PUBLISHED FOR SISSA BY €} SPRINGER

1
=

Y

RECEIVED: August 13, 2013
ACCEPTED: September 17, 2013
PUBLISHED: October 24, 2013

Holonomy spin foam models: asymptotic geometry of
the partition function

Frank Hellmann® and Wojciech Kaminski®®¢
®MPI for Gravitational Physics,

Golm, Germany
b University of Warsaw,

Warsaw, Poland

¢ Perimeter Institute for Theoretical Physics,
Waterloo ON, Canada

E-mail: Frank.Hellmann®@aei.mpg.de, Wojciech.Kaminski@fuw.edu.pl

ABSTRACT: We study the asymptotic geometry of the spin foam partition function for a
large class of models, including the models of Barrett and Crane, Engle, Pereira, Rovelli
and Livine, and, Freidel and Krasnov.

The asymptotics is taken with respect to the boundary spins only, no assumption of
large spins is made in the interior. We give a sufficient criterion for the existence of the
partition function. We find that geometric boundary data is suppressed unless its interior
continuation satisfies certain accidental curvature constraints. This means in particular
that most Regge manifolds are suppressed in the asymptotic regime. We discuss this
explicitly for the case of the configurations arising in the 3-3 Pachner move.

We identify the origin of these accidental curvature constraints as an incorrect twisting
of the face amplitude upon introduction of the Immirzi parameter and propose a way to
resolve this problem, albeit at the price of losing the connection to the SU(2) boundary
Hilbert space.

The key methodological innovation that enables these results is the introduction of
the notion of wave front sets, and the adaptation of tools for their study from micro local
analysis to the case of spin foam partition functions.
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1 Introduction

Spin foam models! are a class of discrete models for quantum space-times. The oldest and
prototypical example is the Ponzano-Regge model for 3d Euclidean gravity without cosmo-
logical constant [6-11] and the Turaev-Viro model for 3d Euclidean gravity with negative
cosmological constant [12, 13].

The 3d spin foam models, while formulated as discrete state sums, are actually in-
dependent of the discretisation. The continuum limit is straightforward, and they define
a continuum theory. In 4d a number of models have been proposed as discretisations of
gravity over the years. These depend strongly on the discretisation and the continuum
limit remains a key open question. The first such model was the one of Barrett and Crane
(BC) [14, 15]. This was followed by the models of Engle, Livine, Pereira and Rovelli
(EPRL) [16-19], and that of Freidel and Krasnov (FK) [20-22]. A large number of vari-
ations for these models exist, notably the one of Kaminski, Kieselowski and Lewandowski
(KKL) [23-25]. More recently new spin foam models were proposed in terms of holomorphic
functions on spinors [26-28], and the flux representation [29, 30].

There are many equivalent formulations of spin foam models that emphasise different
aspects. The form most studied is a weighted state sum. The structure of these weights

'See [1, 2] for the origin of the name and [3-5] for extensive reviews and an overview of recent
developments.



has been the subject of extensive research and is by now very well understood. In this
formulation the weights can be interpreted in terms of geometric quantisation. The limit
of large quantum numbers is given by geometric asymptotics.

The asymptotics of the BC weights were studied analytically [31-33] as well as numeri-
cally [34-37]. It was found that in this case the asymptotics contain a geometric sector but
are dominated by solutions of a topological theory. The asymptotics of the weights of the
EPRL/FK type state sum were computed in the sequence of papers [38-44]. There it was
found that, for appropriate boundary data, the weights are peaked on geometric data in the
limit of large quantum numbers, and that the amplitude is given by the discrete form of the
Einstein Hilbert action, the Regge action. In [41] it was shown that the topological theory
that arose in the BC model is still present, and the boundaries that correspond to it are
not suppressed. Boundary data that is neither geometric nor topological is exponentially
suppressed in the asymptotic regime.

Based on these results the asymptotic behaviour of several observables attached to a
single weight was obtained in the BC model [45-48], as well as in the new models [49, 50].
It is, however, unlikely that these type of calculations truly give information on any kind
of general relativity limit, see for example the discussion in [51-54]. The behaviour of the
entire state sum has remained largely unstudied, the exception being the results of [55],
which indicate that some of the desirable geometric properties are lost once the entire state
sum is considered, in particular the geometries that occur semi-classically are flat.

In this paper we will use the formulation of spin foams in terms of holonomies es-
tablished in [56-59]. This formulation, called holonomy spin foam models casts them as
generalisations of lattice gauge theory. It is in the tradition of the formulations that arose
in the context of the group field theory formulation [60, 61] and in particular those of Oeckl
and Pfeiffer [62-67]. As we will see in this paper this formulation is perfectly suited to
study the geometricity of spin foam models at the level of the entire partition function.

The results and methods of this paper were first announced in [68]. Very recently Han
independently found the same results using different methods [69, 70].

1.1 Spin foam models

The prototypical example for spin foam models is the lattice quantisation of Horowitz’
background field (BF) theory [71] as discussed in [1, 2]. The field content of BF theory in
d space-time dimensions, with gauge group G and Lie algebra g, is a g valued d-2 form B
and a g-connection w with curvature F[w]. Its action is given by

Spr(B,w) :/trB/\F(w).

The field B acts as a Lagrange multiplier, the equations of motion are simply that w
is flat, and the field B is covariantly constant. Discretizing this theory on a lattice naively
leads to the spin foam model for BF' theory. For G equal to SU(2) and d = 3 we obtain
the Ponzano-Regge model, the general model was given by Ooguri in [72].

In order to write out this naive discretisation we introduce a number of structures.
Consider a triangulated 4-manifold M. Now take the dual of this triangulation, that is,



a vertex for every 4-simplex, an edge for every 3-simplex, a face for every 2-simplex and
so on. This collection of faces, edges and vertices forms the 2-complex on which we will
discretise our theory. We call the complex C, and the sets of vertices, edges and faces C,,
C. and Cy respectively.

We will need a set of fiducial orientations and base points for every face of the 2-
complex. We encode this by writing every face as an ordered list of the edges and vertices
it contains, in the order determined by the orientation, starting and finishing at the base
vertex. That is, every f € C; is a list

"

f= e e, ... v).

Adjacency amongst faces, edges and vertices is then written as e,v € f, and analogously
v € e, and we write (a,b,c) C f if f contains (a,b,c) as an uninterrupted list.

We can now give the naive discretisation of BF' theory. Our starting point is the formal
path integral

/ [dB][dw] exp(iSpr) = / (w0 (F(w)). (1.1)

We discretise the connection along the half edges e € C,., by taking g, € G? to be the
parallel transport from v to e. We then define the face holonomy

gf = H YGab,

(a,b)Cf

where we use the convention g, = gl;ll. The path integral is then discretised as

2(C) = / TTidgen) T] 500). (1.2)

vEe f

This product of delta functions forces the holonomy around every contractible loop on
C to be the identity. For finite groups it is well defined and gives, up to some normalisa-
tions, the number of group homomorphisms from the fundamental group of M to G. For
continuous groups the product of delta functions is a priori ill defined [73-76]. Surprisingly,
Bahr showed that it can be turned into a genuine measure on the space of flat connections
on M [77].

Note that if we replace the § with regular plaquette weights w, equation (1.2) has
exactly the form of the partition function of an ordinary lattice gauge theory. For example
with w chosen as heat kernels, we would obtain the standard heat kernel version of lattice
Yang-Mills theory [67]. The spin foam models we want to consider arise as a generalisation
of this form obtained by modifying the theory on the edges, while keeping the face weight
distributional. This is motivated by the fact that the BF action closely resembles the
Palatini form of the action for general relativity. In fact, specialising to d = 4, G = SO(4)
or G =S0(3,1), we want to restrict B to be of the form xe A e for some vierbein e, as

Sp(e,w) = Spr(xe ANe,w) .

2We summarise our conventions for group elements, Lie algebra elements and coherent states in ap-
pendix D.



The various ways to implement this restriction in the partition functions are discussed
at length in the literature that defines the models we study. For the classical case we refer
the reader to the original work of Capovilla et al. [78, 79] and the recent work by Kras-
nov [80-85]. As we discussed in [58, 59] there is a wide class of models for which trying to
implement this restriction at the discrete level (1.2) is parametrized by a single distribution
FE on the group manifold. These models can then be most naturally written by using the
twisted face holonomy

gf = H Gab9bfJbe - (1.3)
(a,b,c)C f,beCe

More elliptically this is just

9f = GuelefYGev' Guv'e’ - - - Gu'’e! e’ fGe''v -

The models then are of the form

Z(C) = / TTidgee] [T1dges B ger) [T (@) - (1.4)

veEe ecf f

This is the form of the partition function we will study in this paper. Note that for
E = the additional group elements drop out and the partition function reduces to (1.2).
The fact that the w at the face now operates on g instead of on gy means that gy can now
potentially vary away from the identity, even if w = §.

In this formulation it is easiest to include boundaries through the universal boundary
Hilbert space of [59]. This is achieved by specifying a boundary graph I" in C, and dropping
the g, integrations for the edges belonging to I', which we denote by gl :

z(€.0)lgh) = [ 1] e [Tldoes o) [ @) (15)
vEe ecf f
e¢le
In this paper, we will study the behaviour of this partition function in the limit of
large spins in the boundary Hilbert space.

1.2 Summary and results

The main result of this paper is a sufficient condition for the partition function to exist
as a distribution, and a necessary condition for the boundary data to be not suppressed
exponentially.

Both of these conditions are formulated in terms of a set of bivectors and group elements
on the interior of the 2-complex. These satisfy a set of equations and continue the boundary
variables into the interior. The sufficient condition for the partition function to exist is
that the bivectors on the interior can not get arbitrarily large without the bivectors on
the boundary growing likewise. A mnecessary condition for the boundary data to not be
suppressed is that it can be continued into a solution on the interior.

The solutions to the interior equations can be classified vertex by vertex using the
classification theorems of [39-42, 86] into degenerate, classical SU(2) BF and geometric



solutions, where the latter come in two orientations. We capture this formally, by defining
a function s(v) for each solution, s(v) : C, — {deg,BF,+, —} that takes the value deg for
fully degenerate vertices, BF for the SU(2) solutions and + and — for the positively and
negatively oriented solutions respectively.

Beyond the geometricity conditions the solutions on the interior also satisfy, face by
face, the equation

705 =0 mod 27, (1.6)

where 7 is the Immirzi parameter, and Oy is an angle derived from the geometry of the
vertices v around the face f. If s(v) = + or s(v) = —, that is, the interior solution is
entirely geometric and consistently oriented around the face in question, ©y is the deficit
angle of the holonomy around the face.

Thus we show that a boundary geometry that can only be continued into the interior
with a geometry that contains curvature not satisfying (1.6), is exponentially suppressed
unless v = 0. This issue arises due to the fact that only some of the equations encoding
the geometry in the bivector and holonomy language are changed upon the introduction
of 7. We thus consider this equation an accidental curvature constraint.

This can be seen as a refinement of the flatness problem first pointed out by Bonzom
in [55, 87]. This refined result, and the proof strategy were first announced in [68], then
heuristically discussed for the Lorentzian case by Perini [88], and then derived exactly for
the Lorentzian case by different means by Han [69, 70], where furthermore explicit bounds
for the suppression away from these solutions are given.

Note that our partition function is a convolution of distributions. The main mathe-
matical tool developed to study such a product of distributions is their wave front set. This
can be seen as the subset of the cotangent bundle over the space on which the distribution
is defined for which the distribution is not suppressed in the limit of large covectors. We
introduce this notion in detail in section 2. Our first aim is to collect results from the
literature and adapt them to our setting of distributions on group manifolds. In section 2.1
we discuss the underlying theorems that allow us to state the sufficient and neccessary con-
dition for existence and non-suppressed behaviour, which we then combine into lemma 5.
Section 2.2 then applies this to the case of our partition function, expressing the wave front
set of Z in terms of the of w and F. Section 2.3 then reviews and adapts the technical
results needed to derive the wave front set of w. This concerns mostly distributions with
arguments that are products of group elements. The wave front set of w provides us with
the parallel transport and orientation equations for our interior data. We then apply this
to the case of the partition function in section 2.4.

Thus we have the wave front set of the partition function in terms of the wave front
set of the distribution E. Up to this point all spin foam models that can be cast into
the form (1.5) with typical face weights coincide. The E function encodes the choice of
simplicity constraints, and the next two sections deal with deriving the properties of the
various simplicity constraints in use.

In the cases of BF theory and the Barrett-Crane model, discussed in section 3 the F
function is simply a delta function making this analysis straightforward. We first give the



asymptotic equations of BF theory and see that they match exactly the classical equations
of BF. In section 3.2 we derive the equations for the Barrett-Crane model.

For the EPRL and the Freidel-Krasnov models the F function is much more compli-
cated. The derivation of their wave front set is the subject of section 4. For the EPRL F
function we obtain the wave front set by analysing a set of differential equations that are
solved by the EPRL function. In section 4.1 we review and develop how such differential
equations restrict the wave front set of the distributions that solve them, in section 4.2
we derive the wave front set of the EPRL function, with much of the technical discussion
given in appendix A.l. For Freidel-Krasnov we require results on the asymptotics of distri-
butions defined in terms of coherent states. The main technical result is lemma 16 proven
in section A.2. This is used in sections 4.3 and 4.4 to derive the wave front set of the FK
FE function.

In section 4.5 we combine the results on the E functions with the results of the previ-
ous section to give a complete set of equations for the interior set of bivectors and group
elements.

In order to understand the geometric meaning of these equations we next turn towards
describing geometric configurations in these variables in section 5. We first describe what
type of bivectors and group elements can be constructed naturally from a discrete geometry
in section 5.1, and note that the equations they satisfy mirror those obtained from the wave
front set. We then show how these equations change if we introduce a twisting parameter
~ that turns simple bivectors into twisted simple bivectors.

In section 5.2 we then discuss how to invert the above construction by deriving the
geometry from the equations. To do so we first discuss the symmetries of the equations
given and then discuss how to apply the reconstruction theorems from the literature to
classify the solution space according the the s(v) introduced above.

In section 6 we then combine the results of section 5 and section 4.5 to give a descrip-
tion of the space of solutions to the interior equations derived in section 4.5 in terms of
their geometric content. We identify © as the deficit angle of the geometry on the interior,
and discuss in detail where there are mismatches between the geometricity equations and
the wave front set equations. The only case where there is no mismatch is that of v = 0
EPRL and FK. For v # 0 we have the accidental curvature constraint above, and for the
v = oo models, FK and Barrett-Crane, we obtain exact flatness. For Barrett and Crane
we furthermore have that the boundary geometry of neighbouring 4-simplices can differ.

In section 7 we then complete the above analysis and give an example. In section 7.1 we
show that the results hold for a very wide array of face weights discussed in the literature.
In section 7.2 we show that the sufficient condition for existence can indeed be interpreted
in terms of the interior becoming large while the boundary stays finite, as claimed in the
beginning of this section. In 7.3 we show that the wave front set analysis we present here
completely determines the large spin limit. Finally in section 7.4 we discuss our results
concretely in terms of the 2-complex that occurs in the 3-3 Pachner move. This satisfies
our necessary condition for existence and provides an explicit example where most Regge
manifolds are suppressed in current spin foam models.



We conclude the paper with discussing the ramifications of our results in section 8§,
discussing in particular how the Regge equations of motion can occur in our analysis, how
much of our results can survive regularisation and, potentially, renormalisation, and fi-
nally, what the presence of the accidental curvature constraints implies for the validity and
interpretation of the models.

The appendices contain the derivation of the EPRL and FK wave front sets in ap-
pendix A, the discussion of how the boundary geometry should be interpreted for different
boundary Hilbert spaces in appendix B, and a detailed discussion of the classical equations
of discrete BF theory that also arise in the wave front set analysis in appendix C. Finally
appendix D contains a brief summary of the conventions for group elements, Lie algebra
elements and coherent states used throughout this paper.

2 Wave front set calculus

In order to extract the geometric content of the partition function Z(C) we introduce a
new tool into the study of spin foam models, the wave front set of a distribution [89, 90].
The wave front set is a subspace of the cotangent bundle over the space on which the
distribution is defined. Interpreting the distribution as a (generalized) wave function, it
can be understood intuitively as the subspace of phase space on which the distribution is
peaked in the limit of larger convectors.

We will now give the precise definition. Let M be a smooth compact manifold and
D(M) the distributions over M. We denote {0} the zero section of the cotangent bundle
T*M. The wave front set WF(A) C T*M of A € D(M) is defined as the complement of
the set of elements {(z,p) € T*M \ {0}} such that there exists a local coordinate patch
U x V containing (z,p) with

Vo € C3°(U), n € Zy: sup A"

/eMﬁ%(i)A(gz)dgz < 00 (2.1)
peV, A>0 U

In other words, the complement of the wave front set are those phase space points at
which the limit A — oo falls of faster than any power. The wave front set finds those phase
space points that are not suppressed in the limit of large momenta.

We always have {0} € WF(A), this is a minor deviation from the conventions in [89, 90],
which always exclude {0}, that simplifies our bookkeeping. WIF(A) is a geometric cone in
T*M. The singular support of a distribution A,

sing A = (WF(A)\ {0}) , (2.2)

is the projection of nonzero part of WF(A) into M. Note that the distribution doesn’t
need to diverge at the singular support. It must, however, fail to be smooth. The singular
support consists exactly of the points where the distribution is not a smooth function.

For a group manifold G (or a product of such) we have a nice coordinate system on
T*G. Every point can be describe by left invariant covector and the group element. We
denote such a pair by (g,p) € (G, g*).



2.1 Compositions and multiplications

We want to derive the wave front set of the spin foam amplitude (1.5), understood as
a generalised state in the universal boundary Hilbert space. The partition function is
formed by multiplying distributions on group manifolds together, and then integrating in
the interior. This is of course not well defined a priori. The spin foam integrand

Zing = [ [ E(ger) [ [ w (@) (2.3)
ecf f

is the product of distributions on the same base manifold. In order to study when this
can actually be defined unambiguously, we will cast their multiplication as restricting their
exterior product to the diagonal subset of the direct product of their base manifolds.
That is, given a set of distributions A'(m),..., A"(m) € D(M), we consider their
AY(m%) € D(M™) which is clearly well defined and then study
when this product distribution can be restricted to the diagonal m' = m! = m. If possible

exterior product [[,_;
this then gives the direct product of the distributions. The reason for this strategy is that
we can give a criterium for the possibility of this restriction in terms of the wave front
set of the exterior product distribution. After restricting in this way we can integrate the
product distribution on the interior, and obtain the sought after distribution.

Crucially the wave front sets behave naturally under all these operations, thus this will
allow us to give the wave front set of the integrated product of the A in terms of the wave
front sets of the A’. Applying this to the spin foam partition function we will obtain the
wave front set of the spin foam in terms of the wave front sets of w and E.

In order to disentangle the combinatorial aspects of working on a 2-complex from the
juggling of base manifolds and wave front sets, we will first give the discussion abstractly
in terms of distributions A. First, anticipating the structure of the spin foam integrand,
note that some of the distributions A%(m) might be constant on part of the space M. for
example, if M = M x My, then it might be that we have A’(m) = A*(my, mo) = A(my).
In this case the wave front set of A’ is given naturally in terms of that of A’ by the following
property (this is a special case of property 2 decsribed below):

Property 1 (Extension [89]). Let A € D(M;) then through the projection 7 : My x My —
M, we can define the distribution A = r A by

/dmldmg A(my, mo) f(my,my) = /dmldmg A(my) f(my,ma) (2.4)

then
WF(A) = WF(A) x {0} (2.5)

By an abuse of notation we will often denote both distributions by the same letter if it is
obvious on which manifold they act.?

3Generally M might not be of the form M; x M, but might be a fiber bundle over M, with projection

onto the base r : M — M;, then the wavefront set of WF(A) is the pullback of WF(A).



This allows us to consider all A’ to act on the same space even if the overlap between
their base manifolds is only partial to begin with. Thus, after extension, we can easily
give the wave front set of the exterior product (this is easily derived from the definition for
appropriately chosen coordinates and subsets):

Property 2 (Product [89]). The wave front set of the exterior product of distributions

has the form
WF(A! x - x A™) = WF(A) x --- x WF(A™). (2.6)

Note that WF(A!) x --- x WF(A™) C (T*M)" lives in the direct product of the cotan-
gent bundle of M.

We can now turn to the issue of restricting this exterior product to the diagonal.
We will introduce the base diagonal subspace Diag(T*M)™ of (T*M)"™, given by the ele-
ments of (T*M)" of the form (m,m,...,m;p",p%, ...,p") = (m;p',p?%,...,p"). Similarly
Diag(WF(A') x --- x WF(A™)) are the elements of WF(A') x --- x WF(A™) of this form.
Generally the diagonal subspace of a subspace W/ C (T*M)™, Diag(W’) is the intersection
Diag(W') = W/ N Diag(T*M)™. We then introduce the restriction operator D,

D: Diag (T*M x --- x T*M) = T*M (2.7)

which is defined as

With this notation in hand we can now give a criterion for when the restriction to the
diagonal is well defined (Beals theorem see [89]):

Property 3 (Restriction [89]). The restriction of a distribution A on the product M x
.-+ x M to the diagonal is well defined if

D71{0}) NWF(A) = {0}. (2.9)

In other words, for all w € Diag (WF(A)) we have that D(w) = 0 implies that w = 0.
The restriction of the distribution A to the diagonal then has the wave front set a

subset of
D(Diag(WF(A))) (2.10)

Having the wave front set of the restriction in hand, we can note that the wave front set
also behaves naturally under integration. Assume the base manifold M splits into interior
and exterior M; x M,. Let us further introduce r., as the projection from T*(M; x M,)
onto T* M., and 1y, as the projection onto 1T*M; We then have the following property of
wave front sets under integration (that naturally follows from the definition):

Property 4 (Integration [89]). The wave front set of the distribution A € D(M; x M,)
integrated over M; (compact) satisfies

WF </ A) C ey (WF(A) N T* M, x {0}). (2.11)



In other words, a necessary though not sufficient condition for w, € T*M,. to be in
WF (f A), is that there is a w € WF(A) such that re,w = w, and ry,w = 0. More-
over, if there is exactly one such w, then the condition is also sufficient and w, = 1., w is
in WF([ A).4

We can combine the above properties. To do so it is convenient to introduce the notion
of the interior closed subspace. For W' C (T*M, x T*M;) the interior closed subspace is
defined as

! =W’ NDiag(T*M,. x D~ ({0},)). (2.12)

That is, it consists of those (m;,me;pl,pl,...,p",pt) that satisfy >°,_,  pF = 0.
This explains the name interior closed subspace, the interior momenta have to satisfy clo-
sure. We further introduce the operator 9 = r¢, o D from Diag(T*M)™ to T*M. We can
now state the following Lemma:

Lemma 5. Given a base manifold M = M, x M; and a set of distributions AL, ... A™ on

M, then
A:/ dm; ] 4 (2.13)
M;

k=1..n
Is a well defined distribution on M, if

07 L({0Y) N (WF(AY) x - - x WF(A¥));q = {0}. (2.14)

or, in other words, for any w € (WF(AY) x --- x WF(A*))iq, Ow = 0 implies w = 0.
Further we have that

icl

WF(A) C 0 <WIE‘(A1) XX WF(A’“))

2.2 Wave front set of the partition function

Having all these properties in hand we can now turn towards studying the spin foams
partition function directly. To do so in a systematic way we regard the w(gy) and E(ges)
as distributions on all variables (they are constant in the direction of most of them). That
is, we treat them as distributions on the space

Spin(4)¢ev x Spin(4)Ces (2.15)

on which the whole integrand is defined. This is our base space M. It splits into interior
and exterior part as M, = Spin(4)"e> and M; = Spin(4)Cv/Tev x Spin(4)Cs.

We will write our extended distributions as w/ ,)(gev,gef) = w(gy) and similarly
EC€ ") (gew, ge 7) = E(geryr). This is the same extension as discussed in property 1.

The exterior product of all the distribution is thus defined on the space

CfUCef

(T*M)"™ = (Spin(4)° x Spin(4)%f) (2.16)

4 As before this property extends to the case of fibre bundles where the topology of M is not trivial.

,10,



We use the coordinates
g, 4D, gL, glel 1 (2.17)

for this space, where the g(fe ), gév ) are associated to the copy of the base space belonging

to the distribution w") that occurs on the face f/ in the spin foam partition function and
gijcf ),ggv e f) . are associated to the distribution E(¢'/). Note that we do not assume any a
priori connection between the upper label and the lower one. The corresponding variables

in the cotangent bundle are denoted by

p) o) T ple (2.18)

By property 2, the exterior product of the distributions in the spin foam amplitude,
that is, the product of the distributions w/) and E(¢f) regarded as living on distinct bases
spaces, has the wave front set

W= ® WF(w() © (R WF(E)
°f (2.19)
= (Spin(4) “ x Spin(4)%f x spin(4)% x 5pin(4)cef)CEfUC6”
From property 1 we immediately have that the elements of the wavefront set W satisfy
Py =0, i f £ T pd) = 0if {e,v} ¢ f
nglf) =0, ife#e or f# [ péf)lf/) =0 (2.20)

As for the abstract discussion before, we now restrict this product to the diagonal,
Diag(W) in order to obtain the spin foam integrand. The diagonal subspace of (T*M)"
can be paramterized by géi’”') = ggvlf) = ey and ggv/) = gif/f) = ges for all €, f', v
Using (2.20), we see that Diag(W') exists in a subspace of the whole tangent bundle that

can be parametrized by the coordinates

ger =95 =957 gew =) =570, P 0 pey = (2.21)
The operator D,
D: Diag(W) — T*Spin(4)% @ T*Spin(4)%f (2.22)
then acts as follows on these variables
Poo= Y p) Phy =P + ey
fo(ev)
gév = Gev; géf = Yef (223)

The properties of the integrand now follow from property 3. It is well defined if
D0} N Diag(W) = {0}, (2.24)
and in that case its wave front set is given by
WF(2Z;,t) C DDiag(W). (2.25)

In other words, using the variables (2.21) and the explicit action of D given in (2.23) it is

given by those (gev, ge f, Doy, P, f), such that there exist p%), pgc), Deys satisfying
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p:i’l} = Zf pg{ﬂ)7

Py =0 + per

forall f, (gev,gef,gevu---,p%),pi’}),pg), ...) € WF(w(gy))

forall (ef), (gef’pef) € WF(E(gef))‘

To obtain the wave front set of the partition function we then turn to Lemma 5. To
give the concrete statement consider first the form of Wj. In terms of our variables this
Is the space satisfying

o Yoo ptd) =0, for (ev) ¢ Te,

o ) = —pes

o forall £, (gev: Ge: Gewrs- -0 0 p), ) € WE(w(gy))

o forall (ef), (gef,pef) € WF(E(gey)).

This space is essential for what is to follow and thus we give it a new name, W(C,T").
The operator Or now explicitly acts as

(gev7gef7p¢(3£)apt(3];)7pef) S W(C, F) — (gevapev = Zpé{;)) € T*Spin(4)re”. (226)
fDe

Then Lemma 5 states that Z is well defined if
or {0y nw(c,T) = {0} (2.27)
and the wave front set is restricted by
WF(Z(C,I')) c oW(C,T) (2.28)

2.3 Analysis on group manifolds

In order to obtain wave front sets of the face amplitudes w we need additional properties.
These two can be easily obtain from naturality of wave front set and from the following
useful property, a typical example in books on microlocal analysis [89]:

Property 6 (Delta). Let N C M be a smooth submanifold. Let é5 be a delta function
of N (with respect to some smooth measure) then

WF(én) = {(z,p): x € N,Vpern(p,p*) = 0} U{0}, (2.29)
where (p,p*) is the natural pairing of the vector p* and the covector p.

By the fact that the wave front set is a geometric cone we also have
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Property 7 (Parallel transport). Let A € D(G) where G is a Lie group. Define A €
DG x - x Q)

A(g1,---,9n) = Alg1 - gn) (2.30)

then we can show that

WF(A) = {(glaplv s 7gnapn): (gl o gn7pn) € WF(A),
Vi<n Di = it1 > Piy1} (2.31)

and also

Property 8 (Inverse). For A € D(G) as above, let

A(g) = A(g™) (2.32)
then
WF(A) = {(g,p): (g7, —g>p) € WF(A)} (2.33)

These three properties combine naturally to give us the wave front set of the face
distribution 0(gg’g” ...¢"). Let us first note that the delta function is invariant under
the inverse. So the wave front set of §(gg’g” ... ¢") is the same as §(¢"’~'...g~1). This
operation is the same as switching the fiducial face orientation in our partition function.
To avoid notational overload we will first discuss this wave front set separately. It is
convenient to think of the group elements as parallel transport between fiducial locations
1,2,3,...,n,n+ 1 = 1. We can then label the group elements going from location 1 to
location 2 as go1. The delta function then is of the form 0(g1ngnn—1-.-921). We then
also have the inverses as g1o = ggll. We can see that taking the inverse corresponds to
switching the order of locations in the delta function and we have §(g1pgnn—1--.921) =
0(g12923 - - - gn1)- Note, however, that the equation in property 7 is always from right to
left. That is, we have psas = go1 > pa1 but p1a = gos > pa3. The property 8 relates the two
by giving us p12 = —giop21. From this we immediately have that pjo = —ps32. In all the
transport equations, these two lie algebra elements occur only at location 2, however, they
differ in the orientation in which they appear. Let us introduce p%S = —p%l = p12. That is,
the upper index gives the location, the lower two indices the order to which the bivector
is associated (1 before 3, or 3 before 1 respectively). The parallel transport equations now
read more naturally as pfg = go1 > p(1)2 and P§1 = g23 > Py, along with p(l)2 = —p%o.

The complete statement then is that WF(S [ [, gi+14) is the set of g;114, and Pi 1t
satisfying [[; gi+1: = 1 and pﬁ}rQ = git1i DpLLHl with the pﬁflﬂ-ﬂ associated to the
tangent space of g;11;. This notation now is covariant under changing variables to g;;11 =
91111 ;» with the pﬁ 41,i—1 Dhow associated to the appropriate tangent space variables.

2.4 Face distribution

We can now apply the above to the notationally more complicated case of the spin foam
partition function. We assume that w has the same typical form used in all spin foam models
and then by 7.1 it has the same wave front set as the delta function, WF(w) = {0, g*} U{0},
and our discussion from above applies directly.
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Figure 1. The covectors at edge e’ in a face f = (..., e,v,e/, v e”,...).

We have the group elements ge,, gve and g.y. Whereas the role of the first two as par-
allel transport between middle of edge and vertex is clear, also notationally, g.; transports
from the side of the edge e preceding in the fiducial order f to the the side of the edge
succeeding. In order to stay notationally consistent with the previous papers on holonomy
spin foams we will keep the notation g.y though.

Consider a face f containing the sequence (...e,v,€e’,v"...). The associated product in
the face amplitude iS gefgevGue’ger fgern- The Lie algebra elements pg}) , pg)), pq(f; 2, pg}, pg U),
are on the right of their respective group elements, that is, pg) lives at the vertex v, it is
transported by ge, to pg), which lives at the middle of the edge, but before g.r, and so on.

The transport equations are then

(f) (f) (f) — (f)

pef = ge’u Dpev ) pey - gve’ DpveH
p’E)JQ = ge'f Dpi{}’ pgf} = Ge'v’ nggl- (234)

This suggests, as in the abstract discussion above, to change notation to respect the
“location” of the Lie algebra elements. We accomplish this by writing pg) = pv.,, where
the ee’ plays the role of both indicating the particular face, and the orientation in it. We
want to keep pg), and always regard it as living before the group element g.; in the fiducial
orientation of f. We denote ]58}) the Lie algebra element to the left of g.r. Rewritten this
way our transport equations become

pif}’ = Jev > Peer Pler = Goer &P }
ﬁgf} = ge'f Dpéf])c, p((j])c = Je'y/ ngle//. (235)

We can make these equations (almost) independent of the fiducial face orientation
by making the position of the pg}) and ]5((3}}), notationally explicit, and introducing the
Po, = —pe. associated to the opposite orientation, in analogy to the left and right arrows
above. To do so we introduce pjc/v, = pg; and pjc/y = —ﬁg } In this way the parallel

transport equations simplify to the following three equations:

Pere = Gue > Dy Py = —Gef > PG
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Pere = —Peer- (2.36)

The whole set of covectors and group elements, along with the equations is given in
figure 1. What is subtle in this picture is the identification with the cotangent variables
so we summarize this again explicitly here. For a sequence (v,€’,v’,e”) in a face f, as in
figure 1, we have

(f) (N _

Pty = Pererrs Pyer = PFo
and pfj} = PGy - (2.37)

Keeping these identifications in mind, the set of conditions for W(C,I") can now be
written as follows

gefygevapge/,pjfv (238)
satisfy
e (transport equations)
Pere = Gue > Py Py = —Yef > Do
Pore = —Peer- (2.39)

e (simplicity constraints) (ges, —p},) € WF(E) for (ev) C f,

e (holonomy) gy = 1 unless any p.(f) = 0. In the case p.(f) = 0, gey and ge, are not

restricted. Both gy and gy are free, as well.

e (closure) for all e ¢ I, and v € e we have ). p%, = 0.

If p.(f ) = 0, the conditions from WF(E) are also vacuous.

3 BF theory and the Barrett-Crane model

The remaining distribution left to analyse is the E-function. In the case of BF theory and
the Barrett-Crane model the E-function is just a delta function again, and we need no
further analysis to describe their wave front sets.

3.1 BF theory

As a consistency check we apply our method to BF theory. The E function in this case is
just

E(g) = 4(9) (3.1)

thus its wave front set is {1, g*} U {0}.
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3.1.1 Amplitude

The simplicity condition in Wgp(C,T") is thus just

gef = 17 p;v = _p;v’ (32)

Thus the equations simplify to gy = 1, closure, and the transport equations. We can
eliminate p%, and obtain the following criterion that determines points of W(,T)

®gr=195=1
e p.. are pararell transported by gyegeu,

e Vegr and v € e, 3, pf, =0

Following the same ideas as [11] for the special case of the three dimensional su(2) BF
theory (the Ponzano-Regge model), we can describe the image of the map 0 as follows:

e In the 2-complex C we have a well defined notion of contractible loop. For every such
contractible loop in the boundary | = {vev'e’ - -- } we must have,

91 = GveJev' Gure’ -+ =1 . (3.3)
Such a configuration on the boundary can always be extended into the interior.

e For I we can introduce the same boundary operator in local homology as [11]:

di: C(Te) = C(Ty), di(E)(v) =Y Egue > Ele) (3.4)

esv

where C(I'c) and C(I',) are linear vector spaces generated by sets of su(2) labelled by
I'e and Ty, and € € C(T'¢). The sign depends on the position of the vertex in relation
to the orientation of the edge. We have natural map of local homology groups

[incl] : H1(T",su(2)) = kerd; — H1(C,su(2)) (3.5)

The condition on bivectors is that the boundary +p., (sign depending again on the
orientation of the edge) should belong to [incl] *(0) C kerd; ¢ C(T.) (see section C).

These are indeed the equations of discretised BF theory. Thus we really recover the classical
BF equations of motion with this method, validating that it is, at least in this case, a
semiclassical limit. This can be seen as a generalisation of the asymptotics of the partition
function of the Ponzano-Regge model derived in [91].

Of course this wave front set is valid only if the conditions of Lemma 5 are satisfied.®
This excludes for example all foams with internal bubbles. This is not surprising as these
foams can be infinite without regularization. These conditions are exactly satisfied by the
no-tardis triangulations of [11].

Le. H2(C,su(2)) = {0} for all flat parallel transports agreeing with boundary holonomy, see section C.
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3.2 The BC model

The E-function of the Barrett-Crane model is also a delta function. To describe its support
we need to go a bit deeper into the structure of the gauge group Spin(4) and its Lie algebra
spin(4). Recall that spin(4) = su(2) @ su(2). We thus can write

p=(",p) (3.6)

where pT can be identify with either combination of Pauli matrices or with three di-
mensional vectors. In this form these Lie algebra elements generate group elements g =
(97,97 ), and the E-function can be written as

E(g) =d(g"(g7) 7). (3.7)
The wave front set is described by
9" =97, p=(n,-n), nesu2) (3.8)

So g p # p in general. To describe this wave front set more geometrically let us introduce
the 4-vector N° = (1,0,0,0) and the Hodge dual *(p*,p~) = (p*,—p~) on the Lie
algebra. Interpreting the Lie algebra elements p as bivectors on R* we can contract them
with vectors. The condition 3n s.t. p = (n,—n), n € su(2) can be written geometrically
as NV xp = 0. For more details on this bivectorology see e.g. [14, 20, 39, 86].

3.2.1 Amplitude
The condition for W(C,I') coming from (ges, —p%,) € WF(E) is

95 = 9.5 NOxpf, =0. (3.9)

As opposed to the case of BF theory and also the EPRL and FK model that we will analyse
next, the Barrett-Crane model has Py # —p?v, because g.r does not in general stabilize
p;v. For every internal edge

> %, =0. (3.10)
!

Moreover the pJ‘iv and py,, satisfy the transport conditions and are simple bivectors. Antic-
ipating the full geometric discussion that will follow in section 5, we can see that the p_,,
satisfy the necessary conditions for reconstructing a 4-simplex geometry at the vertex wv.
The p?v then encode the boundary geometry. The fact that pjcv =+ —pfcv, and in particular
that there are distinct rotations g.y acting on the different faces, means that the boundary
geometry at neighbouring 4-simplices does not necessarily agree. This is known as the
ultra-locality problem of the Barrett-Crane model.

4 The EPRL and FK model

While for BF theory and the Barrett-Crane model the only distributions involved were §
functions, the EPRL and FK model have much more complicated distributions. In order
to analyse them we will need to dvelve deeper into the structure of wave front sets.
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4.1 Actions and differential equations

In order to derive the wave front set of EPRL/FK type simplicity functions we need more
properties of the wave front sets. One of the most important facts about microlocal analysis,
see [89], is the following:

Property 9 (Invariance [89]). Let C be a pseudodifferential operator on M and c its
principal symbol (a homogeneous function on T*M). If for A € D(M)

CA =0 or CA is smooth (4.1)

then
WF(A) C {c=0}uU{0} (4.2)

where {c = 0} is the subset of 7*M \ {0} on which principal symbol vanishes. Wherever
on {c = 0} the exterior derivative of ¢, dc, does not vanish ( dc # 0), the set {¢ = 0} it is
also invariant under the hamiltonian flow generated by c.

Thus we can deduce

Property 10 (Group invariance). Let G acts smoothly on M, then we have also a natural
action (symplectic) on T*M. If A € D(M) is invariant under G then WF(A) is also
invariant. If G is the Lie group and the action is generated by the vector fields L € g then

WIF(A) C {(z,p) € T*"M: V1eq (p, L) =0} (4.3)
where (p, L) is the natural pairing of vectors and covectors.

4.2 The EPRL function

We now turn towards the EPRL E-function. In order to apply the above properties of wave
front sets we need to characterize the E-function in terms of its symmetries and through
differential operators. As explained in more details in section A.1, the wave front set of
the EPRL E-function is almost uniquely determined by the following properties:

1. E is invariant under adjoint SU(2) action

2. FE is the solution of CE = 0 where

C=|1-4] <\/0++1—;)—(1+7)<,/C+1—;> (4.4)

where Cy are the Casimirs of SU(2)4. This is the differential equation imposing the
condition |1 — |51 = (1 4+ 7)j~ because

/ 1 1

return the value j& on irreducible representation.
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3. E is also the solution of CE = 0 where

O=2/Cs 47~ I2 4 3+ 56 -1) (4.6)

where L? = (L} + L; ). This is the equation imposing the condition 2+ = (1+7)k.

In order to give the EPRL wave front set geometrically we introduce the map 7T~ =
1+ ~* on the Lie algebra. This has the property that 7,7, =1 — 72, We are always away
from v = 1.

Theorem 13, proven in section A.1, then states that

Theorem 11. The wave front set of a distribution satisfying the conditions above is the
sum of sets of the type Wy, (a € [0,7]) defined by

Wy = {(ea(n’o)’Lg*T*W(n’n),Ty(n, n)) :{eRne 5u(2)} (4.7)

and the zero section {0}.

In the case v < 1 we know the the E function can be written as®
Elpn(9) = 3 de(k) [ dn (ulgn) ¥ nlg )1 (48)
S2
keNkqg

where kg is the minimal k such that both j* = %(1 + )k are half-integer or integer.
Because d.(k) has at most polynomially growth, this is regular outside the set where
there exists an n, such that

(nlg*[n) " (nlg )R =1 (4.9)

If this does not exist the summands fall off exponentially and the sum is a smooth function.
Since 2 ng are integer and g% stabilise n, the condition

2j¢ In(n|g¥|n) + 2j5 In{—n|g~| — n) = 0 mod 27 (4.10)

can be rewritten as
A
24, 5 + 27, 5 = 2rm, meN (4.11)
4+ _ f*n . .+ . 4+ — . .. 4
where g= = € ™. Notice that 2j; are integer, 25, +2j, = 2ko and kg is minimal thus 27
have no common divisors. We can always write m = ay 25" +a_ 25~ for some a+ € 7Z, then

2j (0% — dmay) 4+ 2j5 (07 — 4wa_) =0 (4.12)

Thus, because angles are only defined modulo 47 it is enough to solve the equation (4.11)
with m = 0:
0F,07) =&((1—7), -1 +7)). (4.13)

6Our convention here differs from that of [58, 59] in that we absorb the dimension of the representation

into the edge weight d., this will simplify the notation for the derivation of the wave front set.
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The singular support of the distribution must belong to
S = {(g*,g*); In, & 9" = eﬂ(m)“} : (4.14)
We know that
m(WF(Efpgy,) \ {0}) = sing Egpp;, € S (4.15)
Combining this with theorem 11 and the fact that only for a = 0, 7(W,) C S we obtain
WE(Egpgy,) = Wo U {0}, or WF(Egpg; ) = {0} (4.16)

Given a normalised vector in vy, € Vj+ j- such that L%y, = k(k + 1)vg we have a function

VYr(g) = (k| Dj+ j-(9)|vk) (4.17)
From [58] we know that

de (k)
(25T +1)2(25— +1)2

If d.(k)~! also grows at most polynomially, then by the condition given in section A.4,

(Ul Egpre) =

(4.18)

Elpgy, is not smooth. Thus the only possibility is

WE(Elpry) = { (€77, T,p) : p = (n,m), n € su(2) } U {0}. (4.19)
We introduce the notation for normalized bivectors
. p
p=—— (4.20)
Pl
Using the same more geometric notation as before,
WE(Efpry,) = { (557,p) : N*-T_,p =0} U {0}, (4.21)

where in the last line we introduced the shortcut

1
V1472
Note that for normalized bivectors satisfying simplicity N° - p = 0 we have

IT,pl = V1 +72p| (4.23)

as can be seen by considering the action on the left and right part of the bivector separately.

Rp = T T 'p. (4.22)

A similar, slightly more complicated formula as 4.8 is also valid for v > 1, and the
analogous argument holds in that case.

As opposed to the case of the Barrett-Crane model the wave front set contains only
a subspace of all covectors annihilating the tangent space of the critical manifold. This
subset consists of those annihilating covectors that are stabilized by the group element

g € sing Elpp,
(9:p) € WF(Egpgy) \ {0} & gep=p (4.24)
p L Tsing EEPRL

where sing Efpg; is singular support of the distribution Eflpg; and Tsing Efpg; is the
tangent space to sing Efpgy.-
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4.3 The FK model v > 1

For v < 1 the EPRL and the FK model coincide exactly. For v > 1 the FK E-function is
given by

Eli(9) = Y del / g (nlg gt g In) VR (—nlg T g g =)D (4.25)
keNkg

To understand the FK model for v > 1 we need to first study the distribution

Zd YnlgT|n) AR (—n|g™| — n)O~DE, (4.26)

Where d.(k) is an edge weight of at most polynomial growth. We will again write j* =
%|1 + v|k. To understand this distribution using our properties from above we can write it
using coherent state kernel distribution A.2

Ko@,g)= Y e %" (nlgtn)" (~nlg~| - m)¥~ (4.27)
keNkg
Bulg) = [ as . (8‘1) Ku(2,9) (4.28)

We will prove in Lemma 16 that

WF(Kn)Z{ (2jg In(n|g™|n) + 2jg In(—nlg~| —n),g", g7 =€, ", p7) :

(4.29)
£>0, n=g>n, p- = j:2j$§n} U {0}

1+~
_ Ll

where jg—L = Using this wave front set, together with the ellipticity property A.3

and integration formulas 4 (with r., injective) we can show that

WEF(E,) = {(9,p): 2jg In(n|g™|n) + 2j5 In(—nlg~| —n) =0 mod 2,

= +2jFn, n=g¢Tn}uU{0} . (4.30)
Since 2 joi are integer and g stabilize n, the condition
2j¢ In(n|g¥|n) + 2j5 In{—n|g~| —n) = 0 mod 27 (4.31)
can be rewritten as in (4.11) as
2jo+92+ + 2357_ =2rm, meN (4.32)
where g% = e’ ™. As in (4.11) we have
O7,07) =&((1 =), —(1+7)) (4.33)

The only solution of the conditions for g% is g = e&*7-7("") The wave front set can be

stated as
WF(E,)={(g,T,p): g = "7, p= (n,n)} U {0} (4.34)

where as before p is the normalized p bivector.
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We can now compute in stages

dé n ~1 —6n
Pac(o) = [ dn Ang). Aln=lgo) = [ FACTG o)l (439)
Using in stages the properties 2 and 4 we get:

{(9.T5p): 39, g'glg)) ™ = 9" TP g'oT_p = (n,n), Typ L (L;—g>L;)}U{0} (4.36)

The only point is to prove that the application of the property 4 we obtain always the
whole set. For integration over n the argument is that the projection is unique, whereas
for integration over € we can use

A(e™ge™™) = A(g) (4.37)

Thus A(g’'g(g’)~1) is the pullback of A(n,g). Using property 1 we can deduce equality also
in this case.
The last condition of (4.36) is tautologically satisfied, so we have

WF(EYy) = {(9,Typ): g=¢""? p=(m,m),m € su(2)} U {0} (4.38)
The wave front set is thus the same as in the case of the EPRL model.
WF(EYg) = {(g,p): g=e*P NO-T_p=0}uU{0} . (4.39)

4.4 The FK model

The same analysis may be applied to the model Freidel and Krasnov proposed for the state
sum without v. We call this the FK model as it differs from the v = 0 version by a complex
conjugation in the g~ sector. Explicitly its £ function is given by

Fegelg) = 3 delh) / dg (nlg~tg*gln)* (~nlg~1g=g| — m)*. (4.40)
k

The result is
WEF(Ep) = {(9:p): g = €%, p = (m, —m), m € su(2)} U {0} (4.41)

4.5 Wave front set of the amplitude

We can now give the conditions onW(C,T'") for the various choices of E function given
above. Note that as EPRL and FK have the same wave front sets, depending only on -,
we have the condition that g.; stabilizes pg}) so we have

pjcv = —pjcv, (4.42)

as in BF theory and in contrast to the BC model. Thus the transport equations split into
two orientation equations and one parallel transport equation. We can thus summarize the
conditions for configurations in W(C,T') as follows:
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e orientation and parallel transport equations:
pZ'e = _pZe’? p?v = _p;v’
Pere = Gue > Dy - (4.43)

simplicity: N© - T_Wp?v =0

closure: for all e ¢ I', and v € e we have >, . p%, = 0.

holonomy: gy = 1 unless p?v = 0, otherwise no restriction,

HE. . . .
® gy = etverBaPhy ynless p%, = 0, otherwise no restriction,

With the notation of (4.22).

To finally state or main result on the behaviour of the amplitude we then need to give
the action of 0 on these variables. In the 2-complexes we consider every boundary edge is
1-valent, that is, it borders exactly one face. Given a face f containing a boundary edge
e€le, f=(..v,ev €...) we have that J., that is, 9 restricted to this boundary edge
acts as follows on an element w in W(C,T'):

Oe W(C,T') — T™*Spin(4)ye X T*Spin(4)e,
0e(W) = (Gues —Dys Geu'» L) (4.44)
The operator Or is then just the product of the operators 0,
ar(w) = XeEFeae(W> . (4.45)

We see that under Op, pe, is twisted simple.
Changing variables from g,. to ge, We have

Je W(C,T') — T*Spin(4)ye x TSpin(4),,
0e(W) = (Gevs Plors Geuts Pier) (4.46)
It can be written simply as 0, = Oey X Oeyr Where
Oev W(C,T') — T*Spin(4)e,
Oeo (W) = (gevs Peer) (4.47)

Having the full set of equations for W(C,I') we can now state our first main result of
the paper

Proposition 12. With dr and W(C,T') given as above, we have that the partition function
Z(C,T) exists as a distribution if

op o} nw(c,T) = {0}. (4.48)
In that case, its wave front set is restricted by

WE(Z(C,T)) € arW(C,T) (4.49)
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5 Geometricity in bivector and holonomy variables

In the previous section the wave front sets for the BC, FK and the EPRL model were derived
in terms of equations for the interior bivector and holonomy variables of W(C,T"). We know
that the large spin asymptotics of the vertex weights can give a geometric interpretation
to bivector variables [39, 43, 86]. We can easily identify the vertex equations necessary for
this reconstruction in the wave front sets above, however, the meaning of the g.y and the
various holonomy equations is a priori unclear.

In this section we will give the extended geometricity results that include these vari-
ables. To do so, we will first derive bivectors and holonomies from a given geometry, noting
what equations they satisfy. We will then discuss to what extend a geometry can be re-
constructed given bivectors and group elements that satisfy these equations. The result
will be a set G of variables satisfying equations that contains a geometric sector. Both its
variables and equations closely resemble those of WW. In the section after this one will study
the precise relationship between these sets.

5.1 Holonomies and bivectors from geometry

We give a set of 4-simplices o in R* associated to the vertices of C, such that the pullback
of the flat metric and the standard orientation on R* to the triangulated manifold dual
to C defines an orientation and a simplexwise flat, continuous, non-degenerate geometry.
These simplices have boundary tetrahedra 77, with outward normals N?. The tetrahedra
intersect at the triangles t7,,. At these triangles we have area outward normals A?Y , in the
plane of the tetrahedron 77, which satisfy AY , -t7, = AV, - N =0 and |AY,,| = [tV.,].

At the middle of the edges e we now introduce a tetrahedron 7¢ with the same geometry
as 77 and T;’/, normal to some

Nﬂf — —NS/

chosen such that the orientation it inherits from the standard orientation on R* by reduction
with the normal N matches that of the orientation that 77 inherits from N?. This is
possible as we required the 4-simplices to define a consistent orientation on the manifold.
We also again have triangles and area normals, that are now, however, indexed by a face,
and called t? and Ajc.

Holonomies. We can now define the holonomies of the discrete connection, G, € SO(4)
by requiring that
GeyT, =T, (5.1)

v

From this we immediately have that, for f being the face to which e, v, and ¢’ are
adjacent, the outward normals behave naturally:

GeoNY = N°,
Gop ALy = AS. (5.2)

We also define G, = G,.l. We can now also introduce the simplicity rotations G.y.
These are the interior dihedral rotations of the 4-simplices in the frames of the tetrahedra
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Figure 2. Geometric quantities at edge e? in the face f, with the sequence of vertices and edges

determined by the fiducial orientation being f = (..., e* v, e3,03,...).

at the edges. Let ¢’ precede v precede e in the fiducial orientation around the face f =

(...e,v, e, ...), then we define:
Geft? = tfc,
—GueGefGey NG = NY. (5.3)
The last line can equivalently be written as G.fGe, N = N, for v/ the vertex suc-

ceeding e in the fiducial orientation, that is f = (...v',e,v,¢/,...). It follows that we have
GuyeGefGey NG = Ng,. This arrangement of group elements is given pictorially in figure 2.

We then define two group elements around a face f with n edges e...e(™ and orien-
tation f = (v, e =1 (=1 4/ e v). The first is Gy:
Gr= J[ Ga
(a,b)C f
= Gen) G om) -1 G yn-1) (=1 G pn-1) (=2 - - - GoreGen. (5.4)
This is the holonomy around the face f. From the definitions it is immediate that it
satisfies
Grtgon = toen, (5.5)
but
GfNS # Ng.

The angle between Gy N and N¢ is exactly the deficit angle around the face f,

O =21 — defﬂ (5.6)

eCf

where & are the interior dihedral angles between ¢’ and e at the vertex v in f =
(...,e,v,€,...) encoded in the interior dihedral rotations G.s. The other group element
we can define is the analogue of the one that appears in the partition function,

éf = H GaeGef Geb
(a,e,b)C f,eeCe
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= Gen) Gem) $G om)p(n—1) Gyn=1)cn-1) Gtn-1) Getn-1)y(n=2) - - . GreGefGep.  (5.7)

This has the property that
éftZ(n)e = te(n)e
and that
G Ny = Neny:

thus we have that
Gr=1. (5.8)

Bivectors. From the geometric data we can further construct bivectors, or spin(4) ele-
ments, associated to the triangles. This is easiest using the area normals introduced above:

Bé}e/ = *N: A A'U

ee’s

B, = *N§ A AS. (5.9)

Here * is the hodge dual with %2> = 1. By construction these bivectors lie in the plane
of the triangles t7,, and L% respectively, are oriented,

B;}e/ — —BU

eer

B, = —Bf%,. (5.10)
and satisfy the parallel transport equation,

Gey > By = BY,,. (5.11)
It is also immediate to see that they satisfy simplicity,

NS - BS, = NS ANEAAG =0, (5.12)
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due to the antisymmetrization in the *, and closure

Y Bj, =xNiA DY A5 =0, (5.13)
foe fae
due to the closure of the area outward normals of 7¢. The arrangement of all these data
around a face is illustrated in figure 3.
Further as G stabilizes the triangle t% it is generated by a bivector orthogonal to the

plane of t%, which is thus proportional to *B?v, where B denotes the normalised bivector.
That is,

Gey = expgo)(Ces * BS,), (5.14)
and a straightforward calculation shows that, as it has to be, G ¢ can be written as
ecf

This elucidates the geometric meaning of equation (5.8). It expresses the matching of
the deficit angle around a face and the sum of the interior dihedral angles.

Twisted bivectors. Finally, anticipating the presence of the Immirzi parameter in the
wave front set, we can introduce the twisted bivectors and holonomies, given in terms of the
rational number v. We will twist the geometric data by using again the twisting operator
T, = 1 + %, acting on bivectors. Note that as, as pointed out above, 7,7, = (1 — )1,
this operator is invertible for v # 1 which is always assumed in these spin foam models.
Thus acting with this operator does not change the content of the set, merely parametrizes
it differently. The twisted holonomies and bivectors are then given by

K ;v = T’)/Bjc;w

"By, =TyB.,

’yGev = Gevy

’YGef = eXpSO(4) fef * T*’YB]%U = eXpso(4) gef * R’Y’YB]%'U‘ (516)

Where we again used the shortcut (see (4.22))

Ryp=——=T T 'p. (5.17)

Viey

From these we can define 'G ¢ as before, Gy does not involve twisted variables and
remains unchanged.

As T, commutes with the adjoint action of Spin(4) on bivectors, the stability properties
of bivectors remain unchanged, and so do all equations that can be derived from group
elements and their action on bivectors. That is, only the equations involving normals
change. These are in particular simplicity (5.12) and (5.8):

Ny - Byr =0,

v
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Gy=1.
The first of these simply turns into a twisted form of simplicity:
Ny -T_,7B;=0. (5.18)

The second of these is slightly more complicated. Instead of just providing the interior
dihedral angles, the G,y now also contain a rotation in the plane of the triangle. We thus
obtain the twisted face equation

Gy = expso) <@f +) fef) % Bign =7 Y _ &efBln | = expgoqy <7 > §efB§en> -
ecf ecf ecf
(5.19)

5.2 Geometry from holonomies and bivectors

After giving the holonomy and bivector variables in terms of the geometry, and deriving
a number of equations automatically satisfied by them, the question arises whether these
equations are not just necessary for a set of bivectors and holonomies to arise from a
geometry in the above sense, but also sufficient.

We begin by giving the precise set of equations we require our bivectors and holonomies
to satisfy. First at the vertex we have from (5.10), (5.11), (5.13), and (5.18):

FyBge/ - —’YBZ/E,
’YB,Le)f = f7B2/f7 (U, U/ S 6)
TBY, = G B,
HfV::.AQ)-TL77f£%==(l
> 1By, =0. (5.20)
e'sv

e'#e

Using the second equation, the latter two equations can equivalently be written on the
edges as

NS« N¢ T, "B, =0,
> Bg; =0, (5.21)

fDe
where we also have from (5.16), that
e 1 TGey = expsou) Lef * T B, (5.22)
Finally, on the faces we have from (5.5) and (5.19) that

’yéf > ’YBZ’G ="7BY

e'er

Gf > Tfry ’YBgle - Tfry ,YBg/e.
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Wéf = €XPso4) —Y Z EefB:e/. (5.23)

Here the & have to be the same as in (5.22), and v is the fiducial vertex of the face f.
The first two lines are actually implied by the parallel transport conditions and (5.22).

Any bivectors and group elements constructed from a geometry in the sense of the pre-
vious subsection satisfy these equations. However, they are not the only solutions to these
equations. We denote the set of solutions 7B, 7 to the above equations Qg . The classifica-
tion of solutions follows directly from the reconstruction theorems in the literature. Before
we review these, though, we first need to give a set of symmetries that act on the space GJ.

There are two kinds of such symmetries, the first kind derives from the geometric origin
of the equation (5.20) to (5.23), the second preserve only the equations on group elements
and bivectors, but change their relationship to the geometric quantities.

Geometric. We can act with G, G, in SO(4) on the geometric 4-simplices and tetra-
hedra located at the vertices and edges. This induces a transformation on the "B and "G
that preserves geometricity and thereby the above equations. Explicitly it acts as:

o’ — Gyo’ 7¢ = Go1°
N — Gy,N? Ny — GeNg
v — Gy > B Byy — Ge> By
Gep = GeGopGi Gep — GeGepGot (5.24)

In the rest of the paper we will fix the N to be proportional to the universal reference
vector N¢ = +N° = 4(1,0,0,0). Then the G, take value in the SO(3) subgroup which
preserves this reference vector. This can be seen as a partial gauge fixing.

Further there is a set of symmetries which leaves the geometric content of the con-
figuration untouched but locally changes the orientation. Note that acting with an O(4)
element P, that is not in SO(4) on o we retain the same geometry. Thus it is still pos-
sible to map the tetrahedra 7¢ to the boundary of P,0" by an SO(4) element, however,
the normal N; will now not be taken to the outward normal N/, but the inward normal
—N?. Thus the bivectors get transported not to the geometric bivectors of P,c", but to
the negative geometric bivectors. Calling the reflection with respect to the plane of 7¢, P,
this symmetry thus acts as

Gve % P’L)Gvepea
B', — P;'v>BY,. (5.25)

The resulting bivectors do not have the same relationship to the geometry as before but are
instead related to the geometric ones by a sign. The issue of these orientations is discussed
in detail in the literature [38, 39, 86].

Finally there is a global scaling symmetry that sends all B to AB. This will be im-
portant to understand when the partition function suffers from existence failure. We will
come back to this issue in 7.2.
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Nongeometric. The non-geometric symmetry affects the G,y and is novel to the setup
we consider here. It acts as

’yGef — ’yGe‘f eXpso(4) (géf*T_ryBSf), (526)

with - o f € F= 27N. This transformation of course destroys the geometric interpretation
of the individual 7Gy.

Reconstruction. We will now use the reconstructions theorems from the literature to
classify the elements in GJ.

At the vertex. Let us first consider the equations (5.20). These equations, and the
extend to which the characterise a geometry, have received considerable attention in the
literature [31, 38, 39, 41-43, 86, 92-96].

By theorems proved a long time ago in a galaxy far far away [31, 38, 86, 93], (5.20)
suffices to reconstruct a geometry and orientation at every vertex if there are two additional
non-degeneracy assumptions satisfied.

These non-degeneracy assumptions are the bivectorial version of the non-degeneracy
of the geometry we assumed at the outset:

3d: The A? for fixed e span a full 3-dimensional space. Equivalently, every set of three
By for fixed e and v is linearly independent.

4d: The N span full 4-dimensional space. Equivalently, for every edge €’ at the vertex
v the six bivectors BY,, with e, ¢’ # €” span the full space of bivectors.

The failure of the second condition is well understood, and leads to a set of SU(2)
BF solutions [41]. At fixed bivector length this sector is five dimensions larger than the
geometric sector and dominates in the Barrett-Crane vertex amplitude asymptotics [34].

Further clearly a failure of the 3d condition implies a failure of the 4d condition.
Thus the elements of gg can be classified according to whether, at each vertex, the non-
degeneracy assumptions are satisfied not at all, at the 3d level, or at the 4d level. In the
latter case we can further differentiate between the two possible orientations. That is every
solution defines a function s(v), assigning every vertex either +, —, SU(2), or deg splits
the solution space. The only fully oriented geometric solutions are when s(v) = + for all
v or s(v) = —. Note that the orientation changing symmetry discussed above, acting at a
vertex v, changes the s(v) = + to s(v) = — when in the geometric sector.

On the face. The equations (5.20) determine the geometry at the vertex, and thus
already fix "G, = Gy to be a geometric connection. The geometric meaning of the "G
is fixed by equation (5.22), and the last line of (5.23). Equation (5.22) implies that the
7Gey are fixed by the geometricity at the vertex up to their angle of rotation &.y. To
simplify the discussion we can now use the geometric symmetries to put us into a frame
where all bivectors at a face equal some fiducial bivector,

B/ =BY

e —

By, with (e,v,¢’) C f.
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We then have
véf = €XPso(4) <9f + Z §ef> * Bf -7 Z feffif (5.27)
ecf ecf

The last line of (5.23), which requires that

"Gy=exp—y ) LfBy,
ecf

now fixes the two angles of rotation:

@f-i-Zfef =0 mod 27

ecf
’YZfef = ’YZ&f mod 27 (5.28)
ecf ecf

These equations, being invariant under the geometric symmetries, apply in all frames.
Now using the symmetry (5.26), we can indeed fix the & to be the interior dihedral angles,
such that "Gy are just the geometric ones defined by (5.16).

Thus, if for an element of GJ, all vertices at a face f are of the type s(v) = + or are
all of the type s(v) = —, the 7B at the vertices around that face, and the 7Ge,, and "G,
around that face are the geometric ones up to the symmetry (5.26).

6 Geometry of the EPRL/FK wave front set: accidental curvature con-
straints

We can now match the set G} to the interior closed set W(C,T') arising in the wave front
set analysis. Let us first recall the sets W in question:
W is given by the set of variables

gefvgev7p§v7pé)e/ (61)
satisfying

e orientation and parallel transport equations:

Pere = ~Deets Py = ~Du

p:/e = gvepjfy . (6.2)
e closure: for alle ¢ I, and v € e we have >, . p§, = 0.
e holonomy: gy = 1 unless Py =0, otherwise no restriction,
e simplicity: (gef,p%,) € WF(E),

We have two different type of simplicity constraints, the Barrett-Crane type and the
FK/EPRL type. These are respectively
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e (BC) (gef,p§,) such that NO-sxp§, =0, goy> N* = N

e (FK) (9efsP,) such that NO. *p%, = 0, there exists a &y such that g.y = 5* P,

e (EPRL/FK,) (gef,p?v) such that NV - T_+p§, = 0, there exist a &y such that g.y =
exp(€es * B,

6.1 FK and EPRL for v =0

We will begin with the simplest case, that of FK = 0. In this case we see that W exactly
covers the geometric set G. That is, the variables

(Gef7 Geva B'Sfa B:e/) = (96]"’ geva pzf’ p:e’)v (63)

where § is the SO(4) element associated to the Spin(4) element g, satisfy all equations of G.
Recall that the set G decomposes according to the function s(v), which associates to each
vertex the level of degeneracy it satisfies. The same decomposition then applies in W. We
have a further ambiguity in that for every element w in W that covers an element w in G we
have that for functions le, : Cepy — + and lef : Copy — =+ satisfying H(ev)ef lew Heef lef =+,
the element w’ of W given by changing gey — levGev, gef — lefges cover the same element
w of G. Thus we see that the association between elements of W and G is not injective.

Conversely it is always possible to find a set of ge,, gey covering a given element g, and
such that the equation g = 1 is satisfied by adjusting the coverings of g.

Thus we see that for F'Kj, the set WC splits according to the function s(v) giving the
degeneracy at the vertex, and the functions l.,, l.; act freely on each of these layers.

Note that this argument use extensively the property of the WF(EQ) that

(gefspef) € WF(EpK) = (—Gef, Pes) € WF(EQK) . (6.4)
6.2 FK.,, EPRL,

Whereas in the previous case we had perfect matching between the geometric equations
and the wave front set equations, this will break down here. The elements of a covered
solution w, satisfy all the equations of G7 except for (5.19):

Véf = €XPso(4) <—’Y Zéfefégen)-

ecf

Instead we have G ¢y = 1, as for the case G°. That means, that instead of equa-
tion (5.28), we have,

O —|—Z§ef =0 mod 27
ecf

¥Y &p=0 mod 2. (6.5)
ecf

In (5.28), and in the case v = 0, the second equation is tautological. Here it is revealed as
the origin of the so called flatness problem first pointed out by Bonzom.
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Note that all other equations are unchanged, that is, elements of YW still cover elements
of G7. Thus in particular, the reconstruction theorems apply, and W splits according to
s(v) again. Given a face f such that s(v) = + for all v € f, that is, given a face in the
geometric sector, these equations imply that the dihedral angle, ©, satisfies

7©f =0 mod 27 . (6.6)

Note that, as opposed to the case before, due to the presence of ~ the wave front set
in general no longer satisfies the property (6.4).” It is no longer clear that every geometric
configuration can be lifted. Thus it is in principle possible that despite the existence of
compatible geometric configuration, the amplitude is suppressed due to this kind of spin
structure obstruction.

6.3 BC and FK

The BC and FK models structurally resemble the limit v — oo. This is reflected in their
geometry.

For the Barrett-Crane model the elements of W no longer necessarily cover elements
of G. The vertex reconstruction still proceeds as before, however, as G, fBJc}v =+ B]clv,, and
the different G,y at an edge are uncorrelated, the geometry of the tetrahedron described
by the bivectors B;v is changed.

That is, for BC the parallel transport condition GveGev/T:l = 12 fails. The geometry
of neighbouring 4-simplices becomes uncorrelated.

The FK model differs from the BC model in this point, there the parallel transport con-
dition G¢yB$, = B;}v, holds. The reconstruction proceed thus as in FK, and EPRL,, case.

However for both models the flatness problem remains in its extreme form. We have
simply that

70y =0 mod 27 . (6.7)

For these models the SO(4) holonomy in the geometric sector must be the identity.

6.4 A corrected partition function

As we saw, for the cases involving 7 the wave front set includes a spurious equation that
restricted the curvature in the geometric sector to a discrete set. This arises as the face
distribution, §(gy) is not twisted along with the simplicity constraints E(ge¢). While the g, s
then include a torsion contribution, the g., remain the torsion free geometric connection.

In order to fix this issue we can twist the face amplitude. The role of the face amplitude
in the wave front set is to enforce parallel transport, and equation (5.28) that enforces

Of + > &y =0mod 2r, (6.8)
ecf
or more geometrically
Z{efz%r—@f mod 27, (6.9)
ecf

which allows us to interpret the s as the interior dihedral rotations.

"This property fails for example for v = %, but if v is of the form § where only either p or q is divisible

by 2 the condition 6.4 stil holds.
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The new face amplitude w’(gey, gef, - - .) should enforce these two conditions. Recall
that the parallel transport condition arose purely from the multiplicative structure of the
functional dependence of w. If w’ is of the form

w'(Gevs Gefs - --) = D(g7, Gf)s (6.10)

we automatically have guaranteed that the parallel transport conditions are still satisfied.

The wave front set of w’ given in terms of

{gefagevv"'7pef7pev7'--} (611)

can be written in terms of auxiliary variables by application of lemma 5 properties 6, 7
and 8 . These auxiliary variables are

‘jef = Jev > Cjew (jev = Guve' & q~ve’7
Quer = ge' f > q~e/fa q~e/f = Gerv' > Qeror - (6'12)
Gev = Gue’ P Que, Que’ = Ge'v' B ero! (613)
such that
(9,9, Gev, Gev) € WF(D) (6.14)

for v the fiducial vertex of the face f. The wave front set is then given in terms of these
auxiliary variables by

Pef = Cjefy Dev = Gev + Gev - (6.15)

As, due to the wave front set of the E function, g.s is stabilised by g.r, the ps and pe,
also satisfy parallel transport.

We thus need to choose our function D(gy, §r) such that it enforces only (5.28). Note
that as we have all equations up to (5.28) the full geometric reconstruction can already be
applied, with the exception of the interpretation of the &.;.

Without known anything further about D we can thus already conclude (see equa-
tion (5.27) for example) that in the wave front set g¢ and g have to be of the forms

gf = :I:eXpr *Ef
and,

gr = texp (@f+Z§ef> *Bf —'ngeféf

ecf ecf
where By is a simple bivector obtained from p.y.
By =Ty " pes (6.16)

We also know that G.,, being the parallel transport of the bivector in the wave front
set of the e function has to be of the form ¢ o< T, (n,n).
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We can now try the ansatz

D(gag) = 2/2 2dIlClIl’l <€+7’L’g+‘€+n>‘O‘+:8|k<€_m’g_‘€_m>|a—,8‘kX
kEN S2xS

x (€pn|g*|ern)la TPk E G| m)la-Flk (6.17)

where a, 8, &, 3 € Z are to be determined, and erlatpl=a+p and ér|a+ B| =a+ 8.
From the properties and Lemmas given, we can compute the wave front set of this
distribution

WE(D){(9.5,.0): = aB+0 % B,i=aB+8  B,g=eT+08 g X070,
_ (6.18)
where B = (i, 1), 2ay + 28p + 2a% + 285 = 0 mod 471'}

First note that to have ¢ o< T',(n, n), as required by the parallel transport condition,
we have to have o = v # 0.
Now in the wave front set we have from the form of gy and g that

gy = £eOr<Bs = x=0,p=06y

) . 6.19
gy = +e(OrtEees s BrvEecs 6Bt o g =@, 4 Doeepbefs P="7Dccslef - (049

The equalities on the right hand side are modulo 27w. Thus the equation we want the
wave front set to encode is simply that ¥ = 0 while all other angles are free:®

ax + Bp+ax+ B8p=0mod 27 < ¢ =0 mod 27 . (6.20)

We now assume that a and 3 are the minimal integers satisfying v = g, then we can
eliminate © and ) . 7 ef from the conditions derived from geometricity,

p=0s X =05+ Eep+2mm, p=—7Y Ls+2mm (6.21)
ecf ecf

to obtain relations between the x, ¥, p and p

5 9 ,
Imym': % —p=—L+ T 4 o (6.22)
gl B
which is equivalent to
B(x — p) = —ap mod 27 (6.23)

because a and § have no common divisors.
Using x = 0, Bp = vax + ap mod 27 and 5 = ya we can transform

ax+Bp+d)2—|—B,5:Omod 21 &
(va + @)X + (a+ B)p = 0 mod 27 (6.24)

$We can’t simply set @ = 1 and all other coefficients to zero, as we then could no longer satisfy the
parallel transport conditions.
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Thus in order to have (6.20) we have to have
aoy+a=1, a+B=0, B=nra, (6.25)

where o and f are the minimal integer pair satisfying f = ya. We can further compute
that the wave front set bivectors of w’ are of the form

Pev = Gev + Gev = (v + @)n, (B + B)n) =a(l —v)(n,—n) + (n,0) . (6.26)

It should be noted that with this face amplitude, the connection to the SU(2) Hilbert
space, sometimes touted as a desirable feature of the EPRL model, is lost. In this propo-
sition we also depart from the general form of the partition function for holonomy spin
foam models. The question remains if one also obtains a connection to the Regge action in
the large j limit with this face amplitude. This issue, however, cannot be address by our
method.

7 Further properties and an example

In this section we will show that the wave front set analysis given above extends exactly to
the type of face weights used in the literature. We then show that the wave front set analysis
allows us to give exactly the large spin asymptotics of the partition function. Finally we
will give a concrete example in the form of the 3-3 move, where our conditional is satisfied.

7.1 General face weights

In the literature, we find a wide rang elf proposals for the face amplitude of spin foam
models, which all lead to different face distributions w. As the theories are motivated from
BF theory with w = 0, we have so far assumed that the wave front set properties of w and
those of § coincide. This is indeed the case for a wide class of face amplitudes, including
most that have been considered in the literature.

Specifically consider the general form of face amplitude defined by

wlo)= Y di [

dny dn_ (nylg*|n )Y (n_|g"|n )% (7.1)
dd- 525

where d; = d(z,y) is the face amplitude. Then assume that d(z,y) satisfies (see A.3

+:J—
for definitions)

de SP(R?), d'eS PR (7.2)

for some p € R. All proposed spin foam amplitudes satisfy this condition, for example

e the SO(4) face weight
d(z,y) = 2z +1)*(2y +1)%, (7.3)

and similarly all polynomial d functions.
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o the SU(2) face weight

Lm(z@ +1)(2y + 1) (7.4)

1++2

It can be checked that for j* = %wk

)

d(j,57) = k(2T + 125 +1), (7.5)

We can then use lemma 16, and properties 18, 4 (with the case of a unique projection
of the interior closed set to the boundary) to deduce that

WF(w) = WEF(3) = {0, g} U {0} (7.6)

One class of examples that does not satisfy these assumptions are the heat kernel
regularised spin foam amplitudes. These can be seen to be smooth.

7.2 The geometry of the existence condition of the partition function

The geometric meaning of the condition 4.48 is not clear. In this section we will relate
it to the large bivector limit in the interior. In fact suppose that we have a sequence of

configurations
{lgeva lgef7 lerm e ) (77)
labelled by integer | with the property that
Ze&I‘ ‘lp]@cv‘
= .7 (7.8)
2cer |'Pev]

that is exactly condition that the internal bivectors become much larger than the boundary

ones. Let denote 1

- (7.9)
ZEEC ’lp£v|

A=
then the rescaled configurations

{lge’ua lgefa lﬁZU - )\llpgvv T ) (710)

still belong to W(C,T'). The space of all {gey, ... ,pgv} with the condition ) .- \lpgv! =1
is however compact, and W(C,I") is closed. Thus there exists a convergent subsequence
of (7.10) to the point

{Gev - - > DLy} (7.11)

It is easy to check that on the boundary i, = 0 whereas, as we have Y oecc \ﬁécv =1, there
need to be nonzero bivectors in the interior.

This proves that if we can make interior bivectors arbitrary large while keeping the
boundary B’s small, condition (4.48) is not satisfied. Conversely if a finite interior with
zero boundary exists, this can of course be scale up arbitrarily.
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7.3 Relation between large j limit and the wave front set

So far we have derived our results on the behaviour of the partition function in terms of the
wave front set of the resulting distribution. This raises the question how the regime that we
probe is related to the regime most studied so far, that of the large spin asymptotics. With
the results we have derived so far we can indeed show that these two regimes coincide, our
wave front set analysis provides exactly the large spin asymptotics of the partition function.

To see this we can use the distributions described in Lemma 16. Given a set of of
SU(2) coherent states on the boundary

[nv), néE), : {ev} € T (7.12)
we can introduce a sequence of coherent states in universal boundary Hilbert space

,+ _ _ _ p—
UA(Gews ) = [ (05719 Ine ™Yo (g™ gy [ng )Mo (7.13)
evell

We are interested in determining the behaviour of
A= (y, Z) (7.14)

for large A.
The coherent state kernel distribution Kye(, gev,...), integrated with e provides
exactly this coherent state:

Ux(Gev, - ) = /d:c eiAxKn%(:U,gev,...), (7.15)

Let us contract K, (z,...) with the amplitude. The result is a distribution P(x) on S*:

P(z) = /Hdgev Kne (Gevs ) Z(Gews - - ) (7.16)

Note that
/ dz P(2)e™ = (0, Z), (7.17)

thus, if P(x) is a smooth function, that is, its wave front set vanishes, the amplitude for
the probed coherent states vanishes like O(A™%°) in the large j limit.

We thus obtain a necessary condition on the existence of a non-suppressed large j
limit from the wave front set of the distribution P(z). Denote by p? and pS the bivectors
associated with [n¢*) and |[n¢*t),

pe=(2"ng",2j"ng7), ph = (27" 05", 25 ng7) (7.18)

€

Now combining the wave front set of K¢ from lemma 16 with that of Z, using property 4
we see that P(x) is smooth (that is, the large j behaviour is O(A~)) if

A{gev: (ev) €T} Pl = gev >0y (Gewy---3—pe...) € WF(2) (7.19)
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L

Figure 4. The dual complex of the configuration that occurs in the 3-3 move, with internal
edges solid and some of the boundary edges given as dotted lines. The only face not touching the
boundary, and thus made of fully internal edges is fint. The faces touching the boundary come in
two flavours, belonging to one 4-simplex or belonging to two. The face fl, is an example of a face
belonging to two simplices.

Thus the suppression of the amplitude is governed by the wave front set. Further the
singular support of P(x) gives us information on the phase of the partition function. Note
that the wave front set contains potentially more information than the coherent states.
The coherent states only probe the existence of a g, satisfying the above, the wave front
set can tell us which one actually occurs. Conversely, for every element of the wave front
set there clearly is a coherent state probing this point.

Thus we have that coherent state boundary data is suppressed if the geometry it
describes is not the boundary geometry of an internal solution. The relationship between
the inner and the boundary geometry is that for a boundary vertex v from which we have
the unique internal edge ¢’ we have a tetrahedron 7V that has as it’s bivectors the pY,, in
the wave front set as given by the boundary operator (4.47). These tetrahedra have the
same geometry as the boundary tetrahedron T://, but are arbitrarily rotated.

A more detailed discussion of the boundary geometry and wave front set for the case
of projected spin network boundaries can be found in appendix B.

7.4 A concrete case: the 3-3 move

An interesting example to consider is that of the 2-complex that arises in the 3-3 Pachner
move, Cs3. This is dual to three 4-simplices glued together around a common face. The
triangulation has no internal edges, but an internal face. Thus there are no Regge equa-
tions of motion, on this triangulation all discrete metrics are Regge metrics. This example
has been studied repeatedly in the literature [97, 98].

The 2-complex of the 3-3 move consists of a single internal face fi,; with three bound-
ary edges. Each of these three boundary edges has three more faces associated to it. These
faces all touch the boundary. Each of the vertices has four more edges that also go out to
the boundary. Let us consider the conditional above. The map 0 identifies the boundary
bivectors with the bivectors of the faces that touch the boundary. Thus the conditional
reads that if all the bivectors on faces that touch the boundary are set to zero, then the
internal faces are forced to be zero, too.
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This follows simply from the closure condition on the edges of the internal face. As all
terms but the bivector belonging to the internal face are set to zero closure simply reads
pjﬁmv = 0. Clearly this argument can be iterated. This leads to the notion of a no-tardis
triangulation of [11], for which condition 4.48 is satisfied.

Applying our theorem above to the EPRL partition function on Cs3 we see that the
support of the partition function asymptotically is contained in those geometries that are
the boundary of an internal geometry that has discrete curvature values on the internal
face. This is thus a perfect example of the accidental curvature constraints in action.

We can understand this from the point of view of the sum over spins, too. While the
terms asymptotically separated from the stationary point are suppressed exponentially,
this is no longer true for terms at finite distance. If the spins differ from the stationary
conditions only by fixed finite amount then in the asymptotic limit the contribution is of
the same order as from the stationary point. These terms of similar size as the dominant
term will contribute to the asymptotic behaviour. Symbolically, while the asymptotics
show that f(A(jerit +1)) < f(Aderit), We can not conclude that f(Ajepit +1) is also small.
In fact we expect that f(Njepit + 1) ~ f(Nepit)-”

This problem neatly demonstrates that the question of gluing asymptotic results to-
gether correctly in the interior is enormously subtle in the spin picture. In the holonomy
formulation of spin foam models, the properties of the wave front sets given above handle
all these subtleties for us.

8 Discussion

In this paper we have introduced the notion of the wave front set of a distribution into
the study of spin foam partition function. As a result we could obtain a sufficient criterion
for the partition function to be well defined and a necessary criterion for the partition
function to be not suppressed in the limit of large boundary spins. This immediately begs
two questions, how sufficient and how necessary are these criteria.

8.1 The role of the Regge equations of motion

We begin with the latter question. Our results give a necessary condition for the boundary
variables to be in the wave front set. They need to occur as the boundary of an element of
W(C,T'). If this were also sufficient for the boundary to be not suppressed these theories
would not encode the Einstein equations in any form, all geometric manifolds would occur
as semi-classical solutions in the amplitude.

For a discrete geometry, the additional condition we want a configuration to satisfy in
order to be in the wave front set of the partition function, is for it to occur as the boundary
of a Regge manifold. That is, there should be a continuation of the boundary data into
the interior that satisfies the Regge equations of motion.

Our control on the structure of the distributions is not precise enough to establish
whether or not this is the case. To do so we will need to develop the tools introduced

In particular Magliaro and Perini in [98] discarded all such terms at a finite distance, resulting in a
sparse sum that behaved as if only the dominant term were there.
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here further. Further, we do not necessarily expect that the spin foam models studied here
would satisfy them, due to the presence of many additional semi classical configurations
that are not discrete geometries. In the case of the v = 0 models we can also expect
problems from the results of the vertex amplitude, which showed that the Regge action
does not appear in the geometric sector. In fact this can be seen as the reason that these
models do not suffer from flatness, pointing to a possibly severe conundrum.

Our analysis above focused on the geometric sector, where s(v) = +. Understanding
the dynamics of the sector with s(v) = BF, and their coupling would be crucial to truly
understand the behaviour of the partition function.

8.2 Extension problems and regularisation

On the other hand we gave a sufficient criterion for the partition function to be well defined.
Recent results by Bonzom and Dittrich suggest that this might be far to conservative.
In [99] they study the behaviour of the convolution of a single face amplitude with the BC
E-functions, and find, surprisingly that this actually remains finite on much of the singular
support. More generally choosing better behaved face amplitudes w always enables us to
make the model finite [100, 101]. In [102] it was also found that even if not finite, an
important class of triangulations is only logarithmically divergent for the EPRL model.

If the model is infinite and requires regularisation, the wave front set analysis still tells
us about the way in which it requires regularisation. In particular, we also learn what parts
of the spin foam integrand are regular and should thus not be changed by the regularisation.
The remaining ambiguities of the regularisation are then known as the extension problem.
It is important to note that extending products of distributions to locations where they
are not well defined in this way can potentially change the wave front set. However, the
singular support does remain the same in this procedure.

8.3 Conclusions

As the singular support of the distribution does not change, the flatness problem, which
arises from the equations imposed by the face amplitude, remains. More precisely, as long
as the ge, are a geometric connection and the g.; are generated by twisted simple bivectors,
the condition gy = 1 will induce the accidental curvature constraints.

Following the geometricity discussion in the appropriate variables we now can under-
stand that the flatness is not a result of taking incorrect limits, or of a mistake in the
quantisation, but instead is due to the interaction of the discretisation and holonomisa-
tion of the geometric connection on the one hand, and the introduction of the Immirzi
parameter on the other.

In order to avoid the accidental curvature constraints, we are thus forced to give up
on the twisting (as in the FK® model), the simple form of the face amplitude (as with our
modified D(g, g)), or the geometricity of the connection. Note that the modified partition
functions with D does not allow for the SU(2) boundary Hilbert space, see the discussion
in [59], whereas FK° suffers sever problem that the asymptotic of the vertex amplitude
does not reproduce the Regge action.
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Thus our results pose severe problems for the program of obtaining continuum geome-
tries satisfying the Einstein equations via intermediate coarse triangulations. In the models
under investigation, the curvature at the scale of a single vertex is severely restricted, this
in turn means that the variation over the set of allowed geometries, weighted with the
Regge action, will almost certainly not produce Regge manifolds. Furthermore we can not
use single or few 4-simplex calculations to study, even perturbatively, the behaviour around
flat space, we can only probe flat space directly. Any perturbation of the curvature has to
come in multiples of 27 /7.

In our view, the only way around this conclusion is to view the individual simplices as
microscopic objects. In that case it is not the observable curvature that is restricted but
the local, small scale curvature. In this context the exact flatness of the v = oo models
can actually be seen as a boon. It restricts the curvature at the microscopic single vertex
scale, and thus makes the model much more regular.

On the methodological side, we have seen that the introduction of holonomy spin foam
models, and wave front sets greatly facilitated understanding the underlying geometry of
the composition of the individual building blocks. Understanding the wave front sets of
the F and w was no more complicated than understanding the asymptotics of the vertex
amplitude. The composition of these then is mostly done at the structural level, without
needing detailed knowledge of the distributions involved. This gives us a very clear picture
as to which aspects of the amplitude are responsible for which equations. The fact that the
vertex amplitude asymptotics and the behaviour around a face appear on the same footing
in this formulation allowed us for the first time to clearly understand the origin and the
precise formulation of the flatness problem.

While conditional our results also are the first results of geometricity that pertain to
the entire partition function, rather than to its individual weights. One way to view the
wave front set calculus is that it allows us to understand how the asymptotic limits of
various building blocks combine to give the asymptotic limit of the partition function built
from them.

The big outstanding challenge at this point is to study the degree of sufficiency and
necessity in our main result. This would allow us to obtain unconditional statements. One
path towards this goal is to combine our analysis here with the spinor formulation of spin
foam models. Wave front sets behave well under symplectic reduction, thus combining these
to methods has the potential to further simplify and extend the analysis of these amplitudes.
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A Wave front set lemmas

This section is devoted to derivation of main properties of the simplicity functions in EPRL
and FK models. We will also prove useful criteria for similar distributions.

A.1 The wave front set of the EPRL E-function

Here we derive the E-function asymptotics. Let us assume v > 1. The derivation for the
case v < 1 is similar and we leave it to reader.
We need to analyze E(g). We know

e F is invariant under SU(2) action

E(g) = E(hgh™"), h € SU(2) C Spin(4) (A1)

e [ is the solution of CE = 0 where

C=(r—1yfCs 4 3~ C 42 (A.2)

where C are the Casimirs of SU(2)1. We have the coordinates on 7*SU(2) given by
(z,p): x € SU(2),p € su(2) left invariant vector fields (A.3)

The Poisson brackets are as follows
{pirpj} = €ijepr, {pi, f(2)} = (Lif)(x), {f1(2), f2(x)} =0 (A.4)

The principal symbols of the Casimirs are given by [p=|> =, (pii)Q. The principal
symbol of C' is thus
c=(=DpT - 1+NP. (A.5)

e FE is also the solution of CE = 0 where
. 1 1 1
022’/0“7_(1+7)‘/L2+1+§(7_1) (A.6)
where L? = (L] + L;)? . The principal symbol of C is
c¢=2[p"-(1+y)p"+p|. (A7)
e From the equation
B(9) = Y du(b) [ dntnlgn) T (ulg ) 4" (A8)
where d.(k) has at most polynomially growth, we know that beside the set
{(g7,97): 3n, g* = =TI}, (A.9)

E(g) is a smooth function.
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We have
Theorem 13. The conical subset Wof T*Spin(4) \ {0} with the properties

o W is invariant under adjoint action of the diagonal SU(2), elements of W annihilate
generators of this action

o W C {c=0}, W is invariant under the hamiltonian action of ¢
o W C {¢=0}, W is invariant under the hamiltonian action of ¢,
is the sum of sets of the type W defined by
Wi = {(eo‘(n’o)+§*T*“f(n7n), +xT(n, n)) x>0, €R,|n| = 1} (A.10)

Let us notice the following identities

Wt;zt+27r = VvozgE (All)
Wi =w7, (A.12)
Proof. The only co-vectors (p™, p~) being the solution of ¢ = ¢ = 0 by Lemma 15 are of
the form
pT=(1+9)n. (A.13)
The action of SU(2) is defined as
gt = h7lgFh (A.14)

Its vector fields are spanned for such a point (g7, g~) by the vectors
(m— (g7 'bm,m — (¢7) '>bm): m € su(2) (A.15)

We have
(m— (g")">m,m — (g) " '>m) L (p*,p") (A.16)

and thus by Lemma 14
gt = e n (A.17)

Let us consider the flow generated by ¢ and ¢. We have

{50} =0, {c*, f(a™)} = 2p (Lif)(27) (A.18)
and so
{e.pf} =0 (A.19)
B Ot /S PR (5 ) e
{ ’f( ’ )} - |p+| Lz f |p,| Lz f (A2O)

The vector field generated by ¢ on T*M — {0} is given by

— 1)pF 1 -
Ipt] Ip~|
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and by ¢
op+ 1 T4 pf
Pt p~ +pT|

Let us notice that on the set (p™,p~) considered, the flow ¢ is given by

S =L — (I, = (- DL +(+7)Ds (A.23)
n [n] n n
because p~ = —(y — 1)n. The flow of ¢ is proportional to the flow of ¢. So if the point

(elo+0’ el e-n". T (n' ') is in the set then also
Ve, (el =E0-mm) plamn'+E(1+y)n’), T, (0, n’)) (A.24)
is in this set. Finally W (SU(2) invariant) must consist of a sum of the sets of the form

«

wWE = {(ea(n’o)%*ﬂ”(n’n), +T,(n, n)) :EeRne 5u(2)} (A.25)

A.1.1 Sublemmas

Lemma 14. Suppose for some vector n # 0 holds

vm € su(2), (m—(¢")"'>m,m—(¢7)"'>m) L ((1+7)n, (1 —7)n) (A.26)
then 3a* such that g& = eia’n
Proof.

vm  tr[(147)(m - (¢*) " 'pm)n + (1 —)(m - (¢7) 'pm)n] =0 (A.27)
This is equivalent to

m-[(1+7)(n—g>n+(1-7)(n—g>n)] =0

N B (A.28)
(I+7)mn—-g™>n)+(1-9)(n—-gp>n)=0
2n+ (y—1)g pn= (1 +7v)g'>n (A.29)
But
In| = |g~>n| = |g">n] (A.30)
24 (v-1)=(1+9) (A.31)
and so in order to satisfy triangle inequality we have to have
n=g >n=g"p>n (A.32)
This is equaivalent to the statement
gt = R (A.33)
O
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Lemma 15. The only vectors pT satisfying

2ipf =1 +9)p"+p |

_ (A.34)
(L+y)p~|=[1-1lp"|
are p* of the form
pt=(1+7)n. (A.35)
Proof. We have from (A.34)
4"’ =1+ (") +2p" p” +(p7)?) (A.36)
L+7)°(P7)?=1-7)(p")?
and so
2(1 =) (p*)* =2(1+7)°p"p" (A.37)
this is equivalent to
_ 2
[(1=y)pTe[1+y)p7] = |1 -7pT] (A.38)
since [[(1 = 7)p*]| = |[(1 +7)p~]| we have
(I—=y)p" =0+7p" (A.39)
what is equivalent to the thesis. O
A.2 The coherent state kernel distribution
We will prove
Lemma 16. The wave front set of
Ko (2,91, ,90) = Y e 2 (ng|g! [ng)*1 - - (nf|g" [n3) >N (A.40)
A>0
satisfies
W]F(an):{ (X)gla -+ On; _5) P - pn) :
~ i i i i P (A.41)
X = 2jiIn(nf|gilns), £ >0, Vi nf = g;dnh, p; = 2]15“2} u{0}
Let us consider an operator
K: C™(S") — C*>(SU(2)) (A.42)
given by an integral kernel distribution on S x SU(2)
K(z,9) =Y e " (n|gln)* (A.43)

k>0

We can easily check that
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1. CV = 0 where

0 1 1
=i— —\|L*+ - — = A.44
¢ T * 4 2 ( )
2. K is invariant with respect to transformations
T =T+ A T —=x+ A
{ An }’ { )\n} (A45)
g —eg g — ge
As before we can obtain conditions for WIF
e ¢ = —p; —|p| =0 and WF is invariant with respect to the flow
Z‘ .
—9, - L (A.46)
|
and p,, p’ is preserved.
e (pz,p) L (1,97 '>n) so
pe+pog pn=0 (A.47)
* (pz,p) L (1,n)
pe+pPog pn=0 (A.48)
We know that |p| = —pz; >0
pon = [pl (A.49)
since |n| = 1 we have p = —p,n and similarly p = —p,¢~'>n. The covector n is stabilized
by g so g = eX™. The flow of C' (and both actions) are
— 0y — 'L (A.50)
so if (x,eX™ =&, &n) € WF then also
(z+ X, eXFTNR _¢ en) € WR (A.51)
The singular support is
sing K = {x, eX"} (A.52)
and thus the wave front set is given by
WF = {(x, ™™, —¢,¢n),& > 0} U {0} (A.53)
We can now generalise to
Koy o (2,9) = > e (n|g; " ggaln)™ (A.54)

J

where n; = g1n and ny = gon.
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We can describe this wave front set in a geometric way
WEF (K, ny) = {(In{n1lglna), g; =, €na): ny = gbny, |ng| =1, £ >0} U {0}  (A.55)
This result easily generalises to many group variables since

Kn, (2,915, 9n) = Ze’iw ilgt[ng) N - (nfg" ) >N

/de‘l ~dxy, ﬁ < Z 2]15Ez> H K :L‘la gz

(A.56)

because

We have from property 6

WF(d2r) = {(x, Tlyee TpiPyPly---Pp): T = Z 2j;x; mod 27, p; = 2jip} U{0} (A.58)

i

Applying properties 2, 3, 4 we obtain

WF(K,,) C {(X,gl,...gn;—f,pl,...pn) :

) . . . . o (A.59)
X =Y 2jiIn(ni|gi|n), £ >0, V; n} = g;bnj, p; = 2Ji€n’2} u {0}
i
Now since 1
K, = A A . A.60
T e Gl Gl o
we know that the singular support is
sing K, = { (Xs01,---9n) : X = szi In(n}|g;|nb), Vi n} = gibné} (A.61)
i

This allows us to determine WF(K,,,) uniquely. This is due to the fact that for g to be in
the singular support, there needs to be a non zero direction above it in the wave front set,
however, there is only one direction per g in the sets of lemma (A.59). This proves the
result.

A.3 Elliptic operators

Let f € C°°(R™). For a conical subspace of V' C R"™ we say that f € S if

pP=22i "1
2

(1 + Z pl) (A.62)
Let us consider the operator P : C*°((S1)") — C°°((S1)") with integral kernel

P(z1, . Zn;91, - Yn) = Z F(n1, ... np)e i imi@i—y) (A.63)

N1y €L

82"z‘f
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The operator P can be written using Fourier transform as

.0 .0
f(laxl,...,laxn> . (A64)

We can then have an important property proved in [103]

Property 17 (Function [103]). For f € S?(R™) the operator

0 0
P = el A.65
is a classical pseudodifferential operator [89] with the symbol
Fpr,-pa) + Ofa, [pl") (A.66)

Together with the definition of microlocal invertibility (ellipticity) [89, 90] we have

Property 18 (Ellipticity). Assume that f € SP(R™) and for some conical neighbourhood
V of (p1,...,pn) € R™ holds

3C > 0V, .., p) € VL - p) = C (L+ P27, (A.67)

then for every (z1,...,2,) € (S1)® and any distribution A on (S1)"

(1, Ty P1y---Pn) € WF(A) = (21,...,20,D1,...Dn) € WF(PA) (A.68)
where P is defined as 5 5
P = f—— e I — A.

A.4 Smooth distributions

In this section we describe a useful criterium for determining if a distribution is a smooth
function [89, 90]. On the manifold M we choose any smooth nonvanishing Lebegue measure.
Let @ be an elliptic positive operator of first order [89, 90]. For example /> L2 for the
product of group manifolds. Let us also introduce an orthonormal basis 1; of smooth
functions on the manifold M. Then for the distribution A we have that

AecC®(M) e V>0 3C >0V, [(A|Q" )| < C (A.70)
Thus A is not smooth if we can find a sequence 1[)1 of different eigenvectors of (), such that

(Alghn) # O(n™>) (A.71)
B The geometry of projected spin network boundary states

In order not to overburden the paper with notation we developed the wave front set above
for the case of the universal boundary Hilbert space [59]. We also left the precise geo-
metricity of the boundary implicit, focusing instead on the bulk equations of motion. In
this appendix we will briefly sketch the boundary geometry that arises in the case of pro-
jected spin network boundaries. This example illustrates the concepts required to generalize
our analysis to arbitrary other boundaries, including, in particular, the SU(2) boundary
Hilbert space.
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B.1 Wave front set of trimmed boundaries

To obtain a projected spin network boundary we need to consider the partition function on
a trimmed complex. That is, we have a dual 2-complex C with a boundary graph dual to
the boundary which “cuts” faces and edges touching the boundary. This boundary graph
consists of edges e € I', and vertices v € I'y. Every v € '}, is the endpoint of a half-edge
e € F touching the boundary. Edges in I', contain only one face. For more details see the
discussion in [59].

The wave front set analysis extends to this case. The only new ingredient is the wave
front set of the “square root” of the E function, called F' in the preceding papers. For the
case of EPRL we can choose E such that ' = F, and the extension really is straightforward.
It is this case we will discuss here, leaving the extension to other models for future work.

In our case, the projected spin network space is given by L2?(Spin(4)'c/SU(2)M™),
with SU(2) C Spin(4) denoting the diagonal subgroup. For w = § the part of the spin
foam integrand associated to a single boundary edge €' that is part of a trimmed face
f=0(.. vg,e,0 ¢ v e3,v4,e4,...) takes the form

5( -« GuaesJes fGuv'e'v'" Gez f9esvy - - )F(gezf)F(geglf)‘ (Bl)

Note that generically we have F(g) # F(g~!), for the EPRL case that we will discuss, we
still have F' = F and in order to not have to track inverses here we can write

6(' -« GuaeaGes fGv'e’v'" Jes fGeszvy - - - )E(gezf)E(gesf)' (B.2)

This can then be convoluted with a coherent state of the form!°

.+ _ _ _ . .
<n1—;e"gq—]~;e/y”‘n:q)”>2je <n'u’e/ ’gvle’v” ’ne’v”>2]e € LQ(Spln(4)Fe) )

and by the same argument as given in section 7.3, the large j limit of the amplitude with
this state is then governed by the wave front set of the partition function.

To obtain the wave front set of (B.2) we introduce the covectors p:/” = Pulelv!s —pg,/ =
pg }, and we have as before that p%)@ = pji&, pg } = pjj;4 and p§§3,4 = peie,- These satisfy

the transport equations

p:gq = ng262p;3;2’ p;z& = Geof Dp:H
Per = —Gutev > Per Per = Gesf Dp?iua
p;‘";4 = Yezuy Dngm . (B.3)

/
!

As the g.; have to stabilise their own bivectors they drop out and we obtain p?v? = p.

and p!, = P, and thus more simply

o > pl2 o > U3
pe’ = YGesvs p62617 pe’ = Jesvy pege47

p:,l = —Gylelv Dpz/ll . (B4)

1074 is geometrically more transparent to work with states that do not satisfy the gauge symmetry at the
vertices, this is automatically implemented by the partition function anyways.
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Thus we have that these satisfy simplicity and closure, that is we have

1

NO.-T_.p% =N°-T_.p% =0,
Yoo =o. (B.5)

e: v'ce€el’.

Thus, after reconstructing the geometric 4-simplices at the vertex, these boundary bivectors
capture the boundary of the geometric 4-simplices in a common frame. If the interior set
is v twisted, the boundary will be v twisted, too.

The geometric meaning of the group element g,.,» is much less clear though. The
condition pg,/ = —Qylerpr > pg," only fixes this group element up to two angles, it is preserved
by the transformation ¢/, ,» = exp(qﬁlpz/[ + ¢% x pZ,/) Juervr- These angles have to be fixed
by the wave front set condition of the delta function. This tells us that

—1
Gyreryr = YGesfYesvaGuaey - - - GuaeaYeo f - (B.6)

To clarify both the geometric meaning of g/, ,,» and reiterate the interpretation of the
boundary covector variables we can again construct a solution from a given geometry.

B.2 Bivectors and holonomies from geometry, part 2: the boundary edition

On the boundary vertices v" € T', we have a tetrahedron 7. As the vertex v/ cuts the
internal edge e that it touches in half, this is identified with the tetrahedron 7¢ of the
interior complex. In the example of the face considered above that would be the edge eo,
and we have N9 .77 =0 and

7 Gy, = T2 (B.7)

€2

As we want the orientation of the boundary and the interior 4-simplex to match we
also have
NY = Gy, N22. (B.8)

The boundary tetrahedron 7% has triangles tz,, with outward area normals AZ,/ in the
direction of the boundary edge ¢’ connecting the boundary vertices v" and v”. We can then
also introduce the boundary connection G,er by requiring

NO = Gv’e’v”N07
tz; = lee/v//tzl ,

_A,g/ = Gv/e/v//A:/ . (B.g)
The elements of the type G, that occur after a trimmed edge are introduced as

Geyoy N2 = Gey N,
1Y = Goppt?.
(B.10)
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Figure 5. The geometric quantities at a boundary edge €/, in between boundary vertices v’ and
7 _ / / "
v in a face f = (..., v, e,0, ¢, 0" €3,04,€4,...).

With these data we can define bivectors as

Y = %N A AY. (B.11)

e/ —

These geometric elements along with their relationships are illustrated in figure 5.

It is now easy to check that, if we can lift them to Spin(4), they satisfy the wave front
set equations for v = 0, in particular the bivectors are simple, satisfy the parallel transport
condition and closure, and the product of group elements around a face is 1 as is easily
seen by following the triangle dual to the face, and the normal orthogonal to it.

The question then arises to what degree one can invert this construction. After recon-
structing the interior 4-simplices, and assuming they are geometric we directly obtain g,
that parallel transport the triangle (rather than just the bivector), and the g.; stabilize
the triangle orthogonal to them by construction. Thus the condition (B.6) immediately
tells us that the g, in the wave front set has to cover an element G, that satisfies
t”é// = Gvre/vuté’,”. If Gyeryr is in the subgroup that satisfies Gyreryr NY = NV, then Gyeryr is
simply the geometric connection of the boundary 3-geometry, and the group element used
in defining Regge boundary states in [39, 40, 86].

However this latter condition can indeed fail. To see how, note that the g.; have the
non-geometric symmetry explained in section 5.2 in equation (5.26). We had to use this
symmetry to bring the g.; to the geometric ones. That this is always possible is ensured
by equation (5.28). If we use the same trick as in section 5.2, and momentarily go to the
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frame in which all bivectors associated to the face f are parallel to some bivector By, and
thus Gyrernr = expgo(a) (¢'B r+ ¢’ % B ¢) we can derive the analogous result in the presence
of a boundary as

Of + Zfef = —¢?> mod 27

ecf
7S € =7Y €y —¢' mod2n (B.12)
ecf ecf

The second line, implying ¢! = 27N is simply the already stated fact that the triangle
around the face is stabilized by the Gyserv. The first line though shows that now the U(1)
symmetry can generally not set the g.; equal to the interior dihedral angle. The g,
acts as a boundary dihedral connection that adds another, arbitrary, deficit angle ¢ that
needs to be compensated by the g..

C BF theory and wave front set conditions

In this appendix we recall the notions of homological algebra used in the main body of the
text to solve the BF equations of motion.

C.1 Local homology

For a configuration in W(C,T") of the BF partition function, parallel transports around any
face is trivial.
We can thus introduce the set of elements h.y such that for every face

JevGue! = hefhe_/; (Cl)

In order to define the relevant operators we need to introduce an orientation on the edges
as well. This can be encoded by writing the edges as an ordered pair of vertices, e = (v, v’).
If an edge e = (v,7’) is in a face e € f, their orientations can agree, meaning (v, e,v’) C f,
or disagree if instead (v',e,v) C f. We introduce signs €.¢ which are + if the orientation
of e and f agree, and — otherwise. We further introduce signs €,., which are + if v is the
target of e, that is, e = (v,v’), and — if instead e = (v/,v), that is, if v is the source.

For C we can introduce a boundary operator in local homology [11]

d5: C(Cy) = C(Ce),  d5(F)(e) =) ecphes > F(f) (C.2)
foe

where C(Cy) and C(C.) are linear vector spaces generated by sets of su(2) labelled by Cy
and C.. That is, an element £ € C(C.) is a set of convectors {p.} with e ranging over Ce,
and £(e) = p.. Note that the covectors p. defined this way satisfy the parallel transport
condition.
Similarly
d§ 1 C(Ce) = C(Co),  dS(E)(W) = euegue > E(e) (C.3)
e2v

Again the sign depends on the orientation of the edge.
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The homology groups with local coefficients are defined as
H;(C,5u(2)) = ker dS /im df,,

where d3 = 0, dy = 0.

(C.4)

Similar construction applied to I" with convention that C'(I'y) = {0}. We can thus

identify
Hi(T,5u(2)) = kerd; ,

which are sets of bivectors p. such that

VUGFU Z €veGve > Pe = 0

esv
C.2 Inclusion
We can introduce the inclusion operators
inclg : {0} — C(Cy), incle : C(T'e) = C(Ce), incly : C(I'y) = C(Cy)

These are defined by
Ele) eel.

0 otherwise

(incle€)(e) = {

and similarly for f and v.
This map descends to a map on homology

[incl]i : HZ(I‘,su(2)) — HZ(C,EU(Q))
In H; we can introduce the variables

Pve = €vePe

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

(C.10)

depending on the orientation. The conditions for pe, that arise from the wave front set

are the following: There exists a set of py such that under the map dg their image pe (Pev)

satisfies the closure condition on the internal edges (is zero there).

Using the inclusion map the condition on p; is that their image p. belong to the image

of incl. The set of valid boundary data is thus
incl, ! (im dS)
In terms of sets we can say that a valid boundary is a set of

{pe}, e

satisfying (C.6) such that the set
{pe}, e€C

defined as
pl, =p. Ve € T, p., = 0 otherwise
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is of the form

{r. = Z €efhesps}

foe

for some py.

As the condition (C.6) is homological, we can view valid boundary data s as elements
of the first homolgy, that is, s € H;(I',su(2)). Then the other two conditions, parallel
transport and closure, can be written homologically as well as

[incl]1(s) = 0.

Let us unpack this last line. Equality in H;(C,su(2)) is up to elements in im d§. That
is, there must exist py, such that

{p.: plL =peVe €T, p. = 0 otherwise}

differs from
{p. €C,p, =0}

exactly by pe = > e hegpy. This, however is just the condition explained before.
To summarise, we have that s is a valid boundary configuration if

s € kerd; = Hi(I',su(2)) C C(I'¢), [incl]i(s) =0, (C.12)
or, even more concisely, the admissible configurations pye = —pey = €pepe are those belong-
ing to

[incl];*(0) (C.13)

understood as a subset of C'(I';).

D Conventions

We briefly summarise our conventions for various structures around Spin(4), SO(4), SU(2),
and SO(3). For elements of su(2) and their eigenstates, the coherent states, we write

ne€su(2), n=-—, njn) = 2|n) .

Components of the vector will be denoted by n’. For the exponential map in the group
SU(2) (and its image in SO(3)) we use the convention

exp(n) € SU(2), exp(2r n) = —1 € SU(2), exp(4dr n) =1 € SU(2)
expgo(3)(n) € SO(3), expgos)(2m 1) =1 € SO(3),

For bivectors we have:

B = (n,n’) € spin(4) = so0(4), *(n,n’) = (n, —’)
_ _ 1 -1
T, =1+ %, Ry= AT,

B = |(n,0)? = 3(Inf* + |0'[?), |Zy(n,n)* = (1+9?)[n|?
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In the case of Spin(4) and SO(4) these are

g=1(9",97) € Spin(4), exp(B) € Spin(4),
G e 80(4), expso(4) (B) € 80(4)

and we also use following convention for the action of SU(2) (SO(3)) on vectors

(h>n)lo; = n' hoh ™ (D.1)

with o; the Pauli matrices and similarly for action of Spin(4) (SO(4))

(expso(4)(n, n') > NYlo; = NI exp(n)o exp(n’) ™,

with op = 1. In particular the subgroup generated by bivectors of the form (n, n) stabilises
the north pole N = 6% = (1,0,0,0). Thus as bivectors we have N°- B = 0 if B = (n, n).
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