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Polarization operator for plane-wave background fields
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We derive an alternative representation of the leading-order contribution to the polarization op-
erator in strong-field QED with a plane-wave electromagnetic background field, which is manifestly
symmetric with respect to the external photon momenta. Our derivation is based on a direct evalua-
tion of the corresponding Feynman diagram, using the Volkov-representation of the dressed fermion
propagator. Furthermore, the validity of the Ward-Takahashi identity is shown for general loop
diagrams in an external plane-wave background field.
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I. INTRODUCTION

The most precise calculations known so far in physics
are provided by QED. The reason for this is the smallness
of the fine-structure constant o = e?/(4meghe) ~ 1/137,
which allows to use perturbative techniques at sufficiently
low energies (e is the electron charge). The most promi-
nent example is probably the electron g-factor, for which
experimental and theoretical results have been matched
on the record accuracy level of parts per billion [1].
To achieve this outstanding precision, the corresponding
theoretical calculation included Feynman diagrams with
up to four loops.

A quite different situation is encountered for QED
with electromagnetic background fields. A source for
strong electromagnetic fields are modern laser systems. If
spatial focusing effects are sufficiently small, laser fields
can be well approximated by plane-wave fields. For a
plane-wave field we obtain, besides the fine-structure con-
stant, a second gauge and Lorentz invariant parameter
& = |e|Eo/(mewp), where Eg and wy are the peak electric
field strength and central frequency of the plane wave,
respectively (m is the electron mass). If §, 2 1 the in-
teraction between electron and positrons with the laser
field must be taken into account exactly. For optical
lasers (photon energy fiwy =~ 1eV) this happens already
at intensities of the order of 1018 W/em2. More precisely,
we can generally still treat the interaction of the elec-
trons and the positrons with the quantized radiation field
perturbatively as in vacuum QED (QED without back-
ground fields), but must include the dependence on & to
all orders if this intensity is exceeded.

Another important scale is the so-called critical field
Eo = m?c3/(hle]) = 1.3 x 10*® V/cm, which corre-
sponds to a peak laser intemsity of I, = eocEZ =
4.6 x 10 W/em2. A constant and uniform electric field of
this strength can, in principle, produce electron-positron
pairs from the vacuum [2-4].

The current laser intensity record (in the optical
regime) is given by 2 x 10?2 W/em? |5] and future facilities
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envisage even intensities of the order of 102 — 10%% W/cm?
[6-8]. Thus, the non-perturbative regime (in &) can be
entered with presently available laser systems, and even
the critical field can be reached in the rest frame of an
ultra-relativistic particle (e.g. a ~ 1 GeV electron [9]).

So far only one experiment has been carried out to
probe strong-field QED effects using laser fields [10, [11].
However, this is expected to change in the near fu-
ture and, correspondingly, the experimental progress has
stimulated many theoretical investigations during the
last years [12-46]. For a more detailed overview the
reader is referred to the review [47].

In contrary to vacuum QED, calculations with a plane-
wave background field have not been carried out beyond
the one-loop order (for constant-crossed fields higher-
order calculations have been performed, see e.g. [4&-50)]).
This can be attributed to the fact that already diagrams
with just a few propagators correspond to quite compli-
cated expressions. It is therefore of general interest to
investigate new techniques, which have the potential to
make also the calculation of complicated diagrams trace-
able.

FIG. 1. The Feynman diagram corresponding to the leading-
order contribution to the polarization operator P*” (g1, g2) in
a plane-wave background field. The double lines represent the
Volkov propagators for the fermions, which take the external
field into account exactly [see Eq. (I3))]. The vertical dashed
line links the polarization operator to the pair-production di-
agram due to the unitarity of the S-matrix.

Here we present a new derivation of the first-order
contribution to the polarization operator given in Fig. ]
[51,152]. In [51] an operator approach similar to the one
introduced by Schwinger [4] has been used. We show
here how the diagram in Fig.[Il can be evaluated directly
using the Volkov-representation of the dressed propaga-
tors. This approach has the appealing feature that it is
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very similar to the calculation techniques used in vac-
uum QED. Our final result (which is equivalent to the
one in [51]) has the interesting property that it is man-
ifestly symmetric with respect to the external photon
four-momenta ¢; and ¢o. Furthermore, we prove the va-
lidity of the Ward-Takahashi identity [53, 54] for general
loop diagrams in a plane-wave background field. The
calculation techniques employed here are expected to be
useful also for other higher-order calculations with strong
plane-wave background fields.

The polarization operator itself is of central impor-
tance, since it determines the properties of a photon in-
side the background field via the Schwinger-Dyson equa-
tion for the exact photon propagator |51, 55]. As a con-
sequence, a plane-wave field acts as an active medium,
e.g. the photon obtains a mass and has a non-trivial dis-
persion relation. Furthermore, due to the unitarity of the
S-matrix, the imaginary part of the polarization operator
is related to the total photo-production probability for an
electron-positron pair [56,57]. The polarization operator
is also required for the calculation of radiative corrections
to elementary processes like non-linear Compton scatter-
ing or pair production. The significance of the photon
polarization tensor can also be inferred from the ongo-
ing effort to calculate it for different field configurations
[58, 159].

The paper is divided into three parts. In section [Ilthe
general framework of strong-field QED with plane-wave
background fields is described. The actual calculation is
then presented in section [[IIl Finally, we show how our
results are related to those obtained in [51] and discuss
the special cases of a constant-crossed field, a linearly
polarized field in the quasi-classical approximation and a
circularly polarized, monochromatic field in section [Vl

II. STRONG-FIELD QED

QED is described by the following Lagrangian density
[55, 160]

EQED = 1; (z& - m) w - %]:uu]_—uy - e’JJ’waAua (1)

where ¢ and A* are the Dirac spinor field and the electro-
magnetic four-vector potential, respectively, and F** =
O*AY — 9" A" is the electromagnetic field tensor [from
now on we will use natural units 7 = ¢ = 1 and Heaviside-
Lorentz units for charge, o = e?/(4w), see appendix [A]
for more details]. The equation of motion for the spinor
field ¢, which follows from Eq. (), is the Dirac equation

(i — eAd —m)p = 0. (2)

Correspondingly, we obtain for the photon field A* in
Lorentz gauge (0, A* = 0) the wave equation

OO, A" = et JH = hyHap. (3)

A. Vacuum QED

To obtain a quantum theory of electrons, positrons
and photons, both the spinor ¢ and the photon field A*
are promoted to operators with canonical (anti-) com-
mutation relations (alternatively, the functional integral
formalism can be employed). Once derived in either
way, the S-matrix element for a given process can be
calculated perturbatively using Feynman rules. In vac-
uum QED the starting point for the perturbative expan-
sion are the solutions of the free Dirac and wave equa-
tions [Eq. @) with A* = 0 and Eq. @) with J* = 0].
An electron with a given four-momentum p* = (¢, p)
(e > 0,p> = m?) can then be described by the plane-
wave solutions [55]

—ipx

e PTu,,  (p—m)u, =0 (4)

1
wp:ﬁ

and the corresponding propagator is given by

. [ d
1G(z,y) = z/#e

For a photon with polarization four-vector e* and four-
momentum k* = (w,k) (w > 0, k? = 0) we obtain the
following wave-function

p+m

—ip(z—y) )
p2 —m?2+1i0

()

1 .
A= e (6)

and in the Feynman gauge the photon propagator is given
by

d*k . g
—iDy(z —y) = —i —ik(z—y) _JHr_ 7
Dy = y) Z/ (271')46 k2 40 @

Finally, the interaction between electrons, positrons and
photons is represented by the interaction vertex

—ie/d4:v---'y”---, (8)

where the dots indicate that the vertex is always con-
tracted with two fermion and one photon line. Thus,
one can move the exponential functions from the ex-
ternal lines and propagators to the vertex. After the
space-time integrals associated with the vertex are taken,
momentum-conserving delta functions are obtained. For
a more detailed discussion see e.g. |55, [60].

B. QED with background fields

Vacuum QED has been tested to a very high precision,
because, due to the smallness of the fine-structure con-
stant, a perturbative treatment is adequate in most situa-
tions. However, for very strong external electromagnetic
fields the (conventional) perturbation series breaks down.



Modern laser facilities provide a source of such strong ex-
ternal electromagnetic fields. A laser field is described by
a coherent state of the photon field that effectively leads
to the splitting A* = A% 4+ A in the Lagrangian. While
AP | represents the quantized radiation field, the classi-
cal field A* describes the laser field |61H63]. Working in
the so-called Furry picture [64] the classical background
field A* is taken into account exactly and only the radi-
ation field is treated perturbatively. The starting point
for the perturbative expansion of the S-matrix is then
the solution of the interacting Dirac equation () with
the replacement A* — A*. Since photons have no self-
interactions at tree level, the photon wave functions and
propagators are left unchanged by the background field.
A more detailed discussion of strong-field QED can be
found in [47, 150, |61, 165] and in the references therein.

C. Plane-wave fields

In this paper we will consider only plane-wave external
fields A*. This means that the field tensor F** depends
only on the plane-wave phase ¢ = kx, where k* is a mo-
mentum four-vector which characterizes the plane wave.
Such a field can be described (in the Lorentz gauge) by
the following four-vector potential [4, 51, 66]

At (kx) = alir (kx) + aba (ka), (9)

where k? = ka; = ajas = 0 and where ;(kz) are
arbitrary functions, restricted only by the physical re-
quirement that the external field is of finite extend (e.g.
;i (£o0) = Pi(+oo) = 0 and we also assume that the
field vanishes fast enough at infinity). Furthermore, we
adopt (without restriction) the normalization condition
[¢i (k)| |¥i(kx)] < 1 which means that the strength of
the field can be characterized by the Lorentz invariant

parameters
1
& = —y\/—ale?, (10)

which we will call the classical intensity parameters. It
turns out that the plane-wave field must be taken into
account exactly if & 2 1 [47]. Modern laser facilities
can easily reach this non-perturbative domain, e.g. in [3]
&; ~ 100 was obtained.

The field tensor corresponding to the four-potential in
Eq. @) is given by

FI (k) = fi"y (k) + f37 5 (ka), (11)

where
Y =ktal — kY al', (12)
LI = =60l KR,k f = 0. (13)

It is also convenient to introduce the integrated field-
strength tensor

kx
3 (k) = / d¢' Fr (), (14)

— 00

which can be written as
Y (kx) = k" AV (kx) — kY A (kx)
= fi"i(kz) + f57 o (k)
in the Lorentz gauge [we will use ¥ = §*¥(kx) inter-
changeably to denote the argument]. Both F'** and "
have the important algebraic property that successive

contractions of more than two tensors vanish and their
square is proportional to k*k", e.g.

FoByor = —k'ky Y aiti(ka)i(ky).  (16)

i=1,2

(15)

If the background field is a plane-wave field, the Dirac
equation [Eq. @) with A* — A¥] can be solved analyt-
ically [67]. The corresponding so-called Volkov-solution
with the boundary condition ¥, — ), if kx — —oo [see
Eq. )] can be written as |48, 155, 68]

Epoup, Epg= {1 + 6%_;4( ):| eiSP(I)a

kx
U, = kp
(17)

1
V2e
where the phase is given by the classical action

kx e / 62 2( 41
Sp(:zr):—pizr—/ [p’;;¢)_ ’;‘kgf)}dd. (18)

— 00

Despite being essentially semi-classical, the Volkov solu-
tions are exact solutions of the interacting Dirac equa-
tion. Correspondingly, the dressed propagator (which is
the Green’s function of the interacting Dirac-equation) is
given by

. _ dp pt+m _
iG(z,y) = z/ @) Epyxpz e iOEp’y’ (19)
where
_ k _
Epo= {1 n Lz(pz)ﬂ e~ i50(®) (20)

Thus, in comparison with the vacuum case, the plane
waves are replaced by the Ritus E,-functions, which de-
pend non-trivially on the plane-wave phase kx. However,
they also form an orthogonal and complete set [4§]

d*p _
/ W EpoEpa = 54(17 - x/)’
(21)
/ ¢ By oEy. = (20) 640 — p).

The E,-functions convert the dressed momentum into the
free momentum [48§]

['Lé?m - eA(kx)]Ep,z = p,zpv

- ! g (22)
— 10N Ep 2y — eEp@A(kx) =pEp.

(these identities hold only if the derivative acts solely on
E, » and E, ., respectively).



D. Dressed vertex

To obtain Feynman rules in momentum space, we can
proceed analogously as in the vacuum case and move the
E,-functions to the vertex [68]. Correspondingly, we de-
fine the dressed vertex by

I*(p',q,p) = —ie/d4w e By oV Epg. (23)

Working in momentum-space, the only difference be-
tween vacuum QED and strong-field QED is the vertex
we have to use [i.e. the free vertex in Eq. (8) is replaced
by the dressed vertex in Eq. ([23])]. Using the relations
given in appendix [C] we can write the dressed vertex as

I*(p',q,p) = —ie / d*z [y, G" (kp', kp; k)
+ 07,V GEP (kp', kp; k)] eiSrhapir) o (94)

where the phase and the coupling tensors are given by

Sr(p', ¢, p; ) = =Sy (x) — gz + Sp(x)

o b / epupijgwj(¢l)
=@ —a-per [ a [T

62 _ /
S @) ()

G'(kp', kp; kz) = g + G1§H° + G327,

26
GEP (k! s ) = G, 20
G — —e kp + kp __
e 2kpkp'’ 2T 2kp kp'’ (27)
kp — kp’
Gy — o o=k
2kp kp'

(note that G1 and G5 are even in the permutation kp <
kp’ while G3 is odd). We point out that the expression
given in Eq. (24) is manifestly gauge-invariant, since it
depends on the external field only through the tensor §*”
[68]. Furthermore, if we subtract the vacuum vertex and
consider the quantity

F”(p',q,p)+i67”/d4x ' —ap), (28)

all integrals are properly convergent.

In position space the dressed propagator in Eq. (9]
can be interpreted such that the electron (or positron)
continuously interacts with the external field during its
propagation. Examined in momentum space, we can also
visualize the influence of the external field as a modifica-
tion of the coupling between the photons of the radiation
field and the charged particles. From Eq. (24]) we see that
beside the modification of the photon vector current in-
teraction we also obtain a coupling to the axial-vector

current inside the plane-wave background. This is pos-
sible, since the external field provides the pseudo-tensor
S*#V'

Since the external field depends only on the plane-wave
phase ¢ = kx, it is useful to use light-cone coordinates,
which are discussed in appendix [Bl We can then always
take the integrals in dz* and dz* in Eq. (24)) and obtain
momentum conserving delta functions in three of four
light-cone components

D —p—aq), (29)
where we used the notation
5 (a) = 6(a™)é(a")6(a") (30)

for a general four-vector a*. Thus, the four-momentum
is only conserved up to a multiple of the plane-wave four-
momentum k* at each vertex.

E. Ward-Takahashi identity

The Ward-Takahashi identity [53,154] is a direct conse-
quence of the gauge-invariance of QED, which becomes
particular transparent in the functional integral approach
[60, 169]. Diagrammatically, it is a functional relation
for Feynman diagrams (in momentum space), where the
polarization four-vector of an external photon leg is
replaced by the corresponding momentum four-vector.
In [70] a perturbative proof of the Ward-Takahashi iden-
tity in vacuum QED is given. We will show now how this
proof can be extended to electron-positron loops inside a
plane-wave background field.

q2
1

FIG. 2. Closed electron loop with n dressed vertices and
propagators.

The starting point is the following algebraic identity
for the dressed vertex [68]

q,I*(p', q,p)
=@ -m)IW,q¢p) 10 ¢p)p—m), (31)

where

I(plv Qap) = —te / d*ze " Ep’,xE:D,x- (32)



To verify Eq. [BI), we use Eq. (22)) and note that the
identity

/d43: id, I:Ep,,:l?’yue_iqup7m _ ei(p/_q_p)””’y”} =0 (33)

holds (since the external field is supposed to vanish at
infinity).

Typically, (' — m) and (p — m) in Eq. (3I)) cancel
an adjacent propagator and the associated momentum-
integral can be taken using the relations

d4p//
/ 2n) I(p,q,p")T*(p", q,p") = —iel*(p,q + ¢, 1),

d4p//
/ WW(P, . I(", 4, p") = —iel"(p,q + ¢, p'),
(34)

which follow from Eq. [2I). Using Eqs. @I) and (34
we can simplify diagrams which contain dressed vertices
contracted with the corresponding photon four-momenta.

As an example, we consider now a closed electron loop
which contains n dressed vertices and electron propaga-
tors (see Fig. B). The i'" propagator of such a loop to-
gether with its adjacent vertices is given by

- TH(pi—1, iy i) Tt (pg, qig1, Pigr) - (35)

p,—m

(the electron four-momenta p; are integrated out). If
we insert now a vertex (contracted with its photon four-
momentum) at this propagator, we obtain

- TH(pi1, qi, pi) qu " (piy 4, 7") %

1
p—m

1 .
- et A ¥, qiv1.pit1) - (36)

and, by using Eqgs. @I) and @4), we find that this is
equivalent to

X

, 1 ,
TP (pic1, g + g, i) —— mFM“ (Pis i1, Pig1) *

P

PR (i, Gig1 + @5 Pig1) -+
(37)

1
— - I"(pic1, gis pi
(pi-1.¢ p)pi_m

(in the first line we have changed the name of the inte-
gration variable from p’ to p;). Thus, the insertion splits
the diagram into the sum of twice the original diagram
with the additional four-momentum ¢ added once at the
adjacent vertex before and after the insertion. If we sum
now over all possible insertion points of the loop, we ob-
tain zero, since all contributions cancel (as in the vacuum
case [70]).

We point out that the above discussion is shortened,
since possible issues arising due to the renormalization of
the theory were not addressed (in general, the validity of

the Ward-Takahashi identity may be spoiled by anoma-
lies |71]). In this paper, however, we are mainly inter-
ested in modifications induced by the background-field,
which turn out to be finite. Thus, subtleties arising from
manipulations of divergent integrals can be addressed as
in vacuum QED.

III. POLARIZATION OPERATOR
A. General expression

The leading-order contribution to the polarization op-
erator P*”(q1,qe2) for plane-wave background fields (see
[55], §104) is determined by the diagram in Fig. [l This
diagram corresponds to the following expression

v d*pd*p'
T (q1,q2) :/Wtr TH(p', q1,p) x

(p+m) (p' +m)
——TI(p,— Nt (38
p? —m?2 +1i0 (» q2’p)p’2—m2—|—i0 (38)
and TH = P (see [55], §115; [72]). We note that
T (q1,qz2) is divergent, but if we write

TH (q1, q2) = [T" (q1, 42) — TEZ o (a1, 42)]
=+ Tézo((h, q2) (39)

the first part is finite [51] and the regularization of the
vacuum contribution is well known [55, [60]. In the fol-
lowing, we will focus on the first part which contains only
the corrections induced by the external background field.

To determine the expression in Eq. (B8) we have to
insert the dressed vertex given in Eq. [24) [we will de-
note the vertex integrals associated with T*(p’, q1,p)
and ' (p, —qq, p') by d*z and d*y, respectively]. We then
obtain for T*(¢q1, g2)

d4 d4 /
T (g1, q2) = 4 (—ie)? apap d*zdty x
(2m)®

ber[ ]

T (40
% (pz—mz—I—iO)(p’?—mz—i—iO)e (40)

(the prefactor 1/4 is included explicitly for later conve-
nience), where the phase reads [see Eq. (24])]

iSt=i(p' —p—q)zr+ilp—p +q)y

) kx ep p/ S,uu 62(]{3]) _ kp/)
+ d / 12747 _|_ ! 2uv 41
/ ¢ [(kpxkpf) T e e

and 2tr[---]" in Eq. @0) can be calculated using the



relations given in appendix

% tr [%[ao‘“ + i7a75b°‘”} (p+m) x
x [ysc® + iy d?) (P +m)
=m?[(a™c,”) + (0*d,")]
+ (pp")(b°"d,") — (pp') (a™'c,”)
+ (Paa®™) (psc™) + (pha™*) (ppc’™)
— (pab™)(pj3d™) — (P b™) (ppd™)
— epgagp”p/"(ao‘“d'@l’ + bo‘“cB”), (42)

where

a® = G (kp', kp; kx), =G (kp, kp'; ky),

5 (43)
bt = Gt (kp' kps k), dP = G5 (kp, kp's ky).

B. Evaluation of the integrals

Working in light-cone coordinates (see appendix [B]) we
can take all space-time integrals except of those in dz~
and dy~, and obtain the momentum-conserving delta
functions

@2m)°sTD P —p =) 6 (@ —q2).  (44)

Here and in the following we write ¢* if ¢} and ¢4 can
be used interchangeably due to the above delta function.
Successively, we can take the integrals in dp’~ and dp’*
(for simplicity we will continue writing p’ and identify
p’ = p+ q for the components —, 1).

It is now convenient to introduce the two four-vectors

v
A,U, — 1 ql/
! kq\/—a%,

which obey AlAJ = —517‘, kAZ = inj =0 and

A‘2‘ _ 2 v (45)

[N, = —2EFG, f) Ay, = —EHEs. (46)

They allow us to write the remaining phase as

iSr=i(' —p—q)Ta"
+ilp—p + @)ty Fiph+iA,  (47)

where we defined

wo_ m(kQ) AR b ’ /
¥ = iy 2 6N /k (),
*(kq) 7 ¢ 1)
_ m 2 /12 1
A= ) ) Z.Z:Lf /ky WHE)

Due to the appearance of A" in A, it is more convenient
to use modified light-cone coordinates from now on [see
Eq. (BII), the calculation so far is independent of this

choice]. In modified light-cone coordinates we obtain the
convenient relations

pA=—p'At, ¢t =0, pt=p", (49)

which simplify the algebra considerably.

If the preexponent would not depend on p™ and p'™T,
both integrals could now be taken. We therefore intro-
duce the proper-time representation of the scalar propa-
gators [4, 65]

1 1 o [
= (— dsdt
p2 —m?2+1i0 p’2 —m?2 + 140 (=9) /0 sarx
x exp [i(p? —m? +i0)s + i(p”> — m* +i0)t] . (50)

In the following, we will drop the pole-prescriptions i0
and keep the replacement m? — m? — 50 in mind. Fur-
thermore, we add the source terms ip,j* + ip;,j" to the
phase, which allows us to make the replacement

p— (—i)é9j p’ — (—i)é9j/ (51)
in the trace. Now, the preexponent depends only on p~
(through kp and kp’). Taking the derivatives with re-
spect to the sources out of the integrals, we can take the
integrals in dp™, dp’t which results in the delta functions

2m)dly” —x~ — S%_t@stq* —tj7 + s 7)) x
x (2m)02p (s +t)+2¢ t+5 +j7]. (52)
Successively, these delta functions can be used to take

also the integrals in dy~ and dp~. To this end we rewrite
(since s+t > 0)

S2p (s +1t)+2¢ t+35" +47]
= sl + o 20t +57 +57)] (53)

(for simplicity we keep writing y~ and p~). In particular,
we obtain the identities
kp = —i [thg + 5 (kj + ki')]
kp' = 4+ [skq — 5(kj + k5")] (54)
ky = kx + S%rt@stkq — thj + skj’),

which imply for j = j* = 0 that

G = =+t _ e vr
e 2kq st © 2kq p
2 2 2
Gy —_© (s+8)° _ e T (55)
2(kq)* st 2(kq)? p
e (s+1t)? e T
Gy = —— __°rT
2kq st 2kq
where we defined [51]
_ 5=t _ost 2
T =5+t V= M—S+t—47(1 v?) (56)



[the motivation for these definitions becomes clear in
Eq. [@3)].

The remaining part of the phase structure (including
the part coming from the propagators and the sources)
is now given by

iSy=i[(¢5 —q)a + 255 — 5 (tqej — s q2i’)
— s Ut NG +5)
—(prpt+m?)(s+1)
— (Gt +t ANt + AL (BT

Taking the Gaussian integrals in p' and p" we obtain the

prefactor m and the final phase is given by

iSp=i[(q3 —q )z —mP(s +1) + 2L
1

ri(taed = sa’) = e U +7)?
— s U T3 = A’ + AL (58)

which reads for zero sources (j = j' = 0)

iSy=il(gs —¢h)a™ + pas
—rm®+rm® > (I - J)], (59)

i=1,2
where we defined
h= i [ ),
2kqp iy (60)
R S o s
2kqp Jiy

(the prefactor is chosen such that for j = j/ = 0 and
1; =1 we obtain I; = J; = 1).
Finally, we can write the tensor T"" as

T (q1,q2) = —2ime? 5(_’“((]1 — qg)/ ds dt x

0
+oo
_ v 4S!
x / dr ke trl 7S )
—o J=3'=
where the expression for § tr[...]" is given in Eq. {@Z)

with the replacement in Eq. (5I) and where the sources
are set to zero after the derivatives are taken.

We point out that the two four-momenta ¢; and g2 ap-
pear asymmetrically in the final expression [see Eq. (B9))].
To remove this asymmetry we shift the x~ integration by
defining

2T =a" +pg. (62)
After this shift the phase contains g1¢q2 since

(05 —ai)x™ +pas = (63 —ai)z™ + pqrge. (63)

Furthermore, we obtain (for j = j' = 0) symmetric rep-
resentations for the functions in Eq. (60)

+1
L=} [ dxuee - dukg)
- (64)

+1
J; = %/ d\? (kz — \ukq),

-1
since
kx = kz — pkq,

ky = kz + pkq + %H(skj' — tkj).

(65)

C. Tensor structure

In principle, the only remaining task is to evaluate
the two derivatives with respect to j and j' and then
set j = 7/ = 0. Despite being elementary, this is the
most tedious part of the calculation, since the sources
appear in many places in the final expression. The work
is considerably reduced if we expand the polarization op-
erator in a convenient basis |51]. To this end we note
that

@1, 7" (q1,92) =0, T (q1,q2)q20 =0 (66)

due to the Ward-Takahashi identity (see section [LE]).

Since the four-vectors A; appear in the phase [see
Eq. @T)] and ¢;A; = 0, it is natural to introduce the
two complete sets q1, Q1, A1, As and g2, Oz, A1, Ao,
where

o Ktai —dtkq L. K'gE—dikq
! ke 77 kq

(QF = —qf, Q3 = —¢3, QiNj = 0, ¢;Q; = 0). Using
the set including ¢; for the index p and the set includ-
ing g9 for the index v, seven of 16 coefficients vanish
due to the Ward-Takahashi identity and we can decom-
pose TH”(q1, q2) as [51]

(67)

TH = e AYAY + coAGAY + esATAY
+ s AGAY + 5 Q1 OF + cs QY AY
+ 7 QY AS + cs A OF + coAL Q5. (68)

It turns out that also the coefficients cg —cg vanish. If an-
alyzed perturbatively (with respect to the external field
coupling) this can be understood from Furry’s theorem
[51,152]. Since a closed fermion loop with an odd number
of vertices vanishes, only diagrams with an even number
of external field couplings (eA*) contribute to T#”. Due
to gauge-invariance and the fact that T#" is a tensor, the
external field can enter only as §*¥ (which is linear in
AM). Since it is not possible to construct a scalar linear
in ¥ using only the four-vectors ¢/', ¢4 and k*, the ten-
sor structure cannot involve an odd number of the tensor
§*. As a consequence the coefficients cg — cg (which are



linear in A% and thus in the external field) should vanish.
We will later see that this is indeed the case.

The coefficients ¢; in Eq. (68) can be determined
by contracting T+ (q1, g2) with appropriate four-vectors.
Especially, using again the Ward-Takahashi identity, we
obtain

0,1 = Ly w1, = Brwy,  (go)
1p - k_q " ) 2v — k_q v

Thus, effectively, we need to determine the contrac-
tions of T (q1,q2) with the four-vectors k* and AY to
determine the coefficients ¢;, i.e. we need to calculate the
(=, L)-components of T""(q1,¢2) in modified light-cone
coordinates. Since k* has only a +-component, the eval-
uation of the derivatives is now considerably simplified.
Leaving the term proportional to pp’ aside, we see that all
derivatives which act on kj or kj’ can be ignored. They
would result in the replacement of p* or p’* by k*. Since
k3" =k, $* = k, g =0 and k? = kA; = 0, we do
not need to consider those terms. The derivatives acting
on kj or kj' are therefore only important to determine
the term proportional to pp’. However, this is achieved
more easily if the calculation presented in section [T Blis
repeated with a scalar source term Jpp’ in the exponent
(see section [ITE]).

To calculate the preexponent of the polarization oper-
ator, we must now insert the explicit expressions given
in Eq. (20) into the trace in Eq. (@2]). Since contracted
with & or AY from each side, many terms of the trace
vanish, e.g. the terms proportional to F*, F2, S2pr.
Using the relations in appendix [D] we can show that
Eq. (@2) can be substituted by the following expression

m2gh + plp’ + p'tp”
g [Gspsyp + G3p3ap' — 2G3(p32,0") — (pp)]

— G3[(Fy0)'p” — Fyp)" D" + P (Fap)” — 0™ (Fap)]
= G1[p"(§yp)” + P (Bup)” + (B=p)"P"” + (3p)"p"]
+ GH(Ean)" (Fyp')” + (Fup' )" (Fyp)"]

= G3[Eyp)" Bar)” + Fup)" (Bep)" ], (70)
where 3 = F(kx)§," (ky) = §°(ky)§,” (kx) [here
the replacement p# — (—i)0}" and p"* — (—i)d}, is un-
derstood if the trace is inserted in Eq. (61), see Eq. &)].

Since the term proportional to pp’ enters as g, it mod-
ifies only the diagonal coefficients c3 and c4.

D. Evaluation of the derivatives

Leaving the term proportional to pp’ aside, we can ig-
nore derivatives acting on kj and kj’ as discussed above
[this implies that the derivatives do not act on kp, kp’
and ky, see Eq. (54))]. The remaining non-trivial source-
dependent part of the phase is given by [see Eq. (B8])]

— s [taed —saqed' + 3G+ + 3G+ DA (T1)

The squared term contributes only if both derivatives act
on it, which results in the replacement

p*p? — (=i)?00) — st 9™’ (72a)
and the only non-zero contribution comes from the first
line in Eq. ([Q). If the derivatives act on the other source
terms, we obtain the replacement

PP — (~0)*070)

— — ooz (a5 + 5A")(sa5 — 5M7). (72b)

After these replacements are applied to Eq. (70) and the
sources are set to zero, we obtain (effectively) the follow-
ing expression for Eq. ([70)

9" [m? + L — e (aF A + 4

2
+ e £4S 2y — pp']

— 28055 — S (N + A'qy) + s AMA”
+ 150 a [S‘&m + (80)" 5]
— 3t w [(By@)" N + AN (§20)"]
ety S V@0 + (0N
+ 5 2 [(§0)" (520)” — v (520" (340)")
(73)
[note that terms proportional to (FA)*, (FA)¥ can be

omitted]. By changing the proper-time integrations from

s, tto T, v [51]

(e’ —+1
/ dsdt f(s,t) / dv/ dr7f(r,v) (74)
0

we see that the terms linear in v vanish. Those terms
determine the coefficients cg — cg, which are therefore
zero (as already anticipated from Furry’s theorem).

E. Scalar term

To determine the term proportional to pp’, we add
the scalar source term Jpp’ to the phase (instead
of ip,j* + ip),j'*) and repeat the calculation presented
in section The propagators are represented in the
same way [see Eq. (B0)], and we replace pp’ by —i%.
Then we take the integrals in dat, det, dy*, dy*, dp'~,
dp't, dp't and dp*. Instead of Eq. (5Z) we obtain now

(2m)ély” —a” - Elssjrtfj)'q

x 2m)0[2(s+t+T)p” + 2t +T)g™]. (75)

The remaining part of the phase (including the part from
the propagator) can be written as

] x

T —ptptd
m?)(s + 1)

iSh=ilgyy™ —ay

+ (—ptpt - —p"At+ AL (76)



It is now convenient to shift the proper-time integrations

s—s5— 17,

17, t—t-1J. (77)

Due to this shift also the integral boundaries of the
proper-time integrations depend on the source. However,
if the derivative acts on the integral boundaries, either s
or t is set to zero or to infinity. The resulting terms do
not dependent on the external field since s =0 or t =0
implies p = 0, ky = kz and thus A = 0 and A = 0.
On the other hand the terms at s — oo or ¢ — oo do
not contribute because the field-dependent part of the
integral is convergent. Since we want to calculate only
the field-dependent part of the polarization operator [see
Eq. (89)] we will ignore the source-dependence of the in-
tegral boundaries.

After the shift in Eq. ([T7), the delta functions read

@2m)oly” —a” = 2p—JT)g7] x

x (2m)0[2p~ (s +1t) +2¢ t] (78)

and the phase is given by

Sy =i(¢f —aqf)a™ +(u—3T)@E —m2(s+t—7T)
—ptpt(s+t) —pA + AL (79)

We can now use the delta functions to take the integrals
in dy~ and dp~ (we keep writing y~ and p~ for conve-
nience). We then obtain the identities

t / __ s
—52ka, k' = kg (30)

ky = ke + (2p — J)kg

kp =

[for J = 0 this agrees with Eq. (B4])]. The shift in the
proper-time integrals has the advantage that kp and kp’
are now independent of J. We could have proceeded
similarly also in the calculation of the other terms. How-
ever, since we ignored sources contracted with k£ anyway,
this was not necessary.

Taking now the Gaussian integrals in dp', dp", we ob-
tain the prefactor m and the final phase is given by

iSp =i[(qf — g )a™ + (n—3T)gs —m*(r = J)
+rm® > (I - T)], (81)

i=1,2

where I; and J; are defined in Eq. (60) [for zero sources
Eq. BI) agrees with Eq. (B9)]. Since pp’ in the preex-
ponent is only multiplied by g** [see Eq. ([T3))], the eval-
uation of the derivative is not very cumbersome and we
obtain the replacement

pp — (—i)g — —345 +m’

+mP Y & [Wiky) — 2Li(ky)]  (82)

i=1,2

after J is set to zero (as explained above, we have ig-
nored the source-dependence of the proper-time integral
boundaries).

To symmetrize the final expression, we change the z~-
integration by defining [see Eq. (G2)]

=2+ (w-59)q (83)
(27 =z~ for J = 0), which implies
kx =kz — (u— 37)kq,

) : (84)
ky =kzZ + (u— 37)kq

and
(g5 —ai)z™ + (n— 374
=(q3 —a))i + (- 3T)q1q2. (85)

Finally, we obtain the symmetric replacement

' — ()5 — —3n@+mP+mPL > & x

i=1,2
x (307 (kx) + 507 (ky) — Lnbi (k) — i (ky)]  (86)
(we assume that at = = Zoo the external field vanishes

and therefore the derivative does not act on the integral
boundaries, which now also depend on the source).

F. Final result

To determine the non-vanishing coefficients ¢; — ¢5 of
the polarization operator [see Eq. ([68)] we combine now

Egs. (@), 62), (73) and ([84). Furthermore, we define

the following functions

Xij = [Li = Yi(ky)] [L; — ¥ (kz)],

Zi = 3[i(ka) — Pi(ky)]? 57
and note that for j =35 =0
SN = =2k i (k)
A = —2mr Z A&,
i=1,2
eNiy§h g = mkq&;pi(kx),
A = 2mr& I,
eqF N = 2kqTm? Z &2 (kx)1;,
i=1,2
q82 a0 =m2(kq)* > Gvilk)i(ky).  (88)
i=1,2

Using these relations, we obtain for the field-dependent
part of the tensor T*" the following expression

T (q1,92) — TxZo(q1,42) = —ime? 6 (g1 — g2) x
+1 ) dT “+o0
x / v /0 = / dz [byAAY + byALAY

+ b3 ARAY + by AL AL + b5 Q4 Oy e, (89)



where the field-independent phase reads [see Egs. (B3]
and (3]

<I>

=exp{i[(5 — i)z +pqge —Tm?]}  (90)

[u=17(1 —v?), see Eq. (50))] and

bl = 2m2§1§2 (ﬁX12 — %:X21) 6“—'6,
by = 2m=&1 & (ﬁXﬂ - %:Xu) e’mh,
b= (54 22) (670 1)
2 [ (87, + E2) + €Xu ] €77,
b= (24 22) (7 1)
+2m? {ﬁ (71 + & 22) +§§X2z} el
bs = —2£ (&7 —1). (91)

The field-dependent phase is given by [see Eq. (B9)]

e =exp [iTm® Y &(I7 - J)], (92)
i=1,2

where [see Eq. ([64)]
+1
B= [ dnih = ko),
+1
=4 [ anees - kg

and [see Eq. (81)]
Xij = [Ii = Yi(kz + pkq)] [I; — ¢;(kz — pkq)l,
= 3[vi(kz — pkq) — Pi(kz + pkq)).

We note that, using the metric tensor g*”, we can con-
struct the following projection tensor [52]

(94)

G" = qhqi — qg2 9", (95)
which obeys
GG =G"q2, =0 (96)
and can be decomposed as
G" = qiga (AYAY + ALAS) + Q1 Q5. (97)

This shows that the decomposition given in Eq. (89) has
the structure claimed in [52].

IV. DISCUSSION OF THE RESULTS
A. Comparison with the literature

The expression we obtained for the field-dependent
part of T"" in Eq. (89) is manifestly symmetric in ¢
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and g2. We will now show how the alternative represen-
tation found in [51] can be derived from our calculation.
To this end we do not apply the shift in Egs. ([G2) and
(B3) which means that we have to use the replacement
given in Eq. (82)) [rather then Eq. (8] for the pp’-term
in Eq. ([@3), which modifies the coefficients b3 and by.
Furthermore, we introduce the variable

/—

2T =aT 4 2uq =2 +pg, (98)

which allows us to write [see Eq. (G3])]

+ +

(65 —al )™ +pgs = (aF — a5 )z~ + parge

= (65 —a)?"™ + gl (99)
and [see Eq. (54))

kr = k2’ —2ukq, ky==Fk7 (100)

(here and in the remaining subsection we assume that all
sources are set to zero). Thus, we obtain the following
representation [see Eq. (@0)]

1
s / dA sz — 2kgpi),
0 (101)

1
Ji= [ anee - g,
0

22— J = [/1 dAAZ—(;M)r —/1 ANAZ(w)),  (102)
0

0
where we introduced [51)]
Ai(r) = (k2" — 2kqr)

— 1y (k2'). (103)

Furthermore, it is useful to define [compare with Eq. (87)]

Xij = [Li = i(ky)] [L; — 3 (kz)],

Y= [ — k)] [ (ke) — uhy)] OV

which can be written as
1 1
Xij = U dA Ai(u/\)} [/ AN DG (pA) = Aj(p) |
0 0

Y = Uol dmi(ux)} N
(105)

Finally, we obtain the following alternative represen-
tation for the field-dependent part of T*"

T (q1,q2) — T4 o (g1, q2) = —ime® 6 (g1 — g2) x

+1 +oo
/ dv/ dT/ 2 [biARAY + by AL AY

+ U ATAY + B ALAL + b5 01 Q%™ (106)



with the coefficients

by = 2m?¢1& (iXu — LQXM) emh,

by = 2m*& 6o (4—X21 X12> i
b/ _ (% 7%) z‘r,@
+om? | (6 +52Y2> +51Xu} . (o)
b/ ( 112_3) z‘r,@
+2m? [ £ (60 +§2Y2) +§2X22} :
b5 = —? (6“—6 — 1)
and phases
e'® = exp {z [(q; - qi")z’f + uq% - Tm2] } ,
e'™P = exp [iTmQ Z (17 - Ji)]. (108)

i=1,2

This representation coincides with Eq. 2.27 in [51]].

B. Constant-crossed field

The polarization operator for a constant-crossed field
was first obtained in [73, [74] (see also |48, 150, [75]). We
show now how this result can be obtained from the ex-
pression in Eq. (89).

A constant-crossed field is characterized by

V1(9) = ¢, 2(¢) =0

(the latter condition corresponds to £ = 0 and we will
write £ = & in the following). The field tensor and its
square are then given by [see Eq. (1)

(109)

242
PRV = v R %k“k”. (110)
e
For a constant-crossed field we obtain
Il = kZ, Jl = (k2)2 + %(ukq)2a = J2 = 07
X1 = —(pkq)?, 71 =2(ukq)?, (111)

Zy = X2 = Xo1 = Xo2 = 0.

After inserting these expressions into Eq. (89), we can
take the integral in dz~ and obtain the remaining delta
function 276(+H) (q; — ¢2), which implies that the polar-
ization tensor for a constant-crossed field is diagonal in
the external photon four-momenta. We define therefore
the four-vectors [see Eq. (@1)]

ktq? — gtk
=gt =g, Q'=0f=0qp=""1 "1 (119
kq
They obey

11

The four-vectors ¢/, O, A} and A4 form a complete set
and we obtain the following representation of the metric
tensor

1
a2

g" =7 (q"q" — Q"Q") — AYAY — AjA7. (114

From Eq. (89)) we obtain now the following representation
of the field-dependent part of T"” in a constant-crossed

field [see Eq. (I09)]

T (qu, q2) — Tg Yolq1,q2) = —2im*e* 6% (g1 — g2) ¥

T

[bsAFAY + by ABAY + 5507 Q" ]e™®

(115)
where
b= (24 £) (70 - 1)
+ mﬁszQ%(l —v?) [1 — l(1 — vz)} P,
b= () (¢ < 1) iR 1 e,
bs = —3(1 —v?) (e”ﬁ -1)
(116)
and the phases are given by
i®=—itra, a=m? [1—l(1—v2)i},
! m (117)

1T = —%T?’b, b =mSy? [%(1 — v2)}2

(in the following, we will make the change of variables
T — t, where 73b = t3 and p = gi\/g) Here we have
introduced the quantum non-linearity parameter

e\/qF%q  _+\/(kq)?
= e 11s)
(k in |48, [73]).
We can rewrite now
(Fq)? (119)
AHAU —— (F*q)H(F*q)U
2 (Fxq?
where
(F*q)* = (Fg)* = =25 (kq)? (120)
and obtain [see Eq. (G5)]
G" =q'q" — ¢* g
= ¢® (AYAY + ALAY) + QrQY. (121)
We note the following relations
GPY = Grg, = 0,
o 2 (122)

k,GP* = GMPk, = —kqQF,



GHPF2G7 = "% (kq)? Q1 Q. (123)

To obtain the representation given in [48; [50], we pass
over to different basis tensors

Fq)"(Fq)”

mMmhmm@g+%@@V=@%ymgL%%§i
F* " F* v

g2 — b)) A" g (12

(Fq)?
and define the following functions [48, |50]
flx) = z/ dtexp [—i(tz + 3t°)]
0
= 7 Gi(z) + im Ai(z),
f(z)= / tdtexp [—i(tz + 1t%)],
0

(125)

(126)
filz) = /000 %exp (—itz) [exp (—4t%) — 1]
= /OO dt [f(t) - H (127)

fa(x) = /000 gexp (—itx) [exp (—4t%) — 1]
—ilefi(z) + f'(2)], (128)

where Ai and Gi denote the Airy and Scorer function,
respectively [76]. These functions obey the following dif-
ferential equations

(129)

Using the latter and assuming convergence and vanishing
of boundary terms, we can replace the function fi(z) by
f'(z) in the following way

[ o= [ a [SOT g,

where G'(v) = g(v).
Using the above notation, we can represent the field-
dependent part of the tensor TH" for a constant-crossed

field given in Eq. (II5) by

T (q1,q2) — TxZo(q1, 42) = i(2m)* 6 (q1 — g2) x
(Fg)"(Fq)” (F* " (F* Q)" 73
< [m (Fq)? For @ J
(131)
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where

e2 m?2 +1 X 2/3 ,

m= e dU(w—l)(E) f'(p);
€2 m?2 +1 % 2/3

= - (X)) 132
m= e [ dvw+2(X) s, (32)
2 41

me S0 g0 110P)

At J_4 w

2 =11-?), p= ()"0~ L 1) Since all non-
vanishing functions are even in v, we can now apply the
following change of variables

(133)

+1 (e’
dv—2/ dv = dw ————
/_1 wy/w(w — 4

which shows that the result in Eq. (I31]) is equivalent to
the one given in [4&, 50].

C. Quasi-classical limit

We consider now a linearly polarized plane-wave field

i(d) = P(9),  ha(9) = (134)

(€ =&, f*™ = fI") in the quasi-classical limit defined
by & — oo while [see Eq. (II8))]

ev/af’q

m3

(135)

X=- =¢

V(kq)?
m2
is kept constant. In the optical regime (photon energy
wo ~ 1eV) x 2 1 requires £ > 1 which means that
the quasi-classical limit is in general sufficient to analyze

strong-field experiments with optical lasers.
By employing the identity |kq| = m?x/&, we can ex-
pand all functions depending on kg

1 — Jy = —(1/3)(ukq)? [/ (k2)]) + O(ukq)?,
Zy = 2(ukq)?[¢' (k=) + O(ukq)?,
X1 = —(ukq)?[¢ (k2)]” + O(ukq)®

(X12 = X21 = X22 = ZQ = IQ = J2 = 0 for lin-
ear polarization). Thus, if multiplied by &2 only the
leading-order terms are independent of £ and all others
are suppressed. In the limit £ — oo the expressions in
Eq. ([I36]) correspond to those in Eq. (I11I) with the re-
placement x — x(kz) = x¢'(kz). The remaining cal-
culation is therefore similar to the constant-crossed field
case and the final result in Eq. (I38]) corresponds essen-

(136)

tially to Eq. (I3I) with the above replacement. Using
[see Eq. (I19)]
" v
(f*(j;(i)(f* ) (137)
v q q
ANy = — 2~

(f*q)?



and Eq. (@7), we obtain for a linearly polarized plane-
wave field in the quasi-classical approximation the fol-
lowing representation for the field-dependent part of the
tensor TH" [see Eq. (89)]

T (q1,q2) — TxZ o (q1, q2) = (2 A6 (g — g2) x
L[ et—at , (foH(fa)”
*or deret [ T (Fa)?
, (or(fre) my ,,}
tm (f*q)? 0102 ¢, (38

where [see Eq. (I32)]

2,2 p+l 2/3
P &2 o [xED
I B 1)[ = f')
2 2 +1 2/3
o om IX(k2)[17
= —— [ d 2 139
e U >[ " f(p), (139)
2 1
o ae [T, fi(p)
i ™ )4 w
with & = 3(1 =), p = [atr] (0 - B ) and

G" = g4'q} — qig2 " [see Eq. (@5)].

D. Circular polarization

The general result in Eq. (89) also simplifies con-
siderably if the plane wave is circularly polarized and
monochromatic

Ui() =R, a(g) =€, L =E&=¢ (140)
We then obtain
I = sinc(ukq)Re™**, I = sinc(ukq)Ie™*?, (141)
Ji4+Jo =1, Zi+ Zy = 2sin’(ukq),
P (kz + pkq) = RA,
Iz - wz(kz + pkq) = SA, (142)
—1(kz — pukq) = RB,
Iz — tho(kz — pkq) =SB,
where
A = e™** [sinc(ukq) — cos(ukq) — i sin(ukq)] (143)
B = ¢™** [sinc(ukq) — cos(ukq) + i sin(ukq)] .
[we define sincz = (sinz)/x]. Thus,
Xio — Xo1 = SA*B, X11 — Xop = RAB, (144)
X12+ Xo1 =QAB, X171+ Xao2 =RAB,
where
A*B = sinc?(ukq) + cos(2ukq) — 2 sinc(2ukq)
+ i [—sin(2pukq) + 2sinc(pkq) sin(pkq)],  (145)

AB = %= [sinc2 (nkq) — 2 sinc(2ukq) + 1] .
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Thus, we can write the field-dependent part of the
tensor TH¥ for a circularly polarized plane wave as [see

Eq. (89)]
T (q1,q2) — T4 o (g1, q2) = —ime® 6 (g1 — g2) x
/+1 dv/ dr /M b AR AY
O ARAY 4 (b — b)(ARAY — ARy (146)

+ 5(bs + ba) (ATAY + AGAZ) + b5 QY Q5 e,

where we defined

AN = AP £iAb (147)
and the coeflicients are given by
b:t = 7 [(bg — b4) F ’L(bl + b2)] = m2§2 X
X [smc (nkq) — 2 sinc(2ukq) + 1] eT2k=HITE o (148)
3(b1 = ba) =m*€*( v [ — sin(2pkq)
+ 2 sinc(pukq) sin(pkq)] emP (149)
$(b3+by) = — (£ +4&) (7P —1)
24270 (140%) . 2
sin” (uk
m?¢?[2 {59 sin®(ukq) O s0)
+ sinc?(ukq) — 2 sinc(2ukq) + 1]’
bs = —2£ (e — 1) (151)
and the phases read
- 242 [ 2
iTB =1iTm sinc”(ukq) — 11,
pmre el =1 g
i®=i[(g5 —a)z" +paige — Tm?]
[0 = 1r(1 —v?)]. Finally, the integral in dz~ can be

taken and we obtain the following expression for the
field-dependent part of T*” (¢, g2) for a monochromatic,
circularly-polarized plane-wave laser field

i(27)4 e2 +1
_i(2m)te / do

T (q1,q2) — TxZo(q1,q2) = 5
—1

> dr y y
/ — T8 (q1 — q2) + T 6 (a1 — g2 + 2K)
0

T

+ T"6%(q1 — g2 — 2K)] €’ Per - (153)

where

iPep = —iTm* {1+ &[1 — sincz(,ukq)]} +i1q1g2, (154)
T} = 1 (AYAS — ASAY) + o (AYAY + ASAY)

+73Q1Q5, (155)



TV = im2€* [ sinc®(ukq)
— 2sinc(2ukq) + 1] ALAYL  (156)
and
1)2 . .
= m2€? 8:}2; [2sin®(ukq)/(ukq) — sin(2ukq)],
2
72 = 2m*€* (FH) sin® (jukq)
+[(7 = 2)age —m?] (1 -

T3 = —2?'“ (1—6_”’6).

e*i‘l’ﬁ) ,

(157)

This result agrees with Eq. 2.34 in [51]. The terms de-
scribed by T} can be interpreted as describing processes
where two photons from the background field are ab-
sorbed or emitted, respectively (since the external field
is not quantized, this interpretation relies only on the
momentum conserving delta function).

In order to obtain Eq. (I53]) from Eq. (I46) we have
used the identity

T

N / I [ 4t g —m?] (77— 1),
0 T

© gr _
/ &7 ei® m2e2 [sinc2(,ukq) — 2sinc(2ukq) + 1]6”5
0
(158)

which follows from

i%(e”ﬁ — 1) = z'd%e”ﬂ

= m2¢? [sinc®(ukq) — 2sinc(2ukq) + 1]e'™?  (159)

via integration by parts.

V. CONCLUSION

In the present paper we have proven for the first
time the Ward-Takahashi identity for general loop dia-
grams in a plane-wave background field (see section [LE]).
Moreover, we have presented a new derivation of the
leading-order contribution to the polarization operator
in a plane-wave background field for arbitrary polariza-
tion and dependence on the plane-wave phase (see sec-
tion [[II)). Our calculation relies on a direct evaluation of
the space-time integrals without using Schwinger’s op-
erator method [4] that was employed in [51]. Finally,
we have also shown explicitly why many coefficients of
the polarization operator vanish [see Eq. (68)] |51, 152].
The interesting feature of our final representation is the
manifest symmetry with respect to the external photon
four-momenta ¢; and ¢ [see Eq. (89)].

Appendix A: Notation

In this paper we use natural units i = ¢ = 1 (in some
formulas A and ¢ are restored for clarity) and the charge
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is measured in Heaviside-Lorentz units (¢ = 1). The
electron mass and charge are denoted by m and e < 0,
respectively. Thus, the fine-structure constant is given
by a = €%/(4n) ~ 1/137. In covariant expressions the
space-time metric g, with signature (1,-1,-1,-1) is
used and 0, = (0/0t,V) is the four-derivative. This
implies 0,2, = g, where z# = (t,x) denotes the po-
sition four-vector. The unit tensor is denoted by 0¥ =
9" g, = diag(1,1,1,1) (6/f = 4) and space-time indices
(lowercase Greek letters) are raised and lowered using the
metric a, = gu,a” (summation over all types of repeated
indices is understood if they do not appear on both sides
of an equation). Greek and Latin indices take the val-
ues (0,1,2,3) and (1,2,3), respectively. Contractions of
four-vectors are denoted by a*b, = ab, scalar products of
three-vectors by a’b’ = ab. We denote the dual of a sec-
ond rank tensor T by T** = %e””p"Tpg, where e#¥P?
is the totally anti-symmetric tensor in four dimensions
with €912 = —eg193 = 1. For contractions of second-
rank tensors and vectors a matrix notation is sometimes
used, e.g. aTb = a,T"b,, (iTe)" = T{,15", T2 =
T, (Ta)* = T*a,. All spinors are Dirac spinors
(with four components), spinor indices are usual sup-
pressed. The Dirac gamma matrices are denoted by ~v*,
¢ = a, v° = —in®y19?y3 and 201 = AhaY — APyt
(YH4Y 474" = 2g*7). For a spinor u we define @ = uf~"
and for a matrix in spinor space M correspondingly
M = 4°MT4°. A quantization volume V = 1 is as-
sumed for the normalization of the single-particle elec-
tron, positron and photon states. The total derivative
of a function with respect to its argument is denotes by
a prime f'(z) = - f(z). Integrals without boundaries
range from —oo to +o0o. We use i0 as a short nota-
tion for ie together with the limit lim._,o+. In general,
our notation therefore follows [55] with different units for
charge.

Appendix B: Light-cone coordinates

Calculations involving plane-wave background fields
become particular transparent if light-cone coordinates
are used [68, |77, [78]. Since the non-trivial space-time
dependence of the momentum-space vertex in Eq. (24])
is due to the plane-wave phase ¢ = kx, it is natural to
work in a basis where k* is one of the basis four-vectors.
However, since k2 = 0, this will be a light-cone basis. We
introduce now a general light-cone basis by adding three
four-vectors k#, e/ (i € 1,2) to the set and require the
following orthogonality relations

k2 = 152 = kei = ];361' = O, klg = 1, €i€; = _5ij (Bla)

and the orientation
€uvpoktk’efed = 1. (B1b)

To be more specific, we can in a reference system where
the plane wave propagates along the direction n take the



following four-vectors

- 1
Er=w(l,n), k*=—(1,-n), e'=(0,€)~al,
2w
n2=1, 6i6j:5ij, n=e; X ey

(B2)

(e; represent the two polarization directions of the plane-
wave field and w has the dimension of a frequency).

Due to the relations given in Eq. (BI), we obtain the
following decomposition of the metric

uv = k#ky + Igﬂku — €1u€1y — €2,€2p. (B3)

This allows us to define the transformation to light-cone
coordinates (primed indices) by

a = A" a¥, b =b, N, NP AN =60, (B4)

where the components denote the following scalar prod-
ucts

+ _ T I _
A w = k#, A uw= 61#, (B5)
A_H = kl“ AHM = €2
(we label light-cone components by +,—,511). On the
other hand the inverse transformation is given by
A=k A = e,
T (B6)
AN =kt, AN = -6

We point out that k* has dimension of momentum and
therefore £* must have dimension of inverse momentum
(et are dimensionless). Hence, the dimensions of v and
v~ differ from those of v* (here v* is an arbitrary Lorentz
four-vector). The different dimensions of the light-cone
components can be circumvented by defining k* = wn*
and using the dimensionless quantity n* in place of k*.
Then, however, nv is not a Lorentz scalar (in contrary to
kv =v7) and w has to appear explicitly in many places.

In light-cone coordinates the metric is given by

_1p _10
gH’V’ = gPUA ! #/A ! vl

which allows us to write the scalar product of two four-
vectors as

ab* =ath” +a" bt —a'd! — a"b" (B8)

(we also use the short notation a~b+ = a'b'+a""b"). Due
to Eq. (BI) we obtain

’det A“V’ — [AT AT AL AT e = 1, (B9)
Thus, the four-dimensional integration measure becomes

/d4a = /da+da_daJ‘, da* = da'da". (B10)
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Since all properties of the light-cone coordinates follow
from the relations in Eq. (BIl), we are not forced to use
the canonical basis in Eq. (B2). For the calculation of
the polarization operator it is more convenient to use the
two four-vectors [see Eq. (@3]

v
qv
kq+\/—a?

together with k* and

v
2 Qv

o AB o AR _
o R R aVar
%2

(Blla)

aiq n azq n

EP =k 4

a? lg ! * a3 kg2
1 (a19)* | (a2q)?
- k*. (Bllb
2(kq)? [ R (BHD)

The set of four-vectors k*, k'*, e'l', e}' also obeys the
relations in Eq. (BI)) and we will call the coordinates,
following from this set, modified light-cone coordinates
[the same symbols (4, —, 1, 11) are used to denote the
corresponding components.

Appendix C: Gamma matrix algebra

In this appendix we summarize some general identi-
ties, which are useful in calculations involving gamma
matrices. The gamma matrices form a complete set in
the sense that any matrix in spinor space can be decom-
posed according to [79]

I =c1l+ e’ + ey + esuin?y® + cppiot™,  (C1)
where we can assume that c,, = —c,, and the coeffi-
cients can be calculated using

1 1 5 1

cp=ztrll', c5=3try°l, ¢, = 7trvy,T0,

1 1ty w =72 (C2)

Csy = itr ’L"}/M’)/SF, Couv = %tr 10,1
Due to the cyclic property of the trace one can recursively
calculate traces of arbitrary length without conceptual
difficulties by permuting the first gamma matrix to the
last position. For completeness we note the following

relations
i tryiy” =g,
1 tryty Py =g"7 9" — g"" g"7 + g"" g7,
3 trotyPy7 = g7 g’ — g" 9",
T teyi Py = e,

(C3)

Thus, any identity involving gamma matrices can be
proven by calculating the fundamental terms given in
Eq. (CI) for both sides of the equation. It is in par-
ticular possible to map the gamma matrix algebra to a
corresponding tensor algebra once the decomposition of
the product of two (arbitrary) gamma matrix expressions
is known

T, =T,T,. (C4)



Here I';, is written as in Eq. (C1)) with the letter ¢ replaced
by the letter x appearing in the index. The coefficients
of I'. are then given by

c1 = albl “+ a5b5 —+ CL‘ub# —+ a§b5# —+ 20,#,/()#”,

Cy — (a1b5 + CL5b1) + (Z.CL‘ubau - Z.CL5lub'U‘)

- _UUpo
— g€ Auvbpo,

Cpy = (alb# + a#bl) + (ia5#b5 — ia5b5#)
+ 2 (tapb” —ia"buy) — t€ppo (agbP7 + a7 bg) ,

C5pu = (a1b5# + a5#b1) + (ia5b# — Z.CL‘ub5)

¥ i€ pe (aVD°7 + aP7BY) + 2 (ia,, b — ialby,) |

cuw = (a1buy + awb1) — Seunpo (aP7bs + asb?)
— L (apby — avby) — L€uvpe (aPbT + aZbP)
: — asybsy) + 2i (a,pb”, — ayh?,) .

(C5)

— 5 (asubsy

We point out that taking the trace of the gamma ma-
trix expression I'. projects out the coefficient ¢ [see
Eq. (C2)]. Therefore, one can also use Eq. (CH) in the
calculation of traces.

Appendix D: Tensor relations

If Eq. (CH) is used to simplify large gamma matrix ex-
pressions, one typically encounters products or contrac-
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tions of the totally anti-symmetric tensor €*#79. They
can be simplified using well-known identities stated here
for completeness [66]

eo‘ﬁwealgw = —24,
6"67“6&37,, = —646Y,
eaﬂ“”eagpg = —2(5ﬁ5§ — 55‘5;),

P e = — (818485 — 51857 + 518%8%
— 68500 + 846785 — 8115487),

ou 84 o oY

o & o &

% o5 & o

57 83 69 43

(D1)

—E“Vpgeag.yg = det,

In particular, we note the following formulas for anti-
symmetric tensors T#, T/ and Tg"

TPy = 1 (g"P g7 — ghg"P) T1pe T8 — T1P TS
+ " (W Tz)P* — g'* (W T2)P”
— g"P (T T)™" + g"P (ThT»)*",

(D2)
(TY Ty = %QWTM/aTgaﬂ + (T Tz)"*, (D3)
15,15 = Ty T
and
PTT = SRTVP — §LTHP 4 GETH,
(D4)

1 *po
§€HVPUT PT = _THV'
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