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Abstract

In this paper we establish and clarify the link between the recently found E;(7) generalised geo-
metric structures, which are based on the SU(8) invariant reformulation of D = 11 supergravity
proposed long ago, and newer results obtained in the framework of recent approaches to gener-
alised geometry, where E7(7) duality is built in and manifest from the outset. In making this
connection, the so-called generalised vielbein postulate plays a key role. We explicitly show how
this postulate can be used to define an E7(7) valued affine connection and an associated covariant
derivative, which yields a generalised curvature tensor for the E7(7) based exceptional geometry.
The analysis of the generalised vielbein postulate also provides a natural explanation for the
emergence of the embedding tensor from higher dimensions.
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1 Introduction

Recent progress [1], along the lines of an older proposal [2], on understanding the extent to which
the E(7) Cremmer-Julia duality symmetry [3] 4] is inherent to the full D = 11 supergravity theory
[5] has lead to a new formulation of the D = 11 theory, which apart from pointing to new geometric
structures in eleven dimensions, provides an appropriate framework in which to address questions
regarding the relation between D = 11 supergravity and four-dimensional maximal gauged super-
gravity theories [6] [7]. In this paper, we will clarify the relation of these results to more recent
approaches to generalised geometry, especially [8, 9, [10], and show how a synthesis of the different
approaches emerges.

The formalism of Ref. [I] is based on the SU(8) invariant reformulation of D = 11 supergrav-
ity [2], in which the local and global gravitational symmetries of the eleven-dimensional theory are
abandoned and one performs a 4 + 7 split of all fields in the theory. Importantly, dependence on all
eleven coordinates is retained throughout and one remains on-shell equivalent to the original theory
throughout the construction. An essential characteristic of the analysis of Ref. [2], and a main distin-
guishing feature in comparison with more recent work, is the use of supersymmetry transformations
to find new SU(8) and E(7) structures in the eleven-dimensional theory. The most significant such
structures are the “generalised vielbeine” [2] 1], 1], which replace the eleven-dimensional fields that
would contribute to scalar degrees of freedom in a reduction to four dimensions. As in [2], these are
derived by considering the supersymmetry transformation of eleven-dimensional fields that would
contribute to vector degrees of freedom in a reduction to four dimensions. A crucial ingredient in
constructing the full set of “generalised vielbeine” is to consider dual fields in eleven dimensions.
These building blocks are to be viewed as the components of a single E7(7) 56-bein V' that we shall
henceforth simply refer to as the “generalised vielbein”, in analogy with the terminology used in more
recent literature [I2]. In particular, the generalised vielbein as derived directly from the D = 11
theory in [I] coincides with the generalised vielbein that lies at the heart of other recent approaches
to generalised geometry [I3] (see also [12]), where it is constructed from the E;(7)/SU(8) coset using
an algebraic method known as non-linear realisation [I4], (15, [16]. More recently, the generalised
geometry ideas that have been used to describe the seven-dimensional sector of D = 11 supergravity
in a 4 + 7 split have been extended to incorporate the four-dimensional part, in this way arriving at
an Eq(7) covariant extension of the whole theory [17, 10].

An important aspect of the formalism developed in [I] is the fact that the components of the
generalised vielbein satisfy differential constraints [2, [I] — called ”generalised vielbein postulates”
(GVPs) due to their resemblance to the usual vielbein postulate in differential geometry. It should
be emphasised that here these equations are not postulated, but follow directly from the explicit
expressions for the generalised vielbein in terms of the various fields and dual fields of D = 11
supergravity. In this sense, the present approach is ‘bottom up’, in contrast to other approaches,
where similar relations follow from more abstract geometrical reasoning. One of our main results
here is to show how these ingredients can be used to develop an Einstein-Cartan calculus that is
largely analogous to the one for the standard vielbein.

The GVPs divide into two sets: those in which the derivative acting on the component of the
generalised vielbein is taken with respect to the D = 4 directions and those in which the derivative
is with respect to the D = 7 directions. Using a terminology where “external” refers to D = 4 in
the 44 7 split of D = 11, and “internal” refers to D = 7, even though we remain on-shell equivalent
to the D = 11 theory and no reduction is assumed, we refer to the former set as “external GVPs”
and the latter set as “internal GVPs”. The GVPs are important in establishing a link between the
D = 11 theory and D = 4 maximal gauged theories derived as a reduction thereof. In particular, the
external GVPs can be regarded as providing a higher dimensional origin of the embedding tensor



[18] 19, 20, 211, 22], as has been explicitly demonstrated for the S reduction [6] and Scherk-Schwarz
flux compactifications [7]. The relationship between D = 11 supergravity and D = 4 supergravity
is an important aspect of the SU(8) invariant reformulation of the D = 11 theory [2], and recent
developments therefrom [I1], [I], in, for example, establishing non-linear ansétze [23| [11], 24}, [6] and
consistency of the S” reduction [25] 26]. Very recently, this aspect has also been studied in Ref. [27]
where the generalised vielbein is related by a generalised Scherk-Schwarz ansatz to the Eg4) matrix
parametrised by the scalars of maximal gauged supergravity. This allows them to verify /conjecture
non-linear ansétze for various sphere reductions. The validity of the new ansétze can be established
by an analysis along the lines of Refs. [2 23 [IT], 6] for the appropriate sphere reductions.

In this paper, we return to the reformulation of D = 11 supergravity developed in [I] and
proceed to make concrete the indications that there is an E7(7) generalised geometry underlying
the constructions there. In particular, we make contact with recent results in duality-manifest
based approaches to generalised geometry [8] [9] Ll that have focused on similar issues from a duality
group perspective. We condense all the objects and equations, in particular the GVPs, into an
E7(7) covariant form such that the previous expressions can be obtained as particular components
of the new expressions under SL(8) and GL(7) decompositions of E7(). Thus, even though general
covariance in D = 11 has been abandoned in the 4 + 7 split, we obtain a reformulation that has
general covariance in the D = 4 directions and a “generalised general covariance” based on E7(7) in
the D = 7 space in a manner consistent with the results of Ref. [8, [, [10].

A prerequisite for introducing E;(;) covariance, and thus replacing GL(7) indices with Eq(7
indices, is that the seven-dimensional space on which the generalised geometry is constructed ap-
parently requires an extension to a 56-dimensional space such that the seven internal coordinates
{y™} are extended to a set of 56 internal coordinates {y}, where M labels the 56 representation
of E7(7) [I3]. However, in order for the geometric structures, such as the algebra of generalised dif-
feomorphisms, to be consistent one must impose a constraint, the section condition, that ultimately
reduces the enlarged space to an at most seven-dimensional space [8, 9]. While the necessity of such
a restriction is plainly evident from the fact that no consistent supergravity appears to exist beyond
eleven dimensions, its necessity can also be seen from a more geometrical perspective: supposing
that the generalised vielbein V did depend on 56 internal coordinates, we would have the textbook
formula e
yM
for the transformation under arbitrary diffeomorphisms in 56 dimensions. However, the transition
matrix dy™ /0y being an element of GL(56), this operation would throw the 56-bein V out of the
coset Er(7)/SU(8). One might therefore ask whether there exists a set of restricted diffeomorphisms in

Vmly) = V()

56 dimensions, such that 9y / oV e E7(7) and the transformed generalised vielbein remains in the
coset. However, this possibility is excluded by Cartan’s Theorem, according to which there do not
exist ‘exceptional algebras of vector fields’ on manifolds, the only possibilities being (essentially) the
algebras of ordinary diffeomorphisms, volume preserving diffeomorphisms and symplectomorphisms
[36], 37] (see also Ref. [38]). Similar comments apply to the 348 split associated to the Eg(g) duality
group, as already noted in [39].

In section [2, we review the required results from [I], rewriting them in a manner that makes their
E7(7y structure manifest. We rewrite the GVPs, in section [8] using the Er(7) structures defined in
section 2l Then, in section M, we explicitly demonstrate how the coordinate and gauge transforma-
tions of the generalised vielbein can be packaged into a single transformation given by generalised

'For further references see [28] 29] B0, BT 32} [33] [34] 35].
2More precisely, the 11-dimensional space-time manifold would have to be extended to a (44-56)-dimensional space,
but we can ignore the dependence on the four external coordinates for the argument to be presented.



diffeomorphisms [§]. Finally, in section [5, we similarly package the GVPs into single E7 () covariant
equations. The equation corresponding to the external GVPs is precisely of the same form as the
Cartan equation in four-dimensional maximal gauged theories, allowing us to identify the higher di-
mensional object, an operator, that gives the embedding tensor upon reduction to four dimensions.
On the other hand, the internal GVP is the generalised geometric analogue of the vielbein postu-
late and yields the generalised connection for the generalised geometry. We give the transformation
properties of the generalised connection. Furthermore, we find that a covariant derivative defined
using the generalised connection transforms as a generalised tensor density of weight 1/2 less than
the weight of the generalised tensor on which the covariant derivative acts. Thus, a generalised Rie-
mann curvature tensor obtained by commuting two covariant derivatives transforms as a generalised
tensor density of weight —1. We explicitly present the components of the generalised Riemann tensor
and note that it is indeed generalised gauge covariant.

The conventions used in this paper are the same as those of Ref. [2]. In particular, M, N,...
and A, B, ... denote eleven-dimensional spacetime and tangent space indices, respectively. Indices
A, B, ... are also used as SU(8) indices. However, it should be clear from the context what type of
index is being referred to. Similarly, u,v,... and o, f3,..., and m,n,... and a,b,... denote D = 4
and D = 7 spacetime and tangent space indices, respectively.

2 Preliminaries

2.1 Generalised vielbein

As explained in much detail in our previous work [I], a generalised vielbein V', which can be viewed
as a 56-bein of Ey(7), can be defined directly in eleven dimensions. This 56-bein depends on the
fields and on the dual fields of D = 11 supergravity, as obtained by performing a 4 + 7 split on the
original fields, with all fields still depending on all eleven-dimensional coordinates. In particular, it
depends on the siebenbein e,,*, which is obtained from a 4 4+ 7 decomposition of the original elfbein
of D = 11 supergravity in a triangular gauge (which breaks the original tangent space symmetry
SO(1,10) of the theory to SO(1,3) x SO(7)):

A—1/2e/oz B,™e,,"
peoo o ) . A =deten” (1)

0 em”

EMA($7 y) = <
Here, as usual, we split the eleven-dimensional coordinates {2} into four external coordinates {x*}
and seven internal coordinates {y™}. The 3-form and 6-form gauge fields, on which the 56-bein also
depends, are linked via the duality relation

2
FMl---M7 = 7!D[M1AM2"'M7] + 7!7A[M1M2M3DM4AM5M6M7]

- 19@ €My My (ERfMgmM“RS\I’S + 12@M8fM9Mm\I/MH) (2)
in eleven dimensions, from which all pertinent relations linking the 4-form and 7-form field strengths
can be obtained by choosing the indices appropriately. Although we will ignore the fermionic terms
in this duality relation in the remainder, it should be clear that this duality relation introduces a
hidden dependence of the 56-bein (which we are about to present) on the fermionic fields as well.

A main result of [I] is thus the complete identification of the 56-bein in terms of the siebenbein,
and the internal components of the 3-form and the 6-form, such that V = V(e, A®) A©)). With



proper E7(7) normalisation, the components of the generalised vielbein are explicitly given by

V2

V" aB = —?A_l/zrgb& (3)
VoA = —gwlﬁ (anAB + 6\/§AmnprgB) , (4)
Vg = —g - %nmm’l'“pm—l/? Tprops 4B + 60V 240, 00 Tpaps AB

- 6!\/§<qu1---105 - %Aqmpz Ap3p4ps)r?43] ) ()

VmAB = -

e

Lo pr A
7 PP AT [(Fm---mrm)AB + 12672 AvpypyDpgopr 4B

V2
+3V2x 7! (Amp1~~ps + TAmmpzAmmps)Fpsp?AB

9! V2

+5 (Amp1~~p5 + ﬁAmmmAmmps>Ap6p7qPqAB

. . ©

where I = €™, are the D = 7 gamma matrices with seven-dimensional curved indices and
n™1-™M7 ig the seven-dimensional permutation symbol (tensor density of weight +1). These ex-
pressions are obtained by insisting on the E;(7) covariance of the supersymmetry variations (after
appropriate field redefinitions), see also remarks in section 2.2 below.

The vielbein is subject to local SU(8) rotations (depending on all eleven coordinates), such that
the above expressions in terms of quantities of D = 11 supergravity correspond to a special gauge
choice, as explained already in [2]. Furthermore, complex conjugation raises (lowers) SU(8) indices

VMNAB = (VMNAB)* 7 VMNAB = (VMNAB)*y (7)
where we have combined the GL(7) indices m,n, ... into SL(8) indices M, N, ... according to [
Vi = (Vonn, Vms) . V= (V77 07). (8)

That is, complex conjugation only affects the SU(8) indices. We will also use proper Er(7) indices
M, N, ... corresponding to the 56 representation, such that

Ym= W, V), WM =My = (VN V) 9)

where the components of the symplectic form OMN are

MN MN P P
Q PQ — 5PQ7 QMN = _5M§7
QMNPQ = 07 QMNPQ = 07 (10)
3For brevity, we will often use the simplifying notation V™ = V™ = — V8™ and B™ = B™® = —B%™ etc.



and Qv is given by QMPQup = 5//\\//1. Moreover, with the above normalisation, V satisfies the
E7(7) properties
VPV 4 — VimasVn ™ =i,
MY ABYcop = i 688,
QMNVMABVNCD — 0, (11)

which can be directly verified from definitions ([B)—(@). The generalised vielbein also satisfies the
following Er(7) covariant supersymmetry transformation

SVmas = V2ZapepVm", (12)

with the complex self-dual SU(8) tensor

Y aBcD = Eaxsen] + weapoperanst xFOH. (13)

In the SU(8) invariant reformulation, the D = 11 gravitino ¥, is rewritten in terms of SU(8)
covariant chiral fermions gpMA and x4pc and their complex conjugates ¢, 4, xABC [4,2]. The precise
relation between (I2]) and the D = 11 supersymmetry variations also involves an SU(8) rotation
that we have dropped.

In addition to local SU(8) transformations, the generalised vielbein is subject to several gauge
transformations which it inherits from the fields on which it depends, to wit, internal diffeomor-
phisms, and the tensor gauge transformations associated to the 3-form and the 6-form gauge poten-
tials. Recall that in our scheme all transformation parameters depend on eleven coordinates. The
transformations under internal diffeomorphisms are straightforward to obtain:

1
V™ ap = 'OV ap — Op8" VP ap — §8p§meAB7
1
WVimn 4B = &0V ap = 20t Vap an — 505 Vinn as,
1
SV 4p = EPOV™ ap + 20,V 4 4 §8p€pvmnABa

1
5VmAB = gpameAB + amé.prAB + §ap£meAB- (14)

Note that the density terms come from the overall factor of A*/2 in the definition of Vy. With
respect to the tensor gauge transformations, we have

5Amnp = 3! a[mfnp} ) 5Amnpqrs = 3\/§8[m§npAqrs} (15)

and
(5Amnp =0 ’ 6Amnpqrs = 6! a[mgnpqrs} (16)

with the 2-form and 5-form gauge parameters &, and &mnper, respectively. Substituting these
transformations into the explicit expressions for the generalised vielbein components in [B)—(@), it is
straightforward to deduce the transformation properties

V" ap =0, Vmn AB = 36V/2 Om&np) V' AB,

(n)mnAB = 3\/5 T,mnpqrstapgqr Vst AB) 5Vm AB — 18\/5 a[mgnp] VnpABy (17)



and
SV™ ap = Vi a5 = 0, SV ap = =661V 2P 6V AR,
Vm a =3+ 620" 080 e Vigns AB- (18)
We already see here that these transformation parameters can be nicely combined as
AM = (A™, Ay, A™,0) (19)

where A ~ & Ay ~ Emy and A~ mPPs € (the precise coefficients will be conveniently
chosen later). In this way ordinary diffeomorphisms and tensor gauge transformations are unified
into a single set of transformations. This will be shown explicitly in section ] where we will consider
generalised diffeomorphisms and show how the above transformations can be compactly written in
terms of a single generalised Lie derivative, see equation (B7)). The ‘missing’ seven components A,,
in this identification are obviously associated with ‘dual’ internal diffeomorphisms, but will actually
be seen to drop out.

2.2 Vector fields

The components of the generalised vielbein can be obtained by considering the supersymmetry of a
set of eleven-dimensional fields with one D = 4 index [2, [IT], I]. As such they are known as vectors
in accord with the convention of using four-dimensional language for analogous D = 11 structures
adopted here. We similarly combine the vectors into a 56 of Er(7)

B = (B, Buw). (20)

The proper definitions of these 56 vector fields follow from the identifications

1
Bum = —§Bum, B,umn = _3\/5 (A,U«m” - BﬂpApm”)’

V2
Bum" = —3\/5 nmn;m...ps <AMP1'~175 - Bquqpl'“ps - T (Aupwz - Bquqplpz)Ammps

B,um = _18 nnl...n7 (A,unl...rw,m + (36 - 1) (A,unl...n5 - B,upApnl...n5) An6n7m

—_
N o

+ EAm---ne (Amwm - BupApn77n) + (A;mmz - BupApnmz) AnanwsAnemm) ) (21)

where ¢ is an undetermined constant. These are related to the generalised vielbein via the following
supersymmetry transformation [2] 111 1]

5B, M = i QMY 4 (2\/55%5 +€cfmxABC) + hec. (22)



using the supersymmetry transformations of the fields given in [2] 11, [1]. In particular [I]

1/ -~ . - V2é_-
5 <5F“m1mm7\l’n - 85an[um1mm6\1'm7}) + L2 s s A

5!
V2_- V2
+ ?er[uml \Iij Am3m7]n + EAms...mg,Amgmﬂn

5A,um1...m7,n =

- V2
- \/§C€F[um1 \Ijmg <Am3m7]n + TAmg...mg,Amgmﬂn > (23)

where ¥, is the component of the D = 11 gravitino along the internal directions (prior to any
redefinition).
The transformation of the components of B/ﬁw under internal diffeomorphisms is

0B, =&P0,B," — 0,MB,F,
5Bumn = gpapBumn - 2a[m§p8un]p7
5B,™ = €P9,B,™" + 20,6MmB,MP + 8,6PB,™". (24)

We note that B, transforms as a tensor density of weight 1 because of the tensor density 7 in its
definition, (2I)). The transformation of Bﬁ/‘ under internal 2-form and 5-form gauge transformations
is

(5Bum = 0, 6Bumn = _36\/58[7”6"13]8#1)
(5Bumn = —3V/2 AemnPrps Op1 Epaps Bupaps- (25)
and
5By,m = 5By,mn = 07 5Bpmn =—6- 6!\/5nmnpl.“psa[quln-ps]gﬂq' (26)

Since we do not know at this point how A, m;n,» transforms under coordinate, 2-form and 5-
form gauge transformation we cannot, yet, determine the gauge transformation rule for the final
component B,,. Let us nevertheless anticipate the results of section @, where we will find the
transformation rule from the Er(7) structure of internal coordinate and gauge transformations:

5B,um = gpapB,um + 8m£p6up + apépB,umny (27)

5Bum = —18V20),,&,q B, 6Bum = 3+ 61V20™ 01,6 s Bungny (28)

for coordinate, 2-form and 5-form gauge transformations, respectively. Going backwards from these
expressions, we can deduce that A, . . m transforms as a tensor under internal coordinate trans-
formations and under 2-form and 5-form gauge transformations it transforms as:

5A;m1...n7,m =—18 5a[mgn1n2}Aﬂn3mn7 + \/5(96 - 2)8n1 gnQnsAumms Amn6n7

9¢c — 2
B %qmgan]Au%MAns...m7 (29)

5A;Ln1...n7,m = —6! (35 - 1)8[m£n1...n5]Aun6n7, (30)

respectively. Here ¢ is the undetermined constant that appeared already in [I], and that is also not
fixed by imposing E7(7) covariance. As for the generalised vielbein, we will show that the formulae
25), (26]) and (28], together with the action of internal diffeomorphisms, can be compactly assembled
into a single E7(7y covariant formula, (67).



3 Generalised vielbein postulate

The generalised vielbeine satisfy differential constraints along the four external and the seven inter-

nal directions, which are called generalised vielbeine postulates (GVPs) in analogy with the usual

vielbein postulate in differential geometry. These constraints are identities that can be directly ver-

ified from the explicit expressions given above, just like the usual vielbein postulate is an identity

when the affine connection and the spin connection are expressed in terms of the usual vielbein.
The external GVPs, which are the GVPs along the d = 4 directions are of the formH

0V aB + QS[AVmB]C +2B,"DpyV™" ap — 2D B, V" ap — D, B," V" ap = PHABCDVmCD, (31)
O Vmn AB + QF (AVimn| Bic + 2B, DpVinn 4B — 4D B) Vo a5 — DpBuVirn 4B

+ 6D[mB|u| np]VpAB = ,Pu ABC'DanCDy (32)
V™ ap + Q5 AV ™ pic + 2B DV ap + 6D, B,V 4 g — DBV 4

1
+ 577mnp1"'pstBupzpszz;ps) AB + 4Dp8up[mvn]AB = PuapcpV™" CD, (33)

8uvm AB + Qg[AVmB]C + 2BuprVm AB T 2DmBuprAB + DpBumeAB

+ 3D B)ujpg V' 4 — 2Dp B, " Vym aB = 7DMABCDVmCD7 (34)
where D,, is the covariant derivative with respect to seven-dimensional diffeomorphisms, e.g.
Dy B," = 0B, + T, B,P (35)

with the internal affine connection I'h,,. In GVPs, above, the combination of components of the
vector field BMM and the generalised vielbein in each term is exactly such that the discrepancy in
the weights of the components of the generalised vielbein is compensated by the differing weights in
the components of the vector field BMM. Hence the weights of the terms in each GVP are consistent.

Note that in previous work [2, [I] these relations were given without the affine connection terms,
but the relations above are still equivalent to the original ones (see [40]), as all terms containing the
affine connections cancel in the above relations, as well as the ones given below. The connection
coefficients are of the form

Qs = — 4" aDin By eun — (¢uDueps) | T4 — Y7 (Foapel 45— nons P Lon) . (36)

Puapcp = % [emaDmB,unenb - (epaDuep b)] F?ABF%‘D] - %euaFabcar?ABrlgD}

_ geu anaﬁvéFaﬁ’ﬂgrb[ABFaC?D]’ (37)
where
'Du = (% — BMmDm = (9“ + QBumDm . (38)

4Note that the sign in front of the P structures in both the external and internal GVPs is opposite to what appears
in the GVPs as written in Ref. [I]. This is because of a differing definition of the generalised vielbein V—more
specifically, an extra factor of ¢ in the definition of V.



In the dimensionally reduced theory, the kinetic term for the scalar fields is o P/’j‘BCD PZBCD,
while the ‘composite’ SU(8) connection Q,“ 5 is required for the covariantisation of the fermionic
couplings.

Similarly, the generalised vielbein satisfies a GVP along the internal directions. The relevant
relations were derived in [I] and read

1
V™" aB + PSZLV"AB + §FZanAB + Qg[AVmB}C = PPABCDVmCD, (39)

1 =
apvmn AB + QFZ[mVn]qAB + §ngvmnAB - 6\/_:p|manqAB + Qg[Aan B|C

= pABC’DanCDy (40)
mn [myynlq 1 q yymn mngi-qs = q6
V™ ap — 20V A — §quV ap —6V21 ® Eplgr..qe V" AB
1 gy =
=BT Eplargaas Vasas 4B + Q) 1AV o = PpapepV™ P, (41)

1 oy = -
Z?pvm AB — Pgmvn AB — §ngVm AB — \/577"1 nr :p|n1,,,n6Vn7m AB — 3\/_ :p|T5mVTSAB

+ QS 1AV Blo = PpascoVm Y, (42)

where the first few terms in each of the above equations correspond to the general covariant deriva-
tive, i.e.

1
DWVZB = Z?mVXB + PTT?LlpVZB + §anpeZXB7 (43)
1
DpvmnAB = amenAB + 2FZ[mVn}qAB + §F£1peZB7 (44)

and so on. Note that the components of the generalised vielbein are densities with respect to internal
coordinate transformations, hence the extra terms involving I'} . Furthermore, the connection
coefficients Qﬁb B and Pp,apcp are

QﬁlB = _%wmabF%bB + %ifema ?43 - \{_gemaFabch?cha (45)
PmABCD = %ifemarab[ABrléD} + gemQFadeF?ABngD}a (46)
where
f= =i s = —5n™F, 4. (47)
The above connection coefficients can also be written in a more suggestive form
Q;?@B = _%wmabrt‘f{bg + %Fmal...agrzlé-a(j - %Fmabcrilqbga (48)
PmaBcp = _%Fmal...asrﬁiBF?bja(j + %FmachFABF%D]’ (49)

whence it is clear that they are invariant under 2-form and 5-form gauge transformations. The
expressions for Q;;‘l B and Ppapcop given here differ from the expressions given beforeﬁ because of

®See equations (3.33) and (3.34) of Ref. [2].



the replacement
epaamepb — epaDmepb = —Wmab, (50)

where D0 = Omena—mnepa, 50 that wy, g is just the usual spin connection (these modifications
to the GVP were already introduced in [40]). By contrast there is now no contribution to Ppapcp
from the derivative of the siebenbein because the spin connection is antisymmetric in [ab] and thus
vanishes when contracted with I'?, BF% D’ Nevertheless, the GVPs are fully equivalent to the ones
given previously, with the only difference being that some of the terms have now been absorbed into
the affine connection terms. One advantage of this rearrangement is that both Q,, and P,, now
transform as proper vectors under internal diffeomorphisms, unlike the expressions originally given
in [2].

The essential new feature in the internal GVPs ([9)—(#2]) is the appearance of new affine con-
nection coefficients associated with the form fields, to wit,

1

Eplmng = DpAmng — @Fpmnqv (51)

- V2

Zplma-me = Dy Ay g + EFp[m1m2m3Am4M5me]

V2 1 1
- 7 DPA[M1M2M3 - 5FP[W1M2W3 AM4m5m6} - ﬁFpmlmma' (52)
Observe that the above expressions vanish upon full antisymmetrisation:
E[p|mnq} =0, E[p\ml---ms] =0 (53)

so that the gauge invariant 4-form and 7-form field strengths are uniformly projected out.
Under 2-form and 5-form gauge transformations, respectively, the connections transform as

0Zpjmng = 3'DpDiméng)
0Zpmymy = —3!V2 <D,,A[m1m2m3 - %Fp[mmm) A S— (54)
and
0Zpmng = O, 0 pjimy-mg = 6! DDy Emgeog)] - (55)

As expected, these transformations contain second derivatives of the transformation parameters, in
complete analogy with the transformation of the usual affine connection under ordinary diffeomor-
phisms.

4 Generalised diffeomorphisms

The E7(7y generalised Lie derivative [§] incorporates the usual seven-dimensional spatial diffeomor-
phisms as well as the gauge transformations of the 3- and 6-form fields. Indeed, it is immediately
obvious from the explicit expressions ([B)—(@) that the generalised vielbein is not invariant under
such gauge transformations, and that the transformation properties can be read off directly from
the components, equations (7)) and (I8]). We will therefore combine all these transformations and
internal diffeomorphisms into a generalised Lie derivative of the 56-bein V), such that

SaAVmaB = LAVMaB, (56)
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where [8] 9]@
A 1
LaXpm = §AN INXa + 6t (ta) p 200 AT X (57)

as is usually done in generalised geometry [41} 8, [0 [3T]. For a generalised covector density of weight
w, this formula generalises to

N 1 1
LY X = §AN INX i + 6N (ta)pL00AT X + S AN XM, (58)

Thus the generalised vielbein V has weight zero. These relations are very suggestive of 56 internal
coordinates y™, rather than only the seven internal coordinates y™ coming from D = 11 super-
gravity. However, it should be understood that all relations are valid only in conjunction with the
section condition '] [8) 9]

MNoywovw =0 Q"o ®ady=0. (59)

This condition is crucial in order for the algebra of generalised gauge transformations to be properly
defined. In fact, the closure of the algebra and the Jacobi identity only hold if the above condition
is satisfied [43] 41} (8, [9]. This condition also allows one to introduce the extra structure associated
with extra coordinates, and in an Er(7) covariant manner, without having to view eleven-dimensional
supergravity as a bona fide Kaluza-Klein reduction of yet another genuinely higher dimensional
theory (which does not appear to exist). Therefore, the requirement that

Doy — {am if M =ms8, (60)

0 otherwise

is not a reduction ansatz, but simply a solution of constraint (B9). Another solution of the section
condition leads to type IIB theory [17)[44] [45] [10]. In this way by extending the coordinates one can
unify these various descriptions in a single framework. In this work, we will always assume equation
([60), reducing to a generalised geometric framework in the sense of Hitchin and Gualtieri [46, [47].

In order to see the link with the explicit formulae at the end of section 2.1, we now decompose
the gauge transformation parameter in terms of the GL(7) subgroup as follows:

AM = (A™, A, APL A, (61)

Clearly, we can identify A™ as the diffeomorphism parameter and A,,, as the gauge parameter of
three-form gauge transformations. Dualising AP? to a 5-form allows us to identify this as the gauge
parameter for 6-form transformations. The final component A, = A,z = —Ag, is less understood.
However, it is clearly related to gauge transformations associated with dual gravity. Although, we
do not have a good understanding (at least not beyond the linearised level) of what these gauge
transformations could involve, this does not cause us any problems. This is because dual gravity
degrees of freedom do not contribute to the 56-bein. Equivalently, the 70 scalars in the four-
dimensional theory have no contribution from the dualisation of gravitational degrees of freedom.
Therefore, we would expect that the generalised gauge transformation of the 56-bein with respect
to A, transformations vanishes. This can be shown simply: assume that

AM =(0,0,0,4A,).

5The first prefactor is introduced for convenience: %AMaM =A0ms + - =A"0m + - .
"The section condition first appeared in the context of O(d,d) [42], where it is equivalent to the level-matching
condition in bosonic string theory.
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Using equation (57)), the generalised Lie derivative of the 56-bein reduces to
ﬁAVM AB = 24(ta)MN(ta)p8 qganpV/\/AB. (62)

But, we know that
(to)P2 98 = (ta)[pfi a8l — .

Hence, the 56-bein does not transform with respect to A, gauge transformations.
Similarly, it is straightforward to check that (B6) precisely reproduces the coordinate and gauge

transformations, (I4]), (I7) and (8] with
A = ¢ A = 12V2 €, AT = Gl 2P g (63)

where &, and &, s are the 2-form and 5-form gauge parameters, see equations (I5]) and (I6l).
As an example, consider the transformation of component V,,, ap:

A 1
OAVmnAB = LAVmn AB = §ANanmn AB T+ G(ta)mnN(ta)PQaQAPVNAB
= Apapvmn AB + 12(ta)mnRS (ta)PquanPQVRS AB + 12(ta)mn RS (ta)PQ qsanPQVRSAB

= AP Vynap — 4 (535 5531, —1/8 55§nag§> Oy A" WVas ap + 605298 5, ApgV™ 4

[n mnRS
1
= <§p8pvmn AB + Qa[mgqvq}nAB - §8p§pvmn AB> + 36\/§8[p§mn}VpABy (64)

where we have made use of the E() representation given in appendix [Al As can be verified by
a direct computation using the definition of V,,, 4p given in (), this corresponds to the transfor-
mation of V,,, 4p under coordinate and 3-form gauge transformations, (I7)). Verifying the precise
agreement between (B0) and the formulae derived in section 2.1 for the remaining components is
equally straightforward.

We require that the generalised Lie derivative £ satisfies the product rule and that a generalised
scalar transforms as

4 1
LAS = 5AN NS, (65)
from which the Lie derivative of any generalised tensor can be found. In particular,
4 1
LaXxM = §AN ONXM = 6(t) N M(ta)p 0o AT XV (66)
This encodes the gauge transformations of the components of vector fields Bﬁ/‘, equations (25]) and

([26]). However, in order to obtain the correct coordinate transformations, (24]) and (27)), one must
identify Bﬁ/‘ as a generalised tensor density of weight 1/2, i.e.

R 1 1
LaB)' = 5AN B — 6(t) M (ta)pC0ATBY + ZaNAN B (67)

Furthermore, we can use equation (€7)) to find the transformation of B,,,, under 2-form and 5-form
gauge transformations, equation (28). Thus, we can deduce that the transformation of Ay, .y m
under 2-form and 5-form gauge transformations is given by equations ([29]) and (B0), respectively.
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5 Generalised vielbein postulates and generalised geometry

The external GVPs, equations ([BI)—([34), can be identified as the components of a single equation
satisfied by VH R
OuVmas +2L8,Vmas + Q5 aVmpic = PuaseoVm", (68)

where £ is the E7(7y generalised Lie derivative defined in equation (57)), or more specifically,

A 1
ﬁB#VM AB = §BHN8NVMAB + 6(ta)MN(ta)anQBHPVNAB . (69)

We note that the combination
au + 2£3#

already appears in reference [10] (see (2.27) of Ref. [10]), where it is introduced as the covariant
derivative with respect to z-dependent generalised diffeomorphisms. It is now straightforward to
check that (68]) indeed coincides component by component with equations (3II)—(34]).
In a four-dimensional maximal gauge theory the scalars satisfy a Cartan equation of the form
[22]
OuVmij — QBMPXPMNVNU + Qﬁ[iVM VYN = PV, (70)
where X generate the gauge algebra. Comparing the eleven-dimensional equation (68]) with the
four-dimensional equation ({Q)) to which it reduces under reduction, we find that from an eleven-

dimensional point of view, the generators of the gauge algebra can schematically be viewed as a
differential operator of the form

XppV = —V0p — 12t (N (ta)p 200 (71)

The internal GVPs, ([B9)-([2), likewise can be viewed as defining generalised connections: they
can be written compactly as

OmVmap — CoadVnvan + QS uVusie = PmascpVur. (72)

In this case, the generalised affine connection T'y(n” is non-zero only for the components with
M = m, which is the component appearing in equation (72)). With this restriction, it can be

decomposed as
Lot = T (ta) ™, (73)

It thus takes values in the Lie algebra of Er (7, in analogy with the usual affine connection that takes
values in the Lie algebra of GL(n); hence we can write

r,*

[T, (D)2 (74)

In particular, we also define

1
(Fm)MNPQ = ﬂ EMNPQRSTU (Fm)RSTU- (75)

8Recall that throughout this paper, we assume a solution of the E7(7) section condition of the form

oM #0 for M=m, otherwise 0.

9We would like to thank Henning Samtleben for discussions on this.
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The components of the generalised affine connection Iy, o-F can be read off by direct comparison
with equations ([B9)—(22)); the non-zero components are

(Fm)p8q8 = _(Fm)q8p8 = %Pgnp + %Fgmég, (Tm)pg™ = —=(T'm) " pq = 2I’£2[p52} B %F%n%}

(Fm)p8rs — _(Fm)rsp8 — 3\/5,’77"8151“155 Em|pt1---t57
(Fm)pqr8 = (Fm)r8pq = 3\/§Em\pq7‘v (Ln)P1"° = % npqrsmm Em‘t1t2t37 (76)

where I'},,, is the usual affine connection for the seven internal directions. Equivalently, the non-
vanishing components of I' \4* are

(To)n? = =T, + 1600y, (Tm)s® =317

mn?

(Fm)8n = \/ﬁnnpy--pg Em\pl---pga (Fm)nlmml = %nn1---n4p1p2p3 Em|p1p2p3' (77)
Note that as required by the SL(8) property of the indices, we have (L', v = 0.
From a generalised geometry viewpoint, there is in principle no reason why a generalised con-
nection T' a7 cannot be non-zero for other values of M such that

OmVnas — Tun"Veas + QuaVnpe = PrmascpVvr. (78)

In our approach this choice is made for us by the equations that come from D = 11 super-
gravity. However, we can “excite” the other components by redefining Q¢ and Paq. From an
eleven-dimensional perspective, this freedom is allowed because it leaves the fermion supersymme-
try transformations unchanged [26]. In any case, D = 11 supergravity leads us to conclude that
any covariant derivative that acts on the generalised vielbein only has components along the usual
seven-dimensional space. We also note that E7(7) valuedness of the affine connection implies

DuQap =0 (79)
The transformation of the generalised affine connection under generalised diffeomorphisms is
AT Mmn” = (L5PT) pan” + 6(t%)n” (ta) R OMmORAS, (80)

where ﬁﬁ;l/ T is the canonical generalised Lie derivative of ' with weight —1 /2 along A, equation
(B8]). The above transformation encodes the usual inhomogeneous transformation of the affine con-
nection as well as the gauge transformations of Z, which include second derivatives of the 2-form
and 5-form gauge parameters, equations (54]) and (53)).

When viewed as an analogue of the vielbein postulate, the internal GVP, (72]), furnishes an E77)
and SU(8) covariant derivative along y™. The generalised affine connection transforms in exactly
such a way, (80), so that given a generalised vector density XM of weight w,

2
DMXN = E?MXN + FMPNXP — gw FPMPXN (81)

transforms as a generalised tensor density of weight (w—1/2)(note the order of indices in the last
term, which is T'p (", and not T MPP). Observe that the weight term in the covariant derivative of
a generalised tensor density differs from the usual covariant derivative of a tensor density because
of the way I'p (" transforms under generalised diffeomorphisms, equation (80). The fact that the
covariant derivative of a tensor density must itself be a tensor density with weight 1/2 less than
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the weight of the original tensor must be true of any covariant derivative that is defined in Eq(7)
generalised geometry. To see why this is true consider the non-covariant terms in the transformation
of dpmXY, where XM is a generalised tensor:

%@W\Q@QXN — 6(t") M (ta)pRORAT 00 XN — 6(t) oM (ta)pROMORAT X . (82)

The third term in the expression above must be cancelled by an inhomogeneous term in the trans-
formation of the connection. However, using [10]

1 1 1
() MmN (ta)p® = 35%45%[ + ﬂ‘sﬁ/ﬁg + () aep (ta)VC - 57 mP Ve (83)
and the section condition (59]), the remaining terms give
1
— ZaQAQaMXN , (84)

hence the covariant derivative of XM, D MXN , must have weight —1/2 less than X M itself.

6 Generalised E;;) curvature

The generalised covariant derivative defined above can be used to define a generalised curvature
(generalised Riemann tensor) R, given by

[Dp, Dy} Xp = Ranp < Xo. (85)

Note that because of the transformation property of the covariant derivative, the second covariant
derivative acts on a generalised tensor density of weight —1/2 (assuming that X7 is a generalised
tensor, and thus of weight zero). Hence the generalised Riemann tensor is in fact a tensor density
of weight —1. Furthermore, using equation (&Il)

3T a2 00 Xp = T © O Xp (86)

(which follows directly from the explicit expressions for the components in (@), the fact that the
covariant derivative modifies the weight of the generalised tensor is crucial in cancelling

T 200 Xp (87)

from the commutator of the covariant derivatives in equation (85l). It is important that the term
above is cancelled because from equation (80) the antisymmetrisation (in M and N') of the gener-
alised connection is not covariant — this is unlike ordinary differential geometry where the antisym-
metrisation of an affine connection can be identified as a covariant torsion. In fact, a generalised
torsion Ty n", as defined by

[Dpt, Dn]S = Tan"0pS (88)

for some scalar S, can simply be shown to vanish in our scheme. Hence, the absence of a torsion
term on the right hand side of equation (83). Let us emphasize once again that it is the explicit
knowledge of the affine connection coefficients in (7€) that enables us to overcome and resolve this
well known difficulty encountered in previous work, see e.g. [48].

0The argument is essentially the same if X is a generalised tensor density.
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Computing the left hand side of equation (85]) using the definition of the covariant derivative
(BT), gives the form of the Riemann tensor, which turns out to be analogous to the expression for
the conventional Riemann tensor in terms of an affine torsion-free connection

Rawp® = =20 app2 + 20 up “T 2. (89)

Since the generalised Riemann tensor is defined using covariant derivatives, it is by definition an
object that transforms covariantly under generalised diffeomorphisms, up to weight terms. However,
in appendix [Bl we explicitly verify that it transforms covariantly under generalised diffeomorphisms
as a generalised tensor density of weight —1.

The non-zero components of the generalised Riemann curvature Ry vp< can be directly com-
puted from equations ([7Ql); they are

1
RmS n8p8q8 = _Rm8n8q8p8 = §Rmnpqa
Rongngpg™ = —Rmsns"pq = QRmn[p[r‘si’
Rm8n8p8rs = _Rm8n8rsp8 = 2\/56;z[)rns]t1...t6D[mEn]|t1---t6

7Sttty = =
+6n Elml|trtop=|n]|tatste
Rm8n8pqr8 = Rm8n8r8pq = _6\/5 D[mEanqm

Rongns”!"® = —V20PU 28D 2 (90)

Equivalently, decomposing R as

Ranp? = Run(ta)r® ,  Raw® = {(RMN)MN, (RMN)MNPQ}a (91)
the non-zero components of Ran“ are

(RmSnS)pq = _Rmnpqy
1ot = = =
(Rm8n8)8p = _27717 re (\/iD[m“TLHtr"tﬁ - ‘—‘m|t1t2t3“”|t4t5t6) ’

(Rinsns)P Pt = /2P0 P Dy, 2y (92)

Note that the above components of the generalised Riemann tensor are not invariant under 2- and
5-form gauge transformations. Indeed, this is to be expected since the definition of the gener-
alised Riemann tensor as a generalised tensor ensures its covariance, rather than invariance, under
generalised gauge transformations. While this may be antithetical to our usual notions of gauge
transformations and how physical fields must accordingly transform, in a generalised geometric set-
ting the appearance of gauge non-invariant terms should not come as a surprise, and one ought to
view gauge transformations as being similar to coordinate transformations for which the notion of
covariance, as well as invariance, exists. In fact, we have already encountered this novelty before
in the definitions of the generalised vielbein Vo 45 and vectors BMM. However, “gauge covariance”
limits the dependence of gauge non-invariant terms in a generalised tensor to bare 3-form and 6-form
potentials, or their gauge invariant field strengths. Therefore, the gauge potentials can only enter
gauge non-invariant terms without any derivatives, as in the E7(7) 56-bein, and the fact that they do
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(and thus all non-covariant terms cancel in the expressions below) constitutes a non-trivial consis-
tency check of our scheme. This claim can be explicitly verified for the generalised Riemann tensor
by expressing the above components directly in terms of the 3-form and 6-form gauge potentials and
their associated field strengths, using (5Il) and (52I),

, 2v/2 1
(RmS n8)8p = — e <6\/§Rmnq1 ATQZ""]G - TD[anmmqe + ED[an]qwzquqwsqe

2
T
— 3Rmng Argaqs Aqugsas — ()2 Frmgi4293 Fnasasas |

BV2 o pars " 1
(Rungns )Pt P4 = _Tnm parst <Rmm“ Ayst — %D[an}rst> . (93)

It can now be explicitly verified that the transformation of components of the generalised Rie-
mann tensor under coordinate and gauge transformations precisely matches the transformation given
by generalised diffeomorphisms, as expected. For example, consider the transformation of the fol-
lowing component of Ryap<:

RmS n8pq TS,

given in (90). We find that its transformation as derived from the generalised Lie derivative is

5Rm8 nqu ™= ﬁxrl)(RmS nqu Ts) - anqrstulug Rmntus a[ulAugug}’ (94)
Hence, while the generalised curvature tensor is a generalised density of weight —1, the component
above transforms as a tensor density of weight 4+1 under usual coordinate transformation and it also
transforms non-trivially under a 2-form gauge transformation. Noting that this component is equal
to the expression given in equation (@3]) and using equation (63), which gives the relation between
A and the 2-form gauge transformation parameter &,,,, we find a precise match.
Now, consider the contraction of the generalised Riemann curvature:

Ry = Rupn”. (95)
It is simple to see that the only non-zero component of Raqps is
RmS n8 = Rmn (96)

Hence the only gauge-invariant objects that can be formed from the generalised Riemann tensor are
the Ricci tensor and the Ricci scalar. Therefore, at the 2-derivative level the internal Ricci scalar
can be obtained from the generalised Riemann tensor and the flux terms correspond to the trace
of the square of P,,. Together these would correspond to the potential. In this sense the way the
potential would be written here is different to the approach in [12] where the potential is written as
a sigma-model in terms of the generalised metric

Muy = Vu®Vnvap + WAPVriap

and both the Ricci scalar and the flux terms arise from the same terms. We defer a discussion of
how the generalised geometry determines the potential in terms of the Er(7) structures given here to
a future work.
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7 Discussion

The issue of defining generalised differential geometric structures, such as connections and curvatures,
associated with exceptional duality groups and using them to construct the dynamics is clearly an
important one and has also been considered in Refs. [8] [49], 32] [48].

In this paper, we use the formalism developed in Ref. [I] to derive E;(7) generalised geometric
structures, including generalised connections and curvatures as well as making explicit the higher
dimensional origin of the embedding tensor, for which the GVP plays a central role. We derive
the Er(7) connection which is used to construct the generalised curvature tensor, from the internal
GVP and ultimately the D = 11 theory. Importantly, and apart from the generalisation of the
affine and spin connections, the internal GVP is not just of the form DYV = 0, but has an extra
contribution from P, (this vanishes in the absence of the 4-form and 7-form field strengths, however,
and then the GVP reduces to the standard one). This is a main difference with the ansatz made
in Ref. [48]. Another notable feature of the generalised covariant derivative defined here is that
it changes the weight of the resulting generalised tensor, which is crucial, from our perspective, in
allowing a generalised Riemann tensor to be defined. Here again, we differ from previous work which
encountered difficulties in defining a generalised Riemann tensor.

In general, the approach taken in Refs. [, 49, [32] [48] is to try to generalise geometric structures
to exceptional geometry using notions taken from usual differential geometry, such as metric com-
patibility of the connection, while incorporating the novelty of generalised geometry. For example,
in Ref. [§], the index on the generalised connection that is associated with the derivative has com-
ponents along extended tangent space directions, unlike the connection defined here—although this
can be done in our case as well (see comments after equation (80)). However, the difference in ap-
proach allows us to find a new contribution to what can be viewed as a vielbein compatibility of the
connection, namely, P,, as well as a generalised Riemann tensor that transforms covariantly under
full generalised diffeomorphisms, as well as local SU(8) transformations. Such a tensor has been
lacking in the generalised geometry literature associated to exceptional as well as O(d,d) duality;
see also [0}, 511 [52], 53, 54] [55].

While, at the two-derivative level, the only scalar constructible from the generalised Riemann
tensor reduces to the usual internal Ricci scalar, at a higher-derivative level, other scalars can be
constructed that have explicit dependence on the gauge potentials. These along with other scalars
constructed from structures such as P, may help in providing an understanding of higher-derivative
corrections from a generalised geometric perspective. We will consider this possibility in the future.

The analysis performed in this paper can also be straightforwardly applied to the 3 + 8 split of
D = 11 supergravity, pertinent to the Eg(g) duality group. Some preliminary results for this case
have already been obtained in Refs. [39, [I], and we hope to extend these partial results in a future
work.
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A E;@y) algebra and identities

In this appendix, we list useful equations with regard to the SL(8) decomposition of the E7(7) algebra:

1 1
e ( - L), oo (- la). o
T1..Tq __ 5T1...T4 . i 98
(tpqas) = Opgrs > (tegrs)Ty..T4 = 7 TPARST: . T (98)
M_ P mep  Lowep 2
Ky, g = 12( dgdy — §5N5Q ) RMNPQ.RSTU = 17/ IMNPGRSTU (99)
(v, oF = 1 sMsP _ léMép (1 )VPORSTU _ 1 npgrsTU (100)
voo = 75 (% g | ——2_4!77 .

where £ is the Cartan Killing form on Eg(7).

B Generalised covariance of the curvature tensor

The generalised curvature tensor, defined in (89, is
RMNPQ = —28[MFMPQ + QF[M|7>RF|N]RQ. (101)

In this appendix we show that Ryp< as defined above indeed transforms as a generalised tensor
density of weight —1 under the transformation of the generalised connection, given in equation (80),

AT Mn” = (L5 ™ + 6(t%) A" (ta) R OMmORAC. (102)
Under generalised diffeomorphisms, the transformation of the generalised Riemann tensor is

SARANP? = = 2000aT A + 2 (OaT ™) Tivgr @ + 2T g2 (0AT AR ©) |
= = 2(Ly P00 parp @ + 12(8%) g R (ta)s T OTASORT R 1p — O AV OR A 12
1 A
+ 53[M\5RARF|N]PQ + 12t g R (ta)sT O OT AT R + 2(L VT - T) panrp 2,

where the generalised Lie derivatives ﬁxl/ ? on OT and ﬁxl) on I are defined in analogy with (G8]).
Further evaluation of this expression by means of the E;(;) identity (83) and the section condition

[(9) yields

a 1 a
IRy == 2L OT) 0w P + SORAR O TRyp + 2(L5 T - T aanp,

= (LR amnp©,

Therefore, the generalised Riemann tensor transforms as a generalised density of weight —1.
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