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Abstract: Explicit expressions for one-loop five supergraviton scattering amplitudes in

both type II superstring theories are determined by making use of the pure spinor formal-

ism. The type IIB amplitude can be expressed in terms of a doubling of ten-dimensional

super Yang–Mills tree amplitude, while the type IIA amplitude has additional pieces that

cannot be expressed in that manner. We evaluate the coefficients of terms in the ana-

lytic part of the low energy expansion of the amplitude, which correspond to a series of

terms in an effective action of the schematic form D2kR5 for 0 ≤ k ≤ 5 (where R is the

Riemann curvature). Comparison with earlier analyses of the tree amplitudes and of the

four-particle one-loop amplitude leads to an interesting extension of the action of SL(2,Z)

S-duality on the moduli-dependent coefficients in the type IIB theory. We also investigate

closed-string five-particle amplitudes that violate conservation of the U(1) R-symmetry

charge – processes that are forbidden in supergravity. The coefficients of their low energy

expansion are shown to agree with S-duality systematics. A less detailed analysis is also

given of the six-point function, resulting in the vanishing of the analytic parts of the R6

and D4R6 interactions in the ten-dimensional effective action, but not in lower dimensions.
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1 Introduction and overview

1.1 Introduction

Over the past few years the study of scattering amplitudes in supersymmetric quantum field

theory and string theory has led to a stimulating interplay between physical ideas and struc-

tures of mathematical interest. These beautiful relationships strongly constrain theories

with maximal supersymmetry, which can be viewed as descending from ten-dimensional

open or closed-string theories. This has led to the discovery of a number of intriguing

properties of both perturbative and non-perturbative aspects of such theories in various

backgrounds and in a variety of dimensions. In particular, the relationship between pertur-

bative and non-perturbative properties of string theory embodied in its duality symmetries

has stimulated many fruitful research avenues.

The objectives of this paper are twofold. The first is to investigate properties of closed-

string one-loop amplitudes in type II superstring theory with more than four external

particles, which have not previously been studied systematically. Here we will mainly

discuss five-particle amplitudes, with some additional results for six-particle amplitudes.

This will make use of the general rules for constructing open-string one-loop amplitudes that

were derived in [1] by use of the pure spinor formalism [2, 3], combined with the constraints

imposed by BRST invariance. In the type IIB case we will see that the kinematic structure

of the five-particle amplitude is similar to that of the tree-level amplitude of [4–6], as well

as with the structure of four-particle tree and loop amplitudes. We will also present a

detailed analysis of properties of the low energy expansion of these amplitudes.

The second objective is to make use of these perturbative results to extend the un-

derstanding of the exact, non-perturbative, structure of terms in the low energy expansion

of the amplitude. These are strongly constrained by S-duality, which relates strong and

weak coupling. Such higher dimensional interactions have coefficients that are functions

of the scalar fields, or moduli. The ten-dimensional type IIB theory provides the simplest

nontrivial example, with duality group SL(2,Z) [7]. Compactification to D = 10 − d di-
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mensions on a d-torus results in a theory with maximal supersymmetry with a rank-(d+1)

duality group that is an arithmetic subgroup of the real split version of Ed+1 [7]1.

Past results concerning SL(2,Z) duality of four-particle scattering have led to expres-

sions for the exact dependence on the moduli of the coefficients of certain BPS interactions

that arise at the first three orders in the low energy expansion of the effective action beyond

classical supergravity [12–15]. Four-particle processes conserve the U(1) R-charge of type

IIB supergravity, but it is not generally conserved in N -particle string theory amplitudes

with N ≥ 5. The modular properties of the coefficients of a number of U(1)-violating

effective interactions at the same order as R4 in the low energy expansion were considered

in [16–21]. In the following we will show how this structure matches with our results for

the five-particle amplitude and we will find interesting extra structure that is not seen

in the four-point function and which might lead to further insights into the exact moduli

dependence.

1.2 Overview of paper and brief summary of results

We will devote section 2 to a review of background material that is relevant to the results

of the subsequent sections. Section 2.1 will review the construction of closed-superstring

tree amplitudes from open-string amplitudes by an extension of the Kawai–Lewellen–Tye

(KLT) procedure [22]. The open-string N -point tree amplitudes were constructed in [4, 5]

making use of the manifestly supersymmetric pure spinor formalism [2], which packages all

processes related by linearised supersymmetry into a single expression. Any colour-ordered

open-string tree amplitude is expressed by a simple extension of massless supersymmetric

Yang–Mills (YM) amplitudes in the schematic form valid for any multiplicity N

Atree = Ftree(sij)AYM . (1.1)

In this expression, Atree and AYM are (N − 3)! component vectors of superstring- and YM

tree amplitudes, respectively, referring to a basis of independent colour-ordered amplitudes

[23–25]. The quantity Ftree(sij) is a (N−3)!×(N−3)! matrix that depends on external on-

shell momenta ki through the dimensionless Mandelstam invariants, sij = α′

4 (ki+kj)
2, in a

manner that is determined by generalised Selberg integrals of N − 3 colour-ordered vertex

operators on the boundary of a disk world-sheet. These amplitudes and their expansions in

powers of the Mandelstam invariants sij , or equivalently, their expansions in powers of α′,

were studied in detail in [6, 26, 27]. The coefficients of terms in this low energy expansion

exhibit a fascinating pattern of kinematic factors involving nontrivial multi-zeta-values

(MZVs), which will be reviewed in section 2.2. We will also review the structure of closed-

string multiparticle tree-level amplitudes that were also studied in [6] and shown to have

the structure

Mtree = AtY M Stree(sij) ÃYM . (1.2)

Here, Stree is again an (N − 3)!× (N − 3)! matrix acting in the space spanned by a basis of

colour-ordered YM tree amplitudes AYM , ÃYM associated with the left- and right-movers,

1For d = 1, . . . , 7 compact dimensions, these are specific discrete subgroups of the global supergravity

groups [8–11], SL(2), SL(2) × SL(3), SL(5), Spin(5, 5), E6, E7, E8. The two distinct d = 0 (D = 10)

theories are type IIA and IIB, with S-duality groups 1 and SL(2), respectively.
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respectively. This matrix is a function of the Mandelstam invariants and is given by an

integral over N −3 vertex insertion points in a spherical world-sheet. It is again of interest

to study the “low energy” expansion of the amplitude, which involves an expansion of

Stree(sij) in powers of Mandelstam invariants

Stree(sij) = S0

∑
{ki}∈(2N+1)×

(MZV{ki})× (Mk1Mk2Mk3 . . .+ · · · ) , (1.3)

The factors Mki are (N − 3)! × (N − 3)! matrices with entries that are homogeneous

polynomials in Mandelstam invariants of odd degree ki which already enter the open-string

α′ corrections (1.1) along with ζki . The notation (MZV{ki}) indicates (linear combinations

of) MZV products whose overall weight w =
∑

i ki matches the order in α′. Non-trivial

MZVs (i.e., MZVs that are not polynomial in ordinary Riemann-zeta values) do not occur

until order (α′)11 in this expansion, whereas they first occur at order (α′)8 for the open

string. The leading low energy term S0 (i.e., ki = 0 ∀i) is proportional to N − 3 powers of

Mandelstam invariants and reproduces the supergravity tree, while higher order terms are

proportional to monomials in the Mki ’s and represent stringy corrections. These matrices

in the α′ expansion were determined explicitly at multiplicity N = 5 in [6, 28], and a

systematic derivation of their form at general multiplicity N is given in [26, 27]. The

precise form of the expansion in (1.3) will be given up to order (α′)11 in (2.9).

The structure of the open-string one-loop multiparticle amplitudes A1-loop was estab-

lished in [1], as will be reviewed in section 2.3. The construction again made use of the

pure spinor formalism and led to amplitudes of the form

A1-loop = F1-loop(sij)AYM , (1.4)

where the matrix function of the invariants, F1-loop(sij), is given in terms of integrals over

vertex positions on either boundary of an annular world-sheet. These integrals, which

generalise the Selberg integrals of the tree-level term, have not yet been systematically

analysed in their general low energy behaviour, even for small values of N . The vector of

AYM still refers to the independent tree-level amplitudes in YM field theory.

A major focus of this paper is the construction of N -particle closed-string one-loop

amplitudes and, in the type IIB case, how their relationship to tree amplitudes is con-

strained by S-duality. Since this is a non-perturbative symmetry and therefore constrains

the structure of the theory over the whole of moduli space. Up to now almost all the work

on closed-string loop amplitudes has been restricted to four-particle (N = 4) scattering ex-

cept for [29–31]. Even though this is a particularly special case, it has provided interesting

input for analysing the constraints of S-duality, as will be reviewed in section 2.4. There

we will describe the manner in which the SL(2,Z) S-duality group acts on the low energy

expansion of the four-particle closed-string scattering amplitude in the ten-dimensional

type IIB theory. This requires the terms in the low energy expansion of the four graviton

amplitude to have coefficients that are modular functions of the complex scalar field, Ω.

For example, the lowest order correction to the classical supergravity tree amplitude is a

term of order α′3R4 (where R is the Weyl curvature) and its coefficient is a particular

– 3 –



SL(2,Z) Eisenstein series. The dependence on Ω of the coefficients of the higher derivative

terms of order D4R4 and D6R4 will also be discussed.

The construction of closed-string one-loop amplitudes in the pure spinor formalism is

the subject of section 3. Certain technical problems that arise with the composite b ghost

are alleviated by imposing BRST invariance as a restriction on the form of the amplitude.

Although these amplitudes can again be viewed, in a certain sense, as a doubling of the

open-string amplitudes, they incorporate an important new feature. In contrast to tree-

level N particle amplitudes and the one-loop N = 4 amplitude, the N > 4 one-loop

amplitudes involve contractions between left and right moving world-sheet fields. This

happens both through OPE contractions and through integration by parts and leads to

new classes of terms. As a result, with present methods the explicit construction of the

loop amplitudes becomes very complicated as N increases and we will limit the discussion

in section 3 to the case N = 5.

There is a qualitative distinction between the structure of the type IIA and IIB am-

plitudes. We will find that the type IIB amplitude can once again be expressed in terms

of a doubling of the YM tree amplitude in the form

N = 5 : M1-loop = AtY M S1-loop(sij) ÃYM . (1.5)

This provides the first nontrivial indication that the polarisation dependence in closed-

string loop amplitudes is captured by bilinears of YM trees. It seems plausible that the

structure in (1.5) extends to higher numbers of loops and possibly to higher N . Further-

more, since the low-energy limit of closed-string theory reproduces maximal supergravity,

these comments should also apply to loop amplitudes in (maximal) supergravity. The

structure of (1.5) will be shown to apply not only to five-particle amplitudes that conserve

the U(1) R–symmetry charge of classical supergravity, but also those that do not. The

dependence on the charge violation is encoded in the coefficient function, S1-loop(sij).

We will also see that the type IIA five-particle amplitude contains extra terms that

cannot be expressed in the form (1.5), as will be discussed in section 3.6. These include

parity-violating components (terms with a single ε tensor), such as the amplitude with

a Neveu–Schwarz/Neveu–Schwarz antisymmetric potential and four gravitons, which re-

produces the familiar BR4 interaction. While the type IIA and IIB theories are distinct

in D = 10 dimensions, they are equivalent upon toroidal compactification to dimension

D = 10 − d in which the Yang–Mills theory is non-chiral. Therefore, the compactified

version of (1.5) applies to the scattering of massless states in either of these theories.

The expression S1-loop(sij) in (1.5) involves integrals of the vertex positions over a

toroidal world-sheet of complex structure τ , which is also to be integrated with an SL(2,Z)-

invariant measure. This makes it very difficult to analyse the full amplitude, but a great

deal of information about its low energy expansion can be obtained, as we will see in

section 4. This is an expansion in powers of the world-sheet scalar Green function and

its derivatives. At least to the order we consider in this paper the amplitude can be

separated into a non-analytic piece that contains thresholds and an analytic piece that

can be expanded in powers of the Mandelstam invariants. The terms that arise at a given

order in α′ are world-sheet Feynman diagrams with free propagators joining the external
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vertex positions. To the order that we will reach in this paper most of these diagrams

were evaluated in [32] in studying the low energy expansion of the one-loop four-particle

amplitude. Furthermore, following section 5 of [32] it is straightforward to generalise the

discussion to compactifications of the amplitude to lower dimensions on tori.

In this paper we will concentrate on the analytic part of the loop amplitude, although

the interplay of the analytic and non-analytic parts is significant in determining properties

of the amplitude. The analysis in sections 4 and 5 will determine the detailed structure of

the expansion of S1-loop in a form that can be compared with the tree amplitude structure

given in (1.3),

S1-loop(sij) = S0

∑
{ki}∈(2N+1)×

{li}∈(N+6)×

Ξ
(d)
{ki,li,...} × (Mk1Mk2 . . .M

′
l1M

′
l2 . . .+ · · · ) , (1.6)

where Mki and M ′li are 2 × 2 matrices that depend on the Mandelstam invariants and S0

again describes the field theory limit of (1.3). A striking feature of this set of matrices is

the augmentation of tree-level matrices Mki of odd degree in sij by additional matrices M ′li
of (non necessarily odd) degrees ≥ 7. The quantities Ξ

(d)
{ki,li,...} in (1.6) are determined by a

sum of world-sheet Feynman diagrams with w =
∑

i(ki + li)− 3 propagators and represent

the coefficients of terms such as the supersymmetric completion of (α′)w+3D2w−2R5 in the

low energy effective action. The diagrams that contribute to the Ξ
(d)
{ki,li,...}’s up to order

w = 6 in the four-point function were evaluated in [32, 33] and resulted in polynomials

in Riemann-zeta values in D = 9, 10 space-time dimensions. A slightly extended set of

diagrams enters in the calculation of the five-point function, the first novel example showing

up at order (α′)8. One of the major impediments to obtaining results at higher order in

α′ is the difficulty in calculating these diagrams. A very interesting issue concerning the

structure of the diagrams beyond the order at which they have so far been evaluated is

at what order nontrivial MZVs arise (recalling that they arise in the factor (MZV{ki}) in

(1.3) for w ≥ 11).

The results in section 4 on the low energy expansion of type IIB loop amplitudes

and the parity-conserving components of the type IIA loop amplitudes are restricted to

parts of the torus integrals that are analytic in the Mandelstam invariants. Hence, they

concern the local part of the one-loop effective action of the type II theories. General

features of these results are shown in tables 1 and 3. Table 1 indicates the dimension

of the space of kinematic invariants that arise in the expansion of the tree and one-loop

graviton amplitudes with N = 4, 5 and 6 at each order in α′. The precise form of the

rank 2k + 4N tensors that contract with the derivatives and curvature tensors in terms

of the form D2kRN can in principle be extracted from the amplitudes and the polynomial

structure of the matrices Mk,M
′
l . Novel techniques to bypass the tedious procedure and to

obtain superstring effective actions without excessive diagram bookkeeping are described

in [34].

We will find that the pattern of kinematic invariants that arises for N > 4 is more

elaborate. Generically, curvature interactions at order (α′)k+3 are organised in sequence

of the form D2k−2lR4+l with l = 0, 1, 2, . . . , k, i.e. which start with a four curvature term.
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n = 0 1 2 3 4 5 6

(α′)n+3D2nR4 1 0 1 1 1 1 2 tree

1 0 1
:

1 1
:

1 2 1-loop

(α′)n+3D2n−2R5 0 0 1 1 1 1 2 tree

0 0 1
:

1 2
:

2 4 1-loop

(α′)n+3D2n−4R6 0 0 1 1 1 1 2 tree

0 0 ≤ 1
:::

≤ 2 ≤ 4
:::

?? ?? 1-loop

Table 1. A schematic list of the number of independent kinematic invariants that contribute at

each order in the α′ expansion of N ≤ 6 graviton amplitudes. The underlined entries vanish in the

D = 10 case, but not in lower dimensions. The detailed pattern of contraction of indices between

the curvatures and derivatives is encoded in the AYM , ÃYM and Mki ,M
′
li

, where the expressions

include the other process related by supersymmetry that conserve the U(1) charge. The inequalities

and the ?? in the last row indicate our presently incomplete knowledge of the six-particle amplitude.

boson q fermion q

(anti-)holomorphic axio-dilaton ±2 dilatino ±3/2

(anti-)holomorphic three-form ±1 gravitino ±1/2

graviton and five-form 0

Table 2. States of the massless type IIB supermultiplet and their R symmetry charges q.

However, the five-particle one-loop amplitude generates additional D2k−2R5 interactions

at k ≥ 4 that do not have any four-point ancestor, D2kR4. At tree level, the first example

of a sequence of N ≥ 5 interactions that is not related to an N = 4 interaction occurs at

weight eleven and has the schematic form (α′)11 {D14R5, D12R6, . . .} (which is not shown

in table 1 but see [6]). Strikingly, the coefficient of this sequence involves a triple zeta value,

ζ3,3,5, that cannot be reduced to a monomial in Riemann zeta values. We will find that

the one-loop results contain additional kinematic structures at lower orders 7, 8, 9 in the α′

expansion, as indicated in table 1. There we see that there are two distinct contributions at

order (α′)7D6R5. One of these belongs to the same family of invariants (α′)7D8−2lR4+l

that arises at tree level and the second is a new contribution that does not match any

tree-level result. The number of independent contributions increases further to four at

order (α′)9D10R5 as shown in the last column of table 1. This pattern has important

consequences for the implementation of SL(2,Z) duality, as we will see in section 5.4.

The terms in table 1 that are underlined with a wavy line have coefficients that vanish in

ten dimensions, but not after toroidal compactification to lower dimensions. The prototype

for such terms is the D4R4 interaction, which was shown to vanish at one loop in ten

dimensions in [33] but not in nine dimensions [32]. More generally, this interaction is

nonzero in any dimension less than ten.

There are many other amplitudes describing scattering of other component massless

fields that are related to the graviton amplitudes by supersymmetry. Any interaction

that conserves the U(1) R-symmetry charge q of type IIB supergravity follows the same
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pattern. Table 2 reviews the q charges of the states in the type IIB supergravity multiplet.

Four-particle amplitudes conserve the U(1) charge of the type IIB theory, but this may

be violated in five-particle scattering. In fact, as noted in [17], the maximal U(1) charge

violation, q, of an N -particle amplitude is

q = ±(2N − 8) , (1.7)

so when N = 5 the only U(1)-violating processes are ones for which q = ±2. These U(1)-

violating five-particle processes are also discussed in sections 3 and 4, leading to results

for the degeneracies of the kinematic invariants displayed in table 3 using the example of

derivatives acting on G2R3 interactions. Here G is the complex combination of Neveu–

Schwarz/Neveu–Schwarz (NSNS) and Ramond/Ramond (RR) three-form field strengths

that carries unit U(1) charge2. As we will see, the coefficients in the low energy expansion

of the the five-particle one-loop amplitude (1.6) in the q = ±2 sector are related to those

in the q = 0 sector in a simple manner.

n = 0 1 2 3 4 5 6

(α′)n+3D2nG2R3 1 0 1 1 1 1 2 tree

1 0 1
:

1 2
:

2 5 1-loop

(α′)n+3D2n−2G2R4 0 0 1 1 1 1 2 tree

0 0 ≤ 1
:::

≤ 2 ≤ 4
:::

?? ?? 1-loop

Table 3. The degeneracy of kinematic invariants that violate the conservation of U(1) by 2 units.

This applies to all the interactions of the same dimension as D2kG2R3 and D2kG2R4. Once again,

the underlined entries vanish in the D = 10 case, but not in lower dimensions.

Some implications of these results for S-duality are described in section 2.4 and 5. In

particular, we will see that the results concerning the modular functions of the modulus Ω

that implement type IIB S-duality in the four-particle amplitude extend to the five-particle

and higher point analogues in a simple manner. However, as mentioned above, the explicit

one-loop amplitudes for N -particle amplitudes with N > 4 have additional pieces that

enter at the order (α′)7D8R4 that are not present in the N = 4 case. Therefore, there

must be modular invariant coefficients for these kinematic factors that begin at one loop

and have no tree-level pieces. Interestingly, this is the order at which an understanding

of the modular invariance of the four-particle amplitude is extremely limited and there

is still much to be understood. We will also consider the implications of S-duality for

the U(1)-violating five-particle interactions listed in table 3. In these cases the coefficient

functions are expected to be modular forms of nontrivial weight that are related to those

of the U(1)-conserving graviton interactions. We will see that certain modular functions

described in section 2.4 tie in with the α′ expansion in the U(1)-violating sector displayed

in section 5.3. Furthermore, we offer an explanation for the pattern of q = ±2 and q = 0

coefficients referred to in the previous paragraph.

2We should emphasise that these G2R3 operators are understood to involve two alike combinations of

field strengths rather than complex conjugate pairs GḠ.
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Some general properties of the six-particle amplitude will be considered in section 6

although our analysis is not yet complete due to technical obstacles that will be described.

The extent to which we have analysed the world-sheet integrals gives rise to the information

listed in the last column of table 1. At present, we can only give upper bounds on the

number of independent D2kR6 operators after classifying the lattice sums appearing in the

low energy expansion of the underlying torus integrals. The main six-point result is the

vanishing of the R6 and D4R6 interactions in D = 10 dimensions (see table 1) as well as

the related U(1)-violating operators of the same dimension (see e.g. table 3).

The paper concludes with a brief summary and some comments in section 7.

Several technical issues are left for the appendices. The first appendix A helps to

compare some of the present results with the literature. Appendix B contains a derivation

of a an important pentagon numerator identity using pure spinor superspace in B.1, and

a proof that the low energy limit of the five-particle amplitude is totally symmetric in

B.2. The diagrams that enter the low energy expansion of the five-particle amplitude are

exhibited in detail in appendix C. A third appendix D summarizes the analytic parts of

the five-point torus integrals to order O(α′7). Finally, appendix E is devoted to the key

ingredients in the momentum expansion of the six-particle amplitude.

2 Review of background material

2.1 The structure of superstring tree amplitudes

Tree level amplitudes involving any number of massless open-string states have been com-

puted in [4, 5] based on pure spinor cohomology methods [35, 36]. The colour stripped

amplitude was found to be

Atree(1, σ(2, 3, . . . , N − 2), N − 1, N) =
∑

π∈SN−3

AπYM F σ,πtree(sij) . (2.1)

Remarkably, all the polarisation dependence of the superstring amplitude (2.1) is encoded

in the (super-)YM field theory subamplitudes AπYM . The objects F σ,πtree(sij) originate in

world-sheet integrals over the disk boundary, encode the string theory modifications to the

field theory amplitude and can be mathematically classified as generalised Euler or Selberg

integrals. Both ingredients on the right-hand side of (2.1) appear in their (N − 3)! element

basis [25]

AπYM := AYM (1, π(2, 3, . . . , N − 2), N − 1, N) (2.2)

F σ,πtree(sij) := 4N−3

∫
zσ(i)<zσ(i+1)

dz2 . . .

∫
dzN−2

N−1∏
i<j

|zij |4sij

× π


bN/2c∏
k=2

k−1∑
m=1

smk
zmk

N−2∏
k=bN/2c+1

N−1∑
n=k+1

skn
zkn

 , (2.3)

and we have also restricted the string subamplitudes on the left-hand side to their (N −3)!

dimensional basis [23, 24]. The conformal Killing group SL(2,R) of the disk topology has
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been used to fix three world-sheet positions in (2.3) to the values (z1, zN−1, zN ) = (0, 1,∞).

The SN−3 permutation π acts on the labels 2, 3, . . . , N − 2 of the variables3

zij := zi − zj , sij :=
α′

4
(ki + kj)

2 (2.4)

in the curly bracket whereas π(1, N − 1) = (1, N−1) are unaffected. The vectors ki denote

external on-shell momenta.

Tree level correlation functions of closed-string states factorise into the left- and right

moving correlators, so the open-string result (2.1) yields the following closed-string ampli-

tude

Mtree =
∑

σ,π∈SN−3

AσYM S
σ,π
tree(sij) Ã

π
YM . (2.5)

The integrals over the spherical closed-string world-sheet at genus zero form an (N − 3)!×
(N − 3)! matrix

Sσ,πtree(sij) :=

∫
d2z2 . . .

∫
d2zN−2

N−1∏
i<j

|zij |2sij σ


bN/2c∏
k=2

k−1∑
m=1

smk
zmk

N−2∏
k=bN/2c+1

N−1∑
n=k+1

skn
zkn


× π


bN/2c∏
k=2

k−1∑
m=1

smk
z̄mk

N−2∏
k=bN/2c+1

N−1∑
n=k+1

skn
z̄kn

 (2.6)

which describes the string theory extension of the supergravity tree amplitude.

2.2 Low energy expansion of superstring tree amplitudes

The (α′)w order in the low energy expansion of massless superstring tree amplitude involves

multiple zeta values (MZVs) [5, 37–40],

ζn1,...,nr :=
∑

0<k1<...<kr

r∏
l=1

k−nll , nl ∈ N , nr ≥ 2 , (2.7)

of weight w =
∑r

j=1 nj . The number r of arguments in (2.7) is referred to as the depth

of a MZV. The systematics of their appearance was analysed in [6] and extended to the

closed-string sector through the KLT relations [22]. Let M2k+1 denote the ζ2k+1 coefficient4

of the matrix (2.3) of open-string α′ corrections,5

M2k+1 := Ftree

( sij
4

) ∣∣∣
ζ2k+1

, (2.8)

3Our definition of sij incorporates an extra factor of 1
4

compared to many references such as [4–6].

This facilitates the discussion of closed strings and introduces the unusual factors of 4 into the open string

statement (2.3).
4The coefficient of primitive zeta values ζ2k+1 depend on the Q basis chosen for MZVs of weight 2k+ 1,

see e.g. [41] for a minimal depth basis at weights ≤ 22 which was also used in [6] at weights ≤ 16.
5The M2k+1 matrices from [6, 26, 27] and http://mzv.mpp.mpg.de are written in open string conventions

with sopen
ij := α′(ki + kj)

2. The present closed string discussion preserves the functional dependence

M2k+1(sopen
ij ) 7→M2k+1(sij) to implement the “rescaling” of α′ in the translation between open and closed

string results (see in particular [22]).
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its entries are degree 2k + 1 polynomials in the dimensionless Mandelstam variables (2.4)

to be determined through the methods of [26, 27]. Moreover, let S0 denote the field theory

limit of the closed-string integral matrix (2.6), then the α′-expansion of (2.6) has the

structure

Stree = S0

(
1 + 2ζ3M3 + 2ζ5M5 + 2ζ2

3 M
2
3 + 2ζ7M7 + 2ζ3ζ5 {M3,M5}+ 2ζ9M9

+ 4
3 ζ

3
3 M

3
3 + 2ζ2

5 M
2
5 + 2ζ3ζ7 {M3,M7}+ 2ζ11M11 + ζ2

3ζ5 {M3, {M3,M5}}
+ 2

(
1
5ζ3,3,5 − 4

35ζ
3
2ζ5 + 6

25ζ
2
2ζ7 + 9ζ2ζ9

)
[M3, [M3,M5]] + · · ·

)
(2.9)

The coefficients in this expansion are products of Riemann zeta values up to weight 11,

where the first irreducible MZV arises (whereas in the low energy expansion of the open-

string tree (2.1) the first irreducible MZV arises at weight 8). The MZV content of the

string corrections can be better understood by lifting the ζn1,n2,...,nr ∈ R to their motivic

version ζmn1,n2,...,nr [6, 42]. The latter are endowed with a Hopf algebra structure which can

be used to make the basis more transparent: References [6, 42] describe a Hopf algebra

isomorphism φ which maps motivic MZVs to noncommutative polynomials in cogenerators

f3, f5, f7, . . . supplemented by a commutative element f2 = φ(ζm2 ). The latter turns out to

be absent in the motivic version Smtree of Stree:

Smtree = S0 φ
−1
(

1 + 2f3M3 + 2f5M5 + 4f2
3 M

2
3 + 2f7M7 + 2f3 � f5 {M3,M5}

+ 2f9M9 + 8 f3
3 M

3
3 + 4f2

5 M
2
5 + 2f3 � f7 {M3,M7} + 2f11M11

+ f3 � f3 � f5 {M3, {M3,M5}} + 2 f5f
2
3 [M3, [M3,M5]] + . . .

)
(2.10)

= S0 φ
−1

( ∞∑
p=0

∑
i1,i2,...,ip
∈2N+1

Mi1 . . . Mip

p∑
k=0

fi1 . . . fik � fip fip−1 . . . fik+1

)
(2.11)

The � symbol denotes the commutative shuffle product6 on the non-commutative words

in f2k+1. The simplicity of the φ image of Smtree can firstly be seen at weight 11 where

the awkward coefficient of [M3, [M3,M5]] in (2.9) is mapped to φ(1
5ζ

m
3,3,5 − 4

35(ζm2 )3ζm5 +
6
25(ζm2 )2ζm7 + 9ζm2 ζ

m
9 ) = f5f

2
3 . The absence of the commutative element f2 in (2.11) reflects

the cancellation of ζ2k at low weights of the KLT relations. The projection of the noncom-

mutative words in f2k+1 to
∑p

k=0 fi1fi2 . . . fik � fipfip−1 . . . fik+1
imposes a selection rule7

on the MZVs of depth r ≥ 2. As one can see from (2.10), depth two MZVs at weight

w = 8, 10 such as ζm3,5 and ζm3,7 do not enter gravity tree amplitudes, and the first instance

ζm3,3,5 of a depth r > 1 MZV occurs at weight w = 11.

6The shuffle product on non-commutative words in fij with ij ∈ 2N + 1 is defined by

fp2 (fi1 fi2 . . . fir ) � fq2 (fir+1 fir+2 . . . fir+s) = fp+q2

∑
σ∈Σ(r,s)

fiσ(1) fiσ(2) . . . fiσ(r+s)

Σ(r, s) =
{
σ ∈ Sr+s : σ−1(1) < σ−1(2) < . . . < σ−1(r) and σ−1(r + 1) < . . . < σ−1(r + s)

}
(2.12)

7We should stress that the form of (2.11) is independent on the choice of Q basis for MZVs even though

the polynomial structure of matrices Mw at w ≤ 11 is subject to possible redefinitions by (possibly nested)

commutators in Mi<w. This ambiguity in Mw is compensated by a reshuffling of fw in the φ images at

weight w.
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2.2.1 Four- and five-particle examples of closed-string tree amplitudes

The S-duality connection between the four- and five-particle closed-string amplitudes at

tree level and one loop are the main topic of this work. This motivates us to explicitly

spell out the N = 4, 5 version of the ingredients in (2.5): Multiplicity N = 4 gives rise to

scalars

N = 4 : AYM = AYM (1, 2, 3, 4) , S0 =
πs12s14

s13
, Mw = − 1

w
(sw12 + sw13 + sw14) (2.13)

such that all the commutators among M2k+1 and therefore all the MZVs of depth ≥ 2

cancel.

The N = 5 point amplitude, on the other hand, is built from two component kinematic

vectors AYM and 2× 2 matrices S0, M2k+1

N = 5 : AYM =

(
AYM (1, 2, 3, 4, 5)

AYM (1, 3, 2, 4, 5)

)
, S0 =

π2

s14 s25 s35

(
σ11 σ12

σ12 σ22

)
(2.14)

with entries σ12 = −s12s34s13s24(s45 + s51) as well as σ22 = −s13s24(s12s23s45 +

cyclic(12345)) and σ11 = σ22

∣∣
2↔3

. The explicit form of the matrices M2k+1 beyond the

simplest nontrivial example

N = 5 : M3 =

(
m11 m12

m21 m22

)
,
m11 = s3[−s1(s1 + 2s2 + s3) + s3s4 + s2

4] + s1s5(s1 + s5)

m12 = −s13s24(s1 + s2 + s3 + s4 + s5)

(2.15)

(with m21 = m12

∣∣
2↔3

and m22 = m11

∣∣
2↔3

as well as si := si,i+1 subject to s5 = s15) can be

obtained by expanding hypergeometric functions [28], via polylogarithm integration [26] or

from the Drinfeld associator [27]. As to the latter method, see [43, 44] for mathematical

background and [45] for its first connection with superstring amplitudes. The N = 5

results for M3,M5,M7 and M9 are contained in the auxiliary files of this work and [28],

and matrices for higher multiplicity are available from the website http://mzv.mpp.mpg.de.

2.3 One-loop amplitudes of the open superstring

The structure of one loop amplitudes among massless open-string states has been analysed

in [1]. Their BRST invariant part unaffected by the hexagon anomaly [46, 47] was found

to again boil down to linear combinations of YM tree subamplitudes

A1-loop(1,Σ(2, 3, . . . , N − 2, N − 1, N)) =
∑

π∈SN−3

AπYM FΣ,π
1-loop(sij) . (2.16)

We introduce a collective notation Σ for both planar and non-planar arrangements of vertex

operators along the boundary of the cylinder or Moebius strip world-sheet. It governs the

integration range for the vertex operator positions and the modular parameter of the genus

one Riemann surface in FΣ,π
1-loop(sij). We will later on make use of the five-point correlator

(3.9) underlying (2.16) whose double copy furnishes a subsector of one loop amplitudes of

the closed string.

In contrast to the tree-level results (2.1) and (2.5) which are completely universal with

respect to the number of space-time dimensions and supercharges preserved, the structure

of one loop amplitudes (2.16) crucially depends on maximal supersymmetry.
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2.4 Some S-duality constraints on Type IIB amplitudes

Ten-dimensional closed-string perturbation theory is an expansion around a limit in moduli

space in which the type IIA string coupling, gA = eϕA → 0, or the type IIB string coupling,

gB = eϕB → 0, (where ϕA,B are the dilatons of the type II theories). The complete

dependence of the amplitude on the moduli involves the nonperturbative completion of the

perturbative amplitude. The only modulus in the type IIA theory is eϕA and the duality

group is trivial. The type IIB theory depends on the complex scalar, Ω = Ω1 + iΩ2 =

C(0) + ieϕB , which transforms in the standard nonlinear manner under SL(2,Z),

Ω→ aΩ + b

cΩ + d
, (2.17)

where a, b, c, d ∈ Z and ad − bc = 1. The fields in the IIB supergravity supermultiplet

transform under SL(2,Z) with weights that correspond to the U(1) charges shown in table

2, where a field Φq of charge q transforms as

Φq →
(
cΩ + d

cΩ̄ + d

)q/2
Φq . (2.18)

Invariance of the type IIB theory and its effective action under SL(2,Z) transformations of

the scattering states severely constrains the structure of the amplitudes. When combined

with the constraints of maximal supersymmetry, SL(2,Z) invariance determines the precise

dependence on the modulus, Ω, of terms of low order in the α′ expansion. In other words,

it determines the precise non-perturbative behaviour of these low order terms.

2.4.1 U(1)-conserving amplitudes

In the case of four-particle scattering, the U(1) charge is conserved and the analytic part

of the (both perturbatively and non-perturbatively completed) amplitude can be written

in component form as

M(Ω) = s2
12s13s14AYM (1, 2, 3, 4) ÃYM (1, 2, 4, 3)T (sij ; Ω) , (2.19)

where the totally symmetric kinematic factor s2
12s13s14AYM (1, 2, 3, 4)ÃYM (1, 2, 4, 3) repro-

duces the standard t8t8 tensor [48] in the four graviton component. The symmetry of

(2.19) in the external states implies that the low energy expansion of the analytic part of

the scalar function8 is a symmetric function of powers of the Mandelstam variables and

has the form

T (sij ; Ω)
∣∣∣
analytic

=
1

s12s13s14

(
Ω2

2 +M3 Ω
1
2
2 E3 +M5 Ω

− 1
2

2 E5 +M2
3 Ω−1

2 E3,3 +M7 Ω
− 3

2
2 E7

+{M3,M5}Ω−2
2 E{3,5} +M3

3 Ω
− 5

2
2 E3,3,3 +M9 Ω

− 5
2

2 E9 + . . .

)
, (2.20)

with four-point string corrections Mw defined by (2.13).

8The interplay of the analytic and non-analytic parts of the amplitude is discussed in [32].
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The coefficients E...(Ω) are SL(2,Z)-invariant functions in the D = 10 type IIB theory

(and the explicit powers of Ω2 are absent after transforming from the string frame to the

Einstein frame). More generally, after toroidal compactification to D dimensions on a

(10−D)-torus the type IIA and type IIB theories are identified and the E...’s are functions

of the moduli space associated with the S-duality group. The first term in the above

expansion gives classical tree-level supergravity when substituted into (2.19). The above

notation differs somewhat from earlier conventions in the literature. Appendix A gathers

a couple of conversion rules to compare the subsequent statements with references such as

[32].

The kinematic factor s2
12s13s14AYM (1, 2, 3, 4)ÃYM (1, 2, 4, 3) in the amplitude (2.19) is

completely determined by supersymmetry but the challenge is to determine the dynamical

quantity T (sij ; Ω). Although its exact form is not known, there are some interesting results

concerning the first few terms in its low energy expansion, (2.20). The first term in the

expansion beyond the supergravity amplitude is given by terms of order R4, which are

1/2-BPS interactions that may be expressed as integrals over 16 Grassmann coordinates,

see [49] for an on-shell linearized superspace description of type IIB supergravity. The next

terms are those of order D4R4, which are 1/4-BPS interactions that may be expressed as

integrals over 24 superspace Grassmann coordinates. These have Ω-dependent coefficients

[12–14]

E3(Ω) = E 3
2
(Ω) , E5(Ω) = E 5

2
(Ω) , (2.21)

where Es(Ω) is an SL(2,Z) Eisenstein series, which satisfies the Laplace eigenvalue equation

∆ΩEs(Ω) = s(s− 1)Es(Ω) (2.22)

with respect to the modulus, ∆Ω := Ω2∂Ω∂Ω̄. The unique SL(2,Z)-invariant solution of

this equation that is power behaved in the weak coupling limit, Ω2 → ∞, is9 the non-

holomorphic Eisenstein series

Es(Ω) =
∑

(m,n)6=(0,0)

Ωs
2

|m+ nΩ|2s
. (2.23)

with Fourier expansion

Es(Ω) =
∑
N 6=0

FN (Ω2) e2iπNΩ1 . (2.24)

The non-zero modes FN 6=0(Ω2) contain the effects of D-instantons, with exponentially

suppressed asymptotic behaviour at weak coupling (Ω2 → ∞). The zero modes, on the

other hand, are a sum of two power behaved terms Ωs
2 = g−ss and Ω1−s

2 = gs−1
s which

correspond to particular terms in string perturbation theory:

F0(Ω2) = 2ζ2s Ωs
2 +

2π1/2Γ(s− 1/2)

Γ(s)
ζ2s−1 Ω1−s

2 , (2.25)

In transforming from the string frame to the Einstein frame, the R4 interaction is multiplied

a factor of Ω
−1/2
2 so the two perturbative terms in the coefficient E3/2(Ω) correspond

9The normalisation convention is the one used in [32] appendix A.1.
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to a tree-level piece proportional to Ω
3/2
2 , and a one-loop piece proportional to Ω

−1/2
2 .

Similarly the D4R4 interaction picks up a factor of Ω
1/2
2 in transforming from string frame

to Einstein frame so the two perturbative terms in the coefficient E5/2(Ω) correspond to

a tree-level piece proportional to Ω
5/2
2 , and a two-loop piece proportional to Ω

−3/2
2 . These

results explain why the low energy expansion of the ten-dimensional one-loop four-particle

amplitude has a R4 term but does not have a D4R4 part. Furthermore, the coefficient of

the two-loop D4R4 interaction predicted by these arguments has been checked by explicit

amplitude calculations in [50, 51]. The generalisation of these results to lower dimensional

theories with maximal supersymmetry obtained by toroidal compactification [32] involve

combinations of Eisenstein series for higher-rank duality groups, which are functions of

more moduli [52, 53] (see also [54]) . An important general feature is that in dimensions

D < 10 the D4R4 coefficient, E5, does have a one-loop contribution (as is indicated by the

wavy underlining of the D4R4 one-loop term in table 1).

The coefficient of the 1/8-BPS terms of order D6R4 in the low energy expansion, E3,3,

is not an Eisenstein series but is expected to be a solution of the inhomogeneous Laplace

equation10

(∆Ω − 12) E3,3(Ω) = −3
[
E 3

2
(Ω)
]2

(2.26)

(which was motivated by M-theory considerations in [15]). The solution to this equation

has a constant term (the zero Fourier mode in Ω1) of the form∫ 1

0
dΩ1 E3,3(Ω) = 2ζ2

3Ω3
2 + 4ζ2ζ3Ω2 +

24

5
ζ2

2Ω−1
2 +

4

9
ζ6Ω−3

2 +O(exp(−4πΩ2)) , (2.27)

which contains four terms power behaved in Ω2 that correspond to tree-level, one-loop,

two-loop and three-loop string theory contributions,11 together with an infinite sum of

D-instanton/anti D-instanton contributions. The ratio of the tree-level and one-loop con-

tributions agrees with the explicit string perturbation theory calculations (and the overall

normalisation has been chosen to be consistent with a tree-level amplitude normalised to

1/s12s13s14).

2.4.2 U(1)-violating amplitudes

Amplitudes with N > 4 particles generally do not conserve the U(1) charge, with the viola-

tion of the charge bounded by |q| ≤ (2N−8) (see (1.7)). The moduli-dependent coefficients

of interactions that violate U(1) must transform as modular forms of non-zero holomorphic

and anti-holomorphic weights in order to ensure that the complete interaction, including

its moduli dependence, is invariant under SL(2,Z). Recall that the transformation un-

der (2.17) of a modular form f (w,w′)(Ω) (with holomorphic and anti-holomorphic weights

(w,w′)) is given by f (w,w′)(Ω) → (cΩ + d)w(cΩ̄ + d)w
′
f (w,w′)(Ω) so a form with weights

(w,−w) transforms with a phase,

f (w,−w)(Ω)→ f (w,−w)

(
aΩ + b

cΩ + d

)
=

(
cΩ + d

cΩ̄ + d

)w
f (w,−w)(Ω) , (2.28)

10Note that the function E3,3(Ω) in the present notation is related to the D6R4 coefficient E(0,1)(Ω) in

[32] by E3,3(Ω) = 3E(0,1)(Ω).
11The string frame amplitude is obtained by multiplying E3,3 by Ω−1

2 .
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which corresponds to a charge q = 2w.

A modular form of weight (w + 1,−w − 1), or q = 2w + 2, can be obtained from one

that transforms with weight (w,−w) by applying a covariant derivative

Df (w,−w) = Ω2

(
i
∂

∂Ω
+
w

2

)
f (w,−w) =: f (w+1,−w−1) , (2.29)

while the charge is lowered by the operator D̄ defined by D̄f (w,−w) =

Ω2

(
−i∂/∂Ω̄ + w/2

)
f (w−1,−w+1).

The coefficients of the leading interactions in the low energy expansion of ampli-

tudes that violate U(1) charge conservation were related by nonlinear supersymmetry to

(α′)3E 3
2
(Ω)R4 in [13] and have the form arrived at by arguments based on M-theory du-

ality in [16]. An example is the q = −2 five-particle amplitude with two G’s and three

gravitons. The lowest-order interaction in the low energy expansion is (α′)3G2R3, which

has a coefficient E(−1,1)
3 (Ω) that is a (1,−1)-form given by

E(1,−1)
3 (Ω) := DE 3

2
(Ω) =

∑
(m,n)6=(0,0)

Ωs
2

|m+ nΩ|2s

(
m+ nΩ̄

m+ nΩ

)
. (2.30)

The zero mode of this expression is easily obtained by acting with D on the E 3
2

zero mode

in (2.25), giving

DF0(Ω2) = s ζ2sΩ
s
2 −

π1/2Γ(s− 1/2)

Γ(s− 1)
ζ2s−1Ω1−s

2 , (2.31)

which again has two perturbative contributions that have different coefficients from those

of the R4 interaction. The explicit tree-level and one-loop calculations in later sections

will provide further information concerning U(1)-violating processes. Some aspects of the

modular forms associated with higher dimension U(1)-conserving and U(1)-violating inter-

actions have been considered in [18–20].

3 Type II one-loop amplitudes in pure spinor superspace

The prescription for computing N -point superstring amplitudes at one-loop using the min-

imal pure spinor formalism is given by [3]

M1-loop ∼
∫

d2τ 〈|(µ, b)
10∏
P=2

ZBPZJ

11∏
I=1

YCI |
2 V1Ṽ1(0)

N∏
j=2

∫
d2zjU

jŨ j(zj , z̄j)〉. (3.1)

The massless closed-string states are represented by double copies of the pure spinor vertex

operators V and U for the ten-dimensional N = 1 SYM gauge multiplet [3]. Moreover, µ is

the Beltrami differential, τ is the Teichmüller parameter of the genus one Riemann surface,

and the angle brackets 〈. . .〉 denote the path integral discussed in detail in [3]. Finally,

ZBP , ZJ , YCI are picture-changing operators and b is the b-ghost whose schematic form is
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given by [3, 55]

b = (Πd+N∂θ + J∂θ) d δ(N) + (w∂λ+ J∂N +N∂J +N∂N)δ(N)

+ (NΠ + JΠ + ∂Π + d2)(Πδ(N) + d2δ′(N))

+ (Nd+ Jd)(∂θδ(N) + dΠδ′(N) + d3δ′′(N))

+ (N2 + JN + J2)(d∂θδ′(N) + Π2δ′(N) + Πd2δ′′(N) + d4δ′′′(N)) (3.2)

where δ′(x) = ∂
∂xδ(x) and the variables on the right-hand side are conformal fields of the

world-sheet theory of the pure spinor formalism [3]. In particular, λα is a bosonic ghost

subject to the pure spinor constraint λαγmαβλ
β = 0 when contracting the 16 × 16 Pauli

matrices γmαβ of SO(1, 9).

Using the above prescription to compute amplitudes involving more than four external

strings can be rather challenging, mostly due to the complicated nature of the b-ghost and

the picture-changing operators. Fortunately there are some shortcuts which can be taken

to simplify this task.

As explained in the four-point computation of [3], the systematics of how the dα zero-

modes – 16 Weyl spinor components – are saturated can be exploited to bypass many

complicated features of the b-ghost. Only a few terms of (3.2) actually give non-vanishing

contributions and Lorentz invariance uniquely fixes the result of their path integral up to

an overall constant. For higher-point open superstring amplitudes similar arguments were

used in [1] to perform the integration over the dα zero modes while BRST invariance of

the resulting pure spinor superspace expressions fixed their relative coefficients.

The four-point amplitude of [3] did not involve any OPEs among the vertices (except

through the standard Koba–Nielsen factor) since otherwise the dα zero modes would not

be saturated. But starting at N = 5 points there are non-vanishing contributions featuring

at most N − 4 OPE contractions such as

dα(zi)θ
β(zj)→

δβα
zij

, Πm(zi)x
n(zj , z̄j)→ −

δnm
zij

, Nmn(zi)λ
α(zj)→

(γmn)αβλ
β

2 zij
. (3.3)

The singularities of the genus one correlator caused by primary fields dα,Πm and Nmn of

conformal weight one enter through the torus Green function12

Xij := sij
∂ lnχij
∂zi

, lnχij := ln

∣∣∣∣θ1(zij)

θ′1(0)

∣∣∣∣2 − 2π

τ2

[
Im (zij)

]2
+ C(τ, τ̄) . (3.4)

Its zero modes C(τ, τ̄) := 2 ln |
√

2πη(τ)|2 involving the Dedekind eta function η(τ) drop out

of the scattering amplitude and have thus been subtracted in (3.4) for later convenience

[32, 33]. The definition of Xij including the Mandelstam variable (2.4) is motivated by

integration by parts (see section 3.2 and [1]).

The novelty appearing in higher-point computations of closed string amplitudes stems

from terms involving the contraction between left- and right-movers – either directly using

12Note that 〈x(zi, z̄i)x(zj , z̄j)〉 = −α
′

2

(
ln
∣∣∣ θ1(zij)

θ′1(0)

∣∣∣2 − 2π
τ2

[
Im (zij)

]2)
.
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the OPE (involving the volume τ2 := Im(τ) of the torus)

Πm(z)Π̄n(z̄) = δmn π

(
1

τ2
− δ2(z, z̄)

)
. (3.5)

or indirectly through integration by parts, as will be explained below. In the following, we

will refer to the right-hand side of the OPE (3.5) as

Ω := π

(
δ2(z, z̄)− 1

τ2

)
= ∂∂̄ lnχ (3.6)

and drop any reference to the argument z because the δ2(z, z̄) does not contribute in

presence of the Koba–Nielsen factor (3.8).13

3.1 The structure of the five-point closed-string correlator

The computation of the closed-string five-point correlator can be separated into three parts:

a) purely holomorphic-square14 terms multiplying world-sheet functions XijX̃kl;

b) holomorphic-square terms proportional to Ω generated from integration by parts;

c) left/right mixing terms arising from the OPE (3.5).

These contributions will be labelled K(a), K(b) and K(c), respectively. BRST invariance

will be used to obtain their relative weights in the final answer,

M1-loop = 2

∫
d2τ

τ5
2

∫
d2z2 . . . d2z5 I(sij)

(
K(a) +K(b) +K(c)

)
. (3.7)

The overall normalisation −2 can be obtained by unitarity. In (3.7) we introduced the

following shorthand for the Koba–Nielsen factor,

I(sij) :=
〈 N∏
i=1

eiki·x(zi,z̄i)
〉

=
N∏
i<j

e−ki·kj〈x(zi,z̄i)x(zj ,z̄j)〉 =
N∏
i<j

χ
sij
ij , (3.8)

with χij given by the exponential of (3.4). The contributions to K(a) and K(b) can be

obtained from the holomorphic square of the open-string results of [1], where it was shown

that the left-moving CFT correlator can be written as15

(
X12

T12 T
i
3 T

j
4 T

k
5

s12
+ (2↔ 3, 4, 5)

)
+
(
X23

T1 T
i
23 T

j
4 T

k
5

s23
+ (23↔ 24, 25, 34, 35, 45)

)
(3.9)

in terms of Xij defined by (3.4). The objects T1 := V1 and T12 denote BRST building blocks

which were introduced in [35, 36] to compactly represent tree-level kinematic factors in

13This can be seen upon analytic continuation to the kinematic region where sij > 0 [29].
14Throughout this work, the term “holomorphic” square refers to products of expressions from the left-

and right moving sector of the closed string, with zi and τ dependencies which are complex conjugate to

each other.
15The (i, j, k) notation is explained in [1] and should not be confused with vector indices.
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pure spinor superspace. Their relatives T i3 and T i23 are specific to one-loop open superstring

kinematics [1]. Both T12...p and T i23...p can be though of as the single pole residue of iterated

OPEs among the pure spinor vertex operators V and U . The efficiency of these superfields

in streamlining amplitude computations stems from their covariant BRST variations [35,

36].

The holomorphic square of (3.9) generates 100 integrals but, as we shall see in the next

section, only 37 are independent under integration by parts. In the open-string amplitude

these manipulations lead to BRST-closed kinematic factors16

C1,23 :=
T12 T

i
3 T

j
4 T

k
5

s12
+
T31 T

i
2 T

j
4 T

k
5

s13
+
T1 T

i
23 T

j
4 T

k
5

s23
(3.10)

for the left-moving superfields. In the closed-string case, it will be shown in the next

subsection that reducing the integrals to a basis leads to a manifestly BRST-closed piece

K(a) composed from the holomorphic square of (3.10) together with a correction K(b)

proportional to the function Ω of (3.6) which is not by itself BRST-closed.

3.2 Integration by parts and K(b)

In view of the definition (3.8) of the Koba–Nielsen factor, the vanishing of total world-

sheet derivatives under the zi integrals leads to identities among the Xij defined in (3.4)

in open-string amplitudes. In the N = 5 point context, for example [1],

0 =

∫
dz2 ∂2 I(sij) =

∫
dz2 (X21 +X23 +X24 +X25) I(sij) . (3.11)

For closed-string amplitudes, however, the presence of a right-moving X̃ij interferes with

integration by parts performed on the left-moving variables because

∂̃iXij = sij Ω,

which follows from (3.4) and (3.6). As an example, the following five-point identity

0 =

∫
d2z2 ∂2

(
I(sij) X̃2j

)
=

∫
d2z2

(
(X21 +X23 +X24 +X25) X̃2j + s2jΩ

)
I(sij), (3.12)

generates a fake left/right-mixing term proportional to s2jΩ. Whenever there’s no chance

of confusion the Koba–Nielsen factor and the integration sign will be omitted from now

on, so the relations (3.11) and (3.12) will be denoted

X12 =
5∑

k=3

X2k, X12X̃2j =
5∑

k=3

X2kX̃2j + s2jΩ. (3.13)

In order to express the holomorphic square of the open-string CFT correlator (3.9) in

terms of a minimal set of integrals, it will be sufficient to consider four prototype integration

16The precise form of the BRST building blocks T12, T1, T
i
3 and T i23 is not needed for the purpose of this

work once the BRST invariant (3.10) is expressed in terms of YM trees via (3.32).
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by parts identities from which all others follow through relabelling,

X12 X̃23 = (X23 +X24 +X25) X̃23 + s23 Ω

X12 X̃13 = (X23 +X24 +X25) (X̃32 + X̃34 + X̃35)− s23 Ω

X12 X̃12 = (X23 +X24 +X25) (X̃23 + X̃24 + X̃25)− 2s12 Ω

X12 X̃34 = (X23 +X24 +X25) X̃34 . (3.14)

After some algebra one finds that the square of (3.9) yields

K(a) =

5∑
2≤i<j
2≤k<l

(
XijX̃kl + δikδjl sijΩ

)
C1,ijC̃1,kl (3.15)

K(b) = −Ω
(T12T

i
3T

j
4T

k
5 T̃12T̃

i
3T̃

j
4 T̃

k
5

s12
+ (2↔ 3, 4, 5)

+
T1T

i
23T

j
4T

k
5 T̃1T̃

i
23T̃

j
4 T̃

k
5

s23
+ (23↔ 24, 25, 34, 35, 45)

)
, (3.16)

i.e. the contributions to a) and b) comprise 37 integrals and vary as follows under the pure

spinor BRST operator Q:

QK(a) = 0 ,

QK(b) = −ΩV1V2T
i
3T

j
4T

k
5

[
T̃12T̃

i
3T̃

j
4 T̃

k
5 − Ṽ1T̃

i
23T̃

j
4 T̃

k
5 − Ṽ1T̃

i
24T̃

j
3 T̃

k
5 − Ṽ1T̃

i
25T̃

j
3 T̃

k
4

]
+ (2↔ 3, 4, 5) . (3.17)

Using the explicit superfield representation of the BRST blocks of [1] it is not diffi-

cult to check that both spqC1,ijC̃1,kl and |T12T
i
3T

j
4T

k
5 |2/s12 have the same dimension as

k10AYM ÃYM , i.e. their five-graviton components have dimensions of R5/k2.

As will become clear later when considering the α′ expansions of the integrals, it is

natural to include the term sijΩ together with the diagonal contributions XijX̃ij when

writing (3.15) since the resulting integral over (XijX̃ij + sijΩ) has no leading low energy

contribution or kinematic poles. Therefore only K(b) can contribute to the O(α′3) factori-

sation channels and once it is combined with K(c) to form a BRST-closed quantity, the

resulting kinematic factor agrees with the holomorphic square of SYM tree amplitudes in

the precise combination dictated by the KLT formula at order (α′)3.

3.3 Interactions between left and right-movers and K(c)

The contributions discussed in the last subsections are those in which the pure spinor

variables in the holomorphic and anti-holomorphic sectors are treated separately, as in the

open-string case. However, there are other ways to saturate the sixteen dα zero-modes in

both the left- and the right moving sectors of the pure spinor formalism, which also involve

an OPE contraction between the two sectors.

When both the left- and right-moving b-ghosts contribute through terms of the form

d4δ′(N) one can also saturate all d zero modes if a left-moving Πm(zi) contracts with a right-

moving Π̄n(z̄j) in the external vertices. Similar arguments as in the open-string calculations
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of [1] can be used to integrate the dα zero modes, giving a left-moving contribution of

V1A
m
2 T

i
3T

j
4T

k
5 + (2↔ 3, 4, 5) , (3.18)

with a similar expression for the right-movers. The vector indices m of the Am superfields

of ten dimensional N = 1 SYM are contracted between the two sides. Both Am and its

spinorial field strength Wα (see (3.19) and subsequent equations) enters the (left-moving)

integrated vertex operator U .

The b-ghost (3.2) admits other possibilities involving left/right mixing. For example,

there can be a contraction between a Π̄md̃2 from the right-moving b-ghost with a ΠnAn from

a left-moving vertex or vice-versa. This can be achieved with a left-moving b contribution

of d4δ′(N) together with a right-moving b̃ proportional to Π̄md̃2. The left-moving dα
zero-mode integration gives rise to the same contribution V1A

2
mT

i
3T

j
4T

k
5 + (2 ↔ 3, 4, 5)

as discussed above, but now four d̄α are required from the right-moving vertices. Their

contribution is given by Ṽ1W̃
m
2,3,4,5 + (2↔ 3, 4, 5), where

Wm
2,3,4,5 :=

1

12

[
(λγnW 2)(λγpW 3)(W 4γmnpW 5) + (λγnW 2)(λγpW 4)(W 3γmnpW 5)

+(λγnW 2)(λγpW 5)(W 3γmnpW 4) + (λγnW 3)(λγpW 4)(W 2γmnpW 5)

+(λγnW 3)(λγpW 5)(W 2γmnpW 4) + (λγnW 4)(λγpW 5)(W 2γmnpW 3)
]
.(3.19)

To see this note that group theory considerations imply that only one vector can be con-

structed using two pure spinors λα and four W β, therefore (3.19) is the unique such vector

which is symmetric in the labels 2, 3, 4 and 5. The normalisation was chosen for later

convenience.

Another kind of interaction between left- and right-movers appears when there

is a ΠmΠ̄n contraction between the b-ghosts themselves through the schematic term

(Πmd2)(Π̄nd̄2). In this case both sides of external vertices contribute with factors of

V1W
m
2,3,4,5.

3.4 BRST invariance

After obtaining the different CFT contributions one needs to assemble the parts in order

to obtain a BRST-invariant result in pure spinor superspace. Our claim is that the correct

amplitude is obtained up to an overall coefficient after this step is completed.

The purely holomorphic square part K(a) in (3.15) is written in terms of C1,ij and

therefore manifestly BRST-invariant. The relative coefficient between K(b) in (3.16) and

K(c) from section 3.3 is uniquely fixed by demanding that they combine to form a BRST

invariant quantity. Since K(b) does not involve contractions between the left- and right-

moving fields the only way that the purely left/right mixing terms from K(c) can cancel

the BRST variation of K(b) is if QK(c) is also holomorphically factorised.

Noting that QAm = kmV + (λγmW ) as well as QT i2T
j
3T

k
4 = 0 and

QWm
2,3,4,5 = −(λγmW 2)T i3T

j
4T

k
5 − (2↔ 3, 4, 5) , (3.20)
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one sees that the combination

Tm2,3,4,5 := Am2 T
i
3T

j
4T

k
5 +Am3 T

i
2T

j
4T

k
5 +Am4 T

i
2T

j
3T

k
5 +Am5 T

i
2T

j
3T

k
4 +Wm

2,3,4,5 (3.21)

has the property that its BRST variation contains the vector index m only in momenta

km,

QTm2,3,4,5 = km2 V2T
i
3T

j
4T

k
5 + (2↔ 3, 4, 5) . (3.22)

This observation justifies the normalisation of (3.19) and suggests that the left/right mixing

terms in K(c) are given by

K(c) = −ΩV1T
m
2,3,4,5Ṽ1T̃

m
2,3,4,5 , (3.23)

because

QK(c) = ΩV1V2T
i
3T

j
4T

k
5 k2

mṼ1T̃
m
2,3,4,5 + (2↔ 3, 4, 5) (3.24)

is holomorphically factorised and therefore has a chance of cancelling the BRST variation

of K(b). Indeed one can show that

K(b) +K(c) = −ΩCm1,2,3,4,5C̃
m
1,2,3,4,5 (3.25)

where17

Cm1,2,3,4,5 C̃
m
1,2,3,4,5 := V1 T

m
2,3,4,5 Ṽ1 T̃

m
2,3,4,5 +

(T12T
i
3T

j
4T

k
5 T̃12T̃

i
3T̃

j
4 T̃

k
5

s12
+ (2↔ 3, 4, 5)

)
+
(T1T

i
23T

j
4T

k
5 T̃1T̃

i
23T̃

j
4 T̃

k
5

s23
+ (23↔ 24, 25, 34, 35, 45)

)
. (3.26)

is BRST-closed and therefore fixes the relative normalisation among the different CFT

contributions to the closed-string amplitude in (3.7).

To verify that (3.26) is BRST closed one uses (3.17) and (3.24) to obtain

QCm1,2,3,4,5 C̃
m
1,2,3,4,5 = V1V2T

i
3T

j
4T

k
5 J̃1|2|345 + (2↔ 3, 4, 5) , (3.27)

where the right-moving kinematic factor

J̃1|2|345 := T̃21T̃
i
3T̃

j
4 T̃

k
5 + Ṽ1T̃

i
23T̃

j
4 T̃

k
5 + Ṽ1T̃

i
24T̃

j
3 T̃

k
5 + Ṽ1T̃

i
25T̃

j
3 T̃

k
4 + Ṽ1k

m
2 T̃

m
2,3,4,5 (3.28)

is BRST-closed and satisfies [56]

〈J̃1|2|345〉 = 0 . (3.29)

The pure spinor bracket 〈. . .〉 here denotes the integration over the zero-modes of λα and θα

as all non-zero-modes have been integrated out already (via operator product expansions).

The prescription for zero mode integration has the schematic form 〈(λ3θ5)〉 = 1 and is

reviewed in [4]. Therefore the vanishing of the left-moving BRST variation of (3.26) follows

17The m superscripts in Cm1,2,3,4,5C̃
m
1,2,3,4,5 are meant to be symbolic reminders that some of the terms

therein involve vector index contractions between left- and right-movers. One cannot view Cm1,2,3,4,5 as a

separate vector of its own right.
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from the vanishing of the pure spinor zero-mode integration of the superfield combination

J̃1|2|345 that builds up on the right-moving sector.

Note that the vanishing of 〈J1|2|345 + (2↔ 3, 4, 5)〉 yields

〈T12T
i
3T

i
4T

i
5 + T13T

i
2T

i
4T

i
5 + T14T

i
2T

i
3T

i
5 + T15T

i
2T

i
3T

i
4 + k1

mV1T
m
2,3,4,5〉 = 0 . (3.30)

The left-hand side will be shown in appendix B.1 to be BRST-exact.

It is interesting to observe that – up to the left/right mixing terms – (3.28), (3.29) and

(3.30) can be viewed as kinematic relations dual to Jacobi identities among certain colour

factors18 (see the BCJ-like identity (7.33) of [1]). The fifth term ∼ kimV1T
m
2,3,4,5 of (3.28)

and (3.30) ties in with the field theoretic identity (3.9) of [57] connecting numerators of box

diagrams with the vectorial part of a pentagon numerator contracting a loop momentum19.

The derivation in [57] rests on demanding kinematic Jacobi identities dual to Lie algebraic

colour relations between cubic diagrams [25]. Hence, we are lead to interpret the superspace

expression 〈T...T i...T j...T k...〉 as a box numerator (with a massive corner represented by the

rank two building block Tpq or T ipq). Likewise, 〈V1T
m
2,3,4,5〉 qualifies to represent the loop

momentum dependent part of a pentagon numerator. Given the vanishing of (3.30) in

the BRST cohomology, we can regard it as a pure spinor superspace derivation of certain

kinematic Jacobi relations at loop level.

3.5 The five closed-string amplitude in terms of SYM trees

By assembling the results from the previous subsections, we conclude that the supersym-

metric closed-string five-particle amplitude is given by

M1-loop = 2

∫
d2τ

τ5
2

∫
d2z2 . . . d2z5 I(sij)

×
{ 5∑

2≤i<j
2≤k<l

(XijX̃kl + δikδjl sijΩ) 〈C1,ijC̃1,kl〉 − Ω〈Cm1,2,3,4,5 C̃m1,2,3,4,5〉
}
. (3.31)

The superspace expressions 〈spqC1,ijC̃1,kl〉 and 〈Cm1,2,3,4,5C̃m1,2,3,4,5〉 have the same dimen-

sions as k10AYM ÃYM , which translates into dimensions of R5/k2 for their five-graviton

components. Since zi integration over the (XijX̃kl + δikδjl sijΩ) will be shown to have no

leading contribution in α′, the leading low energy behaviour of (3.31) is given entirely by

〈Cm1,2,3,4,5C̃m1,2,3,4,5〉. In appendix B.2 we will give a superspace proof that this low-energy

limit is totally symmetric in all the labels even though its definition (3.26) superficially

treats the first external leg on a different footing.

18Pure spinor superspace expressions of the form 〈T...T i...T j...T k...〉 were argued in [1] to be in cor-

respondence with colour tensors built from structure constants fabc contracted with one symmetrised

four-trace da1a2a3a4 := 1
6

∑
σ∈S3

Tr{ta1taσ(2)taσ(3)taσ(4)}. The trace is taken in the fundamental rep-

resentation of the gauge group generators ta. These tensors obey four term Jacobi relations such as

dabcefedg + dabdefecg + dacdefebg + dbcdefeag = 0 which formally resembles the first four terms in (3.30) by

identifying 〈T12T
i
3T

i
4T

i
5〉 ↔ fa1a2bdba3a4a5 .

19Note that a representation of the one-loop five-particle amplitude in N = 4 SYM theory was found in

[58] which satisfies all kinematic Jacobi identities and where the loop momentum dependence in pentagon

numerators vanishes.
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So far, we have expressed the world-sheet integrand for the five-particle closed-string

amplitude in terms of BRST invariant kinematic factors C1,ij and Cm1,2,3,4,5C̃
m
1,2,3,4,5 in pure

spinor superspace. We shall now translate these superfields into tree-level YM field-theory

amplitudes [36].

The open-string BRST invariants C1,ij were found in [1] to match with (permutations

of) the (α′)2ζ2 corrections to disk amplitudes. According to (2.1), those in turn furnish

linear combinations of the two independent YM tree amplitudes AYM (1, 2, 3, 4, 5) and

AYM (1, 3, 2, 4, 5),

〈C1,23〉 = s45

(
s24AYM (1, 3, 2, 4, 5)− s34AYM (1, 2, 3, 4, 5)

)
(3.32)

with bilinear coefficients in Mandelstam variables [4, 5]. This guarantees that the

〈C1,ijC̃1,kl〉 terms in (3.31) arising from K(a) can be expressed in terms of the four in-

dependent kinematic factors formed by bilinears {AYM (1, 2, 3, 4, 5), AYM (1, 3, 2, 4, 5)} ×
{ÃYM (1, 2, 3, 4, 5), ÃYM (1, 3, 2, 4, 5)}.

The additional BRST invariant, Cm1,2,3,4,5C̃
m
1,2,3,4,5 in (3.26), involves contractions be-

tween vectorial superfields from the left- and right-movers. Hence, the results from the

open-string sector is not enough to determine the relation with AYM bilinears. Instead,

we shall evaluate individual supercomponents of the last term in (3.31) using the methods

of [56] and compare the result with the component representation of a AYM ansatz.

It turns out that the any type IIB component expansion encoded in the pure spinor

superspace expression (3.26) can be matched with a bilinear combination of AYM tree

amplitudes. The expansion coefficients, however, depend on the overall U(1) charge q of the

components of the maximal supergravity multiplet being scattered. Therefore one cannot

hope to find a single superspace expression like (3.32) which contains all supercomponents

at the same time. In fact, the component evaluation based on [56] shows that (3.26) can

be expressed in terms of the tree amplitude (2.5) in the form

〈Cm1,2,3,4,5 C̃m1,2,3,4,5〉 =

{
+1AtY M S0M3 ÃYM : U(1) conserved, q = 0 .

−1
3 A

t
Y M S0M3 ÃYM : U(1) violated, q = ±2 .

(3.33)

The specific 2× 2 matrices, S0 and M3, for the five-particle amplitude are given in (2.14)

and (2.15). The five-graviton and four-graviton–one-dilaton component amplitudes were

used to probe the U(1)-conserving and U(1)-violating sectors, respectively, including the

relative prefactor −1/3 in (3.33). As we will see in section 5.3, the latter agrees with

expectations based on type IIB S-duality introduced in section 2.4.2.

After substituting (3.32) and (3.33) into (3.31) we see that the U(1)-conserving and

U(1)-violating components of the one-loop five-particle amplitude both have the structure

Mq
1-loop = AtY M S

q
1-loop(sij) ÃYM (3.34)

with the two-component vectors, AYM and ÃYM , defined by (2.14) encoding all the po-

larisation dependence. The 2 × 2 matrix Sq1-loop(sij), on the other hand, only depends on

the dimensionless Mandelstam variables through world-sheet integrals and captures the α′

dependence. The structure of (3.34) resembles that of the tree amplitude, but it should
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be stressed that the tree-level amplitude did not involve a contraction between left-moving

and right-moving superfields. The BRST invariant (3.33) in the one-loop case with such

a contraction can be expanded in a AtY M ÃYM basis with coefficients depending on the

U(1) charge. Hence, the form of Sq1-loop(sij) depends on the U(1) charge-violation of the

amplitude. In section 4 we will obtain the low energy expansions of the analytic part of

Sq1-loop(sij) for both the cases q = 0 and q = ±2 and compare their coefficients with those

in the expansion of the five closed-string tree amplitude given in (2.9) (and derived in [6]).

3.6 The distinction between type IIA and type IIB in ten dimensions

The derivation of the five-particle closed-string amplitude (3.31) in pure spinor superspace

is equally valid for both the type IIA and type IIB theories. For type IIA the left- and

right-movers have opposite space-time chirality while for type IIB these chiralities are

the same. As a consequence, when extracting the supercomponent expansions of (3.31)

the difference between type IIA and IIB comes entirely from the different sign of the ten

dimensional Levi-Civita tensors for the pure spinor correlators of the form 〈(λ3θ5)〉 given in

the appendix of [59]. Since there are only 9 linearly independent vectors for either the left-

or right-movers (5 polarisations and 4 momenta), the difference between these two theories

is restricted to the kinematic factor which involves at least one contraction between the

left- and right-moving superfields. This arises in the first term on the right-hand side of

(3.26). More precisely, one can show that20 [56]

〈Ṽ1T̃
m
2,3,4,5〉 = · · ·+ 1

5760

{
+ εk

1k2k3k4ẽ1ẽ2ẽ3ẽ4ẽ5m (type IIB)

− εk1k2k3k4ẽ1ẽ2ẽ3ẽ4ẽ5m (type IIA)
(3.35)

where terms in the ellipsis are identical in type IIB and type IIA theory, and em, ẽn denote

the bosonic polarisations of the left- and right-moving sector. So we see that the ε... term

arising from the right-moving Ṽ1T̃
m
2,3,4,5 flips sign between the two theories. However, the

ε... contribution to the left-moving factor V1T
m
2,3,4,5 in (3.26) has the same sign in type IIA

as in type IIB.

As a result, the terms in 〈V1 T
m
2,3,4,5 Ṽ1 T̃

m
2,3,4,5〉 containing the product of two ε...’s

contracted on at least one index have opposite signs in the type IIA and type IIB cases. Such

bilinears in ε... reduce to products of Kronecker δ’s and are not parity-violating. Analogous

observations were demonstrated in the somewhat different sigma model calculations in

[60, 61]. In the type IIB case the presence of these terms quadratic in ε... are important in

ensuring that the amplitude can be expressed as a bilinear in Yang–Mills tree amplitudes,

generalising the structure of the type IIB tree amplitude. By contrast, in the type IIA

case, the sign of the ε... bilinears is different and the amplitude cannot be expressed as a

bilinear in Yang–Mills trees.

Furthermore, in the type IIB case the parity-violating single ε... term cancels out of

(3.26) whereas the type IIA amplitude does contain such a term. An example of such a

20We are using the following shorthand notation for contractions of the ε tensor:

εk
1k2k3k4ẽ1ẽ2ẽ3ẽ4ẽ5m := k1

n1
k2
n2
k3
n3
k4
n4
ẽ1
n5
ẽ2
n6
ẽ3
n7
ẽ4
n8
ẽ5
n9
εn1n2...n9m

The same kind of shorthand is used for the t8 tensor in (3.36).
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parity-violating component amplitude is the amplitude with one NSNS–two form and four

gravitons,

MBR4

1-loop =
2

(360)2

∫
d2τ

τ5
2

∫
d2z2 . . . d

2z5 I(sij) Ω

×

{
0 (type IIB)

B1
mnε

mnk2e2k3e3k4e4k5e5tk
2ẽ2k3ẽ3k4ẽ4k5ẽ5

8 (type IIA)
(3.36)

where B1
mn = e1

[m ⊗ ẽ
1
n] denotes the two–form polarisation and t8 is defined in [48]. This

reproduces the one-loop calculation in [62]. It again cannot be expressed as a bilinear of

ten-dimensional YM tree amplitudes.

Upon compactification to dimensions D < 10, however, maximally supersymmetric

YM theory is not chiral and there is no distinction between the type IIA and type IIB

theories. Therefore, the property of five-particle type IIB amplitudes that the polarisation

dependence is contained in AtY M ÃYM also applies to the compactified type IIA theory.

Note further that the identity (3.30) motivates the interpretation of the vector

〈V1T
m
2,3,4,5〉 as the loop momentum dependent piece of a pentagon numerator in field theory.

4 Low energy expansion of type IIB one-loop amplitudes

In this section we will consider the analytic terms in the low energy expansion of the

five-graviton one-loop amplitude (3.34) in powers of the Mandelstam invariants. We will

concentrate on the type IIB case since in section 5 we will be interested in studying how

our results match with considerations of SL(2,Z) duality. We will begin in section (4.1) by

reviewing the corresponding expansion of the four-graviton one-loop amplitude studied in

[32]. This involves the expansion of the loop integrand as a power series in the world-sheet

Green functions. At order (α′)n+3 this results in a sum of one-particle irreducible (1PI)

vacuum diagrams with n propagators joining the four points, corresponding to the external

vertex operators. These diagrams are then integrated over the fundamental domain of the

modular parameter τ . Care has to be taken to separate the non-analytic parts of the am-

plitude that correspond to non-local terms in the effective action, which is an unambiguous

procedure, at least at low orders in α′. We will then, in section (4.2), systematically expand

the analytic part of the matrix Sq1-loop(sij) in the five-particle amplitude (3.34) in terms of

the same 1PI diagrams together with a few five-point generalisations. This extends partial

results of [29] and paves the way to identification of tree-level matrices M2k+1 defined by

(2.8) in the momentum expansion of the one-loop amplitude (3.34).

In order to include the possibility of describing amplitudes in compactifications on a d-

torus toD = 10−d dimensions the loop integrand must be multiplied by the standard lattice

factor that accounts for Kaluza–Klein charges and winding modes in the loop measure. This

means that we should integrate over the world-sheet torus with measure∫
dµd(τ) :=

∫
F

d2τ

τ2
2

Γd,d(B,G; τ) , (4.1)
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where the τ integral is over a fundamental domain F and

Γd,d(B,G; τ) :=
∑

mi,ni∈Zd×Zd
exp

(
− π
τ2

(Gij +Bij)(m
i − τni)(mj − τ̄nj)

)
. (4.2)

and Gij , Bij (i, j = 1, . . . , d) are the metric and antisymmetric potential on the

d-torus [63]. These scalar fields parameterise moduli space defined by the coset

SO(d, d,Z)\SO(d, d,R)/(SO(d,R)× SO(d,R)) associated with T-duality. Such compacti-

fications on flat manifolds preserve all 32 supercharges.

4.1 The four-particle amplitude and its world-sheet diagrams

The four-particle genus-one amplitude involves only one type of world-sheet integral [63]

(with Koba–Nielsen factor I(sij) given by (3.8)),

I :=

∫
dµd(τ) τ−3

2

∫
d2z2 d2z3 d2z4 I(sij)

=

∫
dµd(τ) τ−3

2

∫
d2z2 d2z3 d2z4

4∏
i<j

 ∞∑
nij=0

1

nij !
s
nij
ij (lnχij)

nij

 , (4.3)

where the integration measure is defined in (4.1). The terms in the sum in the last factor

in the integrand with a given value of w =
∑

i<j nij involve w powers of the propagator

and contribute to the terms in the expansion of order (α′)w+3 relative to the classical

supergravity terms. In the following we will represent a propagator lnχij by a line joining

points i and j,

•i •j = lnχij .

Terms in the sum in (4.3) of order (α′)w+3 are therefore represented by diagrams with w

propagators, so we will also refer to them as having weight w.

The zi integrations within any diagram are conveniently performed by Fourier trans-

forming the propagator21, lnχij with its zero mode subtracted22, defined by (3.4),

lnχij = − 1

π

∑
(m,n)6=(0,0)

τ2

|mτ + n|2
exp

(
2πi

τ2
(mRe (zij)τ2 − (mτ1 + n)Im (zij))

)
. (4.4)

The summation variables m and n are the integer components of the world-sheet momen-

tum conjugate to zij , which are conserved at each vertex of the diagram. The zi integration

within a diagram results in a modular function of τ expressed as a multiple sum over the

internal world-sheet momenta. This has to be integrated over a fundamental τ domain

with measure µd(τ) defined by (4.1). Such diagrams were constructed in [32] up to order

21Note that the normalization of lnχij chosen in this work differs by a factor of 4 from [32] and by a

factor of −2 from [29]. As a consequence, any w propagator diagram must be rescaled by factors of 4w and

(−2)w for comparison with [32] and [29], respectively.
22Momentum conservation allows a simultaneous shift in all the two point functions in (3.8) by a z

independent function of τ, τ̃ without changing the Koba–Nielsen factor [33]. This modification also drops

out from derivatives ∂ lnχij .
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(α′)9 and studied in ten space-time dimensions (as well as in the S1 compactification to

nine dimensions).

Note on conventions: Within any diagram there may be multiple propagators joining

a particular pair of points, i and j. This will be represented by the symbol

•i •jn = (lnχij)
n .

An immediate consequence of world-sheet momentum conservation at each vertex is that

one-particle reducible diagrams integrate to zero. Thus, any diagram that contains a vertex

connected by a single propagator gives a zero contribution23, such as lnχij lnχjk in the

following figure,

•i

•j
•k = lnχij lnχjk .

The structure of the low order diagrams is summarised as follows. The diagram with

no propagators is simply the nij = 0 term in the sum in (4.3) and will be labelled D0 := 1.

The diagram consisting of a single propagator vanishes since the integral of (4.4) is zero

at a fixed finite value of τ2, so D1 = 0. There is only one non-vanishing contribution at

weight w = 2, given by a diagram with a double line,

• •2 =: D2 .

At weight w = 3, there are two diagrams of different topologies,

• •3 =: D3 ,

•

•

• =: D111 ,

and weight w = 4 gives diagrams of four distinct topologies24:

• •4 =: D4 ,

• •

• •

2 2 =: D2
2

•

•

•2 =: D211 ,

• •

• •

=: D1111 ,

23However, although this is true at fixed τ , there is a nonuniformity in the large-τ2 limit leading to

important threshold singularities that contribute to the non-analytic part of the amplitude [32], which we

will not discuss further in this paper.
24The D2

2 term can either be represented by a disconnected diagram or by an equivalent connected

diagram,
•

•

•

• 2

2
= D2

2 =
•

•

•
2 2
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Using the Fourier expansion (4.4) each propagator is associated with a factor of

−τ2/(π|mτ + n|2), where the components m,n of the discrete world-sheet loop momen-

tum are conserved at every vertex. So the modular functions, D..., are given by multiple

sums over integer loop momenta. For example, the lowest-weight cases are given by

D2(τ) =
1

π2

∑
(m,n) 6=(0,0)

τ2
2

|mτ + n|4
, D111(τ) = − 1

π3

∑
(m,n)6=(0,0)

τ3
2

|mτ + n|6

D3(τ) = − 1

π3

∑
(m1,n1),(m2,n2) 6=(0,0)
(m1+m2,n1+n2)6=(0,0)

τ3
2

|m1τ + n1|2 |m2τ + n2|2 |(m1 +m2)τ + (n1 + n2)|2
, (4.5)

with analogous expressions for the weight-four diagrams listed above and the higher-order

diagrams that enter into the α′ expansion of the four-particle amplitude. In the α′ expan-

sion of the four-point one-loop amplitude, the coefficients of any product Ml1Ml2 . . . are

given by the integral of a particular linear combination of D...’s. We will use the notation

Ξ
(d)
l1,l2,...

=

∫
dµd(τ)

∑
D... , (4.6)

where the l1, l2, . . . subscript refers to the accompanying Ml1Ml2 . . .. Explicit examples

are given in (5.3) and other parts of section 5. In the D = 10 case (where d = 0) the

coefficients Ξ(0)
... are constants that reduce to multi-zeta values in the cases that we will

consider, whereas the quantities Ξ(d)
... depend on the moduli of the (10 − d)-dimensional

theory.

The complete set of such sums that arise up to order (α′)9 (as well as certain classes

of higher weight diagrams) were analysed in [32] in sufficient detail to determine their

contributions to the D = 10 (or d = 0) four-particle α′ expansion. Upon compactification

on a circle of radius r to D = 9 (i.e., when d = 1) the analysis in [32] determined,

for each power of α′, the terms that are power-behaved in r in the limit r2 � 1/α′. For

compactifications to lower dimensions (larger values of d) the coefficients of the terms in the

α′ expansion depend on the moduli that parameterise the coset SO(d, d)/(SO(d)×SO(d))

as discussed in [52, 53]

The evaluation of these multiple sums rapidly gets unwieldy and we do not have a

general procedure for analysing the contribution of higher-weight diagrams. However, it is

possible to analyse completely certain infinite subsets of diagrams. For example, the subset

of weight-k diagrams that form k-sided polygons are non-holomorphic Eisenstein series’,

Ek(τ) = (−π)kD11 . . . 1︸ ︷︷ ︸
k

=
∑

(m,n)6=(0,0)

τk2
|mτ + n|2k

. (4.7)

In the following we will extend the diagrammatic discussion to the five-particle ampli-

tude up to order (α′)9D10R5.

4.2 Five-particle world-sheet integrals and their diagrammatic expansion

We now turn to consider the expansion of the five-particle amplitude. The integrand of

the amplitude (3.31) comprises terms proportional to Ω, see (3.6), and terms proportional
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•1 •2
>
>

I12 ↔ ∂ lnχ12 ∂̃ lnχ12

•1 •2

•3

>

>

J12|13 ↔ ∂ lnχ12 ∂̃ lnχ13

•1 •2

•3 •4

>

>

J ′12|34 ↔ ∂ lnχ12 ∂̃ lnχ34

Figure 1: Three different topologies of five-point integrals: Directed dashed lines represent

both holomorphic and antiholomorphic derivatives ∂ lnχij and ∂̃ lnχij .

to XijX̃kl. The latter in turn is proportional to ∂ logχij ∂̄ logχkl by (3.4). As a result,

the diagrams that enter into the low energy expansion have the additional feature that

they include lines with holomorphic or anti-holomorphic derivatives acting on them. In the

following such a line will be represented by

•1 •2> = ∂ lnχ12

where the arrow indicates a derivative (and it is not necessary to distinguish holomorphic

or anti-holomorphic derivatives at the level of the five-particle amplitude).

The complete five-particle amplitude involves the sum of a number of integrals over

the moduli space of the torus: One of these is a totally symmetric integral

K := − 1

π

∫
dµd(τ) τ−3

2

∫
d2z2 . . . d

2z5 I(sij) Ω (4.8)

and the others comprise 36 integrals involving a pair of holomorphic and antiholomorphic

propagator derivatives XijX̃pq ∼ ∂ lnχij ∂̃ lnχpq. Depending on the relative labels i, j ↔
p, q, we have to distinguish three topologies [29] of integrands ∼ XijX̃pq shown in figure 1.

The integral expressions associated with these diagrams are given by

Irs :=
1

π

∫
dµd(τ) τ−3

2

∫
d2z2 . . . d

2z5 I(sij) ∂ lnχrs ∂̃ lnχrs (4.9)

Jrs|rt :=
1

π

∫
dµd(τ) τ−3

2

∫
d2z2 . . . d

2z5 I(sij) ∂ lnχrs ∂̃ lnχrt (4.10)

J ′rs|tu :=
1

π

∫
dµd(τ) τ−3

2

∫
d2z2 . . . d

2z5 I(sij) ∂ lnχrs ∂̃ lnχtu . (4.11)

Expanding these integrals is a more substantial challenge. Integrals of J and J ′ type do

not involve any poles in sij , and the power series expansion in α′ can be performed at the

level of the Koba–Nielsen factor (3.8) in the integrand. In the case of the I12 topology,

however, we first have to subtract the s−1
12 pole whose residue is given by the four-point

integral (4.3) with momenta k1 + k2, k3, k4, k5 [29]:

I12 =
1

s12
I(k1 + k2, k3, k4, k5) + Ireg

12 (4.12)

Ireg
12 =

1

π

∫
dµd(τ) τ−3

2

∫
d2z2 . . . d

2z5

5∏
i<j

 ∞∑
nij=0

1

nij !
s
nij
ij (lnχij)

nij

 ∂ lnχrs ∂̃ lnχrs

(4.13)
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0 = •

•

•

•

•

>

+ •

•

•

•

•

>

+ •

•

•

•

•
>

+ •

•

•

•

•
>

Figure 2: Momentum conservation at vertices of world-sheet diagrams following from zi
integration.

•1 •2>>

= ∂∂̃ lnχ12 ,
=⇒

•

•

•

•

>
> =

•

•

• •• •

−

•

•

•

•

Figure 3: Graphical formulation of the Laplace equation: The first diagram on the right-

hand side originates from the τ−1
2 factor in ∂∂̄ lnχij ∼ (δ2(zij)− τ−1

2 ), the second diagram

is due to the delta function admixture.

In other words, removal of the pole in (4.12) paves the way towards Taylor expanding the

Koba–Nielsen factor. This generalises the treatment of multiparticle disk integrals with

kinematic poles in [26]. The low energy behaviour of the regular part Ireg
12 can then be

obtained by the same methods as those applied to J and J ′. Hence, the residual task is

the reduction of integrals of the form∫
d2z2 . . . d

2z5 ∂ lnχrs ∂̃ lnχtu

5∏
i<j

(lnχij)
nij , nij ∈ N (4.14)

to an appropriate basis of multiple sums.

At low orders in the expansion expressions of the form (4.14), can be reduced to the

expressions that define the D...’s that arose in expanding the four-particle amplitude (4.3).

This reduction involves:

• Integration by parts, or momentum conservation (as illustrated in figure 2). This

can be used to express diagrams with non-coincident derivatives, as in the integrals

(4.10), (4.11) and (4.13), in terms of those with a laplacian acting on one propagator.

However, this fails for some diagrams with more than 5 propagators, as will be

discussed later.

• The Laplace equation (3.6) and its diagrammatic formulation shown in figure 3 re-

duces any diagram with a double derivative on a propagator to a diagram with one

less propagator. In diagrammatic language, the action of the laplacian on a propa-

gator, ∂∂̄ lnχij ∼ (δ2(zij) − τ−1
2 ), amounts to either shrinking or deleting it (with a

relative sign), as in figure 3.

For diagrams with less than six propagators this procedure reduces the factor of

∂ lnχrs ∂̃ lnχtu to a single propagator lnχij and the weight w of the resulting expres-

sion is then related to the integer exponents nij in (4.14) via w = 1 +
∑

i<j nij . Certain

– 30 –



diagrams with w > 4 cannot be reduced to the diagrams that arose in the case of the

expansion of the four-particle amplitude and led to the expressions D....

4.3 Order by order expansion of five-point integrals

In this section, we investigate low weight examples in detail in order to illustrate the

procedure outlined above. The goal is to expand the five-point integrals (4.8) to (4.11). In

evaluating K, we may replace Ω by −π/τ2 and proceed along the lines of section 4.1 where

its four-particle relative (4.3) is analysed,

K =

∫
dµd(τ)

(
D0 +

D2

2

∑
i<j

s2
ij + D111 (s12s13s23 + 9 perms.)

+
D3

6

∑
i<j

s3
ij +

D4

24

∑
i<j

s4
ij +

D2
2

4
(s2

12s
2
13 + s2

12s
2
34 + 43 perms.) (4.15)

+
D211

2
(s12s13s23s123 + 9 perms.) + D1111 (s12s23s34s41 + 14 perms.) + . . .

)
Expanding the remaining integrals (4.9) to (4.11) is more complicated since they have

an overall factor of two propagators with a derivative acting on each of them. The following

enumerates the contributions that arise at each weight in the expansion.

Weight 1

The zeroth order term in the expansion has nij = 0 in (4.14) and so involves the

product of two propagators with a derivative acting on each of them. This integrates to

zero as one can also see from the absence of a non-vanishing lattice sum D1. This ties in

with the absence of candidate terms D2R4 and R5 at order (α′)4 in the graviton effective

action. In theories with 32 supercharges, operators of the form D2R4 can only produce

vanishing on-shell matrix elements ∼
∑

i 6=j sij = 0 whereas R5 operators are argued in [64]

to have no consistent supersymmetrisation 25

Weight 2

In this case
∑

i<j nij = 1 in (4.14) and the diagrams have three propagators. The

following diagrams contribute to Ireg
12 and J12|13 and are evaluated by integration by parts

and use of the Laplace operator on one propagator.

• •• •>
>

= − 1
2
• •• •

>>
= 1

2 D2

• •
> >
•

= −
• •
>>
•

= −D2

For completeness, the following is a diagrammatic representation of the Laplace equation

identities that are used in deriving the above expressions:

25However, logarithmic terms arise at this order of the form ∼ s ln sR4 and ln sR5 that correspond to

the massless thresholds of ten-dimensional supergravity. These, and higher order thresholds crucially affect

the non-analytic part of the amplitude that is not being considered here.
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• •• •
>>

2
= × − • •

2
= −D2

• •>>

•
=

•

•

•

•
−

•

•

•
= +D2

Propagators contracted to a point through the delta function in (3.6) do not contribute in

this case, which reflects the regularisation lnχij(0, 0̄)→ 0.

Diagrams that arise in the expansion of J ′12|34 at this order vanish and hence

J ′12|34

∣∣
w=2

= 0. The above examples exhaust the nonvanishing w = 2 contributions of

all the five-point integrals, resulting in

Ireg
12

∣∣∣
w=2

=
1

2

∫
dµd(τ) D2 s12 , J12|13

∣∣∣
w=2

= −
∫

dµd(τ) D2 s23 . (4.16)

Weight 3

The contributions of this order are terms with
∑

i<j nij = 2 in (4.14) that correspond

to diagrams with four propagators. The following diagrams arise and can again be reduced

to standard form by integration by parts and use of the Laplace equation on one propagator.

• •• •
>
>
2

= 1
3 D3

•

• •
>
> = D111 + 1

2 D3

•

• •>
>

= −1
2 D3

•

• •
> >

= −D3

• •

• •

>

> = −D111
• •

• •

>

>
= −D111

The Laplace equation identities that are used in determining these expressions (following

integration by parts) are the following.

• •• •
>>

3
= −D3 ,

• •

• •

>>
= D111

• •• •
>>

•

= −D111 , • •• •

•
>>

= D3

We conclude that the contributions of all diagrams at this order reduce to rational

multiples of D3 and D111. Using the above results, the expansion of the integrals (4.10),
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(4.11) and (4.13) to weight w = 3 is

J12|13 = −
∫

dµd(τ)
(
D2s23 + D111 (s24s34 + s25s35) +

D3

2
s23 (s12 + s13 + s23) + · · ·

)
J ′12|34 =

∫
dµd(τ) D111 (s14s23 − s13s24) + · · · (4.17)

Ireg
12 =

∫
dµd(τ)

( D2

2
s12 + D111 (s13s23 + s14s24 + s15s25)

+
D3

6

(
s2

12 + 3(s13s23 + s14s24 + s15s25)
)

+ · · ·
)

which reproduce the expansion results in [29].

A feature that is worth highlighting is that in reconstructing the expansion of the five-

particle amplitude (3.31), the left-right symmetric expression XijX̃ij is always accompanied

by sijΩ. As a consequence, integrals of Iij type (4.9) only appear in combination with the

K integral (4.8) and important cancellations occur (e.g. the complete D0 coefficient drops

out). Therefore, the expansion of the piece of the amplitude that contains Iij is given, up

to weight three, by

1

π

∫
dµd(τ) τ−3

2

∫
d2z2 . . . d

2z5 I(sij)
[
X12 X̃12 + s12 Ω

]
= s12

∫
dµd(τ)(

D2 (s13s23 + s14s24 + s15s25) +
D3

2
(s12s13s23 + s12s14s24 + s12s15s25)

+D111 (s13s24s34 + s13s25s35 + s14s23s34 + s14s25s45 + s15s23s35 + s15s24s45)

+
D3

2
(s2

13s23 + s13s
2
23 + s14s

2
24 + s2

14s24 + s15s
2
25 + s2

15s25) + · · ·
)
. (4.18)

Weight 4

The diagrammatic framework is easily applied to higher weight contributions. Terms

with
∑

i<j nij = 3 in (4.14) give rise to diagrams with five propagators, two of which

have derivatives acting on them. If we ignore the derivatives, there are eight distinct

five-propagator diagrams, which are listed in appendix C.1. These diagrams (without

arrows) will be directly relevant for the w = 5 case as described below. However, attaching

derivatives to two lines, which can be done in many ways, and using the integration by

parts procedure and Laplace equation, reduces the diagrams to the standard weight-four

D... that were encountered in the case of the four-particle amplitude. As an example,

consider attaching two arrows to the diagram that is equal to D′1111 in appendix C.1,

which has a particularly convoluted topology. The weight-four contributions that result

are the following
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•

•

•

•

>

<

= −
•

•

•

•

>
> = −D211

•

•

•

•
> > = −

•

•

•

•
>

>
−

•

•

•

•

>

>

= 1
2 (D1111 −D2

2)

•

•

•

•

>

>

= −
•

•

•

•

>> −
•

•

•

•

>
> = −D211 + 1

2 (D2
2 −D1111)

These expressions make use of the following identities involving the action of the Laplace

operator on a propagator

•

•

•

•

>
> =

•

•

• •• •
−
•

•

•

•

= D2
2 − D1111

•

•

•

•>>

=

•

•

•

•

−
•

•

•

•

= D211

We see that any diagram of this topology appearing in the expansions of Ireg
12 , J12|13 and

J ′12|34 can be reduced to rational combinations of (D1111−D2
2) and D211. The analysis of the

remaining topologies involving five propagators (such as D5, D2D3, . . . in the terminology

of appendix C.1) is simpler and we will not display it here. The complete expansion of the

five-point integrals up to w = 4 is fully displayed in appendix D.

Weights 5 and 6

Starting at weight five, not all the derivatives in the ∂ lnχij ∂̃ lnχpq integrand can be

eliminated by this method. For w = 5 (terms in (4.14) with
∑

i<j nij = 4) the diagrams

have six propagators, two of which have derivatives. The derivatives can be eliminated

from most types of diagrams as shown in appendix C.2, although some of these were not

encountered in the expansion of the four-particle amplitude because they involve more

than four vertices. This leave two types of diagrams from which the derivatives cannot be

eliminated by the above procedure. The precise definition of these diagrams is ambiguous

since they are only defined up to terms arising from integration by parts, but they can be

chosen to be the ones shown below

•

•

•
>

>2 =: D∂
222

• •

• •

>

> =: D′′∂1111
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Together with the eight diagrams shown in appendix C.1, the diagrams of this weight span

a ten-dimensional vector space of lattice sums.

A similar analysis of the w = 6 contributions (diagrams with seven propagators, two

of which have derivatives) leads to the 20 diagrams from which derivatives have been

eliminated that are listed in appendix C.2, and leaves the following seven undetermined

diagrams from which the derivatives cannot be eliminated by integration by parts.

•

•

•
>

>3 =: D∂
322 ,

• •

• •
>

>

=: D′∂2211 ,

• •

• •
>

>

2

=: D′′∂2111 ,

• •

• •

>

>
2 =: D′′′∂1111 ,

• •

• •

>

>

2 =: D×∂2111 ,
• •

• •

•
>> =: D′′∂11111

• •

• •

•

>

>

=: D∧∂11111

So we see that the diagrams of weight 6 span a 27-dimensional vector space of lattice sums.

Again there are ambiguities in the definition of these diagrams since they are only defined

modulo integration by parts, corresponding to redefinitions of the basis.

5 Low energy type IIB amplitudes and S-duality

In this section, we will compare our results for the low energy expansion of four- and five-

particle typeIIB amplitudes up to order (α′)9. This is of particular interest in the type

IIB theory, in which the constraints of SL(2,Z) S-duality are expected to relate different

orders in perturbation theory in an interesting manner. Since the amplitudes at tree level

and one loop both take the form AtY MStreeÃYM and AtY MS1-loopÃYM , we can restrict our

discussion to the quantities S.... It turns out that several combinations of multiple sums

D... arise in the α′ expansions of S1-loop in both the N = 4 and N = 5 cases. It is also

striking that the set of tree-level kinematic invariants at any order in α′ (encoded in the M

matrices) is reproduced in the one-loop amplitudes, although extra invariants also appear

at one loop in the N = 5 case starting at order (α′)7D6R5. In the case of U(1)-conserving

amplitudes we will see that the ratio of the coefficients of the tree-level invariants and the

coefficients of the same invariants at one-loop is identical in the N = 4 and N = 5 cases.

This has suggestive implications for the pattern of non-perturbative SL(2,Z) S-duality of

the type IIB amplitudes that extends the well-established N = 4 pattern.

We will also determine the α′ expansion of the amplitudes that violate the U(1) charge

by q = ±2 units (which arises when N ≥ 5) up to order (α′)9. We will see that the pattern

of rational coefficients of such terms extends the systematics of of S-duality at order (α′)3

described in section 2.4 in a compelling manner.

5.1 The four-particle one-loop amplitude

In order to make contact between four-particle and five-particle closed-string amplitudes

at tree-level and one-loop, we summarise the four-particle one-loop results of [32]. In our
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present convention, the four-point amplitude

M1-loop = 2πI ·AYMS0M3ÃYM (5.1)

proportional to the integral I defined by (4.3) allows to read off

S1-loop = S0

(
Ξ

(d)
3 M3 + Ξ

(d)
5 M5 + Ξ

(d)
3,3 M

2
3 + Ξ

(d)
7 M7 + Ξ

(d)
{3,5} {M3,M5}

+ Ξ
(d)
9 M9 + Ξ

(d)
3,3,3M

3
3 + · · ·

)
, (5.2)

where S0 and Mw are scalar functions of Mandelstam invariants defined in (2.13).

The accompanying coefficients, Ξ(d)
... , are combinations of the integrated multiple sums,∫

dµd(τ)D...(τ), and their dependence on the moduli of the (10 − d)-dimensional theory

(which has has been suppressed) enters through the measure factor dµd(τ). The precise

combinations in (5.2) are

Ξ
(d)
3 := 2π

∫
dµd(τ)D0

Ξ
(d)
5 := 4π

∫
dµd(τ)D2

Ξ
(d)
3,3 := −2π

∫
dµd(τ) (4D111 +D3)

Ξ
(d)
7 := π

3

∫
dµd(τ) (D4 + 9D2

2 + 6D1111) (5.3)

Ξ
(d)
{3,5} := − π

12

∫
dµd(τ) (D5 + 16D311 − 12D221 + 12D2111 − 24D′1111 + 14D3D2 + 48D111D2)

Ξ
(d)
9 := π

90

∫
dµd(τ) (D6 − 90D2211 + 90D3

2 + 120D3111 − 10D2
3 + 45D4D2)

Ξ
(d)
3,3,3 := π

540

∫
dµd(τ) (7D6 + 540(D411 − 2D321 +D222) + 2610D2211 − 450D3

2 − 1320D3111

+ 2160D3D111 + 470D2
3 − 225D4D2 − 6480D′2111 + 3240D′′1111 + 1080D×1111) .

The diagrams associated with multiple sums with up to four propagators were displayed

in section 4.1, whereas the more complicated weight-five and six D... entering Ξ
(d)
{3,5}, Ξ

(d)
9

and Ξ
(d)
3,3,3 are reviewed in appendix C.

The expressions for Ξ
(d)
w were analysed explicitly in [32] in D = 10 and D = 9 dimen-

sions, after compactification on a circle of radius r. For example, the Ξ
(0)
w ’s that arise up

to weight four in D = 10, where the measure dµ0(τ) trivialises, are given in terms of∫
dµ0(τ)D0 ≈

π

3
,

∫
dµ0(τ)D2 ≈ 0∫

dµ0(τ)D3 ≈ −
πζ3

3
,

∫
dµ0(τ)D111 ≈ 0 (5.4)∫

dµ0(τ)D4 ≈ 0 ,

∫
dµ0(τ)D211 ≈ 0∫

dµ0(τ)D1111 ≈ 0 ,

∫
dµ0(τ)D2

2 ≈ 0 .
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4pt Mw’s Interaction Tree 1-loop generic d d = 0

1 R 1 0 0

M3 R4 2ζ3 Ξ
(d)
3 4ζ2

M5 D4R4 2ζ5 Ξ
(d)
5 0

M2
3 D6R4 2ζ2

3 Ξ
(d)
3,3 4ζ2ζ3

M7 D8R4 2ζ7 Ξ
(d)
7 0

{M3,M5} D10R4 2ζ3ζ5 Ξ
(d)
{3,5}

97
90ζ2ζ5

M9 D12R4 2ζ9 Ξ
(d)
9

16
15ζ2ζ

2
3

M3
3 D12R4 4

3ζ
3
3 Ξ

(d)
3,3,3

151
90 ζ2ζ

2
3

Table 4. Summary of tree-level and one-loop contributions to terms in the effective action of the

form D2kR4, which can be extracted from the four-graviton components of the α′ expansion of the

superamplitudes shown in (2.9) and (5.2). The M9,M
3
3 degeneracy at order (α′)9 gives rise to two

distinct D12R4 operators which differ in the tensor contractions of the derivatives and curvature.

The ≈ sign indicates that the integrations actually diverge at the large τ2 boundary of

the fundamental domain, but they are regulated by taking into account the non-analytic

thresholds that arise from the large-τ2 limit. This was discussed in detail in [32, 33] and

is an indication of the important interplay between the analytic and non-analytic parts of

the amplitude. We refer the reader to [32] for details of the integrals that arise at weights

five and six.

Table 4 summarises the Mr matrices that correspond to the D2kR4 interactions in

the expansion of the N = 4 tree-level and one-loop amplitudes up to order (α′)9 that are

given in (2.9) and (5.2), together with the corresponding tree-level and one-loop D = 10

coefficients.

Notably, the values of the coefficients in table 4 up to order M2
3 match with the tree-

level and one-loop contributions contained in the modular invariant coefficient functions,

E3, E5 and E3,3. As reviewed in section 2.4 [12–14], these accompany the interactions

R4, D4R4 and D6R4 in the D = 10 type IIB effective action. In particular, it follows

from (5.4) that the D = 10 coefficients, Ξ
(0)
5 and Ξ

(0)
7 , vanish. As a consequence, the

interactions of order D4R4 and D8R4, as well as their supersymmetric partners, do not

receive one-loop contributions to their analytic parts in ten dimensions26. Nevertheless,

generic compactifications to D < 10 lead to non-vanishing Ξ
(d)
5 and Ξ

(d)
7 . This is denoted

in tables 1 and 3 by the wavy underlining of those terms that are zero only in D = 10

dimensions.

5.2 The U(1)-conserving five-particle amplitudes

We have generalised the procedure used for the four-particle amplitude to expand the five-

particle integrals (4.9)-(4.11) and (4.15) to all weights w ≤ 6, using integration by parts

identities (3.12) as a cross-check. In U(1)-conserving five-curvature components, this leads

26However, as discussed in [32] there is a non-analytic threshold term of the schematic form

(α′)7 s4 ln(α′s)R4 that is related to a logarithmic divergence in
∫

dµ0(τ)D2
2.
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to the following α′ expansion for the matrix S1-loop in the five point amplitude (3.34),

Sq=0
1-loop =S0

(
Ξ

(d)
3 M3 + Ξ

(d)
5 M5 + Ξ

(d)
3,3 M

2
3 + Ξ

(d)
7 M7 + Ξ

(d)
7′ M

′
7 + Ξ

(d)
{3,5} {M3,M5}

+ Ξ
(d)
8′ M

′
8 + Ξ

(d)
9 M9 + Ξ

(d)
3,3,3M

3
3 + Ξ

(d)
9′ M

′
9 + Ξ

(d)
9′′ M

′′
9 + · · ·

)
, (5.5)

In the present N = 5 case, the quantities S0, Mk and M ′k are 2×2 matrices. The unprimed

matrices Mk are defined by (2.8) in a tree-level context whereas M ′k do not appear at genus

zero. Their entries are degree k polynomials in Mandelstam invariants (and, by (2.4), in

α′) whose explicit form can be obtained from an extra Mathematica file accompanying

the arXiv submission of this paper. Strikingly, the combinations of terms that make up

the coefficients Ξ
(d)
k of the matrices Mk in (5.5) are exactly the same as those in the four-

particle amplitude, (5.2) and (5.3). However, the following additional combinations of

multiple sums arise

Ξ
(d)
7′ := −10π

∫
dµd(τ) ( 1

96D4 + 19
32D

2
2 −D211 − 99

80D1111)

Ξ
(d)
8′ := 24π

5

∫
dµd(τ)

(
7
96D5 + 1

6D311 − 1
8D221 + 1

8D2111 + 1
4D
′
1111

+ 13
48D3D2 +D11111 − 1

4D
∂
222 −D′′∂1111

)
Ξ

(d)
9′ := −2π

∫
dµd(τ)

(
− 667

12960D6 − 4D1111D2 − 3D2
111 + 2

3D11,11,11 +D21111 − 5D211D2 − 1
2D222

+ 55
144D2211 + 191

144D
3
2 − 235

108D3111 − 7
6D321 + 7

6D3D111 + 667
1296D

2
3 − 1

6D411 + 257
288D4D2

− 2D′11111 +D′2111 +D′′1111 −D×1111 + 2D′′∂11111 + 1
6D

∂
322 + 4D′∂2211 − 6D′′∂2111 (5.6)

+ 4D′′′∂1111 − 2D×∂2111 − 2D∧∂11111

)
Ξ

(d)
9′′ := −2π

∫
dµd(τ)

(
1

10368D6 −D1111D2 − 1
2D

2
111 + 1

3D11,11,11 +D21111 − 1
4D211D2 + 355

576D2211

− 1
8D222 + 101

576D
3
2 − 211

432D3111 − 1
2D321 + 1

2D3D111 + 1291
5184D

2
3 + 3

8D411

+ 341
1152D4D2 − 2D′11111 − 2D′2111 +D′′1111 − 2D′′∂2111 +D′′′∂1111 −D×∂2111 − 2D∧∂11111

)
The terms in (5.5) are associated with the contributions to the low energy expansion of the

five-particle amplitude due to (supersymmetrised) combinations ofD2wR4 andD2w−2R5 in-

teractions (with w denoting the weight of the accompanying multiple sum at order (α′)w+3).

It is worth noting the following points:

• the five-particle matrices Mk arise in both the tree-level and one-loop amplitudes,

(2.9) and (5.5), respectively;

• the specific linear combinations Ξ(d)
... of one-loop multiple sums that arose in the

four-particle case (5.3) also contribute to the five-particle one-loop amplitude.

We therefore conclude that the D2wR4 and D2w−2R5 interactions associated with the

w ≤ 3 results in (5.5) involve exactly the same tree-level and one-loop coefficients. For

4 ≤ w ≤ 6 one of the kinematic invariants in D2w−2R5 (the one involving only unprimed
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Mk matrices) has the same coefficient as D2wR4. Such perturbative results provide useful

input for constraining the exact form of the modular invariant coefficient functions E... in

the type IIB theory, generalising the arguments in section 2.4. After discussing analogous

results concerning U(1)-violating five-particle amplitudes in the following section, we will

see, in section 5.4, how these results may be interpreted in terms of SL(2,Z) duality of the

type IIB amplitude.

A class of D2w−2R5 interactions which does not occur at tree level is signalled by

novel matrices M ′7,M
′
8,M

′
9 and M ′′9 in (5.5), which share a lot of algebraic properties

with the Mk. For example, they again preserve the BCJ and KK relations [25] among

the AYM they act on. But they do not appear in the tree amplitude (2.9). In fact,

these matrices were identified in the research leading to [26] as the unique deformations of

the constituents M7, P8,M9 of disk amplitudes that are consistent with their factorisation

properties, cyclicity and monodromy relations [23, 24].

A small comment: There is an apparent mismatch between the new five-particle kine-

matic invariants associated with the matrices M ′7,M
′
8,M

′
9 and M ′′9 and the classification

of candidate counterterms in four dimensional N = 8 supergravity given in [65]. In par-

ticular, this reference rules out an independent D6R5 operator based on four dimensional

spinor helicity methods. The fact that we have found a term of the form AtY MS0M
′
7ÃYM

is, however, compatible with the analysis of [65] since this term vanishes in the phase space

of four dimensional on-shell kinematics whereas in dimensions D ≥ 5 the interaction is

non-vanishing. We are grateful to the authors of [65] for helpful email correspondence

which clarified this issue.

5.3 The U(1)-violating five-particle amplitudes

Also U(1)-violating five-particle closed-string amplitudes, such as the amplitude with two

G’s and three gravitons, can be expressed in terms of AYM bilinears. According to (3.33),

their coefficients encoded in the matrix Sq1-loop are different for R-symmetry charges q = 0

and q = ±2. In the latter case, we arrive at the following low energy expansion

Sq=±2
1-loop = S0

(
−1

3
Ξ

(d)
3 M3 +

1

5
Ξ

(d)
5 M5 +

1

3
Ξ

(d)
3,3 M

2
3 +

3

7
Ξ

(d)
7 M7 + Ξ̂

(d)
7′ M

′
7 +

1

2
Ξ

(d)
{3,5} {M3,M5}

+ Ξ̂
(d)
8′ M

′
8 +

5

9
Ξ

(d)
9 M9 +

5

9
Ξ

(d)
3,3,3M

3
3 + Ξ̂

(d)
9′ M

′
9 + Ξ̂

(d)
9′′M

′′
9 + Ξ̂

(d)
9′′′M

′′′
9 + · · ·

)
(5.7)

Apart from the terms with coefficients Ξ(d)
... , which arose in the U(1)-conserving amplitudes

(5.2) and (5.5), novel linear combinations, Ξ̂(d)
... , of multiple sums appear (which are different

from Ξ
(d)
7′ , . . ., Ξ

(d)
9′′ of the q = 0 case in (5.6)), which accompany the M ′k, M

′′
9 and M ′′′9

matrices,

Ξ̂
(d)
7′ := π

∫
dµd(τ)

(
7
48D4 − 251

16 D
2
2 + 18D211 + 207

8 D1111

)
Ξ̂

(d)
8′ := π

∫
dµd(τ)

(
107
576D5 − 479

180D311 + 767
240D221 − 767

240D2111 + 817
120D

′
1111 + 313

30 D11111

+ 6
5D111D2 − 4067

1440D3D2 − 5
6D
′′∂
1111 − 5

24D
∂
222

)
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Ξ̂
(d)
9′ := −2π

∫
dµd(τ)

(
− 4847

116640D6 − 3D2
111 + 2

3D11,11,11 + 3D21111 − 10D211D2

+ 2579
1296D2211 − 1

6D222 + 7195
1296D

3
2 − 6143

972 D3111 − 3
2D321 + 7

6D3D111 + 2903
11664D

2
3

− 1
2D411 + 2605

2592D4D2 − 6D′11111 + 7D′2111 −D′′1111 − 7
3D
×
1111 + 2D′′∂11111

+ 1
6D

∂
322 + 4D′∂2211 − 6D′′∂2111 + 4D′′′∂1111 − 2D×∂2111 − 2D∧∂11111

)
(5.8)

Ξ̂
(d)
9′′ := −2π

∫
dµd(τ)

(
6073

466560D6 + 3D1111D2 + 3
2D

2
111 + 1

3D11,11,11 + 3D21111 − 9
4D211D2

− 7
24D222 + 2351

5184D2211 + 8665
5184D

3
2 − 8831

3888D3111 − 1
6D3D111 − 2185

46656D
2
3 − 6D′11111

+ 457
10368D4D2 − 1

6D321 + 5
24D411 + 4D′2111 −D′′1111 − 4

3D
×
1111 − 2D′′∂2111 +D′′′∂1111

−D×∂2111 − 2D∧∂11111

)
Ξ̂

(d)
9′′′ := −2π

∫
dµd(τ)

(
− 7

270D6 − 12D1111D2 + 4D11,11,11 − 11
3 D2211 − 1

3D
3
2 + 44

9 D3111

+ 7
27D

2
3 + 5

6D4D2

)
.

The coefficients of terms in the expression (5.7) have a striking pattern when compared

with the coefficients of terms in the U(1)-conserving sector. In particular, the coefficient

along with (products of) unprimed matrices Mk that arise at order (α′)w+3 has a factor

w − 1

w + 3
(5.9)

in (5.7) relative to the corresponding coefficient in (5.5). This simple pattern appears to

fit in well with considerations based on SL(2,Z), the D = 10 type IIB S-duality group, as

we will argue at the end of the following section.

5.4 S-duality of U(1)-conserving amplitudes

Section 2.4 reviewed the manner in which the moduli dependence of perturbative contribu-

tions to the terms in the low energy expansion of the ten-dimensional type IIB four-particle

amplitude fit into duality-invariant functions, E...(Ω). In particular, we presented explicit

expressions for the low dimension terms, E3R
4, E5D

4R4 and E3,3D
6R4. Here we would like

to see to what extent combining information from the N = 5 loop amplitudes with previous

results on tree amplitudes and N = 4 loop amplitudes may extend our understanding of

the non-perturbative structure of amplitudes in the type IIB theory.

In order to characterise the N -particle effective action, we need some notation that

distinguishes the distinct invariants that are contained in interactions such as D2wR4 and

D2w−2R5 when w > 3. We will therefore introduce the following shorthand notation:

• Terms in the order (α′)w+3 N -graviton amplitude are generated by effective interac-

tions of the form D2w−2`R4+` with ` = 0, 1, . . . , w. The family of interactions which

gives rise to a product of matrices Mp1Mp2 . . . of order (α′)w+3 in the amplitude (with

w =
∑

j pj − 3) is denoted by (
⊕w

`=0D
2w−2`R4+`)p1,p2,... with subscripts p1, p2, . . .

referring to the matrices.
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• More generally, (D2wR4 ⊕ . . .)[p1,p2]... or (D2wR4 ⊕ . . .){p1,p2}... indicate kine-

matic structures associated with (anti-)commutators of matrices [Mp1 ,Mp2 ], . . . or

{Mp1 ,Mp2}, . . . , respectively.

• A quantity such as (D2w−2R5 ⊕ . . .)p′1,p′2,... is associated with primed matrices,

M ′p1
M ′p2

. . ..

The results for U(1)-conserving five-particle amplitudes described above suggest that the

same E... defined at the four-point level by (2.20) accompany the combinations (D2wR4 ⊕
D2w−2R5)p1,... of appropriate dimensions, at least to the orders 2p + 3q ≤ 6 investigated

here. Our incomplete knowledge of one-loop N ≥ 6 point amplitudes makes the analogous

D2w−4R6, D2w−6R7, . . . inaccessible to the present analysis.

The absence ofM ′7,M
′
8,M

′
9 andM ′′9 in tree-level amplitudes implies that they arise with

new SL(2,Z)-invariant coefficients to be denoted by Ew′ and E9′′ in the following. These

must contain perturbative terms that begin at one loop, and their one-loop contribution

must have a coefficient that is given by the integrated multiple sums, Ξ
(d)
w′ and Ξ

(d)
9′′ , in

(5.6).

Since the matrices M ′7,M
′
8,M

′
9 and M ′′9 do not contribute to collinear limits27,

Ξ
(d)
7′ ,Ξ

(d)
8′ ,Ξ

(d)
9′ and Ξ

(d)
9′′ are associated with local five-field operators of dimension (D6R5)7′ ,

(D8R5)8′ , (D10R5)9′ and (D10R5)9′′ , respectively.

In the following we will restrict our discussion to the ten-dimensional case with S-

duality group SL(2,Z) although this should extend to the higher-rank groups associated

with compactification on a d-torus. The low-energy expansion of the exact SL(2,Z)-

invariant amplitudes for N ≤ 5 must include the perturbative terms corresponding to

the tree-level and analytic parts of the one-loop amplitudes described above. This sug-

gests that these terms should be incorporated into an SL(2,Z)-invariant effective action in

Einstein frame of the schematic form,

Sq=0
eff

∣∣∣
local

=

∫
d10x

√
−g
(
R+ E3 (R4)3 + E5 (D4R4 +D2R5)5 + E3,3 (D6R4 +D4R5)3,3

+ E7 (D8R4 +D6R5)7 + E7′ (D
6R5)7′ + E{3,5} (D10R4 +D8R5){3,5} + E8′ (D

8R5)8′

+ E9 (D12R4 +D10R5)9 + E3,3,3 (D12R4 +D10R5)3,3,3

+ E9′ (D
10R5)9′ + E9′′ (D

10R5)9′′ +O(α′10)
)
, (5.10)

with g denoting the determinant of the space-time metric. The coefficients E...(Ω) and

Ew′(Ω) and E9′′(Ω) are SL(2,Z)-invariant functions that have perturbative expansions that

contain the required tree-level MZV ’s and one-loop Ξ(0)
... contributions. There is strong

evidence that the first three of these functions, E3(Ω), E5(Ω) and E3,3(Ω) have the form

reviewed in section 2.4, which was based on the N = 4 case. The purpose of (5.10) is

27The absence of poles in open string-like expressions M ′wÃYM implies locality of AtYMS0M
′
wÃYM for the

following reason: The latter object is totally symmetric (thanks to the field theory monodromy relations

preserved by M ′w) but it can only have the poles of AtYM . Since some of the pole channels (such as s−1
15 , s

−1
24

and s−1
34 in the five-particle case) are absent in AtYMS0, the other ones which superficially occur in AtYM or

S0 must also be cancelled due to the total symmetry of AtYMS0M
′
wÃYM .
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Mw’s Interactions Tree 1-loop Coefficient

1 R 1 0 1

M3 (R4)3 2ζ3 Ξ
(0)
3 E3

M5 (D4R4 ⊕D2R5)5 2ζ5 Ξ
(0)
5 E5

M2
3 (D6R4 ⊕D4R5)3,3 2ζ2

3 Ξ
(0)
3,3 E3,3

M7 (D8R4 ⊕D6R5)7 2ζ7 Ξ
(0)
7 E7

M ′7 (D6R5)7′ 0 Ξ
(0)
7′ E7′

{M3,M5} (D10R4 ⊕D8R5){3,5} 2ζ3ζ5 Ξ
(0)
{3,5} E{3,5}

M ′8 (D8R5)8′ 0 Ξ
(0)
8′ E8′

M9 (D12R4 ⊕D10R5)9 2ζ9 Ξ
(0)
9 E9

M3
3 (D12R4 ⊕D10R5)3,3,3

4
3ζ

3
3 Ξ

(0)
3,3,3 E3.3.3

M ′9 (D10R5)9′ 0 Ξ
(0)
9′ E9′

M ′′9 (D10R5)9′′ 0 Ξ
(0)
9′′ E9′′

Table 5. Tree-level and one-loop contributions to U(1)-conserving terms in the D = 10 low energy

effective action of the form D2kR5, which can be extracted from the five-graviton components of

the superamplitudes expanded in (2.9) and (5.5).

to indicate the general pattern of modular functions that are expected to arise, based on

the tree-level and one-loop results28. Although we do not know the form of the modular

functions E... (that arose in the N = 4 case) and the new ones, Ew′(Ω) and E9′′(Ω), we now

know that they must contain the MZVs coefficients of tree-level powers of Ω2 (2.9) and the

lattice sums in the one-loop powers of Ω2 (5.5).

For clarity, the coefficients of the α′ expansion of the U(1)-conserving 4-particle and 5-

particle tree-level and one-loop amplitudes in (5.10) are summarised in table 5. The second

column of the table indicates the combinations of D2wR4 and D2w−2R5 interactions that

have the same coefficients29. The precise structure of the kinematic invariants associated

with the interactions is defined by the polynomials of Mk associated with them, which are

listed in the first column. The tree and one-loop coefficients are listed in the third and

fourth columns, respectively. The last column of the table indicates how the coefficients of

these perturbative terms fit into SL(2,Z)-invariant functions, E....
It is notable that the ratio of one-loop to tree-level contributions to the D4R4 and

D2R5 interactions are identical, which fits in with the fact that they are in the same

supermultiplet. They should therefore both be associated with the same modular function,

E5. Similarly, the ratio of tree-level and one-loop contributions to D6R4 and D4R5 are

identical and they should be contained in the same modular invariant function, E3,3. More

28Of course, the full amplitude also includes the host of terms that are non-analytic in the Mandelstam

invariants that we have been ignoring, which should appear as complicated non-local terms in the effective

action.
29These are particular components of the complete set of interactions that result from the pure spinor

construction, which naturally produces a supersymmetric expression that contains all interactions that are

related by supersymmetry.
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generally, interactions of 5-particle interactions of the form D2w−2R5 with w > 3 have more

kinematic invariants than the corresponding 4-particle interaction, D2wR4. However, as

shown in the second column of the table, for each w there is at least one five-point invariant

that pairs with a corresponding 4-particle invariant and these particular invariants are

presumably related by supersymmetry. In that case they should also be associated with

a single modular function E.... The five-particle invariants listed in column 2 that are

not paired with corresponding 4-particle interactions are ones that do not have tree-level

contributions. They must therefore be contained in distinct modular functions Ew′ and E9′′

in which the one-loop term is the leading perturbative contribution.

5.5 S-duality of U(1)-violating type IIB amplitudes

Analogous considerations apply to the terms in the α′ expansion of the U(1)-violating

amplitude discussed in section 5.3 where the one-loop coefficients were presented in (5.7).

Properties of the one-loop coefficients of U(1)-violating five-particle interactions of the form

D2wG2R3 together with their tree-level counterparts are listed in table 630 Again these are

particular examples of the complete set of interactions that are related by supersymmetry.

In this case the degeneracy of kinematic invariants of a given weight grows faster than in

the U(1)-conserving case. For example, there are 5 invariants ar order D12G2R3, which

accounts for the coefficient 5 in the entry in the second row and last column of table 3. In

the last column of table 6 we have speculated as to how these perturbative terms might be

incorporated into (1,−1) modular forms, analogous to E
(1,−1)
3/2 (Ω) defined in (2.30) in the

context of the terms of order G2R3. In particular, for those interactions that are partners of

corresponding U(1)-conserving four-particle interactions (i.e., that have the same structure

of the unprimed Mk matrices) it is tempting to make the ansatz that the (1,−1) modular

form is the one obtained by applying a covariant derivative (2.29) to the corresponding

modular function, E..., so it has the form DE....
This ansatz relates the terms that are power-behaved in Ω2 that contribute to the

constant terms (the zero modes with respect to Ω1) of the coefficient functions in the

expansion of the U(1)-violating (q = −2) amplitude to those of the U(1)-conserving (q = 0)

amplitude, as follows. The zero Fourier mode of a coefficient E... of a U(1)-conserving

interaction D2wR4, with w = 2p+ 3q, has power behaved terms given by

Fw0 =: aw Ω
(w+3)/2
2 + bw Ω

(w−1)/2
2 +O(Ω

(w−5)/2
2 ) . (5.11)

The zero mode of the corresponding (−1, 1) form, DE..., is given by

DFw0 = aw
3+w

2 Ω
(3+w)/2
2 + bw

w−1
2 Ω

(w−1)/2
2

=: Aw Ω
(3+w)/2
2 + Bw Ω

(w−1)/2
2 + O(Ω

(w−5)/2
2 ) . (5.12)

30Similar to the U(1) preserving cases (see early section 5.4), we use the notation (D2wG2R3)p1,p2,... and

(D2wG2R3)p′1,p′2,... to specify interactions related to Mp1Mp2 . . . and M ′p1M
′
p2 . . . terms in the amplitude

(5.7).
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Mw’s Interactions Tree 1-loop (1,−1) modular form

1 × 0 0 0

M3 (G2R3)3 2ζ3 −1
3Ξ

(0)
3 DE3

M5 (D4G2R3)5 2ζ5
1
5Ξ

(0)
5 DE5

M2
3 (D6G2R3)3,3 2ζ2

3
1
3Ξ

(0)
3,3 DE3,3

M7 (D8G2R3)7 2ζ7
3
7Ξ

(0)
7 DE7

M ′7 (D8G2R3)7′ 0 Ξ̂
(0)
7′ E+

7′

{M3,M5} (D10G2R3){3,5} 2ζ3ζ5
1
2Ξ

(0)
{3,5} DE{3,5}

M ′8 (D10G2R3)8′ 0 Ξ̂
(0)
8′ E+

8′

M9 (D12G2R3)9 2ζ9
5
9Ξ

(0)
9 DE9

M3
3 (D12G2R3)3,3,3

4
3ζ

3
3

5
9Ξ

(0)
3,3,3 DE3,3,3

M ′9 (D12G2R3)9′ 0 Ξ̂
(0)
9′ E+

9′

M ′′9 (D12G2R3)9′′ 0 Ξ̂
(0)
9′′ E+

9′′

M ′′′9 (D12G2R3)9′′′ 0 Ξ̂
(0)
9′′′ E+

9′′′

Table 6. Tree-level and one-loop contributions to the coefficients of interactions of the form

D2kG2R3, which can be extracted from the α′ expansion of the U(1)-violating five-particle am-

plitudes given in (2.9) and (5.7).

We see that the ratio of tree-level and one-loop amplitudes for the q = −2 process is related

to that of the q = 0 processes by

Bw/Aw
bw/aw

=
w − 1

w + 3
. (5.13)

This provides a natural explanation for the result (5.9) that we observed in the five-particle

amplitudes (5.5) and (5.7). In fact, this also accounts for the factor of −1
3 in the kinematic

identity (3.33).

The kinematic structures that arise at one loop but have no tree-level partners are

associated with matrices M ′7, M ′8, M ′9, M ′′9 and M ′′′9 listed in column 1 of table 6. Their

coefficients are (1,−1) forms, denoted by E+
w′ , E

+
w′′ and E+

w′′′ must have zero modes that

contain the multiple sums (5.8), but they do not have any obvious connection with the Ew′
and E9′′ coefficients of the expansion of the U(1)-conserving amplitude that arise in (5.10).

Finally, we note that with the above ansatz, we can write a schematic form for the local

part of the U(1)-violating effective action for the low energy expansion of the five-particle

amplitude up to order (α′)9 in the form

Sq=2
eff

∣∣∣
local

=

∫
d10x

√
−g
(
DE3 (G2R3)3 + DE5 (D4G2R3)5 + DE3,3 (D6G2R3)3,3

+ DE7 (D8G2R3)7 + E+
7′ (D8G2R3)7′ + DE{3,5} (D10G2R3){3,5} + E+

8′ (D10G2R3)8′

+ DE9 (D12G2R3)9 + DE3,3,3 (D12G2R3)3,3,3 + E+
9′ (D12G2R3)9′

+ E+
9′′ (D

12G2R3)9′′ + E+
9′′′ (D

12G2R3)9′′′ + O(α′10)
)
. (5.14)
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6 A glimpse of the six-particle amplitude

The CFT calculations of section 3 and the set of integrals appearing in the five-particle

amplitude (3.31) provide a convenient starting point for developing the structure of the

integrand at higher multiplicity. According to [1], the N point open-string correlator at one

loop is built from N − 4 powers of propagator derivatives Xij as defined in (3.4), and the

closed-string integrand augments its holomorphic square by interactions between left- and

right-movers. Sections 3.2 and 3.3 give two examples in which such interactions stem either

from integration by parts or from the OPE involving ΠmΠ̄n fields from opposite sectors as

in (3.5). Both cases introduce a factor of Ω given in (3.6) into the integrand instead of a

product XijX̃kl due to separate OPEs within the left- and right moving sectors.

In the prescription (3.1) for the six closed-string correlator on the torus, zero mode

saturation is compatible with up to two contractions between left- and right-movers. As a

consequence, the six-point integrand involves three classes of z dependencies:

M6
1-loop ∼

∫
dµd(τ) τ−3

2

∫
d2z2 . . . d

2z6 I(sij)

×
{
Xij Xkl X̃pq X̃rsKij,kl,pq,rs + ΩXij X̃pqK

Ω
ij,pq + Ω2KΩ2

}
, (6.1)

where the kinematic factor Kij,kl,pq,rs has the dimension of R6/k8 (where k is a momen-

tum), KΩ
ij,pq has the dimension of R6/k6 and KΩ2

has the dimension of R6/k4. A careful

evaluation of these kinematic factors in superspace is left for future work [66]. In this

case the presence of anomalies (associated with BRST non-invariant kinematic factors) in

the open-string six-particle loop amplitude leads to delicate issues in building the non-

anomalous closed-string amplitude. However, as we will argue in the following, we can still

extract general statements on the six-particle low energy effective action from the classi-

fication (6.1) of contributing world-sheet integrals, even without precise knowledge of the

kinematic factors. The analytic α′ dependence of (6.1) is sufficient to derive the selection

rules summarised in table 1.

First of all, the momentum expansion of the Ω2 and ΩXijX̃pq integrals can be almost

literally31 inferred from the results in (4.15) and appendix D on five-particle integrals over

Ω and XijX̃pq, respectively. Up to weight w = 4, they are shown to introduce no extra

multiple sums beyond D0, D2, D111, D3, D1111, D211, D
2
2 and D4 that are known from the

four-particle amplitude (see section 4.1). The only potential source of new multiple sums

are the integrands of schematic form XijXklX̃pqX̃rs due to the product of left- and right

moving correlators.

The six-point open-string correlator computed in [1] is characterised by two topologies

of BRST invariants and accompanying Xij bilinears: The final expression for its integrand

comprises 20 permutations of X23(X24 +X34) and 15 permutations of X23X45 with respect

to integrated labels 2, 3, 4, 5, 6. Integration by parts can be used to eliminate the former

topology via X23(X24+X34) = X23(X41+X45+X46), possibly at the expense of introducing

31Starting from weight w = 5, the possibility of having six vertex diagrams introduces extra terms into

the six-point version of ΩXijX̃pq integrals which cannot appear in the five-particle setting.
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Ω admixtures from the right-movers, see (3.13). Hence, it is sufficient to expand elementary

integrals X23X45X̃pqX̃rs (where all the labels {p, q, r, s} are pairwise distinct) to understand

the low energy behaviour of the six closed-string integrals. Within this topology, there are

seven inequivalent ways of arranging the right moving labels {p, q, r, s} relative to the left

moving ones {2, 3, 4, 5}, which can be conveniently visualised through the diagrams in

figure 4 (which generalise the five-particle specific figure 1).

I1
ij,pqrs I2

ijkl,pq

I3
ijk,pqr I4

ij,pqr

I5
ijklm I6

ij,kl

I7
ijkl

∂ lnχij ∂̄ lnχij

∂ lnχpq ∂̄ lnχrs

∂ lnχij ∂̄ lnχjk

∂ lnχkl ∂̄ lnχpq

∂ lnχij ∂̄ lnχjk

∂ lnχpq ∂̄ lnχqr

∂ lnχij ∂̄ lnχij

∂ lnχpq ∂̄ lnχqr

∂ lnχij ∂̄ lnχjk

∂ lnχkl ∂̄ lnχlm

∂ lnχij ∂̄ lnχij

∂ lnχkl ∂̄ lnχkl

∂ lnχij ∂̄ lnχjk

∂ lnχkl ∂̄ lnχli

•i •j
•p •q
•r •s

>
>

>

> •j

•k

•i

• l

•q

•p>

<

>

>

•i

•j •k

•p •q

•r>

>

>

<
•i •j

•
q

•p •r> >

>
>

•k
•j •i

•l •m
>

> <

> •i •j

•k • l

>
>

>
>

•i •j

•l •k

>

<
>

>

Figure 4: Possible topologies of six-particle integrals with four lnχ derivatives where both

the ∂ lnχij ’s and the ∂̄ lnχij ’s carry four different labels. The integration measure for the

above expressions can be found in the first line of (6.1). A distinction between ∂ and ∂̃ is

not needed since dashed lines with alike derivatives never end on the same vertex

The integrals I1
ij,pqrs, I4

ij,pqr and I7
ij,pq defined in figure 4 have kinematic poles with

residues given by lower point amplitudes along the lines of (4.12) and (4.13) (see appendix

E.1 for details). The intrinsic six-particle information stems from regular parts Ireg where

the Koba–Nielsen factor is Taylor expanded before performing the zi integration. Using

the diagrammatic methods introduced in sections 4.2 and 4.3, we have expanded the seven

inequivalent Ireg functions up to weight four, the results are displayed in appendix E.2.

As shown in appendix E.2, the 1PI diagrams D0, D2, D111, D3, D1111, D211, D
2
2 and D4

are sufficient to express all the regular parts of the integrals in figure 4 up to weight w ≤ 4.

The fact that there are no further diagrams, apart from those that contributed to the

four- and five-particle amplitude,s that contribute to the six-particle function up to this

weight imposes upper bounds 1, 2 and 4 on the number of independent R6, D2R6 and D4R6

interactions, respectively, see table 1. In particular, in view of the vanishing integrated

multiple sums at weight w = 2, 4 in D = 10 – see (5.4) – the R6 and D4R6 interactions

must be absent in ten space-time dimensions. If the kinematic factors along with D111, D3

as well as D1111, D211, D
2
2 and D4 satisfy linear relations as they do for the five-particle

closed-string amplitudes (5.5) and (5.7), then there could be less such operators, and the
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numbers could possibly match with the five-field operators in table 1 with the same mass

dimension. Settling these questions is one motivation for detailed evaluation of N -point

amplitudes in superspace with N > 5 [66].

7 Summary and comments

In this paper we have investigated one-loop amplitudes for the scattering of five (and

to some extent, six) massless superparticles in type IIA and type IIB closed superstring

theories. The world-sheet integrand (3.31) was computed in pure spinor superspace and

expressed in terms of a minimal set of functions. The structure of the type IIB amplitude

shown in (1.5),

M1-loop = AtY M S1-loop(sij) ÃYM ,

has the form of a bilinear in YM tree amplitudes contracted with a matrix function of the

Mandelstam invariants, just as for the closed-string tree amplitudes sketched in (1.2). The

type IIA five-particle amplitude has extra pieces that do not have this form, as discussed in

section 3.6. One of these is a parity-conserving piece that arises from the product of two ε

tensors contracted on at least one index. The second is a parity-violating component that

was also constructed in section 3.6 and includes the familiar BR4 component interaction.

The one-loop expression, S1-loop(sij), is defined in terms of integrals over a world-sheet

torus. Their contributions to local terms in the low energy effective action involving four

or five powers of the (supersymmetrised) curvatures were obtained up to order (α′)9 and

compared with analogous tree-level expressions. In fact, all of the kinematic invariants that

appear in the α′ expansion of the tree amplitude up to order (α′)9 were found to reappear

in the one-loop N -particle amplitude with N = 4 and N = 5.

Whereas at tree-level the coefficients of the terms in the α′ expansion are (rationals

multiplying) MZVs, the coefficients, Ξ
(d)
w , of the α′ expansion of the one-loop amplitudes

are rational combinations of integrated multiple sums D...(τ). We systematically reduced

the weight w ≤ 6 multiple sums in the five-particle amplitude to a tentative basis. This

has the flavour of a higher-genus generalisation of the Q basis reduction of MZVs.

Some implications for S-duality (SL(2,Z) covariance) of the D = 10 type IIB theory

were considered in section 5. One important fact that emerged from the five-particle

amplitude is that for every tree-level interaction of the form D2w−2R5 associated with

a particular combination of Mi matrices, there is a corresponding one-loop counterpart.

Moreover, the ratio of the coefficients of these five-curvature terms is precisely the same as

the ratio of tree-level to one-loop coefficients of the D2wR4 interaction that was extracted

from the four-particle amplitude. This strongly suggests that these terms arise in the

combination El1,l2,...(Ω)(D2wR4 ⊕ D2w−2R5), with
∑

i li = w + 3 in the effective action,

where El1,l2,...(Ω) is a common modular invariant coefficient. Furthermore, the presence

of new kinematic invariants at one-loop that are absent at tree-level requires modular

invariant coefficients that have no genus-zero contributions. This concerns order (α′)7D6R5

and higher.
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We also considered tree-level and one-loop features of the modular forms associated

with U(1)-violating interactions, such as D2wG2R3. In particular, the coefficients in the

U(1)-violating and U(1)-conserving processes shown in (5.7) and (5.5) fit perfectly with

the expected pattern, as described in (5.11)-(5.13).

In order to get a better understanding of the S-duality systematics of type IIB ampli-

tudes it would be interesting to extend our knowledge of kinematic factors and one-loop

world-sheet integrals to higher multiplicity and higher orders in α′. For example, we have

not yet checked whether the one-loop coefficients of the tree-level matrices M2k+1 (and

products thereof) are truly independent of the number N of external legs for N > 5 i.e.

whether the full families {D2k−2lRN+l, l = 0, 1, . . . , k} of interactions are really accompa-

nied by the same modular function in the exact type IIB effective action. Multiparticle

amplitudes also allow for a broader range of U(1) charges and therefore provide further

information for pinning down the modular forms of non-zero weight in the effective action.

Higher powers in α′ are expected to enter via new matrices M ′w>9 but also via products of

various lower order matrices present in (5.5). It would be interesting to explore the matrix

multiplicative patterns at orders beyond (α′)9.

On the other hand, even up to weight w ≤ 6 the coefficients (5.3), (5.6) and (5.8) in our

expressions point to hidden systematics underlying the multiple sums D.... Their unwieldy

rational prefactors are reminiscent of the α′ expansion of the tree amplitude [6] where the

MZVs have not yet been mapped to the more transparent alphabet of noncommutative

generators fi [42]. Our results suggest that there is a more natural language to describe

and arrange the multiple sums, and one might speculate whether further hidden structures

become visible after performing the modular τ integrals. Finally, in view of the all orders

result in α′ obtained for open-string trees from the Drinfeld associator [27] (extending

the work of [45]), it would be desirable to develop a unified description of α′ corrections

to higher genus string amplitudes. In the same way as the Drinfeld associator encodes

the universal monodromy of the Knizhnik-Zamolodchikov equation governing correlators

on the disk and sphere, one might envision a reduction of loop amplitudes to universal

monodromies associated with the Riemann surface in question.

Finally, it is important to stress that we have concentrated entirely on analytic con-

tributions to the low energy expansion of the amplitude, but it is important to develop a

better understanding of the interplay between these terms and the non-analytic contribu-

tions (discussed to a limited extent in [52]), which are crucial in understanding the nonlocal

structure of the quantum effective action.
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Appendix

A Comparison of conventions

The notation for the N = 4 case in section 2.4 differs somewhat from earlier conventions in

the literature. This change in convention is necessary in order to uniformly describe higher

multiplicities with N ≥ 4. We will here review the correspondence between these different

conventions.

In [32] the expansion of the analytic part of the amplitude was written in the form (in

Einstein frame)

T (sij ; Ω)
∣∣∣
analytic

=

∞∑
p=0,q=−1

E(p,q)(Ω)σp2σ
q
3

=
3

σ3
+ E(0,0) + E(1,0)σ2 + E(0,1)σ3 +O(α′7) , (A.1)

where the dependence on the Mandelstam variables s := s12 = s34, t := s14 = s23 and

u := s13 = s24 (with s + t + u = 0), is contained in powers of σ2 = (s2 + t2 + u2) and

σ3 = (s3 + t3 + u3). In order to make contact with the notation in (2.20) note that [33]

Mw = −s
w + tw + uw

w
= −

∑
2p+3q=w

(p+ q − 1)!

p!q!

(σ2

2

)p (σ3

3

)q
. (A.2)

The duality-invariant coefficients E(p,q)(Ω) in (A.1) are linear combinations of those El1,l2,...
in (2.20) with

∑
i li = 2p + 3q + 3. The tree-level supergravity amplitude is given by the

p = 0, q = −1 term with coefficient E(0,−1)(Ω) = 3.

The representation (A.1) of the four-particle amplitude makes use of the fact that any

symmetric polynomial of the four-point Mandelstam invariants can be written as a product

of the form σp2σ
q
3. The kinematic combinations involving four fields are unique below order

(α′)9D12R4. At that order the expansions of both the tree-level and one-loop four-point

amplitudes, the superpositions of a (σ2)3 term and (σ3)2 term [32] ties in with the two-fold

degeneracy in the MZV content ζ3
3 and ζ9 of the tree amplitude at order (α′9), as indicated

in the last column of table 1. At higher orders, however, the σp2σ
q
3 monomials might not

capture the full variety of Ml products. For example, at weight (α′)10D14R4 there are

two elements, M2
5 and {M3,M7}, whereas only the element σ2

2σ
2
3 exists at that weight in

the σp2σ
q
3 basis32. This shortcoming of the σp2σ

q
3 basis as well as the straightforward N ≥ 5

point generalizability of the Ml’s motivate us to only refer to the basis formed by products

of Ml’s in this paper.

32In the N = 4 case where Ml ∈ R the element {M3,M7} is equivalent to 2M3M7, but for higher N it is

important that it is a symmetrised product of (N − 3)!× (N − 3)!-dimensional matrices.
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B Pure spinor superspace calculations

This appendix gives a more detailed discussion of certain pure spinor superspace identities

which were not proved in the main text.

B.1 The pentagon numerator equation in superspace

In this subsection we provide a pure spinor superspace derivation for the field theory relation

between box numerators and loop momentum dependent parts of pentagon numerators,

see (3.9) of [57]. For this purpose, we demonstrate that the left-hand side of (3.30) is

BRST-exact. As a starting point, consider 0 = 〈Q
(
A1
mT

m
2,3,4,5

)
〉. Using (3.22) it is easy to

show that

0 = 〈Q
(
A1
mT

m
2,3,4,5

)
〉 = 〈(λγmW 1)Tm2,3,4,5 + k1

mV
1Tm2,3,4,5 + (k2 ·A1)V 2T i3T

j
4T

k
5 (B.1)

+(k3 ·A1)V 3T i2T
j
4T

k
5 + (k4 ·A1)V 4T i2T

j
3T

k
5 + (k5 ·A1)V 5T i2T

j
3T

k
4 〉.

Using the tree-level building blocks L1j [35, 36] one rewrites

(kj ·A1)V j = −L1j −Ajm(λγmW 1), j = 2, 3, 4, 5 (B.2)

to obtain, after a few trivial cancellations, that

0 = 〈Q
(
A1
mT

m
2,3,4,5

)
〉 = 〈(λγmW 1)Wm

2,3,4,5 + k1
mV

1Tm2,3,4,5

− L12T
i
3T

j
4T

k
5 − L13T

i
2T

j
4T

k
5 − L14T

i
2T

j
3T

k
5 − L15T

i
2T

j
3T

k
4 〉.(B.3)

The bosonic component of the term 〈(λγmW 1)Wm
2,3,4,5〉 was shown in [59] to be propor-

tional to ε10F
5 so it vanishes identically using the momentum phase space of five particles.

Therefore,

〈T12T
i
3T

i
4T

i
5 + T13T

i
2T

i
4T

i
5 + T14T

i
2T

i
3T

i
5 + T15T

i
2T

i
3T

i
4 + k1

mV1T
m
2,3,4,5〉

= 〈Q
[
A1
mT

m
2,3,4,5 − 1

2

[
(A1 ·A2)T i3T

j
4T

k
5 + (2↔ 3, 4, 5)

]
〉 (B.4)

where we used L1j = −T1j − 1
2
Q(A1 ·Aj), finishing the proof that (3.30) is BRST-exact.

B.2 Permutation symmetry of the five-graviton amplitude

This subsection is devoted to a superspace proof that the expression (3.26) for the leading

low energy contribution of the five-graviton amplitude (3.31) is totally symmetric even

though label 1 associated with the unintegrated vertex appears to enter on special footing.

For this purpose, we rewrite

Cm1,2,3,4,5C̃
m
1,2,3,4,5 − Cm2,1,3,4,5C̃m2,1,3,4,5 = (V1T

i
2Ṽ1T̃

i
2 − V2T

i
1Ṽ2T̃

i
1)
( T j34T

k
5 T̃

j
34T̃

k
5

s34
+ (3↔ 4, 5)

)
+ (V1T

m
2,3,4,5 − V2T

m
1,3,4,5)Ṽ1T̃

m
2,3,4,5 + V2T

m
1,3,4,5(Ṽ1T̃

m
2,3,4,5 − Ṽ2T̃

m
1,3,4,5) (B.5)

+
( |T13T

i
2T

j
4T

k
5 |2 − |V2T

i
13T

j
4T

k
5 |2

s13
− |T23T

i
1T

j
4T

k
5 |2 − |V1T

i
23T

j
4T

k
5 |2

s23
+ (3↔ 4, 5)

)
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(where e.g. |T13T
i
2T

j
4T

k
5 |2 := T13T

i
2T

j
4T

k
5 T̃13T̃

i
2T̃

j
4 T̃

k
5 ) and insert identities

V1T
i
2Ṽ1T̃

i
2 − V2T

i
1Ṽ2T̃

i
1 =

QT i12Ṽ1T̃
i
2 + V2T

i
1QT̃

i
12

s12
(B.6)

〈V1T
m
2,3,4,5 − V2T

m
1,3,4,5〉 =

km12〈T21T
i
3T

j
4T

k
5 〉+ (km3 〈V3T

i
21T

j
4T

k
5 〉+ (3↔ 4, 5))

s12
(B.7)

〈km1 V1T
m
2,3,4,5〉 = −〈T12T

i
3T

j
4T

k
5 + (2↔ 3, 4, 5)〉 (B.8)

〈km2 V1T
m
2,3,4,5〉 = 〈T12T

i
3T

j
4T

k
5 〉 − 〈V1T

i
23T

j
4T

k
5 + (3↔ 4, 5)〉 (B.9)

as well as

1

s13
〈|T13T

i
2T

j
4T

k
5 |2 − |V2T

i
13T

j
4T

k
5 |2〉 =

1

s12
〈(V3T

i
12 − T12T

i
3)T j4T

k
5 T̃13T̃

i
2T̃

j
4 T̃

k
5 〉

+
1

s12
〈V2T

i
13T

j
4T

k
5 (Ṽ3T̃

i
12 − T̃12T̃

i
3)T̃ j4 T̃

k
5 〉 . (B.10)

After making repeated use of these manipulations, all the terms on the right-hand side of

(B.5) are proportional to s−1
12 and cancel pairwise.

C Further 1PI world-sheet diagrams

Starting at weight w = 5, it is essential to have a systematic classification scheme for

the large number of world-sheet 1PI diagrams. A first criterion is the distinction between

indecomposable and possibly disconnected diagrams (such asD2
2, see section 4.1). Secondly,

we can characterise diagrams according to the number of vertices that have propagators

ending on them. Note that the weight-w diagram involving the greatest number of vertices

is the w-gon. This includes the pentagon at w = 5, which does not contribute to the

four-particle amplitude, and the hexagon at w = 6, which does not contribute to the four-

or five-particle ampitude.

The following table summarises the number of inequivalent diagrams at w ≤ 8 (both

the overall number and the number of disconnected representatives). Their graphical rep-

resentation for w = 5 and w = 6 will be given in the subsequent subsections.

weight w 0 1 2 3 4 5 6 7 8

overall # diagrams 1 0 1 2 4 8 20 42 109

# indecomposables 1 0 1 2 3 6 13 28 71

C.1 Weight w = 5

There are the following 8 diagrams (6 of them indecomposable):

• 2 disconnected diagrams

• •

• •

2 3 =: D2D3 ,

• •

• •

•2 =: D2D111 ,
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• 3 diagrams with two or three vertices

• •5 =: D5 ,

•

•

•3 =: D311 ,

•

•

•
2

2
=: D221 ,

• 3 diagrams with four or five vertices

• •

• •

2 =: D2111 ,

• •

• •

=: D′1111 ,
• •

• •

•

=: D11111 ,

C.2 Weight w = 6

There are the following 20 diagrams (13 of them indecomposable):

• 7 disconnected diagrams

– 1 with 2+2+2 partition of the six propagators: D3
2

– 3 with 4+2 partition of the six propagators: D4D2, D211D2, D1111D2

– 3 with 3+3 partition of the six propagators: D2
3, D3D111, D

2
111

• 4 diagrams with two or three vertices

•

•

6 =: D6 ,

•

•

•4 =: D411 ,

•

•

•
2

3
=: D321 ,

•

•

•
2

2
2 =: D222 ,

• 5 diagrams with four vertices

• •

• •

3 =: D3111

• •

• •

2

2

=: D2211

• •

• •

2 =: D′2111

• •

• •

2 =: D′′1111

• •

• •

=: D×1111

• 4 diagrams with five or six vertices
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• •

• •

•

2

=: D21111

• •

• •

•

=: D′11111

• •

•

•
•

=: D11,11,11

• •

• •
•

•

=: D111111

Note that polygons with neighbouring propagators interchanged are indistinguishable

under the translation invariant torus integration measure:

• •

• •

2

2

=

• •

• •

2 2

=
τ6

2

π6

∑
(m,n)6=(0,0)

1

|mτ + n|4
∑

(p,q),(r,s)6=(0,0)

× |pτ + q|−2 |(p+m)τ + (n+ q)|−2

× |rτ + s|−2 |(r +m)τ + (n+ s)|−2

D Five-point integrals to weight w = 4

The analytic string corrections to the five-particle closed-string amplitude at one loop were

given up to order (α′)9 in (5.5) and (5.7). These results are based on the expansion of

the five-point integrals (4.15) as well as (4.9) to (4.11) to sixth subleading order. The

latter were explicitly expanded to weight w ≤ 3 in (4.17), and this appendix extends these

results to weight w = 4. Two inequivalent five-point integrals are free of massless poles by

themselves:

J12|13 = −
∫

dµd(τ)
(
D2 s23 + D111 (s24s34 + s25s35) +

D3

2
s23 (s12 + s13 + s23)

+
D4

6
s23

(
s2

23 + 3
2 s23 (s12 + s13) + s2

12 + s2
13 + 3

2 s12s13

)
− D2

2

4

(
s2

23 (s12 + s13) + s12s13s23 − 2s23 (s2
14 + s2

15 + s2
24 + s2

25 + s2
34 + s2

35 + s2
45)

− 2s23 (s14(s24 + s34) + s15(s25 + s35)) + 2 (s14s24s34 + s15s25s35)
)

+
D211

2

(
2s23 (s24s34 + s25s35) + s24s34 (s24 + s34) + s25s35 (s25 + s35)

+ (s12 + s13) (s24s34 + s25s35) + 2 (s14s24s34 + s15s25s35)
)

− D1111

2

(
s23 (s14s24 + s14s34 + s15s25 + s15s35) − s14s24s34 − s15s25s35

− 2s45 (s24s35 + s25s34)
)

+ . . .
)

(D.1)

J ′12|34 =

∫
dµd(τ)

(
D111 (s14s23 − s13s24) +

D2
2

2

(
s13s24 (s14 + s23)− s14s23 (s13 + s24)

)
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+
D211

2

(
s14s23 (s14 + s23)− s13s24 (s13 + s24) + (s12 + s34) ( s14s23 − s13s24)

+ 2s14s23 (s13 + s24) − 2s13s24 (s14 + s23)
)

+
D1111

2

(
s14s23 (s13 + s24)− s13s24 (s14 + s23) + 2 (s14s25s35 + s23s15s45)

− 2 (s13s25s45 + s24s15s35)
)

+ . . .
)

(D.2)

For the third type of holomorphically factored five-point integral (4.9), the residue of its

massless pole is determined by the four-point integral (4.12). The residual task is to expand

its regular part defined by (4.13):

Ireg
12 =

∫
dµd(τ)

( D2

2
s12 + D111 (s13s23 + s14s24 + s15s25)

+
D3

6

(
s2

12 + 3 (s13s23 + s14s24 + s15s25)
)

+
D4

24

(
s3

12 + 4s12 (s13s23 + s14s24 + s15s25)

+ 6 (s2
13s23 + s13s

2
23 + s2

14s24 + s14s
2
24 + s2

15s25 + s15s
2
25)
)

+
D2

2

4

(
s12 (s2

13 + s2
14 + s2

15 + s2
23 + s2

24 + s2
25 + s2

34 + s2
35 + s2

45) (D.3)

− (s2
13s23 + s13s

2
23 + s2

14s24 + s14s
2
24 + s2

15s25 + s15s
2
25)
)

+
D211

2

(
s12 (s13s23 + s14s24 + s15s25) + s34 (s13s24 + s14s23) + s35 (s13s25 + s15s23)

+ s45 (s14s25 + s15s24) + s2
13s23 + s13s

2
23 + s2

14s24 + s14s
2
24 + s2

15s25 + s15s
2
25

)
+ D1111

(
s34 (s13s24 + s14s23) + s35 (s13s25 + s15s23) + s45 (s14s25 + s15s24)

)
+ . . .

)
The weight w = 5, 6 analogues can be obtained from the auxiliary file included in the arXiv

submission.

E Six-point integrals to weight w = 4

In this appendix, we provide the analytic part of the α′ expansion to weight w = 4 for a set

of six-point world-sheet integrals appearing in the six closed-string amplitude at one-loop.

As argued in section 6, these results are sufficient to infer weights w ≤ 4 for any other

world-sheet integral in the six-particle amplitude (6.1).

E.1 The singular part of six-point integrals

Among the seven topologies of six-point integrals with four propagator derivatives shown in

figure 4, the integrals I1
ij,pqrs, I4

ij,pqr and I7
ij,pq have kinematic poles in sij due to the integra-

tion region zi → zj where ∂ lnχij ∂̃ lnχij products in the integrand diverge as ∼ 1
|zij |2 . The

single pole residues can be expressed through five-point integrals Jqp|qr, J
′
pq|rs and Ireg

pq given
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by (4.10), (4.11) and (4.13), promoted to functions of five momenta (kp, kq, kr, ks, kt)
33. Let

Ii,reg denote the regular part of the integrals after subtracting off the poles, then

I1
ij,pqrs = I1,reg

ij,pqrs +
1

sij
J ′pq|rs(kp, kq, kr, ks, ki + kj) (E.1)

I4
ij,pqr = I4,reg

ij,pqr −
1

sij
Jqp|qr(kq, kp, kr, ki + kj , ks) (E.2)

I6
ij,pq = I6,reg

ij,pq +
1

sij
Ireg
pq (kp, kq, ki + kj , kr, ks) +

1

spq
Ireg
ij (ki, kj , kp + kq, kr, ks)

+
1

sijspq
I(ki + kj , kp + kq, kr, ks) . (E.3)

The remaining Ii at i = 2, 3, 5, 7 do not have poles and coincide with their regular parts

Ii,reg.

E.2 The regular part of six-point integrals

In the following, we display the diagrammatic expansion of the six-point integrals defined

in figure 4. Dashed lines represent derivatives ∂ lnχ or ∂̃ lnχ, and a distinction between ∂

and ∂̃ is not needed since dashed lines with alike derivatives do not touch the same vertex

for the integrals under consideration. The ellipses refers to contributions of higher weight

w ≥ 5.

I1,reg
ij,pqrs = . . .

I2,reg
ijkl,pq =

∫
dµd(τ) D1111 (siqslp − sipslq) + . . .

I3,reg
ijk,pqr =

∫
dµd(τ)

(
D2

2 sikspr + D1111 (sipskr + sirskp) + . . .
)

I4,reg
ij,pqr =

∫
dµd(τ)

( D2
2

2
sij spr +

(
D1111 +

D211

2

)
(sip sjr + sir sjp) + . . .

)
I5,reg
ijklm =

∫
dµd(τ)

(
D111 sim +

D211

2
s2
im + D1111

∑
p6=i,j,k,l,m

sip smp + D211 sim (sik + sjl + skm)

+
D211

2
sim (sij + sjk + skl + slm) +

(D2
2 −D1111)

2
(siksjm + silskm)

+ D2
2 sikskm +

( (D1111 −D2
2)

2
+ D211

) (
sim (sjm + sil) − sil sjm

)
+ . . .

)
33Up to (α′)3 order, for instance, we have

J ′pq|rs(kp, kq, kr, ks, ki + kj) =

∫
dµd(τ) D111 (spssqr − sprsqs)

Jqp|qr(kq, kp, kr, ki + kj , ks) = −
∫

dµd(τ)
(
D2 spr + D111 ((spi + spj)(sri + srj) + spssrs) +

D3

2
spr spqr

)
Ireg
pq (kp, kq, ki + kj , kr, ks) =

∫
dµd(τ)

(D2

2
spq +

D3

6
s2
pq

+

(
D111 +

D3

2

)
((spi + spj)(sqi + sqj) + sprsqr + spssqs)

)
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I6,reg
ij,kl =

∫
dµd(τ)

( D2
2

4
sij skl +

(
(D1111 +D211) +

D4 −D2
2

4

)
(siksjl + silsjk) + . . .

)
I7,reg
ijkl =

∫
dµd(τ)

(
D2 +

D3

2
(sij + sjk + skl + sil + 2sik + 2sjl) +

D2
2

2

∑
p<q 6=i,j,k,l

s2
pq

+
D2

2

2

∑
p 6=i,j,k,l

(s2
ip + s2

jp + s2
kp + s2

lp) +
D4 −D2

2

2
(sij + sjk + skl + sil) (sik + sjl)

+
D4

6
(s2
ij + s2

jk + s2
kl + s2

il + 3s2
ik + 3s2

jl) +
D4 − 2D2

2 +D1111

2
siksjl

+
D4 −D2

2

4
(sijskl + silsjk + sijsjk + sjkskl + sklsil + sijsil)

+
D2

2 −D1111

2

∑
p 6=i,j,k,l

(sipsjp + sjpskp + skpslp + sipslp)

+ D211

∑
p 6=i,j,k,l

(sipskp + sjpslp) + . . .
)

We emphasise that all the above terms are spanned by the same set of w ≤ 4 1PI diagrams

D0, D2, D111, D3, D1111, D211, D
2
2 and D4 appearing in the four-particle amplitude. This

justifies the upper bounds on the six-point one-loop effective action in table 1 and 3, also

see the discussion in section 6.
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