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Abstract

In the first half of the paper, we study in details NS-branes, including the NS5-brane, the
Kaluza-Klein monopole and the exotic 52

2- or Q-brane, together with Bianchi identities for
NSNS (non)-geometric fluxes. Four-dimensional Bianchi identities are generalized to ten di-
mensions with non-constant fluxes, and get corrected by a source term in presence of an NS-
brane. The latter allows them to reduce to the expected Poisson equation. Without sources,
our Bianchi identities are also recovered by squaring a nilpotent SpinpD, Dq ˆ R

` Dirac
operator. Generalized Geometry allows us in addition to express the equations of motion ex-
plicitly in terms of fluxes. In the second half, we perform a general analysis of ten-dimensional
geometric backgrounds with non-geometric fluxes, in the context of β-supergravity. We de-
termine a well-defined class of such vacua, that are non-geometric in standard supergravity:
they involve β-transforms, a manifest symmetry of β-supergravity with isometries. We show
as well that these vacua belong to a geometric T-duality orbit.
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1 Introduction and main results

In the last few years, there has been a renewed interest in the topic of non-geometry and non-
geometric fluxes (for reviews see [2, 3, 4]). The non-geometric backgrounds of string theory
exhibit unusual behaviors, leading to new possibilities and opening still fairly unexplored
directions. Their study has been conducted from various angles, including world-sheet and
CFT approaches, target space constructions such as Double Field Theory (DFT) and its U-
duality extensions (for reviews see [5, 6, 7]), ten-dimensional supergravities and Generalized
Geometry, and four-dimensional supergravities. We take in this paper the last two points of
view, and study the Bianchi identities for NSNS fluxes, the related NS-branes, and properties
of further ten-dimensional backgrounds with non-geometric fluxes.

Some four-dimensional gauged supergravities have as gaugings or components of the em-
bedding tensor the so-called non-geometric fluxes [8, 9, 10]. In the NSNS sector, those
are given by Qc

ab and Rabc. These Q- and R-fluxes give rise to specific terms in the
four-dimensional potential that are of phenomenological interest. They were shown in var-
ious examples to help in stabilising moduli [11, 12, 13] or in obtaining de Sitter vacua
[14, 15, 16, 17, 18, 19]. Then, it is natural to ask whether such configurations with non-zero
Q- and R-fluxes can be obtained as backgrounds of string theory. To answer this question, we
follow here the approach of flux compactifications, that considers dimensional reductions from
ten- to four-dimensional supergravity on an internal compact manifold M. Traditionally, four-
dimensional vacua with Q- and R-fluxes are then rather believed to uplift to non-geometric
backgrounds, where M can be a non-geometry. In these backgrounds, stringy symmetries
such as T-duality are used instead of diffeomorphisms or gauge transformations [20, 9, 21] (a
more precise definition is given in section 4.2.1). This results mostly in non-standard spaces
for M, on which the compactification procedure cannot be applied. The relation between
these four- and ten-dimensional perspectives looks thus not well established.

Progress on these aspects have been made recently thanks to local reformulations of stan-
dard supergravity into new ten-dimensional theories, in [3, 22, 23, 1] and [24, 25, 26]. This
is achieved in the NSNS sector, with the standard Lagrangian LNSNS (2.4), by redefining the
metric gmn, b-field bmn and dilaton φ into a new set of fields g̃mn, βmn, φ̃, where β is an
antisymmetric bivector. As a consequence, the standard H-flux is traded for two new fluxes,
identified as the ten-dimensional Q- and R-fluxes. Their definition depends on the theory,
and we follow here β-supergravity [1], where

Qc
ab “ Bcβ

ab ´ 2βdraf bs
cd , Rabc “ 3βdra∇dβbcs , (1.1)

as in [27, 28, 23].1 The Lagrangian of the NSNS sector of β-supergravity is given by

L̃β “ e´2d

ˆ
Rpg̃q ` 4pBφ̃q2 ` 4pβabBbφ̃ ´ T aq2 ´

1

2
ηabR

acdf b
cd ´

1

12
ηadηbeηcf RabcRdef (1.2)

` 2ηabβ
adBdQc

bc ´ ηcdQa
acQb

bd ´
1

2
ηcdQa

bcQb
ad ´

1

4
ηadηbeηcf Qa

bcQd
ef

˙
,

as detailed in section 2.1. It looks very similar to the four-dimensional scalar potential of
gauged supergravities with Q- and R-fluxes. So β-supergravity appears to be a good can-
didate to uplift four-dimensional gauged supergravities, as argued in [1]. A dimensional

1Throughout the paper, a . . . l denote tangent space flat indices and m . . . z curved space indices. The
structure constant or geometric flux fa

bc is defined in (A.2) and we refer to appendix A for more conventions.
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reduction on a concrete background can only be performed though, if at least, the metric g̃

describes a standard manifold. Fortunately, this reformulation of standard supergravity not
only provides ten-dimensional non-geometric fluxes, but it also transforms in some examples
a non-geometry given by g into a standard geometry described by g̃. The information on
the former non-geometry gets encoded in the new non-geometric fluxes. This reformulation
allows eventually to relate these backgrounds properly to the four-dimensional description.

Using β-supergravity, one can now study backgrounds with non-geometric fluxes directly
in ten dimensions; this is the main purpose of this paper. In a first half, we focus on Bianchi
identities (BI) for the NSNS fluxes, and how they are corrected on specific backgrounds corre-
sponding to NS-branes. The corrections show that these branes actually source those fluxes.
In a second half, we make a generic study of (the NSNS sector of) geometric backgrounds of
β-supergravity, and try to determine whether those lead to new physics.

While the BI bring constraints to be satisfied by the vacua, the equations of motion should
be verified in the first place. Those were derived in [1] in curved indices. We rewrite them here
in flat indices, so that fa

bc and Qc
ab appear: this simplifies the study of solutions. We use two

methods for this rewriting: a direct reformulation, and a Generalized Geometry approach,
following [29]. The non-trivial result is the β equation of motion given in (2.24).

Bianchi identities and NS-branes

We study in section 3 a particular type of backgrounds: the NS-branes. The NS5-brane is a
codimension 4 brane and a known vacuum of standard supergravity. Smearing it along one
direction and T-dualising leads to the Kaluza-Klein (KK) monopole, that can be viewed as a
codimension 3 brane. The latter is a solution of general relativity, and as such, it is a vacuum
of both standard supergravity and β-supergravity. Smearing it once and T-dualising again
leads finally to the 52

2-brane [30, 31] (the former two were denoted there 50
2 and 51

2), that we
prefer to call here the Q-brane [32]. This brane is codimension 2. It appears in terms of
standard supergravity as a non-geometric background [30, 31], but a geometric description
is restored in β-supergravity [32, 33]. We verify in appendix D.1 that it satisfies the β-
supergravity equations of motion. More details on these branes, their smearing and T-duality
relations, are given in section 3.2.

The BI of supergravity fluxes can get corrected in presence of a brane: the latter provides
a source term. The resulting equation usually boils down to the Poisson equation on a warp
factor. Let us recall the standard case of the H-flux with an NS5-brane, before presenting
our extensions to the other NSNS fluxes and branes. The BI for the H-flux is given by the
four-form dH. In terms of its coefficient in flat indices, the BI, in presence of an NS5-brane,
is written

NS5´brane : BraHbcds ´
3

2
f e

rabHcdse “
CH

4
ǫ4Kabcd δp4qpr4q . (1.3)

The right-hand side (RHS) localises the brane in its four transverse directions (as indicated by
the K) at the radius r4 “ 0. The factor CH will be specified in the paper, and conventions on
the ǫ4 are given in appendix A. With the fluxes of the NS5-brane background, (1.3) becomes
the Poisson equation on the warp factor fH (with a normalisation constant cH)

∆4fH “ cH δp4qpr4q , (1.4)

as we will verify explicitly. Another BI that the background should satisfy is given below
by equation (1.7). This condition is obtained either by considering d2 “ 0 in flat indices
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(more precisely dpdeaq “ 0), or from the Jacobi identity of the Lie bracket on Cartan one-
forms [34]. This BI (1.7) on the geometric flux is automatically satisfied when expressing f

in terms of vielbeins. The BI for the H-flux without source behaves similarly: dH vanishes
when replacing H by db. This property holds if the fields have no singularity. A source is
responsible for a singular point, hence the RHS in (1.3) and (1.4). These two equations still
vanish locally at any point away from the source. We will recover the same behaviour in what
follows. Finally, the two BI without a source verify another important property: they are
recovered by setting to zero the square of the "derivative" d ´ H^ acting on a form A. We
can as well introduce a dilaton factor, and write

For DA “ 2eφpd ´ H^qpe´φAq , D2 “ 0 ô d2 “ 0 and dH “ 0 . (1.5)

For constant Habc and fa
bc, their BI without source can also be obtained from the Jacobi

identities of some algebra. This algebra can be extended to the gauging algebra of four-
dimensional gauged supergravity: it then includes all NSNS fluxes

rZa, Zbs “ HabcX
c ` f c

abZc (1.6)

rZa, Xbs “ ´f b
acX

c ` Qa
bcZc

rXa, Xbs “ Qc
abXc ´ RabcZc .

The Jacobi identities of (1.6), given in (3.5) - (3.9), were thus proposed as the BI for constant
NSNS fluxes (without source) [8]. For a vanishing H-flux, we propose here a ten-dimensional
generalization of those, for non-constant fluxes

Brbf
a

cds ´ fa
erbf

e
cds “ 0 , (1.7)

BraQfs
de ´ βgrdBgf es

af ´
1

2
Qg

def g
af ` 2Qra

grdf es
fsg “ 0 , (1.8)

BaRghi ´ 3βdrgBdQa
his ` 3Rdrghf is

ad ´ 3Qa
drgQd

his “ 0 , (1.9)

βgrdBgRabcs `
3

2
RgrdaQg

bcs “ 0 . (1.10)

It is worth stressing that for H “ 0 and constant fluxes, our BI boil down to those of [8].
Such a generalization was already obtained in [34] from Jacobi identities of Lie brackets,
and at the level of DFT in [33]. We show in appendix C.1 that those match the simpler
expressions given by our BI (1.7) - (1.10). These equations are meaningful in β-supergravity,
where fluxes can be expressed in terms of vielbeins and β. Interestingly, using these explicit
expressions, the four BI are then automatically satisfied, exactly as above for dH. This is
actually how these four conditions were discovered in [1] (see appendix C.3). These BI are
therefore natural candidates to have non-zero RHS in the presence of NS-branes. We propose
indeed the following BI for the geometric flux f in presence of a KK-monopole

KK´monopole : Brbf
a

cds ´ fa
erbf

e
cds “

CK

3
ǫ3Kbcd ǫ1||e ηea δp3qpr3q , (1.11)

where ǫ1||e is non-zero and equal to one for e being the direction along the brane, and the
factor CK will be specified in the paper. All other BI should as well be satisfied with a
vanishing RHS. In presence of a Q-brane, we propose the following BI for the Q-flux

Q´brane : (1.12)

BraQbs
cd ´ βgrcBgfds

ab ´
1

2
Qg

cdf g
ab ` 2Qra

grcbds
fsg “

CQ

2
ǫ2Kab ǫ2||ef ηecηfd δp2qpr2q ,
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and all other BI should again be satisfied with a vanishing RHS. We will verify that these
sourced BI boil down to Poisson equations on warp factors once evaluated on the brane
solutions

KK´monopole : ∆3fK “ cK δp3qpr3q , Q´brane : ∆2fQ “ cQ δp2qpr2q . (1.13)

Similarly to (1.5), a "derivative" D7 was built for constant fluxes [11, 35], such that D2
7 “ 0

would be equivalent to the (sourceless) BI of the NSNS fluxes (3.5) - (3.9), i.e. the Jacobi
identities of the algebra (1.6), together with a further scalar condition [35] given in (3.12).
Here we generalize this idea for non-constant fluxes and H “ 0: we introduce a D such that

D2 “ 0 ô BI (1.7) ´ (1.10) ` scalar condition . (1.14)

As explained in section 3.1, D is the Dirac operator associated to the SpinpD, Dq ˆ R
`

covariant derivative DA that can be built from the Generalized Geometry approach

DΨ “ ΓADAΨ “
´

ΓABA `
1

4
Ω̂ABCΓABC `

1

2
Ω̂D

D
CΓC

¯
Ψ , (1.15)

where the ΓA satisfy the SpinpD, Dq Clifford algebra, and we represent them with forms and
contractions using a Clifford map. Similarly, Ψ is a spinor and can be viewed as a polyform.
Using the connection coefficients computed in [1], we recover (1.5) for standard supergravity
with b-field, and get for β-supergravity

DA “ 2eφ̃p∇a ¨ ẽa ^ ´ q∇a ¨ ιa ` T _ `R_qpe´φ̃Aq . (1.16)

We recall that ∇a ¨ ẽa^ “ d, and understand the dot as acting only on the coefficient of
the form A; we denote by ιa or _ the contractions (see appendix A), and q∇a is a covariant
derivative containing the Q-flux (2.15). This D of (1.16) verifies (1.14). We also show that
D7 corresponds to the second term in the RHS of (1.15), clarifying how our D generalizes
the constant flux situation. An explicit expression for D in terms of fluxes is given in (3.25),
while tensorial formulations of the BI are discussed around (3.38).

Geometric vacua of β-supergravity

In section 4, we study vacua of β-supergravity more generally. β-supergravity is of particular
interest with respect to standard supergravity when its solutions are geometric. As explained
above, such backgrounds can provide a ten-dimensional uplift to some four-dimensional so-
lutions of gauged supergravities with non-geometric fluxes. In addition, a geometric vacuum
of β-supergravity is non-geometric when expressed in standard supergravity, at least in the
examples considered so far. A geometric, target space, description of a non-geometric string
background is therefore restored. Those are the two main achievements of β-supergravity.
So the first question we study is to determine the conditions for a geometric vacuum of
β-supergravity. Two examples (or at least their NSNS sector) are helpful: the Q-brane
mentioned previously, and the toroidal example studied in details in [3, 36, 1]. For both,
their standard supergravity description is non-geometric, but also T-dual to a geometric one.
From a four-dimensional point of view, such backgrounds are then said to be on a geometric
(T-duality) orbit. All theories on an orbit are the same, up to a redefinition of the four-
dimensional fields. So the theory obtained from the toroidal example does not describe new
physics, with respect to the one from the T-dual configuration that is geometric in standard
supergravity. The second question is then whether geometric vacua of β-supergravity ever
lead to new physics. To address these questions, we pursue the following reasoning:
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1. Consider a field configuration defined on a set of patches of a space. To form a valid
vacuum of a theory, these fields should at least glue from one patch to the other with
symmetries of that theory. This allows to describe the configuration on all patches with
only one theory (here one Lagrangian) [26].

2. A symmetry leaves a Lagrangian invariant up to a total derivative, and the two La-
grangians LNSNS and L̃β only differ by a total derivative (see section 2.1), so they share
the same symmetries. These are diffeomorphisms and b-field gauge transformations,
where the latter can be translated in terms of the fields of β-supergravity [1]. Field
configurations gluing with such symmetries are geometric for standard supergravity.2

They may as well, under some restrictions, be geometric in terms of β-supergravity,
but there is no need for such a description, since standard supergravity already gives a
proper one [26, 1].

3. Getting an interesting geometric background of β-supergravity therefore requires other
symmetries. This can be achieved by considering a modification, e.g. a restriction, of
the theory, that would lead to a symmetry enhancement [1]. Here, the restriction to be
made is to consider the presence of N isometries. This provides a further symmetry to
LNSNS and L̃β, that is T-duality. We prove this in appendix E.

4. One of the T-duality transformations that brings some novelty is the β-transform. Ex-
pressing it in β-supergravity is simple: it results in a constant shift of β along isometries.
The Lagrangian L̃β is manifestly invariant under such a transformation, as we show in
details. In particular, the Q- and the R-flux are invariant under this symmetry. Field
configurations gluing with β-transforms and diffeomorphisms are thus geometric for β-
supergravity, and in most cases non-geometric for standard supergravity: this defines
a class of interesting geometric vacua of β-supergravity. The two examples mentioned
above are of this type.

5. We however show that such vacua (or at least their NSNS sector) are always T-dual
to geometric ones for standard supergravity, i.e. they are on a geometric orbit. So
they do not give new physics. The converse point of view remains interesting: we know
precisely when geometric backgrounds of standard supergravity have non-geometric T-
duals that can be described geometrically by β-supergravity. The latter then provides an
uplift to some non-geometric points on the four-dimensional orbit. We still list various
possibilities beyond the setting just mentioned, that could circumvent the result, and
maybe lead to new physics.

The paper is structured as follows. β-supergravity is reviewed in section 2.1, with con-
ventions in appendix A. Equations of motion are rewritten in flat indices in section 2.2 and
appendix B. We then turn to the sourceless BI in section 3.1 and appendix C, where we review
the literature and construct the SpinpD, Dq ˆR

` covariant derivative and Dirac operator D.
We study NS-branes in section 3.2 and appendix D by showing their smearing and T-duality
relations, the source corrections to BI and the derivation of Poisson equations. Finally, we
detail in section 4.1 and appendix E the symmetries of LNSNS and L̃β, including the T-duality
for N isometries. We study how using them leads to geometric or non-geometric vacua in
section 4.2. T-duals of some geometric vacua of β-supergravity are analyzed in section 4.3.
An outlook is eventually provided in section 5.

2Definitions of geometric and non-geometric field configurations are given in section 4.2.1.
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2 β-supergravity and its equations of motion

We gave in the Introduction several motivations to consider β-supergravity, a ten-dimensional
theory that contains non-geometric Q- and R-fluxes. In this section, we briefly review this
theory by providing the technical material needed in the rest of the paper. We mostly follow
[1]. Then, we turn to the rewriting of its equations of motion in flat indices.

2.1 Technical review of β-supergravity

A local reformulation of the NSNS sector of standard supergravity was proposed in [3, 22, 23].
It is based on a field redefinition transforming the standard NSNS fields into a new metric
g̃mn, an antisymmetric bivector βmn and a new dilaton φ̃

g̃´1 “ pg ` bq´1gpg ´ bq´1

β “ ´pg ` bq´1bpg ´ bq´1

+
ô pg`bq´1 “ pg̃´1`βq , e´2φ̃

a
|g̃| “ e´2φ

a
|g| ” e´2d , (2.1)

where we introduce the quantity d. This field redefinition was read-off from a reparametriza-
tion of the generalized metric H, that usually depends on g and b. This is equivalent to
choosing another generalized vielbein Ẽ instead of the usual E , where Ẽ depends on the new
fields

E “

ˆ
e 0

e´T b e´T

˙
, Ẽ “

ˆ
ẽ ẽβ

0 ẽ´T

˙
, I “

ˆ
ηD 0

0 η´1

D

˙
, (2.2)

H “

ˆ
g ´ bg´1b ´bg´1

g´1b g´1

˙
“ ET

I E “ ẼT
I Ẽ “

ˆ
g̃ g̃β

´βg̃ g̃´1 ´ βg̃β

˙
, (2.3)

where H is a 2D ˆ 2D matrix for a D-dimensional space-time, ηD denotes the flat metric,
and the vielbeins e and ẽ are associated to the metrics g “ eT ηDe and g̃ “ ẽT ηDẽ. This
reparametrization was inspired from earlier Generalized Complex Geometry papers [37, 38,
27]. The field redefinition is then an OpD ´ 1, 1q ˆ Op1, D ´ 1q transformation [1].

The standard NSNS Lagrangian, where Hmnp “ 3Brmbnps, is given by

LNSNS “ e´2φ
a

|g|

ˆ
Rpgq ` 4pBφq2 ´

1

2
H2

˙
, (2.4)

with conventions in appendix A. Building on the above, the field redefinition (2.1) performed
on LNSNS lead in [1] to the Lagrangian L̃β of the NSNS sector of β-supergravity

LNSNSpg, b, φq “ L̃βpg̃, β, φ̃q ` Bp. . . q , (2.5)

up to a total derivative Bp. . . q detailed in section 4.1.1. In curved indices, L̃β is given by

L̃β “ e´2φ̃
a

|g̃|

ˆ
Rpg̃q ` 4pBφ̃q2 ` 4pβmpBpφ̃ ´ T mq2 ` qRpg̃q ´

1

2
R2

˙
, (2.6)

with qR “ g̃mn
qRmn , qRmn “ ´βpqBq

qΓmn
p ` βmqBq

qΓpn
p ` qΓmn

p
qΓqp

q ´ qΓqm
p

qΓpn
q , (2.7)

qΓmn
p “

1

2
g̃pq p´βmrBrg̃nq ´ βnrBrg̃mq ` βqrBr g̃mnq ` g̃pq g̃rpmBrβnqq ´

1

2
Bpβmn , (2.8)

T n ” qΓpn
p “ Bpβnp ´

1

2
βnmg̃pqBmg̃pq “

1a
|g̃|

Bp

´
βnp

a
|g̃|

¯
“ ∇pβnp , (2.9)

Rmnp ” 3βqrmBqβnps “ 3βqrm∇qβnps , (2.10)
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and conventions in appendix A. Note that Rmnp, T m and qRmn are tensors. This last "Ricci
tensor" is related to a new covariant derivative q∇m built from βmnBn and the connection qΓmn

p

q∇mV p “ ´βmnBnV p ´ qΓmp
n V n , q∇mVp “ ´βmnBnVp ` qΓmn

p Vn . (2.11)

That derivative plays a crucial role, as we will see. Another useful tensor is qΓptq
mn
p

qΓmn
p “ qΓptq

mn
p ` βmsΓn

ps , qΓptq
mn
p “

1

2
g̃pq pg̃rm∇rβnq ` g̃rn∇rβmq ´ g̃qr∇rβmnq . (2.12)

It allows to relate the covariant derivatives ∇ and q∇, and then to rewrite the R-flux

q∇mV p “ ´βmn∇nV p ´ qΓptq
mp
n V n , q∇mVp “ ´βmn∇nVp ` qΓptq

mn
p Vn , (2.13)

Rmnp “ 3 βqrm∇qβnps “
3

2
q∇rmβnps . (2.14)

Imposing the condition βmnBn¨ “ 0 (as well as Bpβnp “ 0), where the dot stands for any field,

reduces L̃β to the Lagrangian obtained in [3]. One also gets Rmnp “ 0, T m “ 0, and qR results
only in a pBβq2. This subcase is useful in some examples, like the Q-brane.

We now turn to flat indices: this reveals the Q-flux given in (1.1), since it is not a tensor.
It rather plays an analogous role in q∇ as f does in ∇ with Levi-Civita connection [1]

ẽa
mẽn

b∇nV m “ ∇bV
a ” BbV

a ` ωa
bcV

c ô ωa
bc “

1

2

´
fa

bc ` ηadηcef e
db ` ηadηbef e

dc

¯
(2.15)

ẽm
aẽb

n
q∇nVm “ q∇bVa ” ´βbdBdVa ´ ωQ

bc
a

Vc ô ωQ
bc
a

“
1

2

´
Qa

bc ` ηadηceQe
db ` ηadηbeQe

dc
¯

,

where we introduced ωQ, (the opposite of) the spin connection associated to qΓ. This ωQ

enjoys similar properties as those of (A.3)

ηdcωQ
bc
a

“ ´ηacωQ
bc
d

, Qa
bc “ 2ωQ

rbcs
a

, ωQ
ad
a

“ Qa
ad , ηbcωQ

bc
a

“ ηadQb
db . (2.16)

From it, we can define a quantity RQ analogous to the standard Ricci scalar Rpg̃q

Rpg̃q “ 2ηbcBaωa
bc ` ηbcωa

adωd
bc ´ ηbcωa

dbω
d
ac (2.17)

“ 2ηabBaf c
bc ´ ηcdfa

acf
b
bd ´

1

4

´
2ηcdfa

bcf
b
ad ` ηadηbeηcgfa

bcf
d

eg

¯
,

RQ ” 2ηbcβ
adBdωQ

bc
a

` ηbcωQ
ad
a

ωQ
bc
d

´ ηbcωQ
db
a

ωQ
ac
d

(2.18)

“ 2ηabβ
adBdQc

bc ´ ηcdQa
acQb

bd ´
1

4

´
2ηcdQa

bcQb
ad ` ηadηbeηcgQa

bcQd
eg

¯
,

and RQ is related to qR as follows

qR “ RQ ´
1

2
Racdf b

cdηab . (2.19)

The Lagrangian L̃β (2.6) can then be rewritten as in (1.2), where the second row matches

RQ. Finally, let us give a few useful expressions, such as qRab in (D.12), and

2 Rcd “ Bafa
cd ` 2ηabBaf g

bpcηdqg ´ 2Bcf
b
bd (2.20)

` fa
ab

´
f b

cd ` 2ηbgfh
gpcηdqh

¯
´ f b

acf
a

bd ´ ηbgηahfh
gcf

a
bd ´

1

2
ηahηbjηciηdgf i

jaf g
hb ,

Rabc “ 3βdraBdβbcs ´ 3βdraf b
deβcse “ 3βdraQd

bcs ` 3βdraf b
deβcse , T a “ ´Qb

ba `
1

2
βcdfa

cd .
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We rederived in [1] the Lagrangian L̃β (1.2) and most of the structures just presented (in

particular q∇ and ωQ) from the Generalized Geometry formalism, building on [29]. Choosing
the generalized vielbein Ẽ in (2.2) plays a crucial role for this purpose. We recall some results
of this derivation in section 2.2, and use them in section 3.1.2 to compute the SpinpD, DqˆR

`

covariant derivative. In addition, β-supergravity can be derived from DFT [22, 23, 28, 33].
Finally, the equations of motion for the NSNS sector of β-supergravity were derived in [1]

1

4

ˆ
Rpg̃q ` qRpg̃q ´

1

2
R2

˙
“ pBφ̃q2 ´ ∇2φ̃ ` pβmrBrφ̃ ´ T mq2 ` g̃mn

q∇mpβnrBrφ̃ ´ T nq (2.21)

Rpq ´ g̃mppg̃qqn
qRmn `

1

4
g̃pmg̃qng̃rsg̃uvRmruRnsv “ ´2∇pBqφ̃ ´ 2g̃mppg̃qqn

q∇mpβnrBrφ̃ ´ T nq (2.22)

1

2
g̃msg̃rug̃np

´
e2φ̃ q∇mpe´2φ̃Rsunq ´ 2T mRsun

¯
(2.23)

“
1

2
g̃npg̃rq g̃sme2φ̃∇mpe´2φ̃∇sβnqq ` 2g̃nrpRrssβns ´ e´2φ̃∇qpe2φ̃g̃nrp∇rsβ

nqq ` 4g̃nrp∇rspβ
nqBqφ̃q .

Those are given in curved indices. We now turn to their rewriting in flat indices.

2.2 Equations of motion in flat indices and Generalized Geometry formal-

ism

The equations of motion for the NSNS sector of β-supergravity, derived from L̃β (2.6) in [1],
have just been given: the one for the dilaton (2.21), the Einstein equation (2.22), and the β

equation of motion (2.23). They are in curved indices; in this section, we rewrite them with
flat indices: this allows to make the fluxes fa

bc and Qc
ab appear, since those are not tensors.

Having an explicit dependence on the fluxes is more convenient when looking for solutions.
It will indeed be the case in appendix D.1 when verifying that the Q-brane is a vacuum of
β-supergravity. To perform this rewriting, we follow two methods: first, a direct approach is
detailed in appendix B.1, and secondly we use the Generalized Geometry formalism, building
on [29] and the results of [1]. This second method is presented below.

Since all terms in the above equations are tensors, going to flat indices is only a multi-
plication by vielbeins. The difficulty is rather to make the fluxes appear explicitly. For the
dilaton and Einstein equations, this essentially amounts to give the expressions of the Ricci
scalars and tensors in terms of the fluxes: those can be found in (2.17), (2.18), (2.19) for the
scalars, and (2.20), (D.12) for the tensors. The equation of motion for β requires more work.
Both methods lead to the following result for this equation

´
1

2
ηabηcdηef

q∇aRbdf ` Qa
gf fa

grcηesf `
1

2
f f

haQrc
haηesf ´

1

2
Qa

agf i
ecηgi (2.24)

`
1

2
ηef ηcdηgkQg

fdfa
ak ` ηgiη

abQa
dgf i

breηcsd

“ ´
1

2
ηgiβ

gaBaf i
ce ´ βdf Bdfa

arcηesf ` ηfreBcsQa
af ´

1

2
ηef ηcdηabBaQb

fd ` 2ηfre∇csT
f

` ηabηcdηef Rbdf
`
βagBgφ̃ ´ T a

˘
` ηabηcdηef ∇bβ

fd Baφ̃ ` 4βabηarc∇esBbφ̃ ` 2ηarc∇esβ
ab Bbφ̃ .

Although it looks at first complicated, many terms would drop out upon reasonable assump-
tions: we argued in [1] in favor of an ansatz with @b , fa

ab “ 0 , Qa
ab “ 0 , T b “ 0 , Bbφ̃ “ 0

that would make several terms vanish, e.g. the last row. Finally, let us mention that a com-
plete use of (2.24) would require to expand q∇aRbdf , but the procedure should be straightfor-
ward. The resulting terms would not mix with the others, given the number of β.
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Derivation using the Generalized Geometry formalism

We presented in [1] a useful formulation of β-supergravity based on the formalism of Gen-
eralized Geometry, established in [29] for standard type II supergravities. This formulation
clarified the origin of the various structures appearing in β-supergravity, including the fluxes,
the covariant derivative q∇a, and T a. It also lead us to reobtain the Lagrangian L̃β (1.2).
Using these tools, we derive here the three equations of motion in flat indices. This amounts
to compute generalized quantities analogous to a Ricci scalar and a Ricci tensor.

The starting point of Generalized Geometry is to consider a generalized bundle with
structure group OpD, Dq ˆ R

`. Various objects, covariant with respect to this structure
group, can then be constructed. The crucial one is the generalized (flat) covariant derivative

DAV B “ BAV B ` Ω̂A
B

CV C , (2.25)

that acts on a generalized vector component V B . To reproduce β-supergravity, we chose a
generalized frame related to the generalized vielbein Ẽ given in (2.2); standard supergravity
is rather obtained from E . Then, using metric compatibility, a constraint on the generalized
torsion and some further fixing, we showed in great details in [1] how to determine the
generalized connection coefficients Ω̂A

B
C (as well as BA). Those are essentially given in

terms of fluxes. This is analogous to the standard case of the spin connection for Levi-
Civita connection. We then restricted the structure group to OpD ´ 1, 1q ˆ Op1, D ´ 1q,
leading to covariant derivatives with respect to that subgroup. Going to the spinorial version
SpinpD ´ 1, 1q ˆ Spinp1, D ´ 1q, we obtained as well derivatives on spinors, in particular

γaDaǫ` “

ˆ
γa∇a ´ γaηad

q∇d `
1

24
ηadηbeηcf Rdef γabc ´

1

2
γcΛc

˙
ǫ` , (2.26)

Daǫ` “

ˆ
∇a ` ηad

q∇d ´
1

8
ηadηbeηcf Rdef γbc

˙
ǫ` , (2.27)

Dawa “ ∇awa ` ηad
q∇dwa ´ Λawa , (2.28)

Dawb “ ∇awb ´ ηad
q∇dwb ´

1

2
ηadηcf Rdbf wc , (2.29)

where in (2.26) and (2.27), ∇ and q∇ are the spinorial derivatives naturally defined from (2.15).
Conventions for γ-matrices are given in appendix A, and the unbarred-barred notation refers
to the two orthogonal groups. This notation disappears when choosing aligned vielbeins [1].
These derivatives can be rewritten as in [1] using only the following quantities

Xabc “
1

4
ηbe

ˆ
ωe

ac ´ ηadωQ
de
c

`
1

6
ηadηcf Rdef

˙
, (2.30)

Xa “
1

2

´
ωd

da ` ηacωQ
dc
d

´ Λa

¯
, (2.31)

Yabc “
1

4
ηbe

ˆ
ωe

ac ` ηadωQ
de
c

´
1

2
ηadηcf Rdef

˙
, (2.32)

Za “ ωd
da

´ ηacωQ
dc
d

´ Λa , (2.33)
#

Λa “ λa ` ηadξd

Λa “ λa ´ ηadξd
, λa “ 2Baφ̃ , ξa “ 2pβadBdφ̃ ´ T aq . (2.34)
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From those derivatives, we calculated in [1] the scalar S, defined in [29] as

´
1

4
Sǫ` “

´
γaDaγbDb ´ ηabDaD

b

¯
ǫ` . (2.35)

This quantity is related to the Lagrangian, and we reproduced from it L̃β (1.2). We obtained

S “ Rpg̃q ` RQ ´
1

2
Racdf b

cdηab ´
1

2
R2 (2.36)

´ 4pBφ̃q2 ` 4∇2φ̃ ´ 4pβabBbφ̃ ´ T aq2 ´ 4ηab
q∇apβbcBcφ̃ ´ T bq .

In addition, it was shown in [29] to encode the dilaton equation of motion for standard
supergravity, by considering S “ 0. Here, we get the analogous result: S “ 0 reproduces the
dilaton equation of motion (2.21) in flat indices.

To derive the two other equations of motion, we calculate the generalized Ricci tensor

1

2
R

ab
γaǫ` “ rγaDa, D

b
sǫ` , (2.37)

that depends on the above derivatives. For standard supergravity, it was shown in [29] and
[39] that setting the symmetric part to zero, Rpabq “ 0, corresponds to the Einstein equation,
while the antisymmetric part Rrabs “ 0 yields the equation of motion for the b-field. In
analogy here we should obtain the equations of motion for g̃ and β taking respectively the
symmetric or antisymmetric part of Rab. Using the quantities defined above, (2.37) becomes

1

2
R

ab
γaǫ` “

´
γaBa ` γaηadβdcBc ` Xacdγacd ` Xaγa

¯ ´
B

b
´ ηbgβgeBe ` Y

bgh
γgh

¯
ǫ` (2.38)

´ γaωc
ab

´
Bc ´ ηcgβgeBe ` Ycghγgh

¯
ǫ` ` γaηadωQ

dc
b

´
Bc ´ ηcgβgeBe ` Ycghγgh

¯
ǫ`

´
1

2
γaηadηbf Rdfc

´
Bc ´ ηcgβgeBe ` Ycghγgh

¯
ǫ`

´
´

B
b

´ ηbgβgeBe ` Y
bgh

γgh
¯ ´

γaBa ` γaηadβdcBc ` Xacdγacd ` Xaγa
¯

ǫ` .

We leave the computational details of the above expression to appendix B.2, and give here
the result. After aligning the vielbeins, and considering only the first order in γ-matrices,
1

2
Rabγ

a gives

´1

2
Rba ´

1

2
ηepaηbqg

qRge `
1

8
ηaeηbgηif ηcdRigcRdfe (2.39)

` ∇b∇aφ̃ ´ ηepaηbqg
q∇gp q∇eφ̃q ´ ηepaηbqg

q∇gT e

`
1

4
ηaeηbgηdf BdQf

eg ´
1

2
ηeraBbsQd

de ´
1

4
βgcBcf

e
abηge `

1

2
βgcBcf

d
draηbsg

`
1

4
ηbgηaeηchfd

dcQh
eg ´

1

4
ηchQd

dcfh
ab

`
1

4
f g

cdQra
dcηbsg `

1

2
ηerafh

bsdQi
ecηchηdi `

1

2
ηerafh

bscQh
ec

´ ηera∇bsp q∇eφ̃q ´ ηera∇bsT
e ` ηgrb

q∇g∇asφ̃

´
1

2
ηaeηbgηfcR

gfeT c `
1

4
ηaeηbgηdf e2φ̃ q∇dpe´2φ̃Rgfeq

¯
γa .
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The first order in γa will be enough to recover the equations of motion derived above, i.e. the
higher orders in γa should vanish, as they did for S [1].

As explained above, setting Rab “ 0 and therefore the expression (2.39) to vanish, we
should obtain the equations of motion for g̃ and β. More precisely, setting the symmetric
part of (2.39) to vanish gives

1

2
Rba ´

1

2
ηepaηbqg

qRge `
1

8
ηaeηbgηif ηcdRigcRdfe (2.40)

`∇b∇aφ̃ ´ ηepaηbqg
q∇gp q∇eφ̃q ´ ηepaηbqg

q∇gT e “ 0 ,

that matches the Einstein equation (2.22). Similarly, the antisymmetric part of (2.39) gives

1

4
ηaeηbgηdf BdQf

eg ´
1

2
ηeraBbsQd

de ´
1

4
βgcBcf

e
abηge `

1

2
βgcBcf

d
draηbsg (2.41)

`
1

4
ηbgηaeηchfd

dcQh
eg ´

1

4
ηchQd

dcfh
ab

`
1

4
f g

cdQra
dcηbsg `

1

2
ηerafh

bsdQi
ecηchηdi `

1

2
ηerafh

bscQh
ec

´ηera∇bsp q∇eφ̃q ´ ηera∇bsT
e ` ηgrb

q∇g∇asφ̃

´
1

2
ηaeηbgηfcR

gfeT c `
1

4
ηaeηbgηdf e2φ̃ q∇dpe´2φ̃Rgfeq “ 0 .

This last result matches (2.24), the equation of motion for β in flat indices.3

3 Bianchi identities and NS-branes

3.1 NSNS Bianchi identities without sources

In this section, we first review the appearance of NSNS Bianchi identities (BI) through the
literature. As mentioned in the Introduction, the BI in the NSNS sector have been treated in
different ways. We recall approaches based on algebras with various brackets, that eventually
lead to the BI using their Jacobi identities. The BI have also been derived from a nilpotency
condition on generalizations of the standard exterior derivative, where including the geometric
and non-geometric fluxes plays an important role. We will then make use of these ideas, and
rederive the BI (1.7) - (1.10) by considering the square of a SpinpD, Dq ˆ R

` derivative.

3.1.1 Sourceless NSNS Bianchi identities through the literature

In the Introduction, we gave our BI for the NSNS fluxes in the absence of source (1.7) - (1.10).
Let us repeat them here for convenience

Braf e
bfs ´ f e

drafd
bfs “ 0 , (3.1)

BraQfs
de ´ βgrdBgf es

af ´
1

2
Qg

def g
af ` 2Qra

grdf es
fsg “ 0 , (3.2)

BaRghi ´ 3βdrgBdQa
his ` 3Rdrghf is

ad ´ 3Qa
drgQd

his “ 0 , (3.3)

βgrdBgRabcs `
3

2
RgrdaQg

bcs “ 0 . (3.4)

3To verify this, one should multiply the equation (2.41) by 2 and match its indices pa, bq with those pe, cq

of (2.24). In addition, one can use (2.13) and (2.12) on the term in q∇∇φ̃.
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We will review the appearance of NSNS BI in the literature and draw a connection to the above
relations. But let us first make a few remarks on them. As mentioned in the Introduction,
the conditions (3.1) - (3.4) are actually identities: they hold automatically if one uses the
definitions of the fluxes, and this is how we obtained them in the first place in [1] (see
appendix C.3). Moreover we note that (3.4) can be derived from q∇rmRnpqs “ 0 obtained in
[22, 23]. In addition, (3.3) should correspond to the BI for the Riemann tensor associated to
qR, given in (3.44) or (3.47) of [23], in the same way that (3.1) corresponds to the BI for the
standard Riemann tensor. Let us now turn to the different approaches to the NSNS BI in
the literature.

Algebraic interpretation

This approach is based on having an algebra where the geometric and non-geometric fluxes
appear as structure constants; the NSNS BI are then obtained by considering the Jacobi
identities of the algebra. This idea first appeared for standard geometric backgrounds: the
algebra was that of the gaugings of four-dimensional gauged supergravity, and the generators
Z and X were understood as descending from ten-dimensional ones, for diffeomorphisms
and b-field gauge transformation respectively [40, 41, 42, 43]. For T-duality covariance in
four dimensions, this algebra was extended towards the famous one (1.6) to include non-
geometric fluxes [8, 10].4 A further extension was considered in [44] to include other sectors
of supergravities. As mentioned already, the Jacobi identities of the algebra (1.6) generate
the following set of NSNS BI [8]

f e
rabHcdse “ 0 (3.5)

HdrabQfs
ed ` f e

drafd
bfs “ 0 (3.6)

1

2
Hgaf Rdeg ´

1

2
Qg

def g
af ` 2Qra

grdf es
fsg “ 0 (3.7)

Rdrghf is
ad ´ Qa

drgQd
his “ 0 (3.8)

RgrdaQg
bcs “ 0 (3.9)

Setting the H-flux to vanish, one can see that these BI exactly match our relations (3.1) -
(3.4) for constant fluxes. Our BI can thus be thought of as a generalization when fluxes are
not constant.

Such a generalization has already been obtained in [34].5 There, a quasi-Poisson structure
given by β is considered. Applying in ten dimensions the Lie bracket on the generators
Za “ Ba, Xa “ βabBb, the algebra (1.6) for H “ 0 is precisely reproduced, where the definition
of the fluxes there match ours (up to a sign on R). A further deformation allows to include an
H-flux. The Jacobi identities of that algebra then provide NSNS BI for non-constant fluxes.
These identities are given for H “ 0 in (C.1) - (C.4), and we verify in appendix C.1 that they
match with our (3.1) - (3.4). This explains in another way why our BI hold automatically:
they correspond to ten-dimensional identities derived from Lie brackets.

Finally, other approaches made use of different brackets to obtain similar results. The
algebra (1.6), at least for H “ 0, was derived from a Generalized Complex Geometry per-
spective [27] by considering the Courant bracket acting on generalized OpD, Dq frames. The

4Our conventions differ by a minus sign on the R-flux with those of [8].
5Relations similar to our (3.1) - (3.4) were also obtained in [45], although they do not match exactly, as

the Q-flux defined there is different, and there is no geometric flux turned on.
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R-flux there however does not match our definition. The algebra (1.6) is obtained again
with the Courant bracket, acting this time on standard frames and co-frames (flat vectors
and one-forms) in [34]; similar results appear in [46] with an emphasis on the related Dirac
structures. The corresponding Jacobiators derived in [34] contain some terms encoding the
aforementioned BI (C.1)-(C.4). A Double Field Theory (DFT) extension of these ideas can
be found in [33], where the C-bracket [47, 48] is used: this DFT generalization of the Courant
bracket reduces to the latter upon the strong constraint B̃ “ 0. Acting this way on generalized
vielbeins, the algebra (1.6) is reproduced in an OpD, Dq covariant manner. The related Jacobi
identity would be given by two terms, one of which is proportional to a quantity ZABCD that
can be decomposed and reduced into the various BI (3.1) - (3.4), as detailed in appendix C.1.
Another generalization of the Courant bracket, called the Roytenberg bracket, was also used
in [49] to write the algebra (1.6). Finally, in the CFT approach of [50], the algebra (1.6) is
directly reproduced from actions of (asymmetric) orbifolds.

Nilpotent derivative

Besides the algebraic approach to derive the BI by evaluating Jacobi identities, there is
a second proposal using a generalization of the standard exterior derivative. Imposing a
nilpotency condition on this derivative is equivalent to a set of constraints that turn out to
be the BI. The first simple illustration of that idea is given in the Introduction, particularly
in (1.5), with the square of the derivative d ´ H^ on a p-form A. In [11], a generalization of
d ´ H^ that includes all NSNS geometric and non-geometric fluxes was proposed. It is given
here in our conventions by

DstwA “ p´H ^ ´f ¨ ´Q ¨ `R_qA , (3.10)

f ¨ “
1

2!
fa

bc ẽb ^ ẽc ^ ιa , Q¨ “
1

2!
Qc

ab ẽc ^ ιa ιb , R_ “
1

3!
Rabc ιa ιb ιc ,

where ιa and _ denote contractions on forms, and we refer to appendix A for more conventions.
More precisely, this derivative was given without the numerical coefficients that we add here,
and was rather specified on the component of the form A, i.e. without the contractions.
This corresponds to a four-dimensional perspective, where fluxes and A only appear through
constant components after being integrated over an internal space. This explains the absence
of a derivative on the component of A. It was then claimed that the nilpotency condition
D2

stw “ 0 would reproduce the NSNS BI for constant fluxes (3.5) - (3.9). This claim was made
more precise in [35] where the previous derivative was completed by two more terms as

D7A “
´

´
1

3!
Habcẽ

a ^ ẽb ^ ẽc ^ ´
1

2!
fa

bc ẽb ^ ẽc ^ ιa ´
1

2!
Qc

ab ẽc ^ ιa ιb `
1

3!
Rabc ιa ιb ιc

´
1

2
fa

ab ẽb ^ `
1

2
Qa

ab ιb

¯
A . (3.11)

More precisely, we again rewrite a formula that was given on form components, namely (B.3)
of [35], using here forms and contractions; also, our conventions differ by a minus sign on
the H-flux. The two new terms given by the traces of f and Q will play an important role,
together with dilaton terms, when we define later on the SpinpD, Dq ˆ R

` derivative. They
were already important in [35], where an explicit computation of the nilpotency condition for
the derivative (3.11) lead to

D2
7 “ 0 ô BI (3.5) ´ (3.9) and

1

3
HabcR

abc `
1

2
fa

abQa
ab “ 0 . (3.12)
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The nilpotency condition reproduces the NSNS BI (with constant fluxes) together with an
extra scalar constraint that includes the traces of f and Q. Note that particular indices con-
tractions of the BI also appear in this computation; the same will happen for our derivative
in section 3.1.2.

As mentioned already in [11], the derivative d ´ H^ enters the BI of the RR fluxes for
type II supergravities, given by pd´H^qF “ 0 in the sourceless case. Here, F is the polyform
given by the sum of the RR fluxes (we set F0 “ 0 for simplicity); one has F “ pd ´ H^qC
for a polyform gauge potential C. The polyforms F and C can actually be interpreted as an
OpD, Dq spinor: this was pointed out in [51, 52, 53, 54, 55], and it could be guessed from the
SUSY conditions of [56]. This idea lead in [57, 33] to define at the level of DFT F “ DC, where
D “ ΓADA denotes the Dirac operator associated to a SpinpD, Dq ˆ R

` covariant derivative
DA, and ΓA are SpinpD, Dq Clifford matrices. A related derivative appeared already in
[27, 58, 59].

So this spinorial derivative is somehow natural to consider, and we will do so in section
3.1.2 at the level of standard supergravity and β-supergravity, using its generic Generalized
Geometry definition; the one of [33] is then the DFT extension. The non-trivial point we
make in this paper is that the vanishing square of this spinorial derivative should give the
NSNS BI, in analogy to d ´ H^. In other words, as we will show using the Clifford map
on the Γ-matrices, this SpinpD, Dq ˆR

` derivative reproduces and generalizes the above D7.
Although this idea is not explicitly mentioned in [33], D2 is already computed there in (4.13)
at a generic level, and it gives a hint on the results to be derived. Indeed, this square depends
on various quantities among which ZABCD and Z. We show in appendix C.1 that the former
reduces to our BI (3.1) - (3.4) while the latter contains the scalar quantity appearing (3.12).
So a nilpotency condition of this spinorial derivative does look relevant; we now turn to it.

3.1.2 The SpinpD, Dq ˆ R
` covariant derivative

We have just motivated the Introduction of the SpinpD, Dq ˆ R
` covariant derivative, that

we consider here at the level of the Generalized Geometry formalism. We first construct it
generically, as well as the corresponding Dirac operator, and further express it for different
generalized frames: the one with a b-field for standard supergravity, and the one with a β

for β-supergravity. To do so, we use conventions and results of [1], especially the value of
connection coefficients. We verify in a second part that the nilpotency condition on this
spinorial derivative for β-supergravity exactly reproduces our BI (3.1) - (3.4), together with
the scalar condition mentioned in (3.12). We also clarify the relation to the above D7 of [35].

We start with the OpD, Dq ˆ R
` generalized covariant derivative of (2.25). From it, the

corresponding spinorial derivative DA (with generalized flat index) can be written down,6 as
well as the Dirac operator D on a spinor Ψ P ΓpS˘

p1{2qq [29]

DΨ “ ΓADAΨ “ ΓA
´

BA `
1

4
ΩABCΓBC ´

1

2
ΛA

¯
Ψ . (3.13)

The Γ-matrices satisfy the Clifford algebra

tΓA, ΓBu “ 2ηAB , η “
1

2

ˆ
0 1
1 0

˙
, η´1 “ 2

ˆ
0 1
1 0

˙
. (3.14)

6In (3.13), the index B of the generalized connection coefficient has been lowered with the OpD, Dq metric.
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Here η of coefficients ηAB denotes the OpD, Dq metric. A particular representation of this
algebra is given by the Clifford map

ΓA “

#
Γa “ 2ẽa ,

Γa “ 2ιa ,
with tẽa, ẽbu “ 0 , tẽa, ιbu “ δa

b , tιa, ιbu “ 0 . (3.15)

We will use it to express the Dirac operator with fluxes, forms and contractions, in a gen-
eralization of the standard exterior derivative acting on a p-form A. The spinor Ψ should
then be understood as polyform [56]. For now, we can simplify (3.13) using the identity
ΓAΓBC “ ΓABC ` ηABΓC ´ ηACΓB that relates antisymmetrized products of Γ-matrices.
Using the compatibility condition, we get

DΨ “ ΓADAΨ “
´

ΓABA `
1

4
ΩABCΓABC `

1

2
pΩD

D
C ´ ΛCqΓC

¯
Ψ (3.16)

“
´

ΓABA `
1

4
Ω̂ABCΓABC `

1

2
Ω̂D

D
CΓC

¯
Ψ

”
´

D1 ` D2 ` D3

¯
Ψ .

Let us point out that D3 denotes the trace part due to the extension of the OpD, Dq by the
conformal factor R

`, that usually combines the determinant of the metric and the dilaton.
We now determine these three terms for different choices of generalized frames. Following

[1], such a choice can fix BA, ΩA
B

C and ΛA. For the Γ-matrices, we use the Clifford map
(3.15): forms and contractions act on the one-forms in A while a derivative Ba¨ only acts on
the (flat indices) component of A. Details on the computation of D2 are given in appendix
C.2.

Standard supergravity

Using the generalized frames with b-field, we obtain

D1 “ 2Ba ¨ ea^ (3.17)

D2 “ ´f c
abe

a^ eb^ ιc ´ fd
dce

c^ ´
1

3
Habce

a^ eb^ ec^ (3.18)

D3 “ fa
ab eb ^ ´2Baφ ea^ , (3.19)

that sums up to D given by

1

2
DA “

ˆ
Ba ¨ ea^ ´

1

2
f c

abe
a^ eb^ ιc ´

1

6
Habce

a^ eb^ ec^ ´Baφ ea^

˙
A (3.20)

“ eφ pd ´ H^q pe´φAq . (3.21)

β-supergravity

Using the generalized frames with β, we obtain

D1 “ 2Ba ¨ ẽa^ `2βabBb ¨ ιa (3.22)

D2 “ ´f c
abẽ

a^ ẽb^ ιc ´ fd
dcẽ

c^ ´Qa
bcẽa^ ιb ιc ` Qd

dcιc `
1

3
Rabcιa ιb ιc (3.23)

D3 “ fa
ab ẽb ^ ´2Baφ̃ ẽa ^ `Qa

ab ιb ´ 2pβabBbφ̃ ´ T aq ιa . (3.24)
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Adding up these various pieces, we find

D “2Ba ¨ ẽa^ `2βabBb ¨ ιa ´ f c
ab ẽa^ ẽb^ ιc ´ 2Baφ̃ ẽa^ (3.25)

´ Qa
bc ẽa^ ιb ιc ` 2Qd

dc ιc ´ 2pβabBbφ̃ ´ T aq ιa `
1

3
Rabc ιa ιb ιc ,

where the second row could be further simplified using the definition of T a. We can rewrite
this result differently, using the following relations for a 2-form A (easily extendable to higher
forms)

1

2
ιa

q∇apAbdqẽb ^ ẽd “ p´βacBcAad ` Qa
acAdc ´

1

2
Qd

acAacqẽd , (3.26)

Qa
bc ẽa^ ιb ιcp

1

2
Aef ẽe ^ ẽf q “ ´Qa

ef Aef ẽa , Qc
caιap

1

2
Abdẽb ^ ẽdq “ Qc

caAadẽd . (3.27)

These relations are derived using the definitions and properties of q∇, Q, and conventions of
appendix A. From them, we deduce, as given in (1.16)

1

2
DA “ eφ̃p∇a ¨ ẽa ^ ´ q∇a ¨ ιa ` T _ `R_qpe´φ̃Aq , (3.28)

where ∇a ¨ ẽa^ “ d, as we act on forms. The second term gives an interesting counterpart to
the exterior derivative.

The resulting D for standard supergravity is a known spinorial derivative [56], and its
square gives the standard NSNS BI as mentioned in (1.5). We are now going to show the
analogous result for the β-supergravity derivative and our BI (3.1) - (3.4). A first hint is given
by the comparison to the above derivative D7 of [35] given in (3.11). For constant forms and
fluxes, we recognise that in both cases (β or b vanishes), one has

D7 “
1

2
D2 . (3.29)

The natural completion of D7 in the case of non-constant fluxes would have been by derivatives,
as given by D1. Interestingly, we will see that this is not enough to recover the BI: the
additional traces and dilaton terms of D3 are also needed. So we now turn to the study of
the nilpotency condition for the above derivative D of (3.25)

D2A “ 0 . (3.30)

We compute in appendix C.2 this condition in details. It produces the following set of seven
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equations

´
1

2
Brafd

bcs `
1

2
fd

graf g
bcs “ 0 (3.31)

´
1

2
Qd

daf g
ga “ 0 (3.32)

´
3

2
βdeBref b

das `
3

2
βdef b

hrafh
eds “ 0 (3.33)

´
1

2
pBraQcs

de ´ βgrdBgf es
acq `

1

4
p´4f rd

graQcs
esg ` f g

acQg
deq “ 0 (3.34)

´
1

2
βdcBcQd

ab ´
1

2
βcdβgraBgf bs

cd ´ βdcQc
graf bs

dg `
1

4
βdcQg

abf g
cd “ 0 (3.35)

1

6
pBaRbcd ´ 3βerbBeQa

cdsq ´
1

2
p´Rgrbcfd

asg ` Qa
grdQg

bcsq “ 0 (3.36)

´
1

6
βgraBgRbcds ´

1

4
Qg

rabRcdsg “ 0 . (3.37)

It is remarkable that the dilaton terms completely cancel out. All of the above equations are
not independent. (3.33) is a contraction of (3.31) by β, and similarly (3.35) is a contraction of
(3.34). We are then left with a set of five independent identities. These are exactly the four
Bianchi identities listed before: (3.31) matches (3.1), (3.34) matches (3.2), (3.36) matches
(3.3), (3.37) matches (3.4). So the square of this spinorial derivative (3.25) precisely produces
the BI. In addition we find the scalar condition derived in [35], and given in (3.12), from the
fully contracted terms (3.32).

Given this result, and the expression of D given in (3.28), we deduce on a two-form A

!
∇a ¨ ẽa^ , q∇b ¨ ιb ´ T _

)
A “ ´

1

2

´
βbgSc

abg Acd ` S
bg
ad Abg

¯
ẽa ^ ẽd , (3.38)

where the quantities S are defined in section 3.2.3 and correspond to the LHS of the BI
(3.1) and (3.2). This gives a tensorial form to (3.2), since such a form for (3.1) was already
mentioned in the Introduction. The cases of (3.3) and (3.4) were discussed below the latter.

3.2 T-dual NS-branes sourcing the Bianchi identities

As presented in the Introduction, the Bianchi identity (BI) for the H-flux gets modified with
a source term on its right-hand side (RHS) in the presence of an NS5-brane. We show in
this section that the BI (3.1)-(3.4) just studied get corrected similarly if other NS-branes are
present, namely for a Kaluza-Klein (KK) monopole or a Q-brane. These are vacua of standard
supergravity and β-supergravity. Up to smearing, they are T-dual to the NS5-brane. We first
present these solutions following the literature. We then focus on the smearing procedure that
allows T-dualities along isometry directions. This clarifies how the different warp factors can
be the appropriate Green functions in the Poisson equations of each brane. We finally verify
how the branes are related by T-duality. We further show that the above BI on the brane
vacua boil down to the Poisson equations, allowing the emergence of the source term. This
study establishes β-supergravity as a nice framework to describe Q-branes.

3.2.1 NS-branes solutions

We present here the various NS-branes, starting with the NS5-brane that sources the H-flux.
The NS5-brane solution was first given in the limit of zero size instanton in [60], and presented
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in a broader context in [61] as corresponding to the case where the gauge field vanishes. More
generalizations and references can be found in [62, 63]. Smearing and T-dualising it along
one direction leads to the KK-monopole, which was first discovered as a solution to pure five-
dimensional general relativity (see [64, 65] and references therein); it sources the geometric
flux. A further smearing and T-duality along another direction leads to a new brane known
as the 52

2-brane [30, 31] or Q-brane [32]. It is one of the exotic branes [30, 66, 31, 32, 67, 68]:
those recently received much attention, as being related to standard branes by different U-
dualities. Q-branes are non-geometric vacua of standard supergravity, but become geometric
in β-supergravity [32, 33] and then source the Q-flux.

NS5-brane

The NS5-brane is physically a codimension 4 object, i.e. it is located in four dimensions that
are singled out as we will see below; it is the magnetic counterpart of the fundamental string.
The original solution takes the following form7

ds2 “ ds2
6 ` fH dŝ2

4 , Hmnp “ ´
a

|g4|ǫ4mnpqgqrBr ln fH , e2φ “ fH (3.39)

where dŝ2
4 “

ÿ

m“1...4

pdxmq2 , r2
4 “

ÿ

m“1...4

pxmq2 , fH “ e2φH `
q

r2
4

,

and ds2
6 is the Minkowski metric. dŝ2

4 is the flat Euclidian metric, and gives the transverse
directions. The warp factor fH depends on the radius r4 and on two constants, the value at
8 of the dilaton φH , and q that is related to the tension of the brane. The H-flux is pro-
portional to the volume form coefficient of the transverse four-dimensional space

a
|g4|ǫ4mnpq

(see appendix A for conventions). Given the transverse metric, we can simplify the expression
for the H-flux towards

Hmnp “ ´ǫ4mnpqδqrBrfH . (3.40)

Kaluza-Klein monopole

The KK-monopole is considered here as a codimension 3 brane. This solution is given by

ds2 “ ds2
6 ` fK dŝ2

3 ` f´1

K pdx ` adyq2 , Hmnp “ 0 , e2φ “ 1 (3.41)

where dŝ2
3 “ dρ2 ` ρ2dϕ2 ` ρ2 sin2 ϕ dy2 , fK “ e2φK ´

qK

ρ
.

The metric ds2
6 is still that of Minkowski, and the metric dŝ2

3 is the flat space one. But
we prefer here to use spherical coordinates tρ, ϕ, yu for the three transverse directions. The
radius ρ will sometimes be denoted r3 below. The warp factor fK depends on two constants,
φK denoted this way for convenience, and qK that we will relate to the above q in section
3.2.2.8 Finally, the important quantity in the solution is a. It is like a connection one-form

7We have a factor of 2 difference for the H-flux with respect to the conventions of [61]. Note that the
warp factor given here is not considered in [69, 33], as only the KK-monopole and T-duals are used there. In
particular, only the smeared warp factor of the NS5-brane is present there.

8A warp factor for the KK-monopole depending on x was considered in [70, 71], and related to world-sheet
instantons corrections [72]. One can verify that it matches ours far away from the brane

fKpρ, xq “
1

g2
`

1

2ρ

sinh ρ

cosh ρ ´ cos x
. (3.42)

20



coefficient and is a priori not gauge invariant. Away from the singularity, one has

apϕq “ qK cos ϕ for ρ ą 0 . (3.43)

We will complete it towards

apρ, ϕq “ cos ϕ ρ2BρfK , (3.44)

for reasons to be detailed in section 3.2.3. From this we will deduce the corresponding
(geometric) flux; the latter will be a better defined quantity to consider. It will be given by

fx
ϕy “ f

´ 3

2

K BρfK . (3.45)

Q-brane

The Q-brane is a codimension 2 brane. This solution is better described in terms of β-
supergravity as

ds̃2 “ ds2
6 ` fQ dŝ2

2 ` f´1

Q pdx2 ` dy2q , only βxy “ ´βyx ‰ 0 , e2φ̃ “ f´1

Q (3.46)

where dŝ2
2 “ dρ2 ` ρ2dϕ2 , fQ “ e´2φ̃Q ´ qQ ln ρ .

Its expression in terms of standard supergravity is given below in (3.85). The metric ds2
6 is

again Minkowski, and dŝ2
2 is the flat metric, given this time using polar coordinates tρ, ϕu for

the transverse directions. The radius ρ will sometimes be denoted r2 below. The warp factor
fQ depends on two constant, φ̃Q denoted this way for convenience, and qQ that we will relate
to q in section 3.2.2. φ̃Q may contain a cutoff when ρ Ñ 8, as mentioned in [30, 31]; we will
rediscuss this point in section 3.2.2. Finally, as for the KK-monopole and a, the field β is
here not a well-defined quantity. Still, we will consider (in curved indices)

βxy “ ´ϕ ρBρfQ ñ βxy “ qQ ϕ forρ ą 0 . (3.47)

The Q-flux is a better defined quantity. It will be given by (in flat indices)9

Qϕ
xy “ ´f

´ 3

2

Q BρfQ . (3.49)

We verify explicitly in appendix D.1 that the Q-brane is a solution to the equations of motion
of β-supergravity. In [32], using a different method, this result is obtained away from the
singularity (the warp factor is considered there as a harmonic function; here we don’t).

9As usual, the three fluxes are the same in flat indices, up to a sign on the structure constant. For the
H-flux, one can choose coordinates that isolate the coordinate r4. The corresponding metric element would
still only be given by a warp factor, so one would get

Hmnp “ ´
a

|g3|ǫ4mnppr4qf
´ 3

2

H Br4
fH . (3.48)

The remaining volume factor is then removed when going to flat indices (see the conventions on ǫ in the
appendix A). So the three fluxes are the same in flat indices, although one needs to take the same warp factor.
This only happens when there is smearing, i.e. in the case of T-duality, as we will show below. It is definitely
in that case that we expect the equality of the fluxes, as given in the T-duality chain of [8].
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3.2.2 Smearing warp factors and Poisson equations

The brane solutions that we have just presented are related by smearing and T-dualising
along transverse directions. We focus here on the different warp factors, and show how
smearing relates one warp factor to the other. This explains how each of those can satisfy the
appropriate Poisson equation. To get familiar with these ideas, we start with the well-known
case of p-branes solutions, before turning to NS-branes.

Warm-up: Dp-branes

A p-brane is a type II supergravity background that provides an effective description of a
Dp-brane in some regime. This solution contains in particular a dilaton that depends on the
warp factor Zpprq, and the metric is given by

ds2 “ Z
´ 1

2
p ds2

|| ` Z
1

2
p ds2

K , (3.50)

where ds2

|| is the Minkowski space-time along the brane, ds2
K the flat Euclidian space transverse

to the brane, r the Euclidian radius for the latter, and

Zpprq “ 1 `
qp

r7´p
, for p ď 6 , (3.51)

with qp a constant related to the tension of the brane. The Ramond-Ramond (RR) flux F of
this background verifies typically a BI of the form

dF “ Q δpxKq . (3.52)

The flux is sourced by the brane, localised by the δ in its 9 ´ p transverse directions,10 and
carrying a charge Q. Using for instance the transverse Hodge star ˚K, one can extract the
forms to leave only coefficients, in particular the density δp9´pqpxKq. The Bianchi identity
then typically boils down to the scalar equation (up to a proper normalisation)

∆9´pZp “ δp9´pqprq , (3.54)

where ∆9´p is the Laplacian of the unwarped metric ds2
K. The appearance of the latter can

be understood for F “ ˚dC with C the dual potential.11 This scalar equation is a Poisson
equation; solving it means finding the Green function for the Laplacian given some boundary
conditions. The solutions to this problem are known: for two dimensions, one has ln r, and
for dK ě 3, one has 1

rdK´2 . For dK “ 3, this is the well-known electrostatic potential. The
radial dependence in the transverse space directions dK “ 9 ´ p coincides precisely with that
of Zp (3.51) as expected.

We now consider T-dualities on these branes. T-dualising along a transverse direction is
known to extend a Dp-brane to a Dp`1-brane. Can this be seen on the above solutions? The

10The p9 ´ pq-form δpxKq of (3.52) can also be viewed as a current, and defined through
ż

||

Ap`1 “

ż

10

Ap`1 ^ δpxKq (3.53)

for any pp ` 1q-form Ap`1 (see for instance [73, 74]).
11The BI and resulting scalar equation are sometimes more complicated, depending on what exactly is F .

For example, an additional constant next to the δ can be obtained, see for instance [75].
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standard "radius inversion" of T-duality inverts a warp factor in the metric, so the correct
powers of warp factor are obtained by applying the Buscher rules. However, the warp factor
itself should also be changed from Zp to Zp`1, as well as the radius of the transverse directions,
from r9´p to r9´pp`1q. This is rather obtained from the smearing required by T-duality, as
explained in [75]: a transverse direction of coordinate x, along which we want to T-dualise,
is a priori not an isometry, since Zp depends on x. To allow the T-duality, we first make it
an isometry by smearing, that amounts to averaging in this direction

Zp`1pr9´pp`1qq „

ż
dx Zppr9´pq , r2

9´p “ x2 ` r2

9´pp`1q . (3.55)

The smeared p-brane is then T-dual to the pp ` 1q-brane. Interestingly, the Poisson equations
are also consistent under this procedure

∆9´pZp “
`
pBxq2 ` ∆9´pp`1q

˘
Zp “ δp9´pqpr9´pq (3.56)

ñ

ż
dx

`
pBxq2 ` ∆9´pp`1q

˘
Zp “

ż
dx δp9´pqpr9´pq (3.57)

ô

ˆ
0 ` ∆9´pp`1q

ż
dx

˙
Zp “ δp9´pp`1qqpr9´pp`1qq (3.58)

ô ∆9´pp`1qZp`1 “ δp9´pp`1qqpr9´pp`1qq . (3.59)

In the last but one line, we use conditions on the warp factor and its derivatives that will
be verified in the examples below. In this derivation, we actually only need the warp factor
without its pure constant part, since only its derivatives are involved. So that is what we
meant in (3.55), and what will be used in the following.

The NS-branes share many features with the p-brane solutions. They both have warp
factors that determine the transverse directions. The constants in the warp factors are re-
lated to the tension of the brane, although they scale differently in eφ0 “ gs. Finally, these
warp factors take analogous forms, corresponding to the various Green functions in differ-
ent (co)dimensions. As we will see, the NS-branes satisfy as well Poisson equations. They
actually follow the same logic as the Dp-branes: up to smearing, they are T-dual. Their
(co)dimension, metric and warp factors given above match all the criteria just discussed for
that to hold. We will verify explicitly the T-duality relations and derive the Poisson equations
from the Bianchi identities in section 3.2.3. Before doing so, let us first relate their different
warp factors by smearing as just explained for the p-branes.

NS5-brane

The Bianchi identity for the H-flux of the NS5-brane is given by dH, proportional to (9)

BrmHnpqs “ ´Brmǫ4npqsrδrsBsfH 9 ǫ4mnpqδrsBrBsfH , (3.60)

where we used the expression of the H-flux (3.40). One therefore gets that

dH 9 v̂ol4 ∆4fH , ∆4 “
ÿ

m“1...4

pBmq2 , (3.61)

with the four-dimensional volume form v̂ol4. The Bianchi identity in presence of a source is
given by dH 9 v̂ol4 δp4qpr4q, so the warp factor has to solve the Poisson equation

∆4fH “ cH δp4qpr4q , (3.62)
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with a constant cH . In other words, fH{cH should be a Green function for the four-dimensional
Laplacian ∆4. A known Green function for this problem is 1

r2

4

, so fH given in (3.39) certainly

solves the Poisson equation. A crosscheck of this result is that away from the singularity
r4 “ 0, the Poisson equation boils down to the Laplace equation, meaning

∆4fH “ 0 for r4 ą 0 . (3.63)

One can verify that this holds for fH of (3.39).

Kaluza-Klein monopole

We turn to the KK-monopole. We follow the procedure explained above, by smearing the
NS5-brane along one direction x. First, we introduce the new three-dimensional radius r2

3 “
r2

4 ´ x2. Then, we smear the warp factor without its constant fH ´ e2φH to get the new one
fK up to its constant e2φK , as follows

fKpr3q ´ e2φK “

ż `8

´8
dx pfHpr4q ´ e2φH q “

„
q

r3

arctan

ˆ
x

r3

˙`8

´8

“
qπ

r3

. (3.64)

This new warp factor matches the one given in (3.41) with qK “ ´πq. In addition, it is a
known solution to the three-dimensional Poisson equation

∆3fK “ cK δp3qpr3q , (3.65)

the well-known electrostatic potential. One can straightforwardly verify that

∆3fK “ 0 for r3 ą 0 . (3.66)

This result was expected from the discussion around (3.56) - (3.59). One condition for this
procedure to work is that the derivative of the warp factor vanishes on the boundary. Here
this holds, as BmfH “ ´2q xm

r4

4

„8 ´ 2q
pxmq3 . The same will be true for the further warp factors

(the power of xm in the denominator decreases by one at each step).

Q-brane

We should now obtain the warp factor fQ of the Q-brane by smearing the previous one
along a further direction y. We introduce the two-dimensional radius r2

2 “ r2
3 ´ y2, and the

boundary constant e´2φ̃Q . We introduce further ǫ that will be sent to 8, and the function
arsinhx “ lnpx `

a
px2 ` 1qq. Then

fQpr2q ´ e´2φ̃Q “

ż `ǫ

´ǫ

dy pfKpr3q ´ e2φK q “ qπ

«
ln

˜
y `

a
py2 ` r2

2q

r2

¸ff`ǫ

´ǫ

(3.67)

“ qπ

„
ln

ˆ
y `

b
py2 ` r2

2
q

˙`ǫ

´ǫ

.

The function arsinhx is odd, from which we get the property

ln

ˆ
´y `

b
py2 ` r2

2q

˙
“ ´ ln

ˆ
y `

b
py2 ` r2

2q

˙
` 2 ln r2 .
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We deduce

fQpr2q ´ e´2φ̃Q “ 2qπ ln

ˆ
ǫ `

b
pǫ2 ` r2

2q

˙
´ 2qπ ln r2 .

This diverges when taking the limit ǫ Ñ 8. We therefore need a cutoff, as argued in [31], to
remove this divergence.12 Up to a redefinition of the constant φ̃Q to absorb it, one obtains

fQpr2q “ e´2φ̃Q ´ 2qπ ln r2 . (3.68)

This warp factor matches the solution (3.46) with qQ “ 2πq. In addition, it is a known
solution to the two-dimensional Poisson equation

∆2fQ “ cQ δp2qpr2q . (3.69)

One can straightforwardly verify that

∆2fQ “ 0 for r2 ą 0 . (3.70)

R-brane ?

It is tempting to go one step further: we smear along the direction z to get the warp factor
fR of a hypothetical R-brane, with constant e2φ̃R . We introduce the one-dimensional radius
that depends on the left-over coordinate w: r2

1 “ r2
2 ´ z2 “ w2. We introduce again an ǫ that

will be sent to 8. Then

fRpr1q ´ e2φ̃R “

ż `ǫ

´ǫ

dz pfQpr2q ´ e´2φ̃Qq “ ´qπ

ż `ǫ

´ǫ

dz lnpz2 ` r2
1q (3.71)

“ ´qπ
“
z lnpz2 ` r2

1q
‰`ǫ

´ǫ
` qπ

ż `ǫ

´ǫ

dz z
2z

z2 ` r2
1

(3.72)

“ ´2qπǫ lnpǫ2 ` r2
1q ` 2qπ

ż `ǫ

´ǫ

dz

ˆ
1 ´

r2
1

z2 ` r2
1

˙
(3.73)

“ ´2qπ
`
ǫ lnpǫ2 ` r2

1q ´ 2ǫ
˘

´ 2qπr1

„
arctan

ˆ
z

r1

˙`ǫ

´ǫ

. (3.74)

As for the Q-brane, the first term diverges. We consider again a cutoff and absorb it in a
redefinition of the constant. We are then left with the second term, that gives for ǫ Ñ 8

fRpr1q “ e2φ̃R ´ 2qπ2r1 “ e2φ̃R ´ 2qπ2|w| . (3.75)

The absolute value is known to be a solution of the one-dimensional Poisson equation

∆1fR “ cR δp1qpr1q , (3.76)

and one can again verify that away from the singularity,

∆1fR “ 0 for r1 ą 0 . (3.77)

Although smearing the warp factor seems to work and to yield a consistent result, per-
forming a T-duality along z is more challenging. It would require to smear as well the b-field

12It would be interesting to study whether the divergence is related to the non-geometry, and thus whether
the field redefinition could avoid it, by for instance including volume factors in the integral relation (3.55).
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or the β, for which there is no clear procedure. Maybe one could rather consider a direct
T-duality transformation of the flux, as proposed in [76], since the flux is a better defined
quantity that does not depend on z. We hope to come back to this possible R-brane solution
in a future work. Note that it should be different than the one proposed in [32], that rather
involves a dual coordinate.

3.2.3 Smeared branes, T-duality and sourced Bianchi identities

We have just shown how the warp factors of the different branes are related by smearing,
and how this allowed them to solve the various Poisson equations. We have now all the tools
necessary to T-dualise the (smeared) NS-branes into one another, and then verify that the
Bianchi identities (3.1) - (3.4) for their fluxes lead to the Poisson equations. We start with
the Q-brane, as it involves most of the ingredients needed for the others.

Q-brane

We are going to obtain the Q-brane by T-dualising the NS5-brane along two directions. To
do so, we should first smear the latter. This amounts to consider the smeared warp factor fQ

of (3.46) instead of the standard fH of (3.39), and to use cylindrical coordinates: ρ “ r2 and
ϕ for polar coordinates, and x, y cartesian for the two smeared directions. Those coordinates
are the most appropriate, not only because of the two-dimensional radius in fQ, but also for
T-duality. Unless one uses a procedure as the one of [76], T-duality requires to have a b-field.
Given the expression of the H-flux in (3.40) and the relation Hmnp “ 3Brmbnps, it is much
simpler to obtain a b-field that respects the isometries using those coordinates. So starting
with (3.39), the (twice) smeared NS5-brane is given by

ds2 “ ds2
6 ` f dŝ2

4 , Hmnp “ ´ρ ǫ4mnpρBρf , e2φ “ f (3.78)

where dŝ2
4 “ dρ2 ` ρ2dϕ2 ` dx2 ` dy2 , f “ fQ , (3.79)

in curved cylindrical indices. Fixing ǫ4ρϕxy “ `1 (see conventions in appendix A), one
computes away from the singularity the only non-trivial component of the H-flux

Hϕxy “ qQ for ρ ą 0 , (3.80)

in curved indices. We then choose the following gauge for the b-field

bxy “ ´byx “ qQ ϕ for ρ ą 0 , (3.81)

so that it respects the isometries. To include the singularity, it is tempting to define

bmn “ ǫ4ρϕmn apρ, ϕq , with a “ ´ϕ ρBρf , (3.82)

that gives the correct expression when acting with Bϕ. But it leads to undesired H-flux
components at the singularity when acting with Bρ. This same ambiguity will appear below
for the KK-monopole and the Q-brane. So it is important to keep it in mind: we consider
this completed but ambiguous b-field, and the trick to get the good fluxes is to set Bρa “ 0.

We now T-dualise along x. Applying the Buscher rules,13 we get no b-field and

ds2 “ ds2
6 ` f dŝ2

3 ` f´1pdx ` adyq2 , Hmnp “ 0 , e2φ “ 1 (3.83)

where dŝ2
3 “ dρ2 ` ρ2dϕ2 ` dy2 . (3.84)

13In [36] are given Buscher rules in terms of g and b that are equivalent to the transformation (4.11). We
use those, with a minus sign difference on the b-field, due to conventions.
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This corresponds to the KK-monopole (3.41) smeared along y, as can be seen from the warp
factor and the coordinates. The smeared a present here can only be understood through this
T-duality procedure though. Finally, we T-dualise along y and get

ds2 “ ds2
6 ` f dŝ2

2 ` f´1p1 `
a2

f2
q´1pdx2 ` dy2q , bxy “ ´byx “ ´af´2p1 `

a2

f2
q´1 , (3.85)

e2φ “ f´1p1 `
a2

f2
q´1 , where dŝ2

2 “ dρ2 ` ρ2dϕ2 ,

which has been argued in [30] to be non-geometric. The b-field of the NS5-brane being linear
away from the singularity, we have here a typical example of non-geometry, as described in
sections 4.2 and 4.3. Using the field redefinition (2.1), we get

ds̃2 “ ds2
6 ` f dŝ2

2 ` f´1pdx2 ` dy2q , βxy “ ´βyx “ a , e2φ̃ “ f´1 (3.86)

where dŝ2
2 “ dρ2 ` ρ2dϕ2 . (3.87)

This is precisely the Q-brane solution (3.46).
Let us now determine the fluxes of this solution. The vielbein is given by

ẽ “

¨
˚̊
˚̋

f
1

2

f
1

2 ρ

f´ 1

2

f´ 1

2

˛
‹‹‹‚ , (3.88)

from which we deduce the non-zero structure constants or geometric flux (A.2)

fϕ
ρϕ “ ´

1

2
f´ 3

2 Bρf ´ f´ 1

2 ρ´1 , fx
ρx “ fy

ρy “
1

2
f´ 3

2 Bρf , fa
bc “ ´fa

cb , (3.89)

where with some abuse of notation we denote on the LHS the flat indices with the corre-
sponding curved space coordinate, and on the RHS the derivative has a curved index. We
now compute the Q-flux. It is worth noticing that the Q-brane solution verifies the condition
βmnBn¨ “ 0, as pointed out in [32]; this holds even at the singularity. Then, one has

Qc
ab ” Bcβ

ab ´ 2βdraf bs
cd

βmnBn¨“0
ẽp

cẽ
a

mẽb
nBpβmn , (3.90)

as can be seen from (4.22), while Rabc “ 0. Recalling the ambiguity of the b-field and a in the
NS5-brane discussed around (3.82), one gets the only non-trivial component of the Q-flux

Qϕ
xy “ ´f´ 3

2 Bρf , (3.91)

where we mean again flat indices, and the derivative has a curved index. This result matches
precisely the smeared NS5 H-flux in flat indices, which confirms the validity of our procedure.

Finally, we turn to the BI. Given the fluxes just determined and using some antisymmetry
arguments, one can see that (3.1), (3.3) and (3.4) are satisfied. Let us rather focus on (3.2),
and the quantity

Sde
af “ BraQfs

de ´ βgrdBgf es
af ´

1

2
Qg

def g
af ` 2Qra

grdf es
fsg . (3.92)
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The second term vanishes here. We fix pa, f, d, eq to be pρ, ϕ, x, yq: this is the only non-trivial
choice, up to antisymmetries. One gets

Sxy
ρϕ “

1

2
f´ 1

2 BρQϕ
xy ´

1

2
Qϕ

xypfϕ
ρϕ ´ fy

ρy ´ fx
ρxq (3.93)

“ ´
1

2
f´2

`
B2

ρf ` ρ´1Bρf
˘

“ ´
1

2
f´2∆2f , (3.94)

where ∆2 is the two-dimensional Laplacian obtained here in polar coordinates, since f does
not depend on ϕ. As argued in (3.69), f is here the Green function for ∆2 up to a constant
cQ. So we propose the following correction of the BI (3.2) due to the source

Scd
ab “ ´

cQ

2
f´2 ǫ2Kab ǫ2||ef ηecηfd δp2qpρq , (3.95)

where we took into account the constraints on the indices. This results in the BI (1.12), and
we have just shown that the Q-brane solves it.

Let us mention that a BI with a Q-brane source term was proposed in [77]. We comment
on it in appendix D.2 and conclude on a mismatch with our proposal (1.12).

KK-monopole

We follow a similar procedure to show that the KK-monopole is obtained by T-dualising the
NS5-brane along one direction. We first smear the NS5-brane along x. Doing so amounts
to choose the smeared warp factor fK of (3.41) instead of fH , and to use the better suited
spherical coordinates ρ “ r3, ϕ, y. Then the (once) smeared NS5-brane is given by

ds2 “ ds2
6 ` f dŝ2

4 , Hmnp “ ´ρ2 sin ϕ ǫ4mnpρBρf , e2φ “ f (3.96)

where dŝ2
4 “ dρ2 ` ρ2dϕ2 ` ρ2 sin2 ϕ dy2 ` dx2 , f “ fK .

Similarly to the discussion for the Q-brane, we introduce (in curved indices)

bmn “ ǫ4ρϕmn apρ, ϕq , with a “ cos ϕ ρ2Bρf , (3.97)

bxy “ qK cos ϕ , Hϕxy “ ´qK sin ϕ , for ρ ą 0 . (3.98)

We can then perform the T-duality along x. It is formally the same as above, giving

ds2 “ ds2
6 ` f dŝ2

3 ` f´1pdx ` adyq2 , Hmnp “ 0 , e2φ “ 1 (3.99)

where dŝ2
3 “ dρ2 ` ρ2dϕ2 ` ρ2 sin2 ϕ dy2 , (3.100)

where now f and a are precisely those of the KK-monopole (3.41), that is thus recovered.
To proceed further, we consider the following vielbein and its inverse (in the basis pρ, ϕ, y, xq)

ẽ “

¨
˚̊
˚̋

f
1

2

f
1

2 ρ

f
1

2 ρ sin ϕ

f´ 1

2 a f´ 1

2

˛
‹‹‹‚ , ẽ´1 “

¨
˚̊
˚̋

f´ 1

2

f´ 1

2 ρ´1

f´ 1

2 ρ´1 sin´1 ϕ

´f´ 1

2 aρ´1 sin´1 ϕ f
1

2

˛
‹‹‹‚ ,

from which we compute the following non-trivial structure constants (A.2)

fϕ
ρϕ “ fy

ρy “ ρ Bρpf´ 1

2 ρ´1q , fx
ρx “ f´1Bρf

1

2 , fy
ϕy “ f´ 1

2 ρ´1 sin ϕ Bϕpsin´1 ϕq ,

fx
ϕy “ ´f´ 3

2 ρ´2 sin´1 ϕ Bϕa “ f´ 3

2 Bρf , fa
bc “ ´fa

cb . (3.101)
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As above, we mean flat indices on the LHS, and the derivatives carry curved indices on the
RHS. Due to the ambiguity of the b-field of the NS5-brane and of a discussed around (3.82),
we do not consider an fx

ρy, that would have been non-zero at the singularity. This way, for
all T-dual branes, the important component of the flux has the (flat) indices pϕ, x, yq and is
due to the potential, being here a. The value of these components even matches, up to a sign.
The other f present here are mostly artefacts of the metric and do not play the same role.
Finally, the absence of b-field for the KK-monopole makes the other type of fluxes vanish.

We finally turn to BI: (3.2) - (3.4) are trivially satisfied, while (3.1) involves the quantity

Sa
bcd “ Brbf

a
cds ´ fa

erbf
e
cds . (3.102)

By antisymmetry, S
ϕ
bcd “ 0. In addition, one can verify

Sy
ρϕy “

1

3

´
f´ 1

2 Bρfy
ϕy ` fy

yϕfϕ
ρϕ

¯
“ 0 . (3.103)

Therefore, the only non-zero Sa
bcd is given by

Sx
ρϕy “

1

3

´
f´ 1

2 Bρfx
ϕy ´ fx

ϕy pfx
xρ ` fy

ρy ` fϕ
ρϕq

¯
(3.104)

“ ´
1

3
sin´1 ϕf´2ρ´2BρBϕa (3.105)

“
1

3
f´2

ˆ
B2

ρf `
2

ρ
Bρf

˙
“

1

3
f´2∆3f , (3.106)

where ∆3 is the three-dimensional Laplacian, here in spherical coordinates, since f only
depends on ρ. We mentioned that f is the Green function for ∆3 up to a constant cK (3.65).
So we propose the following correction of the BI (3.1) due to the source

Sa
bcd “

cK

3
f´2 ǫ3Kbcd ǫ1||e ηea δp3qpρq , (3.107)

where the constraints on the indices were taken into account, and ǫ1||e is only non-zero and
equal to one if e is the direction along the brane. This results in the BI (1.11), and we have
just shown that the KK-monopole solves it.

NS5-brane

For completeness, let us come back to the BI of the H-flux for the NS5-brane. We showed
below (3.60) how this BI in curved indices would lead to the Poisson equation. Going to flat
indices amounts to multiplying by vielbeins since dH is a tensor. One gets the quantity

Sabcd “ ẽm
aẽn

bẽ
p

cẽ
q

dBrmHnpqs “ BraHbcds ´
3

2
f e

rabHcdse . (3.108)

In cartesian coordinates, the vielbeins are just given by f
1

2 . So from (3.60), (3.62), and the
above, we propose the following contribution of the source

Sabcd “ ´
cH

4
f´2 ǫ4Kabcd δp4qpr4q , (3.109)

where only the numerical factor should be verified, and the convention for ǫ4 is in appendix
A. This results in the BI (1.3), and we have shown that the NS5-brane solves it.14

14For the three branes, we obtained a factor f´2 next to the δ in the source contributions to the BI. It would
be better to have a generic formula that reproduces this factor, for instance with volumes or vielbeins, but we
did not find any.
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4 Geometric vacua of β-supergravity

In this section, we study the conditions for a vacuum of β-supergravity to be geometric,
while its formulation in standard supergravity would be non-geometric. As explained in
the Introduction, such backgrounds are those for which β-supergravity description is truly
useful. In the context of compactification, those backgrounds allow a dimensional reduction to
four-dimensional gauged supergravities with non-geometric fluxes; the latter would not have
a ten-dimensional uplift otherwise. Whether a background is of this type is related to the
symmetries used to glue its fields from one patch to another, as mentioned in the Introduction.
We mostly follow the reasoning presented there, and clarify on the way several concepts such
as geometry and non-geometry, that is a theory dependent notion. We end this section by
studying the properties of some of these backgrounds, namely those that use β-transforms,
determining in particular whether they eventually lead to new four-dimensional physics.

4.1 Symmetries of the NSNS sector

We consider a field configuration in a theory (possibly a vacuum), in a target space picture,
as given by a set of fields defined locally on several patches of the space, and gluing from one
to the other by some transformations. In order for this field configuration to be described by
a single theory, as it should be to have a good description of the physics, or in other words, in
order to use only one Lagrangian over the whole space, the gluing transformations should be
symmetries of that theory [26]. It is therefore important to first identify these symmetries, as
we now turn to. In section 4.2, we will then look at what type of background the symmetries
lead to when used as gluing transformation.

4.1.1 General case

We will be mostly interested in the NSNS sector of standard supergravity given by the La-
grangian LNSNS (2.4) and the NSNS sector of β-supergravity given by the Lagrangian L̃β

(2.6). Up to the field redefinition, they differ as explained in section 2.1 by a total derivative.
In [1], we had

LNSNS ´ Bm

´
e´2d

`
g̃mng̃pqBng̃pq ´ gmngpqBngpq ` Bnpg̃mn ´ gmnq

˘¯
(4.1)

“ L̃β ` Bm

ˆ
e´2d

|g̃|
Bn

`
g̃pqβpmβqn|g̃|

˘
´ 4e´2dβpmg̃pqT q

˙
.

The total derivative can be simplified by noticing as in [3, 23] that g̃mn ´ gmn “ ´g̃pqβpmβqn.
Using in addition that Bn ln |g̃| “ g̃pqBng̃pq, one obtains

LNSNS ` Bm

ˆ
e´2d

`
gmnBn ln

|g|

|g̃|
` 4βpmg̃pqT qq

˙
“ L̃β . (4.2)

The field redefinition also gives that |g| “ |g̃|´1|g̃´1 ` β|´2, from which we get

LNSNS ` Bm

´
e´2d

`
´ 2gmnBn ln |1 ` g̃β| ` 4βpmg̃pqT qq

¯
“ L̃β . (4.3)

The fact they differ only by a total derivative has two crucial consequences: first the equations
of motion are then the same, up to the field redefinition, so a vacuum of one theory is then, at
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least locally, a vacuum of the other theory. Secondly, a symmetry of a theory usually leaves
its Lagrangian invariant up to a total derivative (the case of supersymmetry for instance), so
here, a symmetry of one theory will be a symmetry of the other one.

The symmetries of both theories are well known and were studied in details in [1]. The
Lagrangians are invariant under diffeomorphisms: this is manifest in their expressions (2.4)
and (2.6). In addition, LNSNS is invariant under the b-field gauge transformation. This can
be translated as a transformation on the β-supergravity fields, and was called a β gauge
transformation [1]. L̃β is then invariant under it up to a total derivative.

A field configuration that uses diffeomorphisms or b-field gauge transformations to glue
is certainly geometric in standard supergravity (see the definition in section 4.2.1). As we
will see, it may or may not be geometric in terms of β-supergravity, but in any case, such
a description is not really necessary, as standard supergravity is then appropriate [26, 1].
Therefore, it would be interesting for β-supergravity to have more symmetries at hand. To
reach such a situation, we necessarily have to modify the theories in some manner: we will
consider a further constraint, or restriction, or subcase, that will generate an enhancement
of symmetries, as suggested in [1]. Let us motivate the restriction to be considered by a new
symmetry that appears manifestly in L̃β.

4.1.2 A new symmetry of β-supergravity

We present here a new symmetry of β-supergravity (under some conditions), that we will
later relate to the β-transforms of T-duality. The Lagrangian L̃β, given in curved indices in
(2.6), only contains β through either Bmβpq or βprBr¨, where the dot stands for any of the
three fields or their derivatives. Therefore, the following holds

βpq Ñ βpq ` ̟pq

with @ m, p, q, ̟prBr¨ “ 0 , Bm̟pq “ 0
is a symmetry of L̃β . (4.4)

In others words, a constant shift of β by (an antisymmetric) ̟pq satisfying ̟prBr¨ “ 0 leaves
L̃β invariant. Can the two requirements on ̟ in (4.4) be relaxed to a more general one,
which would, for instance, not require ̟ to be constant? It does not seem possible,15 and the
relation we will establish to T-duality suggests that there is no such generalization. So we
stick to this form (4.4) of the symmetry. It is now important to understand the two conditions
on ̟ in (4.4), i.e. how can this symmetry be concretely realised. To that end, let us consider
the following equivalence, given a field configuration and an integer N ą 1

15It is tempting to consider the conditions

@ m, p, q, ̟
prBr g̃

mq ` g̃
prBr̟

mq “ 0 , (4.5)

̟
prBrβ

mq ` β
prBr̟

mq “ 0 . (4.6)

(4.5) implies the invariance of qΓmn
p under the shift, and so of T

n “ qΓpn
p . In addition, (4.6) makes the linear

terms in ̟ in the variation of the R-flux vanish. One could then hope for a more general symmetry. However,
using the (anti)symmetry of m, q in (4.5), one obtains that this condition and (4.6) are actually equivalent to
the two of (4.4), at least for g̃ and β instead of the dot.
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D N isometries generated by N independent
constant Killing vectors Vι, ι P t1 . . . Nu .

ô
Any constant ̟pq, that is only non-zero
along a specific N ˆ N (diagonal) block,
satisfies ̟prBr¨ “ 0 .

(4.7)

We provide a rigorous proof of this equivalence in appendix E. As shown in that proof, the
left-hand side of (4.7) can be translated as (E.2), i.e. as the independence of the fields (and
their derivatives, by commutation) on N coordinates. In addition, the right-hand side of (4.7)
gives conditions on the ̟ that are precisely those needed to realise the symmetry (4.4), up to
the restriction of having a non-zero block. So this equivalence can be translated in particular
into the implication16

The fields are independent
of N coordinates .

ñ
The shift βpq Ñ βpq ` ̟pq, for any constant ̟pq

that is non-zero only along the N ˆ N block,

is a symmetry of L̃β .

(4.8)

The symmetry can thus be realised provided the fields are independent of N (ą 1) coor-
dinates; the allowed shifts are then those along these isometry directions, and constant. The
new symmetry (4.4) is therefore tied to having isometries: it is not a symmetry of general
β-supergravity, but requires to focus on the subcase (in particular, on the set of backgrounds)
that have isometries. In this sense, it is reminiscent of T-duality for string theory; we will see
that the two are actually related.

As this symmetry of L̃β is only present in a subcase, one may wonder under what con-
ditions it can also be a symmetry of LNSNS. The field redefinition relating only the fields
among themselves, the independence on the coordinates of one set of fields translates in that
of the other set. So the conditions for the symmetry to be realised is the same on both sides:
given the discussion made below (4.3), we deduce that in this subcase, this symmetry of L̃β is
also a symmetry of LNSNS, up to a total derivative. We can actually be more precise on this
last point: in the total derivative (4.3), β appears again through Bmβpq and βprBr¨, but also
through a determinant. The variation of this determinant does not seem to vanish, so LNSNS

would be invariant under (4.4) only up to a non-vanishing total derivative. The same may
happen reverse wise with constant b-shifts, although one should rewrite the total derivative
in terms of g and b to verify this.

4.1.3 Elements of the T-duality symmetry

We now turn to T-duality. When the target-space fields are independent of N coordinates in a
D-dimensional space-time, the bosonic string sigma-model gets an additional symmetry, that
is T-duality (see the reviews [78, 79, 80] and references therein). This symmetry translates
in the NSNS sector into the action of a constant OpN, Nq group on the fields. Therefore, if

16The reverse can only be formulated with the ̟prBr¨ “ 0 condition, because it is not clearly the same as
the constant shift being a symmetry.
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the latter are independent of N coordinates, the target-space theory, namely LNSNS, should
inherit this symmetry: LNSNS is then invariant under the OpN, Nq transformation (up to a
total derivative).17 This invariance is not often mentioned, as one usually considers a full
supergravity, for instance type IIA/B, that also contains a RR sector. The latter is on the
contrary not always preserved by T-duality, so T-duality is generically not a symmetry of
type II supergravities, but only a transformation. Here, we only focus on the NSNS sector,
and we recall in appendix E two approaches to show the invariance of LNSNS under this
transformation, up to a total derivative. The first one is the work by Maharana and Schwarz
[81] that considers a compactification along the isometries, and the second one is the relation
between LNSNS and the Double Field Theory Lagrangian, which is invariant under the bigger
group OpD, Dq. We conclude that this OpN, Nq transformation is a symmetry of LNSNS (up
to a total derivative) when the fields are independent of N coordinates. As discussed above,
the same then holds for L̃β and its fields.

Let us now present in more details the action of the T-duality group OpN, Nq. Its action
on the fields is better characterised by considering the 2D ˆ 2D matrix H, the generalized
metric that depends on the metric g and b-field, and the quantity d related to the dilaton,
that we introduced in section 2.1. In addition, one should consider OpD, Dq elements O in
their fundamental representation: they preserve the 2D ˆ 2D matrix

η “
1

2

ˆ
0 1

1 0

˙
, OT ηO “ η . (4.9)

The T-duality transformations then consist in taking a trivial embedding of OpN, Nq into
OpD, Dq, and acting with the corresponding elements on H; the transformed dilaton is defined
so that d remains invariant

ˆ
a c

f h

˙
P OpN, Nq , O “

¨
˚̊
˝

a c

1D´N 0D´N

f h

0D´N 1D´N

˛
‹‹‚P OpD, Dq , (4.10)

H1 “ OT HO , e´2d “ e´2φ
a

|g| “ e´2φ1 a
|g1| . (4.11)

Only the components along the N directions are then transformed. A particular example is
the Buscher transformation [82, 83] along all N directions given by a “ h “ 0N , c “ f “ 1N .

Let us now present the content of this OpN, Nq group. For string theory, any element of
OpN, N,Zq can be generated by the following three types of elements [78, 79]:

• the GLpN,Zq subgroup: for a P GLpN,Zq, one considers18

Oa “

ˆ
a 0N

0N a´T

˙
P OpN, N,Zq . (4.12)

• the b-transforms: for ̟ an N ˆ N antisymmetric integer matrix, one considers

O̟ “

ˆ
1N 0N

̟ 1N

˙
P OpN, N,Zq . (4.13)

17Its regime of validity as an effective theory might however be changed accordingly to the transformation.
18This subgroup can be further decomposed into generators, see e.g. [78] and references therein.

33



• the Buscher transformations [82, 83]: for ci the N ˆ N matrix with only one non-zero
entry, equal to 1 and placed in the pi, iq position, one considers

Oti
“

ˆ
1N ´ ci ci

ci 1N ´ ci

˙
P OpN, N,Zq . (4.14)

Let us introduce yet another set of elements

• the β-transforms: for an integer N ˆ N antisymmetric matrix ̟, one considers

ˆ
1N ̟

0N 1N

˙
“

ˆ
0N 1N

1N 0N

˙ ˆ
1N 0N

̟ 1N

˙ ˆ
0N 1N

1N 0N

˙
“ OT

t O̟Ot , (4.15)

where we denote by Ot the Buscher transformation along all N directions

Ot “ Ot1
. . . OtN

“

ˆ
0N 1N

1N 0N

˙
. (4.16)

At the level of supergravity, the stringy T-duality group just discussed is extended to OpN, N,Rq.
We then consider the natural extensions of the above elements towards the GLpN,Rq sub-
group, the real b- and β-transforms, where a and ̟ are now real. Those three sets form three
independent subgroups of SOpN, N,Rq (they only contain elements that have a determinant
equal to 1). So they do not generate the whole OpN, N,Rq, in particular no combination
can reproduce an Oti

as det Oti
“ ´1. There might even be some elements of OpN, N,Rq

that are not generated by a simple extension from OpN, N,Zq. Nevertheless, we will mainly
focus in the following on these three subgroups of SOpN, N,Rq, but we can keep in mind the
possibility of further T-duality transformations.

We now look at the action of these three subgroups on the NSNS fields. We explained
above that when fields are independent of N coordinates, the OpN, Nq T-duality group is a
symmetry of the Lagrangians (up to a total derivative). So each of these three transformations
should then correspond to a symmetry. The action of the three subgroups of interest can be
read from (4.10) and (4.11), but also from the corresponding action on a generalized vielbein
E̊ (up to Lorentz transformations)

E̊ 1 “ E̊O . (4.17)

By considering respectively E and Ẽ of (2.2), one gets simple expressions for the b-transforms,
resp. β-transforms: they just consist in shifting the b-field, resp. β

b-transform: e1 “ e, b1 “ b `

ˆ
̟

0D´N

˙
, (4.18)

β-transform: ẽ1 “ ẽ, β1 “ β `

ˆ
̟

0D´N

˙
, (4.19)

along the N directions. In addition, we read the GLpN,Rq action on either set of fields as

Oa : e1 “ e

ˆ
a

1D´N

˙
, b1 “

ˆ
a

1D´N

˙T

b

ˆ
a

1D´N

˙
, (4.20)

ẽ1 “ ẽ

ˆ
a

1D´N

˙
, β1 “

ˆ
a

1D´N

˙´1

β

ˆ
a

1D´N

˙´T

.
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Let us now identify the corresponding symmetries. The b-transforms (4.18) are an obvious
symmetry of LNSNS: first, constant shifts of b certainly leave the Lagrangian invariant, as
the latter only depends on Bb; second, this shift symmetry is a subcase of the known b-field
gauge symmetry, since a constant shift can be brought to the form of a dΛ. The GLpNq
subgroup is also clearly a symmetry: its action (4.20) on the fields is a particular example
(in matrix notations) of diffeomorphisms, that are known to be a gauge symmetry of both
LNSNS and L̃β. Let us verify this point. A diffeomorphism generically transforms the b-field
as bmnpx1q “ bpqpxq Bxp

Bx1m
Bxq

Bx1n . Having the Oa transformation as a diffeomorphism amounts at
first to satisfy the following set of differential equations

ˆ
a

1D´N

ṗ

m

“
Bxp

Bx1m
. (4.21)

This can easily be achieved since a is constant. Additionally, of the coordinates obtained
from this resolution, the field only depends on those not along the N directions: thanks to
the δp

m, those can easily be chosen as x1 “ x. For that reason, bmnpx1q “ bpqpxq Bxp

Bx1m
Bxq

Bx1n can
be realised by the action of Oa.

Finally, the β-transforms (4.19) should also be a symmetry when fields are independent of
N coordinates. This may look surprising from the LNSNS point of view, as it does not seem
to match a known symmetry (in particular, translated on the standard supergravity fields,
this transformation acts both on b and g).19 However, in view of (4.8), β-transforms clearly
correspond to the new symmetry of L̃β discussed in section 4.1.2: constant shifts of β along
coordinate directions on which no field depends. It is then a symmetry of LNSNS up to a total
derivative. We now understand that the new symmetry of section 4.1.2 can be viewed as the
β-transforms, a subgroup of the T-duality group.

We conclude this section on the symmetries of LNSNS and L̃β by recalling our main idea: by
considering a restriction, we enhance the symmetries of the theories, and the new symmetries
can be used to build interesting geometric vacua of (the constrained) β-supergravity. We
considered here the subcase when fields are independent of N coordinates: among various
new symmetries from the T-duality group, we obtained the subgroup of β-transforms, that is a
manifest symmetry of L̃β. Those will play a crucial role in geometric vacua of β-supergravity.

4.2 To be or not to be geometric

We discussed above the different symmetries of LNSNS and L̃β, in general but also when
restricting to the presence of some isometries. We now study the effect of using these various
symmetries to glue fields of these theories from one patch to the other: after proposing a
precise definition of geometry and non-geometry, we discuss whether using a given symmetry
leads to a geometric or non-geometric field configuration. To illustrate this discussion, we
then provide an example for which we prove the non-geometry.

19The two other subgroups of the T-duality group have been shown to correspond to subcases of gauge
transformations, so one may wonder whether the same could happen for the β-transforms. This is related to
the footnote 15, and it looks unlikely. It may still be doable in the broader set-up of DFT, when considering
B̃ ‰ 0.
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4.2.1 Symmetries and (non)-geometry

The original idea of non-geometry [20, 9, 21] went as follows: a field configuration (string co-
ordinates, supergravity fields...) is non-geometric for string theory if its fields can be defined
on a set of patches (in target space), but the transformations needed to glue them from one
to the other are not among the standard symmetries of a (differential) geometric configura-
tion, meaning diffeomorphisms and gauge transformations. Still, these transformations are
symmetries of string theory. As mentioned in the Introduction, it is important that these
transformations correspond indeed to symmetries of a given theory [26]: this allows the field
configuration to be described by a single theory on all patches, which is crucial for physics.
Keeping this idea in mind, we extend here the notion of geometric or non-geometric field
configuration to our target space theories: the transformations used to glue the fields should
then be symmetries of the latter, and not only of string theory. Then, to distinguish between
a geometry and a non-geometry requires to specify the symmetries used. We thus reformulate
and generalize the original idea stated above into the following proposed definitions

Definitions of geometric and non-geometric field configurations

• A field configuration is geometric if the fields are globally defined on the manifold
considered so do not need to be glued, or if the transformations used to glue them from
one patch to the other are symmetries of the theory, and the metric, dilaton and fluxes
glue at most with diffeomorphisms.

• A field configuration is non-geometric if the transformations used to glue the fields from
one patch to the other are symmetries of the theory, and if the metric, dilaton or fluxes
glue with something else than diffeomorphisms.

It is important to notice that the notion is theory dependent. In particular, since the metric
describing the manifold may change from one theory to the other (as it is the case for us
with LNSNS and L̃β), the notion of (non-)geometry changes accordingly. This is precisely the
interest in changing theory to describe a background: it can be non-geometric for one theory,
but the geometry can be restored in another theory; this is what happens for the toroidal
example as we will see in details in section 4.2.2, and for the Q-brane. These definitions also
involve the notion of fluxes. In LNSNS, respectively L̃β, the H-flux, resp. the R-flux, are
tensors, so their transformation under diffeomorphisms is clear. But one also faces the struc-
ture constant or geometric flux, and the Q-flux, which are not tensors. Their transformation
under diffeomorphisms can still be considered, as they correspond to building blocks of the
spin connections ω and ωQ, and those evolve on a manifold. For a geometric configuration,
it is important that the flux remains invariant under the other symmetries: the H-flux is
invariant under the b-field gauge transformations, and the Q- and R-flux are invariant under
the β-transform discussed above. The latter is obvious for the R-flux given its definition, and
for the Q-flux when rewritten as

Qc
ab “ ẽq

cẽ
a

mẽb
n

´
Bqβmn ` 2ẽd

qβprmBpẽns
d

¯
. (4.22)

These definitions therefore emphasise the role of the symmetries of theory. We identified
above the symmetries of L̃β and LNSNS; we explained they share the same ones up to a
total derivative. Those are diffeomorphisms and b-field/β gauge transformations. In the
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Symmetry used as gluing transformation LNSNS L̃β Example

nothing or diffeo. G G twisted torus
b-field gauge transfo. (and diffeo.) G NG (or ˆ) T 3 ` constant H

β-transform (and diffeo.) NG (or ˆ) G toroidal example
b-field gauge transfo. and β-transform (and diffeo.) NG (or ˆ) NG (or ˆ)

Buscher transformation NG NG radial inversion
more combinations ? ?

Table 1: Geometric (G) or non-geometric (NG) field configuration, according to the symmetry
used to glue its fields, and to the theory

case where the fields are independent of N coordinates (this will be implicit from now), one
gets an enhancement of the symmetries to include the T-duality group OpN, Nq. One of its
subgroups, the β-transforms, is of particular interest; L̃β is manifestly invariant under it.
Considering these various symmetries to glue the fields, let us now study whether, according
to the above definitions, a field configuration is geometric (G) or non-geometric (NG) in the
different theories. We give the results in table 1.

We denote by a ˆ in table 1 a (tiny) possibility for a field configuration to be geometric,
discussed in [1]. The b-field gauge transformation, translated after field redefinition into a β

gauge transformation, also acts on the new metric g̃; this is due to the non-linearity of the
field redefinition. Depending on the transformation and the background, the transformation
of g̃ could happen to correspond to a diffeomorphism [1]. In that case, the field configuration
would be geometric, provided the fluxes also transform properly. Such a situation is rather
unlikely, but cannot be fully excluded. A similar reasoning can hold for the β-transform,
that would act not only on the b-field but also on the metric g, as can be seen with the
field redefinition; one should determine whether this transformation could be viewed as a
diffeomorphism. To study such situations properly, an analysis as the one to be performed in
section 4.2.2 would be necessary.

We mentioned in section 4.1.3 the possibility of other elements of the T-duality group
OpN, Nq that we have not considered. These could be built for instance by further combina-
tions of the elements already studied here. The effect of such a generic element is not easy
to guess, so we cannot conclude in full generality: this is the meaning of the last line of table 1.

To conclude this study, we refer to the reasoning detailed in the Introduction, and one can
see that the results of table 1 are in good agreement with it. In particular, it is worth con-
sidering a subcase that gives rise to more symmetries, and allows to go beyond the situations
of the first two lines of table 1. Considering the independence on N coordinates gives the
new symmetry of β-transforms. The latter allows, as indicated in the third line, to get field
configurations that are geometric for L̃β while being non-geometric for LNSNS. In that case,
it is worth changing theory: this is the important outcome of this study. We have given a
well-defined class of backgrounds for which β-supergravity provides a better description than
standard supergravity.
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4.2.2 A proof of non-geometry

We now illustrate the above discussion with an example of a field configuration that is geomet-
ric for L̃β and non-geometric for LNSNS. Being sure of the latter requires to show explicitly
that some gluing transformations cannot be realised by diffeomorphisms, which is not so sim-
ple to prove. Such a proof should nevertheless be established to conclude on a non-geometry,
but it is rarely worked-out in the literature. We hope here to fill this gap, at least for one
example. We consider the toroidal example that was discussed in details in [3, 36, 1]. In
this field configuration, one has three directions, labelled by m “ 1, 2, 3. The third one is
a circle, parameterized by the angle coordinate z. It serves as a base to a fiber where the
non-geometry occurs. The fields are given as follows

g “ f0pzq

¨
˚̊
˝

1

R2

1

0 0

0 1

R2

2

0

0 0
R2

3

f0pzq

˛
‹‹‚ , b “ f0pzq

¨
˚̋

0 ´ Hz
R2

1
R2

2

0
Hz

R2

1
R2

2

0 0

0 0 0

˛
‹‚ , (4.23)

e´2φ “ e´2φ1
R2

1R2
2 f´1

0
pzq , with f0pzq “

˜
1 `

ˆ
Hz

R1R2

˙2
¸´1

, (4.24)

where H and the Rm are constants, and φ1 is a given well-defined scalar field. Let us consider
the base circle along z. An atlas of a circle needs at least two charts pUi, ϕiq, i “ 1, 2, where Ui

is an open set of points of the circle (or patch), and ϕi maps them to a local coordinate in R.
The points of the circle can be uniquely denoted in a plane by pcos z, sin zq, and one can then
take ϕ´1

i : R Ñ Ui , z ÞÑ pcos z, sin zq (see the Example 5.2 in [84]). The two coordinates
z1,2 associated to the two open sets U1,2 are enough to cover the full circle: z1 Ps ´ π, πr,
z2 Ps0, 2πr. The maps between the coordinates Ψij “ ϕiϕ

´1

j are then defined on the (image of
the) intersection of the patches: this "overlap" splits into two pieces, on which Ψ12 is defined
as follows

Ψ12

#
z2 ÞÑ z1 “ z2 , for z2 Ps0, πr

z2 ÞÑ z1 “ z2 ´ 2π , for z2 Psπ, 2πr
(4.25)

Ψ21 is its inverse, and both are C8. For the field configuration (4.23) to be geometric, one
needs at least the metric to glue with diffeomorphisms on the overlap. As the metric only
depends on z here, it should then satisfy

gmnpz2q “ gpqpz1q
Bxp

Bx1m

Bxq

Bx1n
, x3 “ z1, x13 “ z2 , (4.26)

on both pieces of the overlap. Let us verify this. For m “ n “ 3, one can develop on both
sides and gets

R2
3 “ R2

3

ˆ
Bz1

Bz2

˙2

` f0pz1q

˜
1

R2
1

ˆ
Bx1

Bz2

˙2

`
1

R2
2

ˆ
Bx2

Bz2

˙2
¸

. (4.27)

The map Ψ12 in (4.25) gives on both pieces of the overlap Bz1

Bz2
“ 1. One deduces

Bx1

Bz2

“
Bx2

Bz2

“ 0 , (4.28)
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so that the diffeomorphism gluing is verified for m “ n “ 3. For m “ 1, n “ 3, one gets

0 “ R2
3

Bz1

Bx11

Bz1

Bz2

` f0pz1q

ˆ
1

R2
1

Bx1

Bx11

Bx1

Bz2

`
1

R2
2

Bx2

Bx11

Bx2

Bz2

˙
. (4.29)

Using that on both pieces of the overlap Bz1

Bz2
“ 1 and (4.28) holds, one deduces

Bz1

Bx11
“ 0 . (4.30)

Considering m “ 2, n “ 3, one obtains similarly Bz1

Bx12 “ 0. We now turn to m “ n “ 1 (the
case m “ n “ 2 is completely identical). One gets a priori

f0pz2q
1

R2
1

“ R2
3

ˆ
Bz1

Bx11

˙2

` f0pz1q

˜
1

R2
1

ˆ
Bx1

Bx11

˙2

`
1

R2
2

ˆ
Bx2

Bx11

˙2
¸

, (4.31)

that simplifies, thanks to the above, to

f0pz2q

f0pz1q
“

ˆ
Bx1

Bx11

˙2

`
R2

1

R2
2

ˆ
Bx2

Bx11

˙2

, (4.32)

that should hold on both pieces of the overlap. There, one has by definition z1 “ Ψ12pz2q,
so the left-hand side (LHS) of (4.32) is a function of z2. However, because of (4.28), x1 and
x2 do not depend on z2, so neither does the right-hand side (RHS) of (4.32). Therefore, one
must have

f0pz2q

f0pΨ12pz2qq
“ constant . (4.33)

On the piece z2 Ps0, πr, this certainly holds, but it is not the case on z2 Psπ, 2πr, where

f0pz2q

f0pz1q
“

1 `
´

Hpz2´2πq
R1R2

¯2

1 `
´

Hz2

R1R2

¯2
. (4.34)

On z2 Psπ, 2πr, because Ψ12pz2q “ z2 ´ 2π, the condition (4.33) can be viewed as requiring
f0 to be periodic, up to a rescaling. In other words, the diffeomorphism gluing of the metric
(4.23) fails because of f0, which is not periodic in z. The metric being diagonal, its chances
of being globally defined boil down to simply being periodic, which is not the case. The
b-field would also have required a diffeomorphism (together with a gauge transformation),
that similarly fails due to f0. Following the definitions of section 4.2.1, we conclude that the
field configuration is not geometric; the fact that it is non-geometric requires a little more.

This field configuration is independent of N “ 2 coordinates, corresponding to the fiber
directions. As argued in section 4.1.3, the theories considered here then enjoy an enhancement
of the symmetry group by the T-duality group Op2, 2q, which is also a stringy symmetry.
Gluing this field configuration by such a symmetry, knowing that it is not geometric, would
make it non-geometric (from the standard supergravity point of view). It is indeed the case:
more precisely, according to (4.11), one should have on both pieces of the overlap

Hpz2q “ OT Hpz1qO , (4.35)
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and we get that O is a β-transform. This is more easily seen using the new fields, given by

g̃ “

¨
˚̋

1

R2

1

0 0

0 1

R2

2

0

0 0 R2
3

˛
‹‚ , β “

¨
˝

0 Hz 0
´Hz 0 0

0 0 0

˛
‚ , e´2φ̃ “ e´2φ1

R2
1R2

2 , (4.36)

and their associated generalized vielbein Ẽ . For z2 Ps0, πr, z1 “ z2 so one can take O “ 16.
The non-trivial gluing is for z2 Psπ, 2πr, where z1 “ z2 ´ 2π. The constant shift along the
fiber directions between βpz1q and βpz2q can be compensated by the following β-transform

O “

ˆ
13 Ω
0 13

˙
, Ω “

¨
˝

0 2πH 0
´2πH 0 0

0 0 0

˛
‚ . (4.37)

We conclude that the field configuration (4.23) is indeed non-geometric for standard super-
gravity (with isometries). According to the discussion of section 4.2.1, in particular the
definitions and the table 1, we conclude as well that this field configuration, described as
(4.36), is geometric for β-supergravity (with isometries).

4.3 Geometric backgrounds of β-supergravity and T-duality orbits

As explained in the Introduction, backgrounds that are geometric for L̃β and non-geometric
for LNSNS are the most interesting ones for β-supergravity. We have just established that
one way to realise such backgrounds is to consider the restriction of having fields independent
of N coordinates, and to have the gluing transformations of the fields to be β-transforms,
possibly with additional diffeomorphisms (see for instance table 1). We focus in this section
on such a situation. The restriction implies that the background is on a T-duality orbit, i.e.
the presence of the isometries allows to perform T-dualities on the background. We study
this orbit and its consequences, first in general and then in a compact case.

4.3.1 Always on a geometric orbit?

We consider a background of the type just described. It is given in terms of the fields g̃, β, φ̃,
thanks to which it is geometric (G) for L̃β. Through the field redefinition, it is expressed
with the fields g, b, φ and is then non-geometric (NG) for LNSNS. As it is independent of N

coordinates, one can further T-dualise along these directions. Doing so, along all N directions,
with Buscher T-duality on g, b, φ gives the T-dual fields g1, b1, φ1, as depicted in table 2.

Let us now show that g1, b1, φ1 provide a geometric background of LNSNS. The fields
g̃, β, φ̃ glue with a β-transform and possibly a diffeomorphism A. These transformations
can be decomposed into their blocks along the N directions and the others: we introduce A

as in (4.38) with a the N ˆ N block. Using notations of section 4.2.2, we denote by zp the
D ´ N coordinates on which the fields depend and by yr the N coordinates on which they
don’t. Then, a generic diffeomorphism Am

n “ Bxm

Bx1n becomes here

A “

ˆ
a j

i k

˙
,

ˆ
dy

dz

˙
“

ˆ
a j

i k

˙ ˆ
dy1

dz1

˙
. (4.38)

The independence of the fields on N coordinates yr leads here to a constraint on the possible
diffeomorphisms to be used: the z and z1 should mix at most among themselves, i.e. should not
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Theories L̃β LNSNS

T-duality frames

g̃, β, φ̃ (G) oo field redef. // g, b, φ (NG)
OO

T-d. {{ N dir.

��
g1, b1, φ1 (G)

Table 2: Different descriptions of a geometric background of L̃β

involve any y or y1 dependence. This implies that Bzp

By1r “ 0, i.e. ip
r “ 0. As a cross-check, one

should have B
By1r kp

q “ B
By1r

Bzp

Bz1q “ 0. As A is a diffeomorphism, this equals B2zp

Bz1qBy1r “ B
Bz1q ip

r,

that indeed vanishes for i “ 0. So A is restricted as follows20

A “

ˆ
a j

0 k

˙
, A´T “

ˆ
a´T 0

´k´T jT a´T k´T

˙
. (4.39)

We now consider the gluing of the fields g̃, β, φ̃: using again notations of section 4.2.2, it is
expressed with the generalized metric as

Hpz2q “ OT Hpz1qO , (4.40)

O “

¨
˚̊
˝

1N ̟

1D´N 0D´N

0N 1N

0D´N 1D´N

˛
‹‹‚

¨
˚̊
˝

a j 0N

k 0D´N

0N a´T

0D´N ´k´T jT a´T k´T

˛
‹‹‚ (4.41)

with ̟T “ ´̟ giving the β-transform. As already mentioned, the field redefinition does not
change H, so the gluing of the fields g, b, φ is expressed in the same manner. Let us now
perform the Buscher T-duality along the N directions. Following (4.10) and (4.11), we use
again H to get the T-dual H1 as

H1 “ T T HT , (4.42)

where T is given below (4.11). By T-dualising H on (the image of) each patch, i.e. on both
sides of (4.40), we deduce the gluing of H1

H1pz2q “ pT OT qT H1pz1qT OT , (4.43)

20The restriction on the dependence on coordinates enforces i “ 0, and this will allow us to obtain a
geometric T-dual. This is a crucial point, as i ‰ 0 would have lead to a non-trivial β-transform block after
the T-duality, which would have implied a non-geometric T-dual. Another take on this is to consider the
Maurer-Cartan one-forms that are globally defined: ẽapx1q “ ẽapxq. This provides the diffeomorphism matrix,
as dxn “ ẽn

apxqẽa
mpx1qdx1m. Considering a multiple step fibration, such as the nilmanifold n 3.14, one may

think that it is possible to find a vielbein leading to i ‰ 0. But this involves a dependence on coordinates
that are not well-defined, namely those corresponding to fibered directions. These, in addition, make the fields
depend on the wrong coordinates after gluing. Considering a correct coordinate dependence restores i “ 0.
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where we used that T T “ T ´1 “ T . This gluing is therefore given by

T OT “

¨
˚̊
˝

1N 0N

1D´N 0D´N

̟ jk´1
1N

´pjk´1qT 0N 1D´N

˛
‹‹‚

¨
˚̊
˝

a´T 0N

k 0D´N

0N a

0D´N k´T

˛
‹‹‚ . (4.44)

We recognise the combination of a b-shift and a diffeomorphism, where the former is due to
the initial β-transform and the off-diagonal piece j of the diffeomorphism. We conclude that
the fields g1, b1, φ1 form a geometric background for LNSNS.

We have shown that the backgrounds that glue with β-transform and diffeomorphism,
i.e. geometric for L̃β and non-geometric for LNSNS, are T-dual to geometric ones for LNSNS.
So these geometric backgrounds of L̃β are in a sense not new, or do not reveal new physics.
One way of phrasing this is from a four-dimensional gauged supergravity point of view: these
backgrounds are always on a geometric (T-duality) orbit. The converse claim may still be
of interest. Consider a geometric background of four-dimensional gauged supergravity. On
its T-duality orbit, there are geometric and possibly non-geometric backgrounds. If one ge-
ometric point on this orbit can be lifted to a ten-dimensional background that glues as in
(4.44), then we know that there exists on that orbit a non-geometric one that can be lifted
and described by β-supergravity.

It is disappointing that the backgrounds of β-supergravity considered above do not lead
to new physics. Here is a list of ways to circumvent a similar result for other backgrounds

• As indicated in table 1, there might be other T-duality elements that could be used to
glue fields. They may, as for the β-transform, allow geometric backgrounds for L̃β and
non-geometric for LNSNS. Then, if a study as the above on the T-duals does not give
rise to any geometric point, then the corresponding backgrounds would be fully new.

• We only studied the NSNS sector. Considering backgrounds involving other sectors,
such as RR, may alter the above conclusion.

• One may find another restriction than the independence of coordinates, that would
as well enhance the symmetries. The new symmetries could then be used again for
gluing fields, possibly in the desired way. In particular, if there is no assumption on
the coordinate dependence anymore, then the T-duality can a priori not be performed,
preventing from the above conclusion.

• There is a discrete symmetry of LNSNS that we have not mentioned so far: the Z2

transforming b Ñ ´b. This also gives a sign to the H-flux and could therefore lead to
a non-geometric field configuration, following the definitions of section 4.2.1. This Z2

translates for L̃β into a sign on β only. The effect on the fluxes is a sign on the Q-flux,
but not on the R-flux. Then, with a vanishing Q-flux, such a field configuration would
be geometric for L̃β: would that be another restriction to consider on β-supergravity?
Although very simple, this situation could be worth being studied more.

• The notion of geometry used above is close to that of standard differential geometry
and smooth manifolds. If singularities are present, the conclusions may be altered.
Nevertheless, in the case of the Q-brane and NS5-brane, the previous reasonings can be
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applied everywhere away from the singularity, and the latter is treated in the same way
for both g̃, β, φ̃ and g1, b1, φ1 (therefore if the singularity is acceptable on one side, it
is as well on the other one).

4.3.2 On compact purely NSNS vacua

We discussed in [1] the possibility of getting purely NSNS solutions of β-supergravity, that
would be of interest for compactification. Such vacua would be geometric for L̃β and take the
form of a given compactification ansatz. Interestingly, that ansatz was shown to be not too
restrictive: the equations of motion indicated the possibility of getting non-trivial solutions.
This is not the case for LNSNS, for which the ansatz only leads to trivial solutions, hence
the interest in getting such vacua of L̃β. In the above, we worked-out a well-defined class of
backgrounds that are geometric for L̃β, and could thus serve as candidates for the vacua we
are now interested in. However, we have also shown that these backgrounds are T-dual to
geometric ones of LNSNS, as described by the chain of relations in table 2. Let us now study
how the compactification ansatz evolves through that chain: this will constrain further the
possibility of getting geometric vacua of L̃β that are suited for compactification.

We recall that due to L̃β and LNSNS differing only by a total derivative, and to the
T-duality being a symmetry of the equations of motion, a vacua of L̃β given by g̃, β, φ̃

leads to g, b, φ and g1, b1, φ1 of table 2 being as well vacua of LNSNS. Let us now look
at the compactification ansatz. The metric g̃ has to be block diagonal in between the four-
dimensional space-time and the internal six-dimensional manifold. We consider as well a
separation of the corresponding coordinate dependence; in particular there is no warp factor.
β has the same structure, but is in addition purely internal. This structure certainly goes
through the field redefinition and the T-duality: g1 and b1 have the same block structure and
coordinate dependence. Finally, our ansatz sets φ̃ “ constant. Is that also the case of φ1? Let
us recall that the dilaton goes through the following chain of equalities

e´2φ̃
a

|g̃| “ e´2φ
a

|g| “ e´2φ1 a
|g1| . (4.45)

Having φ1 constant would put a severe constraint on the possibility of getting g̃, β, φ̃ as
the type of vacua we are interested in. Indeed, one can show that a constant φ1 only leads to
a trivial solution of LNSNS, namely a flat space-time and manifold (vanishing Ricci tensor),
and a vanishing H-flux. The corresponding background in terms of g̃, β, φ̃ is then most likely
trivial as well: consider for instance constant g1, b1, φ1 or even a pure gauge b1, that do not
give much freedom to get interesting g̃, β, φ̃. So φ1 should better be non-constant. Is that
compatible with φ̃ being constant? This requires the ratio

a
|g̃|a
|g1|

(4.46)

to be non-constant. Note that g̃ and g1 being part of geometric backgrounds, they are globally
well-defined. For φ̃ being constant, we deduce that φ1 is also globally well-defined.21 Getting

21We also note that g is part of a non-geometric background. Because of the equalities (4.45), if |g| is
ill-defined, then so is φ. A good supergravity limit is then lost in the non-geometric background, but β-
supergravity can restore it, as argued in [1]. In addition, an ill-defined φ is likely to be non-constant, so the
compactification ansatz cannot be used for this set of fields. Then, g, b, φ does not allow to conclude on the
(non-)existence of solutions of L̃β, on the contrary here to g1, b1, φ1.
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it non-constant looks then like a difficult constraint.22

The ratio (4.46) can in principle be computed in terms of one or the other set of fields,
since we know how the fields are related in table 2. A difficulty however comes from the fact
that the field redefinition involves the whole fields while the T-duality only acts on certain
blocks. That makes a generic computation not possible, as the inverse and the determinant
of a matrix divided in blocks cannot generically be expressed in terms of those blocks. So we
consider the following subcase (and basis)

g̃ “

ˆ
g̃N

g̃D´N

˙
, β “

ˆ
βN

βD´N

˙
, (4.47)

where these fields do not have off-diagonal components. One then computes g, b and g1, b1.
Using some freedom of sign in the field redefinition [3], g1 can be simplified to

g1 “

ˆ
g̃´1

N

pg̃´1

D´N ` βD´N q´1g̃´1

D´N pg̃´1

D´N ´ βD´N q´1

˙
. (4.48)

This result can easily be understood. The field redefinition is similar to a T-duality in
all directions, although the indices are placed differently; this last point is an important
distinction between the two, in particular for the large volume limit [1]. This similarity still
explains why the block along the N directions is barely changed by the combination of the field
redefinition and the T-duality, while the other block only goes through the field redefinition.
Interestingly, βN does not contribute. From this result, we deduce

a
|g̃|a
|g1|

“ |g̃N | ˆ |1D´N ` g̃D´NβD´N | . (4.49)

Although not impossible, having this quantity non-constant is rather unlikely, at least in
usual set-ups where we look for solutions. First, βD´N is likely to be constant, as it does
not transform under gluing. Secondly, the metric g̃D´N is usually constant (for instance,
that of a base circle). This makes the second factor constant. The metric g̃N can certainly
be non-constant: for twisted tori, it goes through a non-trivial gluing. Its determinant is
however usually constant, giving for instance a constant internal volume.23 This implies that
the above ratio is constant.

We conclude that, even though we made some assumptions such as (4.47), it looks unlikely
to get a non-constant φ1. As explained above, purely NSNS solutions of β-supergravity that
are geometric, non-trivial, and satisfy the compactification ansatz, are thus out of reach, at
least in the usual set-ups. This holds despite the apparent possibility offered by the equations
of motion of L̃β. It would be interesting to reach the same conclusion using only those
equations.

22One could also deviate from the compactification ansatz by considering warp factors and a non-constant
dilaton: compact NSNS solutions with these features exist, such as wrapped NS-branes, or non-Kähler back-
grounds of heterotic string. The supergravity limit of those is nevertheless more delicate.

23One may wonder whether a constant internal volume can be thought of as unimodularity, fa
ab “ 0, related

to the compactness of the internal manifold. One has Bm ln |e| “ ´ẽa
nBmẽn

a, which is fa
ab up to a term in

Bpẽp
b. In our context, the only non-trivial Bp are those along the D ´ N directions. However, the inverse

vielbein ẽp
b along those is most likely constant, as is g̃D´N . So Bm|e| “ 0 (constant volume) and fa

ab “ 0
would be equivalent.
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5 Outlook

The main results of this paper have been summarized in the Introduction; let us now make a
few comments beyond the scope of this work. A first set of backgrounds that has been studied
here are the NS-branes. We gave a detailed account on the NS5-brane, the KK-monopole
and the Q-brane in section 3.2. This description has been done at the level of supergravity. It
would be interesting to go beyond and study them as stringy (or M-theory) objects. As the
S-dual of the D5-brane, many properties of the NS5-brane are already known. In particular,
D1-branes should end on it. We actually expect this to hold as well for the other NS-branes,
because they are related in the same manner as the Dp-branes are: via smearing and T-
duality. This could give a hint on the world-volume action of these NS-branes. The case of
the NS5-brane is certainly studied (see e.g. [85, 86] and references therein), but more could
be learnt for the Q-brane. Proposals have been made in [77] for the latter. A mismatch
with our results is however discussed in appendix D.2. From the world-volume action, one
could deduce source contributions to the equations of motion and the BI. The work done
here within β-supergravity should help on this point, since we obtained such contributions
not only in the BI but also in the dilaton equation of motion (D.8) and the Einstein equation
(D.19) - (D.22). Interestingly, there was no such modification for the β equation of motion:
this is usually expected, as long as the BI gets a source term. Finally, let us recall that the
Q-brane is a codimension 2 object, and is in that respect similar to the D7-brane. The latter
is known to have a non-perturbative description within F-theory, and one may wonder if such
a construction could as well be considered for the Q-brane [31]. The cut-off needed for its
warp factor, mentioned in section 3.2.2, could be better understood in such a context.

We also discussed in section 3.2.2 the possibility of an R-brane. Although the name was
already used in [32], the object proposed here is different. It would be a codimension 1 NS-
brane, which is equivalent to having its warp factor given by an absolute value (3.75). The
BI (1.9) is a natural candidate to be corrected by such a brane, which would then source the
R-flux. Constructing this object by performing a standard T-duality is however problematic:
the lack of isometry would force us to smear the Q-brane fields in an unusual way. But the
derivation of this warp factor and the BI (1.9) still suggest the possibility for such a brane.
On a similar tone, the last BI (1.10) might be related to the existence of a codimension 0
NS-brane. But smearing the R-brane warp factor fR, as we did for the other branes, does
not bring any valuable information on the warp factor of this hypothetical object.

In the absence of branes, our study of BI has put forward the SpinpD, Dq ˆ R
` covari-

ant derivative and its Dirac operator D. We showed that the nilpotency of the latter gives
back the NSNS BI. So this object is an important tool to characterise vacua; understand-
ing its cohomology should for instance be helpful. The formalism of Generalized Geometry
or DFT would certainly help to study this operator. The specific Generalized Geometry
with SpinpD, Dq ˆ R

` structure group worked-out in [87] could also be related. In addi-
tion, this object D should appear and characterise supersymmetric vacua, in the context of
SUp3q ˆ SUp3q structures. In the future work [88], we expect to obtain it in β-supergravity
Killing spinor equations, similarly to [56], and consequently in the superpotential (a discussion
and references on the latter can be found in [3]). The D given in (1.16) should then provide a
characterisation of internal manifolds analogous to the standard twisted Generalized Calabi-
Yau [89, 90]. Its cohomology could thus again play a role, this time in dimensional reductions
on those manifolds, or maybe on the generalized parallelizable spaces of [91].
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In the last part of the paper, we studied the symmetries of standard and β-supergravity,
and how those could be used to construct geometric backgrounds. In the presence of isome-
tries, the symmetries were shown to be enhanced by the T-duality group. One of its elements,
the β-transforms, turned out to be a manifest symmetry of β-supergravity, and played an im-
portant role in our analysis. Using those as gluing transformations would always lead to
geometric backgrounds of β-supergravity. The restriction of having isometries and the use
of β-transforms could then help in constructing the generalized cotangent bundle ET ˚ , intro-
duced in [27, 1]. This counterpart of the generalized tangent bundle ET was argued in [1] to
be the correct Generalized Geometry bundle for the generalized frames built with Ẽpβq (2.2).
It would be interesting to have one concrete construction of ET ˚ . This point could be related
to the behaviour of the Courant bracket under β-transforms, provided the isometries: this
could be worth being studied as well.

Our analysis lead us to determine a class of geometric backgrounds of β-supergravity,
while clarifying some related notions. These vacua were however shown to be on a geometric
T-duality orbit, preventing them from leading to new physics. Similar results were obtained
in [92] when considering reductions from DFT to some supergravities in seven dimensions
or higher. Although we rather have in mind here physics of four-dimensional supergravities,
these results might be related. We proposed in section 4.3 various possibilities to circumvent
this result, at the level of ten-dimensional supergravity. It was suggested in [92] that truly new
vacua and new physics would rather be accessible beyond that level, and similar proposals
have been made in [50, 46, 93, 94]. The extension of our formalism to the Ramond-Ramond
sector or to include the gauge fluxes of heterotic string, as discussed in [1], would in any case
bring a more complete picture of the properties of these backgrounds with non-geometric
fluxes.

Even if we do not get new physics from β-supergravity, as in the case studied here, this
reformulation of standard supergravity may offer a better description of some backgrounds.
It is for instance the case of the Q-brane, that is T-dual to the smeared NS5-brane: its brane
picture is much clearer in terms of β-supergravity fields, and the BI are then nicely formulated
with non-geometric fluxes. We expect to find other examples of (non-compact) backgrounds
better described by β-supergravity in the AdS/CFT context, where β-transforms already play
a role.
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A Conventions

We give in this appendix various conventions used throughout the paper. The space-time is
D-dimensional. The flat (tangent space) indices are a . . . l and the curved ones are m . . . z.
|g̃| denotes the absolute value of the determinant of the metric g̃, and Rpg̃q denotes its Ricci
scalar, for a Levi-Civita connection. The squares introduced are defined as

pBφq2 ” gmnBmφ Bnφ , H2 ”
1

3!
HmnpHqrsg

mqgnrgps , R2 ”
1

3!
RmnpRqrsg̃mq g̃nrg̃ps , (A.1)

pBφ̃q2 ” g̃mnBmφ̃ Bnφ̃ , pβmpBpφ̃ ´ T mq2 ” g̃mnpβmpBpφ̃ ´ T mqpβnqBqφ̃ ´ T nq .

Going to flat indices, we use the vielbein ẽa
m and its inverse ẽn

b, associated to the metric
g̃mn “ ẽa

mẽb
nηab, with ηab the components of the flat metric ηD. Tensors with flat indices are

obtained after multiplication by the appropriate (inverse) vielbein(s), e.g. βab “ ẽa
mẽb

nβmn,
and we also denote Ba “ ẽm

aBm. The structure constant or geometric flux fa
bc is defined

from the vielbeins as

fa
bc “ 2ẽa

mBrbẽ
m

cs “ ´2ẽm
rcBbsẽ

a
m , 2BraBbs “ f c

abBc . (A.2)

The spin connection coefficient, given for Levi-Civita connection by (2.15), satisfies

ηdcωa
bc “ ´ηacωd

bc , fa
bc “ 2ωa

rbcs , fa
ab “ ωa

ab . (A.3)

A p-form A is given by

A “
1

p!
Am1...mpdxm1 ^ . . . ^ dxmp “

1

p!
Aa1...ap ẽa1 ^ . . . ^ ẽap . (A.4)

We deduce for a p-form A and a q-form B the coefficient

pA ^ Bqµ1...µp`q
“

pp ` qq!

p!q!
Arµ1...µp

Bµp`1...µp`qs . (A.5)

The contraction of a vector V “ V mBm “ V aBa on A is defined by

V _ A “
1

pp ´ 1q!
V m1Am1...mpdxm2 ^ . . . ^ dxmp . (A.6)

It is also denoted by ιa “ ẽm
aιm, that satisfies the following commutation relations

V _ A “ V aιaA , tẽa, ιbu “ δa
b , tιa, ιbu “ 0 , (A.7)

and a contraction on scalar vanishes. In the case of multiple contractions, such as Qc
abιaιb,

one should be careful with their order, that may generate signs when acting on a form. Finally,
we introduce the totally antisymmetric quantity ǫ, given by ǫm1...mn “ `1{´1 for pm1 . . . mnq
being an even/odd permutation of p1 . . . nq, and 0 otherwise. The one with flat indices ǫa1...an

has the same value, i.e. ǫ is not a tensor. This can be seen by preserving the volume form.
We also consider (constant) matrices γa, satisfying the Clifford algebra

tγa, γbu “ 2ηab , rγa, γbs “ 2γab with γa1a2...ap ” γra1γa2 . . . γaps , (A.8)

and further useful properties listed in the appendix of [1].
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B Derivation of the equations of motion in flat indices

In this appendix, we give details on the rewriting of the equations of motion (2.21), (2.22) and
(2.23) in flat indices, following section 2.2. This is achieved with two methods: first a direct
approach, and secondly using the Generalized Geometry formalism. As a side remark, let
us mention that it would be interesting to apply a Palatini formalism to the β-supergravity
objects to rederive these equations. They should also be obtainable from the DFT ones of
[33].

B.1 Direct approach

As explained in section 2.2, the β equation of motion requires more work than the other two;
we only focus on this one here. We start by multiplying the equation in curved indices (2.23)
by the appropriate vielbeins to get it in flat indices. We then separate the terms in Bφ̃ and T

from the others, as they may vanish upon standard assumptions when looking for solutions
[1]. We obtain

´
1

2
ηabηcdηef

q∇aRbdf ` 2ηfreRcsdβfd `
1

2
ηcdηef ηab∇a∇bβ

fd ´ ∇a

´
ηfre∇csβ

fa
¯

(B.1)

“ ηabηcdηef Rbdf
`
βagBgφ̃ ´ T a

˘
` ηabηcdηef ∇bβ

fd Baφ̃ ` 4βabηarc∇esBbφ̃ ` 2ηarc∇esβ
ab Bbφ̃ .

We now focus on the LHS of (B.1). A key ingredient is ∇β: it can be written in terms of
fluxes as

∇bβ
fd “ Qb

fd ` βhrf fds
bh ` 2ηhrdβfsgf i

hpbηgqi . (B.2)

Using this expression and the definitions of the fluxes, a tedious computation gives a lengthy
expression for ∇a∇bβ

fd. From the latter, we get two terms of (B.1). We first deduce an
expression for ∇a∇cβ

fa, and obtain further

ηfe∇a∇cβ
fa “ ηfeBaQc

fa ` ηfeβhrf Bafas
ch (B.3)

`
1

2
ηfeηhaβfg

`
ηgiBaf i

hc ` ηciBaf i
hg

˘
`

1

2
βga

`
ηgiBaf i

ec ` ηciBaf i
eg

˘

` ηfefa
ahQc

fh `
1

2
ηfef f

chQa
ah `

1

2
ηfef f

ahQc
ha

`
1

2
Qa

ag
`
ηcif

i
ge ` ηgif

i
ce

˘
`

1

2
Qc

ga
`
ηaif

i
eg ` ηgif

i
ea

˘

`
1

2
ηfe

ˆ
1

2
fa

hcf
f

agβgh ` fa
hgf f

caβgh ` fa
ahfh

cgβgf ` fa
hcf

h
agβgf

˙

`
1

2
ηlc

ˆ
1

2
f l

kafk
ejβ

aj ` f l
egf g

ajβaj

˙
`

1

2
ηgif

i
ecf

g
ajβaj

`
1

4
f g

ac

´
ηijf

i
egβaj ` ηigf i

ejβ
aj ` ηgjfa

ekβjk
¯

`
1

2
ηfef g

acη
haβfj

´
ηgif

i
jh ` ηgjf

k
kh

¯
`

1

4
ηfef i

hcf
f

ajηgiη
hjβga

`
1

4
ηlcf

l
kaf i

egηijηgkβaj `
1

4
f i

hcf
l
aeηglηijηhaβgj

`
1

2
ηlcηfe

ˆ
f l

hgfa
ajηgjβhf `

1

2
f f

hgf l
akηgkβha

˙
`

1

4
ηlcηfeηijηahηgkf l

akf i
hgβfj .
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Secondly, we contract ∇a∇bβ
fd with a metric to get

ηab∇a∇bβ
fd “ ηabBaQb

fd ` ηabβhrf Bafds
bh ` ηhrdβfsg

´
ηabηgiBaf i

hb ` Bafa
hg

¯
(B.4)

` Qb
fdηgkfa

ak ` 2Qa
grdηfsh

´
ηabηgif

i
hb ` fa

hg

¯

`
1

2
ηabβghf rf

agfds
bh ` fa

hg

´
ηhrdf fs

jaβjg ` f g
akηkrf βdsh

¯

` fa
ak

´
ηgkβhrf fds

gh ` ηhrdβfsjpηgkηijf i
hg ` fk

hjq
¯

` ηabηgif
g

jaf i
hbη

hrdβfsj ` ηabηgiβ
gjf i

hbη
hrdf fs

aj `
1

2
ηabηhgηijf

i
hbβ

jrdf fs
ag

` ηhrdηfskβgj

ˆ
1

2
ηabf

a
kgf b

hj ` ηjlf
a

hgf l
ak

˙
`

1

2
ηabηhdηfkηglηijβjgf l

kaf i
bh .

We finally sum the two terms of (B.1) just obtained, together with a third one involving Rcd

that we get using (2.20). Many simplifications occur to eventually give

2ηfreRcsdβfd `
1

2
ηcdηef ηab∇a∇bβ

fd ´ ∇a

´
ηfre∇csβ

fa
¯

(B.5)

“
1

2
ηef ηcdηabBaQb

fd ` BapηfreQcs
af q

` 2βhf Bafa
hrcηesf ´ βhaBaf f

hrcηesf `
1

2
ηgiβ

gaBaf i
ce ´ 2βfdηfreBcsf

a
ad

` Qa
gf fa

grcηesf `
1

2
f f

haQrc
haηesf ` fa

ahQrc
hf ηesf ` Qa

ahf f
hrcηesf `

1

2
Qa

agf i
ecηgi

`
1

2
ηef ηcdηgkQg

fdfa
ak ` ηgiη

abQa
dgf i

breηcsd

` 2βjf fa
akfk

jrcηesf ` βghfa
hgf f

arcηesf `
1

2
βajf i

cef
g

ajηgi .

We now rewrite this expression in a more convenient manner. To do so, one can first show
the following identity using (1.7)

2βhf Bafa
hrcηesf ´ 2βfdηfreBcsf

a
ad ` 2βjf fa

akfk
jrcηesf “ 2βdf Bdfa

arcηesf . (B.6)

Secondly, thanks to definitions, including the one of T a given in (2.20), one can derive

´2ηfre∇csT
f “ 2ηfreBcsQa

af ´ βhiηfreBcsf
f

hi (B.7)

´ ηfreQcs
hif f

hi ` ηgdQa
agfd

ec ` 2βjhf f
hif

i
jrcηesf ´

1

2
βhif g

hif
d

ecηgd .

Thirdly, one can show that

´ βhaBaf f
hc “ βhaBaf f

hc ´ 3βhaBraf f
hcs ` βhaBcf

f
ah , (B.8)

where the RHS can be further rewritten with (1.7). Then, using

βhaBaf f
hc “ ´2βarhBaf fs

hc ´ βaf Bafh
hc , (B.9)

together with (1.8) on the RHS of (B.9), one gets an expression for βhaBaf f
hc. The latter

should be inserted in the RHS of (B.8). The resulting expression, antisymmetrized with ηef ,
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can be rewritten using (B.7) into

´βhaBaf f
hrcηesf “ ´ 2ηfre∇csT

f ` βfdBdfa
arcηesf ´ ηfreBcsQa

af ´ BaQrc
af ηesf (B.10)

` βahf g
ahf f

grcηesf `
1

2
βhif g

hif
d

ecηgd

´ fa
agQrc

gf ηesf ´ Qa
ag

´
f f

grcηesf ` fd
ecηgd

¯
.

Using (B.6) and (B.10), we rewrite (B.5) as follows

2ηfreRcsdβfd `
1

2
ηcdηef ηab∇a∇bβ

fd ´ ∇a

´
ηfre∇csβ

fa
¯

(B.11)

“ ´ 2ηfre∇csT
f `

1

2
ηgiβ

gaBaf i
ce ` βdf Bdfa

arcηesf ´ ηfreBcsQa
af `

1

2
ηef ηcdηabBaQb

fd

` Qa
gf fa

grcηesf `
1

2
f f

haQrc
haηesf ´

1

2
Qa

agf i
ecηgi

`
1

2
ηef ηcdηgkQg

fdfa
ak ` ηgiη

abQa
dgf i

breηcsd .

From this (B.11), we finally rewrite the β equation of motion from (B.1) to

´
1

2
ηabηcdηef

q∇aRbdf ` Qa
gf fa

grcηesf `
1

2
f f

haQrc
haηesf ´

1

2
Qa

agf i
ecηgi (B.12)

`
1

2
ηef ηcdηgkQg

fdfa
ak ` ηgiη

abQa
dgf i

breηcsd

“ 2ηfre∇csT
f ´

1

2
ηgiβ

gaBaf i
ce ´ βdf Bdfa

arcηesf ` ηfreBcsQa
af ´

1

2
ηef ηcdηabBaQb

fd

` ηabηcdηef Rbdf
`
βagBgφ̃ ´ T a

˘
` ηabηcdηef ∇bβ

fd Baφ̃ ` 4βabηarc∇esBbφ̃ ` 2ηarc∇esβ
ab Bbφ̃ ,

as given in (2.24).

B.2 Using the Generalized Geometry formalism

We explain in section 2.2 the main procedure to derive the equations of motion in flat indices
from the Generalized Geometry formalism. Here, we give some details on the computation
of the generalized Ricci tensor (2.37). We start from its expression (2.38). We observe that
all derivatives acting on the spinor ǫ` should vanish, since the generalized Ricci tensor only
acts on the spinor via a multiplication by a γ-matrix. One can therefore verify that
´

γaBaBb ´ γaηbgBaβgeBe ´ γaηbgβgeBaBe ` γaγghY
bgh

Ba (B.13)

` γaηadβdcBcB
b

´ γaηadηbgβdcBcβ
geBe ´ γaηadηbgβdcBcβ

geBcBe ` γaγghY
bgh

ηadβdcBc

` XacdγacdB
b

´ XacdγacdηbgβgeBe ` γaXaB
b

´ γaXaηbgβgeBe

´ γaωc
ab

Bc ` γaωc
ab

ηcgβgeBe ` γaηadωQ
dc
b

Bc ´ γaηadωQ
dc
b

ηcgβgeBe

´
1

2
γaηadηbf RdfcBc `

1

2
γaηadηbf RdfcηcgβgeBe

´ γaB
b
Ba ´ γaηadB

b
βdcBc ´ γaηadβdcB

b
Bc ´ γacdXacdB

b
´ γaXaB

b

` γaηbgβgeBeBa ` γaηadηbgβgeBeβdcBc ` γaηadηbgβgeβdcBeBc ` γacdXacdηbgβgeBe ` γaXaηbgβgeBe

´ γghγaY
bgh

Ba ´ γghγaY
bgh

ηadβdcBc

¯
ǫ` “ 0 .
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We are then left with γ-matrices acting on ǫ`. Using several identities on γ-matrices listed
in the appendix of [1], we obtain

1

2
R

ab
γaǫ` “

´
pγagh ` 2ηargγhsqBaY

bgh
` pγagh ` 2ηargγhsqηadβdcBcYbgh

(B.14)

` rγacd, γghsXacdY
bgh

` rγa, γghsXaY
bgh

´ pγagh ` 2ηargγhsqωc
ab

Ycgh ` pγagh ` 2ηargγhsqηadωQ
dc
b

Ycgh

´
1

2
pγagh ` 2ηargγhsqηadηbf RdfcYcgh

´ γacdB
b
Xacd ´ γaB

b
Xa ` γacdηbgβgeBeXacd ` γaηbgβgeBeXa

¯
ǫ`

Similarly to the calculation of the scalar S in [1], we should then distinguish the different
orders in γ-matrices. Here, we only consider the lowest order in γa, and assume that all
higher orders vanish: this would be analogous to the computation of S, where the BI (3.1) -
(3.4) played an important role; we expect the same here. In addition, the lowest order will
be enough to obtain the equations of motion. Then at first order in γa, 1

2
R

ab
γa gives

ˆ
1

2
R

ba
´

1

2
ηaeηbg

qRge `
1

8
ηaeηbgηif ηcdRigcRdfe ´

1

4
ηaeηbge2φ̃∇dpe´2φ̃Rgdeq (B.15)

` ∇
b
∇aφ̃ ´ ηaeηbg

q∇gp q∇eφ̃q ´ ηaeηbg
q∇gT e

`
1

4
ηbgBdQa

gd `
1

4
ηaeηbgBdQf

egηdf `
1

4
ηaeηbgBdQ

f
edηgf ´

1

2
ηaeB

b
Qd

de

´
1

4
ηaeβgcBcf

e
bg

´
1

4
βgcBcf

e
ab

ηge ´
1

4
βgcBcf

e
agηbe `

1

2
ηbgβgcBcf

d
da

`
1

4
ηbgfd

dcQa
gc `

1

4
ηaefd

dcQb
ec `

1

4
ηbgηaeηchfd

dcQh
eg

´
1

4
ηaeQd

dcf e
bc

´
1

4
ηbhQd

dcfh
ac ´

1

4
ηchQd

dcfh
ab

`
1

8
ηbgf g

cd
Qa

dc `
1

8
ηchfh

bd
Qa

dc `
1

8
ηdhfh

bc
Qa

dc

`
1

8
ηaeηbgηcf f g

cd
Qf

ed `
1

8
ηaefh

gd
Qh

ed `
1

8
ηaeηdhηcifh

bc
Qi

ed

`
1

8
ηaeηbgηdf f g

cd
Q

f
ec `

1

8
ηaeηchηdifh

bd
Qi

ec `
1

8
ηaefh

bc
Q

h
ec

´
1

8
ηaef e

cdQ
b
dc ´

1

8
ηaeηbgηdhf e

cdQh
gc ´

1

8
ηaeηbgηchf e

cdQ
h

gd

´
1

8
ηdef e

acQb
dc ´

1

8
ηbgf e

acQe
gc ´

1

8
ηbgηchηdef e

acQh
gd

´
1

8
ηcef

e
adQ

b
dc ´

1

8
ηbgηdhηcef e

adQh
gc ´

1

8
ηbgf e

adQe
gd

´ ηae∇
b
p q∇eφ̃q ´ ηae∇

b
T e ` ηbg

q∇g∇aφ̃

´
1

2
ηaeηbgηfcR

gfeT c `
1

4
ηaeηbgηdf e2φ̃ q∇dpe´2φ̃Rgfeq

˙
γa .
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By considering aligned vielbeins, the previous expression reduces to
ˆ

1

2
Rba ´

1

2
ηaeηbg

qRge `
1

8
ηaeηbgηif ηcdRigcRdfe ´

1

4
ηaeηbge2φ̃∇dpe´2φ̃Rgdeq (B.16)

` ∇b∇aφ̃ ´ ηaeηbg
q∇gp q∇eφ̃q ´ ηaeηbg

q∇gT e

`
1

2
BdQpa

gdηbqg `
1

4
ηaeηbgηdf BdQf

eg ´
1

2
ηaeBbQd

de

´
1

4
βgcBcf

e
abηge `

1

2
βgcBcf

e
gpaηbqe `

1

2
ηbgβgcBcf

d
da

`
1

2
fd

dcQpa
gcηbqg `

1

4
ηbgηaeηchfd

dcQh
eg `

1

2
Qd

dcf e
cpaηbqe ´

1

4
ηchQd

dcfh
ab

`
1

4
f g

cdQra
dcηbsg `

1

2
ηerafh

bsdQi
ecηchηdi `

1

2
ηerafh

bscQh
ec

´ ηae∇bp q∇eφ̃q ´ ηae∇bT
e ` ηbg

q∇g∇aφ̃

´
1

2
ηaeηbgηfcR

gfeT c `
1

4
ηaeηbgηdf e2φ̃ q∇dpe´2φ̃Rgfeq

˙
γa .

We can further simplify the above using the following identities. First, one can show

ηgpa
q∇g∇bqφ̃ ´ ηgpa∇bqp q∇gφ̃q “ 0 , ´ηeraηbsg

q∇gp q∇eφ̃q “
1

2
ηeraηbsgRged∇dφ̃ , (B.17)

where the second one cancels the term coming from ´1

4
ηaeηbge2φ̃∇dpe´2φ̃Rgdeq. In addition,

three terms antisymmetric in pa, bq at second order in β vanish thanks to the following identity
using (1.8) and (1.9)

´
1

2
ηeraηbsg

qRge ´ ηeraηbsg
q∇gT e ´

1

4
ηaeηbg∇dRgde “ 0 , (B.18)

and the seven terms symmetric in pa, bq at linear order in β cancel using (1.7) and (1.8)

1

2
BdQpa

gdηbqg ´
1

2
ηepaBbqQd

de `
1

2
βgcBcf

e
gpaηbqe `

1

2
βgcBcf

d
dpaηbqg (B.19)

´ηepa∇bqT
e `

1

2
fd

dcQpa
gcηbqg `

1

2
Qd

dcf e
cpaηbqe “ 0 .

Using all those, we are finally left with the following expression for 1

2
Rabγ

a at first order in
γ-matrices, that we give also in (2.39)

´1

2
Rba ´

1

2
ηepaηbqg

qRge `
1

8
ηaeηbgηif ηcdRigcRdfe (B.20)

` ∇b∇aφ̃ ´ ηepaηbqg
q∇gp q∇eφ̃q ´ ηepaηbqg

q∇gT e

`
1

4
ηaeηbgηdf BdQf

eg ´
1

2
ηeraBbsQd

de ´
1

4
βgcBcf

e
abηge `

1

2
βgcBcf

d
draηbsg

`
1

4
ηbgηaeηchfd

dcQh
eg ´

1

4
ηchQd

dcfh
ab

`
1

4
f g

cdQra
dcηbsg `

1

2
ηerafh

bsdQi
ecηchηdi `

1

2
ηerafh

bscQh
ec

´ ηera∇bsp q∇eφ̃q ´ ηera∇bsT
e ` ηgrb

q∇g∇asφ̃

´
1

2
ηaeηbgηfcR

gfeT c `
1

4
ηaeηbgηdf e2φ̃ q∇dpe´2φ̃Rgfeq

¯
γa .
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C On sourceless NSNS Bianchi identities

C.1 Relations to other Bianchi identities in the literature

Our Bianchi identities (BI) (3.1) - (3.4) provide a generalization to non-constant fluxes of
the BI (3.5) - (3.9), for H “ 0. As mentioned in the Introduction and in section 3.1.1,
such generalizations have already been proposed in two other approaches. We show in this
appendix that the BI obtained there can be reduced and matched with the simpler expressions
given by our (3.1) - (3.4).

In [34] are introduced some straight and some curly fluxes. They are identical once one
sets the H-flux to vanish, and then match the definition of our fluxes, up to a minus sign
on the R-flux. Four BI are derived there, as described in section 3.1.1, and are given in our
conventions by

0 “ Braf e
bfs ´ f e

drafd
bfs , (C.1)

0 “ βdgBgf e
af ` 2BraQfs

de ´ Qg
def g

af ` 4Qra
grdf es

fsg (C.2)

` βeg
´

2Brafd
fsg ´ 3fd

hrgfh
afs

¯
,

0 “ ´ BaRghi ` 2βdrgBdQa
hsi ` 3Qa

drgQd
his ´ 3Rdrghf is

ad (C.3)

` βid
´

2βergBefhs
ad ´ BaQd

gh ` Qe
ghf e

ad ´ 4Qra
ergfhs

dse

¯
,

0 “ βgraBgRbcsd ` 2RgrdaQg
bcs ` βed

´
´βfraBf Qe

bcs ´ f ra
feRbcsf ` Qf

rabQe
csf

¯
. (C.4)

The set of conditions (C.1) - (C.4) turns out to match our (3.1) - (3.4). This can be verified
using the identities

2Brafd
fsg “ 3Brafd

fgs ´ Bgfd
af , (C.5)

2βdrgBdQa
hsi “ 3βdrgBdQa

his ´ βdiBdQa
gh , (C.6)

3βgraBgRbcsd “ 4βgraBgRbcds ` βgdBgRabc . (C.7)

To start with, (C.1) matches (3.1). Using the latter and (C.5), one shows that (C.2) matches
(3.2). Then, using the latter and (C.6), one shows that (C.3) matches (3.3). Eventually, using
the latter and (C.7), one verifies that (C.4) matches (3.4).

At the level of Double Field Theory (DFT) were obtained in [33] some generalized BI.
One of them, given by a quantity denoted ZABCD, was further decomposed into its various
OpD, Dq components to get a set of DFT conditions. If we set again H “ 0 and use the
strong constraint B̃m “ 0, we can show that these conditions match precisely (3.1) - (3.4).
Indeed, the notations there then become Da “ Ba , Da “ βabBb , τbc

a “ fa
bc, and the fluxes

are the same as ours, up to a minus sign on the R-flux; this allows to verify the matching.
As a confirmation, the conditions of [33] were mentioned to reproduce those of [34], namely
(C.1)-(C.4), that we have just shown to match our BI (3.1) - (3.4).

C.2 Derivation of BI from the SpinpD, Dq ˆ R
` covariant derivative

In section 3.1.2, we introduced a SpinpD, DqˆR
` derivative and its associated Dirac operator

in (3.16). Before studying its nilpotency condition (3.30), let us first give some details on how
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to compute a piece of it, namely D2. This piece is given by

D2 “
1

4
ΩABCΓABC “

1

4
ΩrABCsΓ

AΓBΓC , (C.8)

where the index B is lowered by an OpD, Dq metric. To compute this antisymmetry, we use

ΩABCΓB ” ΩA
D

C ηDBΓB “
1

2

´
ΩA

b
CΓb ` ΩAbCΓb

¯
. (C.9)

One then gets for instance

pΩABC ´ ΩACBqΓAΓBΓC “ ΓApΩAbcΓ
bΓc ` ΩA

bcΓbΓc ` ΩA
b
cΓbΓ

c ´ ΩA
c
bΓ

bΓcq , (C.10)

using the antisymmetry properties of the connection coefficient [1]. The six terms from ΩrABCs

can be grouped two by two to use the above formula, and further combinations give

D2 “
8

24

´
3Ωrabcsẽ

a^ ẽb^ ẽc^ (C.11)

` 2Ωra
b
csẽ

a^ ιb ẽc^ `2Ωrb
c
asẽ

a^ ẽb^ ιc ` 2Ωrc
a

bsιa ẽb^ ẽc^

` 2Ωra
b
csιa ẽb^ ιc ` 2Ωrb

c
asιa ιb ẽc^ `2Ωrc

a
bsẽa^ ιb ιc

` 3Ωrabcsιa ιb ιc

¯
,

where we also set some connection coefficients to zero following [1], and the Γ-matrices have
been rewritten with the Clifford map of section 3.1.2. Using the commutation properties of
forms and contractions, and the value of the connection coefficients derived in [1], one obtains
eventually the two D2 given in section 3.1.2.

We now turn to the derivation of the BI using the nilpotency condition (3.30) on the Dirac
operator D (3.16). We focus only on the β-supergravity case, and use the expressions for the
three parts D1, D2 and D3 given in section 3.1.2. We start with D2, that we showed to be
related to the derivative D7 of [35]. As mentioned in (3.12), the vanishing square of this last
derivative is known to reproduce the Bianchi identities for constant fluxes, together with an
additional constraint. So this piece should be a good starting point. That square, acting on
a p-form A, was computed explicitly in [35] and can be translated here as follows (we use
conventions of appendix A)

1

4
D2

2A “ D2
7 A “ `

1

4
f g

gdfd
abẽ

a ^ ẽb ^ A (C.12)

`
1

2
fd

gaf g
bcẽ

a ^ ẽb ^ ẽc ^ ιdA

`
1

4
f g

gdQa
daA

´
1

2
pf b

cdQa
cd ` f c

cdQa
db ` f b

daQc
cdqẽa ^ ιbA

`
1

4

´
4f c

gaQb
gd ` f g

abQg
cd

¯
ẽa ^ ẽb ^ ιcιdA

´
1

2

´
fa

cdRcdb `
1

2
f c

cdRdab `
1

2
Qc

cdQd
ab

¯
ιaιbA

´
1

2

´
fd

gaRgbc ` Qg
bcQa

gd
¯

ẽa ^ ιbιcιdA

´
1

4
Qg

abRgcdιaιbιcιdA .
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Let us now add to D2 the derivative part D1

1

4

´
D2

1 ` D1D2 ` D2D1

¯
A “ ´

1

2
Bafd

dbẽ
a ^ ẽb ^ A ´

1

2
Bafd

bcẽ
a ^ ẽb ^ ẽc ^ ιdA (C.13)

`
1

2

´
βacfd

caBd ´ βdef g
gdBe ` Qd

dbBb ´ βdeBef g
gd

¯
A

`
´

´ βdeBef b
da `

1

2
pBaQd

db ` βbeBefd
daq

¯
ẽa ^ ιbA

´
1

2

´
BaQb

cd ´ βgcBgfd
ab

¯
ẽa ^ ẽb ^ ιcιdA

`
1

6

´
´ 3βdcBcQd

ab ` 3βacBcQd
db

¯
ιaιbA

`
1

6

´
BaRbcd ´ 3βebBeQa

cd
¯

ẽa ^ ιbιcιdA

´
1

6
βgaBgRbcdιaιbιcιdA .

Bringing indices in the right order and writing out antisymmetries, we obtain a set of identities
by adding the above to 1

4
D2

2. Among those are already present our four BI (3.1) - (3.4).
However the additional identities are independent and non-trivial; they contain in particular
derivatives acting on A. To get rid of those, the missing part D3 of the Dirac operator is then
necessary. Note that this last part contains terms that include the dilaton. So the additional
terms to the square are

1

4

´
D1D3 ` D3D1 ` D2D3 ` D3D2 ` D2

3

¯
A (C.14)

“
´

´
1

4
f g

gdfd
ab `

1

2
f c

abBcφ̃ `
1

2
Bafd

db ´ BaBbφ̃
¯

ẽa ^ ẽb ^ A

`
´1

4
Qd

daf g
ga ´

1

2
fd

dapβabBbφ̃ ´ T aq ´
1

2
Qd

daBaφ̃ ` Baφ̃pβabBbφ̃ ´ T aq `
1

2
Qd

daBa

` T aBa `
1

2
βacBcf

d
da `

1

2
βacfd

daBc ´ βacBcBaφ̃ `
1

2
f g

gdpβdcBcφ̃ ´ T dq ´
1

2
Qd

daBaφ̃
¯

A

`
´1

2
BaQd

db ´ BapβbcBcφ̃ ´ T bq ´
1

2
βbcBcf

d
da ´ βbcBcBaφ̃

` f b
dapβdcBcφ̃ ´ T dq ` Qa

bcBcφ̃ `
1

2
f b

adQg
gd ´

1

2
f g

gcQa
bc

¯
ẽa ^ ιbA

`
1

2

´
βacBcQd

db ´ 2βacBcpβbdBdφ̃ ´ T bq

`
1

2
f g

gdRabd ´ RabdBdφ̃ ´
1

2
Qd

abQg
gd ` Qd

abpβdcBcφ̃ ´ T dq
¯

ιaιbA .
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All these contributions add-up to the following identities

1

2
Brafd

bsd `
1

4
f g

gdfd
ab ´

1

4
f g

gdfd
ab `

1

2
f c

abBcφ̃ ´
1

2
Brafd

bsd ´ BraBbsφ̃ “ 0 (C.15)

´
1

2
Brafd

bcs `
1

2
fd

graf g
bcs “ 0 (C.16)

1

2
pβacfd

caBd ´ βdef g
gdBe ` Qd

dbBb ´ βdeBef g
gdq `

1

4
f g

gdQa
da `

1

4
Qd

daf g
ga

´
1

2
fd

dapβabBbφ̃ ´ T aq ´
1

2
Qd

daBaφ̃ ` Baφ̃pβabBbφ̃ ´ T aq `
1

2
Qd

daBa ` T aBa

`
1

2
βacBcf

d
da `

1

2
βacfd

daBc ` βacBcBaφ̃ `
1

2
f g

gdpβdcBcφ̃ ´ T dq ´
1

2
Qd

daBaφ̃ “ 0 (C.17)

´βdeBef b
da `

1

2
pBaQd

db ` βbeBefd
daq ´

1

2
pf b

cdQa
cd ` f c

cdQa
db ` f b

daQc
cdq

`
1

2
BaQd

db ´ BapβbcBcφ̃ ´ T bq ´
1

2
βbcBcf

d
da ´ βbcBcBaφ̃

`f b
dapβdcBcφ̃ ´ T dq ` Qa

bcBcφ̃ `
1

2
f b

adQg
gd ´

1

2
f g

gcQa
bc “ 0 (C.18)

´
1

2
pBraQcs

de ´ βgrdBgf es
acq `

1

4
p´4f rd

graQcs
esg ` f g

acQg
deq “ 0 (C.19)

1

6
p´3βdcBcQd

ab ` 3βcraBcQd
bsdq ´

1

2
pf ra

cdRbscd `
1

2
f c

cdRdab `
1

2
Qc

cdQd
abq

`
1

2
pβacBcQd

db ´ 2βacBcpβbdBdφ̃ ´ T bq

`
1

2
f g

gdRabd ´ RabdBdφ̃ ´
1

2
Qd

abQg
gd ` Qd

abpβdcBcφ̃ ´ T dqq “ 0 (C.20)

1

6
pBaRbcd ´ 3βerbBeQa

cdsq ´
1

2
p´Rgrbcfd

asg ` Qa
grdQg

bcsq “ 0 (C.21)

´
1

6
βgraBgRbcds ´

1

4
Qg

rabRcdsg “ 0 . (C.22)

Using in particular the expression of T a in terms of the other fluxes, (C.17), (C.18) and (C.20)
can be simplified respectively to

´
1

2
Qd

daf g
ga “ 0 (C.23)

´
3

2
βdeBref b

das `
3

2
βdef b

hrafh
eds “ 0 (C.24)

´
1

2
βdcBcQd

ab ´
1

2
βcdβgraBgf bs

cd ´ βdcQc
graf bs

dg `
1

4
βdcQg

abf g
cd “ 0 . (C.25)

In addition, (C.15) simply vanishes. We are then left with seven identities, namely (C.16),
(C.23), (C.24), (C.19), (C.25), (C.21) and (C.22), that we respectively give in (3.31) - (3.37).
As we show there, only five of those are independent and give our four BI (3.1) - (3.4) together
with the expected scalar condition.

D The Q-brane background and the related Bianchi identity

D.1 The Q-brane is a vacuum of β-supergravity

The NS5-brane and the KK-monopole are known vacua of standard supergravity. We verify
explicitly in this appendix that the Q-brane, given in sections 3.2.1 and 3.2.3, satisfies the
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equations of motion of β-supergravity. We recall that this makes the Q-brane a vacuum of
standard supergravity as well. As mentioned in section 2.1, for a field configuration satisfying
βmnBn¨ “ 0 (as well as Bpβnp “ 0), β-supergravity gets simplified to the theory worked out
in [3]. These two simplifying assumptions turn out to be verified by the Q-brane, even at
the singularity. Using this property, the Q-brane was verified in [32] to solve the simplified
equations of motion of [3]. The warp factor was however considered harmonic there, which
only holds away from the singularity. Here we will get some new information at the singularity.
We start with the full equations of motion of β-supergravity, obtained in this paper in flat
indices. We can still use the two simplifying assumptions verified by the Q-brane: they imply
T a “ 0 and Rabc “ 0. The dilaton equation of motion (2.21) and the Einstein equation (2.22),
rewritten in flat indices, boil down to

1

4

´
Rpg̃q ` qRpg̃q

¯
´ pBφ̃q2 ` ∇2φ̃ “ 0 , (D.1)

Rab ´ ηcpaηbqd
qRcd ` 2∇a∇bφ̃ “ 0 . (D.2)

In addition, only one Q-flux component is non-zero; it has three different indices, which
implies that Qa

ab “ 0. The β equation of motion in flat indices (2.24) becomes

Qa
gf fa

grcηesf `
1

2
f f

haQrc
haηesf `

1

2
ηef ηcdηgkQg

fdfa
ak ` ηgiη

abQa
dgf i

breηcsd (D.3)

“ ´
1

2
ηef ηcdηabBaQb

fd ` ηabηcdηef ∇bβ
fd Baφ̃ .

In the last term, the Q-flux can be made explicit using the formula

∇bβ
fd “ Qb

fd ` βhrf fds
bh ` 2ηhrdβfsgf i

hpbηgqi . (D.4)

For the Q-brane, given the non-zero components of the fluxes, each term of (D.3) simply
vanishes because of the indices contractions, except the last two terms of (D.4). These can
be non-zero for d, f being x or y, and b fixed to be ρ. In that case, the sum of the two terms
nevertheless vanishes. So the β equation of motion is trivially satisfied.

We now turn to the dilaton equation of motion (D.1). One computes

R “ ´
5

2
f´3pBρfq2 ` f´2∆2f , qR “ ´

1

2
f´3pBρfq2 , (D.5)

pBφ̃q2 “
1

4
f´3pBρfq2 , ∇2φ̃ “ f´3pBρfq2 ´

1

2
f´2∆2f . (D.6)

Note that in these expressions and the following ones, the LHS is given in flat indices, whereas
the RHS involves derivatives in curved indices. One way to compute ∇2φ̃ is to use

ηab∇aVb “ ηabBaVb ` ηcdf b
bcVd . (D.7)

This leads to
1

4

´
Rpg̃q ` qRpg̃q

¯
´ pBφ̃q2 ` ∇2φ̃ “ ´

1

4
f´2∆2f . (D.8)

So away from the singularity, (D.1) is satisfied, since ∆2f “ 0 for ρ ą 0. At the singularity,
we get a δ, which is expected. Indeed, one should in principle add a source action to the
bulk action, and the former would contribute to the equations of motion by a δ within the
energy-momentum tensor. This is what we obtain here.
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Finally, we focus on the simplified Einstein equation (D.2). The only non-zero components
of the Ricci tensor in flat indices are

Rxx “ Ryy “ ´f´3pBρfq2 `
1

2
f´2∆f (D.9)

Rρρ “ ´
3

2
f´3pBρfq2 `

1

2
f´2B2

ρf ´
1

2
f´2ρ´1Bρf (D.10)

Rϕϕ “ f´3pBρfq2 ´
1

2
f´2B2

ρf `
1

2
f´2ρ´1Bρf . (D.11)

The other curvature tensor takes the form

qRab “ βcdBdωQ
ab
c

´ βadBdωQ
cb
c

` ωQ
ab
c

ωQ
dc
d

´ ωQ
ca
d

ωQ
db
c

´
1

2
Radcf b

dc » ´ωQ
ca
d

ωQ
db
c

, (D.12)

where the last equality is obtained thanks to the aforementioned simplifications verified by
the Q-brane. The non-zero components are

qRxx “ qRyy “ ´
1

2
pQϕ

yxq2 “ ´
1

2
f´3pBρfq2 (D.13)

qRϕϕ “
1

2
f´3pBρfq2 , qRρρ “ 0 . (D.14)

In addition the dilaton terms in flat indices yield

∇x∇xφ̃ “ ´ωρ
xxf´ 1

2 Bρφ̃ “
1

4
f´3pBρfq2 (D.15)

∇y∇yφ̃ “ ´ωρ
yyf´ 1

2 Bρφ̃ “
1

4
f´3pBρfq2 (D.16)

∇ρ∇ρφ̃ “ f´ 1

2 Bρpf´ 1

2 Bρφ̃q “ ´
1

2
f´ 1

2 Bρpf´ 3

2 Bρfq “
3

4
f´3pBρfq2 ´

1

2
f´2B2

ρf (D.17)

∇ϕ∇ϕφ̃ “ ´ωρ
ϕϕf´ 1

2 Bρφ̃ “ ´
1

4
f´3pBρfq2 ´

1

2
f´2ρ´1Bρf , (D.18)

from which we eventually deduce

Rxx ´ qRxx ` 2∇x∇xφ̃ “
1

2
f´2∆f (D.19)

Ryy ´ qRyy ` 2∇y∇yφ̃ “
1

2
f´2∆f (D.20)

Rρρ ´ qRρρ ` 2∇ρ∇ρφ̃ “ ´
1

2
f´2∆f (D.21)

Rϕϕ ´ qRϕϕ ` 2∇ϕ∇ϕφ̃ “ ´
1

2
f´2∆f . (D.22)

As explained for the dilaton equation of motion (D.8), the above equations vanish away
from the singularity as (D.2), and receive at the singularity an energy-momentum tensor
contribution in the form of a δ, due to the Q-brane action to be added.

D.2 The Bianchi identity with Q-brane source term

We comment here on a BI with a Q-brane source term obtained in (5.24) of [77], and compare
it to our proposal (1.12). It is given by

d pBmβnp g̃nug̃pvdxm ^ du ^ dvq “ constant vol4 δp4q , (D.23)
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where the RHS contains a constant times a four-dimensional volume form, and the LHS
involves two specific directions u and v. This BI looks similar to the one for the H-flux, in
presence of an NS5-brane, since it is a four-form and the source is localised in four dimensions
by the δp4q. This last point looks however unexpected, since the Q-brane is only a codimension
2 object. One can still wonder whether, upon smearing two dimensions, (D.23) reduces to
our proposal (1.12) that contains a δp2q. The two BI are given in rather different fashions,
so to ease the comparison, let us rewrite (D.23), partially evaluated on the Q-brane solution
given in section 3.2.

In this background, the metric is diagonal and β has only one non-trivial component.
Therefore we can replace u and v by generic directions: on the Q-brane solution, the two
expressions have the same value up to a factor 2. Using (3.90), we then rewrite (D.23) on
this background as

˚4 d
´

Qa
bc ηbdηcf ẽa ^ ẽd ^ ẽf

¯
“ constant1 δp4q , (D.24)

ô ǫgadf

ˆ
BgQa

bcηbdηcf ´
1

2
fh

gaQh
bcηbdηcf ` Qg

bcfh
adηbhηcf

˙
“ constant2 δp4q , (D.25)

the indices of ǫ being lifted with η. With the non-zero fluxes of the Q-brane solution, we get

2ǫρϕxy
´

f´ 1

2 BρQϕ
xy ´ Qϕ

xypfϕ
ρϕ ` fy

ρy ` fx
ρxq

¯
“ constant2 δp4q . (D.26)

This expression is close to ours for Sxy
ρϕ in (3.93), but is still different: the signs in front of

fy
ρy, fx

ρx differ. Another way to see this mismatch is through the related term Qg
bcfh

adηbhηcf

that is generically different from the one in our BI (3.2), although it is again only a matter of
sign when evaluated on the solution. We believe that smearing would not change this sign.

So the two proposals (D.23) and (1.12) differ, at least when evaluated on the Q-brane
solution, which would have been a minimal requirement. As consequence, we doubt that
(D.23) could reduce to the two-dimensional Poisson equation, even when smeared. We actu-
ally believe that an explicit tensorial expression for a BI with a Q-brane source term is not
given by a four-form, but rather involves contractions, e.g. q∇a ¨ ιa, as indicated by (3.38).

E Proofs about symmetries

In this appendix, we prove various statements that appeared in our study of symmetries in
section 4.1.

E.1 Proof of the equivalence (4.7)

Having isometries generated by Killing vectors translates into Killing equations on each of
our fields. Those are given in terms of the Lie derivative LVι . For constant Killing vectors, it
boils down to the conditions

@ι P t1 . . . Nu, p, q, V m
ι Bmg̃pq “ 0 , V m

ι Bmβpq “ 0 , V m
ι Bmφ̃ “ 0 . (E.1)

Let us first prove the implication ñ. The N Killing vectors are constant and independent.
So they form a basis of an N -dimensional vector space. Using constant rotations, one can
thus bring them to a form where V m

ι “ δm
ι vpιq (no sum on ι), vpιq ‰ 0. As the rotations
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are constant, they can be performed on the coordinates as well, and on the Bm. So without
changing notation, we now consider to have such Killing vectors. The conditions (E.1) now
become

@ι P t1 . . . Nu, p, q, Bιg̃pq “ 0 , Bιβ
pq “ 0 , Bιφ̃ “ 0 . (E.2)

As the vectors are constant and independent, N cannot be bigger than the dimension of
the space-time. Let us now consider any constant antisymmetric bivector of coefficient ̟pq

that is non-zero only along these N directions, i.e. @p P t1 . . . Nu, Dq { ̟pq ‰ 0 and
@p R t1 . . . Nu, ̟pq “ 0. Thanks to the antisymmetry of ̟pq, this means that only the
diagonal block along p1 . . . Nq ˆ p1 . . . Nq is non-zero. Note that this requires N ą 1, as as-
sumed. Because of this block structure, one has ̟prBr “

řN
ι“1

̟pιBι. This operator applied
on any of the three fields vanishes, thanks to (E.2). In addition, it also vanishes on any of
their derivatives, by commuting the derivatives. So we eventually obtain ̟prBr¨ “ 0.

Let us now prove the reverse implication ð. We start with a constant antisymmetric
bivector ̟pq non-zero along a diagonal N ˆ N block. Up to relabeling the directions, having
this block translates into @p P t1 . . . Nu, Dq { ̟pq ‰ 0 and @p R t1 . . . Nu, ̟pq “ 0. Let
us now assume that N is even. We then consider a particular ̟pq such that the block only
has one non-zero entry on each line, i.e. @p P t1 . . . Nu, D!p0 { ̟pp0 ‰ 0. Thanks to the
antisymmetry, this means that each column of the block also has only one non-zero entry. So
it is clear that tp0u spans t1 . . . Nu. Let us provide an example of such a block of ̟ (viewed
as a matrix), to show that it can exist24

¨
˚̊
˚̊
˚̋

0 1
´1 0

. . .

0 1
´1 0

˛
‹‹‹‹‹‚

. (E.3)

In addition, one has by assumption @p, ̟prBr¨ “ 0. The peculiar structure of the block
just considered then implies that @p P t1 . . . Nu, ̟pp0Bp0

¨ “ 0 (without sum on p0). We
then define N vectors Vι, ι P t1 . . . Nu, of components V m

ι “ δm
ι vpιq (no sum on ι) with

vpp0q ” ̟pp0 ‰ 0. Given these components, the N vectors are constant and independent. One
can verify that they satisfy @ι P t1 . . . Nu, V m

ι Bm¨ “ 0. So they satisfy the condition (E.1),
and they are Killing vectors.

Let us now look a the case where N is odd. As N ą 1, we deduce N ě 3. We then
consider a ̟ having a non-zero diagonal N ˆ N block that splits into two diagonal blocks
of size pN ´ 3q ˆ pN ´ 3q and 3 ˆ 3. The first block is of even size; from that one we can
construct as above N ´ 3 constant and independent Killing vectors, along directions that do
not mix with the remaining 3. We will now construct a similar set of 3 vectors along these
last directions, and overall, the N Killing vectors will then be independent. To construct two
of the three missing Killing vectors, one can consider a block of the form

¨
˝

0 1 0
´1 0 0
0 0 0

˛
‚ , (E.4)

possibly with coefficients different than 1. Either by proceeding as above on the 2 ˆ 2 non-
zero sub-block, or by diagonalising this block, one can get two more constant and independent

24Such ̟ are only possible for an even N , that we assumed; indeed, for N being odd, the determinant of
the block would be zero (a property of antisymmetric matrices), which would prevent to get from it (alone) N

independent vectors, as we will see.
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Killing vectors. However, with this ̟, we cannot get a Killing vector along the last direction;
we need to consider a different ̟. We only change the 3 ˆ 3 block towards

¨
˝

0 0 0
0 0 1
0 ´1 0

˛
‚ , (E.5)

and proceed similarly. By linear combinations, we can then get one new constant Killing
vector along the last direction, which is independent from all others.

E.2 T-duality is a symmetry for the NSNS sector

We show here the invariance of LNSNS, up to a total derivative, under the T-duality transfor-
mation OpN, Nq given in (4.11), when the fields are independent of N coordinates. To do so,
we recall two approaches in the literature.

• Maharana-Schwarz [81] and the compactification along the isometries

We consider that the NSNS fields are independent of N coordinates, in a D-dimensional
space-time. One can then develop the Lagrangian LNSNS by separating the components
of the fields that are along these N directions and those that are not. The latter do
not transform under the OpN, Nq, while the former do. One can then look at how
the various terms in the Lagrangian transform. This was precisely done in [81]: the
resulting rewritten Lagrangian was shown to be OpN, Nq invariant.

The corresponding action can also be viewed as the compactified one. Because of the
independence on N coordinates, the corresponding volume factor can be factorized out
(it is set to 1 in [81]), leaving the action to be D ´ N dimensional. It is actually a
well-known fact that the reduced action has this OpN, Nq symmetry. It is however only
a matter of volume factor to make it a D-dimensional action, and it then still has the
symmetry.

• Double Field Theory

The Double Field Theory (DFT) Lagrangian can be formulated as follows [95]

LDFT “ e´2d
´1

8
HMN BM HP QBN HP Q ´

1

2
HMN BN HP QBQHMP (E.6)

´ 2BM dBN HMN ` 4HMN BM dBN d
¯

.

The fields H and d can be defined in terms of g, b, φ as in section 2.1 (HMN is the
component of H´1). However, they depend here on 2D coordinates XM “ px̃m, xmq;
the latter also define the derivative BM accordingly. An interesting property of this
Lagrangian is that it reproduces the standard NSNS Lagrangian up to a total derivative
if one enforces the strong constraint, that we take here to be B̃ “ 0

LDFT|B̃“0
“ LNSNS ` Bp. . . q . (E.7)

Another property of this Lagrangian is its invariance under constant OpD, Dq transfor-
mations. Those are given by the same action as in (4.11) for a generic O P OpD, Dq,
together with a transformation of the coordinates and of the derivatives

X 1 “ O´1X , B1 “ O B . (E.8)
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Because of the contraction of indices and the invariance of d, it is straightforward to
see that these constant OpD, Dq transformations are a symmetry of the Lagrangian, i.e.
LDFT is invariant under them.

Let us now consider an independence on N standard coordinates xm, together with
the strong constraint B̃ “ 0. This implies that the only non-trivial derivatives are the
Bp, where xp is not one of the N coordinates. Similarly, the fields in LDFT then only
depend on such xp. Let us now consider ON , one of the OpN, Nq transformations
discussed in (4.10) and (4.11). Because of its OpD, Dq invariance, LDFT is invariant
under this OpN, Nq subgroup. Let us now look at the action of such an ON on the
derivatives and coordinates (E.8): on the xp that are the coordinates on which the
Lagrangian depends, the action is trivial (it is the 1D´N ). The same holds for the
derivatives Bp. Therefore, when the fields are independent of N coordinates xm and the
strong constraint B̃ “ 0 is enforced, the effective transformation on the coordinates and
derivatives in the Lagrangian under ON is

X 1 “ X , B1 “ B , (E.9)

i.e. they do not transform. The action of this OpN, Nq subgroup then boils down to
that of the T-duality group: indeed, the latter does not change the coordinates nor the
derivatives, but only acts on H and d as in (4.11). As mentioned above, this OpN, Nq
leaves LDFT invariant. Therefore, thanks to (E.7), we deduce that LNSNS is invariant
under the T-duality group transformations, up to a total derivative, when fields are
independent of N coordinates.
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