input and Output.
We write the object componentwise on the output stream. The entries are separated by
commas and the object is enclosed in brackets.

{input and output 16} =

ostream &operator<C(ostream &out. geo_rep *p)

{
out <& " (n;
for (int i = 0; i < p~dim; i++) out < p-v[i] < ",";
out < pov[p-dim] < V)"
return out;

1

J



istream &operatory (istream &in, geo_rep #p)
{ [+ syntax: (2g,21,...,%4) #/
int d = p~dim;
integer_t 2, ¥, w;
char r;
do in.get{c); while (in A isspace(c)):
if (—in) return in;
if (e5°0) {
i putbock (¢);
return n;

¥

long inputnum;
for (int i =0; i< d: i++) {
in o inpulnum;
p=u[i] = inputnum;
do in.get(c): while (isspace(c));
if (c#7,7) {
in.putback (c):;
return in;
%
I

1
I

i B anputnam

p-vld] = inputnum;

do in.get(c); while (isspace(c));
if (¢ 1)) in.putback(c);

return n;:

T'hiz code 15 used in chunlk 4.

17. Basic Arithmetic. In this chunk we implement all basic arithmetic operations.
( basic arithmetic 17} =
void ¢ add (geo_rep kres, geo_rep #a,geo_rep *b)
{ /+ We expect res to have the same dim as ¢ +/
int d = a~dim;
if (d £ b=dim) error_handler (1, "cartesian+: dimensions disagree.");
integer_t aw = a~v[d];
integer_t bw = b-v[d];
for (int i = 0; i < d; i++) res—~v[i] = a~v[i] « bw + b=v[i] + aw;
res—u[d] = aw + bw;
void c_sub(geo_rep #res, geo_rep =, geo_rep +b)
{ /+ We expect res to have the same dim as a +/
int d = a-dim;
if {d # b=dim) error_handler(1,"cartesian-: dimensions disagree.");

integer_t ow = a—~v[d];
integer_t bw = b~v[d];



for (int i=0; : < d; i++) res—v[e) = a~v[i] * bw — b-v[i]  aw;
res—u[d] = aw + bw;

.
i

This code 15 used in chunk .

18. Inplace Construction.

Many of the item types that refer to geo reps have operations +=, —=, and ». Consider
for example an assignment p +— v where p belongs to an item type. The simplest way to realize
this assignment is to reduce it to p = p 4+ ». Thig will construct a new object p 4+ v and then
assign this object to p. If the old geo_rep pointed to by p iz only pointed to by p we could
construct the new object in the place of the old geo_rep. The following lines of code encapsulate
this reasoning.
item_type old (p);
if (ptr()-court > 2) | ptr()-count—; PTE = new geo_rep (dim()); }

We first make a copy of p and then check whether the obhject pointed to by PTR is owned
by p. If not, then we decrease the count of the geo_rep pointed to by PTR by one and construct
a new peo_rep of the appropiate size. After this line we can fill the v of p. Of course, we have
to pay attention to the fact that p and eld may share the same representation.

19. Optimizations.

An instance of class georep never changes its dimension nor its array of coordinates. More-
aver, it is only allocated on the heap. Note that it is a class for internal use only and hence we
can gnarantee that all constructor calls are preceeded hy new. We could therefore allocate the
space for the array in the object itself. This would save one level of indirection. However, every
access operation would have to check whether the object is small or not.
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Abstract

The class geo_pair_rep is used to represent rat_segments, rat_lines, and rat_rays. The latter
Lhree classes are ilem Lypes Lthal use geo_pair_rep as their representalion class. We derive
geo_pair_rep from handle_rep and cach one of the item classes from handle_base. The class
geo_pair_rep is for internal LEDA-use only and is not visible at the user level, in particular,
its manual page does not appear in the LEDA mannal.
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1. The Manual Page of class geo_pair_rep

1. Definition

The class geo pair_rep is nsed to represent rot seqments, rat lines, and rat_rays. The latter three

classes are item types that use geo pair_rep as their representation class., We derive geo_patr_rep

from handle_rep and each one of the item classes from handle_base. The class geopair_rep is for

internal LEDA-use only and is not visible at the user level, in particular. its manual page does

not appear in the LEDA manual.

An instance of class geo_pair_rep contains two raf_points.

2. Creation

qeopair_rep g(int d = 0):

creates an instance g of type geopair_rep of dimension 0.

geo_pair_rep g(rat_point p, rat_point q);

ral_direction

rat_vector

ostream &

istreambs

bool

bool

g.torat direction( )

gtoratvector()

creates an instance g of type geopair_rep and dimension
p.dim{ ) which contaius the pair (p. q).

returng the direetion of g.

returng the vector from source to target of g.

ostreamds out < geopairrep * [

writes the coefficients of g to output stream O.

istreamdc in »  geopairrep x |

reads the coeflicients of g from input stream 7. This op-
erator uses the current dimension of g.

g.d2intersection{geo_pair_rep g1, rat points p)

returns true if the lines which are represented by ¢ and
g1 intersect in a single point andfalse otherwise. In the
first case the point of intersection iy assigned to p.
Precondition: © Both geo_pawr_rep objects are of the same
dimension 2 and thelr point pairs represent legal lines (the
points are different)

g.dintersection( geo_pair-rep g1, rat point& p, rationel& 11, rationall 12)

returns true if che lines which are represented by g and
g1 intersect in a gingle point and false otherwise. In the
first case the point of intersection is assigned to p.
Precondition:  Doth geo_pair_rep objocts are of the same
dimension d and their point pairs reproesent legal lines (the
points are different)



2. The Header File of class geo_pair_rep

The class geopair_rep 1s used to represent rat segments, ratlines, and raf_rays. The latter three
classes are item types that use geo_pair_rep as their representation class. We derive geo_pair_rep
from handle_rep and cach one of the item classes from handle_base. The class geo_pair_rep is for
internal LEDA-use ouly and i1s not visible at the user level, in particular, its manual page does
not appear in the LEDA-manual.
An instance of class geo_pair_rep contains two rat_points.

{geo_pair_rep.h 2)=

#ifndef LEDA_GED_PAIR_REP_H

#define LEDA_GED_PAIR_REP_H

#include <ctype.h>
Zinclude "rat_point.h"
#include "rat_vector.h"
#include "rat_direction.h"

typedef integer integer_t;
typedef rational rational_t;

enum intersection_types {
NO I PNT I SEGL, RAY I, LIN 1
s
class geo_pair_rep : public handle_rep {
friend class rat_line;
friend class rat_ray;
friend class rat_segment;
rat_point source;
rat_point torget;
integer_t dx; // for 2-dim geometry
integer_t dy; // for 2-dim geometry
/+ Any line object in d-space ig defined by two points called sowrce and target respectively.
There exizts an orientation from source to target. The classes rat_line, rat_segment and
rat_ray arc handle classes. #/
public:
geo_pair_rep(int d = 0);
geo_pair_rep(const rat_point &p, const rat_point &yq);

~geo_pair_rep() {}
rat_direction fo_ral_direction() const;
rat_vector to_rot_vector() const;
friend ostream §operator < (ostream &out, geo_pair_rep *{);
friend istream &operator s (istream &in,geo_pair_rep */);
bhool dZ_intersection(const geo_pair_rep &¢I, rat_-point &p) const;
hool d_mniersection(const geo_pair_rep &gl ,rat_point &p, rational &17, rational
&12) const;
LEDA_MEMURY (geo-pair-rep)
i
I

#endif



3. The Implementation of class geo_pair_rep

{geo_pair_rep.c 3)=
#include "geo_pair_rep.h"
{ construction 4)
{ conversion 5}
{input and output &}
{ basic line intersection 7)

4. In this chunk the construction is implemented.

{construction 1} =
geo_pair_rep ::geo_pair_rep(int d)
{
source = rat_point (d);
turget = rat_point (d);
dr = 0;
dy = 0;

eo_pair-rep ::geo_pair-rep(const rat_point &p, const rat_point &gq)

0y =

if (p.dim() # q.dim{))
error_handler (1,

N"geo_pair_rep::constructor: source and target must have the \
same_ dimension.");

sOUTCE = P

targel = g,

dr = pX()xg.W()— ¢ X ()« pTWV();

dy = p.Y () xq.W() — ¢.Y () pW():

}

This code is used in chunk 3.

5. In this chunk we calculate some geo object from the two points in the container.

{ conversion 5} =
rat_direction geo_pair_vep :: to_rat_direction( ) const

{ rveturn (target — source).to_rat_divection(); }

rat_-vector geo_pair-rep :;to rat vector( ) const
{ return (targel — sowrce); }

This code is used in chunk 3.

6. In this chunk we do the bagic input and cutput.

{input and output 6¢) =
ostream {operator < (ostream &out, geo_pair_rep +!)
y
out < [V < I-source & V===" & I-target < "]

return out;
1
J



istream &operator:y(istream &in, geo_pair_rep =[]
{ [+ svntax: [p === q | +/
int d = [-source. dim();
rat_point p(d), ¢(d):
char r;
do in.get(c); while (isspace(c));
if (e D) |
i putback (¢);
return in;

)

do in.get(c); while (isspace(e));
in.putback (c);

i P

do in.get(c); while (isspace(c)):
while (¢c= =) in.get(c);

while (isspuce(c)) in.get{c);
in.puthack (c);

g

do in.get(c); while (isspace(c));

if (¢#£°]1°) in.putback(c);

l-source = p;

[~target = q;

Ide = p X () # ¢ W () — ¢.X{)*pW():
I=dy =pY () xgW()—qY()*p.W();
return in:

1
i

‘I'his code 15 used in chunk 3.

7. First we implement some two dimensional intersection routine like the one which was in the
former LEDA 2d rational geo module.

{ basic line intersection 7) =
bool geo_pair_rep :: dZ interscetion(const geo_pair_rep &¢2.rat_point &p) const

{

integer_t w — dy * g2 .dx — dz * g2 .dy;

if (i =0) return false; //same slope

integer_t ! = target. X () * source Y () — source X () » target. Y ();

integer_t 2 = g2.target. X () = g2 .source.Y () — 92 .source X () + g2 .tarqet. Y ():

p=rat_point (c! + g2.de — c2 v+ dr.cl + g2.dy — ¢2 + dy, w):
return friue:

}

See also chunk K.

This code is used in chunk 3.

8. Secondly we implement a d-dimensional intersection rontine for two non parallel lines. We
do the intersection and node caleulation by the help of some matrix calculation, We know that a
comion point x of two lines s1f7 and syt, through two d-points cach hag to obey the equations:



r = &+ )\1(1"1 == -5'1) (1)
r = &9 + Az(fz — bg) (2)

If we put this together and rearrange with variables Ay and Ay we get the d X 2 cartesian
matrix system

T1 — B 59 S

u Sl’uftgu . A B U_ a
: As - :

Flger = Sl S2yo; — 2 By T Py

Q

The code below puts this linear system into an integer matrix after multiplication of each
row with its common denominator sy ,80 4 s . Afterwards we solve the system. If we got a
solution we calculate the intersection point » and deliver additionally Ay and A; as rational
numbers for outside use.

{ basic line intersection 7) 4=
bool geo_pair_rep : d_intersection(const geo_pair_rep &zg2, rat_point &p, rational_t
&l rational_t &I2) const
{

int d = source.dim( );
integer_matrix M (d,2);
integer_vector b(d);
integer_vector lembda(2);
integer_t IJ;
rat_point si — source. t1 — target, 52 — g2 .source, t2 — g2 .target;
integer_t siw = s1.W();
integer_t t1w = 1.7 );
integer_t s2w = 2. W ();
integer_t t2w = t2.1V();
integer_t glw = sfw * tiw;
integer_t g2w = s2uw + t2w;
integer_t t12w — tiw + t2u;
[# init X 2-matrix M and d-vector b x/
for (int i=0; i< d: i++) {
M(i,0) = g2w « (#1 .heoord (i) » slw — sl .heoord (i) + t1w);
M(i,1) = glw * (2. heoord (1) % t20 — £2 heoord (1) * s2w);
bli] = t12w % (82.heoord (i)  slw — s1.heoord (i) « s2w);
1
J
if (linear_solver (M, b, lambda, D)) {
{1 = rational_t (lambda[0], D);
[2 = rational_t (lembda[l], D);
p=sl +11+(t1 —s1);
return {rue;
)

return false;
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List of Refinements

{ basic line intersection 7,8)  Used in chunk 3.
(Construction 4) Used in climk 3.
{couversion 5)  Used in chunk 3.
(geo_pair_rep.c 3)

{geo_pair_rep.h 2}

{input and output 6} Used in chunk 3.



List of Refinements

(access Q) Used in chunk 4.

{allocate space for © 6)  TUsed in chunk 7.

{ basic arithmetic 17} Used in chunk 4.

{ compare function 14, 15)  Used in chunk 4.

(construction and destruction 7,8, 11,12, 13)  Used in chuuk 1.
{data members of class geo_rep 2} Used in chunk 3.

{friends of class geo rep 10) Used in chunk 3.

{functions to allocate and deallocate small arrays 3)  Used in chunk 3.
{geo_rep.c 4)

(geo_rep.h 3)

(input and output 16} Used in chunk 4.
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