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Abstract

This paper deals with methods of faithful transformations between logical systems.
Several methods for developing transformations of logical formulae are defined which
eliminate unwanted properties from axiom systems without losing theorems. The ele-
mentary examples we present are permutation, transitivity, equivalence relation prop-
erties of predicates and congruence properties of functions. Various translations be-
tween logical systems are shown to be instances of K-transformations, for example the
transition from relational to functional translation of modal logic into predicate logic,
the transition from axiomatic specifications of logics via unary provability relations to
a binary consequence relations, and the development of neighbourhood semantics for
nonclassical propositional logics.

Furthermore we show how to eliminate self resolving clauses like the condensed de-
tachment clause, resulting in dramatic improvements of the performance of automated
theorem provers on extremely hard problems. As by—-products we get a method for
encoding some axioms in Prolog which normally would generate loops, and we get a
method for parallelizing some closure computation algorithms.
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1 Introduction

The development and investigation of logical and mathematical systems has various aspects. One
aspect is of course the possibility to prove theorems about this system. Another even more impor-
tant aspect is the possibility to understand a new system in terms of a well known old system. For
example Stone’s representation theorem [Sto36] for Boolean algebras correlates Boolean algebras
(BA) with set theory. Every BA theorem can be proved by interpreting the BA connectives set
theoretically and proving the formula in the algebra of sets.

Another example is the correlation between an axiomatic specification of a logic and its model
theoretic semantics. The model theoretic semantics is usually described in terms of sets, functions
and relations, and the interpretation function relates the properties of the logic with the intrinsic
properties of the semantic structure. Again, the purpose is to describe a complex new system in
terms of a simple, well known, standardized and therefore easy to communicate old system.

In all these cases we have two logical or mathematical systems £ and £- and a transformation
Y: £y — L£5. The minimal property, T should have is that it allows us to solve a problem of system
L4 by solving a corresponding transformed problem in L. That means if we have a problem in £,
and we use Y to transform the problem into L, find a solution there, and transform the solution
back into £, then it must be guaranteed that this is in fact a solution of the original problem.
This is the soundness requirement for Y. Completeness of Y, on the other hand, means that we
can solve all £1 problems this way. If the problem is a theorem proving problem this means that
the following must be guaranteed:

Lq: Assumption =  Conclusion
iff (1)
Lo: Y(Assumption) = Y(Conclusion).

A further requirement for Y should be that it simplifies matters in some sense, but in what
sense? In order to get a first idea what can be simplified by a transformation, consider the well

known correspondence between syntax and semantics of predicate logic. In every logic textbook
you find definitions of logical connectives as for example

SEAAB iff SEAandSEB

i.e the formula A A B with top—level connective ‘A’ is true in an interpretation iff both A and B
are true. The key point is that we map the connective ‘A’ to the meta logical word ‘and’ which
everybody understands. A consequence is that by this definition, ‘A’ inherits all the properties of
‘and’, in particular commutativity, idempotence and associativity of ‘and’.

By mapping a component n of the system £; to a component Y(n) of Ly, it is no longer
necessary to mention the properties, n can inherit from Y(n) any more. They are automatically
true. And this illustrates the ‘simplicity criterion’: a transformation Y: £; — L5 is better if more
explicit properties of a component 7 of the system £; are true for Y(n).

All properties of 7 which are not automatically true for Y(n) require that the target system £
has to be restricted such that these extra properties hold, and this usually complicates matters.
A concrete example where this happens is Kripke’s possible worlds semantics for modal logic. All
axioms of the system K (= £1) are automatically true in all Kripke frames (= £5). Here we have
an optimal transition from the syntactic system K to the semantic system. Any additional axiom,
however, requires extra conditions on the frames, which makes this semantics less and less useful.

The guideline for finding good transformations from £; to Lo is therefore the intention to
‘eliminate’ (or ‘kill’, therefore the name Killer Transformation) properties ¢ from £, in the sense
that Y(¢) is either just a tautology or in some other sense redundant or useless in Ls.

The transformations we are going to present take place in the framework of predicate logic.
Using predicate logic as a meta logic for other systems, however, the same ideas work for many other
logics as well. In predicate logic, theorems can be proved by refutation. That means instead of
proving that Assumption = Conclusion is a tautology, we prove that Assumption A ~Conclusion
is unsatisfiable. When we transform the problem this means that we have to make sure that



Lq: Assumption A =Conclusion is unsatisfiable @
iff 2
Lo: Y(Assumption A ~Conclusion) is unsatisfiable.

The important observation is now that it is not necessary that the transformation is equivalence
preserving. It is sufficient to be faithful. That means if the original problem formulation has a
model then so has the transformed problem (soundness of the transformation) and vice versa
(completeness of the transformation).

This relatively weak condition on the transformation opens a door to a whole universe of
possibilities for transformations of which only a tiny fragment has been routinely exploited so far.
Skolemization of existential quantifiers during conjunctive normal form generation is an example
for a routinely applied faithful transformation which is not equivalence preserving.

In this paper we present general methods, a kind of recipe, for developing faithful transforma-
tions of logical systems and provide some general soundness and completeness results. With a lot
of examples we demonstrate that, following our recipes, the development of particular transforma-
tions together with the necessary proofs becomes almost trivial.

Three stages of transformation methods will be considered. In Section 2 we focus on transfor-
mations which eliminate formulae ¢ from formula sets ® by using equivalences ¢ < ¥ and replacing
every instance of ¢ with a corresponding instance of 1, or, if ¢ also occurs in ¥ by some more
complex operations. While the transformation itself is trivial in most cases, the main problem we
consider is where to get these equivalences from. It turns out that not the elimination of ¢ itself is
the important part, but to find the right ¢ such that, as we mentioned earlier, particular axioms
7 in T(®) become tautologies. The elimination of ¢ is therefore only the vehicle for eliminating 7.

A number of examples for formula transformations are listed in Section 3. The elimination of
properties like symmetry, transitivity, permutation properties, and the equivalence relation prop-
erty are simple cases, but with sometimes surprising applications. As we shall see, the elimination
of reflexivity and transitivity of a binary relation, in particular the binary consequence relation
of an axiomatic specification of a logic very naturally leads to the introduction of possible worlds
semantics.

There are more examples which turn out to be instances of our transformation technique. One
is the transformation of n—ary relations to binary relations, a standard trick in relational database
applications. A further example is of quite different nature. It describes the transition from the
relational translation of modal logic to predicate logic, to the functional translation. That means in
this case we show with our technique how to transform transformations. Even more surprising are
the last two examples we give. We can explain the transition from a Hilbert style axiomatization of
a logic with a unary theoremhood predicate to an axiomatization in terms of a binary consequence
relation. And finally in the last example we derive neighbourhood semantics for non—classical logics
as the result of the elimination of certain congruence properties of logical connectives.

In Section 4 we focus on the elimination of given clauses from a clause set, in particular
those clauses which usually give automated theorem provers a hard time, self resolving or recursive
clauses. One of the clauses we consider as examples is the condensed detachment clause, a predicate
logic encoding of the Modus Ponens rule:

P(i(x,y)) A P(x) = P(y). (3)

As we shall demonstrate, the elimination of this clause can lead to dramatic improvements of the
performance of theorem provers on some of the hardest challenge problems discussed in the theorem
proving literature. One effect we observed was that the elimination of clauses like condensed
detachment may reveal great redundancies implicitly contained in the original formulation. The
transformed clause set can be simplified before the proof search starts and this reduces the search
space considerably.

A by-product of the method for elimination of clauses is a method for transforming Prolog
programs in order to eliminate certain loops. As another by—product we obtained a method for
parallelizing certain closure computation algorithms and proving their correctness.

Finally in the last section we investigate the elimination of particular literals. For exam-
ple, given a literal like subset(x,y), can we detect and use a definition of the subset predicate:



subset(x,y) & V(z z € x = z € y), which is not explicitly given, but hidden in the anonymous
literal set of a clause normal form? This method supports Beth’s definability theorem in a con-
structive way.

Notions and Notation

Some notions and notations are needed in this paper which are taken from the theorem proving
literature. Letters from the end of the alphabet usually denote variables. Letters from the begin-
ning of the alphabet denote constant symbols and letters f, g, h,i denote function symbols. s and
t usually denote arbitrary terms.

A clause is a disjunction of literals. If A; are the negative literals and B; are the positive literals,
we can write clauses in three different ways, either as a disjunction, =A; V...V —-A, VB V...V By,
or as an implication Ay A...ANA, =B V...VB,, or as aset {=Ay,...,—A,,B1,...,B,}. We
shall use all three versions. The variables in clauses are always considered universally quantified.
Two different clauses are always considered as variable disjoint. If they are not, take variable
renamed copies. A unit clause or unary clause is a clause with one literal only.

If L is a literal then L denotes its complement, i.e. the atom is the same, but the sign is
exchanged.

A substitution o is an endomorphism in the free term algebra which changes only finitely
many variables. We write substitutions as sets ¢ = {x; — $1,22 — S2,...}. The variables
x; form the domain and the terms ¢; form the codomain of o. A remaming substitution is a
substitution mapping variables to variables such that the codomain and the domain are disjoint
and the codomain variables are all different. An example is {z — w,y — v}. {z — u,y — u} is
not a renaming substitution. so denotes the application of the substitution o to the term s. ot
denotes the composition of the two substitutions ¢ and .

mgu(s,t) is the most general unifier for the two terms or atoms s and ¢. That means if
o = mgu(s,t) then so = to. Since we do not consider theory unification, there is, up to variable
renaming, at most one most general unifier for two terms. Two literals are complementary unifiable
if they have different signs and the atoms are unifiable. A substitution p is a matcher for the two
terms s and ¢ iff su =t.

A clause C' subsumes a clause D iff Cu = D for some substitution p and C' has less or equally
many literals as D. Subsumption is a weaker version of implication.

Resolution is the standard inference rule for many theorem provers [Rob65b]. The definition of
the resolution rule is

Cy: LiyvIyv...VL, L, and K; are complementary unifiable.
Cy: KiVEKyVv...VK,, o is the most general unifier
o(LaV...VL,VEyV...VK,)

L, and K, are the resolution literals. We say that we resolve the clauses C; and C5 wupon the
resolution literals L; and K;.

Self resolution is a resolution operation between two variable renamed copies of the same clause.
For example a self resolution with the transitivity clause is

~P(z,y)V-Ply,2) v P(z,z)
|
~P(',y") v -P(y', 2) v P, 2)
~P(x,y) v -P(y,2) vV -P(z,2) V P(,2")

Hyperresolution is the combination of several resolution steps into one step. It was developed by
John Alan Robinson [Rob65a] and is described by the following schema:
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Here a clause with at least one negative literal serves as ‘nucleus’. For every negative literal of
the nucleus, a so—called ‘electron’ is needed, a clause containing only positive literals. The nucleus
is resolved with all electrons simultaneously, resulting in a purely positive clause, which in turn
can be used as an electron for the next positive hyperresolution step.

2 Elimination of Formulae

In order to illustrate the basic idea of this section, suppose we have some first order predicate logic
axioms ® which, among other things, axiomatize a reflexive and transitive relation R, i.e.

Va R(x,x) (4)
Va,y,z R(x,y) A R(y,z) = R(z,2) (5)

is either contained in ® or derivable from ®, and we want to get rid of the reflexivity and transitivity
of R.

In order to show that a formula C' is entailed by ®, one usually tries to refute ® A =C. Before
the refutation is actually started, every faithful transformation of ® A =C i.e. a transformation
preserving satisfiability and unsatisfiability, is allowed.

The translation we propose for faithfully eliminating reflexivity and transitivity of R exploits
that these two properties together imply

Vr,y R(z,y) & (Yw R(w,z) = R(w,y)). (6)

To see this, suppose R(z,y) and R(w,z) hold. By transitivity, R(w, y) also holds, i.e. the ‘=’-part
is shown. For the ‘="-part, take w = = and use the reflexivity of R to derive R(z,y).

Since (6) is entailed by ®, we could add it to ® A =C' without losing satisfiability or unsatisfi-
ability. However, instead of (6), we add

Vr,y R(z,y) & (Yw R'(w,z) = R'(w,y)) (7)

to ® A =C where R’ is a new predicate symbol. Clearly, if ® A =C' is satisfiable then ® A =C A (7)
is also satisfiable: the interpretation of R’ can be chosen to be the same as the interpretation of R.
In this case (7) is equivalent to (6), which follows from ®. Thus, (7) is also true in the extended
interpretation. On the other hand, if ® A =~C' A (7) is satisfiable then certainly ® A =C' is satisfiable
as well.

But now we have a definition of R in terms of R’ where R’ is an uninterpreted new predicate
symbol. In the next step, (7) is used as a rewrite rule from left to right, replacing all occurrences
of R in ® A =C by the formula with R’. We obtain the transformed formula ® A =C’ A (7) with
R’ in place of R. This is a terminating equivalence preserving transformation.

What happens to the reflexivity and transitivity of R? Va R(z,x) becomes

Vo Yw R'(w,z) = R (w,x)



which is a tautology (by the reflexivity of ‘=’). The transitivity (5) becomes
Va,y,z (Yw R (w,z) = R'(w,y)) A Yw R'(w,y) = R'(w,z)) = Vw R (w,z) = R (w, 2))

which is also a tautology (by the transitivity of ‘=’). Thus, R’ needs neither be reflexive nor
transitive.

Nothing would have been gained if the definition of R, (7), could not be removed afterwards.
In order to justify removing the transformer we have to show that ® A =C’ A (7) is satisfiable if
and only if &' A =C" is satisfiable. Since ®' A =C’ does not contain R any more, we can always
find an interpretation for R, using (7) as definition. Therefore each model for & A —=C’ can be
extended to a model for ® A —~C" A (7). Thus, (7) can be eliminated. &' A =C’ is the final result
of our transformation.

What has actually happened is that the role of the reflexivity and transitivity of R has been
taken over by the reflexivity and transitivity of the implication connective. Many of the other
examples we present in the paper are of a similar kind. The built—in properties of predicate logic
take over the role of special properties of non-logical symbols.

The first procedure for transforming formulae ®, typically axioms and a negated theorem, in a
faithful way, i.e. without losing satisfiability or unsatisfiability, consists of the following sequence
of steps

extension transformation elimination
d — ® A transformer — ®' A transformer — @’

where ‘transformer’ is a formula of the kind
Left < Right. (8)

The ‘extension’ step involves finding the transformer. In general this is still a creative step,
but we shall give some heuristics and more concrete procedures for finding the transformers. The
actual transformation is done in the ‘transformation’ step. In the simplest case the transformation
strategy is just definitional replacement where (8) is used as rewrite rule from left to right. It can,
however, also be a much more complex combination of rewriting, inferencing and deleting formulae.
In the simplest case the transformation strategy is just definitional replacement where (8) is used
as rewrite rule from left to right. It can, however, also be a much more complex combination
of rewriting, inferences and deletions. In the elimination step we delete the transformer. Since
removing formulae can turn unsatisfiable formula sets into satisfiable sets, this is also a non—trivial
step which has to be justified.

In the sequel we call these transformations formula K-transformations. They are determined by
the transformer Le ft < Right and the transformation strategy. To ensure that the transformation
is satisfiability preserving, which is sufficient to do theorem proving by refutation, the following
lemmas have to be proved.

Definition 2.1 (Transformation Lemmas)

The extension lemma proves that satisfiability of ® implies satisfiability of ® A transformer.

The transformation lemma proves that ® A transformer is satisfiable if and only if ® A transformer
is satisfiable, where ®' is the transformed version of ®.

The elimination lemma proves that satisfiability of ® implies satisfiability of ® A transformer. <

Lemma 2.2 (Faithfulness)

A K-transformation for which the extension lemma, the transformation lemma, and the elimina-
tion lemma have been proved, preserves satisfiability and unsatisfiability. We call this a faithful
transformation. It is sound and complete.

Proof: The other direction of the extension lemma, satisfiability of ® A transformer implies satis-
fiability of @ is obvious, which is also the case for the other direction of the elimination lemma, ®’
A transformer implies satisfiability of ®’. Thus, the three lemmas guarantee that all three steps
preserve satisfiability. «q



This lemma holds for every monotonic logical system with a suitable notion of satisfiability.
There are standard cases which occur quite frequently. For these cases we can prove some of the
lemmas once and for all. In an actual case, it has only to be checked whether the transformer is
one of these standard types.

Definition 2.3 (Renamed Transformer)

A transformer Left < Right is called a renamed transformer for a formula @ iff there is a formula
Left & Rightg entailed by ® and Right is obtained from Righty by renaming constant, function,
predicate symbols and sorts with new symbols not occurring in ® so far. Different occurrences of
the same symbol in Right may be renamed differently. Left & Righty is called the basis of the
transformer. <

Lemma 2.4 (Extension Lemma for Renamed Transformers)
The extension lemma (Def. 2.1) holds for renamed transformers.

Proof: We show that every model & of @ can be extended to a model &' for ® A (Left < Right)
where Right is a renamed variant of some Righty. We interpret in $' all the new symbols in Right
exactly like the original symbols in & and find that Right and Righty are equivalent under $.
Since Left < Rightg is entailed by ®, and 3’ is an extension of &, §' satisfies Le ft < Rightg, and
therefore it satisfies Left < Right as well. <

The proof of the extension lemma for this type of transformers amounts to proving that the
basis Left < Rightg follows from ®. This is a standard theorem proving task which can be done
with automated theorem provers.

Remark

In the new interpretation &' the renamed symbols have been interpreted like the original ones. In
this interpretation all the properties of the old symbols also hold for the renamed symbols. This
means that axioms describing these properties for the new symbols could also be added without
changing the satisfiability or unsatisfiability. They are not necessary for finding proofs, but they
can shorten proofs and they can be helpful in successive transformations. In our standard example,
reflexivity and transitivity of R, this means that we could add for example the transitivity clause
for the new predicate R’ to the transformed formula set. In this particular case this does not make
much sense, but we shall present other examples where this is quite useful. We summerize this
observation in a corollary.

Corollary 2.5 (Optional Axioms)

After a transformation with a renamed transformer, all formulae describing properties of the orig-
inal symbols may be renamed in the same way as in the renamed transformer and added to the
transformed set without changing satisfiability and unsatisfiability. <

The transformer (7) for the elimination of reflexivity and transitivity is an example for a
renamed transformer. The proof of Left < Rightg, i.e. (6) is trivial in this case.

In the class of transformers specified in the next definition, the transformation process itself is
reduced to a simple rewriting operation.

Definition 2.6 (Rewriting Transformers)

A transformer Vzy,...,z, R(x1,...,x,) < Right where R does not occur in Right, is called a
rewriting transformer. The transformation strategy for rewriting transformers is just definitional
replacement, i.e. all occurrences R(si,...,S,) are replaced with the corresponding instances of
Right. <

Lemma 2.7 (Transformation Lemmas for Rewriting Transformers)
The transformation lemma and the elimination lemma (Def. 2.1) hold for rewriting transformers.



Proof: The transformation lemma holds because rewriting with an equivalence is an equivalence
preserving operation. The elimination lemma holds as well because the transformed formula ®' does
not contain the predicate R any more. Therefore the transformer itself can be taken as a definition
for R. Each model of &' can be extended to a model for & AVzy,...,z, R(xy,...,x,) < Right
by defining the interpretation of R according to just this equivalence. <

Renamed rewriting transformers are the simplest transformers at all. The only thing which
has to be proved for this class of transformers is that the basis Le ft < Rightg for the transformer
follows from ®. The transformer (7) turns out to be of this simple type.

The next class of transformers is of a more general nature. It allows us to exploit completeness
results for special inference strategies, as for example ordered resolution. (41) is an example for a
transformer of this kind.

Definition 2.8 (Saturation Transformers)

A transformer Left & Right is called a saturation transformer for the formula @ if there is a
refutation complete deduction strategy which allows one to draw inferences between the transformer
and @ only finitely many times.

® is transformed by drawing inferences between the transformer and ® according to this strategy
exhaustively and removing all formulae in the transformed version of ® which are redundant, i.e.
no longer necessary for finding a contradiction. <

Lemma 2.9 (Transformation Lemmas for Saturation Transformers)
The transformation lemma and the elimination lemma (Def. 2.1) hold for saturation transformers.

Proof: Adding derived formulae preserves satisfiability and unsatisfiability. Removing redundant
formulae also preserves satisfiability and unsatisfiability. Therefore the transformation lemma
holds.

Since the deduction strategy which is applied during the transformation is refutation complete,
and, according to the strategy, there are no further inferences with the transformer possible,
the transformer is no longer necessary for finding a refutation. It becomes redundant. If the
transformed formula together with the transformer is unsatisfiable then the transformed formula
without the transformer is still unsatisfiable, and vice versa. Thus, the elimination lemma holds
as well. <

Notice that there are refutation complete strategies which may deactivate a formula A at a
certain point during proof search and activate it later on again. That means there is no inferences
possible with A, but later on after operations in other parts of the formula set, inferences between
A and newly generated formulae may become possible again. In order to show that a transformer
is of saturation type one has therefore to show that after the initial operations the transformer
never again are activated.

The formula ® which is transformed usually consists of the two parts, Assumption and =Conjecture.
At the time of the development of the K-transformation, usually only the assumption is known.
Therefore the transformation lemma has to be proved for all potential conjectures. Alternatively
one can specify the class of admissible conjectures for which the K-transformation works.

3 Examples for Formula Transformations

The transformation technique with formula K-transformations is illustrated with various exam-
ples. We also show that some well known transformations are actually instances of formula K-
transformations.

3.1 Symmetry and Permutations

In the introduction we have shown how the reflexivity and transitivity of a relation R is absorbed
by the reflexivity and transitivity or the predicate logic implication connective. Once this idea has
become clear, it is quite trivial to develop K-transformations for other basic properties of relations.



The symmetry of a predicate R for example can be mapped to the commutativity of ‘A’ or ‘v’ by
exploiting that symmetry implies

Vr,y R(x,y) < (R(z,y) A R(y,z))  and (9)
Vr,y R(z,y) & (R(z,y) V R(y,z)). (10)

Renaming R to R’ we get the two possible admissible transformers

Va,y R(x,y) < (R'(z,y) A R'(y,x)) (11)
Va,y R(x,y) < (R'(z,y) vV R'(y,2)). (12)

The transformer is a renamed (Def. 2.3) rewriting (Def. 2.6) transformer and therefore faithful.
To give an intuitive example for (11), suppose R = =~ and R' = <. Then (11) reads as

rrys (r<yAy <),

which could for example be a part of the definition of an equivalence relation from an ordering
relation.

We can even eliminate more complex permutations as symmetry. For example the permutation

Vz,y,z R(z,y,2) = R(y, z,x) (13)
implies

Va,y,z R(z,y,2) & (R(x,y,2) AN R(y,z,2) AN R(z,x,y)) (14)
which yields the transformer

Vr,y,z R(z,y,2) < (R (z,y,2) A R (y,2z,7) A R'(2,z,v)). (15)

This transformation rewrites (13) to a tautology, i.e. R’ needs not have the permutation property
any more. It is quite obvious how the transformation idea can be applied to other permutations.
The equivalence corresponding to (14) simply lists all the permutation cases explicitly.

From a theorem proving point of view, however, this particular transformation of permutation
properties is not optimal. In Section 4.5 it is shown that only positive instances of R-literals need
to be transformed.

3.2 Reflexivity and Transitivity

The method for eliminating reflexivity and transitivity has been explained in the introduction. A
transformer is
Vo,y R(z,y) & (Yw R'(w,2) = R'(w,y)). (16)

But we can go a step further and introduce a new sort W for the variable w:
Va,y Riz,y) & (VoW R (w,2) = R (0,y)) (17)

which is still a renamed rewriting transformer and therefore faithful.
An example where this kind of transformer occurs very naturally is the correspondence between
the subset relation C for R, and the membership relation € for R':

Ve,yr Cys Yw:W wez=wE y)

Another example for this kind of transformer is the correspondence between a reflexive and
transitive binary consequence relation - (for R) of a logic and a satisfiability relation |= (for R’'):

Ve,yrFye (VuWwlEr=wEy).

The intended interpretation of this equivalence is: y is a consequence of z if and only if, whenever
x is true in a world w (w }= «) then y is true in w (w £ y). This can be seen as the origin of the
possible worlds framework of many non-classical logics. In [Ohl94] this idea is further developed.

10



Besides (17) there is a dual transformer for reflexivity and transitivity. These two properties
also imply
Vz,y R(z,y) < Vz R(y,z) = R(z,2) (18)

which gives rise to the transformer
Vz,y R(z,y) < Vw:W R'(y,w) = R'(z,w). (19)

An example for this transformer is the definition of the superset relation in terms of a ‘contains’
relation.
The transformer (16) and (19) implicitly encode the reflexivity of R. If R is only transitive and
not reflexive, we must change it a bit. The transitivity of R alone implies
Va,y R(z,y) < (R(z,y) ANVw R(w,x) = R(w,y)) and (20)
Va,y R(z,y) < (R(z,y) AVw R(y, w) = R(r,w)) (21)

which gives rise to the transformers
Va,y R(z,y) & (R'(z,y) A\Vw:W R'(w,z) = R'(w,y)) (22)
Va,y R(z,y) & (R'(z,y) AYo:W R'(y,w) = R'(z,w)). (23)

We do not propose to use these transformations for theorem proving purposes. As we shall see
in Section 4.5 there are more efficient versions for the reflexive and transitive case.

3.3 Equivalence Relations

For equivalence relations, i.e. reflexive, transitive and symmetric relations, we find a very sim-
ple transformer because the ‘<’ connective represents an equivalence relation. From reflexivity,
symmetry and transitivity of R we can prove

Vo,y R(z,y) & (Vw R(w,r) & R(w,y)) (24)
which is turned into the transformer

Vz,y R(z,y) & Vw:W R'(w,z) < R'(w,y)). (25)

3.4 n-ary Relations

It is well known that n—ary relations can be replaced by n binary relations. This is a standard
technique for example in relational database applications. We show that this transformation also
fits into our framework. The transformer for eliminating ternary relations is:

Va,y,z R(x,y,2) & Bw:T Ri(w,z) A Ry(w,y) A R3(w, 2)). (26)

This is a rewriting transformer, but not a renamed transformer. Therefore we have to prove
the extension lemma (Def. 2.1). That means we must be able to extend every interpretation < for
R to an interpretation for the new sort 7 and the new predicates Ry, Rs and R3 such that (26)
becomes true.

Suppose we have an interpretation & for R. Let D be the domain of . In the extended
interpretation 3’ we interpreted the sort symbol T as the set of triples in D3?. If in addition the
new predicates are interpreted

S'(Ry) = A{((z,y,2),2) | (z,9,2) € S(R)}
S'(Rz) = {((z,y,2),y) | (z,y,2) € S(R)}
g’(]%3) = {((xvyvz)vz) | (x,y,z) € %(R)L

it is straightforward to show that the extended interpretation satisfies (26). Thus, the extension
lemma holds. The elimination of arbitrary n—ary relations for n > 2 is now obvious.
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3.5 Functional Representation of Binary Relations

Via their possible worlds semantics, a number of non—classical logics can be translated into predi-
cate logic. For example the semantics of the modal operators [Che80]

zxl=0P iff Yy R(z,y)=yEP (27)
zl=0OP iff Jy R(z,y) AyEP (28)

gives rise to the relational translation of propositional modal logic.

tro(Pw) = P(w) P a predicate symbol
tr.(Op,w) = VYo R(w,v) = tr.(p,v)
tr-(Cp,w) = Fv R(w,v) Atr.(p,v).

The relation R occurs only in the typical patterns

Yo R(w,v) = tr.(p,v)
Jv R(w,v) Atr.(p,v)

in the translated formulae. Additionaly it may occur in some characteristic axioms axiomatizing
properties of R itself. Since this is a quite typical pattern which appears not only in this application,
it is worthwhile to look for a K-transformation to eliminate this relation. The transformation we
need depends on whether the relation is serial (i.e. Y3y R(x,y) holds) or not. For the serial case
the transformer is

Vr,y R(z,y) & 3v:AF y = apply(y, z) (29)

and for the non—serial case it is a bit more complicated
Vz,y R(z,y) < End(z) V Iv:AF y = apply(vy, ). (30)

Intuitively, the sort AF' denotes the set of accessibility functions, i.e. functions mapping worlds to
accessible worlds. apply is the application function and the End predicate marks worlds without
successor literals.

Both are rewriting transformers (Def. 2.6). Therefore we need only to prove the extension
lemma (Def. 2.1).

Lemma 3.1 (Extension Lemma for (29) and (30))
Every interpretation & can be extended to a model for (29) and (30).

Proof: Suppose there is a model & for the formula ® to be transformed. We construct an extension
Q' of & satisfying (29) or (30) respectively as well. If D is §’s domain we define

non-serial case: S'(AF) ={y€ D — D |Vx R(z,v(x))}
serial case: Q'(AF) “{ye€ D — D |Vx R(z,v(z)),7 is total}
both cases: Q' (apply) = apply function, i.e. S’ (apply(y,x)) = I'(7)(S'(z))
S'(End) “{r € D| -3y R(z,y)}.
Obviously, &' satisfies (29) and (30), which proves the extension lemma. <

The interpretation of the sort AF as the set of ‘accessibility functions’ i.e. the set of functions
mapping worlds to accessible worlds (in modal logic terminology) means that we can write v(x)
instead of apply(~,x), but this is to be understood as an abbreviation. Notice that in the proof of
the elimination lemma (Def. 2.7), instantiated for our case, the interpretation of R is reconstructed
from an arbitrary interpretation of AF' and apply. There need not be functions at all.

From (29) we can prove

Yw Yv R(w,v) = ¢(v) <&  Vy:AF o(v(w)) (31)
Yw v R(w,v) Ap(v) < Iv:AF o(y(w)) (32)
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and from (30) we can prove

Yw Yv R(w,v) = ¢(v) <& End(w)VY7:AF ¢(y(w)) (33)
Yw Fv R(w,v) Ap(v) < —End(w)AIv:AF o(y(w)). (34)

The transformation strategy is now not just simple definitional replacement with (29) and
(30). Instead we use the derived equivalences (31, 32, 33, 34) wherever possible first to rewrite
quantifications as a whole. Since they are equivalences, this is of course again an equivalence
preserving transformation.

The original transformers (29) and (30) have to be applied to the characteristic axioms of R.
We give some examples, always assuming seriality.

Va R(x,x) (reflexivity)

= Ve Iyz=~y(z)

v,y R(z,y) = R(y,z) (symmetry)
= Vo,y Iy y=(z)) = (35 z =6(y))

& Va,yVy B y=v(x)=2=0)

& Ve Vy 36z =46(v(x))

Vz,y,z R(z,y) A R(y,z) = R(z,z2) (transitivity)
= Va,y,z (Fyy =) A3 2 =0(y) = (3 2 =¢(2))

S Va,y,z V7,0 I y=v@)Az=0y)=z=E&x)

S Va,zVy,0 3 2 =0(y(x)) = 2 = £(2)

& Vo V¥y,0 3¢ 0(y(z) = E(2)
R

/(
Vz,y,z R(z,y) A R(z,z) = R(y, 2) (euclideanness)
= Va,y,z (Fyy =) A3 2 =0(z)) = (3¢ 2 =£(y))
& Va,y,2Vy,0 I y=v(@) Az =0(x)=>2={(y)
& Va,y,2Vy,0 3¢ 0(x) = £(v(x))
Applied to the modal logic case, our K-transformation turns the relational translation of modal
logic into predicate logic into the functional translation (c.f. [Wal87a, Ohl88a, JR88, Her89, AE92,

Ohl90, Gas92, Ohl93, Zams9)):

= Vy:AFE tri(p,v(w))

= IpAF tri(p,v(w))

= End(w) VVY7y:AF try(p,v(w))
= —End(w) A 3v:AF tri(e, v(w)).

serial: tre(Op, w

try(Qp,w
non—serial: try(Op,w
tri(Cp,w

~ ~— — ~—

The transformer (29) can be used in exactly the same way for optimizing the treatment of
varying—domains in the translation of quantified modal logics. The normal translation rules for
the quantifiers in the varying—domain case are

tr-(Vo ¢(x),
tr-(3z ¢(x),

w) = Va Exists(w,z) = tr-(o(x),w)
w Jz Exists(w,x) Atr.(o(z),w)

where Exists(w,z) intuitively means that x is in the domain of the world w. Since each domain
contains at least one element, Ezists is serial. The transformer (29) now yields an optimized
translation

tre(Ve o(z),w) = Vv:M tri(p(v(w)),w)
try(3r p(x),w) = Fy:M trp(p(y(w)),w).
The sort M* denotes the set of functions mapping worlds to their domain elements, i.e. y(w) €

domain(w). Quantification over all v exhausts the domain of w. In quantified modal logic we
distinguish increasing domain and decreasing domain systems.

I'We choose M to distinguish it from AF in case both transformers are applied simultaneously.
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Increasing domain: Va,u,v Ewxists(u,z) A R(u,v) = Exists(v,x)
Decreasing domain: Va,u,v Exists(v,x) A R(u,v) = Exists(u,x).

The transformer rewrites these two formulae to

Increasing domain:

Va,u,v (30:M x = 6(u)) A R(u,v) = (3&:M x = £(v))

& Vu,v V6:M 3&:M R(u,v) = 6(u) = &(v)

Decreasing domain:

Va,u,v (30:M x = 6(v) A R(u,v) = (3 © = &(u))

< Yu,v V6:M &M R(u,v) = 6(v) = &(u)

The transformers can be applied to the Exists predicate and to the R predicate simultaneously.
The final versions of the axioms are then

Increasing domain:

Yu,v Vo:M3&EM (Fv:AF v =vy(u)) = d(u) = £(v)

& YuVy:AF Vo:M 3&:M 6(u) = £(7y(u)) (compare the translation of the euclideanness axiom)
Decreasing domain:

Yu,v Vo:M &M (3v:AF v =v(u)) = 0(v) = &(u)

& VYuVy:AF V6:M 36:M 6(y(u)) = &(u)  (compare the translation of the transitivity axiom)

In this section we have demonstrated that using K-transformations, with a minimum of effort
and a few lines of proof we can reconstruct the functional translation for modal logic and extend it to
an optimized translation of varying—domain systems. We composed an existing translation, namely
the relational translation from modal to predicate logic with the new defined K-transformation.
This is an example for a general method to modify translations. The pattern is:

Old Translation
=)
K-Transformation

In corollary 2.5 we have noticed that renamed transformers allow us in principle to transfer proper-
ties of the original symbols to the renamed symbols. Assuming extra properties is not only possible
for renamed transformers, but in general for all newly introduced symbols. For example for the
sort AF and the apply—function introduced in the transformer (29) we could add the extensionality
axiom:

New Translation

Axioms for Free

Vv, 8:AF (Y apply(y, x) = apply(6,r)) = v = 4. (35)

The justification for adding this axiom is implicitly contained in the proof of the extension lemma
3.1 for the transformers (29) and (30). In this proof we constructed a particular interpretation for
the sort AF and the function symbol apply. AF denotes a set of functions, and the interpretation
of apply is really the ‘apply’ function. But in this particular interpretation the extensionality axiom
(35) is certainly true. Therefore, together with the transformer we could add this axiom.

Of course we would not add axioms like this for theorem proving purposes, but for enabling
further transformations and simplifications. An axiom which can be simplified considerably with
help of (35) is the inclusion axiom for two binary relations

Va,y Ra(z,y) = Rp(z,y). (36)

This axiom describes the correspondence property of the multi-modal logic axiom schema [b]p = [a]p.
We translate (36) with two copies of the transformer (29) (with different sorts AF, and AFj for
the two different relations, but with the same apply—function) and simplify the result
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Va,y (3v:AF, y = apply(v,x)) = (30:AF, y = apply(6, x))
& Va,y Vy:AF, (y = apply(y,x) = (30:AF, y = apply(6, ))
& Va,y Vy:AF, 35:AF, apply(y,z) = apply(0, x)
& Vo,y Vv:AF, 35:AF, v =6
iff AF,C AF,.

The first two simplifications are standard predicate logic transformations. The third simplification
exploits the extensionality axiom (35) and the last modification expresses that the final equation
defines nothing else than the subset relationship. In a sorted logic, this can be represented as a
subsort relationship between the two sorts AF, and AF}.

Thus, as an example for exploiting axioms, we get for free during K-transformations, we demon-
strated how to use the extensionality axiom for transforming the inclusion axiom (36) for two binary
relations into a simple subsort declaration. For theorem provers with sorted unification [Wal87b]
this is the optimal representation of the information contained in the inclusion axiom.

3.6 From Unary to Binary Consequence Relations

Logics can be specified in various ways. Quite often, a unary consequence relation f is used. Fyp
is to be understood as ‘p is a theorem.” For example, Lukasiewicz has shown that one axiom in
addition to Modus Ponens and ,

Hp—=q) =r) = ((r—=p) —=(s—>p) (37)
From Fpand Fp — ¢ derive Fgq (38)

axiomatize the implicational fragment of propositional logic [Euk70, p. 295]. Using predicate logic
as meta logic, the axiom and the Modus Ponens rule can be written as Horn clauses:

vrp,q,s  Wi(i(i(p, q),7),i(i(r,p),i(s,p)))) (39)
Vp,g  Hp) AHi(p,q) = Ha) (40)

and the theorems of the logic can be derived using deduction in ordinary predicate logic.
Alternatively one can specify a logic via a binary consequence relation F. ¢ means that v is
derivable from ¢, derivable in the so specified logic. It turns out that K-transformations describe
precisely the relation between unary and binary consequence relations.
In the sequel, let ® be a predicate logic (as meta logic) axiomatization of a logic £ in terms of
a unary consequence relation ' There must be a distinguished term ¢(x,y) in ® which is some sort
of implication. The term is distinguished in the sense that all theorems of the form ... provable

from ® are actually of the form Fe(...,...). Moreover, the ground proof of these theorems must
contain also only atoms of the form F¢(...,...). In the Lukasiewicz example this distinguished term
is just i(x,y) denoting x — y. Only atoms of the form Fi(...,...) occur in proofs of the theorems

we are interested in. In general, ¢ need not be a function symbol. It can for example be a term
o(n(x),y) encoding —x V y. In most cases, however it will be just an implication symbol.
The following transformer turns unary into binary consequence relations:

Fi(z,y) &z Fy. (41)

The extension lemma (Def. 2.1) is proved by taking (41) as the definition of P.

All atoms in @ of the form Fi(...,...) can be rewritten with this transformer. This is an
equivalence preserving transformation. Unfortunately the transformer is not a rewriting trans-
former (Def. 2.6) in the general sense. For example the Modus Ponens clause cannot be rewritten
directly. However, the transformer can be turned into a saturation transformer (Def. 2.8). As
inference strategy, ordered resolution with redundancy elimination in the sense of Bachmair and
Ganzinger is used [BG90]. The ordering is chosen such that literals with the Fpredicate are bigger
than the literals with the P predicate. Since in ordered resolution only resolutions with the maximal
literals in a clause are allowed, this prevents resolutions with the right hand side of the transformer
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(41). Ordered resolution now derives new clauses where instead of the unary consequence relation
F-the binary predicate P appears. Since we assumed that all ground proofs of theorems we are in-

terested in contain only atoms of the form Fi(...,...), on the non—ground level ordered resolution
needs to be applied only to literals Fx where x is a variable. All other literals are either of the
form Fi(...,...) and are destructively rewritten, or they are not necessary at all for proving our
theorems. For example the clauses (39) and (40) become
vrop,q,s  i(ip,q),r) Bili(r,p),i(s, p)) (42)
vp,q,r, s pRBgAni(p,q) Bi(r,s) = rEs. (43)

Unfortunately ordered resolution is not destructive. That means the old clauses, in the Lukasiewicz
case the Modus Ponens clause, is still contained in the formula set. Let A be an old clause and A’
be the new clause which is derived from A and the transformer in a sequence of ordered resolutions
until all occurrences of Fare eliminated. All necessary instances of A are of the form F(...,...). But
these instances are implied by A’ and the transformer. Moreover, these instances of A are bigger
in the corresponding multiset ordering than A’ and the transformer. Therefore A is redundant and
can be deleted without losing completeness. After deleting all the old clauses, there is no further
ordered resolution with the transformer possible. Thus, it can also be eliminated without losing
completeness. This shows that the transformer is of the saturation type. Lemma 2.9 is applicable
which proves the two remaining transformation lemmas.

3.7 Congruence Properties

So far we we have considered mainly properties of relations. We can, however, also transform
properties of functions. Suppose we are given a reflexive and transitive relation R and some n-ary
congruent functions. That means for the function symbols f one can prove

VP, q Ni(R(pi, ) A R(gi, pi)) = R(f (D), f(])) (44)

where p abbreviates pyq, ..., p,. We show how to eliminate these congruence properties.
The transformer (17) for reflexivity and transitivity translates the congruence properties (44)
for the connectives f into

Vo, ¢ \i(Vw:W R'(w,pi) & R'(w, ;) = (Yw:W R'(w, f(§)) = R(w, f(])))- (45)
A straightforward proof yields
Vi Vw:W R'(w, f(p)) & 3&:W R(w, f(Z)) A \,Yo:W R'(v,z;) & R'(v,p;) (46)
as the basis for the next K-transformation, which is for all p, w
R'(w, f(p)) & 32:S Ny(w,Z) A A\, VoW R;i(xi,v) < R'(v,p;). (47)

Here we take advantage of the fact that a predicate may well be renamed in different ways in a
renamed transformer. It is easy to check that (47) in fact turns the congruence properties (45)
into tautologies.

Lemma 3.2 (Faithfulness of the Transformer (47))

Let A be the result of the transformation with the transformer (17) for reflexivity and transitivity.
If (47) operates on A and as transformation strategy rewriting as long as possible is chosen, then
the extension, the transformation and the elimination lemmas (Def. 2.1) hold.

Proof: Extension Lemma: This lemma holds because the sort symbol S can be interpreted like
W, N¢(w, ) can be interpreted as R'(w, f(w, ¥)), R”if(xi,v) can be interpreted as R'(v,x;) and
then (47) is true in the extended model because (46) is

Transformation Lemma: Unfortunately the transformers (47) are no longer a simple definition for
a predicate. The left hand side is of the form R'(w, f(p)) where w and the p; are variables. Since,
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by the first transformer (17), all R'-literals in A are of the form R'(v, f(3)) where v is a variable
and the s; are terms, the transformers can nevertheless be applied as rewrite rules. Due to the
structure of the transformers’ right hand sides, each rewrite step eliminates one occurrence of a
function at a time. We end up with formulae A’ containing no R’-literals which are instances of
the left hand side of the transformers. So far, this is an equivalence transformation which does not
affect the models at all.

Elimination Lemma: Although there are further inferences possible from the transformers and A’,
we can delete the transformers now without changing the satisfiability or unsatisfiability. The
argument is proof theoretic. We show that there is a complete inference strategy which does not
allow to draw any further inferences with the transformers in this particular case. The completeness
of the strategy then guarantees that the transformers are useless.

The strategy we use is ordered resolution with elimination of redundant clauses [BG90]. Ordered
resolution requires the definition of an ordering on literals. Only resolvents between the biggest
literals in a clause need to be generated and we still have a complete procedure. The redundancy
criterion, Bachmair and Ganzinger have shown to be complete is: inferences are redundant if the
inferred clause follows from smaller (in the given ordering) clauses.

If we choose the ordering such that literals with the function f are bigger than the other literals,
we immediately see that no resolvents with literals at the right hand side of the transformers are
generated. These literals are smaller than the literal at the left hand side.

But there are still resolutions possible between the literals R'(w, (7)) from the left hand sides
of the transformers and literals R'(v,p) in A’, where p is a variable. We can assume that these
variables are of some basic domain sort, say D. That means there are quantifications Vp:D . ... It
is well known that sorts can be written as one—place predicates. Instead of Vp:D ..., one writes
Vp D(p) = .... Now we assume this syntactic form for A" and extend the ordering by requiring
that literals D(f(...)) are bigger than any other literals. Rewriting with the transformers did not
instantiate any variables in A’. Therefore there are no literals D(f(...)) in A, but only literals
of the form D(p). Each resolution between R'(w, f(p)) and R'(v,p) in some clause in A" now
instantiates p to f(...). That means the resolvent contains literals D(f(...)) and is therefore
bigger than the parent clauses. This resolvent is redundant and needs not be generated.

Thus, we find that all resolvents with the transformers are redundant, which finally licenses their
deletion. <

In order to match the transformer (47) with a quite familiar structure, we change its right hand
side a little bit. All R?Laccessible points are collected in sets X; and the relation Ny is replaced
with a relation N} that takes these sets X; as arguments. With this interpretation of the new
relation N J’c one can show that the following equivalence holds.

37:S Ny(w, @) A N\, (VoW R;i(:ci,v) < p(v,p:)) 48)
< — —
3X Ni(w, X) A A\, (VoW v € X; & (v, pi))

where ¢(v, p;) is any formula in terms of v and p; and € is really the membership relation.
For a one-place function f a graphical illustration looks like:

oy | (o1, pi)

— 90(1’27171')
w Nf U2
T~
(,0(’()3,]71')
N v
f \
X1
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Composing the transformer (49) with the transformation defined by (48), we obtain

R'(w, f() & 3X Nj(w, X) A \;(Vo:W v € X; & R'(v,p7)). (49)

What have we got here? If as indicated in Section 3.2, R is the binary consequence relation
F, and R’ is the satisfiability relation = and f is the modal O-operator satisfying the so called
ME-rule:
(pFangtp)=0OpkOq

which is nothing else than the congruence property then (49) represents the so called neighbourhood
semantics (minimal model semantics) [Che80]:

wlEOpe 33X Nj(w, X)AVoWW v e X v Ep.

or in words Op is true in a world w iff the truth set of p, i.e. the set {v | v = p} is a neighbourhood
of w. N{ is the neighbourhood relation.

Thus, the elimination of the congruence properties by means of K-transformations yields the
well known neighbourhood semantics. Faithfulness of the transformer means soundness and com-
pleteness of neighbourhood semantics for arbitrary axiomatizations of logics satisfying the reflex-
ivity and transitivity of - and the congruence properties. In [Ohl94] it is shown how these ideas
can be carried further to generate stronger semantics for logics satisfying more properties than just
the congruence properties.

3.8 A Heuristic for Finding Transformers

The first heuristic for finding transformers which eliminates a property ¢ was simply to look for
connectives in the meta system, PL1 in our case, which have the same or a similar property. This
way we found transformers for simple properties like transitivity or symmetry because predicate
logic has connectives with these properties. If ¢ has no immediate counterpart in PL1, however,
it becomes much more difficult to find a suitable transformer.

We now present a heuristic which may help in these cases. Suppose we are given a relation
R with a certain property ¢. We are looking for a definition R(z1,...,z,) < ¥(z1,...,2z,) of R,
where 1 is a formula with a relation R’ that has not the property ¢, but which entails that R has
the property ¢. As an example, let ¢ be density:

Va,y R(x,z) < 3y R(z,y) A R(y, 2) (50)

The definition R(z, z) < (R'), we are looking for, has to reconstruct density of R from a relation
R’ which is not necessarily dense. The heuristic for finding ¢ is: ¢ must express the process of
extracting the parts of R' which actually have the property 1. The heuristic can also formulated in
a more active way: ¢ must express the process of imposing the property ¢ to R'.

For the density example this means, ¥ (x, z) must extract the dense parts of R’, or in the active
formulation, ¢ must generate the dense closure of R’. That means, we must enforce density of R’
between two points  and z. How can we enforce this? Well, first of all, we must generate a point
between x and z. i.e. Jy R'(z,y) A R'(y, z) must be part of ). But this is not enough. The process
must be iterated infinitely often. That means we must ensure that for any two points between z
and z, including the borderline points x and z itself, there is a third point in between. With this
condition, the first point we introduced, triggers an infinite generation of new points, and we get
density. With this idea in mind, the definition of v is now obvious.

R(z,2) & R'(z,2)A (51)
Jy R'(z,y) AR (y, 2) A (52)
Vo (R'(z,v) A R'(v,2)) = (Jy R'(x,y) A R (y,v) A
Jy R (v,y) A R'(y,2)) A (53)
Vo,u (R'(z,v) A R'(v,u) A R (u,2)) =y R'(u,y) A R (y,v). (54)
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(52) inserts the first point between z and z. (53) treats the borderline cases with x and z and (54)
recursively generates a point between all points in the middle. Without (51), we would get as a
side effect that the relation R is closed in the sense that it describes closed intervals. This has to
be avoided. This definition works only under the assumption that R’ is transitive, otherwise the
recursion is not possible.

What we have got now is a renamed K-transformer for a transitive and dense relation which
eliminates the density of R. The version of this equivalence where R’ is replaced with R is the
basis of the transformer. Density of R implies that this equivalence is true. Given the transitivity
of R, the transformation of the density axiom becomes a tautology (the proof is not easy.) In
Section 4.4 we use this heuristic to find a transformer for euclideanness (Ex. 4.15).

4 Elimination of Clauses

In this section we specialize to the clause based setting and investigate the problem: given a
particular clause C in a clause set @, is it possible to find a faithful transformation Y (®) such that
the clause C becomes superfluous?

We give an abstract characterization of this kind of transformation and then consider more
concrete definitions. With some challenging examples from the theorem proving literature we
show that we can obtain dramatic improvements of the performance of theorem provers. These
examples are predicate logic encodings of Hilbert axiomatizations of certain logics. Improving the
performance of theorem provers on this kind of examples supports the development of new logics.

4.1 Clause K-Transformations

A very first idea for a transformation that makes C' superfluous could come from the following
consideration. A clause C' = A; A... A A, = B can be seen as a procedure that, given instances
of the premises A; as input, computes corresponding instances of B as output. Well, if the only
thing, we are interested in, is to produce B from the A;, an alternative way to obtain this ‘output’
is to ensure that the transformed ‘input’ T(A;) implies B, i.e. A, T(A4;) = B is a tautology. If we
transform ® such that instead or in addition to A; itself, T(A;) is available, we don’t need C' any
more.

Unfortunately it may be the case (and necessary) that the ‘output’ B of the clause C needs to
be used as ‘input’ for C' again. This is typical for self resolving clauses like transitivity. But after
eliminating C, B is not transformed. Thus, the ‘output’ B is not available any more as input.
Therefore our first guess for a condition on Y has to be strengthened: We must ensure that the
transformed ‘input’ implies the transformed ‘output’ Y(B). That means A; Y(A;) = Y(B) must
be a tautology.

On the technical level this condition must be refined because for non—ground clauses where
variables may become instantiated you cannot just transform clauses by transforming their literals
separately. The next definition gives the precise conditions.

Definition 4.1 (Clause K-Transformation)
A function T mapping clauses to clause sets (possibly infinitely large) is called a K-transformation
for a clause C = Ay N...NA, =B, V...V B, iff

1. D € Y(D) for all clauses D,
2. CAND = Y(D) for all clauses D.
3. Y(Dy V Dy) < Y(Dy)V Y(Dy) for all ground clauses Dy and Ds.

4. For every clause D: if D' is a ground instance of a transformed ground instance of D then
D’ is also a ground instance of a clause in Y (D).

5. For all ground instances C'p of C: A\, VY (Aip) = Vi, VY (B;p).

VT(. ..) means that all variables introduced by T are universally quantified.
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For a clause set ® let T(®) ¥ {Y(D)| D € ®}. <

The first condition deals with the fact that the transformation Y is intended to eliminate the
need for inferences with C'. However, D need not be involved directly in inferences with C', but in
inferences with other clauses in ®. Therefore the original clauses D might still be necessary.

On the other hand, if it can be guaranteed that the original clauses D can be derived from
Y(®)\{D} then D can be deleted. This can be seen as a further optimization of T(®): all inferred
clauses can be deleted without changing satisfiability and unsatisfiability. Therefore we do not
treat this kind of optimization in the clause K-transformation formalism.

The second condition guarantees soundness of the transformation: the transformed clauses are
consequences of the original ones. Therefore satisfiability is preserved.

The next two conditions are structural conditions. Number 3 relates the transformation of
single literals or parts of clauses with the transformation of the whole clause. If T computes more
than one clause, Y(D;)V Y(D-2) is to be understood as the conjunctive normal form, i.e. the
list of clauses {E; V E2 | E; € Y(D;)}. On the ground level this condition means that one can
transform literals individually and combine the results to get the transformation of the clause.
This is usually not the case for the non—ground level because transformation of single literals with
variables occurring also in the other literals of the clause may involve instantiations which affect
the other literals as well.

The fourth condition is a kind of lifting property. It relates transformations on the ground level
with transformations on the non—ground level.

The last condition is responsible for making C superfluous. It is the precise formulation of the
condition we have mentioned above, the transformed premises of C' must imply the transformed
conclusion. Unfortunately it requires a test for all ground instances of C, and these are usually
infinitely many. In the second part of this section we therefore reduce this condition to a more
feasible and automatizable test.

Before we come to the soundness and completeness proof for clause K-transformations, let us
illustrate the technique with two examples. The actual class of clause K-transformations we have
in mind transforms clause sets by adding resolvents with C'. T is represented by a set Sy of clauses,
usually C itself together with some of its consequences, for example self resolvents. For each of
these clauses S € Sy, there is a selected literal Lg € S to be resolved upon.

For a unary clause L we define

Y(L) = {E| E = Res(L, S, Ls), S € Sy} U {L}

where Res(L, S, Ls) denotes the resolvent between the clauses L and S upon the selected literal
Lg € S. For an arbitrary clause D we define Y(D) as the set of all simultaneous resolvents
between subsets of literals in D and clauses in Sy with the selected literals Lg (together with D
itself of course). The examples show how this is to be understood. See also def. 4.11 for the exact
definition.

The conditions 1-4 of definition 4.1 are fulfilled by this class of clause K-transformations, for
example condition 4 is a consequence of the lifting lemma for the resolution rule.

Example 4.2 (Transitivity)
C=P(z,y) ANP(y,z) = P(z,2)
S’r = {C}, LC = P(x,y)
That means
T(P(Svt)) = {P(Svt)v
Vz P(t,z) = P(s,z)}

Y(P(s,t)V P(q,1))
= {P(s,t)V P(q,r),
(VZ P(tvz) = P(sz)) \/P(qu)v (<:> (_'P(tvz) VP(sz) \/P(q,r‘)))
P(s,t) Vv (Vz P(r,z) = P(q, 2)), (& (P(s,t) V=P(r,z) V P(q,2)))
(Vz P(t,z) = P(s,2)) V (P(r,z) = P(q,2))} (& (=P(t,z)V P(s,z)VP(r,z")V P(g,2"))).
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Notice that in the presence of the reflexivity axiom P(x,x), only the last clause needs to be
generated because all other clause can be derived from the last clause and the reflexivity axiom.
This is one of the post optimizations possible in particular cases. For reflexivity and transitivity
this results in precisely the transformation Brand used in his modification method to eliminate the
transitivity of the equality predicate [Bra75].
In order to check the main condition, condition 5 of 4.1, suppose P(a,b) A P(b,c¢) = P(a,c) is a
ground instance of C.
VY (P(a,b)) AVY(P(b,c)) = VY (P(a,c))

becomes

(P(a,b) AVz P(b,z) = P(a, z))

A (P(b,c) AVz P(c,z) = P(b,z))

= (P(a,c) ANVz P(c,z) = P(a,z))

which is in fact a tautology.

The transformation is independent of the structure of a,b and c. Therefore the condition holds for
all ground instances of C'. This is one of the rare cases where this condition is easy to check. The
reason is that resolution with transitivity requires only matching, no unification. This makes the
structure of a,b and c irrelevant. <

Example 4.3 (Condensed Detachment)

The condensed detachment clause is a predicate logic encoding of the Modus Ponens rule. It is
the key clause for many predicate logic formulations of Hilbert axiomatizations of logics. Many of
the really hard challenging problems found in the Automated Reasoning literature use this clause.

C = P(i(z,y)) A P(z) = P(y)

P(i(x,y)) A P(x) = P(y),
(i(z,i(21,22))) A P(z) A P(21) = P(z2),
P( (x,i(21,i(. .. 2:))) AP(x) AP(z1) A ... A P(zi—1) = P(z),
-}
St consists of resolvents between the first and last literal of C'. The first literal P(i(xz,i(z1,i(. .. 2:)))
is the selected literal in all clauses.
An example for the translation of a (u
T(P(i(i(i(a,y), 2).i(i(z ), i (u, 7))
= {P(i(ii(x,y), 2),i(i(z, 2),

Sy =

’U/—*—\

nary) clause:

)
i(u, )))),

P(ii(x,y). ) = P(i(i(z,2),i(u,2)),

P(i(i(x,y),2) A P(i(z,2)) = P(i(u, )),

P(i(i(x,y),2z) A P(i(z,2)) A P(u) = P(x),

P(}Z(l(l(ul u2),y),2) A P(i(2,i(u1, u2))) A P(u) A P(uy) = P(uz),

Notice that from the fifth clause onwards we have to instantiate into the clause to be transformed.
This causes the transformation to become infinite. (Predicate logic would be decidable if we did
not encounter such an effect somewhere.)
Checking condition 5 of def. 4.1 is also no longer finite. But we shall see below that not all ground
instances, but only those of the structure P(i(a,i(by,(...b;))) need to be tested.
T(P(i(a, b)) A T(P(a) = Y(P(by))
becomes (P(i(a,b1)) A (P(a) = P(b1)) A P(a)) = P(by)
which is a tautology.

T(P(i(a,i(br,b2)))) A Y(P(a)) = Y(P(i(b1,b2)))
becomes (P(i(a,i(by,b2)))
A (P(a) = P(i(b1,b2))) A (P(a) A P(b1) = P(b2))
A P(a))
= P(i(b1,b2)) A (P(b1) = P(b2))
which is also a tautology. In all cases the structure of a is irrelevant. Therefore other instantiations
for  need not be tested.
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The schema should be clear. It can be proved for all ¢ > 1. <

Soundness and completeness of a transformation can be proved either on the semantic level by
transforming models, or on the syntactic level by transforming proofs or representations of proofs.
The actual definition of clause K-transformations is such that a semantic completeness proof is, if
not impossible, extremely complicated. Therefore we choose to prove it on the syntactic level. The
key part of the proof is to show that a refutation with the original clause set can be transformed
into a refutation of the transformed clause set. To this end we need a represetnation of a refutation.
The most abstract and for our purposes the most suitable representation of refutations of clause
sets are refutation graphs as developed by Shostak [Sho76] and further investigated by Norbert
Eisinger [Eis91].

A refutation graph for a clause set consists of clause nodes and polylinks. Clause nodes represent
ground instances of the clauses. They consist of literal nodes labelled with the corresponding ground
instances of the literals. Polylinks consist of two shores, the postive and the negative shore. The
members of the positive shore are connected to literal nodes labelled with a positive literal L and
the members of the negative shores are connected to the literal nodes labelled with the negative
literal —L. Each literal node is connected to only one shore. The shores of polylinkls represent
potential factoring operations and the link itself represents a potential resolution operation.

For example the clause set {{P,Q},{-P,Q},{—Q, P},{—Q,~P}} is unsatisfiable and has the
follwing two refutation graphs.

[(21Q -0 P] (ple] [o[r]

\_/
[\

[-P] @ |~=—-@[-P| -ple]  [-Q[-P]

Each box is a literal node and sequences of boxes are clause nodes. (Sometimes we also align
literal nodes vertically to clause nodes.) In the left graph the upper and lower link are mono-links.
Both shores consist of one element only. The link in the middle, however, is a polylink. Its positive
shore consists of the two upper parts connected to the literal nodes and its negative part

consists of the two lower parts connected to the literal nodes.

The left graph represents a resolution refutation where at first the two resolutions between the
@-literals are performed. The results are P and =P which resolve to the empty clause. The right
graph represents a resolution refutation where at first the P-literals are resolved and then the
Q@-literals. Notice that in both cases the order in which the first two resolvents are generated is
irrelevant. This is reflected in the symmetry of the graph. Thus, refutation graphs abstract from
irrelevant orderings of resolution steps.

A very important notion in the refutation graph theory is the notion of a path through the
graph. A path is a sequence of literal nodes and polylinks such that no polylink occurs twice and
polylinks ‘entered’ at one side must be ‘left’ at the opposite side. That means entering a link at
one shore and leaving it at the same shore is forbidden. A cycle is a path starting and ending at
the same literal node. A very important property of refutation graphs is: they are cycle free. The
following graph for example contains a cycle. It is therefore not a refutation graph.

Pl QF——@[R}——-R[P]
3

Theorem 4.4 (Shostak)
A clause set ® is unsatisfiable if and only if there is a (cycle free) refutation graph whose clause
nodes represent ground instances of the clauses in ®. <
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Theorem 4.5 (Soundness and Completeness of T)
For every clause set ® and every clause K-transformation Y for a clause C € ®:
® is satisfiable if and only if T(® \ {C}) is satisfiable.

Proof: Since by condition (Def. 4.1,2), ® < T (® \ {C}) is a consequence of ®, it is certainly
satisfiable if @ itself is satisfiable.

Now suppose ® is unsatisfiable.

In the sequel we assume that without loss of generality C £ =4, V...V 24,V By V...V B,, has
at least one positive literal. If this is not the case, we can just exchange the polarity of all predicate
symbols. This does not make any difference.

Since ¢ is unsatisfiable, there exists a refutation graph Gy for ®. If Gy does not contain any
instance of C' we are done. If it contains instances of C' we transform the refutation graph for &
into a refutation graph for ®' which shows that @' is also unsatisfiable.

First of all, however, we need some auxiliary notions.

1.
2.

If D is a clause or a set of clauses then [D],, denotes a set of ground instances of D.

If ' =Ajv...v-A, VB, V...V B! is a ground instance of C' then

C"E=Aj V... voA VE V...V E, where E; € [Y(B})]yr,j =1,...,m is called a T~
instance. (Think of T ¢—instances as instances of C' itself or its self resolvents of C'.)

C" is a proper Tc-instance if C" # C'. The E’-parts are called the originally positive
literal sets in C" (because although they may be positive or negative, they originate from
the positive literals in C' and they usually consist of more than one literal). Correspondingly
the —A,;—parts are called the originally negative literals in C" (they never are transformed).

If for a literal L in a clause D = L'V S in ® we have cnf(LV Y(S)) C @' then L is called an
original literal in ®'. (cnf denotes the conjunctive normal form.)

A Yc—instance C" is called right marginal in a refutation graph iff C'’s originally positive
literal sets are not connected to any other Y o—instance.
For a T—instance C" in a refutation graph G there is a distance |C"|q defined as follows:

If all originally negative literals of C" are not connected to any other Yc—instance then
|C"g = 1. If DY,...,D} are Tc—-instances connected to the originally negative literals of
C" then |C"|¢ < maz;|D!|g.

For clauses D which are no Yo—instances let |D|g = 0.

|...|¢ is well defined because refutation graphs are cycle free.

There is a measure |G| = (a,b) for refutation graphs defined as follows: If there are no
Yc—instances in G at all, then |G| % (0,0), otherwise

a®®max{|C"|c | C" is right marginal Y c—instance in G} and

bE {076 = a).

|G| measures the largest chains of connected T c—instances. Its second component counts the
number of T c—instances sitting at the positive end of chains with the largest length. This is
well defined, again because refutation graphs are cycle free.

The lexicographic ordering < on |G| is obviously well founded.
C" is called a mazimal Y c—instance in G iff |C"|¢ = a.

(maximal Y —instance are right marginal, but not vice versa.)

Starting with Gy we define a transformation G, — G4 and show the following invariants

1.
2.
3.

G,4+1 has all the standard properties of a refutation graph.
The clauses in G, are either instances of clauses in ®' or they are YT c—instances.

The literals connected to the originally negative literals of T -—instances are original literals.
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If we can further show |G,11| < |G| then the sequence of transformations eventually terminates
with a refutation graph containing no Y c—instances at all any more. This is a refutation graph for
®’, which shows that ®' is unsatisfiable.

For the transformation of G, to G, we first choose a maximal Y c—instance C”'. By a routine
transformation on refutation graphs we firstly replace all poly-links connected to C” by mono—
links. This gives us a kind of normal form in the C”-part of the graph. This transformation
consists of two parts. In the first part all multiple shores at the C"—side are replaced by singleton
shores and in the second part all multiple shores at the opposite side of C"' are replaced by singleton
shores.

As the following picture illustrates

the clauses S; connected to C" with links having &k shores (k = 2 in the example depicted above)
at the C” side are copied k times. The other links connected to the S; split into & shores, one
for each copy. The result G!. is again a refutation graph and it has the invariance properties 1 —
3. Furthermore |G).| = |G,| because all the S; have smaller distance than the C"". We can copy
them as we like without changing the size |G,|. We do this transformation for all of C""’s links
with multiple shores at the C"'—side.

In the second part of the transformation we need to copy C" itself together with the clauses
connected to C” in order to get rid of the multiple shores at the opposite side of C". If for a
link I, |I| denotes the number of {’s shores at the opposite side of C", and Ii,...,I, are all the
links connected to C" then this represents k ¥ II"_, |I;| mono-links. That means we need k copies
if C"" and a corresponding number of copies of the adjacent clauses. For the case of r = 2 and
|l1| = |l2] = 2 the transformation is depicted in the next figure.

Notice that there can’t be paths between the left group and the right group of the clauses S! in
the left picture above, because otherwise there would be a cycle. Therefore there are no paths in
the transformed graph between the clauses adjacent to C". Thus, we have not introduced cycles.
There can, however, be links connecting 57 and S} and links connecting S5 and Sj. The shores of
these links are copied as well in order to connect the copies of the S clauses.

The resulting graph G still preserves the invariance properties 1 — 3 and all copies of C" are
still right marginal and their distance has not changed. But the size of the graph has changed. If
|G| = (a,b) then |G"| = (a,b+ k —1). In order to get a smaller graph G,;1 we must therefore
eliminate all k copies of C"". We show how to do it for one copy and repeat this operation k times.
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Now take any of these copies of C"*=A] V...V =A! V E| V...V E! . The —A; are the originally
negative literals. By the third invariance property they are connected to original literals A’ of some
clauses S; which may or may not be YTo—instances. The Ej < (Ej, V ... V E;.,) € [Y(Bj))]gr are
the originally positive literal sets. Since C" is maximal, the £, are not connected to any other
Y c—instance. A typical situation looks like this:

originally
negative literals Ef E'

(0iis ~~ ~ Vs ~

—A) —AL B El ol o Enal s
S1 Sh, / \ R, R

—/ —/ —/ —/
All A,n El,l Ele Em71 Em7s,,,l
i s, | |mal IR 7., 7.,

!

The literals EL ; are the complement of the literals £’ ;. There are no paths from any S} to any S;
or §;7 ; because otherwise we would have a cycle going through this path and C". We show that we

can transform the A}, and together with the F;rliterals we get an unsatisfiable clause set whose
refutation graph can replace C". .

The condition (4.1,5): AL, VY (A}) = VL, VY(B!) implies

VY(AY) A ... AVY(AL) = VEL V...V VE,, where E} € [E}],,, E; € VY (BY).

Thus, VT(A’l) ANAA VT(A’,L) A3=E; Vv ...v3=E,, is unsatisfiable. We can instantiate the uni-
versally quantified variables in QT(A’l) as we like and choose the Skolem constants for the existen-
tially quantified variables such that the Skolemized version of §ﬂEj is just F;J Ao A E;’sj.
Thus,

4

AINAUAE A NE (55)

m7S’Hl

is unsatisfiable where AY is a finite subset of a ground instance of VY(A)) (here we use the
compactness of predicate logic). Let H be a refutation graph for (55). The C"—part of the refutation
graph G, now are replaced as follows: If AY < AY} A ... A A7 then each clause S; = S}V A}
is replaced with the clauses S{v AY,,...,S]v A7, . The links connected to the S get multiple

shores, one for each copy. The new literal sets A, and the literals E;u are connected by the

refutation graph H. The structure of this part of the transformed graph is now

Si2 So1 S2,3

) ) )

Repeating this for all copies of C" we obtain the new graph G,11. We have to show the invariance
properties 1 — 3 and |G,41| < |G,|.
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1. First of all, G, has still the structural properties of a refutation graph because H is a cycle
free refutation graph and there are no path from any S; to any S} or E’ ;. Therefore no path
within H can be completed with paths outside H to a cycle.

2. In order to show that the new clauses S; ,, are either Yc—instances or instances of clauses
in ®' we exploit that the literals A’ are original literals and the homomorphy condition (4.1,
3)1 T(Dl \Y DQ) -~ T(Dl) \Y T(DQ)

If the S; themselves are Y c—instances then the S;,, are Y c—instances as well, by definition
of Yc—instances and because the A] are original literals (this is important because Y does
not transform transformed literals again).

Now suppose S; = S}V A’ is an instance of a clause in ®'. A’ as an original literal has never
been transformed. That means S; € [Y(F})],r V A} where ®, V A’ is a ground instance of a
clause in ®. Because of condition 3 in def. 4.1, Y(F;)V Y(AL) & Y(F; v A%), which, by the
lifting condition 4 means that each S; ,, is a ground instance of a clause in ®'.

3. The literals connected to the originally negative literals of Yc—instances in G are original
literals. Let S;,, = S.V A;’o, be a new Yc—-instance. The originally negative literals in S; o,
are the literals in the S} part. But the other sides of the links connected to these literals have
not been changed. Therefore they are still connected to original literals. The clauses R; are
no Y c—instances. Thus, they are not concerned here.

We had |G| = (a,b) and |G| = (a,b+ k —1).

Case 1: There is another right marginal Yc—instance in G,4; with distance a. Since we have
removed all k copies of C", we get |Gr41] = (a,b+k—1—-k) =(a,b—1) < |G,|.

Case 2: There is no right marginal Y¢—instance in G,1 with distance a.

Then |Gry1| = (a — 1,0") < (a,b) =|G,|.

This finishes the proof. <

Notice that in the proof of the theorem the refutation graph for the transformed clauses is
constructed without transforming negative literals. Since we can exchange the polarity of the
predicates, this means that in general only either the positive or the negative literals need to be
transformed by Y. Transforming positive as well as negative literals usually complicates things
rather than simplifying them.

4.2 Literal Triggered Clause K-Transformations

The definition of clause K-transformations we have given is more general than the class of transfor-
mations we have actually in mind. With this general definition, however, we worked out precisely
those properties which are essential for the soundness and completeness. A more restricted defi-
nition would have forced us to deal with technicalities hiding more of the important aspects than
clarifying things.

Nevertheless in order to give a more ‘operational’ definition, that means a definition of clause
K-transformations where the infinite condition 5 can be tested with finite effort, we need to say
more about the way Y operates. To this end we define a class of so called literal triggered clause
K-transformations. They are characterized by a set Ly of literals and each literal in Ly separately
triggers a transformation. For example in Example 4.2 and 4.3, Ly consists of the selected literals.
For this class of transformers, the condition 5 need not be tested for all ground instances, but only
for certain instances derived from the characteristic literals. In simple cases as the transitivity and
condensed detachment examples, it is just a single ground instance per characteristic literal which
determines a case to be tested. In more complicated cases also ground instances of sets of unified
literals in L~ are necessary.

Definition 4.6 (Literal Triggered Clause K-Transformations)

A function T mapping clauses to clause sets is called a literal triggered K-transformation for a
clause C = Ay N...NA, = A1 V...V A, iff the first four conditions of def. 4.1 hold and the
fifth condition is replaced by two new conditions:
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5’. There is a set Ly of literals and a function Y’ computing sets of clauses such that for all
ground literals L: Y(L) = {L}UUyecpy =g, ¥ (EK)n

6. In order to formulate the last condition we define Yo(L) < Y (Lt))p~! where 1) is a ground
substitution replacing variables x by constants a, and ¢! reverses this substitution, i.e. all
constants a, are replaced by the variables x. That means Yo works like T, but does not
instantiate variables in L.

In the sequel we define for a literal L and a set KC of literals, mgu(L, K) as the simultaneous
unifier for L with all literals in K.

Starting with $o “ {¢} where € is the identity substitution, a set X of test substitutions is
computed as follows:

Fori=1,...,m: S; < {00 ({pa,} U{mgu(Aic,K)a, | K C Lv}) |0 € Zi_1}

where pg, is a renaming substitution which renames those variables occurring in A; which

do not occur in Ay,...,A; 1, and for a set © of substitutions, o o ©,, denotes the set
{(00))4, | 0 € O}.
DD

The test substitution set condition to be satisfied is that for all o € X:
V(VYo(A10) A ... AVYo(Ano) = VT0(Ani10) V ... VVYT(Ano)) (56)

is a tautology, where the inner quantifier QTO(Aia) does not quantify over the variables in
A;o. These variables are bound in the outer quantifier.
<

The literals in Ly are assumed to be available as infinitely many variable renamed copies, and each
time such a literal is used for something, a new copy is taken.
We illustrate the test with the two previous examples, transitivity and condensed detachment.

Example 4.7 (Transitivity)
C =P(z,y) NPy, z) = P(,2)
LT = {P(u,v)}.
Y = {{l‘ =T,y = yl}} U {mgu(P(x,y), {P(U,U)})ml} = {{CC = T,y = yl}}
Ly ={{z = ar,y=uto({{z = a1t mgu(P(yr, 2), {P(u1,0v1)}) 4, }})
={{z= 2,y =2y, 2= 21}
Y3 =13,
The test substitution set condition now simply requires that the variables in C' are to be considered
as constants and thgn .
VTO (P(a’wl ) yy )) A VTO (P(ay1 ) Azy )) = VTO (P(a’wl ) Azy ))
is to be proved. As we have shown in example 4.2 with the K-transformation defined for transitivity,
this formula is in fact a tautology. <

Example 4.8 (Condensed Detachment)

C = P(i(z,y)) A P(x) = P(y)

Ly = {P(i(u,v)), P(i(u, i(v1,v2))), P(i(u,i(v1,i(v2,v3)))), .. .}

The characteristic literals Ly form an infinite chain where each literal is an instance of all previous
literals. Therefore the simultaneous unification of arbitrary sets of these literals with an external
literal can be done by just unifying the most specific one in this set with the external literal. This
observation (which is not un-typical) simplifies the computation of the sets ¥; considerably.
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E1 = {{CB = T,y yl},mgu(P(i(x,y)),P(i(u,v)))‘Al,
mgu(P(i(x,y)), P(i(u,i(vi,v2))))j4, - -}

= {{e—aoy—ubh{z—ouy—oh{z—uy—=i(v,v)}...,}
~ {{e—a,y—=uh{z—uy—ilv,v)},. .} (an obvious simplification)
Y, = {x'_)xlvy'_)yl}o({evmgu(P(xl)vP(i(uvv)))v'"})|A2

Uz = u,y = i(v1,v2)} o ({6, mgu(P(u), P(i(uz,v2))),. .. })ja, Y. ..
= {{e— o,y ulh{z—ilu,v),y—=unl{z—x,y—i(v,v)}, ...}
U{{z = u,y = i(v1,v2) }, {x = i(v1,02),y — i(uz,v2)},.. .} U. ..
g = Yo
~ means ‘equal up to variable renaming’. It is instructive to see what happens if we rearrange the

literals in the clause C. Nobody stops us from writing C' as C = P(z) A P(i(x,y)) = P(y) and the
test still should work.

¥ = {{z = o}mgu(P(), Pi(u,v)) 4, mgu(P (), P(i(u, 1(vi,v2)))) 4,5 - - -}
= {{CB = xl}v {CE = i(uvv)}v {ZL‘ = i(uvi(vlvv2))}v e }
T2 = A{zeato({{y = nulmgu(P(i(z1,y)), P(i(u,v))), .. .})a,

U{z = i(u,v)} o ({{y = y1}, mgu(P(i(i(u, v),y)), P(i(u1,v1))), - - })jas, Y- -
~ {{e—ao,y—=uh{z- z,y—=i(u,0)}, ...}
U{{z — i(u,v),y =} {z = i(u,v),y = v}, {z — i(u,v),y = i(v1,v2)},.. .t U ...

Y3 = X
In both cases we obtain all combinations of instantiations of z and y with terms i(s, ) where s is
a variable and t is either also a variable or again a term of this structure. <

In the transitivity example 4.7 we saw that the test substitution set is a singleton. Therefore
only a single ground instance of the clause C needs to be tested in order verify the test substitution
set condition. A quick examination of the definition of the test substitution set ¥ shows that this
is always the case when the characteristic literals have only variables as arguments.

Corollary 4.9 (Characteristic Literals with Variables)

If the characteristic literals Ly are all of the form P(xy,...,x,) with different variables z; then
the test substitution set X is always a singleton and only a single ground instance of the clause C
needed to be tested in order verify the test substitution set condition.

The following theorem guarantees soundness and completeness of literal triggered clause K-
transformations.

Theorem 4.10 (Faithfulness of Literal Triggered Clause K-Transformations)
For every clause set ® and every literal triggered clause K-transformation T for a clause C' € ®:
® is satisfiable if and only if T(® \ {C}) is satisfiable.

Proof: We show condition 5 of definition 4.1:
VY (A1p) A ... AVY(App) = VY (Ansip) V ... VYT (Anp) (57)

for all ground substitutions p and then apply Theorem 4.5.

Before we can start the main part of the proof, a property that correlates T with Ty must be
proved. Suppose for a literal L and two substitutions ¢ and ¢, Lo¢ is ground and Lo¢ is an
instance of all literals in Ly unifiable with o, i.e.

{(KeLy|Lo¢<K}={Ké€Ly|Lo<K}. (58)
This means if Lo¢ = Ku then Lo = Ku' where p = p'¢. Furthermore
T(Lop) = {Lo¢}UlUkery Lopru L (H)p
{Loo} UUkery,Lo—rp T (K)o

= ({Lo}UUkerr,pomrw Y (E)1)o
To(Lo)o. (59)
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For the main part of the proof let p be an arbitrary ground substitution. p can be decomposed
into p = p1 ... pm Where p; = pyar(a,,...,;)- pi instantiates the variables up to A;.
Let o9 = o), = €. For i > 0:
Let K; ©{K € Ly | A;p; = Ku for some p}.
If K; = @, let 0; = O’; = 0i—1PA; (€ Ei),
otherwise let ¢! = o!_,mgu(A;0;_1,K;) and o; d:“ag‘
Let ¢1 such that O'i¢i = pPi
T(Aip) = T(Aips)
={Aip:} U UKGLT,AW:KH T'(K)p (Def. 4.6, 4)
= {Aipi} U UKEIC,: T’( ()0’2(]5@‘ (since Aiag = I(U’; - Aiagqﬁi = Kaégzﬁi - Aipi = I(U’;Qﬁi
= = (070:) k)

A, €20

= ({Aioi} U UKEIC,: Y'(K)o}) o

= Yo(Aio:) i

Notice that A;p; = A;0;¢; is an instance of all literals in L~ unifiable with A;0;. Therefore the
condition (59) holds.

We end up with ¢ ¥ o, (€ ¥) and ¢ ¥ ¢,, such that p = o¢. Applying condition (56) and
instantiating the still free variables with ¢ we find

YYT0(A10)d A ... AVTo(Ano)d = YT0(Ansi10)0V ... VVYTo(Ano)d

The construction of o guarantees (58) for all A;0¢. Therefore we can apply (59) and this proves
condition (57). <

4.3 Resolution Clause K-Transformations

We now define a concrete class of clause K-transformations. These resolution clause K-transformations
work by adding resolvents of consequences of C' to the clause set ®.

Definition 4.11 (Resolution Clause K-Transformations)

A resolution clause K-transformations for a clause C' is characterized by a set Sy of consequences
of C (usually C itself together with some of its self resolvents and subsumed clauses), and for each
clause S € Sy a literal Lg € S is selected.

The definition of T is:

Y(D) = {D}U{Res(D,Ly,...,Ly,S1,...,S,) | L1,...,L, € D,S,...,S, € SX}  (60)

where Res(D, Ly, ...,Ly,51,...,S,) means simultaneous resolution between D and the clauses
Si,...,S, with resolution literals L; and the selected literals Lg, € S; (very similar to hyperreso-
lution). This is a graphical illustration of the operation

LSI Sy

Ls, S,

o | simultaneous unifier

W7

simultaneous resolvent

Example 4.2 showed how this works. <

29



We verify that the structural conditions 1-5’ of literal triggered clause K-transformations are
satisfied by resolution clause K-transformations. Only the test substitutions set must be checked
individually.

Theorem 4.12 (Conditions 1-5)
Resolution clause K-transformations for a clause C' satisfy the conditions 1-5’ of literal triggered
clause K-transformations.

Proof:

1. D € T(D) for all clauses D:
satisfied by the definition of Y (D).

2. CAND = T(D) for all clauses D:

The characteristic clauses Sy are implied by C, and Y(D) as a set of resolvents between D
and clauses in Sy is therefore also implied by C' and D.

3. Y(DyV Ds) & Y(Dy)V Y(Dy) for all ground clauses Dy and D:

On the ground level, resolvents are formed by concatenating parts of the parent clauses.
Therefore this property is a consequence of the associativity of the concatenation operation.

4. For every clause D: if D’ is a ground instance of a transformed ground instance of D then
D’ is also a ground instance of a clause in Y(D):

Let D" be a ground instance of D and D' an instance of a clause in Y(D"), i.e. D' is an
instance of a simultaneous resolvent with D”. By the lifting lemma for resolution, D"’ is also
a ground instance of a corresponding resolvent with D.

5’. There is a set Ly of literals and a function Y' computing sets of clauses such that for all
ground literals L: Y(L) = {L} UUgepy pox, T (K)w:
The characteristic literals Ly are just the complements Lg of the selected literals in Sv.
Y(L) = {L}U{Res(L,L,S)|S=LsV S € Sy, Lg resolvable with L}
= {Lyu{Siu|S=LsVS) €Sy, L=Lsu}
= {L}UUkerr ker, Y (E)p
where Y'(Ls) ¥ S; for S = (Ls V S1) € Sy

<

The structure of resolution clause K-transformations is now clear. In order to find a transfor-
mation for a given clause C' we need to define the characteristic clauses and the selected literals.
To this end we start with C itself and choose one or more literals in C' as selected literals. Then
we systemically generate self resolvents and select again one or more literals. Each time we have
chosen a literal, we check the test substitution set condition until it eventually comes true.

Furthermore the search for relevant self resolvents can be improved by testing whether the
actual version of the transformer is a K-transformation for the self resolvent. (It may well be the
case that a transformer is not a clause K-transformation for C' itself, but for a self resolvent of C'.)
In this case this self resolvent and all further self resolvents derived from this one are unnecessary.
For example the self resolvent on the second literal of the condensed detachment clause

_'P(i(xvy )7 —LP(ZL‘),P(y)

—P(i(',y"),~P(@’),  P(y)
_'P(i(xvy))v_'P(i(xlvx))v_'P(xl)vp(y)

is useless already for a transformer Y, where Sy, consists only of the condensed detachment clause
itself with the first literal selected.
In order to check this we apply the test:
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(To(Pli(a,b))) A Yo(Pli(e,a))) A Yo(P(e)) = Yo(P(b))
becomes
(P(i(a, b)) A (P(a) = P(b)) A P(i(c,a)) A (P(c) = P(a)) A P(c)) = P(b)

which is a tautology. It is easy to check that for all further ground instances with i(...,...) terms
of the structure specified in the example 4.8 this test also succeeds. Therefore this self resolvent is
redundant. Unfortunately the self resolvents with the first literal are not redundant, and we need
the infinitely many selected clauses listed in example 4.3. In the next example we show how to
deal with this infinite transfomer and we demonstrate the power of this transformation technique.

Example 4.13 (Implicational Calculus)
Lukasiewics has propsed an axiomatisation of the implicational fragment of propositional logic with
Modus Ponens (61) and one single axiom (62) [Luk70, p. 295]

Fx — yand F x implies F y (61)
F(z—=y) —2)—((z—=2)— (u—>). (62)

The predicate logic encoding of this Hilbert system consists of the condensed detachment axiom
(63) and one unit clause (64).

P(i(z,y)) A P(x) = P(y) (63)
P(i(i(i(x,y), 2),i(i(z, 1), 1(u, ¥))))- (64)

It has become a famous challenge problem in the automated reasoning literature because some of
the theorems provable from these two axioms are extremely hard to prove. Only the Otter system
[McC90, McC89] was able to prove them all. The proofs took hours and the system had to generate
millions of clauses.

In example 4.3 we have shown how the transformer for the condensed detachment clause transforms
the clause (64). We got the infinitely many clauses

Pi(i(i(x, y), 2),1(i(z, x), i(u, ¥)))) (65)
P(i(i(%y)ﬂ) = P(i(i(z, ), i(u, v))) (66)
P(i(i(2,y). 2) A P(i(z,2)) = P(i(u,)) (67)
P(ii(z,y). =) A P(i(2,2)) A P(w) = P(x) (68)
P(i(i(i(u1,u2),y), 2) A P(i(z,i(u1, ug))) A P(u) A P(uy) = P(uz) (69)
Pii(i(ur,i(uz, us)), y), 2) A P(i(z, i(ur, i(uz, ug)))) A Pu) A Pur) A P(ug) = P(us) (70)

This is not yet suitable as input to an automated theorem prover. But with some standard and
well known tricks we can convert it into a clause set suitable as input to any resolution based
theorem prover.

First of all we notice that the literals P(u) in the clauses from (68) onwards are superfluous. They
can be resolved away with the first clause (65) without instantiating the other variables. Therefore
they are simply deleted. This eliminates a redundancy which is implicitly present in the original
formulation, but which cannot be detected there. This is one reason why the original formulation
causes millions of subsumed clauses to be generated.

The next observation is that copies of the same literals occur several times. The usual trick to
avoid the computational overhead caused by multiple copies of the same formulae is to introduce
abbreviations, new predicates which stand for more complex formulae. We introduce a predicate
¢ that abbreviates P(i(i(z,y),2)). Notice that the variable y does not occur outside this literal.
Therefore ¢; needs only depend on x and z. We obtain the following clause set.

P(i(i(i(z, ), 2),i(i(z, 2),1(u, 2)))) (65)

P(i(i(z,y),2) = q1(z, 2) (71)
q(z,z) = P(i(i(z,2),i(u, x))) (72)
q(z,z) A (Z(Zv«”ﬂ)) P(i(u,z)) (73)
q(z,z) A P(i(z,2)) = P(x) (74)
q1(i(ur, uz),2) A P(i(z,i(u1,u2))) A P(ur) = P(us) (75)
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q1(i(ur,i(u2,u3)), z) A P(i(z,i(u1,i(u2,us)))) A P(ur) A P(us) = P(us3) (76)

The fact that ¢; does not depend on y means that all instances of P(i(i(x,y), z) which differ only
in the binding for the variable y are mapped to the same g;-literal. This also eliminates a source
for redundancy. The literals ¢;(x,z) A P(i(z,2)) also occur several times. They are abbreviated
by a new predicate ¢ (x). We get

P(i(i(i(z,y), 2),i(i(z, z),i(u, )))) (65)
P(i(i(z,y),2) = q1(z, 2) (71)
q(z,z) = P(i(i(z,2),i(u, x))) (72)

q(z,2) A P(i(2,2)) = g2(x) (77)

@(z) = P(i(u,z)) (78)

@(z) = P(z) (79)

g2(i(ur,uz)) A P(ur) = P(uz) (80)

qg(z(u i(ug,us3))) A P(ur) A P(us) = P(us) (81)

In the next step we use the regularities of the infinite clauses (80) onwards for a finite encoding.
The key observation is that the second argument of f successively is instantiated with new terms
i(ui,ui+1). The effect of the clause (80) is to check whether a literal g2 (i(u1, uz2)) is available where
P(uy) is also provable and then to generate P(us). If in fact the binding to us is again a term
of the form i(us,us) and P(us) is provable then the next clause (81) generates P(us3), etc. This
iterative schema can be encoded recursively with two further auxiliary predicates ¢z and ¢4.

P(u(i(i(z,y), 2),i(i(z, @), i(u, )))) (65)

P(i(i(z,y), 2) = a1z, 2) (71)
(7, 2) = P(i(i(z, ), 1(u, v))) (72)
01 (7, 2) A P(i(2,7)) = ¢2() (77)
02(2) = Pliu,)) (78)
g2(7) = P(z) (79)
02 (x) = q3(x) (82)
g3 (i(u, ) A P(u) = qa(v) (83)
¢a(v) = ¢3(v) (84)

¢a(v) = P(v) (85)

The clauses (83) and (84) realize a recursive loop where the second argument of i(u,v) is subse-
quently instantiated in the way described above and the binding for the first argument u is checked
with the P(u) literal. The clause (82) is the entry point into this loop and the clause (85) is the
exit from this loop. Together these four clauses have the same effect as the infinitely many clauses
we had before.

The clause (78) is a potential source for an infinite explosion of the size of terms. Fortunately
this clause is not independent of the other clauses. It can be derived from the remaining clauses.
Therefore we can delete it. This does not mean that this potential infinite explosion is banned,
but it is reduced considerably. The final result of our transformation is now:

P(i(i(i(x,y), 2),i(i(z, z), i(u, )))) (65)

P(i(i(z,y),2) = q1(x, 2) (71)
q(z,z) = P(i(i(z,2),i(u, x))) (72)
q(z,z) A P(i(z, ))=>Q2( ) (77)
@(z) = P(z) (79)
a2(z) = g3(x) (82)
q3(i(u,v)) A P(u) = q4(v) (83)
qa(v) = g3(v) (84)
qa(v) = P(v) (85)

On first glance these axioms look more complicated than the original two axioms (61) and (64),
in particular since the clauses (79), (83) and (84) seem to represent a disguised version of the
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condensed detachment clause again. Therefore we have to demonstrate that theorem provers in
fact can do better with these clauses as with the original ones. From our experiments with the
Otter 3.0 theorem prover we got the following results.

theorem original | transformed | improvement
1| P(i(x,x)) 1.91 0.11 17.3
2 | P(i(z,i(y,x))) 1.94 0.13 14.9
3| P(i(i(i(z,y),z),z)) 4.77 0.52 9.2
4 | P(i(i(x,y),i(i(y,2),i(x, 2)))) | 2520.77 49.51 50.9
5| P(i(z,i(i(z,v),9))) 35.07 13.75 2.5

The numbers in the third and fourth column give the total CPU time in seconds, Otter 3.0 needed
to prove the theorem (on a Solburn machine with Super Sparc processors), once from the original
two axioms, and then from the transformed axioms, both times with the hyperresolution inference
rule. The first three examples were proved with Otter’s default options. The theorems 4 and 5
are among the most complicated theorems, current day automated theorem provers can prove.
But they can’t prove them without additional guidance. The guidance we gave to the system is a
redundancy criterion: If a clause P(s) has been derived then all other derived clauses containing
instances of s as subterms are deleted?. (It is an open question whether this deletion strategy
preserves completeness). This heuristic was applied to both versions, the proof search with the
original clauses as well as with the transformed clauses. Therefore the comparison is fair. (McCune
used a weaker heuristic and reported much longer CPU times, 7933 sec. for example 4 and 2172
sec. for example 5 on a Sparc 14+ machine [MW92]).

We also tried problem 4 without any restriction. The system had to be stopped after 16 hours
of CPU time and the generation of 3.2 million clauses. Setting the limit on the size of terms to
20, a proof was found after 3333 seconds (5.7 million clauses generated). With this limit, and in
addition the above mentioned deletion rule activated, 943 seconds were needed to find a proof (0.5
million clauses generated). With the same settings, the transformed clause set was refuted in 40.4
seconds (0.03 million clauses generated) <

Improving the performance of known solutions is nice, but the real test for a new technique are
examples beyond the current theorem provers capabilities. William McCune listed in his CADE
article [MW92] a number of theorem proving problems which could not be solved so far. We tried
some of them.

Example 4.14 (Implicational Calculus with Falsehood)
According to Meredith [Mer53], Modus Ponens together with the following single axiom

F(((z—=y)=(E—=F)—u —=v)—=((voz)—(z—a) (86)

axiomatizes the implicational fragment of propositional logic with falsehood (F).
The predicate logic encoding of this Hilbert system consists of the condensed detachment axiom,
again together with one unit clause (87)

P(i(x,y)) A P(z) = P(y)
P(i(i(i(i(i(x,y),i(z, F)), u),v), i(i(v, 2),i(z,2)))). (87)

Again we use the transformer for condensed detachment and simplify the resulting clauses with
the same methods as explained in the previous example 4.13. The result is

= P(i(i(v, x),1(z, 7))

(
P(i(i(i(igﬁb,y),i(Z,F)),U),’U)) = QI(vavz)
) A P(i(v,x)) = ¢2(z, @)

2The dynamic demodulation mechanism in Otter can be used to delete these clauses. Clauses P(s) -> (i(x,s)
= junk). and P(s) -> (i(s,x) = junk). are added and the weight of junk is set bigger than the weight limit.
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qs(v) = P(v)

Unfortunately the transformed clause set of this example did not contain any of the redundancies
we discovered in the previous example. Therefore we did not expect such significant improvements
due to the transformation and subsequent simplification.

From these axioms we proved with Otter 3.0 six theorems. The inference rule was hyperresolution.

theorem original | transformed | factor
L[ P(ii(, y), i(i(9, 2)i(2,2)))) 9019 3000 | 3
2 | P(i(z,i(y,z))) 0.11 0.11 1
3 | P(i(i(i(z,y),x), x)) 6.45 15.61 | 1/2.4
4 | PU(F,2)) 0.06 0.06 1
5| P(i(i(i(z, F), F, z))) 2.08 463 | 1/2.2
6 P(z(z(x,z( 2)),i(i(z,y),i(x, 2)))) 21685 16089 1.3

Again the numbers in the third and fourth column are the total CPU time in seconds needed
to find the proof. Theorems 2-5 are quite simple. And in fact, our transformation brought no
improvement at all, at best we got the same CPU times as for the original version. Theorem 1 and
theorem 6, however, were the really hard ones. No machine generated proof was known so far. We
first found proofs for both theorems from the transformed axioms.

We did two experiments with the first theorem and the transformed clauses. In the first run, we
limited the size of the derived literals to 20. This was the only restriction on the search space. The
proof took 13590 seconds (3 hrs 46 min). The system generated 10250093 clauses and kept 180341
clauses. The proof consisted of 575 hyperresolution steps. The proof depth (depth in the search
space) was 192.

In the second run we restricted the size of the terms to 18, switched off backward subsumption
(backward subsumption turned out to be very expensive and completely useless) and applied a
similar deletion rule as in the problems 4 and 5 of the implicational calculus example above: if a
clause P(s) is derived and s is not of the form i(F,t) then all clauses containing instances of s as
subterms are deleted. The proof now took only 3000 seconds (50 min). Only 2000588 clauses were
generated and 32540 clauses were kept. The proof was a bit shorter than the previous one, 483
hyperresolution steps, with proof depth 164.

Once we had found a proof in the transformed system we also succeeded to find a proof with the
original axioms. We used the same control heuristics as before. After 2 hrs, 30 min of CPU time
and after having generated 3833104 clauses the system came up with a proof. The proof was much
shorter, only 69 hyperresolution steps.

Similar things happened with the sixth theorem. This example turned out to be even harder than
the previous one. We restricted the size of the terms to 18, switched off backward subsumption
and applied the same deletion rule as before. The proof took 4 hrs, 28 min. The length of the
proof is 513 hyperresolution steps. The proof depths is 186. The system generated 7550566 clauses
of which 51489 were kept.

With the same control options we then found a proof from the original axioms. The proof took 6
hrs, 1 min. 8744542 clauses were generated and 25647 kept. The proof was again shorter, only 74
hyperresolution steps.

Although the transformation was not useful for the simple examples, and the factors don’t look
impressive for the complex examples, it saved more than 3 hours of CPU time for both examples
together, and this is the important number. <
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4.4 An Operational View of Clause K-Transformations

In order to understand the effect of clause K-transformations, a certain operational view on clauses
is very helpful. A clause like the transitivity clause can serve as a nucleus for a hyperresolution
step. Hyperresolution with transitivity takes two other clauses, the ‘electrons’ as input partners
and generates the hyperresolvent as output. For example, the transitivity clause accepts the two
clauses R(a,b) and R(b,c) and generates R(a,c). Repeated hyperresolution with the transitivity
clause successively generates the transitive closure of a basic relation. For example from R(a,b),
R(b,c), R(c,d) and R(d,e) three hyperresolution steps generate R(a,c), R(b,d) and R(a,d) and
this describes the full transitive closure of the basic relation. Thus, the transitivity clause itself can
be identified with a transitive closure computation process. The transitivity clause is the active
component and the other clauses are the data part.

Now we transform the data part by adding for each positive R-literal the resolvent with the
first literal (we could also chose the second one) of the transitivity clause. In our example this
means R(a,b), R(b,c) and R(c,d) are transformed into

Ci1 R(a,b)
CQ R(b, C)
03 R(C, d)
R, R(b,z) = R(a,z)
Ry R(c,z) = R(b,2)
Rs R(d,z)= R(c,2)

The new clauses can now also serve as nuclei in hyperresolution steps. For example hyperresolution
with R; takes clauses with literals R(b, s) for an arbitrary s as input and produces R(a, s) as output,
i.e. it computes a part of the transitive closure of the basic relation. Thus, we have turned the
passive data C,Cs,C5 into active processes. Instead of the transitivity clause as a single process,
we have now three different processes represented by the clauses Ry, R> and R3. Moreover these
processes can work in parallel. And in fact we have parallelized the closure computation process for
the particular basic relation consisting of Cy,Cy and Cs.

The question is now: are the new processes sufficient to compute the full transitive closure? In
our simple example this is obviously the case. Rs computes from C3 the new fact R(b,d) and R
computes from this new fact the second part R(a,d) and from Cs the remaining part R(b, d) of the
transitive closure. Our general completeness result and the test described in example 4.2 confirm
that this is really sufficient in general.

Notice that our transformation turns only the initial clauses into active processes, not the
derived clauses. They remain passive data. In logic terms this means that resolution of the derived
clauses with the transitivity clause is not performed and this in turn means that no self resolvent
is used.

The development of a resolution clause K-transformation for a given clause is a search process
which can in principle be fully automated — at least for the finite cases. As always with complicated
search processes, some heuristics may improve the efficiency and the result. We illustrate with
another example that the operational view of the transformations can help finding simple clause
K-transformations.

Example 4.15 (Euclideanness)
Let us try to find a resolution clause K-transformation for the euclideanness clause

R(x,y) A R(z,z) = R(z,y). (88)

We have to go through a sequence of clauses consisting of the euclideanness clause itself and its
consequences, select for each clause a literal and then check the test substitution set condition.
We start with T characterized by the clause (88) itself and select the first literal. Since the
selected literal has only variables as arguments, we need to test only a single ground instance.
Y1(R(a,b)) AY1(R(a,c)) = T1(R(c,b))

becomes
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(R(a,b) A (Vz R(a,z) = R(z,b)) A R(a,c) A (Vz R(a, z) = R(z,¢)))

= (R(c,b) A (V2 R(c,z) = R(z,0))).

This is not a tautology. Now we have a choice. Either we test the first self resolvents, or we take a
copy of the euclideanness clause and select the second literal. (A fully automated search algorithm
has a branching point here). A semantic consideration, however, and the heuristic formulated in
Section 3.8 gives us a much better result.

Given the two clauses C; = R(a,b) and Cy = R(a,c) for example, Y1 adds the two resolvents

Ri: R(a,z)= R(z,b)
Ry : R(a,z)= R(z,c).

Obviously R; and R, as ‘active processes’ are able to compute the euclidean closure R(c,d) and
R(b,c) of C; and C,. But a slightly more complicated example shows that this is not sufficient in
general. Consider the basic relation which is depicted by the following graph

b c e
a d (89)
T, adds
R, : R(a,z)= R(z,D)
Ry : R(a,z)= R(z,c)
Rs: R(d,z)= R(z,c)
Ry: R(d,z) = R(z,e)
With these clauses the four additional arrows:
b c e
a d

can be derived, but this is not the full euclidean closure. The remaining two arrows R(b,e) and
R(e,b) cannot be generated. What we would need for example is a clause

R(a,c) A R(e,z) A R(c,v) = R(v, z)

to compute at least one of the missing arrows from the initial clause R(a, c¢) and the derived clauses
R(c,b) and R(c,e).
A candidate for an extension of Y; is therefore

R(z,y) A R(y,2) A R(y,v) = R(v,2) (90)

where the first literal is selected. This clause is subsumed by the euclideanness clause and therefore
of course implied by it. Now we define T as the resolution clause K-transformation such that the
characteristic clauses are the two clauses (88) and (90), and both times the first literal is selected.
We have to test

Y2 (R(a,b)) A Yo(R(a,c)) = YTo(R(c,b))

which becomes

(R(a,b) A (Vz R(a,z) = R(z,b)) A (Vz,v R(b,2) A R(b,v) = R(v, z))

A R(a,c) A (Vz R(a,z) = R(z,¢)) A (Vz,v R(c,2) A R(c,v) = R(v,2)))

= (R(c,b) A (Vz R(c,z) = R(z,0))) A (Vz,v R(b,z) A R(b,v) = R(v, 2)).

This is in fact a tautology. Therefore Y5 is a sound and complete transformer for the euclideanness
clause. <
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We have developed a framework for clause K-transformations and we have provided criteria
guaranteeing the faithfulness of the transformers, which can be tested by computer programs. The
condensed detachment example and the euclideanness example, however show that the development
of a good clause K-transformation for non—trivial examples still requires intuition and a certain
understanding of the operational behaviour of these clauses. Automating this part of the process
therefore is really non—trivial. It requires an expert system with suitable heuristics and means for
dealing with infinitely many clauses.

4.5 Further Applications of Clause K-Transformations

We comprise the examples of clause K-transformations we have either developed already or which
are now trivial to obtain. We leave the verification of these examples as an exercise to the reader.
The transformations are written as a list Sy of characteristic clauses

resty
L= rests

where L is a common selected literal of all the clauses L = rest;.

Symmetry:
R(z,y) = R(y, ) (91)

Permutation: (R(z,y,2)= R(y, z,x))
R(y, z,x)

R@y,2) = { R(z z,y)

Transtivity:
R(z,y) = (R(y, 2) = R(z, 2)) (93)

alternatively (the second literal is selected)

R(z,y) = (R(z, %) = R(z,y)) (94)
Euclideanness: (2.2) (2.1)
R(z,z) = R(z,y

ey = { R(y,2) A R(y,v) = R(v, )

Condensed Detachment:
P(i(z,y)) = P(z) = P(y)
P(i(x,i(21,21))) = P(x) AN P(z1) = P(z1)

P(z(x,z(zl,z( . Z)ANP@)AP(z1) A ... ANP(zi21) = P(z:)
(96)

4.5.1 Prolog Coding Tricks

All the clauses we have mentioned above cannot be used in Prolog programs because they im-
mediatly cause Prolog to loop. For example the symmetry clause in a Prolog program r(X)Y) :-
r(Y,X). immediately generates an inifinite loop. The same happens with more complex permuta-
tion clauses. Our clause K-transformations provide a simple solution to this problem.

Symmetry:
In the symmetry case (r is symmetric), every Prolog clause
r(s,t) - body.
is replaced with the two clauses
r(s,t) - body.
r(t,8) - body.
and the symmetry clause is not needed any more.
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Permutation:
For the permutation example (‘r(Y,Z,X) :- r(X,Y,Z)’ holds), we replace every Prolog clause
r(s,t,u) :- body.
with the three clauses
r(s,t,u) :- body.
r(t,u,s) :- body.
r(u,s,t) :- body.

Transitivity:
If the transitive relation is the closure of some basic relation, there is no problem in Prolog. For
example the ancestor relation as transitive closure of the parent relation can be programmed as
ancestor(X,Z) :- parent(X,Z).
ancestor(X,Z) :-parent(X,Y), ancestor(Y,Z).
If, however, the relation stands on its own, the transitivity has to be programmed explicitly in
Prolog. The transitivity clause
r(X,Z) - r(X,Y),r(X,Z).
however, works only for successful queries r(s,t) with ground terms s and t. In all other cases Prolog
loops. With clause K-transformations we can either use the transformer (93) or the transformer
(94) to solve this problem.

For all clauses
r(s,t) - body.
we either add
r(s,Z) - r(t,Z),body.  (first transformer)
or alternatively
r(Z,t) - r(Z,s),body. (second transformer)
If the relation is transitive and reflexive, we keep the reflexivity clause
r(X,X).
but remove all other original clauses r(s,t) :- body.

Whereas these examples were straightforward applications of the K-transformation idea, the
other two examples, euclideanness and condensed detachment, cannot be implemented in Prolog
without further tricks.

4.5.2 Indirect Transformations

We gave some examples for formula K-transformations where new symbols where introduced from
nowhere. The transformation (29) for binary relations is an example of this kind. Similar manip-
ulations are possible with clause K-transformations. The trick is to add certain clauses first and
then to use them for the transformation. Of course arbitrary clauses can not be added to a clause
set without extra provisions. It must always be proved that every model for the original clause set
can be extended to a model for the extended clause set (the other direction is trivial.).

We give an example for this trick. For every serial binary predicate R we can add to every
clause set the formulae

Va,y R(x,y) = Iv:AF y = apply(v, ) (97)
Va,v:AF R(x,apply(y,x)). (98)

As shown in Section (3.5), any model for the original clause set ® with the predicate R can be
extended to a model for ® and the two new formulae: The sort AF is interpreted as the set of
accessibility functions mapping points to accessible points. apply is interpreted as the ‘apply’—
functions. This interpretation satisfies both (97) and (98).

These two formulae are now used to generate a clause K-transformation. The formula (97) is
the characteristic clause and the first literal is the selected literal. In order to get a clause normal
form, we can Skolemize the existential quantifier in the formula (97) directly or after applying the
transformation. This makes no difference. The test substitution set check is trivial in this case.
Therefore the transformer is faithful.
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Applied to the modal logic case in the same way as in Section (3.5), we can turn this transfor-
mation into the so called semi functional translation for modal logic formulae in negation normal
form into predicate logic [Non93].

trs(Op,w) = Yv R(w,v) = trs(p,v) (99)
trs (Op,w) = Iv:AF trs(p, v(w)). (100)

Converted to clauses the result of this transformation does not contain any positive R-literals.
The only positive R-literals are (98) which has to be added always and positive literals specifying
properties of the accessibility relation. This can be exploited to transform these properties also.
For example modal logic S4 is characterized by the reflexivity and transitivity of the accessibility
relation. But we have just developed clause K-transformations for transitivity (93) and (94). The
only formula with a positive literal (98) becomes either

Vx,v:AF Vz R(apply(vy,z),z) = R(z, z) or
Vz,v:AF Vz R(z,z) = R(z, apply(y, x)).

Each of these formulae together with the reflexivity clause now specifies S4 modal logic in the
semi functional translation. Compared to the three literal transitivity clause, this clause is much
easier to handle. The semi functional translation is not as compact as the functional translation for
modal logic, but it allows for an optimized treatement of the theory clauses without extra theory
unification algorithms.

5 Elimination of Literals

An important question is whether it is possible to find K-transformations automatically. Un-
fortunately there is not much hope to find K-transformations like the decomposition of n—ary
relations into binary relations, see (26), or the functional representation of binary relations, see
(29) automatically. These transformations exploit elemenary properties of relations which are not
represented syntactically in any way. But in many other cases the essential information for formula
K-transformations is in fact syntactically accessible. A formula K-transformation is represented
by an equivalence L < C. That means it represents a definition of L in terms of something else.
Definitions like for example

Va,y subset(x,y) < (Vzin(z,x) = in(z,y)) (101)

where L is subset(x,y) are easy to spot automatically in a formula set. Converted to clause form,
however, such definitions look much more complicated. The clause form representation of (101)
for example, is

—subset(z,y), ~in(z, x),in(z,y)

subset(x,y),in(f(z,y),x)

subset(x,y), min(f(z,y),y)

where f is a Skolem function. How to reconstruct the original definition from these three clauses is
not obvious. Nevertheless, the information is there and one should be able to dig it out. Moreover,
according to Beth’s definability theorem, if a literal is implictly defined® by some ®, it is also
explictly defined, i.e. ® = (L & ¢) is provable for some ¢. Thus, the information about the
definition of L is syntactically available.

Suppose L & ¢ is in fact provable from some clause set @ (our method works best, but is not re-
stricted to, clauses). This means ® = v (L= ¢) and ® = v (=L = —¢). Therefore ® A 3 (L A —9)

3The intuitive definition of ‘implicitly defined’ is: a literal L is implicity defined by ® iff whenever an interpretation
fixes the semantics of all other symbols in ® then there is no choice for the interpretation of L in order to satisfy
®. For example if & = P < @Q then there is no choice for P as soon as the interpretation of Q is fixed. If, however
® = PV Q then one can satisfy ® by making @ true and there is still a choice for P.
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as well as ® A3 (=L A ¢) are unsatisfiable. Let L' and ¢’ be the Skolemized version of 3 (L A ¢).
L' is a ground literal, ¢’ not necessarily. Summerizing, both

DAL A-¢ and DAL AY (102)

are unsatisfiable.
Let C' be all resolvents between L’ and clauses in ® and let D’ be all resolvents between =L’
and clauses in ®. Since L' is ground we have (by the definition of the resolution rule)

L'=C" and —-L'=D" (103)

Furthermore, using the purity deletion principle which says that a clause becomes superfluous as
soon as all resolvents with one literal are generated, we can replace the L' in (102) by the C’ or
D’ respectively. That means

SNAC' A~ and S®AD A¢ (104)

are also unsatisfiable. Thus, ® = C' = =¢' and ® = D' = ¢’ are tautologies, which entails ®
= =(C" A D’). Simple propositional consequences of this together with (103) and (104) are now
®=L"<C" and ®=-L' < D'. Since the Skolem constants introduced at the beginning are
arbitrary, we finally get ® = VL < C and ® = V-L & D, where the Skolem constants in C' and
D’ are replaced by variables.

This means the algorithm for finding a definition for L is quite simple: Generate resolvents with
L' and =L’ and check whether C’ and D’ together with ® is unsatisfiable. The above considerations
are essentially the soundness and completeness proof of this method.

The algorithm given below is a slight modification of this idea with particular emphasis on
using the definition as K-transformation afterwards.

Definition 5.1 (Finding Definitions)

Let @ be a set of clauses. Let L be the literal we want to find the definition for. Let us indicate the
variables in L by L[z;...x,]. Suppose ({C1,...,Cpn} U{D1...D,} UG) C ®, where &’ is a specified
subset of ®. One of the C; or D; may be the tautology LV —L. Let L' be the ground instance
Llc;...c,] of L obtained by replacing all variables by distinct new constant symbols ¢;...cp. Let
C]...C! be obtained by resolving L' with Cy...C,,, respectively, and let Dj]...D! be obtained by
resolving =L’ with D;...D,,, respectively. We need not include all possible resolvents here, but
only a subset of the possible resolvents of L' and =L’ with the clauses C; and D;. Then we test
if ® AC]A...ANC! ADjA..AD] isunsatisfiable, possibly by searching for a resolution proof of
the empty clause. This unsatisfiability test is often easy, since many variables in the C! and D;-
have been replaced by new constant symbols. Let C' be C] A ... A C/,. We sometimes indicate the
occurrences of the new constant symbols in C’ by C’[c1...cp]. Similarly, let D' be D] A ... A D},
We sometimes indicate the constant symbols in D' by D'[c;...c,]. Let C' be C' with the occurrences
of ¢;...cp replaced by new variables x;...zp; thus C is C'[z;...xp]. Similarly, let D be D'[x;...x}].
If we find that ® A C' A D’ is unsatisfiable, then we have a definition of L: L < C or equivalently
-L& D <

In many cases it is clear which are the clauses C; and D;. But it is usually not clear which
are the right resolvents with L’. Therefore this part may involve a search process. But from the
examples we have checked so far there are only a few choices and the search is really simple.

Lemma 5.2 (Soundness of the Method for Finding Transformers)
If C and D are found as described in definition 5.1 then ® = (L < C) and ® = (=L & D).

Proof: First, ® = (L' = C") because C' is derived from ® U {L'} by resolution, and therefore
® ANL' = C'. Since the ¢; are new constant symbols that occur nowhere else in &, P AL = C.
Therefore ® = (L = C). Similarly, ® = (=L = D). We also have that ® implies (C' A D = false)
since ®' A C" A D' is unsatisfiable and ® = ®'. Since ® = (C' A D = false), ® = (C' = —D) and
®=(D=-C). Thus ® = A(L=C)(C=-D)so® = (L = —-D),ie. &= (D=-L).
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Similarly, ® = (=L = -C). Since we already have ® = (=L = D) and ® = (L= C), we
obtain ® = (L < C) and ® = (L & D). <

The two equivalences L < C and =L < D can be used to replace all occurrences of L with
C and all occurrences of =L with D. Moreover, it can be shown that the resolution partners
C; and D; used to find C and D can be removed. We therefore define an eager version of the
transformation as follows:

Definition 5.3 (Eager Transformation)

Let ® be a clause set and let @', {C1,...,Cp},{D1...D,} be the clauses in definition 5.1 used to
find the transformation L < A and =L < B. @' is disjoint from ({C1,...,Cp} U{D1...Dy,}).

Let ¥' be @\ ({C1,...,C,} U{D;...D,,} U®’). Let " be ¥' with all instances of L and =L in ¥’
replaced by corresponding instances of A and B. We assume that all literals in ¥ unifiable with
L or =L are in the instances of A and B introduced by the replacement. Now ¥ % ¥ U &' is the
result of the transformation. N

Theorem 5.4 (Soundness and Completeness of the Eager Transformation)
If ¥ is the result of an eager transformation then W is unsatisfiable iff ® is unsatisfiable.

Proof: Note that the ‘clauses’ of ¥ may have a more complicated structure than usual, that is,
some of their literals may be instances of A or B. We nevertheless can consider these formulae
as literals. Suppose W is unsatisfiable. Now, all clauses of ¥ are logical consequences of ®.
For example, if C' U {L[t1...tp]} is in ® then C'U {A[t1...t,]} is a logical consequence of ® since
®' A Llxy...xp| = Alzy...xp] for all x;. Similarly, if C'U{=L[t;...t,]} is in ® then C U {Bt;...t,]} is
a logical consequence of ®. Therefore, ¥ is a logical consequence of ®, so if ¥ is unsatisfiable, so
is ®.

Now, suppose ¥ is satisfiable. Then there is a model & of ¥. For simplicity we can assume it is a
Herbrand model. Let &’ be a model constructed in the following way: If  satisfies A[t;...tp] then
Q' satisfies L[t1...t,], for all ground terms ¢1...t,. If  satisfies B[t1...t,] then ' satisfies = L[t1...t,)].
If & satisfies neither A[ty...t,] nor Blt;...t,], then we can choose 3’ arbitrarily on Lit;...t,] and
= L[ty...tp]. We first show that & cannot satisfy both A[tq...t,] and Blt;...t,]. This is because @’
implies (A[z1...xp] A Blzy...xp] = false) and &' C ¥. Therefore such a structure 3’ exists.

Now we show that ¥’ satisfies the C; and D;.

If there are some occurrences of instances of L or =L remaining in the unmodified part of ¥, then
it may be that & and &' disagree on some ground instances of L or =L, since the clauses C; and
D; implying L < A and —~L < B may be removed from ® by this transformation. That is, we may
have & |= N and Q' £ N for some instance N of L or =L. However, if ¥ has no such literals
unifiable with L —L, this will not matter. Also, since & is a model of ¥, &’ is a model of ®. Since
& satisfies at least one literal of each clause in ¥, &' satisfies at least one literal of each clause in
®. The only time there can be a difference between the way & and S’ treat clauses in ¥ and @,
respectively, is when $ fails to satisfy either Aft;...t,] or B[t1...t,]. In this case, 3’ will satisfy one
of L[ti...tp] and =Lt; ...t,]; this will only have the effect of possibly making more literals of ® true.
However, the remaining construction of &' guarantees that at least one literal of each clause in ®
is satisfied by 37, so this does not matter. <

We can also define a lazy version of the transformation in a slightly different way:

Definition 5.5 (Lazy Transformation)

Let ¥ be ® with some or all occurrences of clauses C' U {L[t1...t,]} replaced by C U {A[t1...t,]}
and some or all occurrences of clauses C' U {—L[t;...t,]} replaced by C U {Blti...t,]}, for all terms
t;. Thus we replace some or all instances of L and =L by corresponding instances of A and B.
We allow this transformation to be applied to more than one literal of a clause of ®. However,
the clauses C1...C,, and D;...D,, are retained in ¥ and not transformed, nor are the clauses in ®’
transformed. The clauses in ®' may contain literals that unify with L or —L. <

Theorem 5.6 (Faithfulness of the Lazy Transformation)
¥ is unsatisfiable iff ® is unsatisfiable.
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Proof: The proof is much as before in the eager case. We can show as before that if ¥ is unsatisfiable
then @ is unsatisfiable. Suppose ¥ is satisfiable; then it has a model & as before. From this we
construct a model §” as above. The difference is that we still have the clauses C; and D; in ®, so
that ¥ = (L & A) A (-L < B). This means that for any ground instance N of L or =L, & | N
iff 3’ = N. Reasoning as above, 3’ is a model of ®. <

Note that if the eager version of the transformation is used, ¥ will not contain any instances
of L or =L. Thus we have simplified the set ®, in some sense; this is especially true if L or =L
is of the form P(x;...r,) where P is a predicate symbol; in this case, all occurrences of P are
eliminated. If the clauses C; and D; contain other literals unifiable with L and —L, then the lazy
version must be used and we cannot necessarily eliminate all instances of L or =L. However, in
this case, we can sometimes use complete refinements of resolution to show that the clauses C; and
D; are unnecessary.

If the clauses C; and D; are not present in ®, or are too difficult to detect, we can try to create
them. One way to do this is by resolving clauses of ®. There may be other ways too.

Note that the process of finding and applying such a transformation is completely automatic —
it could be added as a preprocessing routine to a theorem prover, to search for such literals L and
systematically replace them as indicated above. This can be made semi-interactive by having the
prover search for such transformations and query the user about whether they should be done. No
general argument about semantics is necessary for this, just a check whether the C! and D; are
unsatisfiable, which can be done by a limited search for a refutation of some kind.

A slightly similar transformation is used with good results in the paper [PP91]. The value
of replacing predicates in set theory by their definitions in improving the efficiency of a theorem
prover is also shown in a paper by Plaisted and Greenbaum, [PG86].

We now give some general conditions guaranteeing the existence of the clauses C; and D; as
required by this method. Suppose we have a definition in the form L < W where L is a literal and
W is some first-order formula. This could be something like subset(X,Y) < (VZ)(Z € X = Z €
Y). We consider this as universally quantified, i.e., (Vx1...z:,)(L = W). If we convert this to clause
form in the usual way we get clauses for (L = W) and (W = L). The clauses for (L = W) will be of
the form =L v C}" and those for (W = L) will be of the form D’ v L. Also, the clause form for W is
just V;C}" and that for =W is Vv ;D7. Now, if we apply the above idea for automatically detecting
killer transformations to eliminate L, we replace the variables of L and =L by constants, obtaining
L"and =L, respectively, and do resolutions with L' and —~L'. This gives us the clauses D'/ (from L')
and C}' (from = L"), with variables in L and =L replaced by constants; we indicate these by D’ and
Cj, respectively. Then A ;D' A A;C} is the clause form for (Jzy...2,,)(W A =W). This formula is
unsatisfiable. Since the conversion to clause form is satisfiability preserving, A jD; A A ;Clis also
unsatisfiable. Thus we could automatically detect these clauses C; and D; as indicated above.

The point of this is that if we actually include definitions of something in the input clauses,
and translate them into clause form in the usual way, then this method is capable of automatically
extracting them again and using them for definitional replacement. So if we give a collection of
set theory axioms and theorems of set theory, then a prover could automatically (without being
told that the input is set theory) rediscover these definitions and replace set operations by their
definitions and thus become a much better prover for set theory. This means the user would not
have to indicate definitions in any special way. Or if the input contained definitions ‘by accident’
that the user didn’t know about, they could be detected.

There is another characteristic that the clauses C; and D; often have. Suppose that C; is (up
to renaming of variables) C}' U {=L} and D; is D} U{L}. Suppose that these occurrences of =L
and L are resolved away to obtain C; and D’. Then Ais CY' A ... AC}, and B is D{ A ... A Dy;. We
do not transform the clauses C; and D; in the computation of ¥. However, if we were to transform
the clauses C; and Dj, we would obtain the clauses C}' vV B and the clauses D7 vV A. Since A is
CY'A...ACJ and Bis D{ A ... A Dy, we would obtain essentially the clauses C' vV DY for all i and
j. The conjunction of all these clauses C;' V DY is equivalent to AV B. If AV B is a tautology,
then the clauses C' V DY are tautologies.

We can give some general conditions under which AV B will be a tautology. For example,
suppose that S was obtained by converting first-order formulae into clause form, and one of these
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formulae was of the form L < W. Then this is equivalent to L = W and W = L. When this
is converted to clause form, we will obtain clauses of the form =LV C}" and of the form LV DY
where C{' A ... AC) is the clause form of W and D{ A ... A D! is the clause form of —=W. In this
case, we have that C}' V D may be a tautology for all i and j, because these clauses arise when
converting W vV =W to clause form. If W contains no quantifiers, then the transformation to clause
form is equivalence preserving and then C}' v D! will be a tautology for all i and j. However, if
W contains quantifiers, then the transformation to clause form is only satisfiability preserving, not
validity preserving. Therefore, even though W Vv =W is a tautology, it is not necessary that AV B
be a tautology.

When we are looking for the clauses C; and D;, we can prefer those such that AV B is a
tautology. This doesn’t necessarily make the method more powerful, but it does help to find
clauses that correspond in a natural way to definitions. Note that this test for tautology and logical
consequence can be done automatically by a theorem prover, in the sense of partial decidability.

For example, if we have the following definition: € (yNz) < (z € y Az € z). Here L is the
formula z € (y N z). When we convert this to clause form, we obtain the following clauses:

ze€(ynz)=x€y

z€(ynz)=x €z

(xey)A(zez)=ae(ynz)

Now, we have L is x € (yNz) and =L is =(x € (yNz)). Then Ais (x € yAz € z) and B
is (-z € y) V (-x € z). Note that AV B is a tautology and that A A B is unsatisfiable. Also, we
have C{'is z € y and C3 is x € z and DY is (-~x € y) V (—z € z). We can verify that C}' v D is a
tautology for all ¢ and j.

Unfortunately, the Cj" and D contain literals that unify with L and =L, so we cannot use the
eager version of the transformation here. This can be helped by introducing a new version of the
‘€’ predicate, but when this is used it will not create tautologies and so the transformed versions
of the C; and D; must still be retained.

Another example comes from the conversion of the definition of subset to clause form, as follows:

subset(z,y) < (Vz)(z €x =z € y)

For this definition, there are no occurrences of subset in the right-hand side, so the eager version
of the transformation can be used. In this way, the set ¥ will not contain any occurrences of the
subset predicate. We note that a quantifier is needed to express the definition of subset. However,
we obtain the effect of replacing subset by its definition even in a Skolemized setting in which
the quantifier has been removed. Since the right-hand side contains a quantifier, AV B is not a
tautology.

A further example of the value of this transformation approach is if the Boolean connectives
are defined by statements like true(X) A true(Y') = true(and(X,Y)), true(and(X,Y)) = true(X),
true(and(X,Y)) = true(Y’), and similarly for other Boolean connectives. Then using the trans-
formation technique, we can detect that predicates of the form ¢rue(and(X,Y")) are defined and
can be eliminated in favor of true(X) A true(Y"). Now, since the definitions contain other literals
that unify with L and —L, we cannot use the eager versions of the transformations. This means
that it is necessary to retain the definition of ‘and’ in ¥. However, if we use ordered resolution,
then the literals containing ‘and’ will be the largest literals in their clauses. It is possible that in
¥ they will not resolve with anything else except other literals in the definition of ‘and.” This will
produce only tautologies, which can be deleted. In this way, we eliminate all occurrences of ‘and.’
The same procedure can be applied to the other Boolean connectives. Note that if ® contains no
other function symbols than ‘and’, ‘or’, and ‘not’, and their definitions can be eliminated in this
way, then the transformed ® will contain no function symbols at all. In this way we transform a
problem into a simpler one that is in a decidable sublanguage of first-order logic. We note that
the definition of z € (y N z) may sometimes be eliminated in the same way, if ordered resolution
is used after the transformation to ¥. This is possible because A V B is a tautology, showing an
advantage of choosing transformations with this tautology property.
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6 Summary

We have presented methods for developing transformations of logical systems which guarantee
that formulae are theorems in the original system if and only if the transformed formulae are
theorems in the transformed system. With examples from very different areas of classical and
non—classical logics we have demonstrated that the transformations are very easy to apply. The
proof obligations are extremely simple in most cases. Finding the transformers also seems to
be quite straightforward. This makes K-transformations a very powerful tool for generating and
investigating transformations of logical systems and in particular for improving the performance
of automated theorem provers.
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