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Abstract

We develop a general approach to simplify the derivation of the holographic
Weyl anomaly. As an application, we derive the holographic Weyl anomaly
from general higher derivative gravity in asymptotically AdSs and AdS;.
Interestingly, to derive all the central charges of 4d and 6d conformal field
theories (CFTs) we make no use of equations of motion. Following Myers’
idea, we propose a formula of holographic entanglement entropy for higher
derivative gravity in asymptotically AdSs. Applying this formula, we obtain
the correct universal term of entanglement entropy for 4d CFTs. It turns out
that our formula is the leading term of Dong’s proposal in asymptotically AdSs.
Since only the leading term contributes to the universal log term, we actually
prove that Dong’s proposal yields the correct universal term of entanglement
entropy for 4d CFTs. This is a nontrivial test of Dong’s proposal.

Keywords: AdS/CFT correspondence, holographic Weyl anomaly, holographic
entanglement entropy
PACS numbers: 04.20.—q, 11.25.Tq, 11.25.Hf, 04.50.Kd

1. Introduction

The AdS/CFT correspondence [1] is an exact realization of the holographic principle [2—4],
which claims that the quantum gravity theory in the bulk is dual to the gauge field theory on
the boundary. It provides a powerful tool to study the nonperturbative phenomena of gauge

theories [5].

An interesting test of AdS/CFT correspondence is the successful derivation of the
holographic Weyl anomaly from gravity theories. It was firstly proposed by Witten [6] and
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then worked out in detail by Henningson et al for Einstein gravity [7]. Applying the so-called
‘PBH transformation’ (relation between diffeomorphisms in the bulk and Weyl transformation
on the boundary), Imbimbo ef al obtain a universal formula for the type A anomaly (which is
related to the Euler characteristic) for higher derivative gravity [8]. Interestingly, they make
no use of equations of motion. While for the type B anomaly, there is no universal formula
for higher derivative gravity so far. For interesting developments of the holographic Weyl
anomaly, please refer to [9-17]. For a good review of the Weyl anomaly, please refer to [18].
See also [19-21] for the general structure of the Weyl anomaly.

In this note, we try to develop a simple approach to derive the holographic Weyl anomaly
from general higher derivative gravity. We firstly expand the action around a referenced
curvature, then select and calculate the terms relevant to the Weyl anomaly. Interestingly, we
only need to calculate very few terms after expanding the action, which highly simplifies
calculations. Remarkably, there are only two (four) relevant terms in five (seven) dimensional
spacetime, which is just the number of independent central charges of the corresponding
CFTs. Applying our approach, we derive the general formulas of type B anomaly from higher
derivative gravity in asymptotically AdSs and AdS;. Interestingly, we make no use of equations
of motion to obtain all the charges of 4d and 6d CFTs. However, it is expected that one has to
solve equations of motion for the type B anomaly in higher dimensions.

As an application of our general formulas, we propose a formula of holographic
entanglement entropy [22—24] for higher derivative gravity in asymptotically AdSs. We prove
that it yields the correct logarithmic term of the entanglement entropy for 4d CFTs. Besides,
it is consistent with the formula of holographic entanglement entropy for Love-Lock gravity
[25, 26], the curvature-squared gravity [27] and recent proposals of Dong [28] and Camps
[29]. We find that our formula is the leading term of Dong’s proposal in asymptotically
AdSs. Since only the leading term contributes to the universal log term, we actually prove
that Dong’s proposal yields the correct universal term of entanglement entropy for 4d CFTs.
This is a nontrivial test of Dong’s proposal. For other recent developments of the holographic
entanglement entropy, please refer to [30-34].

The paper is organized as follows. In section 2, we develop a general approach to simplify
the calculations of the holographic Weyl anomaly from higher derivative gravity. We derive
the universal formulas of the holographic Weyl anomaly for 4d and 6d CFTs. In section 3,
we study some examples to show the application of our general approach. In section 4, we
propose a formula of holographic entanglement entropy in asymptotically AdSs. We conclude
in section 5.

2. Holographic Weyl anomaly

In this section, we develop a simple approach to derive the holographic Weyl anomaly from
general higher derivative gravity in AdS/CFT correspondence. The main idea is as follows.
Firstly we expand the action around a referenced curvature, then select and calculate the terms
relevant to the holographic Weyl anomaly. For simplicity, we list the complicated formulas of
Riemann tensors and the referenced curvature in the appendix. We find they are useful in our
following discussions.

Let us consider the higher derivative gravity with the action

s= 1 f Ay —Gf (Rynpo) + Sp, (1)

=52
26441

where f (Ié/w po) 18 a scalar function constructed from the curvature, S is the boundary term
for a well-defined variational principle. For simplicity, we focus on the case that f (R0 )
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contains no derivatives of the curvatures. Our discussions can be easily generalized to the case
with derivatives of curvatures. We study those cases in some examples. We also ignore Sp in
the following discussions since it does not contribute to the Weyl anomaly. From equation (1),
we can derive the equations of motion as

Pl,_apal,évozp(r - ZVPVUPM)GV - %fé/w = 0’ (2)

with PHVP9 = §f/ (SIQW oo - We assume equation (2) has an asymptotically AdS solution with
the metric

2 A ) 1 2 1 i j
ds* = G, d¥* dx” = — dp” + —g;; dx’ dx/, 3)
4p? P
where g;; = gy + Py + -+ + (8(4);j + halogp) +--- when d is even.

Now let us begin to derive the holographic Weyl anomaly. Using the asymptotically AdS
solution equation (3), we can expand the action as

2Kd+1S— /dd+l Xy Gf(Rp,vpcr) - /dpdpr E \/ —8(0) b(x, P),

b(x, p) = bo(x) + pb1 (x) + p*by(x) + - --. “4)
According to [8], the holographic Weyl anomaly is
; 1
T') = ba, 5
( i > 2K§+1 % ( )

with d an even number. By dimensional analysis, we note that b,,, contains the square of
&myij- SO we can derive equations of motion of g,);; from the variation of ./—g)bm

(m > Q). Besides, bmfl contains only linear terms ofg(l% +1)ijs -« - m+Dij- Using equations
of motion, all these linear terms vanish.
Let us expand f around a referenced curvature R, 00 = —(G,,Gvo — G Gyp):

. _ 1 8f
f(R;wpa) = f(R) + prrre (R R),uvpa + o
2 SRV-VPﬂaRMlvUO]G]

R
(R=R)pvpo (R—R) + ! atl
X - NMuvpo - Ruvipron 2 A ~ ~
3! SRMVPUSRMWP]U] SR,quzﬂzUz R
X (R - R);wpa (R - R)mvl,o]o] (R - R)/szzp‘)o") + - (6)

Notice that the referenced curvature is dlfferent from the asymptotlcally AdS curvature
—(G(O)M,G(o)m — G(o),w G(O)Up) with G(O)OO 4p2, G(O)U = g(o),j For useful properties of
the referenced curvature, please refer to equations (A.5)—(A. 8) in the appendix. Let us denote
the nth order of Taylor expansions by f,
1 " f

f n = _‘ ~ ~ B
n: 8RM1V1/J1<71 "‘SthnVn/JnGn R
According to equations (A.6)—(A.8) in the appendix, we find that f, behaves at least as order
o(p™). So to derive the holographic Weyl anomaly in d dimensions, we only need to consider

(I,é — Ié)mvll)m] (I,é - R)annpn”"' @

the terms up to the gth order (fo, fi,.--, fg ). In general, we have
1 8"
Ao / ~ ZC i pivipio V00 ? ®)
n! SRMIVIPI01  § RInVnPuOn 7 ] HIVIPLOY s oy Vi Pn O
l

where ¢} are constants and m, is the number of independent scalars constructed from
appropriate contractions of n curvature tensors. For example, m; = 1,my; = 3,m3 = 8.
Tensor X" is defined as
1 8"K!
XVL e 1 (9)

= = )
LIAVIPIO oo lnVnPnOn ™ ) e Bt vipior 8 RHavapaon

3



Class. Quantum Grav. 31 (2014) 065009 R-X Miao

with K" denotes the independent scalars constructed from n curvature tensors. For example,
we have

K| =R,
2 = (Rupo R"P7, RR™, R?),
S = (B Ry R Ry R™7 RLRORE, RORY Ry, Ry RO R
Ruspo RUIRI Ry RMOR 9,
(10)
Applying equations (8)—(10), we can rewrite f, in a very nice form as

ZCK (11)

with K = K" |14 (k) and ¢} is determined by the action. It should be mentioned that not all
of K}’ (n < %) contribute to the holographic Weyl anomaly. Applying equations (A.6), (A.7),
we can select the terms relevant to the Weyl anomaly.

Using the assumption that the higher derivative gravity has an asymptotically AdS solution,

we can prove c} =— g—‘[’l. We show the proof below. From the above equations, we can derive
1
preee | = %(G“”G”“ — GGy, (12)
A useful formula in the following derivations is
1 Ro
gij = —7—> | Roij ~ 2d—Ds0ii ) (13)

which is determined completely by PBH transformation [8] and independent of equations of
motion. Based on our above discussions, we can derive g1);; from the variation of b,. To get b,
we only need to consider terms fy, fi, f>. As we shall show in the next section, equation (13)
can be derived from \fé f> independently. Thus, we must be able to derive equation (13)

from v/ —G( fo + f1). Using equation (12), we have

\/—GA(f0+f1)=c}\/ G(R—I—d2+d—|—f0> (14)

Compared with the Einstein—Hilbert action with a negative cosmological constant

\/—é(ﬁ—ZA) = -GR+d*—d), (15)

it is clear that c} = 2 % is the only solution which can yield the correct expression of g(1);;

equation (13). Thus, in general, we have

Py =~ S0 o — Groon, (16)

V=G(fo+ fi) = —%\/—éuhdz—d). (17)

Actually, thereis a 51mp1e method to derive c1 Suppose that AdS is an exact solution to equation
(2), then the curvature R,wpa becomes exactly the referenced curvature R.vp0 - Substituting
R,w oo and equation (12) into equation (2), we can derive c1 = dlrectly

To summarize, we list the main steps of our approach. Firstly, we expand the action around
the referenced curvature (A.5) up to the %-order

F=Y =33 k. (18)

n=0 n=0 i=1
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Secondly, we select the terms relevant to the Weyl anomaly with the help of equations (A.6),
(A.7). As we shall show in the following sections, only very few terms contribute to the Weyl
anomaly. Finally, we calculate these relevant terms to derive the holographic Weyl anomaly.

2.1. 4d Weyl anomaly

In this subsection, we derive the holographic Weyl anomaly for 4d CFTs. As discussed in the
above section, we only need to consider the terms \/2( fo + fi + f») for the calculations of
the Weyl anomaly (7)) = izbz.
Applying equation (27) of [9] and equations (13), (17), we can derive
Voo + = LOL g, ey 4 (19)
2p 64
> in this paper denotes the total derivative or terms irrelevant to the Weyl anomaly.
E4 = R(O),’jklR(Ol)]kl — 4R(0)in(Ol)j + R(Oz) and C,'jklcijkl = R(o)ijklR(ol)]kl — 2R(Q)in(ol)j + %R(OZ) are
the four-dimensional Euler density and square of Weyl tensor, respectively.
Now let us go on to compute \/—76} ». From equations (8)—(10), we have
1 82 f
E 51§Wp651§mvmlm

where X7, X7, X7 are three independent tensors defined as follows:

3

_ 2v2 uvpo 2v2 uvpo 2v2 uvpo
R N 01X1141U1;0101 + C2X2M1V1P101 + C3X3M1U1p101 > (20)

2 wvpo BRMV]PlO'l _ i(sp_v §P9 18;1_;) sV _ 151“7 svp
h = =
H1V10101 8lepg 12 MK1V1~p10] 2 HK1vy ~p10] 2 K1V~ p101
1 1
81— 50k 8~ 30000 @n
2 pvpo 1A 2 papp Ave _ y2paoBf Avp _ y2vepB  Auc 2vaoB  Aup
X2M1V1,0101 - 4Go‘ﬁ(X1V-1V1/J1<71G X1M1V1,0101G X1M1V1/J1<71G +X1M1V1p101G ) (22)
X?ul::li;jal = %(GA/tpéwr - GAW’GV'O)(GMIM éV1¢71 - éﬂlal évlpl)‘ (23)
Here we have 8/, = 8/ &, — &/} 8, . Letus define a new tensor ¥ ford = 4
Y =55(6X7 —8X; +X5), YxX{=1 YxX;=YxX;=0, (24)

— Hypo K1V 0107
where Y x X = YM]V]PIO'IXIJ-VPU .

Using equation (27) of [9] and equation (13), we can derive

\/EX2 oo (Ié;wp(r - R;wp(r)(iémvlplm - Rmv“ol(rl ) = \/E(Iéuvpzr - R/wp(r)(lélwpg - RMU'DJ)

Lpiviproy

= VERppo R + 4R +2d(d + 1))

/80 i
- %Cjklc‘f’d +o(1). 25)
A useful formula in the above derivation is X,*"°7 ZmiviPio1 = 719 where ZH#VP° has the

R lpyviproy
same symmetry properties as R*"#?. Following the same methods, one can derive

\/Exzzulfrlp;m (éILUPG - RMVPU)(I%MWMM - Rulvlmﬂl) = \/E(jé/w - R/w) (ﬁﬂu - RMV)
=o(p), (26)

\/Exfulf:f)pﬁa, (Iél/«”/)” - RMVPU)(I%MVIPHH - RMIVI,OIUI) = \/5(1,é - Ié)2
= o(p), (27)
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which do not contribute to the holographic Weyl anomaly. In the above calculations, we have
used equation (A.7). As mentioned in the above section, we can derive equation (13) form the
variation of the third line of equation (25) with respect to g1);;.

Now we obtain

Vép = Q30,0 1 o). (28)
From equations (20), (24), we have
2 _ L8 | yuwpen (29)
2 SR, 1vpo SRIVIPION R Koo
Combining equations (19), (28), we get
by = g—: E, — ( gz c§>c,»,k,c"ﬂd . (30)

So the holographic Weyl anomaly for 4d CFT is

. 1 c . a
T\ = by = ——C;C™ — E., 31
('> 2K§+1 27 leg2 M lom2 ¢ (D
with
2
a=-DT (g2 (32)
8 K 8 K52

Note that we have R = —d(d + 1) and thus Jfo < 0. As an simple example, one can check that
our formula equation (32) yields the correct central charges (equation (6.5) of [26]) for the
curvature-squared action. Our formula is more general, it can apply to any higher derivative
gravity with an asymptotically AdS solution.

Note that ¢? is the number of R; JHR”"Z included in b,. From equations (A.2)—(A.4), we
observe that it is R,w oo Trather than R,w and R that contributes to Riji;. One can also find that
g with n > 1 do not contribute to b,, while g equatlon (13) is 1ndependent of Riju. So
R,w po 18 the only term that can contribute to R; ,kz Thus c1 vanishes if f (R,wp,,) is made of
scalars with less than two R,wpa For example, ¢7 = 0 for FR, RyR™, R, R, R¥7). Tn
other words, f (R, R,WR‘“’ R,WRMR’“’W) gravity has the same a charge and ¢ charge.

2.2. 6d Weyl anomaly

In this section, we derive the holographic Weyl anomaly for 6d CFTs. We need to calculate
b3. Only terms fy, fi1, f>, f3 will contribute to b3. Besides, because b3 only contains terms
linear with g(2);; which vanish on shell, so we do not need g(»);; for the derivations of b3. This
means that we do not need to solve equations of motion in order to derive the holographic
Weyl anomaly for 6d CFT. We have checked straightly that the g(»);; terms in b3 indeed vanish
after imposing equation (13).

Let us list the Weyl invariant quantities in six dimensions:

imn j kl kl mn ij
I =Gy C™ic, M, L =g,

I = Cigam <V25; + 4R — gRaj.) c/m
Ey = 3847 °Eg = K] — 12K; + 3K;3 + 16K, — 24K — 24K, + 4K; + 8K, (33)
where K is defined as
K} = (R*, RR;;RY RRjx,R™  RIR'R}, RVR" Ry, RiyR*"RY,.
RijuR7™ Ry, RijuR™ R}, X). (34)

mn’
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Firstly, let us compute the term v/ —é( fo+ fi):
\/E(fo +f1) = —&\/ —G(R+d* —d)

2d
fov—gw0 1

= —= —(Ey — 1217 — 31 I 35
2 2p 192(0 1 »+13) + (35)

Next, let us calculate v/ -G f>. From equations (11), (A.7), we note that
K = R~ R)uw@®—R)" = o(p"),
K= (R-R) =o(p"), (36)
which do not contribute to b3. So we only need to calculate the 1312 term for the holographic
Weyl anomaly. After a long calculation, we obtain

Vs = AVER = R)ppe (R — RY™ + ...
S [ 1.1 1
— g“”( )+ 37)

— L+ —bL+ —I
" 2p it Rtk

Finally, let us calculate the last term v/ -G f3. Using equations (11), (A.7), we have
K =000%). K =o000%. K=o K =o00" K =00 K =o@p",
K =o0(p"). K =o(p). (38)

Focus on the o(p?) terms which contribute to Weyl anomaly, we only need to calculate the
terms K3, K;. After a complicated calculation, we get

V-GR3 = Y80

2p
V-GR} = Y80 (39)
2p
Combining equations (35), (37), we can derive the holographic Weyl anomaly for 6d CFT
as
| 3
(538]7) = —217’; == Bn]n + 2AE67 (40)
2kc5 —
with
73
23A = —— fo,
Ky 12f0
2k2B) = —lc2 +c+ Lf
TOLT TR T T g 0
1 1
2/{7232 = EC% + C% + ﬁfo,
263B; = ic2 _ ! fi 41)
TR T 23047

The calculations of the coefficients cf, c% and cg for the general action are quite complicated.
We list the main steps and results in the appendix. While for a given action, as we shall show in
the next section, we can always get these coefficients easily by expanding the action directly.

Itis interesting that only four independent coefficients (fo, ¢}, c3, c3) contribute to the Weyl
anomaly which exactly agrees with the number of independent central charges of CFT. It is also

7
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remarkable that, similar to the 4d case, only /—G(fy + f1) rather than /—G(f> + f3 +
contribute to the central charge with respect to the Euler density. In fact, this is a general
conclusion. According to [8], the type A trace anomaly from general gravity action is

Jo
by = b+ (42)
where ‘..’ denotes the type B anomaly. So for Einstein gravity equation (15), we have
b% = (d')’ Ey, + ---. Note that «/—G(fy + f1) equation (14) is just the Einstein—Hilbert

action multiplied by a factor —{—g. So +/—G(fy + f1) contributes a term %Ezn to b%. This
means that the other terms ~/—G(f> + f3 + - - -) cannot contribute to the type A anomaly.

3. Examples

In this section, we study some examples to show the application of our general approach. In
particular, we investigate gravity theories with derivatives of the curvature. Let us recall the
main steps of our approach. We firstly expand the action around a referenced curvature, and
then select the relevant terms with suitable orders. Finally, we calculate these relevant terms
to derive the holographic Weyl anomaly. This approach can highly decrease the numbers of
terms needed to be computed. For example, there are only two (four) relevant terms in five
(seven) dimensional spacetime, which is just the number of independent central charges of the
corresponding CFTs.

3.1. Love-Lock gravity

Love-Lock gravity is a general theory of gravity whose equations of motion are only second
order in derivatives. The action of Love-Lock gravity is

[tl+l ]
A | d
f e R I T (43)
2Kd+1 p=2
where L, is defined as

1 31)1\)2 Vap—1V2p R;LI/_LZ Rsz 1M2p
2P H12. - 2p—1 L2p Vvt Vap—1V2p*

Ly, = (44)

Similar to Einstein gravity, Love-Lock gravity has a well-defined Gibbons—Hawking surface
term and Brown—York surface stress tensor [37]. There is also an exact form of holographic
entanglement entropy for Love-Lock gravity [25, 26]. Let us begin to derive the holographic
Weyl anomaly for Love-Lock gravity. For simplicity, we introduce the following notation

da-2)! I?
——C k] = =
d-2p!"” 02
where L is the curvature scale of the AdS vacua. We set L = 1 in this paper. We have assumed
that AdS vacua is a solution to Love-Lock gravity, which yields

[d/2]

1= foo - Z )\p(foo)p~ (46)

Ap= (=1 (45)

For d = 4, the action becomes

2
&Pxy/ -G [ +R+ iu} 47)

2/(5
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where L, is given by
Ly = R,y pe R*P° — 4R, ,R™ + R2. (48)

Expanding the action around the referenced curvature (A.5) and selecting the terms relevant
to the Weyl anomaly, we get

2
S=55 /d5 V-G |:——(R—|— 12) + Ag (R = R)yvpo (R — RY*P° +} (49)

with fo = f_ —20460A f . Applying equation (46), we can simplify fj as fo = —8 448\ f.

Using ewquations (19), (25), we obtain the Weyl anomaly (31) with the charges
2 2

T T
a="5(1-6rf), ¢=—(1—2%fo), (50)
ks ks
which exactly agrees with equation (4.4) of [26].

Similarly, for d = 6 the action is

2 L4
S——/d7 xy — |: +R+ L4_ﬁ/JLL6:| (51

Lo = K} — 12K5 + 3K; + 16K; — 24K — 24K; + 4K; + 8K;. (52)

We refer the reader to equation (10) for the definitions of K;'. Expanding the action around the
referenced curvature (A 5) and selecting the terms relevant to the Weyl anomaly, we obtain

S—— d'xy/ — A|:__(R+3O)+CIK2+C7K7+C§K8+ } (53)

with

with
fo=4(=3+ 10foox +45f2 1),
s feo

=2 2
Cl 12 + fool”“s
C3 = — ﬁu
7 6 ?
2
d=-T=u (54)

It should be mentioned that we have used equation (46) to simplify fy. Applying our formula
(41), we obtain the holographic Weyl anomaly (40) with the corresponding charges

733 — 10fock —45f2 1

A= - :

=L —9+26fook+51f§ou
i3 288

B, — i—9+34foo)»+75f§ou
I 1152 ’

gy L 12 =300 5
Ky 6

which is exactly the same as equation (5.4) of [26].

To summarize, we have derived the correct holographic Weyl anomaly for Love-Lock
gravity in asymptotically AdSs and AdS;. It can be regarded as a test of our general formulas.
Our method is much simpler than the traditional one. First, we make no use of equations of
motion. Second, we only need to calculate a few relevant terms. It helps a lot to simplify the
calculations.
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3.2. f(R) gravity

Consider f (R) gravity with the action

f d* /-G ®), (56)

which has an asymptotically AdS solution. Expanding the action around the referenced
curvature (A.5), we get

G /dd+1 \/>( FR) + f (R)(R — R)+;f”(R)(R R?+ )

2Kd+1
/dd“ V- é( f(R)(R+d2 d) + f”(R)(R R)? + ) (57)

Note that (R —R?2~ o(p*) does not contribute to the Weyl anomaly for d = 4, 6.AThus we
only need to calculate the first term of the second line of the above equation. And f(R) gravity
behaves effectively as Einstein gravity with a negative cosmological constant for d = 4, 6,

Just replacing 55— by — ! 2(5) 5 12 . It is consistent with the fact that f (R) gravity is equivalent
d+1

to Einstein gravity plus a scalar ﬁeld Now it is clear that the Weyl Anomaly of f (R) gravity
is just — f (R) times the one of Einstein gravity for d = 4, 6.

2Kd+1

2Kd+1

3.3. Critical gravity

According to [35], the one—parameter critical theory is given by the action

il dd—1) L? vpo
/d x/ -G [R—i— 0 ad- 2)MC,W,. (58)

Here CA‘W oo 18 the Weyl tensor and

2Kd+1

N N N N 4 A A 2 .

C Cvpo = R Riavpo = d— lRWRW * d(d — I)R2

For simplicity, we set L = 1 below. This critical gravity has a unique AdS vacuum in

which there are only massless spin-2 modes. Besides, the mass and angular momenta of all
asymptotically Kerr-AdS and Schwarzschild-AdS black holes vanish.

Expanding the action around the referenced curvature (A.5) and keeping only the relevant

terms, we get
d+1
/d xy/ — [R+dw ~ i 2)1+ ] (60)

It is easy to observe that fy = —2d and ¢} = T d 3 Applying the general formulas (32),
(41), we can easily obtain the holographic Weyl anomaly. For d = 4, we get the holographic
Weyl anomaly (31) with the charges

72

(59)

2Kd+l

a=—, c= 0. (61)
ks
And for d = 6, we obtain the holographic Weyl anomaly (40) with the charges
73 1
T2 T g
Bzz—%@, B; =0. (62)
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As we mentioned above, the mass of the black holes in critical gravity vanish. One may
doubt that the critical gravity is a trivial theory. However, as we have derived above, the central
charges of the CFT dual to critical gravity is nonzero generally, which implies that the critical
gravity is indeed nontrivial. It is also interesting to note that some of the type B anomaly
vanish for the critical gravity.

3.4. Gravity with derivatives of curvatures

The general method developed in section 2 can be easily generalized to the modified gravity
with derivatives of curvatures. We firstly expand the action around the referenced curvature
R,upp (A.5), then select and calculate the terms which contribute to the Weyl Anomaly. Let us
study an example with the action

/ e ( (63)

The first two terms above are just Einstein—Hilbert action with a negative cosmological
constant. We have calculated the Weyl anomaly from these terms. Expanding the last three
terms around the referenced curvature we have

ool

+)‘3 (R - R)MVﬂU D(R - R)/vaa)' (64)

Here we have dropped some total derivatives. Applying [J ~ o(1) together with equations
(A.6), (A.7), we obtain

V=GR —R)OR—R) ~ o(p> %)
V=GR~ R),, DR — RY™ ~ 0(p*"?)
V=GR = R)ups DR — R)™P7 ~ o(p'~%). (65)

For (d = 4, 6), it is clear that only the last term contributes to the Weyl anomaly. For
simplicity, let us denote

s (55 B8 Buv B Suvos By BpBi By Boo B 5 Aupai By
K} = (R, RR,,R"", RR 11 ,e R*P  R) RORY , R* R Ry, Ry RM7PRY,
P .
Ruvpo R RS RyypoR™ RY, 7, ROR, Ry OR™, Ryyvpo ORM7). (66)

3y

R + )L3R,wpa O I@‘“””’) .
2Kd+l

OR — R)™
2Kd+1

Then the last term becomes v/ —éKfl =+ —ékfl, where K = K| 5 . Note that
K} + K5 — 4Ky + 4(K3 + K3) — 2K + K3 — 4K; = V,J* (67)

is a total derivative. Since total derivatives do not contribute to the anomaly, this formula can
help us to rewrite K ]31 in terms of the other K} (n < 3, i < 10). We can derive

\/_7;1%31 = \/—7}(1% — R)uups (R — R,
—GRypype ORMPT 4 ...
:\/—7@(—4&? —4K3 +2K; — K; + 4K; — K5 + 4K3,) +
6= 4R — 4R + 2R — R + 4K — B + 4K,
—4K? +4Q + K3 —2dK} +--+) (68)

11



Class. Quantum Grav. 31 (2014) 065009 R-X Miao

where °..." denotes the total derivatives.
For d = 4, itis clear that only K12 in equation (68) contributes to the Weyl anomaly. Using
equation (25), we have

\/—>él€131 = \/TG(—ZdI?f +-)

= 2g O (2dCCH - . (69)
P
Thus we obtain the 4d Weyl anomaly (31) with charges
2 2
a=", c=(-64ny) . (70)
ks ks

For d = 6, only terms K2, 1373 123 in equation (68) contribute to the Weyl anomaly. Using
equations (37), (39), we can derive

V—GK}, =/ —G(—K3 +4K3 — 2dK} + - --)
vV _g 0)
=—(8

20 (
Then we obtain the 6d Weyl anomaly (40) with charges
3

I =25 — 1)+ - (71)

T

1 1
Bi=—(——+8),
! 2,<72< 6 3)
By = L o
T2 e )

1 /1
By=— [— —2). 72
} 2K72<192 3) 72)

Interestingly, although terms (ROR, I%,w CJR™) in the action affect the equations of
motion, they do not contribute to the holographic Weyl anomaly. This is a reflection of the fact
that the holographic Weyl anomaly for d = 4, 6 is independent of the equations of motion.

4. Holographic entanglement entropy

In this section, we propose a formula of the holographic entanglement entropy in asymptotically
AdSs and compare it with universal term of entanglement entropy for 4d CFTs [36]. For
simplicity, we work in the Euclidean signature. So the entropy formula is different from the
usual Lorentzian one by a minus sign. Based on the works of Myers [26] and Fursaev et al [27],
we assume the holographic entanglement of general higher derivative gravity in asymptotically

AdSs is
Spg = — — / &Exvh

where n/* with « = 1,2 are the two vectors orthogonal to m and (n*n”) denotes n"n”*. The
first term is just the Wald entropy while the second term Sk denotes the contribution from the
extrinsic curvature

(n"n”)(n”n") + Sk, (73)

4 1
Sk = — | &xvh <c%1<lg1q + e gKml(ﬂ). (74)
KS "

12
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See equation (8) for the definition of ¢!. Note that Sk is designed to be consistent with
the formula of the holographic entanglement entropy of Love-Lock gravity [25, 26] and the
curvature-squared gravity [27].

The universal logarithmic term of the entanglement entropy for 4d CFTs is

2

which was found in [36] using the conformal symmetry and the holography. We compare this
formula with our proposal (73) below.

Now let us derive the universal contribution to the entanglement entropy from equation
(73). Firstly, we focus on the Wald entropy term. Applying the methods of [8, 26], we can
derive the logarithmic term as

log(l/$§ 1
Sy = %/)/ dz)C\/% |:a (R): + Kmthab _ _Km[(5)> _ Ccathhachbd:| ) (76)
T =

1 1
Ser = log(1/8) - / d*>xvh |:aRg —c <C”’”dhachbd — K"K + -K;“Kf;>] : (75)
z

2 a

A useful technique in the above derivation is that we expand Sy around I?,w oo €quation (A.5):

(n*n”)(n’'n°) = P;wpa |R(n,u.np)(nvna)

SR
82f b ) W0 v o 2
=~ _~ _(R/,Lll)lp](ﬂ _R/,Lll)lp[(ﬂ)(n n )(n n )+0(p )
8RMUP08RM1V1P101 R
fO D ) vV o
= =g 1 Ruvpr = Runpo) (") (') + 0(p?)
fo abe
= =g+ PmC hachn + 0(p). (77)

In the above derivations, we have used the following useful formulas
Rynpo (0" 1°)(n°n%) = =2 4 pChyehpg + 0(p?),
Ruw(n”) = =8+ 0(p?), R =—20+0(p?). (78)

Let us go on to calculate Sk. After some calculations, we obtain

4 1
Sk = — | $xvh (ﬁklglqg + —c%K‘“‘KfB)

K5 Jm 4=
log(l/8 1
=(c— Q)M / dzx\/ﬁ Kmbl(mb _ _K;HI(S; . (79)
2w ) 2
From equations (76), (79), we finally obtain the logarithmic term of Syg as
1 1
Sk = log(1/8) — / d*xvh [aR: —c (cr“”“‘hachbd — K“"Kiap + 5!@2“&’2)] ; (80)
T Js

which agrees with the result of CFTs equation (75).

Let us comment on our results. First, the holographic entanglement entropy takes the same
form as the Wald entropy for gravity theories with the same ‘a’ charge and ‘c’ charge (such
as Einstein gravity and f(R) gravity). Second, our proposal of the holographic entanglement
entropy (73) only works effectively in asymptotically AdSs. By ‘effectively’, we mean that it is
the leading term of holographic entanglement entropy in asymptotically AdSs. And the correct
formula of holographic entanglement entropy must reduce to ours in asymptotically AdSs.
After the work is finished, other interesting formulas of holographic entanglement entropy
for higher derivative gravity are proposed by Dong [28] and Camps [29], respectively. Camps

13
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later realized that his proposal only applies to curvature-squared gravity and can be regarded
as a special case of Dong’s proposal. Thus we focus on Dong’s proposal below. We shall
show that our formula is just the leading term of Dong’s proposal in asymptotically AdSs.
Since the higher order terms do not contribute to the universal term of entanglement entropy
for 4d CFTs, we actually shall prove Dong’s proposal yields the correct universal term of
entanglement entropy for 4d CFTs.

According to Dong [28], the general Sk in (73) should be

Sk == d3xﬁ< - ) S S
Ks Jm 0 mpmmaRuzﬂszUz o q“+l

Ak A
X[(nll-lliznvlvz - 8#1}1«28”1‘)2)” " + (nmuz‘gvl\a + 8#1#2"”1”2)8 ] 2]' (81)

Please refer to [28] for the definitions of gy, 1., €,v. In asymptotically AdSs, using the
method developed in this paper, we can expand the above Sk around R, (A.5). Let us focus
on the leading term. From equation (8), we have

3 f

— 2(C%X12 + C§X22 + L.§X32)#1P1V101H2PZU202’ (82)
aRIJ«IprlUl aR,uzpzuzaz

R
where the tensor Xi2 is defined in equations (21)—(23). Since Xl.2 contains only the metric,
according to [28] we have g, = 0. Thus, the leading term of equation (81) in asymptotically
AdSs becomes

4
SK = 7 ds)C\/E(C%XIZ + C%Xzz + C§X32)/11ﬂ1Vlo'llizpzvzﬂzK)L]plal K)»zﬂchz
5 Jm
}L])\z }MIAZ
X [y oy = €y iy €vyiy I + Py €ovy + €y iy ) 2T 4+
47 1
=— | &h (C%K‘glqg + Zc’g’Kgﬁlq%) T (83)
ks Jm
which is exactly our proposal equation (74). Here . .." denotes the high order terms in p and

these terms do not contribute to the universal log term of entanglement entropy. Now we have
proved that our formula equation (73) is the leading term of Dong’s proposal in asymptotically
AdS:s. Since only the leading term contributes to universal log term, we actually prove that
Dong’s proposal yields the correct universal term of entanglement entropy for 4d CFTs. This
is a nontrivial test of Dong’s proposal.

5. Conclusions

We develop a simple approach to derive the holographic Weyl anomaly from general higher
derivative gravity. Applying our approach, we only need to calculate a few relevant terms
which highly simplify the derivations of the Weyl anomaly. It is remarkable that we make
no use of equations of motion to derive all the central charges of 4d and 6d CFTs. As an
application of our results, we propose a formula of holographic entanglement entropy for
general higher derivative gravity in asymptotic AdSs. Our proposal is consistent with the
holographic entanglement entropy of Einstein gravity and Love-Lock gravity. Furthermore,
our proposal can yield the correct universal term of entanglement entropy for 4d CFT. We
find that our formula of holographic entanglement entropy is just the leading term of Dong’s
proposal in asymptotic AdSs. Since only the leading term contributes to universal log term of
entanglement entropy, we actually prove that Dong’s proposal can yield the correct universal
term of entanglement entropy for 4d CFTs. This is a nontrivial test of Dong’s proposal. It is
interesting to check if Dong’s proposal could yield the universal term of entanglement entropy
for 6d CFTs [38]. We hope to address this problem in future.

14
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Appendix A. Useful formulas

In this appendix, we provide some useful formulas of Riemann tensor. Our conventions for
the curvature tensors are [V, V,]V? =R,7 ;V?, R,, = R’ ,,. We assume the metric in the
bulk takes the following form:

s> =G clxﬂcbc“—icl2 l--dxidxj Al
s = Gpy _4p2p+pgl] . ()

According to [9], we have formulas for scalar curvature

. d*+d 2d=1p ;i , 30 4p’ j
R=- 2 + pR + l—gjg/ij + l_zg']gklg/ikg/jl 7 gu R g]gklgugkl
(A2)

for Ricci tensor
Ié _ _i _ 1 + 1 ik 1j 1 71

pp — 4,02 2g gz] 4g 8 gklglj

A l i) / /
Ry = Eg]k(gki'j — 8kj:i)

1 0,
=§gfkg;,j——gk’g]k,+ g’gk, 8“8118 8jmk — 4g,ijgfik

n 2,0 ” , 2—d / 1 / d
Ry =Ry — gklgktglj lzgugklgkl — 8 + l—zg,-jgklgkl - ﬁgij (A.3)

and for the Riemann tensor

A 1 l 1
R,'pjp = _4_p3gl/ gkgklgl] gl]

Rpijk = %(g/ij;k - g/ik;j)
_ 1 / / m / m /
4—'0{28',-,;/c — 28— &" (Gimk + &imi — Gikm)&rj + &" (Gim.j + Ljmi — Gijm) i}

A

1 1 , ,
Riju = ;Rijkl - W{(gjl — pgi) (gix — p&y) — (8 — &) (81 — P&} (A4)

Here ‘'’ denotes the derivative with respect to p. *;” and ‘R’ stand for the covariant derivative
and curvature with respect to g;;, respectively.
Let us define a reference curvature as

R=—-dd+1), R, =-dG,, Rups =—(GuyGis —GusG,p). (A5)

Please do not confuse the reference curvature Iéwpg with Ii’wpg lags = —(é(())ﬂpé(o)vg —
G0yuo G(0yvp)- Using equations (A.2)-(A.4), we observe that

A = A - A _ 1

R—R=o0(p), Rp.v - Ry_v = o(1), Rp_v,on - R;wpa =0 (;) . (A.6)
Applying equation (13), we can get stronger conditions

R—R=0(p), Rj—Rj=o(p), Riy—Riy=o(p). (A7)
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In fact, in general, we have
f(ﬁuvpc) - f(R;wpo) = 0(02)» (AS)

where f is a scalar function. The above equations can be used to simplify the calculations of
Weyl anomaly.

Appendix B. Coefficients

In this appendix, we provide a general method to derive the coefficients ¢} of equation (8):

n m
i f = E X"
n! §R1vipion S RHnvapuOn 7 P VIR0 e Vn PO
.. .
X" 1 §"K! B.1)
1L [V1IP10],...y MnVnPnOn n! Sﬁﬂlulplal o Bﬁﬂnvnpngn : :

For simplicity, we focus on the case that f (I%M,,pa) contains only the curvature but not the
derivatives of the curvature. To get ¢}, we need to find a class of tensors Y;L with the conditions:

m
n _ n
Yj HAVIPIO eees e VnPnOn Z (x.’;)iXi H1VIPIOT s eees oV PO ?
i=1
n n __ yn N VLIPLIO e s MV PnOn
Yj * X = Yj HIVIPIOT, ey annpnﬂnxi = 8ij. (B.2)

Then one can obtain 7 as
1 6}1
= =Y"x% Af .
nt " (R -k
Note that the solution to ¥} is unique. In general, the calculation is highly nontrivial. We list

the results for d = 4 and d = 6 below.
For d = 4, only ¢? is relevant to the Weyl anomaly. Solving equation (B.2), we get

(B.3)

1 82
d=1va 1
2 (8R)?
2 12 2 48 )
Y= X2 — X
(d+3)(d>+d?—4d — 4) (d—1)d+3)d>—4)

24 X2
TaE DA @ —H

Set d = 4, we obtain equation (24).
For d = 6, only ¢?, 3, ¢j contribute to the Weyl anomaly. We have derived ¢7 as above.

For c%, we have

. (B.4)

1 53
c% = —Y73 * Af
3! (BR)3
8

v =3 ()X, (B.5)

i=1

R—R

where (x3); are given by

() 64 (48 4 65d + d?)

), = ,
7T 4(1+d)2(2880— 2304d — 17964% +976d° + 389d* — 11645 — 34dS + 4d” + d°)

) 192(48 + 654 + d?)

), =— ,
7)2 = T 1 d)2 (2880~ 2304d — 17964> +9764° + 389d° — 116d° — 34d° + 4d’ + d°)
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) 288(24 — 4d — 7d* + 5d°)

X7), = ’

737 d(14+d)? (2880 —2304d —1796d? +976d3 + 389d* — 116d5 — 34d°® + 4d7 + d¥)

) 128(144 + 24d + 23d* + 31d°)

X = s
V4T d(14-d)? (2880 —2304d —1796d? +976d3 + 389d* — 116d5 — 34d° + 4d7 + dB)

(). = 192(—144 — 24d + 25d° + 34d> + d*)

)5 T T A (14d)2 (2880 —2304d — 17964 + 97645 +389d% — 11645 —34d° + 4d" + d¥)

) 576(24 — 4d — 7d* + 5d°)

X = — s
76 (14-d)2 (2880 —2304d —1796d2 +976d3 + 389d* — 116d5 — 34d5 + 4d" + d¥)

) 16(—144 + 192d + 109d% — 24d> — 39d* + 14d°)

X = s
VT d(14d)* (2880 —2304d — 1796d2 +976d3 + 389d* — 116d5 — 34d° + 4d7 + d¥®)

64(144 — 264d — 25d* + 33d° + 3d* + d°)

(¥), = . (B.6)
ST (B DA+ DG+ )G+ d)(—16+ d) (—4 + d?)
Similarly, for c;, we have
1 $Sf i
3_ 1 p3 S Y3 — 3 X3, B.7
3= 318 * (5R)? lh i 8 §i:1: (x8)l i ®B.7)

where (xg) ; are given by

3 51221 + 11d + d*)
(x8)1 = 2 2 3 4 5 6 7 8y’
d(14d)2 (2880 — 2304d — 1796d2 + 97643 + 389d* — 116d5 — 34d5 + 4d" + d¥)
3 1536(21 + 11d + d?)
(XS)ZZ_d(l+d)2(2880—2304d —1796d%4976d3 + 389d* — 116d5 — 34dS + 4d7 + d8)’
(1), = 1152(—24 4+ d + 4d* + d°)
M8)37 J(1+d)2 (2880 — 2304d — 1796d% + 9764° + 389d* — 11645 — 34d° + 4d" + d°)’
) 1024(—72 + 24d + 23d* + 4d°)
Xg), = N
847 d(14d)?(2880 — 2304d — 1796d? + 976d> 4 389d* — 116d5 — 34d6 + 4d” + d¥)
) 1536(72 — 24d — 2d*> + 7d° + d*)
Xg)e=— s
Y57 d(1+4d)?(2880—2304d —1796d% 4 9764 + 389d* — 11645 —34d6 + 4d7 + dB)
5 2304(—24 + d + 4d* + d°)
(x3)6:_ 2 2 3 4 5 6 71 18}’
d(1+d)2(2880 — 2304d — 1796d? + 976d> + 389d* — 11645 —34d5+4d7 + d3)
) 64 (144 — 264d — 25d° + 33d> + 3d* + d°)
Xg), = ,
877 d(1+d)?(2880 — 2304d — 1796d? + 976d> 4 389d* — 116d5 — 34d° + 4d7 + d¥)
) 512(=72 4 168d — 25d°> — 21d> + 3d* + d°)
X = .
87 (34 d)d(1 +d)2(5+d)(—16 +d?)(—4 + d*) (=3 + 2d + d?)

(B.8)
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