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Abstract

We study the second quantized version of the twisted twining genera of general-
ized Mathieu moonshine, and verify that they give rise to Siegel modular forms
with infinite product representations. Most of these forms are expected to have an
interpretation as twisted partition functions counting 1/4 BPS dyons in type II su-
perstring theory on K3x7T? or in heterotic CHL-models. We show that all these
Siegel modular forms, independently of their possible physical interpretation, satisfy

an “S-duality” transformation and a *

‘wall-crossing formula”. The latter reproduces
all the eta-products of an older version of generalized Mathieu moonshine proposed
by Mason in the ’90s. Surprisingly, some of the Siegel modular forms we find coincide

with the multiplicative (Borcherds) lifts of Jacobi forms in umbral moonshine.
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1 Introduction and Summary

Mathieu moonshine [I], 2, B 4, [5] ©], [7, &, O 10, 1T}, 12 [13] 14, 15, 16] and its generalized
version [I7, [I8] pertain to the association of a class of weak Jacobi forms ¢, (7, 2), called
twisted twining genera, to each commuting pair of elements (g, h) in M. It has been
verified that these functions satisfy all the requirements of Norton’s generalized moonshine
conjectures [19]; in particular they decompose into (projective) graded characters of the
centralizer of g in Mys. Many of these Jacobi forms arise as supersymmetric indices in
certain non-linear sigma models with target space K3; in particular, ¢, . is the K3 elliptic
genus. This obvious idea that Mss might be the symmetry group of some of these non-
linear sigma models has been ruled out quite quickly [8| 10, 11] and the most recent works

on the subject [20, 21, 22] seek for an explanation of Mathieu moonshine in the framework



of K3 compactifications of full-fledged superstring theory rather than within conformal
field theory.

In this paper we adopt a similar viewpoint, and construct the second-quantized?| ver-
sion W, of the twisted twining genera. From a mathematical perspective, the functions
VU, are obtained from the Jacobi forms ¢, ) via a certain twisted equivariant version
of Borcherds multiplicative lift. Physically, many of these functions can be interpreted
as twisted supersymmetric indices counting 1/4 BPS states in type II superstring theory
compactified on K3x7T? and in CHL models [23, 24, 25, 26]. A similar construction for the
twining genera of the ordinary Mathieu moonshine was first proposed by Cheng [2].

We show that these multiplicative lifts are Siegel modular forms, generalizing results
for the case (g,h) = (e, h) [2, 27, 28]. In some cases we can identify ¥, , with known
Siegel modular forms which have previously appeared in the context of umbral moonshine
[29]. Furthermore, they satisfy a “wall-crossing formula”, which reproduces all of Mason’s
generalized eta-products 7, for My, [30, BI], 32, B3]. This therefore establishes the link

between the two existing versions of generalized moonshine for Moy.

1.1 Background

The first hint of Mathieu moonshine was found by Eguchi, Ooguri and Tachikawa [I], who
noticed a connection between the the elliptic genus of K3 and the largest Mathieu group
Msy. The elliptic genus of K3 ¢x3(7, 2) is the unique (up to normalization) weak Jacobi
form of weight 0 and index 1 and it can be defined as a supersymmetric index non-linear
sigma models with target space K3. It therefore is natural to consider a decomposition
of ¢rs(7,z) into characters of the N' = 4 superconformal algebra. The authors of [I]
noticed that the coefficients in this decomposition are sums of dimensions of irreducible
representations of Msy. This observation led to the Mathieu moonshine conjecture: each
conjugacy class [g] of My there should exist a weak Jacobi form ¢, : H x C — C such that
the Fourier coefficients of ¢4 are the characters of these My -representations evaluated at g.
In particular, for the identity element e of My, ¢.(T, z) coincides with the elliptic genus of
K3. In subsequent work [2} [3, 4], 5], all the functions ¢,, dubbed “twining elliptic genera”,
were found and substantial evidence was given for the validity of Mathieu moonshine,
namely the existence of a graded Mys-module such that the ¢,’s are its graded characters.
This conjecture has now been proven rigorously by Gannon [12].

The story outlined above is of course in close analogy with Monstrous moonshine [34]

*The terminology “second-quantized” originates in the work of Dijkgraaf, Moore, Verlinde, Verlinde
[49].



35, B6] which assigns modular functions 7, : H — C (McKay-Thompson series) with
each conjugacy class [g] of the Fischer-Griess Monster group M, the largest of the finite
sporadic simple groups. After the initial conjecture [34], Norton proposed his generalized
Monstrous moonshine [19], which assigns modular functions f(g, h; 7) to each commuting
pair g,h € M. For fixed ¢ € M, these generalized moonshine functions should then
have (possibly rational) Fourier coefficients that correspond to projective characters of the
centralizer Cy(g) = {k € M| gk = kg}. Dixon-Ginsparg-Harvey subsequently suggested
that Norton’s functions f(g, h;7) naturally arise in string theory as the path integral on
a torus C/(Z + 77Z) with boundary conditions twisted by (g,h) along the (a,b)-cycles.
Although the full generalized Monstrous moonshine conjecture is still open, considerable
progress has been made toward proving it [37, [38] [39], 40}, [41], 42} [43].

In earlier work [I7, [I8], we gave substantial evidence that Norton’s generalization also
holds, with small modifications, for Mathieu moonshine. We found that for each com-
muting pair g, h € My, there exists a weak Jacobi form ¢, (7, z), dubbed twisted twining
genus, whose Fourier coefficients are characters of a projective representation of Chy,,(g).
Inspired by orbifolds of holomorphic CFT’s [44] 45, 46, [47], we further showed that the
modular properties of the functions ¢, are controlled by a cohomology class [a] in the
third cohomology group H?3(May, U(1)), as was anticipated in [48] (see also [12]).

A different kind of generalized moonshine for My, had in fact already been established
in old work by Mason [30} 32, [33]. Mason associated to each commuting pair g, h in Moy
a so called multiplicative eta product n,,(7), based on the action of My, on 24 chiral free
bosons. This leads to the natural question: Is there a relation between the recently dis-
covered Mathieu moonshine, pertaining to weak Jacobi forms, and Mason’s Mys-moonshine
involving eta-products?

For the special case of commuting pairs (g, h) = (e, h), where e is the identity element
of Myy, this was given an affirmative answer by Cheng in [2]. Cheng’s idea was to generalize
the known fact that the elliptic genus of K3, ¢.(7, z), exhibits an exponential Borcherds
lift to the unique weight 10 Siegel modular form for Sp(4;Z), referred to as the “Igusa cusp
form” and commonly denoted by ®;y. She proposed that to all twining genera ¢, (7, z) one

should have a similar lift of the form

=< cpe(dmn —2)
Opor2)=pgy [ exp|-) %(p ¢y )| (1.1)
(n,m,£)>0 k=1
where ¢ = e*™7 y = *™* p = €*™ and ¢, denotes the Fourier coefficients of ¢,(7, 2):
Gg(T,2) = Z cg(m, 0)g™y". (1.2)
m>0,LE7
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It was conjectured in [27] that &, is automorphic with respect to a subgroup 1"22) of
Sp(4;7Z). This was then proven by Raum [28] for most of the conjugacy classes [h] C May.

A central point for us is that ®,(o, 7, 2) has a double pole at z = 0 and in the limit one
finds

. (I)h(aa T, Z)
L%W = 1 (7) (o), (1.3)
where 7, = 7., are the eta-products of Mason’s Mys-moonshine [30]. Hence, the process
of taking the multiplicative lift of ¢, followed by studying the limiting behavior as z — 0

provides a link between the two moonshines.

1.2 Summary of results

In this paper we answer the question above in the general case of commuting pairs (g, h)
in Ms4. In other words, we establish a link between the generalized Mathieu moonshine
proposed in [I7, 18] and the generalized eta-products of Mason. To describe our results, we
recall the notion of “second quantized elliptic genus” as defined in [49]. Suppose ¢x (7, 2) is
the elliptic genus of some Calabi-Yau manifold X. Then one defines the second quantized
genus Uy as the generating function of the elliptic genus ¢gnx for the n:th symmetric

product S"X: WUy =3 -~ p"dsnx. In [49], the following remarkable formula is proved

Uy (o,7,2) = exp [ananbx(T, 2)|, (1.4)

n=1

2mio

where p = e“™?, and T, is the standard Hecke operator acting on Jacobi forms. Sub-
sequently, Gritsenko showed [50] that by multiplying the inverse \If}l by a certain factor

Ax(o,1,2) (the “Hodge anomaly”) one obtains a Siegel modular form
, (1)

of weight ¢x(0,0)/2 for a subgroup Fg) C Sp(4;Z), where cx(m,n) are the Fourier coeffi-
cients of ¢x.
Inspired by these results, we define for each commuting pair (g, k) in Ms, the associated

second quantized twisted twining genus VU, j, via a generalization of the formula (1.4):

Wyn(o,7,2) = exp [Zp"ff‘cbg,h(ﬂ 2) |, (1.6)
n=1

where 7, is now a certain twisted equivariant Hecke operator (for the precise definition see
section (3.2))) which reduces to the T}, in ((1.4]) in the special case (g, h) = (e, €). Notice that,
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when g = e, the presence of a non trivial 3-cocycle o governing the modular properties of
the twisted-twining genera can be safely ignored (see [I7] and section [2.2). This leads to
the simpler definition of the multiplicative lift adopted in [27]. However, for the general
case considered in this paper, the technical subtleties associated with non-trivial 3-cocycles
cannot be avoided.

We show that upon multiplying the second quantized twisted twining genera by a
correction Ay (0,7, 2) (see eq. for the explicit form of A, ;) we obtain a class of
Siegel modular forms

Agp(o,T,2)

O, n(0,7,2) = (1.7)

U, n(o,T,2)
for certain discrete subgroups F;?,)l C Sp(4;R), containing the invariance subgroups I'y ), C
SL(2,Z) of the twisted twining genera ¢, . The most noticeable new automorphic property
is the ‘S-duality’ transformation

.

(I)gﬁ(()', T, Z) = <D97h/(N)\’

NXo,z) (1.8)

where NV is the order of g and ) is the length of the shortest cycle of g in the 24-dimensional
permutation representation. Notice that h,h’ € Cyy,,(g) are not necessarily in the same
conjugacy class. This is related with the ‘relabeling’ phenomenon described in [I7]. In
particular, as described in section [5.1.1) when ¢ is an element of an M3 subgroup, then
R’ is the symmetry induced by h in the g-orbifold theory. We proved for at least
one generator g in each group (g, h), but we conjecture that similar relations hold for all
commuting pairs g, h.

In section 4] we prove the following “wall-crossing formula”

hm q)g,h<a7 T, Z)

250 (27Ti2)2 = ng,h(T)ng,h’(N)\o_)7 (19)

which generalizes (1.3). This shows that the limit z — 0 of ®, (0, 7, z) reproduces all of
Mason’s generalized eta-products 7, [32, BI], thus providing the desired link between the
two moonshines. See figure [1.2] for a pictorial overview of the relation between the various
modular objects.

When (g, h) lies in the conjugacy classes (24, 2A4), (34,3A) and (4B, 4B) we can identify

®, ;, with known Siegel modular forms:

(2A> QA) : (I)g,h = (AQ)Q = (I)(S)a
(34,34) : @, =(A)? =W,
(4B,4B) : ®,5 = (A1) = 0O, (1.10)
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where the first equality identifies them with the squares of the weight £ Siegel modular
forms Ay obtained by Gritsenko and Nikulin [51], and the second equality with the um-
bral Siegel modular forms ®) of lambency ¢ = 3,4,5 [29]. Thus we obtain a surprising
connection between generalized Mathieu moonshine and umbral moonshine, which clearly
deserves further investigationﬂ

second-quantized twisted twining genera
(Siegel modular forms)

®, (0,7, 2)

multiplicative lift >0
twisted twining genera generalized eta-products
(weak Jacobi forms) (modular forms)
Cbg,h (T, Z) Ng,h (T)ng,h’ (U)

Figure 1: Pictorial description of the relation between generalized Mathieu moonshine, in-
volving the twisted twining genera ¢, 5, and Mason’s generalized eta-products 7, ;. Starting
from ¢, one constructs a second-quantized twisted twining genus W, ;, whose reciprocal
becomes a Siegel modular form @, after multiplying by a factor A, ;. This is the content
of the multiplicative (automorphic) lift indicated in the leftmost arrow. At the level of the
Siegel modular form @, one then takes the limit z — 0 which produces the generalized
eta-products 1, (7)ngn (). Here, h' is possibly in a different class from h, as a consequence
of the ‘relabeling phenomenon’ described in [17]. See section for more details.

Finally, we would like to comment further on the possible physical interpretation of
the functions ®,,. For ®., = @y, it is of course well-known that the reciprocal 1/®4
is the generating function of 1/4-BPS dyons in heterotic string theory on T° [52], and

"We thank Miranda Cheng for a discussion that pointed us in this direction.



in this case the decomposition becomes 1/®1y ~ n(7)"*n(p)~*, where each factor
on the right hand side is identified with the partition function of 1/2 BPS-states. More
generally, 1/®;, should correspond to the partition function of “twisted dyons”, and the
limit reflects the wall-crossing phenomenon when a 1/4 BPS-state splits into two 1/2
BPS-states. Similarly we expect that in general 1/®, j should be the generating function of
certain “twisted dyons” in CHL orbifolds T°/Zy of heterotic string theory [23), 24] 25| 26].
In particular, this should be true whenever g, h can be interpreted as a pair of commuting
symmetries of some K3 surface and the orbifold by ¢ is consistent. Given the results
of [§], the first condition amounts to the group (g, h) having at least four orbits in the
standard 24-dimensional permutation representation of Ms,, while the second condition
simply requires g to belong to some Mas subgroup of Mss. From the tables in appendix [E]
it is easy to check that the first condition is satisfied by all 34 groups except the groups
numbered 22, 30, 31, 32. As for the remaining groups, the second condition is satisfied by

at least one generator g, except for groups 4, 5, 6, 13, 14.

1.3 Outline

Our paper is organized as follows. In section 2 we recall some relevant facts about holomor-
phic orbifolds, focussing on properties of the associated twisted twinining partition func-
tions. We explain the important role played by the third cohomology group H?(G,U(1)),
where G is a finite automorphism group of the holomorphic CF'T. In particular, this coho-
mology group controls the modular properties of the twisted twining partition functions.
After discussing these properties in a general context we restrict to the relevant case of
G = My, for which we recall the main results of [I7, [I8]. Section [3|introduces some aspects
of symmetric products of holomorphic CFT’s and the connection with Hecke operators. In
section [3.2| we then introduce the key notion of twisted equivariant Hecke operators that
will play a crucial role in what follows. In section |3.3| we use the twisted equivariant Hecke
operators to define second-quantized twisted twining genera W, ; and we compute their
infinite product expansions. The connection with Mason’s eta-products is then made in
section @ by evaluating W, in the limit z — 0. The modular properties of the second-
quantized twisted twining genera are analyzed in section [5.2, Finally, in the concluding
section [6] we summarize our results and give some ideas for future research. Various back-

ground material, technical calculations and tables have been relegated to the appendices.



2 Twisted-twining partition functions

In this section we introduce and analyze twisted twining partition functions associated
with the orbifold of a conformal field theory (CFT) C by a finite group G of symmetries.
When C is a bosonic CFT, these are modular functions Z,,(7) on the upper-half plane
H, associated with each commuting pair g,h € . For superconformal field theories the
analogous functions are the twisted twining genera ¢, (7, 2), which are Jacobi forms on
H x C. Our main interest is the case when C is a putative N' = (4, 4) superconformal field
theory on a K3-surface with G = My, but we shall keep the discussion general whenever

possible.

2.1 Definition and basic properties

Consider a two-dimensional conformal field theory C and let G be its symmetry group, i.e.
the group of linear automorphisms of its space of states H that preserves the OPE of the
corresponding fields and fixes (at least) the left- and right-moving Virasoro algebra. Given
such data, one can construct a new conformal field theory by considering the orbifold of C
by (a subgroup of) G. The first step in the orbifold construction consists in introducing,
for each g € G, the g-twisted fields ®,, generating a g-twisted space of states H,. The
defining property of the g-twisted fields is that every field of C has a non-trivial monodromy
g when it is moved along a (sufficiently small) closed path encircling the twisted field ®,.
The orbifold theory is defined by including all twisted sectors in the spectrum and then
restricting to the G-invariant part. The orbifold theory is a consistent CFT provided
certain conditions (in particular, the level-matching condition), assuring the locality of the
OPE of twisted fields, are satisfied.

Even if the consistency conditions for the orbifold theory are not satisfied, it makes
sense to consider the g-twisted sector H, as a module over the Virasoro algebra (or more
generally, over the G-invariant part of the chiral algebra of C). Let us consider the case
where C is a holomorphic CFT, so that it coincides with its chiral algebra, which is a
self-dual vertex operator algebra. Then, under suitable assumptions, there exists a unique
irreducible g-twisted sector H, for each g € G [38]. The action of a generic element h € G
on C induces a linear map

pg(h) : Hg = Hp-14n , (2.1)

from the g-twisted to the h~!gh-twisted sector. In particular, when i commutes with g, it

10



defines an endomorphism of H,, so that H, carries a representation p, of the centralizer
Cq(g) ={h € G:gh=hg}, (2.2)

of g in G. It should be noticed that the representation p, of Cg(g) is in general only
projective. This fact will play a crucial role in what follows.

Let us define a g-twisted h-twining partition function on the upper half-plane H by
Zgn(r) = Try, (pg(h)g™ %), q:=€*7, g,heG, gh=hg. (2.3)

When g and h are the identity, this reduces to the usual torus partition function for C. On
general physical grounds, one expects the twisted-twining partition function 7, ;, to be given
by a path-integral on an elliptic curve E, = C/(Z + 77Z) with modular parameter 7, where
the fields have monodromies g and h around the generators —1, 7 of the first homology
group Hy(E.,7Z) = Z+ 1Z. Furthermore, each twisted-twining partition function Z, is a
holomorphic function of the modular parameter 7 and is expected to be a modular function
under the subgroup I'y;, C SL(2,Z), that preserves the monodromies of the fields around

the non-trivial cycles of the torus.

Analogous properties are expected for the twisted-twining genera in superconformal
field theories with an extended (at least N' = (2,2)) superconformal algebra and a group
G of symmetries preserving such an algebra. The twisted-twining genera are defined as

traces
Ggn(T, 2) = TrHéaR(tho_iqLO_i(—1)F+ﬁyJ0) , q =My = P (2.4)

over the Ramond-Ramond (RR) g-twisted sector H}*. Here J; is the zero mode of a u(1)
current algebra contained in the left A/ = 2 superconformal algebra (normalized so that

F+F ig the total fermion number. This trace is computed

the charges are integral) and (—1)

by a path-integral with the same g- and h-twisted periodicity conditions for both bosonic

and fermionic fields, with the insertion of an operator y”°. Although these conformal field

theories are not chiral, the twisted-twining partition functions are holomorphic with respect
c

to both 7 and 2 and are expected to be Jacobi forms of weight 0 and index ¢ under the

same subgroup I'y , C SL(2,7Z) as above.

2.2 Modular properties and the a-twist

We mentioned above that for a holomorphic CFT C with automorphism group G, the

twisted sectors H,, carry projective representations p, of the centralizer Cg(g). This
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implies that p, satisfies

plh)gog () = ¢y(h H)p (hH),  h.H € Calg) . (2.5)

where cg4(h,h’) is a phase, or, more precisely, a 2-cocycle representing a class [c,] in
H?*(Cs(9),U(1)). As a consequence, the twisted twining partition function Z,, is not
an honest class function on G, but rather satisfies

Zgn(T) = %Zklgk,klhk(ﬂ, (2.6)
which, as we shall see, puts strong cohomological constraints on Z,; . The same formula
also applies to the twisted twining elliptic genera ¢ .

The role of the cohomology group H?*(Cg(g),U(1)) can in fact be derived from a more
fundamental property of C, namely that consistent orbifolds of a holomorphic CFT are
classified by the third cohomology H*(G,U(1)). Concretely, this implies there exists a
U(1)-valued 3-cocycle (g, h, k), with (g,h,k) € G x G x G, representing a class [ in
H3*(G,U(1)), which in turn determines the class [¢,] € H*(Cg(g),U(1)) via the formula
46, 7]

alg, z,y)a(z,y, (vy) " g(zy))
a(z,x71gr,y)

Thus, o characterizes the projective representations p,. The 3-cocycle « is normalized, i.e.

co(z,y) = , g, v,y €G . (2.7)

a(g, h, k) = 1 whenever at least one of its arguments g, h, k is the identity. The cohomology
group H3(G,U(1)) also controls the modular properties of the twisted twining partition
functions Z,;, in the sense that under a modular transformation (2%) € SL(2,Z) they

satisfy

ar +b
€g7h(gS)nghfc7gfbha <C7-+d) — Zgahc7gbhd(7-)7 (28)

where €,,(2%) is a U(1)-valued multiplier systemﬂ for SL(2,7Z) that can be explicitly
constructed from the 3-cocycle a(g,h, k) (see appendix . In [I8, [I7] these properties

were used to constrain and determine all of the twisted twining elliptic genera ¢, for g, h
a commuting pair in Moy.

Given the rather complicated modular action in it turns out to be very convenient
to introduce a certain slash operator which combines the action of SL(2,7Z) on (7; g, h) with
the conjugation by G in . In addition this must incorporate the multiplier induced by
the cocycle twist. To define the slash operator we must first define the following twisted

modular action on commuting pairs of elements (g, h) in G:

(7.k) : (g, ) > (kg™ khk™ )y~ = (kg*h=k~" kg *hk ") . (2.9)

'This was called x5, in [18].
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Here, (v,k) = ((¢4),k) € SL(2,Z) x G.
When acting on twisted twining partition functions Z, ) the a-twisted equivariant slash

operator is defined as follows

Zg,h(T)‘a(77 k) = 6g,h(77 k)Z(’y,k)-(g,h)<7 ' T) ) (77 k) € SL<27 Z) x G ) (210)

where €, (7, k) € U(1) is a phase which depends on the choice of 3-cocycle « representing
a class [a] € H*(G,U(1)) (see appendix for more details). When k = e this phase
reduces to the phase €,,(7,€) = €,,(7) in , while for v = 1 we have that €, (1, k) is
identified with the phase in H

The class [a] € H3(G,U(1)) is part of the defining data of a holomorphic CFT C with
finite automorphism group G. In general the twisted-twining partition functions Z, (1)

associated with C are invariant under the a-twisted slash operator

Zg7h(7—>|a(’77 k) = Zg,h(T)- (211)

Different choices of representative « in the class [a] are related to each other by rescalings
of Z, (1) by overall (g, h)-dependent phases. More precisely, if two normalized 3-cocycles

a and o differ by a 3-coboundary 94, i.e.

B(g1, 9293) B(g2, g3)

B(9192, 93)B(g1. 92) ° (2.12)

04(91792793) = 0/(91792;93)

for some f: GxG — U(1), with (e, g) = 5(g,e) = 1 for all g € G, then the corresponding
twisted-twining partition functions Z,;, and Z, , are related by

B(g,h)
g Zon(T,2) . (2.13)

We also define the a-twisted slash operators on the twisted twining genera ¢, 5 by the
natural generalization of (2.10)) to Jacobi forms of weight 0 and index 1:

Z;,h(Ta Z) =

_ 2mimez? Z

¢g,h(77 Z)|a(% k) = €g,h(%k)€ ertd ¢kgdhfckfl,kgfbhakfl(7'Ta or - d

). (2.14)

2.3 (Generalized) Mathieu moonshine

The elliptic genus of K3 is defined in physics as a refined partition function of certain
conformal field theories with N' = (4,4) superconformal algebra at central charge ¢ = 6,

namely non-linear sigma models with target space K3. The only states contributing to this

$This phase was called &, 5, in [I8].
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24
0. Similarly, the properties of the twining genera in the Mathieu moonshine conjecture are

partition function are the Ramond-Ramond right-moving ground states, i.e. with Lq—

the ones expected by ‘twining’ this refined partition function by some symmetry of the
model that preserves the N = (4,4) algebra. The connection between non-linear sigma
models on K3 and Mathieu moonshine is however unclear [8] [11]

It is useful to formulate the Mathieu moonshine conjecture (now a theorem, thanks to
[12]) in terms of an abstract representation H of the (holomorphic) N' = 4 superconformal
algebra at central charge ¢ = 6, which is also a module for the Mathieu group Ma,.
Heuristically, H can be interpreted as the spectrum of R-R right-moving ground states in
a generic K3 model, although the meaning of the My, action is not clear from this point of
view. The module H also admits a Zs-grading by a ‘right-moving fermion number’ (—1)F ,
which is preserved both by the A/ = 4 superconformal algebra and by the action of May,.

The precise statement of the conjecture is as follows.

Theorem (Mathieu moonshine). There exists unitary Ramond representation H of the
N = 4 superconformal algebra at central charge ¢ = 6, graded by the ‘right-moving fermion
number’ (—1)F € Zs, that carries a non-trivial action of the Mathieu Ms, commuting with
both the N' = 4 algebra and the Zy-grading. Furthermore, for each g € My, the twining
genus

$(7,2) 1= Tryg(gg™ iy (= 1)) | g€ My (2.15)

is a weak Jacobi form of weight 0 and index 1 (possibly with multiplier) under T'o(N),
where N is the order of g. In particular, ¢. is the elliptic genus of K3.

A list of Jacobi forms ¢,, g € My, satisfying the expected modular properties was
proposed in [2]-[5] and the existence of the corresponding module H was proved in [12].
The module H is not uniquely determined by this description, since one can always adjoin
to H a pair of isomorphic representations of the N = 4 algebra and My, with opposite
right-moving fermion number, so that they do not contribute to any twisted twining genera.
However, there is a ‘minimal” module that contains no such pair of representations and this
is uniquely determined by the twining genera ¢,. Remarkably, in this minimal module,
the only N = 4 representations with negative (—1)F are the BPS ones. It is believed that
the module H and the Jacobi forms ¢, of [2]-[5] are the unique solutions of the Mathieu
moonshine conjecture, although this has not been proved yet.

In the same spirit, generalized Mathieu moonshine can be expressed in terms of the

existence of twisted modules.

Conjecture (Generalized Mathieu moonshine). For each g € My, there exists a Zo-

graded unitary Ramond representation H, of the N = 4 algebra at central charge ¢ = 6,
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that carries a projective representation py: Chp,,(9) — GL(H,) of the centralizer of g in

My, with group law

pg(h>pg<k) = Cg(h7k)pg(hk> ) h,k € CM24(9) ) (2'16)

where cy(h, k) is defined by (2.7)) in terms of a normalized 3-cocyle « representing a prim-
itive class in H3(May, U(1)) = Zyo. The operators p,(h) commute with the N' = 4 algebra

and with the right-moving fermion number (—1)¥, and we have
pg(g) = >0, (2.17)

Furthermore, for each pair of commuting elements g, h € My, the function

Ggn(T,2) 1= Trpg, (pg ()"~ iy (=1)*F) | (2.18)
satisfies the following properties:

(A) For g = e, where e is the identity element of Msy4, the functions ¢ coincide with

the twining genera ¢, constructed in [2]-[5]. In particular, ¢.. is the elliptic genus
of K3.

(B) Elliptic properties:

Ggn(T, 2 + U1 + 1) = o~ 2mi(tPT+2¢z) Ggn(T, 2) N/ (2.19)

(C) Invariance under the a-twisted slash operator (see eq.(2.14)))
¢g,h(Ta Z)’(Jz(’% k) = ¢g,h(7—7 Z) ) (77 k) < SL(27 Z) X M24 . (220)

In particular, each ¢g4, is an even weak Jacobi form of weight 0 and index 1 under a

group 'y, € PSL(2,Z), with multiplier x,; depending on c.

These conditions were presented in [I7] where all the functions ¢, ) were explicitly
found, and strong numerical evidence was given that they decompose into projective char-
acters of Cyy,, (g) with respect to the N' = 4 algebra. It was also proven in [I7] that there
exists a unique cohomology class [a] € H?(My,, U(1)) for which (A)-(C) can be satisfied
and that, for each choice of a normalized representative «, the functions ¢, satisfying
(A)-(C) are uniquely determined. If two normalized 3-cocycles a and o' differ by a 3-
coboundary 90, as in , then the corresponding twisted-twining genera ¢, and gb’g’h
are related as in ([2.13])

Qb/g,h(ﬂ Z) =

Blg, Z>¢g,h(7, 2) . (2.21)

p(h,g)

15



The explicit expressions for ¢, derived in [I7] are collected in a table in appendix
Although the existence of the modules H, matching is not proven yet for g different
from the identity, strong evidence in this direction has been given [I7]. In the rest of
the paper we will assume that the conjecture holds. As in the ordinary moonshine case,
one can choose minimal modules H,, such that the only states with negative (=1)F are
contained in irreducible BPS representations of N' = 4. In fact, the results of [17] suggest

that such states only appear in the untwisted sector Hy—..

2.4 Geometric perspective

Before we close this section we shall offer a more geometric perspective on the twisted
twining genera which will be useful later on. In [53], Ganter showed that the natural home
for the Norton series f(g, h; 7) [19] is the equivariant elliptic cohomology developed in [54].
We shall here give a short review of Ganter’s perspective, adapted to the case of Jacobi
forms on H, x C, as opposed to modular forms on H, .

Let P be the set of pairs of commuting elements of Moy

and P the set of conjugacy classes of such pairs, i.e. the quotient of P with respect to
(g,h) ~ (k7'gk,k='hk), for any k € My,. The set P can be identified with the set of
isomorphism classes of principal Mys-bundles over the elliptic curve E, = C/(Z + 7Z).

One can then consider the associated moduli spacem of principal Msy,-bundles on E,
M =P x (H; x C)/ My x (SL(2,Z) x Z*) . (2.23)
For each pair (g, h) € P there exists an (SL(2,7Z) x Z?)-equivariant line bundle

E;ﬂh
l (2.24)
M

which is twisted by the 3-cocycle a € H3(Myy, U(1)) [53]. Thus, for fixed (g,h) we can
think of the twisted twining genus ¢, , as a section of L7 . The twist by v in the bundle £f ,
accounts for the a-dependent multiplier phases occurring in the modular transformations of

the twisted twining genera. In the cases when a describes a trivial class in H?(Ma,, U(1)),

YThis should really be a moduli stack but we ignore this technical point; see [53] for a more precise

description.
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the bundle L7, is canonically trivialized and the associated ¢, exhibits no multiplier
phase. The interpretation of the twisted twining genera as sections of £ ;, will in particular

play a role in section when we discuss twisted equivariant Hecke operators.

3 Second quantization of Mathieu moonshine

In this section we construct the second quantized twisted twining genera W, ; as the ex-
ponentiated generating function of certain twisted equivariant Hecke operators acting on
¢g.n- These Hecke operators have a natural interpretation in terms of symmetric orbifolds
and we therefore begin by reviewing some relevant facts about symmetric orbifold theory.

Having defined the functions W, ; we also show that they have infinite product expansions.

3.1 Symmetric Orbifolds and Hecke Operators
3.1.1 Symmetric Orbifolds

Given a holomorphic CFT, or self-dual Vertex Operator Algebra (VOA), C with a group
G C Aut(C) of automorphisms, let us consider the theory C®Y obtained by taking the tensor
product of N copies of C, for some N > 1. The group of automorphisms of C®Y contains
the direct product of the symmetric group Sy and the group G acting diagonally on all
copies of C Iﬂ The twisted twining partition function chiN of the theory C®V, associated
to a pair of commuting elements (g, h) of the diagonal group G, is simply the N:th-power
of the twisted twining partition function Z,; in the original theory C:

ceN

Zyp (1) = Zon(T)N . (3.1)

In other words, the path integral on the torus with boundary conditions g, h in the product
theory C®V is simply the product of N copies of the path integral in the original theory
with the same boundary conditions. In particular, if 7, is invariant under the a-twisted
slash operator for some 3-cocycle «, then Z;Q;;N is invariant under the o-twisted slash
operator.

The N:th symmetric orbifold SVC of C is defined as the orbifold of C*Y by Sy, and its
group of automorphisms contains the diagonal GG. Therefore, one can define the twisted

twining partition functions
N N
2y (1) = 2356 (7) (32)

I Actually, Aut(C®N) contains the wreath product Sy 1 G := Sy x (G x ... x G), i.e. the semidirect
product of Sy and the direct product G := G x ... x G of N copies of G, with Sy acting on G by the
obvious permutation.
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in each symmetric product. These partition functions can be computed using the usual
formulae for orbifold CFTs.

The orbifold formula for ZéfX) can be nicely understood in the geometric setting of
section [2.4] Recall that the twisted twining partition function Z,,(7) of a VOA C with
Aut(C) = G is a section of a (a-twisted) line bundle £, over the moduli space Mg of
G-bundles over the elliptic curve E = C/A with A = Z + 7Z. In this picture g and h
correspond to the monodromies around the cycles —1 and 7 of the elliptic curve.

As shown in [49], Zg(f\,? can be expressed as a sum of contributions from all isomorphism

classes of unramified N-fold coverings Y : E' — F namely

2@~ Y Tz, (3.3)

isomorphism classes of
N-fold coverings
T:E'—E

up to a suitable normalization. Here, T*Z,; is simply the partition function associated
with the pull-back T*L3, — E’ of the line bundle Lj .

Up to isomorphisms, we can consider coverings that preserve the base-point of the
elliptic curve. Any connected unramified base-point preserving N-fold cover of £ = C/A
is given by £/ =2 C/A — E, z +— z, where A’ is a sublattice of index N in A. In turn, the
sublattices of index NN are given by A’ = MA for any M in the set

b
Maty(Z) = {(Z d) | a,b,c,d € Z,ad —bc = N} (3.4)

of integral 2 x 2 matrices M of determinant N. In particular, when N = 1, the covers
T : E' — E are actually isomorphisms and are classified by Mat,(Z) = SL(2,Z). Let T,
denote the isomorphism associated with a specific choice of v € SL(2,Z). The pull-back

T2 Z, n then coincides with the slash operator
Y3 Zgn(7) = Zgn(T)lalv,e) ., v € SL(2,Z) . (3.5)

For generic N > 0, the isomorphism classes of coverings are in one to one correspondence

with the cosets
SL(2,7Z)\ Maty(Z) , (3.6)

and a set of coset representatives is given by

b
(g d) . ad=N, a,d>0,0<b<d. (3.7)
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Therefore, the contribution to the partition function Zg\}i)(T) from the connected N-fold

coverings is given by

1 *
InZon(r) =+ > T Zgn(T) = > Zgn(T)]a(Me) , (3.8)
MeSLy(Z)\ Mat y (Z) MESLy(Z)\ Mat y (Z)

==

where |,(M,e) is a suitable generalization of the slash operator to Maty(Z), that will be
discussed in the following sections. The linear operators Ty defined by (3.8]) are (a-twisted)
equivariant Hecke operators, that will be studied in more detail in the remainder of this

section.

3.1.2 Hecke operators

Hecke operators are linear operators acting on modular forms. Specifically, for each N > 1
there is an operator Ty that acts on a weight k£ modular form f(7) and produces another
modular form Ty f(7) of the same weight. On modular functions, i.e. weight k& = 0 modular

forms, the Hecke operator is defined by

Tyf(r) = S g (if_;) . (3.9)

(@ b)esL,2)\ Maty (2)

These operators have a natural generalization to Jacobi forms given by [55] (restricting to

the weight 0, index m case)

]. —m CZQ b N
Tno(T,2) = v Z e et g (aT - — ) : (3.10)

ct+d er+d
(@ b)eSL2,2)\ Matn (2)

In fact, on Jacobi forms there exists an additional Hecke operator Uy with the simple

action

Uno(T,2) == ¢(1,N2). (3.11)

These operators map Jacobi forms of weight 0 and index m to Jacobi forms of weight 0

and index Nm and N?m, respectively. They also form a Hecke algebra, with the relations

T Ty = T for ged(m,n) =1, (3.12)

Un U, =Unn (3.13)

T, U, =U, Ty (3.14)
1

Ty Tym = Tymsr + =Tym—1 - U, for p prime . (3.15)
p
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It is easy to see that a set of representatives for the quotient SL(2,Z)\ Maty(Z) can
always be chosen of the form (3.7). This allows us to write the action of T on ¢(7, z) as

follows

TN¢(T,Z):% 3 i¢(m—;b,az). (3.16)

a,d>0,ad=N b=0

3.2 Twisted equivariant Hecke operators

In order to define the exponential lift of our twisted twining genera ¢,; we must find
a set of Hecke operators that are compatible with the properties (A)-(C) in section
This means that the Hecke action should be compatible, i.e. equivariant, with respect to
the Ms4-action on the pair (g, h), and it should incorporate the a-twist in the modular
transformation. Equivariant versions of Hecke operators acting on modular forms was
proposed by Ganter [53] in the context of generalized Monstrous moonshine, and we shall

see that this result also applies here after some minor modifications.

3.2.1 Main definition

The standard Hecke-operators Ty map weak Jacobi forms of weight 0, index 1 to weak
Jacobi forms of weight 0, index N. In the generalized setting the analogous statement
implies that we should have equivariant Hecke operators Ty that map sections of Ly, to
sections of the product bundle (£%,)*", where L2, — M is the line bundle discussed
in section [2.4] In fact, because of the cocycle-dependent multiplier phases arising in the
modular transformations of the ¢, ) we need to introduce a certain a-twisted version 7y
of the equivariant Hecke operator. More explicitly, if the sections of L, correspond to
holomorphic functions ¢, 5 on the covering space P x H, x C of M, with an automor-
phy factor determined by a 3-cocycle «, then Ty ¢, should correspond to holomorphic
functions whose automorphy factor derives from the N:th power oV of the 3-cocycle.
Since the detailed analysis is rather technical, we will postpone it to appendix [C| and
just quote the explicit formula for the action of the Hecke operators on a twisted-twining

character ¢, 5,

d—1
o 1 at +b
TNqbg,h(T, Z) = N Z Eg7h(8g)¢gd7g—bha( d ,CLZ) s (317)
a,d>0, b=0
ad=N
UNOgn(T,2) = €gp (§ 8) dgv pn (T, N2) | (3.18)
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where
H?;ll cy(h, hY)
1521 cpona(9.97) TThey co(g, g7 *he)E
and cy(z,y), 9,2,y € G, depends on the cocycle o that determines the automorphy factor
of ¢y via (2.7).
As discussed in appendix , these Hecke operators satisfy the Hecke algebra (3.12)—
(3.15). The explicit expressions for Ty ¢y, for N = 1,2,3,4, in the case of Mathieu

moonshine are collected in appendix [E]

eqn(§9) = (3.19)

Notice that the phases €,, (%Y%) are trivial whenever ¢ is the identity or when the
restriction of the cocycle «a to the group (g, h) is trivial. An example where non-trivial
phases appear is given by 7,*¢,,, where g is in class 2B of Mss. These phases can be

understood by first considering

T ;L 1,2)) : (3.20)

1
T3 0e(T,2) = 5 (90c(27,22) + B (5, 2) + G

and then imposing the relations

—4miz?

Eaﬁbg,e(ﬂz):e T Eagbe,g(

Ly g, (re) = Tt 12) . (3.21)

T
T T

Using the modular properties of ¢, 4, we obtain

1 1

T200(7,2) = 5 (00(27,22) + 6005, 2) + g (o= 2)) (3.22)
1 1

Toog(r.?) = 2 (00u2m29) + 00D Hou(CEL2) . (329)

where the minus sign in front of ¢, .(27,22) in the latter equation is due to the non-trivial

multiplier system of the twining genus ¢, .

3.2.2 Central extensions

Rather than considering the projective representation p, of the centralizer Cyy,,(g), it is

often useful to work with a linear representation of a central extension
1= UQ1) = Cyp,,(9) = Cuu(g) = 1. (3.24)

The group Cfy, (g9) can be constructed explicitly in terms of generators and relations.
Let q(z) := e*™* x € R/Z, be the generator of the central U(1) factor and consider one
generator h,, for each h € Cyp,,(g). Then, Cf;,, (g) is generated by all such elements subject

to the relations
haka = Q(:ug(h7 k)) (hk)a ’ Q(x)ha = haq<37> (325)
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for all h, k € Cyp,,(g). Here, py(h, k) € R/Z is defined by
e2mita (k) — ¢ (b, k) (3.26)

where ¢,4(h, k) is the 2-cocycle determining the projective representation p, as in (2.5).
This definition provides also a canonical lift

hi hy (3.27)

from Cyy,, (g) to its central extension C§; (g). By construction, the g-twisted sector carries

a genuine representation p, of C'{ (g), with

pola(x)) =™, py(ha) = py(h) (3.28)

for all h € Cyp,,(g), x € R/Z. A less trivial observation is that also the g"-twisted sectors,
for all r € Z>, carry a genuine representation pg, of C{y (g), defined b

Pgr (h)

lag,r(Q(m)) = ﬁg,r(h/a) = ﬁg,r(h) = fg,r(h) )

(3.29)

for all h € Cyp,,(9) € Crpy(97), © € R/Z, 1 € Z>p, where

r—1

for(h) =[] enlg.9") - (3.30)
i=1
The fact that gy, are well defined representations of Cf;, (g) is an immediate consequence

of the identity

cgr(h k) = Jor(h)Jor (F) cy(h k)", h,k e C(g) , (3.31)

for(hk)
which follows from the definition of ¢, in terms of a and repeated applications of the cocycle
condition for a. Notice that f,;(h) =1 for all h € Cj,,(g), so that p, = pg1.

If o and o are different cocycle representatives of the same cohomology class [a], then
the central extensions are isomorphic C§;. (g9) = C%,,(9), although the corresponding lifts
he and h, are different. In particular, for special choices of the representative cocycle «, it
is sufficient to consider a central extension of C\y,,(g) by a finite subgroup of U(1). With
slight abuse of notation, we will denote also these finite central extensions by C§; (g). See

appendix for more details on these special choices for .

**We denote by the same symbol pg, also the projective representation of Chr,,(g) on Hgr with

Pg.r(h) = pgr(h)/ fo.r()
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3.2.3 Alternative definition

The a-twisted equivariant Hecke operators are more easily defined in terms of the central

extension Cf;, (g) described in section Set

Bgr (T, 2) 1= Tra, (P (ha) g0~ 21y s (1)) (3.32)
so that
Gyt g=tna (T 2) = Trag , (Pg.a(9) " Po.a(h) g™~ 31y" (=1)7+F) (3.33)
a—1 iNd
o cq(h,h . b s _
- Hlb—L_(lz (Z(gk})w)d T, (Boalg™"h") g™~ Fy " (=1)7*F) (3.34)
k=1"%~9 )
152 co(h, )2 e e o en
— 1= T ha 0= 51 o _1 +
T15-1 cyonal(g. 97) TTh_y cq(g, g~*he )4 Eia(Pge (91 yr =0T
3.35)
= €g,h (8 2) ¢gd,g—bh‘l (7-7 Z) . (336)

Therefore, we can reinterpret the a-twisted Hecke operators 7y acting on the twisted-

twining genera ¢, as (untwisted) equivariant operators acting on the twisted-twining

genera ¢g, .,

1 +b
T bgn(T, 2) Z Zgbg gabha m— z) = TL®guha (T, 2) - (3.37)

ad=L b=0

h

This form of the Hecke operators will turn out to be very useful for some of the calculations
in sections 3.3 and [

3.3 Second-Quantized Twisted Twining Genera

3.3.1 Definition

For any Calabi-Yau manifold X, one can define its second-quantized elliptic genus Wy
as the exponentiated generating function of the orbifold elliptic genus ¢gnx (7, z) of the

symmetric products SV X [49]. In fact, ref. [49] gave three equivalent expressions for Wy:

\I/X U T, Z Zp ngNX T, z = exp Zp TL¢X (T z)] — H (1 pnqmyé>c(mn7£2)7
n>0,m>0,
LeZ

(3.38)
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where we have set
q= 627ri’r, y = e27rzz p= e27rip7 (339)

and c(mn — (?) are the Fourier coefficients of the elliptic genus of X:

ox(r.2)= > c(m, g™y (3.40)
m>0,0€7
Here, Ty are standard Hecke operators defined in .

It was shown in [50] that ® = Ax ¥y, where Ax is a simple correction factor (“Hodge
anomaly”) that is determined by the Hodge numbers of X, transforms as a Siegel modular
form for some congruence subgroup of Sp(4;Z).

Taking the formula as a starting point, we now wish to define the second quantized

twisted twining genera as follows

Ugn(0,7,2) :=exp [ ZPL(Eaﬁbg,h)(Tv Z)} ; (3.41)
L=1

where T is the twisted equivariant Hecke operator defined in (3.17). We will later show
that after including a correction factor A, the functions ¥, ;, transform as Siegel modular
forms for some subgroup ng C Sp(4; Z) that contains the invariance group I'y , C SL(2,7Z)

of the twisted twining genera ¢, .
Notice that the definition depends on the choice of a normalized 3-cocycle a. If
a and o differ by a 3-coboundary 07 as in, the corresponding twisted-twining genera

are related as

/

,TLa QS;,h(T’ Z) — 627riug,hL7~La¢g’h(7_’ Z) : (3.42)

where v € R/Z is defined as
271'ng,}1 — ﬁ(ggh/)

e Bhg) (3.43)

so that
gh(a T, 2) —exp(ZpL'E gh(T z)> (3.44)
=exp (Z(eQ”i”gv"p)L T bgn(T, z)) =V p(0+vyn7,2) . (3.45)

L=1

Therefore, a different choice for the cocycle representative o simply amounts to a redefini-

tion o — o + v, of the variable o.
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3.3.2 Infinite product representation

We shall now derive infinite product representations for the second quantized twisted-
twining genera W, in terms of the Fourier coefficients of ¢, .

Let us consider a generic commuting pair of elements g, h € My, with the cocycle a
inducing a possibly non-trivial multiplier for ¢, 5. Let N = o(g) be the order of g and A the
length of the shortest cycle of g in the 24-dimensional permutation representation. Then,
the lift g, of g to the central extension Cf;, (g), as defined in section has order N\
(see appendix . For any h € Cyp,(g) the associated twisted-twining genus ¢, has a
Fourier expansion of the form

Pgn(T, 2) ZZ% N)\ Niye, (3.46)

n=0 (eZ

where, in particular, ¢z, (55, ¢) = 0 unless n = —1 mod A. Let M = o(h,) be the order of
the lift i, of h to the central extension Cyy,, (g)m The logarithm of the second quantized

twisted-twining genus of ¢, j, is

log W, (0,7, 2) = Zp T bgn(T, 2) (3.47)
L=1
(9 1 d—1 [ n ,
2mibn al _ad
= Z — Zegﬁ (88) cgg-vpa(—v,l)e N g Ay p (3.48)
a,d=1 ad b=0 (€7 n=0 NN
00 1 oo d—1 n
2mibn an
=D a2 2D gy e T a vy (3.49)
a,d=1 LeZ n=0 b=0
00 1 M—-1 627”'75](\; k) 0o 1 d—1 n oib
= Z - _ Z Z - Coa vy (==, 0)e Nrd giray*ped (3.50)
9%,9a" h,
ada &t r=0 M (€7 n=0 d b=0 NA
00 1 M—1 6271'2'1&1(; k)
a,d=1 " t,k=0 LEL
where
> 1 G 27mibn n an
Fg,h(ay d,k, E) = HZ:O p g e N €y, (78 Z) ng,g*bhk(m7 E)qdz\u . (352)

In appendix we show that this sum can be rewritten as follows

AN-1
wibm md am
Fyn(a,d,k,0) Z N)\ Z e N €gn ( Z)nghquhk(N_)\,g)qN)‘ . (3.53)

TWe assume that o is chosen in such a way that the order is finite.
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By plugging this expression into (3.51)) we obtain

log ¥, (0, T, 2) :i iz Z n(d,m, 0l t i%( 5 gy d)a (3.54)
= a=1

0o o0 M—-1
=22 Con(d,m, 0,t)log(1 — 37 q¥5y'p?),  (3.55)
d=1 m=0 ¢€Z t=0
where
M—-1AN-1 - 27;\?1@ 627;]?7’"1 md
ég,h(d,m,ﬁ, t) = % % M Weg’h (lg 3>ng,97bhk<m7€) (356)
M—-1AXN-1 2mitk 2wibm

e M e \N =

= 7 ON Try ,(ma p) (Pg.a(9) " Bg.a(h)*(=1)"FF) . (3.57)

g

Thus, for the inverse of the second quantized twisted twining genus we obtain the infinite

product expression

M-1

m = exp ( ZpLTO«bgh T, Z > H H H H 1 _ 62]7:'41tq£1>\y D )cg’h(d,m,é,t) .
9, )y Iy

d=1m=0 ¢eZ t=0

(3.58)

Note that (3.57)) makes sense also for d = 0, so that the infinite product in d and m can

be symmetrized to obtain

P, p(0,7,2) 1= quAy H H 1—6217(4”(]1%3/]) )Cgvh(d’m’g’t), (3.59)
(d,m,0)>0 t=0

where the first product runs over

telZ, (<0, itm=0=d,
d,m € ZZO and (360)
e, otherwise.

One can rewrite ®, 5, in terms of the original ¥, as

pd’g,h (7—7 Z)

U,n(o,7,2)

where 1,5, includes the d = 0 factors in (3.59) and takes the form

You(r.2) qmyH(H (1= 5y fan 0000 ) (TT [T (1= gy o 000 (3.62)

t=0 (<0 LeZ m=1

(I)gyh(@ T, Z) = (3.61)
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The numerator in (3.61)) is the analogue of the “Hodge anomaly” in [50].
Infinite products of the form (3.59)) were studied in [36], where it was shown that they

converge for (7 %) in a suitable domain of the Siegel upper half-space of 2 x 2 complex

symmetric matrices with positive definite imaginary part
Hs = {Z € Maty(C) | Z = Z¢, ImZ > o} . (3.63)

Furthermore, these products can be analytically continued to meromorphic functions on
the whole Hy, with zeroes and (possibly) poles along the rational quadratic divisor [56].

The prefactor pqﬁy in has been chosen in such a way that ®,; are Siegel
modular forms under certain discrete subgroups of Sp(4,R). The automorphic properties
of @, will be discussed in section

3.3.3 Multiplicative versus additive lift

The construction of a Siegel modular form ®(o, 7, z) from a (weak) Jacobi form ¢(r, z) via
an infinite product representation, as exemplified by , is generally referred to as a
multiplicative (automorphic) lift. The Jacobi form ¢ is said to be the multiplicative seed of
the lift (see, for instance, [56] B0, HI, 57]), and we write

® = Mult[g)]. (3.64)

In some cases one can also obtain the Siegel modular form using a different procedure,
known as the additive l@fﬂ In this case the Siegel modular form is constructed as a cer-
tain generating function (without exponentiation) of Hecke operators acting on a different
Jacobi form 1, which is then called the additive seed. For ¢ (T, z) a Jacobi form of weight
k we write i) (0, 7, z) = p(7, z) and define the additive lift as

(o,7,2), (3.65)

m

O = Add[y] == > m’"
m>1
where T}, is a certain Hecke operator; see, e.g. [59] for the precise definition and properties
of the right hand side.

As an example, consider the case of the Igusa cusp form @, (corresponding to ®..).
The multiplicative seed is the K3 elliptic genus ¢, . = ¢ 1 which is the unique weak Jacobi
form of weight 0 and index 1. The multiplicative lift yields an infinite product formula for
®qp [58]:

m d,m,t
Bio = Mult[po] =pay [[ (1—ay'p") ™ (3.66)
(dym,£)>0

HThis generalizes the Saito-Kurokawa-Maass lift defined in [55].
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where ¢(d, m, () are the Fourier coefficients of ¢ ;. This is indeed obtained from by
restricting to (g,h) = (e,e). As explained in [51] one can also obtain this Siegel modular
form via an additive lift from the seed ¢10;1 (the unique weak Jacobi form of weight 10 and
index 1):

Oy = Add[p101]. (3.67)

We now observe that the additive seed ¢191 can be expressed as J(7, 2)?n(7)'® which is
precisely the symmetrization factor ¢, in (3.62) when restricting to (g, h) = (e, e). This
is in fact a general feature that holds whenever a Siegel modular form can be realized
both as an additive lift as well as a multiplicative lift. It is a consequence of the fact
that the additive seed 1 is the first Fourier-Jacobi coefficient in the expansion of ® and
it is precisely this coefficient which appears as the prefactor in the symmetrization of the
infinite product. For purposes we thus expect that for all (g, h) for which an additive lift

exists we should have the following equalities
®, , = Mult|p, 1] = Add[tp, 1] (3.68)

In section [5.3| we indeed verify this for a number of examples. For (g, h) = (e, h) modified

versions of these additive lifts have also been considered in [60].

4 Wall-crossing and Mason’s generalized moonshine
for M24

Already in 1990, Mason proposed an My, version of Norton’s generalized moonshine conjec-
ture [31, 32]. In this section, we will establish the connection between Mason’s generalized
moonshine for My, and the recent Mathieu moonshine involving the K3 elliptic genus.
This involves taking the multiplicative lift ¢y, — @45, defined in section [3| after which
the limit z — 0 reproduces the generalized eta-products 7, ) constructed by Mason [32].
Thus, the exponential lift &, links Mason’s generalized Ms4-moonshine to the Mo, /K3-
moonshine considered here. This connection was first suggested in [2] for the special case of
the twining genera ¢, , = ¢5,. A pictorial overview of this relation is given in figure[1.2, We
begin by reviewing Mason’s construction of the generalized eta-products 7, and explain
their interpretation in terms of partition functions of twisted chiral bosons. Physically, the
Siegel modular forms ®,; have interpretations as generating functions of twisted dyons
in (CHL) orbifolds of N' = 4 string theory, and the eta-products emerge as a result of a

wall-crossing formula, generalizing the one written down in [2] for @ .
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4.1 Mason’s generalized Ms;-moonshine

For each commuting pair (g, h) € Msy, Mason associates a modular function on the upper
half-plane satisfying the requirements posed by Norton in [19]. The starting point of
Mason was the 24-dimensional permutation representation of My, in which each element
can be associated to a cycle shape, which describes the element as a product of cycles of
permutations. For instance, in this representation the identity element is represented by
the cycle shape 124, corresponding to the product of 24 identity permutations, while the
elements in class 24 are represented by 1828, corresponding to the product of 8 identity
permutations followed by 8 consecutive order 2 permutations.

Mason’s functions were all given in terms of so called eta-products, namely products of

Dedekind eta-functions. Suppose an order M element h € My, has cycle shape

|G (4.1)

oM

on the 24-dimensional representation of May, for some integers i(¢). Then one can associate
an eta-product to h by

mn(r) = T nery®. (4.2)

oM

Mason found a generalization of such eta-products associated to “generalized cycle shapes”
labelled by commuting pairs (g, h) in Msy,. We shall denote these generalized moonshine
functions by ng,h(T).@ Let g, h € My, be a pair of commuting elements of order o(g) = N
and o(h) = M and consider their action in the standard 24-dimensional representation V'
of Myy. Let vy,...,v94 be a basis of simultaneous eigenvectors for g and h, relative to the
eigenvalues (e%,e%), i =1,...,24, with 1 < r;, < Nand 1 <t; < M. Then, the

eta-product 7, 5, is defined as

nga(r) = qvx [T L1 — e 5 g%+ (4.3)

where A is the length of the shortest cycle of g. In particular, the eta-products 7, of
equation (4.2)) correspond to (g, h) = (e, h). The products 7, (or rather their inverse) can
be interpreted as h-twining partition functions for 24 g-twisted chiral free bosons.

As proven in [31], the eta products 7, satisfy the modular transformations

ar +b

m) = Ngn(7) , (4.4)

Vgh (& Z) (eT + d)_wngdh*%g*bh“<

88In [32] these functions were denoted by f(g, h; 7).
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for some v, (25%) € U(1). The full list of Mason’s generalized eta-products and the
corresponding weights w can be found in Table [Ij Furthermore, by definition, 7, are

invariant under conjugation in Moy

nkgkfl,k:hlrl(T) = Ug,h(T) . (4.5)

4.2 Connecting the two moonshines via wall-crossing

The connection between the K3/Mays-moonshine for twining genera ¢y, (7, z) and the Myy-
moonshine associated with the functions 7,(7) was pointed out in [2]. We now want
to use our results above to establish this link also between the two different generalized
moonshines for Ma,.

As already mentioned, infinite products of the form have been considered by
Borcherds [56], where it was shown that they converge in some region of the Siegel upper
half-space Hy and they can be analytically continued to meromorphic functions on the
whole H,. Furthermore, the zeroes and poles of @, can only be at the located at rational
quadratic divisors [36], 56l [61], namely

Hameo ={(23) | f57+ 2 +do+ — =0} . (4.6)

where m,d,v,{ € 7 are coprime integers (ged(m,d,V,¢) = 1) that satisfy a positive dis-

criminant condition
4dmd

—— >
N
This generalizes the rational quadratic divisor found in [24] in the context of twisted dyon

? 0. (4.7)

counting in CHL-models.

The multiplicity of the zero or pole of @, , at the divisor H,, 4., is given by é, ,(d, m, ¢, v).
In particular, @, is holomorphic if and only if ¢, ,(d, m, ¢, v) is non-negative at every ra-
tional quadratic divisor. As will be shown in section , ®, 5 is an automorphic form for
a discrete subgroup F(g?,)z C Sp(4,R). Therefore, one only needs to consider the distinct
orbits of rational quadratic divisors under the action of F;?,)l to determine the full divisor
of ®yp.

A special role is played by (the modular orbit of) the divisor Hyg 10, corresponding

to the locus z = 0 in H,. Since ¢, 4(0, —1) = 2 for all g € My, we have

M—-1AN-1

. 1
¢gn(0,0,-1,0) = == SN cogenn(0,-1) =2 (4.8)
k=0 b=0
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It follows that every @, has a double zero at this divisor. Using the relation

chﬁh('r’, 0)=0, forr >0, (4.9)
=
together with the relations
ey, 0.01) (9 " h* (~1)F) =2, (4.10)
TTHe(o,ie)(g_bhk(—l)F+F) =0 for ¢ > 1, (4.11)
> Ty 0. (g PR (=1)FF) = Traa(g *hb) | (4.12)

LeZ

we obtain

_ . —1)2 M oo
lim 2ol 7 2) v =y ) (qﬁ T e g e ag,m,o,e,t))

=0 (2miz)? =0 (2miz)? 1 el
(pH H 1 B eQﬁtpd Y iez ég,h(o,d,f,t)) ) (4_13)

t=1d=1

Next we use the relations (4.10)-(4.12)) to find an expression for 1, in (3.62) in terms

of 1y, and known modular objects. Using the aforementioned equations we obtain

M-1
Yon(r,2) = g%y | ((1 — Ryt 00 H [T -5 gy )C"’h(o’m’g’t))
t=0 m=1 (eZ
M-1
4 2 (1—q" 3/ (1 - qny_1)2 2mit S s Eg.n (0,m,0)
NX 1 — e M gNx )2eez Co,n(0mLit)

t=0

(4.14)

To proceed we note the identity

M-1 oo 727§\£Itk QWIi\m
1 27rit m M-—1 NA—1 e e —bpk
g > (1 —eM T)Zk 0 22b=0 M ~x— Tr2a(97"h")

_ 2mi(t—t;)k  2mib(m—Ar;)
NX

o
1 2mit m 24 M—-1 N/\ 1
= qnNA || ||(1_€1WqN)\)ZL1]\[ZkON)\Z Moe

24 oo
1 2mit; n Ty

2mir; 2mit;

where 1 < r; < N and 1 < ¢; < M are such that (e ¥ ,e a ), i = 1,...,24, are the

(g, h)-eigenvalues of a basis of simultaneous eigenvectors for g and h in the 24-dimensional
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representation of Myy. Using this relation in (4.14) we obtain

= ——191(7_’ 2)’ T) = T, Z T
1/}g,h(7_7 Z) - 77(7-)6 Ug,h( ) ¢—2,1( ) )TIg,h( ) ) (416)

where ¢_o is the standard weak Jacobi forms of weight —2 and index 1 for SL(2,Z).
To complete the analysis of the limit in (4.13])) we note that

lim Y=Y ) ( N*HH 1= g ) Reeaton 0L} — iy brlni2) _ ) 7).

=0 (2miz)? 20 (2miz)?
t=1 m=1
(4.17)
For the pair (g, h) = (e, €), the function ®. (o, 7, 2) is invariant under the exchange o <> 7.
From a physical viewpoint, this is a consequence of S-duality of type II superstring compact-

ified on K3x7T?. In section , we will prove that @, satisfy analogous transformations

O, (0,7, 2) =Py h/( Nlo,z) , (4.18)

NX

where b’ € Cyy,,(g) is not necessarily in the same conjugacy class as h. Using this identity,
we conclude that o
g 205 (a0 (4.19)

This equation has a physical interpretation as a wall-crossing formula. Indeed, @;,ll
corresponds to the generating function for the h-twisted degeneracies of 1/4 BPS states in
a CHL model. More precisely, these degeneracies are the Fourier coefficients of the auto-
morphic form @;,11 and the region where the Fourier expansion is performed depends on the
moduli. These multiplicities jump as one crosses the pole at z = 0; the physical interpreta-
tion is that some 1/4 BPS dyon corresponding to a bound state of 1/2 BPS configurations
becomes unstable in a certain region of the moduli space and thus disappears from the
spectrum. Indeed, the mismatch 7,5, (7) ', n (NAo) ™ between the Fourier coefficients at

the two sides of the pole represents the degeneracy of a bound state of two 1/2 BPS states.

5 Automorphic Properties

In this final section we analyze the modular transformation properties of ®, (0o, 7, z) with
respect to discrete subgroups of Sp(4, R). We show that they are Siegel modular forms and
in some cases we are able to identify them with previously known objects. Our proof of
modularity is done in two steps. The crucial first step is to determine the transformation
properties of @, (0, 7, z) with respect to the interchange o <> 7. We refer to this as “S-

duality” since in the cases when ®,; has an interpretation as a partition function in an
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N = 4 string theory this corresponds precisely to the S-duality that exchanges electric
and magnetic charges (see, e.g., [52, 62, [63] 23], 24]). It turns out that this transformation
involves the subtle concept of “relabeling” of the group elements (g, h) introduced in [I7].
By a careful analysis of this relabeling phenomenon we establish the S-duality symmetry in
section To complete the analysis of the automorphic properties of ®, (o, 7, 2) we must
also verify the transformation properties with respect to the remaining generators of the
relevant modular subgroups of Sp(4,R). This is rather straightforward since it essentially
follows from the modularity of the seed functions ¢, (7, 2) and 1, (7, 2). We present this

analysis in section [5.2] and in section [5.3] we also investigate some examples in detail.

5.1 Relabeling and S-duality

In this section, we will show that the functions @, (o, 7, ) defined by the infinite product
satisfy some ‘S-duality’ identities that exchange o and 7. This property, together
with the modular properties of the twisted-twining genera ¢, ; proved in [I7], will be
sufficient to prove that all @, are automorphic functions under some subgroup of Sp(4, R)
(see section [5.2)).

In the case where g belongs to some Ms3 subgroup of Msy, the main step in the deriva-
tion of this S-duality for @, is the relabeling phenomenon [I7]. This can be understood
by considering the example of a holomorphic vertex operator algebra C with automorphism
group G. Given an element g € G, the orbiold of C by (g) is constructed by introducing
the twisted representations of C and then restricting to the g-invariant sector. All twisted
sectors carry a representation of some central extension of the centralizer Ci(g) of g in G.
This induces an action of Cg(g) by automorphisms on the orbifold theory.

Now suppose that this orbifold defines a consistent VOA isomorphic to the original C.
Thus, the automorphism group G’ of the orbifold theory is isomorphic to G, so that the
central extension of Cg(g) (or rather of its quotient group acting faithfully on the orbifold)
must be a subgroup of G' = G. It might happen that some automorphism h € Cg(g) of
the original theory and the corresponding automorphism induced on the orbifold theory
belong to different conjugacy classes of G and G’. In particular, the characters of h in the
original theory and of the induced automorphism in the orbifold theory might be different.
In this case, we say that the class of h has been relabeled.

Roughly speaking, a similar phenomenon occurs for the Mathieu moonshine. In partic-
ular, we will see that S-duality relates a function @, ), to a function @, ;/, where b’ belongs

to the ‘relabeled’ class.
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5.1.1 Orbifolds and relabeling

Given a conformal field theory with a symmetry g, one can construct an orbifold CFT by
introducing the ¢g"-twisted sectors and then restricting to the g-invariant states. The space
obtained in this way is the spectrum of a consistent CFT, provided that the level-matching

condition is satisfied.

An analogous construction can be considered for the abstract modules of the generalized
Mathieu moonshine with respect to some g € My, of order N, by considering the g-invariant

subspace of the direct sum of all twisted sectors
W= @My (H;’ig"“(g”) . (5.1)

The level-matching condition is equivalent to the requirement that the restriction of the
cohomology class [a] is trivial in H3((g),U(1)), so we will consider only this case. If H can
be interpreted as the spectrum of R-R right-moving ground states in a non-linear sigma
model on K3 with a symmetry g, then H’ corresponds to the spectrum of right-moving
ground states in the g-orbifold theory. The orbifold is a consistent N' = (4,4) SCFT with
central charge 6, which turns out to be again a non-linear sigma model on K3, since its

elliptic genus is

N-1
_ < _Jn—ZC . 1 ~ s _ ¢ _7._ ¢ =
Ty (g™~ g™ 5y B (1)) = 3 =T, (P (9)°g™ F1g™ say’S (1)) (5.2)
r,s=0
1
- N Z Ggr.g+ (T, 2) = ee(T, 2) - (5.3)

r,s=1

Here, the twisted-twining genera ¢4 4+ are relative to a cocycle o satisfying the conditions
(D.18]) and , in particular with trivial restriction to (g). The identity can be
verified case by case for all g € My, satisfying the level-matching condition.

By , the space H' defined by is isomorphic to H as a module over N = 4
superconformal algebra; as such, one can define a representation of My, over ‘H' satisfying
the properties of Mathieu moonshine. Furthermore, H’ also carries a representation p/
of C%,,(9)/(ga) given by the restriction of &N '5,, to H'. It can be proved that, as an
abstract group, C{7,(9)/(ga) is isomorphic to a subgroup of Ma, [17]. More precisely, @ is
identified with an element ¢ in the same conjugacy class as g and the image of C;, (9)/(9)
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is the centralizer Cyy,(¢') of ¢’. Furthermore, for each h € Cyy,,(g) the twining-genus

G (72 2) = Tews (p(9/)"p' ()g"0~ 21y "8 (1)) (5.4)

1 N-1

~ n ~ —8 ~ _c 3 n

=N > Trag, (P (Q)" o (9) ™ g (h)g" 2y "0 (= 1))
r,s=0
1 N-1

2minr
N Do M egn(b3) by genlri2)

r,s=0

is the Mathieu moonshine twining genus associated with an element ¢""h' € Cyp,(¢') C
Msy4. The identities can be verified directly, given the explicit knowledge of the
twisted-twining genera. Thus, the representation p’ can be thought of as the restriction
to Ch,,(g') of the moonshine representation of Myy over H'. From this construction, it
is clear that one can simply identify ¢ and ¢’ as elements of an abstract My, group, as
well as their centralizers in Myy. Although we will make this identification in the following

sections, for the moment being it is convenient to consider g and ¢' as distinct elements.

Since ‘H' satisfies the properties of Mathieu moonshine, we can introduce the twisted
sectors H;» that carry projective representations pim of Ca,,(g'), such that the twisted-
twining genera

Gy (7, 2) = Togg, (pyn ()g"0~ By’ (=1)+F) | (5.5)
satisfy the generalized Mathieu moonshine conjecture with respect to some 3-cocycle o’'.
As in the previous section, we can choose the cocycle o to satisfy the analogue of
and and define a corresponding central extension

- <Q,> — Ca/(g,) — OM24(9/) — 1, (56)

and the representations p, .. By (5.4), we have

_c 3 i 1 z
Trrg, (45731 B (=1)7HF) = 6y o7, 2) = Gegron (=2, 7) (5.7)
1 = _ 2minr 1 z 1 = _ 2minr
N Z e " %’7975(_?’ F) N Z €N Qoo gr(T,2) (5.8)
r,5=0 r,s=0

so that the ¢"-twisted sector H;,n can be identified as an N' = 4 module with the g-
eigenspace of @,{V:_Ol?-[gr with eigenvalue e N If we exchange the roles of g and ¢', we

obtain an isomorphism of A/ = 4 modules
’H’gm’r =Hyr o, (5.9)
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where Hyr , is the g-eigenspace of H,- relative to the eigenvalue n and H; . is the analo-
gous eigenspace for ¢'. It is then natural to conjecture that this isomorphism is equivariant

with respect to the action of Cf;, (9)

Conjecture. For all choices of cocycles o and o satisfying (D.18|) and (D.23|), there is
an isomorphism ¢ : C$,, (9) — C§y.,(¢') such that (g) = Q', ¢(Q) = ¢, and for all
ke Cy,,(9), mr e,

TrH;,m,r(ﬁ;/,m(QO(/f))qL“’ﬂy"g( D) = Trg,, | (s (R)g™ 51y (1)) (5.10)

Notice that if such an isomorphism exists for a certain choice of o and o/, then for any
other choices it can be obtained by composing ¢ with . It is useful to rephrase the
conjecture in terms of identities among twisted-twining genera. Recall that any element
of Cfy,,(9) can be written as Q"hg, for some x € Z/NZ, h € Cyp,(g) and any element
of C§y,,(¢') can be written as Q'Yhl, for some y € Z/NZ, K € Cip,,(¢'). The conjecture
implies that for any k = Q%h, € C§;,,(g) there is an element p(k) = Q"hl, € C§;, (¢')
such that for all r,m € Z

N_1627ri'r1(\§771) N—-1 62#1771]\(]5 y)
Te‘;/’h/ (67?1)¢g/m 1= bh/ 7— Z Z N Eg’ (07‘)¢9 9 sh(T Z) (511)

b

I
=)

s=0

In particular, for m =0 mod N, we have ¢, 5 ({2 ) = 1, and by taking the sum of these
identities over 0 < r < N, we reobtain (5.4)).

Obviously, since g and ¢’ are elements in the same conjugacy classes of Myy, there exist

~/

also isomorphisms Cf;, (g9) = Cfy, 4( ") that map g to ¢’ and @ to @’. In particular, since ¢
is defined up to conjugation in My, we can simply choose ¢’ = ¢ so that there is a natural
identification of the centralizers Ciy,,(g9) = Can,(¢') and, upon choosing the same cocycles
a = o, also of their central extensions C§, (9) = C§;,,(¢'). With these conventions,
the conjecture is equivalent to the existence of an outer automorphism of Cf; (g) that
exchanges g and ) and the representations Hgm , and Hgr .

The existence of automorphisms that exchange g and () is easy to check for the elements
g of order higher than 4 (thus, excluding the classes 2A and 4B of My,). Indeed, in all
these cases the central extension of Ciy,, (g) has the form Cf;, (g9) = (Q) x ((Qg).G). This
group clearly admits an automorphism that fixes the factor (Qg).G and exchanges ) and
g. For the classes 2A and 4B, the existence of the automorphism ¢ has been verified in [17]

with the aid of the software GAP. In order for the conjecture to be proved, one needs to
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show that, for each h € Cyy,,(g), the image p(ha) = QYA of the lift by, € Cfy,, (g) satisfies

N—1 27rzrb

N—-1
27rzmy
Z N €gn (§.2) gm g-on (T, 2) Z N ——€gn ($5) Ogrg—sn(T, 2) (5.12)

27rzms

for all m,r € Z. If g is not in one of the classes 2A or 4B, then these identities are satisfied
with

h=h, y=0, (5.13)
for all h € Chp,,(g9) \ (g), as well as ¢(g") = Q°. When g is in one of the classes 2A or 4B,
the identities is satisfied for suitable automorphisms ¢ of Cf (g). Tables [ I and (3 I report
the conjugacy class of A’ in Cyy,,(g) for each Cyp,(g)-conjugacy class of h. Notice that,
in general, A and A’ might belong to different conjugacy classes of May; this phenomenon
has been dubbed ‘relabeling’ in [I7]. When h and A’ are in different conjugacy classes
of Cp,(g), we can choose the cocycle « in such a way that y = 0. When h and b’ are
conjugated in Cyy,, (g), then y can be set to 0 if and only if ¢(h,) is conjugated with h,, in
the central extension Cf;, (g). This is always the case, except for g in Myy-class 48 and
h in one of the classes 2B3 or 4B; of Chy,,(g). In both these cases, the pair g, h generates
group 20 in the list of appendix [E| and ¢(h,) is conjugated with Q?h,, i.e. y = 2.

5.1.2 S-duality invariance

In this section, we will prove that all functions @, (o, 7, z) defined in terms of the infinite
product (3.59)), satisfy identities of the form

S, (0,7, 2) ~ Py h/( +x,N)o,z) , (5.14)

N
for some suitable b’ € Cyy,,(g) and real z that depends on the cocycle a. Here, ~ denotes
equality up to a phase, that depends on the cocycle . More precisely, in this section we
will prove identities of the form for all pairs (g,h) € P, except when g is in one
of the classes 4A, 10A, 12A and 21AB. For the latter classes, the identities can be
derived through a complete analysis of the automorphic properties of ®,,, as discussed in
section 5.2

When the function @, admits a physical interpretation as the generating functions for
twisted multiplicities of 1/4 BPS states in a CHL model, the identity corresponds

to S-duality exchanging electric and magnetic charges in the low energy effective action.
Case 1: g € Mys

Let g be an element of Maz C May of order N. The restriction of [a] to H*({g),U(1)) is
trivial, so that A = 1 and we can choose a representative « satisfying (D.18) and (D.23).
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Let us identify ¢ = ¢’ and the centralizers Cy,,(9) = Chn,(g’) and consider the same
cocycle a = . The conjecture (5.10) implies that for any h € Cyy,,(g), d,m € Z, there
are h' € Cyp,,(¢') and y € Z/NZ such that

N— 1 27mds N—-1 27mm(b ky)
(&

€g,h ,‘;)¢g g sh/k T, Z €g,h(g Z)¢gd7g—bhk<7, Z) s (5.15)
s=0 b=0

that generalizes the identity of the previous section. Thus,

md
Cgh d m, £ t kz_o M Z N €g,h gg) —bhk( N ,ﬁ) (516)
M-1 e_QWk N-1 ezw]zvds o
2mikmy
— e N M Z N €g,h/ (]({): Tf’l,) ngz,g—sh/lc(W7 €> (517)
k=0 s=0
M
—_ Cg h/(m d, ﬁ,t—i—myﬁ) (518)

If h and A’ are in different conjugacy classes of Cy,,(g), we can choose the cocycle « in

such a way that y = 0, so that

M—1

Oyn(o,7,2) =pqvy [[ T — e q¥y'pt)ontdmtn (5.19)
(dm.0) =0
M-—1

2mit m é (m

=pgvy [[ JL(1—e q¥y'pt)omtmadtn (5.20)
(d,m,£) t=0

:q)g’h/(N’NO-’ Z) . (521)

When h and b’ are in the same conjugacy class of Cyy,, (), then y cannot be eliminated, in
general. This corresponds to the case when ¢(h,) is conjugated with Q¥h,, in the central
extension Cy,,(g). In particular, since ¢(ha)M = @(hM) = e, this implies that Q¥ has

order M, i.e. there is an integer x such that

yM =zN . (5.22)
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Thus,

M-—1
Oy (o, 2) =pgvy [[ T — 5 ¥ ypt)eontdmtn (5.23)
(d,m,6) t=0
M-1 ‘
_quy H H 1 _62}\7/[”q%yépd)ég,h(md,&t—&-mx) (5_24)
(d,m,6) 1=0
-1
—quy H H (1-— 627;\? e_Qﬂﬁcquvy P )cg,h(m’dvé’t) (5.25)
(d,m,£) t'=0
M-1 ,
—pary J[ T -5 e 5 & ylpt)iantmato (5.26)
(d;m,0) /=0
= ®g,h(%,NU, 2. (5.27)

In fact, y # 0 only when g is in class 4B and h in one of the classes 2B3 or 4B; of Cip,, (9).
In both cases, the pair g, h generates group 20 in the list of appendix[E]and y = 2. For such
pairs (g, h), however, since T7'¢, ), = 0 for L odd, the function @, satisfies the identity

1
O, (0,7, 2) = =Dy (0 + 2T z) . (5.28)
Using this identity, we conclude
Oy p(0,7,2) = CDgh( ,No,z) . (5.29)

N’
Case 2: g in one of the classes 2B, 3B, /C, 6B, 12B

The calculations in this case are rather technical and have therefore been relegated to
appendix |D.3, Below we summarize the results.

For a suitable choice of the cocycle o, we have

-
Py p(0,7,2) = (I)gth(m,NQU, z), (5.30)
if h and h™! are not conjugated within C,,(g), and
O, (0,7, 2) = CI>gh( N?%0,z) , (5.31)

N?’
otherwise. In particular, by (D.68) and (3.42)) the latter holds for a choice of the cocycle
a such that

¢97h(77 Z) = ¢;,h(7—7 Z) ’ (532)

i.e. such that all Fourier coefficients of ¢ are real.
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5.2 Automorphic properties

Using the results of the previous sections, we can now prove that the functions @, (o, 7, 2),
defined by the analytic continuation of the infinite product (3.59) to the Siegel upper half-

space Hy are automorphic forms under certain subgroups of Sp(4, R) acting by

(g g) 2= (AZ+B)CZ+ D), (g

Z = (: z) . (5.34)

Recall that the function ®,; can be written as

g) € Sp(4,R) (5.33)

where

By (0,7, 2) = pya(r, 2) exp[— ) p* (T ben)(7,2)] (5.35)
N=1

where the right-hand side converges on a suitable domain in Hs.

Let us consider the action of various generators of Sp(4,R) on @, .

e The Heisenberg subgroup H(Z) of Sp(4,Z) is defined as

1 00 u
HZ) = (Dopr] = | M L F Ak €7} (5.36)
= by K] = » Y 7'% ) .
: 001 —A[F
0 00 1
and acts by
N, k] (0,7, 2) = (0 + K+ 202 + N7, 7,2 4+ o+ A7) . (5.37)

By (5.35), using the elliptic properties of the Jacobi forms ,, and T,*¢,p, we
conclude easily that every @, is invariant under H(Z).

e For many commuting pairs g, h € Moy, the genera 7% ¢, , vanish unless L is an integer
multiple of some r = r,;, € Z. Therefore, @, is invariant up to a multiplier under
o— 0o+ %, i.e.

_ 2min’

®, (10,0, E] (o,1,2)) =€ Pyu(o,71,2), (5.38)
r

where [0,0,%] - (0,7,2) = (0 + £, 7,2). In particular, ry, = 1 when g, h generate a
cyclic group and for groups 13, 23, 24 and 27, r = 3 for groups 33 and 34, r = 4 for
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groups 25 and 26 and r = 2 in all the other cases. Notice that r, ) always divides
NA.

More generally, the transformation [0, 0 relates the functions @, j, relative to two

) M)
distinct choices of the cocycle «, that differ from one each other by a NA-root of

unity.

The twisted-twining genera 7,*¢, ), are Jacobi forms of weight 0 and index L under
a group I'y, C SL(2,Z) (see the tables in appendix , up to a multiplier Xih. As
noticed above, for each group (g, h), there is an integer r = r, ) such that T ¢,
vanishes unless L|r. Therefore, only the power Xg.» Deeds to be a well-defined char-
acter of Iy j,.

On the other hand, the properties and imply that the eta products 7, are
modular forms of weight w and multiplier v, ;, under the same group I'y , associated
with ¢4 5. Equivalently, each v, , is a weak Jacobi form of weight w — 2, index 1 and
multiplier vy 5 under I p,.

For each (v,k) € SL(2,Z) x May, let us choose p, (7, k) € R/Z such that

2T it (1K) _ <eg7h(”y, k:)> . 7 eSL2,Z) . (5.39)
Then for any v = (2%) € SL(2,Z) and k € My, we have
Vg h (V)P (y,k)-(g,h) (5 > =det(cr + d)" 2 Dy p(0 + pgn(v, k), 7, 2) (5.40)
where Z = (7 Z) and
a 0 b 0
a b 0100
= , 5.41
. (c d) c 0d 0 (5:41)
0 001

so that

at+b z
< 0 cotd o= ca+d

In particular, by taking (v, k) € My, stabilizing (g, h), we obtain

V(1 8)@y (10,0, =t (7, )] - (6(7) - 2) ) = det(er + d)" 2 @yp(o,7,2) , (5.43)

where v € I'y , and
Uy n(7, k) = Vg (y)e 2man (R (5.44)
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e Finally, for any pair (g, h) of commuting elements of My, (with the exception of g in
the classes 4A, 10A, 12A, 21AB), we have proved that

Oy 1(Z) = Py (V- 2) (5.45)

for a suitable b’ € Cyy, (g) and a suitable choice of the cocycle «, where

0t 00
111000

Vi=— , (5.46)
Vilo 0 0 1
00 ¢t 0

acts by

(-0

Notice that in each of the 55 conjugacy classes of abelian subgroups (g, h) C My, an
identity of the form ([5.45]) has been proved for at least one pair of generators.

As discussed in [51), [61], for any integers N,t > 0, the elements
Vi, £(v), v €eTo(N) Npk/tl . ANpk€Z, (5.48)

generate the group I (N) = ([+(N), Vi) € Sp(4,R) which is a normal double extension of

the paramodular group

* x %tk
IW(N) = Sp(4 AR 5.49
t( ) { Nx  Nitx « € p( 7@)7 * € } ( )

Ntx Ntx tx *

From the discussion above, it follows that every ®,; is a modular function under some
finite index subgroup F_Ef;)z of a paramodular group I'; = T',(1), for some suitable ¢. The
image of ®,;, under the action of a generic element of I'; is expected to be again a function
®, v for some (possibly different) commuting pair ¢, b’ € My, and defined with respect
to a suitable choice of the cocycle a.

In section [5.3] we will discuss the automorphic properties of some of these functions
@, ;. We leave the detailed description of the groups FS,)Z for all pairs g, h to a future work.
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5.3 Examples

Having established that the @, are indeed Siegel modular forms we now wish to analyze

some specific examples in detail.
®2424,,5 (Groups 1, 2, 3)

Groups 1, 2 and 3 are Zy X Zy groups that contain three elements in class 2A of Msy. The

corresponding ®, ;, are identical
Donpa, (0,7, 2) = Ponna,(0,7,2) = Paapa, (o, 7,2) . (5.50)

The 3-cocycle v can be chosen to have trivial restriction to these groups. The Hecke
transforms of the twisted-twining genera 7T1,¢, vanish unless L is a multiple of r = 2; in
this case, they are Jacobi forms under I'y , = SL(2,Z) with trivial multiplier X?,, n = 1. The

eta products for these elements are given by
Ton(T) = () | (5.51)
and are modular forms of weight w = 6 under SL(2,Z) with multiplier (see eq. (5.40))
ven(T) =—1 vgn(S)=-1. (5.52)

Furthermore, from the results of section we deduce that, since g € Moz (with N = 2
and A = 1), &, satisfies

T T
®2A,2A2 (07 T, Z) = ¢2A,2A3 (57 207 Z) ) ®2A,2A5 (0—7 T, Z) == ¢2A,2A5 (57 20a Z) . (553)

Thus, @, is a modular form of weight w — 2 = 4 with a multiplier v, given above under
the subgroup of Sp(4,R) generated by the Heisenberg group H(Z), by SL(2,7) and under
Va. These elements of Sp(4,R) generate the paramodular group I'; (1). Furthermore, ®,
has a double zero at the rational quadratic divisor z — 0 and at all modular images of this

divisor. This allows to identify ®,, as
Oy n(2) = Do(2)? (5.54)

where A, is the modular form of weight 2 under I'; (1) defined by Gritsenko and Nikulin
in [51]. Notice that in this case the function ), in (4.16|) is given by

Von(T,2) = =01(7, 2)* ()", (5.55)
which is the additive seed for Ay(Z) [51]. Hence we conclude that in this case

q)g,h = Add[wg,hL (556)
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as claimed in section . The Siegel modular form (A)? also appears in the context of
umbral moonshine, where it corresponds to the Siegel modular form ®®)(Z) (see section
2.6 of [29]). In this context ®®) arises as the multiplicative lift of the umbral Jacobi form
Z3)(7, ) of weight 0 and index 2. It is therefore interesting to ask how this relates to our
construction of ®,;, as the multiplicative lift . By comparing Fourier coefficients one
can verify that we have the identity (see the table in appendix [E| for the result of the Hecke

action)

Tadgn (T, 2) = Z¥(7, 2). (5.57)

However, this does not necessarily imply that the two lifts are the same, since a priori our
multiplicative lift in differ from that in [29] since we are constructing it from the seed
function ¢, which is a weak Jacobi form of weight 0 and index 1, using the equivariant
Hecke operator Ty (the twist by the 3-cocycle « is trivial in this case). Even so, by virtue
of , in the case at hand it turns out that the lifts do coincide and we thus have

Mult[¢, ] = @, (5.58)

®y404, (Group 7)
The function ®94 94, of group 7 satisfies
Ponpa, (Vo Z) = ouap (2) , (5.59)

where I/ in class 4By of Ciy,,(g) is such that > = g. Therefore, the right hand side is
a Sp(4,7) transformation of ®. 45, which is a Siegel modular form under I'y(4) = FE]Q) (4)
27, 23]

®2428,, (Groups 8,9)
The functions ®,, for groups 8 and 9 are identical

Don2,(Z) = Poapp,(Z) . (5.60)

The twisted-twining genera 7,*¢, 5, vanish unless L is a multiple of r = 2; in this case, they

are Jacobi forms under I'y ;, = I'(2) with trivial multiplier. The eta products are given by
() = n(7)*n(27)* | (5.61)

and are modular forms of weight w = 4 under I'g(2) with multiplier
Ugn(61) = =1 vgn(5) =-1. (5.62)
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Therefore, ®,;, transforms as a modular form of weight w — 2 = 2 under £(7), v € I'0(2),

with multiplier vy (7). Furthermore, for a suitable choice of the cocycle «, we have

Doa2m,,(Vo - Z) = Paapn, ,(Z) - (5.63)

We conclude @, is a modular form of weight 2 under the paramodular group I'y(2).

Assuming that it is holomorphic, then it can be identified as
O,n(2) = Qu(2) (5.64)

where Q7 is the modular form of weight 1 defined by Gritsenko and Clery in [61]. This

conjecture is also supported by the fact that in this case 1, is given by

191(7—7 2)2

pESE n(27)*, (5.65)

w97h<7—7 Z) = =
which is the square of the additive seed for () (see eq. (16) in [61]).

®9445, (Group 12)

The function ®94 45, of group 12 satisfies

Popap, (Vo Z) = Ponga, (Z2) (5.66)

where I/ in class 84; of Cyy,,(g) is such that h'* = g. Therefore, the right hand side is
a Sp(4,Z) transformation of ®. g4, which is a Siegel modular form under I';(8) = F(()Q)(S)
[28].

®2448B,,5 (Groups 17,18,19)

The functions @ for groups 17, 18, 19 are identical

Dopap, (Z) = Poaup,(Z) = Ponup,(Z) . (5.67)

The Jacobi forms 7% ¢, for these groups have exactly the same modular properties as the
ones for groups 8 and 9; the eta products are also the same. Therefore, @, is a modular

function of weight 2 under the paramodular group I's(2).
®ypaB, (Groups 25,26)

The functions ®,, for groups 25 and 26 are identical

Qypap,(Z) = Pupap.(Z) . (5.68)
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The 3-cocycle a can be chosen to be trivial when restricted to (g, h). The Hecke-transformed
twisted-twining genera T7,¢,; vanish unless L is a multiple of r = 4; in this case, they are

Jacobi forms under I'y ;, = SL(2,Z) with trivial multiplier. The eta products are given by

Mg (1) = 1(7)° (5.69)
and are modular forms of weight w = 3 under SL(2,Z) with multiplier
Vgn(§1) =—i  wvgn(3%)=—1. (5.70)
Furthermore,
Pupap,(Va- Z) = Pupup,(Z) . (5.71)

We conclude @, is a modular function of weight w — 2 = 1 under the paramodular group
['; (1) and the multiplicity at the rational quadratic divisor z — 0 is non-negative. It
follows that

D, 1(2) =A12(2), (5.72)

where Ay, is the modular form of weight 1/2 defined in [51]. Also in this case the additive
lift matches since
Von(T,2) = =01 (1, 2)? (5.73)

is the square of the additive seed for Ay 5(Z), and hence Add[¢, ] = (A1/2(2))%.
The function (A;/2(Z))?* also corresponds to the umbral Siegel modular form ®®)(2),
which is the multiplicative lift of the umbral Jacobi form Z®)(r, 2) of weight 0 and index

4 [29]. The relation between Z©)(r,z) and the twisted twining genus ¢, 5, is now:
(Tacpgn) (7. 2) = Z(1,2). (5.74)

Again, it is not a priori clear that the equivariant multiplicative lift of ¢, , defined by
(3.59)), will coincide with the ordinary multiplicative Borcherds lift of Z©)(7, z) considered
in [29]. However, in the case at hand they do:

Mult[¢, ] = @, (5.75)

(133,473,43 (Group 33)

Consider the function ®34 34, of groups 33. The twisted-twining genera T ¢, vanish
unless L is a multiple of r = 3; in this case, they are Jacobi forms under I'y;, = SL(2,7Z)

with trivial multiplier. The eta product is given by

Ngn(T) = (1), (5.76)
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and is a modular form of weight w = 4 under SL(2,7Z) with multiplier
_2mi _
von(dt)=¢€e" ven(0 ) =1. (5.77)
Furthermore,

P3a34,(V3 - Z) = P3a34,(2) (5.78)

We conclude @, is a modular function of weight w — 2 = 2 under the paramodular group
'3 (1) and the analysis of the multiplicities at its divisors shows that it is holomorphic with
a double zero at z = 0. It follows that

Dsa34,(2) = Ai(2)? (5.79)
where A; is the modular form of weight 1 defined in [51]. Also here we find that

bon(T,2) = =01 (7, 2)°n(1)? (5.80)

is the square of the additive seed for A;(Z). The function A;(Z)? coincides with the
umbral Siegel modular form ®®(Z), which is the multiplicative lift of the umbral Jacobi
form Z®(r,z) of weight 0 and index 3. In this case we have that, for a suitable choice of

cocycle a,
(T gn) (7, 2) = ZP(7, 2), (5.81)

and the equivariant and multiplicative lifts coincide:

Mult[¢, ] = @Y. (5.82)

P3438, (Group 34)

Consider the function ®34 35, of group 34. The twisted-twining genera 7, ¢, vanish
unless L is a multiple of r = 3; in this case, they are Jacobi forms under I, ;, = I'y(3) with

trivial multiplier. The eta product is given by

Ngn(T) = n(7)*n(37)% , (5.83)

and is a modular form of weight w = 2 under SL(2,Z) with multiplier

27 27

ven(39)=e€s . (5.84)

vgn(p1) =€ 3
Furthermore,
3435, (Vs Z) = P3asp (Z) - (5.85)

We conclude @, is a modular function of weight w — 2 = 0 under the paramodular group

'3 (3). Since the weight vanishes, it must necessarily be meromorphic.
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6 Conclusions

In this paper we have proposed a second quantized version of (generalized) Mathieu moon-
shine, involving a class of Siegel modular forms @, 5, for discrete subgroups Fﬁ C Sp(4,R),
constructed from a multiplicative lift of the twisted twining genera ¢, ;. For certain pairs
of conjugacy classes of My, we were able to identify ®, ), with known Siegel modular forms.
It would be interesting to extend these results and perform a more detailed investigation of
f,{ and determine whether the remaining ®, ;, coincide with known
objects, or perhaps constitute new examples of Siegel modular forms. In [28], Raum proved

all the modular groups I

modularity for most of the cases ®.; and found that not all of them are of a standard
Borcherds product type, but in fact correspond to certain rescaled products of Borcherds
modular forms. One would like to extend this analysis to determine whether the ®,; for
g # e also contain such rescaled Borcherds products, or some generalization thereof.

As already mentioned in the introduction, an interesting by-product of our analysis is
the fact that some of the Siegel modular forms @, coincide with multiplicative lifts of the
umbral Jacobi forms analyzed in [29]. This might be a simple consequence of the constraints
from modularity, but it might also indicate some deeper relation between umbral moonshine
and generalized Mathieu moonshine which would be interesting to uncover. Could it be
that some of the other products ®,, also coincide with lifts of the more general D,, or £,
Niemeier-umbral Jacobi forms in [64]7

It is natural to wonder whether our products ®,; have interpretations in terms of
denominator formulas of some generalized Kac-Moody algebras (GKMs). It is well-known
that the Igusa cusp form ®;y = ®. . constitutes one side of the denominator formula for a
rank 3 GKM-algebra of hyperbolic type [58] (the other side corresponds to the additive lift
in (3.67)). In the terminology of Borcherds [36], the other functions ®. j then corresponds
to twisted denominator formulas for the same algebra. On the other hand, by analogy with
generalized Monstrous moonshine [41], 43], we would expect that the functions ®,. give
denominator formulas for a class of rank 3 GKM-algebras. For some of the elements g of
small order these algebras have indeed been constructed in [65] 66, 67, [68] in the context
of CHL-models (see also [58, 59, 51| for earlier mathematical results). In this context the
prefactor pqﬁy in should have an interpretation as the exponential of the Weyl
vector p of the algebra. If true one would expect that for fixed g, the associated twisted
denominator formulas ®,; all have the same prefactor involving the Weyl vector of the
original GKM-algebra determined by the class [g]. In other words, the prefactor should
be independent of the twining element h, and this is indeed what we find. In fact, the

Weyl vectors extracted from pg~xy reduces to the ones in [65], [66] when the length of the
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shortest cycle A\ equals one.

As stressed in the introduction, we think that our results could have immediate appli-
cations to the understanding of dyon counting in CHL-orbifolds. In particular, most of the
functions @, j, are expected to have interpretations as partition functions of twisted dyons,

and we hope to investigate this relation in more detail in a future publication.
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A Some group cohomology

In this appendix, we summarize some general results about group cohomology. See [69] for
more details.
For a finite group G, a 2-cochain § : G x G — U(1) is closed (and hence defines a

cocycle) provided it satisfies

B(g1, 9293)8(g2, 93) = B(9192, 93)B(91, g2) (A1)

for g1,92,93 € G. The second cohomology H?*(G,U(1)) then consists of the closed 2-

cochains, modulo the ambiguity

Y(91)7(g2) (A.2)

5(.91’92) — 6(91792) 7(9192)
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where v : G — U(1) is an arbitrary 1-cochain, i.e. an arbitrary function v : G — U(1).
A 3-cochain «,
a:GE@xGExGE — U1 (A.3)

is closed provided it satisfies
(g1, 92, 93) (g1, G293, 91) (g2, g3, 9a) = (9192, g3, ga) (g1, g2, g394) - (A.4)
In the cohomology group H*(G,U(1)) closed 3-cochains are then identified modulo

B(g1,929)3(g2, 93)
: A.
B(9192, 93)B(g1, g2) (A.5)

a(gla g2, g3) — a(gla 92, 93)

Note that the multiplying factor is trivial if [ is closed, i.e. if it satisfies the 2-cocycle
condition . In particular, for each cocycle v and element = € G, the 3-cocycle o,
defined by

(g, h, k) = a(z gz, 27 he, 27 k) | (A.6)

differs from « just by a 3-coboundary [46]

1:(91, 9293)1: (92, 93) (A7)
Ny (91927 g3>77$ (917 92) 7

ax(917 92, 93) = Of(gl, g2, 93)

where )

a(z,y, 2)alzz w2, 27 y2)

772<I7 y) = (A'S)

alz, z, 27 lyz)
Given a 3-cocycle a, we can define, for any h € G, amap ¢, : G x G — U(1) via

g, b1, ha)a(hy, ha, (hiha) " g(hihs))
O[(hl,hl_lghhhg) )

co(ha, hy) = a (A.9)

It is shown in [44] that ¢, defines a 2-cocycle of the stabilizer subgroup Ce(g) C G (i.e.
the subgroup of all elements h;, hy which commute with g). When hy, hy € Cg(g), we have

the simplified expression

a(g, b1, ho)a(hy, ha, g)
O./(hl,g,hg) ’

It is straightforward to check this by inserting (A.9) into (A.1), and making repeated use
of the 3-cocycle condition (A.4) (twice on each side of the equality sign) together with the

Cg(hl, hQ) = hl,hQ S Cg(g> . (AlO)

fact that ¢ commutes with hq, ho, hs.

Under the ‘gauge transformation’ (A.5)), ¢, transforms as

Yg(h1)7g(ha)
Yg(hihg)

20

Cg<h1, hg) — ég<h1, hg) = Cg(hl, hg) hl, hg € Cg(g) R (All)



where we defined the 1-cochain v, by

=

(h,9)

h) = . A12
This is indeed of the form (A.2)), and hence, for all g € G, ¢, defines a map
¢, H}(G,U(1)) — H*(Cea(g),U(1)) . (A.13)

In fact, if ¢, is the 2-cocycle associated to a projective representation p, of Cg(g), i.e.

Pg(h1)pg(ha) = cg(ha, ha)pg(hiha) | (A.14)

then ¢, is the 2-cocycle associated with the projectively equivalent representation

po(h) := 1g(h)pg(h) . (A.15)

In the context of holomorphic CFTs, the transformation (A.5)) corresponds to a redefinition
(A.15) of the projective representations p, of the centralizer C;(g) over the twisted sector

‘H,4, which induces the analogous transformation of the twisted twining partition functions
Zg,h — Zgﬁ = 'Yg(h)Zg,h . (A16)

Indeed, the new partition functions Zgﬁ satisfy the expected modular properties with

respect to the new cocycle a.

In particular, it the case (A.7)) of conjugation by x € G, we have § = 1,, so that

~ Ne(h,g)  colx,xha)
(g, h) cg(hyz)

where the latter equality follows from [45, [46]. From this identity, one recovers

7y() heC,(@). (A.17)

cg(@, 27 he)

e (7 2) Zgn(T) , (A.18)

Zaa-1)(g0)(T) = Zy-1gpo-1ha(T) =
from which the formula (B.8)) for €, (L, z) follows.
One further useful identity is [40]

Cores(71,22) Gy (21, 22)Csy (21, 22)
Cw1(21722)612(21722> 02122($1>x2)

, (A.19)

that holds for pairwise commuting x1, 2, 21, 25 € G.
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For most applications, only the restriction of a 3-cocycle o to subgroups of the form
(g,h) = Zy, X Zy, is needed. For such groups, we have H3(Zy, X Zy,,U(1)) = Zy, X

7Ny % Zaem(ny,No) and a set of normalized representatives for the generators are [70]

2mivia,;

avi(galhag’gblhbg’gcthQ) = e Ni2

[b:]n, el N, —[bitciln,)

v € ZJNiZ, i =1,2, (A.20)
2mivigaq

oy (galhaz’glnhbz’gmhcz) — ¢ NiNg ([b2] Ny Flc2] Ny —[b24c2] Ny ) 1y € Z/ lcm(Nl, NQ)Z ’
(A.21)

where [-], : Z — {0,...,2 — 1} denotes the reduction modulo z. Notice that, with this

choice for the generators, we have the simplified formula

CLE(yJ Z) = Oé(CL’,y,Z) ) r,Y,z € ZNl X ZNz : (A22)

B Modular properties of twisted twining partition func-

tions

In this appendix we include some details on the modular properties of twisted twining
partition functions. In particular, we analyze the combined action of SL(2,Z) and G on
the set of commuting pairs (g, k) in G. Here we must also take into account the presence of a
non-trivial 3-cocycle o which leads to a certain twisted action. We introduce a convenient
“twisted equivariant slash-operator” that simplifies many expressions since it combines
(twisted) SL(2,Z)-equivariance with G-equivariance. Finally, we discuss a reformulated

version of the cohomological obstructions found in [17].

B.1 SL(2,7Z) x G - action on Pg

It is clear from that modular transformations act on 7 € H as well as on the set of
commuting pairs (g,h) € G x G. In addition G acts on itself by conjugation and thereby
on the set of pairs g, h. In order to determine the subgroups I'y;, C SL(2,Z) under which
Zg
SL(2,7Z) x G-action on the commuting pair (g,h). We are mainly interested in the case

. (and ¢y ) are invariant for fixed g, h € G, we must classify the orbits of the combined

G = My, but we only make this specification at the end of the subsection.
For any finite group G, let P C G X G be the set of commuting pairs of elements:

Pe={(9,h) € Gx G| gh=hg}. (B.1)
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The group SL(2,7Z) x G has a left action as a permutation over this set by

c d c

((“ b),k>.(g,h) = (kgk VL khk™) (a Z>_ = (kg"h~k~\ kg~hok™1), (B.2)

where (g,h) € Pg, (¢4) € SL(2,Z) and k € G. This action can be extended to an action
of GL(2,Z) x G in the obvious way.

B.2 Twisted action on Pg;: generalized permutation

As explained in section [2.2], in order to include the possibility of non-trivial multipliers in
the modular properties of the twisted twining genera one needs to consider the “twisting”
of the action (B.2)) by a 3-cocycle a, representing a cohomology class in H3(G,U(1)). This

a-twisted action is a generalized permutation
CPg x SL(Q,Z) x G — CPqg , (B.3)

on the complex vector space CP¢ freely generated by the elements of Pg. We define this

action by the formula
(v, K)o i (g, h) = egnl(y, k) (kgk™ khk™ )yt (B.4)

Here, (v, k) € SL(2,Z) x G and €,,(7, k) € U(1) is a phase which depends on the choice of
3-cocycle . More precisely, in terms of the 2-cocycle ¢ (hq, he) in (2.7)) the phases €, (7, k)

are defined as

Eg7h(71727 kle) = €(v2,k2)(g,h) (,717 kl) eg,h('YQ, kQ) ) (B5)
1

e n(Toe) = — B.6

gﬁ( ) Cg(g,g’lh) ( )

0(5,€) = co(h1, 1) B.7)
h, k=t

e, (I k) = ol R keG, (B.8)

(k1 khk—1)

S = (0 _1> T = <1 1) : (B.9)
1 0 0 1

are the generators of SL(2,7Z).

where
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B.3 Modular properties of twisted-twining partition functions

We now wish to analyze the modular properties of the twisted twining partition function

Zg4n in more detail. To this end we define the following equivariant slash operator

Flg Dl k) = f((v. k) - (g, h);v-7) . (7.k) € SL(2,Z) x G, (B.10)

acting on modular functions f : Ps x H, — C. We can think of the twisted-twining
partition functions Z, ,(7) as functions on P xH, that are equivariant under SL(2,Z) x G,
up to a multiplier. In the simplest case when the multiplier system x, 5 in (2.8]) is trivial,

this property can be expressed as follows in terms of the slash operator:

Zgn(T)|(V, k) = Zgn(T) - (B.11)

In particular, for each fixed (g, h) € Pg, the function Z,(7) is a modular function under
some subgroup I'y , € PSL(2,Z), i.e.

Zon(y-7) = Zyp(7) , vely,, CPSL(2,Z) . (B.12)

The group I'y;, is the image 7(I', ;) of the stabilizer

Pon:={(n,k) € SL(2,Z) x G | (g,h) - (v, k) = (9, 1)} , (B.13)

under the homomorphism
m:SL(2,Z) x G — PSL(2,7Z) . (B.14)

Similar properties hold for the twisted-twining genera ¢, (7, z) of an N' = (4,4) super-
conformal algebra: these are expected to be Jacobi forms of weight zero and index 1 with
respect to the same groups I'y ;. For this reason, we need to extend the definition of the
slash operator to an action on the space of functions ¢ : P x H, x C — C. Specifically,
for Jacobi forms of weight 0 and index m with respect to some I' C SL(2,7Z) we define

_ 2mimez?

. o or dy—c 1.—1 —bra 1.—1. . Z
W(g, b, 2)| (7, k) = e ¢(kgh kU kg PRk A T,CT+d>, (B.15)

where (v,k) = ((¢%),k) € SL(2,Z) x G. Note that for theories with N = (4, 4) supercon-
formal symmetry, these genera are expected to be even functions of z, so that the central
element C' = S% € SL(2,7Z) acts trivially and it makes sense to consider the action on such
functions of the quotient PSL(2,Z) = SL(2,7Z)/Z,.
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We are now ready to incorporate the a-twist in the modular properties of the twisted
twining genera. To this end we define the a-twisted generalization of the equivariant slash

operator:

g h, T)a(v, k) = egn (v, K) f (0, k) - (g, h)iv-7) . (v.k) € SL(2,Z) x G, (B.16)

for some 3-cocycle o representing a class [a] € H?*(G,U(1)). Similarly, we define the

a-twisted slash operators on Jacobi forms of weight 0 and index m by

_ 2mimez?

z
V(g 157, 2)la (7, k) 1= gy, ke ersd w<kgdh*ck*1, kg 'ht kT e CT+d> :

(B.17)

where (v, k) = ((24),k) € SL(2,Z) x G.

B.4 Cohomological obstructions

When « represents a non-trivial class in H*(G, U(1)), the partition functions Z,,(7) are
modular functions under I'y ;, € PSL(2,7Z) only up to some multiplier x, , which depends
on « (see section . In fact, by (B.13)) and (B-§), the restriction of €, to T, is a group
homomorphism T, ;, — U(1). If

egn(7,k) =1, (B.18)

for all (v, k) in
TynNkerm ={(e,k) € SL(2,Z) x G | (k™ gk, k™ 'hk) = (g,h)} (B.19)
U{(S% k) € SL(2,Z) x G | (kK gk, k™ *hk) = (g7, A1)}, (B.20)

then the restriction €, : I'y, — U(1) induces a well-defined homomorphism 5 : Ty —

U(1) on the image I'y; = 7(I'ys). Explicitly, for each v € 'y, € PSL(2,7Z), one can
choose a lift (v,k) € Ty, € SL(2,Z) x G and set

Xon (V) == €gn(7, k) . for vy =m(v,k) € Lyp . (B.21)

By (B.18]), the definition is independent of the lift.

On the contrary, if (B.18) is not satisfied for some (7, k) € I',;, Nker 7, then eq.(2.11)
implies that Z, ,(7) must vanish identically. In this case, we say that the twisted-twining

partition function is obstructed. Following the discussion in [I7], 18], we can distinguish

between two kinds of obstructions:

(1) We say that, for a certain (g, h) € Pg, there is an obstruction of the first kind if there
is some element of the form (e, k) € Ty, Nker 7 for which (B.18) is not satisfied.
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(2) We say that there is an obstruction of the second kind if is satisfied for all
elements of the form (e, k) € Ty, Nker 7, but is violated by some element of the form
(8%, k) € Typ Nkerm. By (B.§), this implies that is false for all elements of
the form (S2, k) € Ty Nker .

Although not phrased this way in [I7] these obstructions are equivalent to the ones given
there.

C Definition of twisted equivariant Hecke operators

In this appendix, we shall discuss the definition and properties of the a-twisted equivariant

Hecke operators.

C.1 Twisted equivariant Hecke operator

Let us denote by Mat(Z) the ring of 2 x 2 integral matrices with positive determinant,
graded by the determinant,
Mat(Z) = | | Maty(Z) (C.1)

where Maty(Z) was defined in (3.4)). For any u € Maty(Z) denote by u¥ € Maty(Z) the

dual
v -1
a b _ N b _ d —b |
c d c d —c a
Note that Mat(2,Z) = SL(2,Z) is the group of invertible elements of Mat(Z) and that
each Maty(Z) is a bimodule over SL(2,7Z).

In order to define the a-twisted equivariant Hecke operators 75, we need to extend the
action (B.3)) of SL(2,Z) x G on CP¢ to an action

c

(“2)eMmN@y (C.2)

CPG X Mat(Z) x G — CPG , (03)

by
(u,k)o : (g, h) = egnlu, k)(kgk™", khk™ u" | (C.4)

for a suitable €,;(u, k) € U(1), that reduces to the one discussed in section when
u € Mat,(Z) = SL(2,Z). Furthermore, the interpretation of ¢, as a section of L7,

suggests that the following composition law should be imposed
(U1U2, klk?)oé ' (97 h) = (uh kl)Oé ’ ((u27 kQ)aN ) (ga h)) ) (05)
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where (uq1, k1) € Maty(Z) x G and (uq, ko) € Mat(Z) x G. In terms of the phases €, this
condition reads

n

€gn((ur kn) -+ (tn, ) = T €usribrgn)umdn)-guy (i i) 075 (C.6)
i=1
where |u;| := det u;.

Observe that Mat(Z), as a multiplicative semigroup, is generated by SL(2,Z) together
with the matrices of the form (p 0) for p prime. Therefore, it is sufficient to specify the
phases €((%9),e) for all primes p and any other phase €, (u, k), (u, k) € Mat(Z) x G, is
then determined by . The a-twisted slash operator can be trivially extended
to an action with respect to v € Maty(Z), in which case it maps a Jacobi form ¢ of weight
0 and index m to another Jacobi form ¢|,(7v, k) of weight 0 and index Nm. Notice that,
by , the twisted slash operators satisfy the composition relation

|la(urta, kika) =|o(u1, ki)|an (uz, k2) (C.7)

We can now define the a-twisted equivariant Hecke operators acting on the space of
SL(2,Z) x G-equivariant Jacobi forms ¢, by

1
T]\?gbg,h(Tv Z) = N Z (bg,h(T’ Z)|a(u7 6) ) (CS)
uw€SL(2,Z)\ Mat n (Z)
Undgn(T,2) = dgn(T, 2)]a(§ & €) - (C.9)

One may check that these operators satisfy the Hecke algebra —. Furthermore,
T (respectively, US) maps the system of a-twisted SL(2,7Z) x G-equivariant (weak) Ja-
cobi forms of weight 0 and index m to a system of a¥-twisted (respectively, o 2—tvvisted)
SL(2,7Z) x G-equivariant (weak) Jacobi forms of weight 0 and index Nm (respectively,
index N?m). The proofs of these properties are completely analogous to the case where o
is trivial; in fact, these properties follow directly from the definition of the Hecke operators

in terms of slash operators satisfying a composition law of the form (C.7)).

C.2 Definition of slash operator for Mat(Z) x G

In this subsection, we will describe the extension of the a-twisted slash operators to
Mat(Z) x G. As stressed in section [3.2] it is sufficient to define such operators for matrices
of the form (4 ¢), since, together with SL(2,Z) they generate the whole Mat(Z). We will
make an ansatz for the phase eg,h(( N9, e) and verify that it extends consistently to the
whole Mat(Z).
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Our ansatz for the phase €4, ( (N9, e) is based on the interpretation of the correspond-
ing slash operator within the theory of symmetric orbifolds of conformal field theories. We
recall that the twisted-twining partition function Z,(7) in a holomorphic CFT is defined
as a trace Try, (py(h)q"~21), where H, is the g-twisted sector and p, is the (possibly
projective) representation of the centralizer C;(g) on H,. This partition function can be
computed by a path integral on a torus C/(Z + 7Z) where the fields are required to have

monodromies g and h along the cycles —1 and 7, respectively. The function
Zg’h(7)|a((%7 (1)),6) = Tz‘]g ?)Zg’h , (C.10)

is associated with the N-fold covering C/(Z + N7Z) and has a natural interpretation as a

trace
Zyn(Da((§9),€) = Tra, ((pg(h)g"~0)Y) . (C.11)

Using the product law ({2.5]) for the projective representation p,, we obtain

N-1 N-1
Zon(Ma((§9)s€) = 1T colhs ') Tra, (pg(B)g¥ o720 = T gl h) Zyun (NT) -
i=1 i=1
(C.12)
This formula suggests the definition
N-1
Eg,h((](\)[?)7e) = H Cg(h7hz) 9 (013)
i=1
so that
N-1
(g a((Y 9), ) = [T otk F (@ MR (A7) (C14)
i=1

Any integer matrix of determinant /N can be written as a product of elements in SL(2, Z)

and matrices of the form (29) for prime p. For each (u,k) € Mat(Z) x G, given a

representation of u as a word u = a;---a, in the generators ay,...,a, of Mat(Z), one

can use the composition law

f(g, h; 7)o (wrug, kiks) = f(g, h; T)]a(ur, k1) |qrun (u2, k2) (C.15)

where |u| := detu, to define the slash operator

flg,h;)]a(ar - an, k) = f(g, 7)o, k) |a(ar,€) |glari(ag, €) -+ | jaran i (an, €)
(C.16)
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One needs to check that this definition is consistent, i.e. that the operator |,(u, k) does
not depend on representation of (u, k) € Mat(Z) x G as a word in the generators and that

the composition law is respected. The outline of the proof is given in the next subsection.

In particular, by (C.15]), the identity
1 0 0 —1 N 0 0 1
= (C.17)
0 N 1 0 0 1)\-10

c h<(1 ](3[) e) _ Cg(h_1>h)N Hfi}l Chfl(gagi) _ 1
e Con (™1, 1) 15 enlg, g)

yields

: (C.18)

where in the last step we use (A.19), while from the identity

GGG

we obtain the general formula

cq(h, hi
— Hz 1 9( ) — ] (CQO)
1521 cgona(9. 97) TTizy o9, g7%he)

Since for any coset of SL(2,Z)\ Mat(Z) we can choose a representative of the form (&5),

en(8h) = ean((3h).e) =

this formula is sufficient to determine the Hecke operators 7 and Uf for all N. In
particular, if the restriction of the 3-cocycle « to the group (g, h) = Zy, x Zy, is given by
QO = Qly, Oy Ay, 10 terms of the generators (A.20)—(A.21)), then (N7, Ny > 1)

2w v d—1 ¢(Nyp) —v b (N1) " a— 1 (Ng)
Eg,h((gs)ae) —eMN ( 1632521 0D () —ond 325, 6V (1) Fvr2d 3557 6(V2 (‘7+1)) . (C.21)

C.3 Proof of consistency

In the rest of this section, we will show that our proposal for the twisted equivariant Hecke
operators satisfies several consistency conditions. As a first consistency, let us consider
the effect of a ‘gauge transformation’ , under which the normalized 3-cocycle « is
multiplied by a 3-coboundary 08 (with (e, g) = f(g,e) = 1 to keep the normalization).
Formally, this transformation corresponds to a different choice of trivialization of the pull-
back 7 LF ),
previous appendix |Al for a holomorphic CFTs C, the transformation corresponds to
a redefinition of the projective representations p, of the centralizer C¢(g) over the

where m : P x H, x C — M is the covering map. As stressed in the
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twisted sector H, and induces the transformation (A.16]) of the partition functions. For the
tensor product C®Y and the symmetric product S™VC theories, the twisted twining partition
functions Z,;, are defined traces over the representation induced by the (symmetrized) N-

tensor product of p,, so that the appropriate transformation is
N (N N
Z0) v Z0)) =y (N 28 (C.22)

Analogous properties hold for the twisted twining genera gb;{\,? in superconformal field

theories. Using the identities 7.(g) = 7,(e) = 1 and 7,(h) = v,(g)~", it is easy to check

that, under and ,
(W) fg. s ) a (5 5)7€) = %™ (Flo i la((§ 1)) . (C23)
where N = ad, and similar properties hold for Jacobi forms. As a consequence, we obtain
T Zon = Yg(WNTY Zg (C.24)
and

TJ\?Q;gyh = VQ(h)NTJ\C/YQSg,h ) ul%ggg,h = 7g(h)N2u1%/¢g,h ) (C.25)

which indeed reproduce ((C.22]) and the analogous formula for twisted twining genera. More
generally, given any representation of a matrix u € Maty(Z) as a word in the generators

of Mat(Z), it is easy to check that (C.23]) holds for the slash operator |, (u, k), i.e
Vg(h)Egn(u, k) = 79(h>N€g,h(u’ k) . (C.26)
An easy corollary of this property is

f(g,h;T)]a(u, k)]azv (H,:U) = f(g,h;T)\a(]I, x)\a(u, k) , (u, k) € Maty(Z) x G, z € G,
(C.27)
which follows by considering (C.26) for the transformation (A.7). As a consequence of

(C.27)), one only needs to prove consistency of the slash operator for elements of the form

(u,e).

A set of generators of the multiplicative semigroup Mat(Z) is given by the generators
S,T of SL(2,Z) (see eq.(B.9)), together with all matrices (£9) for p prime. To check the
consistency of the definition of the slash operator, one needs to verify that, for each relation
aj---a, = by---b, among the generators of Mat(Z), the following identities hold for all
(9,h) € Pa

(g, h;7)]alar, e) | jarcan1i(an, €) = f(g, s T)|a(br,€) - | o111 (bms€) (C.28)
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This is equivalent to checking the following identities for the phases

n m

Hegh z+1 —ay CLZ, )|a1"‘fli—1| = H (gh)bH—l o n(bz’ )lbl - 1| (029)

=1 i=1

For the relations S* = 1 and (ST)? = S? within SL(2,Z), these conditions are a
consequence of the identities considered in [45], 46]; therefore, we will only consider the
independent relations within Maty(Z) for N > 1.

For each prime power p, the relations within Mat,(Z) can be obtained from the relations
for SL(2,7), together with relations of the form

o)D) o

for suitable vq,v, € SL(2,Z). 1t is easy to check that such a relation exists if and only if
72 is an element of I'g(p), which is generated by T, S* and ST?S = ( 1, 7). Therefore, the

only independent relations within Mat,(Z) are
e (P 0) (P O) g (C.31)
0 1 0 1
0 0
s (P 7 = (P V) s, (C.32)
01 0 1

STS (p 0) - (p 0) ST?S . (C.33)
01 0 1

The only remaining relations in Mat(Z) are of the form

p 0 p 0 p 0 p 0
= C.34
(0 1)71 (0 1) V2 (0 1)’73 (O 1>’Y47 ( )

for all pairs of distinct primes p, p’ and suitable vy, 7o, 73,74 € SL(2,Z). In fact, it is easier
to consider formula (C.20)) as a definition of €,,((25%),e) and verify the identities (C.29)

for the relations
a b\ (p O _ [pa b 7 (C.35)
0 d/ \0 1 0 d
p 0 a b _ [pa pb , (C.36)
0 1 0 d 0 d
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since the consistency conditions for the relations (C.34]) then follow. The consistency
conditions are therefore

Egvhp<(1)]1))€97h<zo) (1)) = 697971;1(8 (1))69,’1((1) %) (C.37)
enrg(1 0 o (10 )ean(81) = €grnr (§)en15 (5 5 ) eon (01 (C.38)
€orn(81)€0n(05) = €agrn(0p)€0n(ot)" (C.39)
d
(C.40)
(C.41)

The proof is a tedious but straightforward computation, consisting of a repeated use of the

cocycle conditions. For example, the proof of ((C.40):

Hfz:ll Cg(hv hip)d ﬁ C (h hi)ad H;l;ll Cg—bpap (97 gj) HZ:l Cg(g, g_khap)d
[T goner (9. 97) T (g Do)t i 7 [1727 ()1
(C.42)

_ (H?f cg(h, W) T2} ¢y(h, hi)“)ﬂl . (C.43)

- T1727" ey, )
where the last equality follows from the 2-cocycle condition on ¢, (the easiest way to check
this is to consider a projective representation p, associated with c,, and to rewrite this

expression as a ratio of two phases, both corresponding to the mismatch between p,(h)P*
and p, (7).

D Some technical proofs

D.1 Proof of (3.53).

Let us prove (3.53). The sum Fy;(a,d, k, {) can be written as

Fyn(a,d k,0) = Z Z e ng,g;bhg(M7€)qN“ ) (D.1)

in terms of the Fourier coefficients of the twisted-twining genera Pya g-bpi introduced in
section Notice that the functions ¢g_ 5, satisfy

Porgarha (T +1,2) = Gy o (75 2) (D.2)

so that
2mir

Cot gina (1 £) = €N cgay (1,0) (D.3)
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for all h, € Cfy,,(g). Set
e:=ged(d, N\) , f=-, (D.4)

and note that N)\

otherwise e ged(f, 22) would be a common d1v1sor of d and N\ greater than e. The order

of g¢ is 0(g%/) = 0(g2) = N)/e, so that Cyi gonk (50 €) = 0 unless e[n. Thus, we can set

n_
NX
r :=n/e and obtain

00 d—1
]. mibre re ar
Fynla,d, k. 0) = :EE e ¢yt.gont (o 0T (D.6)
=0 b=0

Notice that, by (D.3), the general term of the sum over b is periodic under b — b + d.
We can set b := se + b and replace the sum over b € Z/dZ by a sum over i € Z/eZ and
seL/fZ

o0

Fynla,d,k,0) ="

r=0

et 1 /1 27i (b’ +se)r re ar
Z ? ¢ Ml ng/g;‘gehg(m%)qu : (D.7)
b'=0

=0

Q|

V)

Thus, the general term of the sum over b is periodic under ¥ — b’ + e and we can sum
over N\ /e periods and divide by N\/e

NA-1 . f—
2mi( v +se)7‘ re ar
Fyna,d, . 0) Z 25 Z B it ey (o O (D)
By (D.5)), there are integers z,y such that
N
xf + Yy = 1 (D.9)
so that se = sxd + sy N and we obtain
NATL — 2mib/r  2mis(zd+yNA)r re ar
Fyn(a,d, k,0) Z Z Ze NAf e NAf ng,g;b'ggsdzhg(N_/\’g)qu (D.10)
oo NI—1 27r1b/ 27rzsy7‘
_Z Z Z 7 Cod g hk(N)\ 0)g™xF | (D.11)

r=0 b'=

where in the last step we used (D.3)). Since by ged(y, f) = 1, the sum over s just a

projection
f 1 27T’LSy’V‘

e 1 if flr,

(D.12)
5—0 f 0 otherwise ,
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so that, by setting r = m f, we obtain

oo NA— 1627rj'<rb>\m md
Fynla,dk,0) = Z o Cataa s (G 04 (D.13)
m=0 b=

that is equivalent to (3.53]).

D.2 Central extensions and special choices of the cocycle

In section a central extension Cf;, (g) of the centralizer Cp,,(g) is defined, together
with the representations p,, on the g"-twisted sector H,-, for all r € Z>(. In this section,
we will describe some special choices of the cocycle «, for which these representations are
particularly simple.

If two 3-cocycles a, o differ by a coboundary 0/, then there is an isomorphism
C..(9) = C{1,(g) that relates the canonical lifts

hot = ho q(vg(h)) (D.14)

. TV, h
where v,(h) € R/Z is defined by e?"s(h) = ggz,gg-

Under the shift &« — o' by a coboundary 93, the cocycle ¢, transforms as

B(g,h) B(g, k) B(hk, g)
B(h, g) B(k, g) Blg, hk)"*

Correspondingly, the phases f,.(h) transform as

B(h,q)" B(g", h)

co(h k) — c(hk), ke Culg) . (D.15)

fg,r(h> - fg,T(h)B(g’ h)r ,@(h,g’”) ) h S CM24(g) ’ (D16)
and, in particular,
h, N
fu(h) > W50 e Canlo) (0.17)

Therefore, we can choose (g, h)/B(h, g) for each h € Cip,,(g), h & (g), in such a way that

fon(h) =1, VheCulg)\(9) - (D.18)

This condition determines (g, h)/B(h,g) for all h € Chyp,(g) \ {(g) up to N-th roots of

unity. Notice that, in general,

~ _ pg(h) _ Pgr(h)
PoreV ) = F o)~ fy(iy 7 S Cnl9) (B-19)
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so that, by imposing (D.18]), we have
Porn(h) = pgr(h) . h € Crpi(g)\ {g) - (D.20)

On the other hand, f, n(g) depends only on the cohomology class [a]. Since the restriction
of [a]Y to H3({g),U(1)) = Zy is the trivial class, it follows that f, xy(g) must be a N-th
root of unity. In fact, for My, we have

271

fg,N(g) =e X, (D'21)

where A|NV is the length of the shortest cycle of ¢ in the 24-dimensional permutation

il

24
takes values in —ﬁ + %Z and to the presence of a non-trivial multiplier system for the

representation. It is also related to the spectrum of Ly — = in the g-twisted sector, which

twining genus ¢, 4. It is useful to distinguishes the cases when A =1 and A # 1.

D.2.1 Case A =1 (trivial multiplier)

This case occurs whenever g is an element of some Mss subgroup of My, i.e. when g

belongs to the classes
2A, 3A, 4B, 5A, 6A, TA, 7B, 8A, 11A, 14A, 14B, 15A, 15B, 23A, 23B . (D.22)

In this case the restriction of [a] to H3((g),U(1)) is the trivial class and one can choose

B(g%, ¢’) in such a way that

(g’ g") =1. (D.23)
In particular,
for(g) =1, (D.24)
for all r,i. By specializing (3.31]) to the case r = N, we obtain
fo.n(hk)
co(h, K)N = e v (h, k 9. =1, h,k € Cl(g) , D.25
g( ) g ( )fg,N(h)fg,N(k) ( ) ( )

so that ¢, (h, k) is an N-th root of unity for all h, k € Cap,(9), i.e. thereis p,(h, k) € Z/NZ
such that
2mipg (h,k)
cy(hk)y=e N . (D.26)
With this choice of cocycle, the central extension Cf, (g) of section can be chosen to
be finite

1= (Q) = Zy — Cyp,,(9) = Cuu(g) — 1. (D.27)
where the central element @) is related to the U(1)-generator ¢(x) in section by
Q = g(1/N) . (D.28)
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D.2.2 Case A\ # 1 (non-trivial multiplier)

This case occurs when g is in one of the Myy-classes
9B, 3B, 4A, 4C, 6B, 104, 124, 12B, 214, 21B . (D.29)
Since H?({g),U(1)) = Zy, we can choose the cocycle in such a way that
cgi(gj,gk)N =1, (D.30)

for all 4,5,k € Z. This condition fixes 5(g¢%,¢’) up to N-th roots of unity. For h,k €
Chra(g), with h, k, hk & (g), we can apply again (3.31)) with » = N and obtain

cy(h, k)N =1,  hk,hk € Chy(9)\ {(9) - (D.31)
If o satisfies (D.18) and (D.30)), then by (3.31]) we have
i i fg N(gi)fg N(gj)
fan(ge (g, )N =1, : =1, D.32
(el ) e D.32)
so that
fg,N(gn) = fg,N(g)n = 67% ) (D33)
and
c(gh, )N =1. (D.34)

Therefore, c,(h, k) is a N roots of unity for all h, k € Cjy,,(g) and we can define p,(h, k) €
Z/N M\Z such that
2mipg (h,k)
cg(h k) =e "™ . (D.35)
The discussion is similar to the case A = 1. With this choice of cocycle, the central
extension Cfy, (g) of section can be chosen to be finite

1

N_A» = ZN)\ — O]?/[M(g) — OM24(9) —1. (D36)

1 — (q(

It is convenient to define also a central element () of order N by

Q=q(1/N), (D.37)

2mir

so that the g"-twisted sector is an eigenspace of () with eigenvalue e ™~ .
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D.3 S-duality for ¢ in classes 2B,3B,4C,6B,12B

Here we prove the S-duality transformation property of @, for g in the classes 2B, 3B,
4C, 6B, 12B. Let g be an element of M, in one of these classes and let N be its order. In
all these cases, the restriction of the class [a] to H?({(g),U(1)) is non-trivial and has order
A = N. Therefore,

- N2 —
Con(d,m, 0,t) = 7 e Tngd(%@(ﬁg7d(g)_bﬁg7d(h)k(—1)F+F). (D.38)
k=0 b=1

In the g"-twisted sector, for r and N coprime, the spectrum of Ly — 5; takes values in

—+ -+ +Z. More generally, if ged(r, N) = e, then in the g"-twisted sector the spectrum of
Ly — 5; takes values in —m + NL/eZ. Notice that ¢, (d, m, ¢, t) is a sum of traces in the
m 1 1

;@—gl, so that ¢, ,(d,m, ¢, t) = 0 unless N—Sl € —mweor T N/EZ, where

e = ged(N, d). It is easy to verify that this condition is equivalent to

g%-twisted sector at level

m=—d mod N , (D.39)
where we used the property
ged(z, N) =1 & 7?=1 mod N , (D.40)
which holds for all N that divide 24.

We can choose the cocycle a in such a way that

N-1

fQJV(h) = H Ch(gvgi) =1 ) h e CM24(9) \ <g> ) (D'41)

i=1
while f, v(g*) depends only on the cohomology class [a] and equals

_ 2mik

fgyN(gk):e N (D.42)

With this choice of cocycle, we have

Praih) = $EEL =5, 0) . he Cunle) \ (o) (D.43)
while 5 +(9) |
aerile) = 205 = N ial9) (D.44)
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For d = —m =0 mod N, we have

M-1 _2nitk N2 2miby
éyald = Nusm = No..0) = 3 - ; 7 Tt an) (P (9) ™ Bava () (= 1))
i (D.45)
M—1 _2mitk N2 2mib(v—u)
=3 Y e T (D)) L (D46)
k=0 b=1
Since the (untwisted) twining genera are invariant under charge conjugation, i.e.
Geg-one (T, 2) = Qe gon—k(T, 2) (D.47)
we obtain
o — 2mitk N? 2mb(v u)
Cqn(Nu, Nv, £, t) = Z i Z o Ty ("0 (= 1))
e W ]
= Z - Z e Tra, oy (975 (1)) = ¢ -1 (Nv, Nu, £,t) . (D.48)
k=0 b=1

Similarly, for d = x = —m mod N, with x =1,..., N — 1, we obtain

M-1 _2nitk N2  2mib(NvtN—z—Nu)
C e~ M e N2
gn(d=Nu+xz,m=Nv+N —x,(t)= - 3 -

k=0 b=1

Tryy , (md ) (Pg(9) " Pga(h)F(=1)FFF) . (D.49)

Using the relation

= . D.
¢g,h(T7 Z) Ch(g,g_l)cgfl(h,h_l)gbg 1,h 1(7—7 Z) ’ ( 50)
and by
pgfl(hil) —1
— - =p.1(h D.51
ey (h ity Pt (b-51)
we obtain
" Trage o) (9= (0)  Tra, oy (pg—=()7)
Tng”C(n,Z)(ﬂQ,Q:(h)) = x—1 ’ i = . s T—1 i (D52)
ITi= enlg. 9°) cn(g®977) [Tzt en(9, 9%)
B T o (n.0) (Pg, N x(h)_l) ~ Tru o) (Pon—a(h) ) (D.53)
cn(g”, gV ) [T enlg. ") TIS" enlg, 97) fon(h) ’
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where the last equality follows from

g, 0" ) [[enlono) = T enlon9) (D.54)

i=N—z
that in turn is a consequence of the 2-cocycle condition for ¢4. It is easy to verify that this

identity is compatible with the product in the central extension, i.e.

TngN—.r (n,0) (ﬁg,N—ﬂc (@71/3971\7—00 (h)il)

Tr o (n0)(Pg,a()pg (k) = . D.55
Using this relation, we obtain
Cgn(d=Nu+x,m=Nv+ N —x,(,t) (D.56)
M-1 6_27;\?1@ N2 GW )
= 2 Tt 0 (oo (9) oo () H (1))
k=0 b=1
(D.57)
M—1 _ 2mitk N2 2wib(Nu+az—Nv)
e M e N2 ~ b~ _ 2
- v Mo (Pov—2(9) " Pon o (W) H=1)T)
k=0 b=1
(D.58)
M—1 6_% N2 627rib(]\r]\12u-4-ac) i
- M Z N2 Tngfo(;\'}—g,Z) (ﬁg,Nv+Nfz<g)_bﬁg7Nu+N7x(h)_k(—l)F+F)
k=0 b=1
(D.59)
M-l e % N eQﬂNizgd B
= > S S Tt (o (0 ()1 (D.60)
k=0 b=1
Finally, we notice that
ﬁg,r(h)ik = cy(h, hil)ﬂqkﬁg,r(hil)k ) (D.61)

where ¢,(h,h™') is a N-th root of unity thanks to our choice of cocycle. We recall that
imposing the condition f, x(h) = 1 still leaves the possibility of modifying the cocycle a

by a coboundary 93 with Y = 1. Under such a modification, ¢,(h, h™!) transforms as

B(g,h) B(g, h™")
B(h,g) B(h=1,g)

We distinguish two cases. If h~! and h are not conjugated within Cyy,,(g), then one can

cy(h, R — cy(h, Rty (D.62)

choose the cocycle a in such a way that

cg(hyh ™) =1. (D.63)
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With this choice, we obtain

égﬁ(d? m’ 67 t) = ég,h_l (m7 d? 67 t) 9 (D64)
so that

1 M i
Oy (0,7, 2) = pg? H H (1 — 5" guEylph)eon(dmti) (D.65)

1 M ;
= pgvry [T TT (1= e gntypt)fonrimdtt (D.66)

t=1 (d,m,l)
-

= q)g’h I(W7N20-, Z) . (D67)

In most cases, however, there is some w € Cyy,,(g) such that h~! = w='hw. This property

implies a ‘reality condition’ on the Fourier coefficients of ¢, (7, 2), namely

(bg,h(T’ Z) = Cg(

h h_l 27in
%()>%ﬂﬂ@=6N¢hh@7 (D.63)

cg(w, h™t

where
(b;,h(Ta Z) = (bg,h(_%’ _2) = Z Z Cg,h(rﬂ g)quE J (D'69)
reQ (eZ

is the Jacobi form with complex conjugate Fourier coefficients. Here, n € Z/NZ is such
that .
e Glhwle(uh) D10
cg(w, h71)
where we used the fact that, with our choice of cocycle, the right-hand side is a N-th root
of unity. Thus, implies that all Fourier coefficients of ¢, have the same argument.

At the level of the central extension Cf, (g), the relation hw = wh™"' leads to a relation

among the lifts
h—l — Cg(w7 h_l)
@ cg(h,w)cy(h, h=1)

Since Q"h,, is conjugated with h ' within Cfy, (g), it must have the same order M, so that

W,  hawe = w, ' Q" how, . (D.71)

nM =0 mod N or, equivalently,
nM = sN , (D.72)
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for some s € Z/MZ. Therefore,

ég,h(dama£7 t) (D73)

e M e N2 ~ —b~ ~ n
=Y 2 v Wzt 0 (o (9) Byan(h) By (@) (=D)FF)  (D.74)

k=0 b=1
M1 6_% N @27;3(1
2minmk ~ _b~ 3
=D e N Ty (Bym(9) hym(WF (D) (D7)
k=0 b=1
M—1 _ 2mi(t—sm)k N2 27r7,2bd
e M e N 2winmk ~ ~ A
- D S T (o (9) g (W) (1)) (D.T6)
k=0 b=1
= Cgn(m,d, 0, t — sm) (D.77)
Using this identity, we obtain
.M
2mit m ~
O, (0,7, 2) = pgN?y H (1 — et gnrytpd)onldmbt) (D.78)
t=1 (d,m,¥)
1 M i
= pgn7y H (1— 62375q%yepd)ag,h(m,d,e,t—sm) (D.79)
t=1 (d,m,0)
1 M . !
=pgvry [ T (1 — e 5 e gy fpd)tontmits) (D.80)
/=1 (d,m,L)
1 M !
2minm  2wit m PN ’
=pgrry [ J] (1 —e %" e grypt)lontmdtt) (D.81)
t'=1 (d,m,l)
_ 2min T n
= e N ®g7h<m+ N,JVQO'7 Z) (D82)
— ¢g,h(#, N2 — Nn, 2) | (D.83)
where we used the property that the exponent é,,(m,d, ¢,t") is non-zero only for d = —m
mod N2, so that
_ 2mix T 2miz
e N O, (0 + N2 T 2)=enN Oy (0,7 —x,2), rE€L. (D.84)
Let us set v = 57, for some r € Z, so that
@I 727\—1'27‘ r 271'2'(N;7.—'r) T 9
g,h<U7T7z) =€e N q)gJL(O'—i-m,T,Z) =€e N (I)g’h<m,N O'—l—T—NTL,Z) (D85)
2mi(r—Nn) T Nn—r 2ri@r-Nn) _, T Nn —2r
=€ N2 g,h(m—“ N2 7N 0-’2) =e€ NZ g,h(m_’_ N2 ’N 0-72) .
(D.86)

71



n(N+N?)
2

By choosing r = , we finally obtain

-
N?

T

D (0,7,2) = D ( N2

—n,N?0,2) =, (5, N°0,z2) . (D.87)

E Tables

In the following tables, we collect information about the 34 non-cyclic abelian subgroups
(g, h) of My and the corresponding twisted-twining genera. There we have described their
structure as an abelian group, i.e. as Z,, X Z,, the My, classes of all its elements (excluding
the identity), the orders of the centralizer C'(g,h) and its index |N (g, h)|/|C(g, k)| in the
normalizer of (g, h) in My, and the lengths of the orbits of (g, h) C Mys when acting as a
group of permutations of 24 objects.

Furthermore, we give a classification of all modular groups I'y;, C PSL(2,Z) and
twisted twining genera ¢, for commuting pairs g, h € Moay.

Group 27 is the only case where the pairs (g,h) and (g7, h™!) are not conjugated
within Myy. Thus, in this case, charge conjugation gives the identities ¢opga, = P28 sA,,
®sA2B, = $sA2B,, and so on, and the respective functions are denoted in the following
tables by ¢opsa, ., PsA28, ., etcetera.

Most of the modular groups Iy, are of the form I'(1) = SL(2,Z) or

Lo(N):={(2%) € SL(2,Z) | ¢c=0 mod N}, (E.1)
or conjugates of I'y(V) in SL(2,Z). The exceptions are the group in case 32, where

28,104 = U (%54 )2 (10735 )j [0, (E.2)
i€7/3Z.,5€L /AT

is a subgroup of index 12 in SL(2,Z) and
oo ={(2%)€SL(2,Z) |a=1,b=0 mod2, c=0,d=1 mod 10}, (E.3)
is the group of elements v € SL(2,7Z) such that (g,h) - v = (g, h); the group in case 12,

with
Ponaa ={(24)€SL(2,Z) | b=0 mod 2,¢c=0 mod 4}, (E.4)
)

which is a conjugate of T'g(8) in SL(2,R); and the group in case 22, with

Lanac=((21) . (6%), (i) (5 3)) - (E.5)

Finally, for each of the 34 groups we provide the explicit expressions of the twisted-twining
genera ¢gp and T¢o,n, N = 2,3,4, for a pair (g,h) of generators and for a choice of
cocycle « satisfying (D.18) and (D.23|) (when g is in M3 C May4) or (D.30) (otherwise).
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€L

IN(g,h)]

#  Structure Elements |C(g,h)| Tlony  Orbits on 24 Max subgr. Functions Ly
1. ZoxZy (2A) 1536 6 18 . 44 B2 20, (1)
2. ZoyxZy (2A) 1536 6 212 D2A,2A; I'(1)
3. ZyxZy (2A) 128 6 14.26.42 D2A,2A5 (1)
4. ZoxZy (2B)3 3840 6 46 $2B,28, I'(1)
5. ZoxZy (2B)3 96 6 46 $9B,2B, (1)
6. ZoxZy (2B)3 64 6 46 ®2B,2B, r'(1)
7. ZyxZy (2A)*(2B) 256 2 28 . 42 P2B2A,s P2A2Bs, P2a2a,  Lo(2)
8. Zyx7Zs (2A)(2B)> 512 2 2t . 44 Gonom., Gomonys demom, LDo(2)
9.  ZyxZy (2A)(2B)? 128 2 24 4 G228y, P2B2As, P2mo;  Lo(2)
10.  Zox7Zy (2A)3(4A)4 64 8 2.8 1 P2A4Ays Pan2As; Panars  Lo(2)
1. ZyxZ4y (2A)3(4A)1 64 8 46 2 ¢;;A,4A3, $4A,2A3>¢¢4A,4A7 o (2)
2A4A45 P2A,4Byy P2B4A
PR T T A 1 o
PaB Ay s PaA 4B, PaA 4B,
13.  Zy xZs (2A)(2B)*(4A)* 64 8 42 - 8 8 PBaAy, Par2Bs, Paaars  Lo(2)
14.  ZyxZy4 (2A)(2B)%(4A)4 32 8 4% . 82 8 DB 4Ass DaA2Bys Paran, Lo(2)
15. ZoxZs (2A)(2B)2(4C)* 32 4 42 . g2 8 (gfgiccz (?bi%iéi ﬁﬁi@z " Ty(4)
16, ZyxZy (20)2B)’(4C)' 16 4 42 82 9 Ganace, Gucan QOB 1y(g)
17. Zyx7Zy (2A)3(4B)* 64 8 14.22.82 1 Poa By, PaB2A,, PaBaBs  L0(2)
18, 7o X Zy4 (2A)3(4B)4 64 8 24 .44 2 GaA 4By, PaB2Ass PaBaB, L0(2)
19. 7y X Zy4 (2A)3(4B)4 16 8 12.23.42.8! 3 24485, PaB2Ass PapaBs  Lo(2)



27—2a¢g,h

47:1a¢g,h

10.
11.

12.

13.

14.

15.
16.
17.
18.
19.

¢2A,e(27-7 22) + ¢e,2A (%7 Z) + ¢e,2A (TTJ'_la Z)

—93.0(27,22) + o2 (5, 2) — Peon (T2

—24,6(27,22) + ¢epa (5,2) + Geon (T2, 2)

$24,6(27,22) + Geop (5,2) + Gepn (T2, 2)

¢e,4A (%7 Z) + ¢e,4A (TTHa Z)

¢e4A( )+¢e43(27 )

Gean (3,2) — dean (B, 2)

¢e,4A (%7 Z) - ¢e,4A (7'7-51’ Z)

¢e,4C (%7 Z) + ¢e,4C (TTH7 Z)

GeaB (2, z) + ¢eun (T+1 Z)

¢2B.44,(3T,32) + P2p.44, (%» Z)

+iPaB.44, (TTH, ) ¢234A2( § 72)

G24.6(47,42) + Pe2a (QT+1 22)
+oe, P(T 22) + Zz 0 Pe,24 ( Z)

Gop.e(47,42) — e (35, 22)
+¢ee( 2Z)+Zz 0¢€23( Z)

Goae(47,42) + depn (B, 22) + @e (T, 22)
+ 00 (Fepa (2, 2) + deop (THEEL 2))
Poa,e(47,42) + depa (35, 22)
e, 22) + T Pen (T 2)
Poae(4T,42) + depa (352,22)
Fe2a(T,22) + 30 Gean (T, 2)

_¢2A,e(47—a 42) + ¢e,2B (QT;I ) 22) + ¢E,2A(T7 22)

+ i (bean (T, 2) + Gean (FFH, 2))
G2p,e (4T, 42) — deap (35, 22)
+e2a(T,22) + g dean (T, 2)
Gop,(47,42) — ¢ep (35, 22)
+¢e2a(T,22) + ZZ o Pe,a4 ( L 2)
$24.0(47,42) + bep (357, 22)
+0e28(7,22) + Yy Geac (5 2)

$24,e(47,42) + e 2a (2T+1 23)
+eal(T,22) + Yy Gean (B, 2)




6L

# Structure Elements |C(g,h)| g((z’:z))" Orbits on 24  Max subgr. Functions Ly
20 4R
20.  ZoxZs (2A)(2B)*(4B) 64 8 2t. 8 8 P2B,4Bys P4B2Bys P4B 4B, ['o(2)
21.  ZyxZy (2A)(2B)*(4B)* 16 8 2t 8 9 P2B,4Bs, P4B2B,s P4B4Bs ['o(2)
22, 7y X Zy (szA))‘l((in%))QS 16 16 8! - 16 13,15,15 %AACN%AACZ’%*CAAN Lyaac
Y 4C,4A2 5 P4C,ACT > PACAC A
23, ZyxZi (2A)*(4A)S(4B)! 16 32 22.41.16! 2 7 8
4 ' - 16 107 107 17 ¢4B,4A37 ¢4A74B17 ¢4A74A1 F0(2)
3(AANVS(AR)A
24, Z4yxZy (2A)°(4A)°(4B) 16 32 4% . 82 11,11,18 OaB4A,, DA By, D4A4A, ['o(2)
3(AR)12
25. ZyxZi (2A)3(4B) 16 96 14.41.160  17,17,17 a4, r(1)
26. Z4 X Z4 (2A)3(4B 12 16 96 45 18, 18, 18 ¢4B 4By F(l)
2A)(2B)?2 7
7 T X T ( 16 ] 2 41 q¢l D2B,8A1 2> PSA 2By 25 PAB,8AL 35
278 (4B)4(8A)® 27410 20 ¢8A,4Bli7 </58A,8A12,8, ¢8A,8A2:7 Fo(4)
8. ToxZs (2AP(3A)2(6A)° 12 12 12.32.4.12! | D24,642, P6A,241, To(3)
P6A,6A1, P6A,6A 0
29. ZoxZs (2A)3(3A)%(6A)° 12 12 23 .63 2 D2a.6a3; P62, [o(3)
6A,6A37 P6A,6A4 0
30. ZsxZg (2B)3(3B)2(6B)S 12 12 122 4 028,68 P6B,2B, To(3)
P6B,6B2 > P6B,6Bs 0
31. ZyxZg (2B)3(3B)2(6B)S 12 12 122 5 %376133’ @637232’ To(3)
68,681, P6B,6B:
¢2B,10A1 ) ¢2B,10A37 ¢18A,10A1 )
392. Z2 % ZIO (2B>3(5A)4<10A)12 20 12 41 . 201 4 ¢1OA,10A27 10A,10A35 Y10A,10A5 T
$10A,10A7; P10A,10A9> P10A,10A105 28,104
10A,10A1;1 > P10A,2Bs > P10A 2B,
33. Z3 X Z3 (3A>8 9 48 13 . 34 . 91 qbgA 3A5 P(l)
34. ZyxZs (3A)%(3B)° 9 12 32. 92 934381, 3,341, Fo(3)

$3B,3B3 P3B,3B4



¢g,h 27;a¢g,h 37—3a¢g,h 47:1a¢)g;h

¢23,e(47—> 42) - ¢e,2B (27‘2+1 ) 22)

0 Gean (5.2) — bean (5, 2) 0 _
’ +¢€,2A(T7 22) + Z;}:O ¢e,4B (TTH7 Z)
_ (47, 42) + M’Q
0 G1a,28,(27,22) 0 Pasel : 2+ draan ( Z)
+ 2o (— 1) beac (T4, 2)
2\/5,77]((2;)5191(77 )2 0 G48.44;(37,32) + bupan, (3,2) Gup.e(47,42) + Poaup, (357,22)
+idapan, (55, 2) — Gapaa, (52,2) +3°% bean (TH,2)
0 0 0 Gp.e(47,42) + Poaap, (352,22)
+ZZ O¢e4B (72H )
3 73 + Za —We, o 2 + e,
2",,(<2:))4 V1 (7, 2)? Gesa (3,2) — besa (5, 2) _¢2378A1’2( Tl At b (5 22) Gesn (%55,22) F s (7,22
+idopsar, (54, 2) — dapsar, (52 2) + 300 ) Pesa (TH,2)
Poaza(dT,42) + depa (22,22
0 G200 (27, 22) + Besa (5,2) + buoa (T54,2) 0 a4+ Oeon 5552)
+¢e,3A (7_7 23) + Zizo ¢e,6A (TTﬂv Z)
o 47,42) — desp (3,22
0 G238, (27, 22) + beon (5,2) — deon (B, 2) 0 2838 ( ) o5 (%5 )
+¢e35(T, 22) + Zz o beon (75 2)
1) 47,42) — ¢, Il 9,
0 ®2B,54; (277 22) + @e,104 (5, Z) — Qe,104 (%17 Z) 0 2 5A( ) 1ol ( )
+esa(T,22) + 3 Peaoa (T, 2)
0 0 ¢3A,e(37—a SZ) + Zi:(} ¢e,3A (TTHCa Z) 0

0 0 034.6(37,32) + i Pean (752, 2) 0



L.

Group (g,h) N,k w  Group (g,h) Ng.h
1,2 3 (24,24,55) 21 20, 21 (2B,4B,3), (4B,2Bs,), (4B,4B,5), 48
4,5, 6 (2B, 2By.45) 4° 3 ” (44,4C1 ), (40,44, ,) 816
(04,243 oo g (4C. 4Cr4) 164532
7 (2A,2B3) 214 /14 5 93, 04 (4B,443.4), (44,4B1) 428
(2B,24)) 41 /8t (44, 441.4) 8416
(24,2B1,), (2B, 24s5) 944 ) 25, 26 (4B,4By7) 48
> (2B, 2B, 5) 416 /2181 (2B,8A15), (8A,2B1,) 4282
o1 (24,4453), (4A,24,3) 46 5 27 (4B,8453), (84,48, 3) 42 .82
(4A,4A;7) 818 /46 . 166 (84,8A56.75) 88/42 . 162
(2A,4B,) 12.2.4 .82 2 20 (24,64,3), (64,24, ,) 28 . 63
(2A,4Ay) 27.82/1% .4 7 (6A,6A123.4) irrational
12 (2B,4B,) 22.87/4-162 3 0. 31 (2B,6Bsy3), (6B,2B ) 122
(2B, 44;) 45.85/22 . 162 ’ (6B,6Bs5.13) irrational
(4B,4A,) irrational 32 (2B,10A, 3), (104, 2B, 3) 4-20
s U (2B,4A53), (4A,2Bs3,) 42 . 82 ) (104,10A4) irrational
’ (4A,445,) 88/42 - 167 33 (34,345) 38
(24,4C1a), (40, 243)) £ (34,3B1), (3B,34,) 3.9
15, 16 (2B,4C2s), (4C, 2B52) 8416 ’ . (3B,3B3.) irrational
(4C,4Cy635) irrational
(24,4By35), (48,2455 3) 24 . 44
17, 18, 19 4
(4B,4Bg.3) 416 /94 . g4

Table 1: The eta products of [32]. For each pair g, h, a cycle shape of the form [, #/(¥) is given: the corresponding eta-product is
ng.n(T) =11, n(fr/NA)"®, where N is the order of g and X is the length of the shortest cycle. In the last column, w is the modular
weight.



{9, h) h | (g,0) I {9, h) h | (g,0) I

Z,A 1A | Z,A 1A 7.,AB 144, | Z,AB 14B,
ToA Qg | ZoA Qg Z.,AB 14B, | ZuAB 14A,
1 924, 2 24,
oA Q | Z,A g p 924, 1 924,
Z4A  4A, | TuA 44, 3 245 3 245
Z4A  4A, | Z4A 44, 7 94, | Z,B 4B,
7.B 4B, 7 24, 7 9By | 7Z,B, 4B
7,B 4B 7 2B, 8 2B, 8 2B,
ZeA 341 | ZgA  3A, 9 2B, 9 2B,

ZeA  3A, | ZgA 64 10 44, 11 44,
ZeA  6A, | ZgA 34, 11 44, 10 44,
ZeA  6A, | ZgA 64, 12 4A, | ZgA 84,
ZsA 84 12 4B, 12 4B, | ZgA 84,
ZsA 84, 12 4A, 15 40, 15 40,
TinA 124, | ZpA 124, 16 4C, 16 4C,
ZiwA 124, | ZipA 124, 17 4B, 18  4Bs
ZuwAB  TA, | ZuAB B, 18 4B 17 4B,
ZuAB  TA, | 7 AB 144, 19  4Bs 19  4Bs
ZuwAB 7By | ZuAB  TA, 28 64y | 29 644
ZuwAB 7By, | ZuAB 14B, 28 64y | 29 6A,
ZuwAB 144, | ZuAB  TA, 29  64; | 28 64,
ZuwAB 14B, | ZuAB 1B, 29 643 | 28 64,

Table 2: Relabeling for ¢ in class 2A. Each line corresponds to a conjugacy class in the
central extension Cf;, (g). For each such class, we report the corresponding class in C, (g)
with representative h, the group (g, h) generated by g and h, the ‘relabeled’ class in Cyy,, ()
with representative A’ and the group (g, h’) generated by g and h'.
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6.

(g.h) h | {g,0) I
Z4B 1A Z4B 1A
ZsB  @Q* | Z.B 9
7, B Q 7,B g
B Q| Z,B ¢
24 B 92 Z7,B Q2
Z4B 92Q2 2, B 92Q2
ZsB  ¢*Q | ZuB  gQ*
ZsB  ¢*Q* | ZsB  g*Q?
ZsB  gQ* | ZuB  ¢*Q
2, B g 7.,B Q
ZsB  gQ | ZuB  gQ
ZsB  gQ® | ZuB  ¢*Q
ZsB  ¢°Q* | Z,B  g*Q?
Z.,B ¢ | ZuB @
Z.B  ¢*Q | Z,B  gQ?
ZsB  ¢*Q° | ZuB ¢*Q®
ZsA  8SA, | 12 2B
ZsA  8A, | 12 24,
ZgA  8A; 12 4A,
ZsA  8A; 12 4 A,
ZsA  SA, | 12 2B
ZsA  8A, | 12 24,
ZsA 8A, | 12 4A,;
ZgA  8Ay 12 4A,
12 2By | ZsA 8A,;
12 2By | ZsA 84,
12 24, | ZsA 84,

{g.h) h | {g;h)) N
12 24, | ZsA B8A,
12 4A, | ZsA  8A,
12 4A, | ZsA  8A,
12 4A, | ZsA  8A,
12 4A, | ZsA  8A,
17 24, | 18 24
17 24, | 18 4B,
17 4Bs| 18  2A;
17 4Bs| 18 4B,
18 245 | 17 2A,
18 245 | 17 4B
18 4By | 17  2A,
18 4By | 17 4B
19 245 | 19 24,
19 245 | 19 4B
19 4By | 19 24,
19 4By | 19 4B,
20 2B;| 20 2B
20 2B;| 20 2B
20 2By | 20 4B,
20 2B;| 20 4B,
20 4B;| 20 2B
20 4B, | 20 2Bs
20 4B, | 20 4B,
20 4B, | 20 4B,
21 2B;| 21 2B,
21 2By | 21 4B

(g.h) b | {g,h)) W
21 4B, | 21 2B
21 4By | 21 4B,
23 4Ay | 24 44,
23 4A; | 24 4A,
23 4A; | 24 44,
23 4Ay | 24 44,
24 AA, | 23 4A,
24 AA, | 23 4A,
24 AA, | 23 4A,
24 AA, | 23 AA,
25 4B, | 26 4B;
25 4B, | 26 4B;
25 4B, | 26 4B
25 4B, | 26 4B;
26 4B; | 25 4B,
26 4B; | 25 4B,
26 4B; | 25 4B,
26 4B;| 25 4B,
27 8Ay | 27 84,
27 8Ay | 27 84,
27 8A; | 27 84,
27  8A; | 27  8A;
27 8A; | 27 8A;
27 8A; | 27 8A;
27  8Ay | 27  8A,
27  8A, | 27 84,

Table 3: Relabeling for ¢ in class 4B.
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