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1. Introduction

When the dimension of space-time is equal to three, one can
build a variety of higher-spin gauge theories. A notable class ad-
mits a Chern-Simons formulation with gauge algebra sI(N,R) &
sI(N,R) [1], and models the interactions of a set of tensors of
rank 2,3,...,N. In this context we investigate the solutions in-
troduced in [2], whose metric displays a conical singularity in a
particular gauge. These backgrounds approach asymptotically AdSs;
in the sense described in [3,4], and play an important role in
the conjectured holographic duality between Wy minimal models
and Vasiliev theories [5]." The latter are extensions of the Chern-
Simons setup that include matter couplings [8], but the conical
defects can be considered as solutions of the Vasiliev equations in
which the scalars vanish. They are conjectured to correspond to
specific primary states in the minimal model dual [2,9,7].

A strong evidence in support of this identification is the match-
ing of higher-spin charges on both sides of the duality. However,
up to present this check was performed explicitly only for the first
few charges. In the following we fill this gap, and show that all
charges match in the semi-classical regime.

Our proof goes as follows: in the higher-spin gauge theory, one
can compute straightforwardly the charges in the so-called u-basis.
On the other hand, it is precisely the u-basis for which one has a
free-field construction in the boundary conformal field theory by
the (quantum) Miura transformation. To compare to the higher-
spin theory, we have to map the standard Miura transformation
from the plane to the cylinder by a conformal transformation, be-
cause in the higher-spin theory we consider solutions defined on
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manifolds with the same topology as AdS3, whose boundary is a
cylinder. The free-field construction of the u-currents on the cylin-
der then makes it possible to compute their zero-mode eigenvalues
on ground states, which precisely match the u-charges of the con-
ical solutions.

2. Conical defects and their higher-spin charges

We actually focus on the Euclidean counterparts of si(N, R) &
sI(N,R) higher-spin theories, which are described by Chern-
Simons actions with gauge algebra sI(N,C) (analogously to the
description of three-dimensional Euclidean gravity by a sl(2,C)
Chern-Simons theory as reviewed e.g. in [10]). This is indeed
the setup that simplifies the comparison with the minimal model
spectrum [2].

The bulk field equations are solved by any flat sI(N, C)-valued
connection. However, as the Chern-Simons theory is defined on a
manifold with boundary, one also has to impose suitable boundary
conditions on these connections. To describe them it is convenient
to introduce a radial coordinate r and to parameterise a cylinder at
surfaces of constant r by the complex coordinates w, w. They are
defined by w = ¢ + itg, where tg is the Euclidean time and ¢ is
an angular coordinate with periodicity ¢ ~ ¢ + 27. In [3,4,11,12]
it was proposed to select asymptotically AdS solutions by requiring
that one can cast their connections in the form

A(r,w,w)=b"a(w)bdw + b~ db, (2.1)

N
aw) = J1+ Y _(=Vk) Tuj(wey j.

j=2

(2.2)

where b = b(r) is a generic group-valued element depending only
on the radial coordinate, J; is the matrix (J1)o” = —8,"*" and e;
is the matrix with one entry 1 in the ith row and jth column, and


http://dx.doi.org/10.1016/j.physletb.2013.08.012
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
mailto:andrea.campoleoni@ulb.ac.be
mailto:stefan.fredenhagen@aei.mpg.de
http://dx.doi.org/10.1016/j.physletb.2013.08.012
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2013.08.012&domain=pdf

388 A. Campoleoni, S. Fredenhagen / Physics Letters B 726 (2013) 387-389

zeroes otherwise.> We denote by k the level of the Chern-Simons
theory.”

The conical defect solutions of [2] further preserve time-
translation and rotational invariance, and this is achieved by con-
sidering only constant u;. Moreover, the solutions are smooth in
the sense that the holonomy around the contractible ¢-circle is
trivial. This signals the absence of singularities in the gauge con-
figuration. When this condition is satisfied, the matrix (2.2) can be
diagonalised with imaginary eigenvalues

in’ —i<m~— ijj)
i~ J N ’

(2.3)

where m; are integers satisfying mq < --- <my [2]. Comparing the
characteristic polynomial for a in the u-basis (2.2) and in the diag-
onal basis one concludes

uj:(—i«/E)ij(n’l,...,n;\,),

where P; (x1,...,xy) denotes the jth elementary symmetric poly-
nomial in the variables x1, ..., xN:

L,XN) = Z

1<k < <kj<N

(2.4)

Pj(x1,.. Xiey Xicy = =+ Xk - (2.5)

)

Each conical solution is thus specified by a list of N distinct in-
tegers, and its u-charges are easily expressed in terms of them
through (2.4).

3. Charges from Miura transformation

When one restricts the connections of the Chern-Simons the-
ory to those that correspond to asymptotically AdS solutions of
the form (2.2), one finds an asymptotic Wy symmetry algebra
on the boundary that is generated by the boundary currents u;
[3,4,11,12]: this is the classical Drinfeld-Sokolov reduction in the
‘u-gauge’. The quantum counterparts U; of the fields u; can be
obtained from the quantum Drinfeld-Sokolov reduction of sI(N)
(see e.g. [13]) which defines these higher-spin currents in terms
of normal-ordered products of free fields by the so-called quan-
tum Miura transformation [14],

N
(oM + Y U;(@) o)V
=2

= ((ictgd — i€1 - J(2)) -+ (ictgd — ien - J(2))), (3.1)

where J(z) =id¢(z) is a spin-1 current taking values in the weight
space of sI(N) (see e.g. Section 6.3.3 of [13]). The ¢; are the weights
of the fundamental representation; €; = w; is the first fundamen-
tal weight, and €;.1 = €¢; — a;, where «; are the simple roots. We
use the standard normalisation where
1

€ - €j = 8jj — N

The parameter o is related to the central charge of the Wy alge-
bra by

(3.2)

c(N,ag) = (N — 1)(1 = N(N+ 1) ). (3.3)

2 In [3,4] the connections were actually presented in a different form that is re-
lated to (2.2) by a gauge transformation (see e.g. Section 4 of [12]).

3 We follow the conventions of [2] where the trace is normalised such that it sat-
isfies tr Jo Jp = (N;A )Kab for the sl(2) generators J, and the standard sl(2) Killing

form kgp. In this convention the central charge of the asymptotic Virasoro subalge-
bra is c = N(N2 — 1)k.

The U; are holomorphic fields of scaling weight j. They are not
primary fields, so they transform non-trivially under conformal
transformations. On the other hand, this transformation can be
derived from the transformation property of the free spin-1 cur-
rent J.

In the above free-field construction there is a background
charge for the free field. In particular the energy-momentum ten-
sor has a shift proportional to the derivative of the current J,

1
U20)=T@) =5 @ —op 3] (3.4)
where p=—3"; je; is the Weyl vector. Under a conformal trans-
formation z + w(z) the free field transforms as
~ 1 w”(2)
=— — — ). 35
J@) — J(w) v (J(Z) aop W,(Z)) (3.5)

From this rule one can now deduce the transformation property
of the fields Ug. There is however one subtlety: the Uy are de-
termined in terms of normal-ordered products. Under a general
conformal transformation the notion of normal-ordering changes,
and this can lead to additional terms in the transformation as we
will briefly discuss at the end of this section.

We are primarily interested in the transformation from the
plane to the cylinder where we can compare the results to the
higher-spin computation in the bulk. If z is the coordinate on the
plane, the relation to the cylinder with coordinate w is z=e~W.
The spin-1 currents then transform as

1@ = Jw) =—i(z] (@) + aop).

If we ignore the normal-ordering subtleties (which do not play a
role in the semi-classical limit in which we compare the charges),
the transformed fields U; on the cylinder are determined by

(3.6)

N
(iodw)™ + ) Uj(w)(ixgdh)" ™
j=2
= ((icodw — €1+ (2J(2) + a0p))
- (itgdw — €n - (2)(2) + a0 p)))-
In particular we can now determine the eigenvalues of the zero

modes of f]j on a highest-weight representation: let |A) be a
highest-weight state for the free field with

(3.7)

JolA) = AlA). (3.8)
We then have
N
(iotodw) + Y " Ujolicodw)N ™)
j=2
= ((icodw — €1+ (A +0gp)) - - (iodw — €N - (A + o)),
(3.9)
and hence
Ujo= (=1 Pj(e1- (A+aop),...,en - (A+aop)),  (3.10)

where P; is the jth elementary symmetric polynomial, see (2.5).

Before we compare these values to the charges of the coni-
cal solutions in the next section, we want to briefly discuss the
quantum corrections to the charge formula (3.10). Let us illustrate
this with the well-known example of the energy-momentum ten-
sor U(z) = T(z) (see (3.4)). Going to the cylinder we obtain the
transformed field



A. Campoleoni, S. Fredenhagen / Physics Letters B 726 (2013) 387-389 389

- 1 - - ~
Uz(W)ZE(J-J)w(W)—Oto,O~3w](W), (3.11)
where the subscript v on the parentheses signals that the normal
ordering is taken on the cylinder. Replacing J according to (3.6)
we find

- 1 1
02w = =2 (5 Du(® —a0p - 2J@)) - 5007, (12
The normal ordering defined via the subtraction of the singular

terms in the operator product expansion gives a different result on
the cylinder and on the plane, with the relation

U Dw@ =0 Ded) = 5 (313)
Therefore we find the familiar transformation
Uz (w) = —22U2(2) + N-1_ 1016,02
24 2
2 c
=-z°Uy(2) + >4 (3.14)

In the semi-classical limit where ¢ — oo (and N is fixed) we ob-
serve that the normal-ordering shift % (which does not grow
with c) is a subleading correction as expected. These shifts become
less trivial for higher-spin charges: for example the transformation
of the spin-4 field is given by

U4:Z4U4+3i Ol023U3

L N=DWN=3) zz)le =3 <a5 (N—13)+ —%})zz U,

VNN (annve (N2
“7oz\ 3 J{@NN+DIN+3

142 1
+{—ozg—+20q,(1v—13)+N ) (3.15)

5

where the quantum corrections due to normal ordering are con-
tained in curly brackets. It would be interesting to work out the
quantum corrections in general, since they would allow one to test
possible proposals for a quantum description of higher-spin theo-
ries in the bulk.

4. Comparison and discussion

Degenerate representations of the Wy algebra are labelled by
two sI(N) highest weights (A, A_) [13], and the corresponding
weight vector A is given by

A=a+A+ +oa_A_, (41)

where oy = —1 and o4 + o— = «p. According to the pro-
posal in [7] conical solutions correspond in the semi-classical limit
(c - oo with N fixed) to representations (0, A_), whereas the
representations (A4, A_) describe excitations of the scalar in the
Vasiliev theory on the conical background labelled by (0, A_). We
can take the semi-classical limit by giving o a large imaginary

value, o_ =~ im. In this limit o4 vanishes since it scales
as ¢~!: as a result the charges (3.10) do not depend on A, and
become

Ujo=(—a_) Pj(e1- (A—+p),....en-(A_+p)) +---. (42)

Upon identifying a— ~ iv/k (which gives the correct matching for
the central charge) and ¢; - (A_ 4 p) =n; we find precise agree-
ment with (2.4).

Therefore we have shown that the spectrum of conical solutions
exactly matches the spectrum in the conformal field theory in the
semi-classical limit, providing an important check of the proposed
higher-spin AdS3/CFT, duality.*

The construction of smooth asymptotically AdS connections
was generalised to higher-spin theories based on the infinite-
dimensional gauge algebra hs()) in [16]. A class of these solutions
can be seen as a continuation of solutions in the sI(N) theo-
ries. The charge formulas that we obtained in this Letter can be
straightforwardly continued to this case: for a fixed representation
A_ the charges stabilise for large N to rational functions in N, and
by replacing N — A we obtain the charge for the hs(1) theory.
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