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Abstract. In this paper, after discussing the mechanism of graviton production
during an early phase of accelerated expansion, we will review the main features
of the spectrum of primordial gravitational radiation for the class of string-inspired
models called pre-big-bang models. Furthermore, we will also outline the implica-
tions on pre-big-bang models of current and future searches of gravitational waves
with ground-based detectors.

Foreword

This contribution reviews one of the many research topics originally pioneered
by Gabriele Veneziano in String theory and fundamental interactions. We are
thankful to Gabriele for having taught us not only physics, but also how to
be good physicists, choosing and tackling problems with deepness and seri-
ousness. He will continue to be for us a precious source of inspiration.

1 Introduction

In recent years, a number of detectors have been designed and built to search
for gravitational waves (GWs). Ground-based interferometers aimed at detect-
ing GWs in the frequency range between 10 Hz and 1 kHz, such as LIGO [1],
VIRGO [2], GEO600 [3], and TAMA [4] are now operating at design sen-
sitivity (or close to it in the case of VIRGO). The design of a space-based
three-arm interferometer, the Laser Interferometer Space Antenna (LISA) [5],
will explore the frequency window between 0.1 and 10 mHz. A second genera-
tion of space-based detector probing primordial GWs [6, 7] is under planning.
Following earlier theoretical works [8], prototypes for detecting high-frequency
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GWs, in the millihertz band, have been developed [9]. Finally, the large num-
ber of millisecond pulsar detectable with the square kilometer array (SKA) [10]
would provide an ensemble of clocks that can be used as multiple arms of a
GW detector in the frequency range around 10−9 Hz.

One of the possible targets of such search is a stochastic gravitational-wave
background (SGWB). Depending on its origin, the stochastic background can
be broadly divided into two classes (for a review see, e.g., [11, 12]): the astro-
physically generated background due to the incoherent superposition of grav-
itational radiation emitted by large populations of astrophysical sources that
cannot be resolved individually, and the primordial GW background gener-
ated by processes taking place in the early stages of the Universe. A primordial
component of such background is especially interesting, since it would carry
unique information about the state of the primordial Universe. Here we fo-
cus our attention on a particular type of primordial stochastic background,
namely the relic radiation produced by the parametric amplification of metric
tensor perturbations during an early stage of accelerated expansion (inflation-
ary stage) [13]. Leaving the detailed analysis of the production mechanism to
the following section, the energy and spectral content of such radiation is
encoded in the spectrum, defined as follows:

ΩGW =
1
ρc
fρ̃GW(f) , (1)

where f is the frequency, ρc is the critical energy density of the Universe
(ρc = 3H2

0/8πG) and ρ̃GW is the GWs energy density per unit frequency, i.e.,

ρGW =
∫ ∞

0

df ρ̃GW(f) . (2)

For a spectrum produced during an early stage of slow-roll inflation, the spec-
trum decreases as f−2 in the frequency window 10−18 − 10−16 Hz, and then
slowly decreases up to a frequency corresponding to modes whose physical
frequency becomes less than the maximum causal distance during the reheat-
ing phase (which is of order of a few gigahertz). For this class of models, the
spectral content of the SGWB is fixed in terms of the shape parameters of
the inflaton potential. Its magnitude depends on both the value of the Hub-
ble parameter during inflation and a number of features characterizing the
Universe evolution after the inflationary era—for example, tensor anisotropic
stress due to free-streaming relativistic particles, equations of state [14, 15],
and so on. An upper bound on the spectrum can be obtained from the mea-
surement of the quadrupole anisotropy of the cosmic microwave background
(CMB). Through the Sachs–Wolfe effect, a SGWB at large scales (i.e., at wave-
lengths comparable to the present value of the Hubble radius) would induce
stochastic anisotropies in the CMB temperature. This yields an upper limit of
h2

0ΩGW ∼ 5 × 10−15 at f ∼ 10−16 Hz [16]. Since for a generic slow-roll infla-
tionary model the spectrum is (weakly) decreasing with frequency (for a recent
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review see, e.g., [15, 17]), this implies an upper bound h2
0ΩGW ∼ 5×10−16 at

frequencies around f ∼ 100 Hz , where ground-based detectors such as LIGO
reach the best sensitivity. For a flat spectrum, the recent LIGO results [18] sets
an upper limit h2

0ΩGW < 6.5× 10−5. For frequency-independent spectra, the
expected upper limit for the current LIGO configuration is h2

0ΩGW < 5×10−6,
while the advanced LIGO project design sensitivity is h2

0ΩGW ∼ 8×10−9 (see,
e.g., [19]).

The spectrum predicted by the class of single-field inflationary models is
then too low to be observed by ground-based detectors. It is therefore evident
that a background satisfying the bound imposed by the observed amount of
CMB anisotropies at large scales could be detected at frequencies relevant for
ground-based GW detectors provided that its spectrum grows significantly
with frequency.

Pre-big-bang (PBB) models, originally proposed by Veneziano [20], and
then Gasperini and Veneziano [21] (for a detailed review, see [22]), represent
an interesting class of inflationary models alternative to the standard slow-
roll ones. In particular, the presence in the inflationary phase of fields like the
dilaton or moduli, can have important consequences on the spectral proper-
ties of the SGWB, thus affecting the possibility of detection by earth-based
interferometers. As first shown in [23], at low frequencies, say f >∼ 10−16 Hz,
the SGWB spectrum grows as ΩGW ∼ f3. Hence, the COBE bound is eas-
ily evaded and the spectrum can peak at frequencies around 10− 103 Hz, still
satisfying the bound from big-bang nucleosynthesis (BBN) [24] and CMB [25].

The aim of this paper is both to review the general mechanism of cos-
mological graviton production, describing its key features, and discuss the
prospect of detection within the class of PBB cosmological models. The pa-
per is organized as follows. In Sect. 2 we review the mechanism of parametric
amplification of metric perturbations, and discuss examples in De Sitter and
slow-roll inflation. In Sect. 3 we compute the SGWB in non-minimal PBB
models and discuss the main modifications in non-minimal models. In Sect. 4
we review the implications of current and future results of ground-based de-
tector (in particular the LIGOs) on PBB models. Finally, in Sect. 5 we draw
some conclusions.

2 Graviton Production in Cosmology

One of the most relevant aspects of inflationary models is that they pro-
vide a natural mechanism for generating perturbations in all matter fields.
Such primordial perturbations can then be considered as seeds for the ob-
served CMB anisotropies and large-scale structures, and can also yield to a
SGWB. Those observable consequences are all related to the well-known phe-
nomenon of amplification of quantum–vacuum fluctuations in cosmological
backgrounds [13]. In this section, starting with the simple toy model of a
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one-dimensional harmonic oscillator [26], we shall compute the SGWB in De
Sitter inflation and slow-roll inflation.

Let us consider a one-dimensional harmonic oscillator moving in an ex-
panding background described by a scale factor a(t). The Lagrangian is

L =
a2m

2
(
ẋ2 − ω2x2

)
, (1)

the canonical momentum and the corresponding Hamiltonian—computed as
the Legendre transformation of the Lagrangian (3)—read

p = a2mẋ , (2)

H =
1
2

(
p2

a2m
+ a2mω2x2

)
. (3)

The corresponding equations of motion are

ẍ+ 2
ȧ

a
ẋ+ ω2x = 0 , (4)

ÿ +
(
ω2 − ä

a

)
y = 0 , (5)

where we denote with a dot the derivative with respect to the cosmic time
t and y = a x is the proper physical amplitude of the harmonic oscillator.
Without specifying the details of the cosmological evolution, the properties of
the solutions of (6) and (7) can be derived by analyzing their behavior in two
different regimes:

(a) When ω2  ä/a, the comoving amplitude and momentum are adiabat-
ically damped

x ∼ 1
a
eiωt , p ∼ aωeiωt . (6)

Hence, in this regime the proper physical amplitude and momentum are ap-
proximately constant (as well as the Hamiltonian (5));

(b) For ω2 � ä/a the comoving amplitude and momentum are frozen

x ∼ B + C

∫ t

0

dt′
1

a2(t′)
, p ∼ C . (7)

Notice that in this freeze-out regime

d

dt

(
λphys

H−1

)
> 0 , (8)

where λphys = 2πa/ω is the proper physical wavelength of the oscillator and
H = ȧ/a is the expansion rate. The condition (10) implies that the back-
ground expansion is accelerating (as it occurs during an inflationary phase)
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and the proper wavelength characteristic of the oscillator is expanding faster
than the maximum causal distance H−1. Furthermore, during such freeze-out
regime the value of the energy is asymptotically dominated by the term pro-
portional to x2 and is due to the stretching of the oscillator produced by the
rapidly accelerated expansion. Let us now consider a cosmological evolution
characterized by the following three different phases:

ω2 > ä/a t < tex , t > tre , (9)

ω2 < ä/a tex < t < tre . (10)

By smoothly joining the solution of the equations of motion (6) and (7) in the
three different phases, it is straightforward to show that the final energy Efin

of the harmonic oscillator (which is asymptotically constant during the initial
and final phases) is enhanced during the intermediate, accelerating phase by
a factor proportional to [a(tre)/a(tex)]

2

Ef ∼
[
a(tre)
a(tex)

]2

Ein. (11)

Note that for a classical oscillator initially at rest (xin = pin = 0) the initial
energy is zero and no amplification takes place. Within the same cosmological
evolution described by (11) and (12), let us consider instead a one-dimensional
quantum mechanical oscillator initially in the ground state. The initial wave
function is

ψin(x) =
(αin

π

)1/4

e−αinx2/2 , (12)

where αin = a2(tex)mω2/�. In the final stage of the cosmological evolution,
the harmonic oscillator will be in a high occupation number state.1 This can
be shown by computing the expectation value of the Hamiltonian (defined in
the final stage) with respect to the initial vacuum state defined by the wave
function (14). In the final stage of the cosmological evolution, the Hamiltonian
operator can be approximated as

Ĥf = − �
2

2mex

d2

dx2
+
mexω

2x2

2
, (13)

where mex = a2(tex)m. Expressing the wavefunction (14) in terms of the
eigenfunctions of (15), one obtains (see, e.g., [11])

ψin(x) =
∞∑

n=0

β2nψ
(n)
fin (x) (14)

1 More precisely in a squeezed state.
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β2n = (αinαfin)1/4

√
2(2n)!

αin + αfin

1
n!

[
ωfin − ωin

2(ωfin + ωin)

]n

, (15)

ψ
(n)
fin (x) = Nn Hn(

√
αfinx) e−αfinx2/2 , (16)

where αfin = a(tre)2mω2/�, ωin,fin = ω/a(tex,re), Hn are Hermite polynomi-
als, and Nn is a normalization constant. Using (18) it is straightforward to
show that the expectation value of the Hamiltonian (15) on the initial state
described by the wavefunction (14) is given by

Efin = �ωfin

[
1
2

+
(
ωfin − ωin

2
√
ωinωfin

)2
]
. (17)

Hence, for a sufficiently long intermediate phase (for which ωfin � ωin) the
harmonic oscillator final state is a semiclassical state characterized by a large
number of created quanta

Nf ∼ 1
4

(
ωin

ωfin

)
. (18)

This simple example shows how a period of accelerated expansion (i.e., an
inflationary phase) can generate large scale inhomogeneities and anisotropies.
Barring some technical issues (the conditions that guarantee the existence
of a well-defined vacuum state at the onset of the inflationary phase), ev-
ery quantum field in the vacuum state can be described as a collection of
harmonic oscillators. The occurrence of a phase of accelerated expansion pro-
duces an amplification of the vacuum energy of those oscillators, stretching
their corresponding wavelengths to scales larger than the horizon (k < aH).
Such modes then eventually re-enter the horizon (k > aH) later, during the
radiation/matter-dominated phases of the Universe evolution. Since those
matter fields are gravitationally coupled (at least minimally) to the gravi-
tational field, such enhancement of vacuum fluctuations is transferred to the
background metric, therefore yielding to perturbations. Within the class of
homogeneous and isotropic cosmological models, the perturbations can be
classified in terms of their properties under coordinate transformations cor-
responding to the space–time isometries. (The latter are represented by the
group SO(3) of three-dimensional rotations, for a review, see [28].) In partic-
ular, scalar perturbations (described by fields invariant under rotations) are
coupled to ordinary matter and radiation fields during the radiation/matter
dominated phases, thus they are the seeds for large-scale structures and CMB
anisotropies. Tensorial perturbations which are described by a field that trans-
forms as a rank 2 tensor under rotations, produce a characteristic spectrum
of stochastic gravitational radiation, whose energy and spectral content both
depend on the background evolution and carries a unique imprint of the in-
flationary phase.
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2.1 De Sitter Inflation

For the sake of simplicity, let us consider a simplified two-stage cosmological
model where the epoch of accelerated expansion is described by a De Sit-
ter phase smoothly connected to a standard radiation dominated phase. In
conformal coordinates, the space–time metric is given by

ds2 = a(η)2(dη2 − dx2) , (19)

where η is the conformal time. The background evolution is specified by the
following expressions for the scale factor:

a(η) = − 1
Hdsη

, η < η1 < 0 (20)

a(η) =
1

Hdsη2
1

(η − 2η1) (21)

For each comoving wave number k, we add transverse and traceless fluctua-
tions of the metric described by the following tensor:

h
(A)
ab (k, η) = eA

ab(k)h̃(A)
k (η)eik·x , (22)

where a, b = 1, 2, 3, A = +,× labels the polarization state described by the
tensor e(A)

ab and k is the comoving wave vector. The amplitude h(A)
k satisfies

the following equation:
(
d2

dη2
+ 2H d

dη
+ |k|2

)
h

(A)
k = 0 , (23)

where H = (1/a)da/dη. The general solution of (25) can be written in terms of
elementary functions (in this case half-integer Hankel functions). In particular,
imposing that for η → −∞ the solution of (25) corresponds to a vacuum state,
one obtains [27]

h
(A)
k =

a(η1)
a(η)

[
1 +Hdsω

−1
]
e−ik(η−η1) , η < η1 , (24)

h
(A)
k =

a(η1)
a(η)

[
αk e

−ik(η−η1) + βk e
ik(η−η1)

]
, η > η1, (25)

where ω = ck/a and αk, βk are the so-called Bogoliubov coefficients relative
to the transition from a De Sitter to the radiation-dominated regime. In par-
ticular, for η → +∞ |βk|2 represents the number of gravitons created per
unit cell of the phase space. The Bogoliubov coefficients can be computed
by imposing the continuity of the amplitude and its time derivative on the
space-like surface η = η1 [27]:
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αk = 1 + i

√
H0Hds

ω
− H0Hds

2ω2
, (26)

βk =
H0Hds

2ω2
. (27)

The graviton energy density per unit cell of phase is therefore

dρGW = 2�ω

(
ω2dω

2π2

)
|βk|2 =

�H2
0 H

2
ds

4π2

df

f
, (28)

where f = ω/2π is the physical frequency and H0 is the present value of
the Hubble constant. Using the definition (1) the spectrum turns out to be
scale-invariant and its value reads

ΩGW =
16
9

(
Minfl

Mpl

)4

, (29)

where Mpl = G−1/2 = 1.22 × 1019 GeV is the Planck mass and Minfl is the
inflationary scale defined by H2

ds = 8πM4
infl/3M

2
pl. This result cannot be di-

rectly compared with experimental sensitivities, since the presence of a mat-
ter dominated and a dark energy phase is not properly taken into account.
However, for modes that at the time of radiation–matter equality have physi-
cal wavelengths smaller than the horizon (corresponding to frequencies today
f > (H0/2π)(1+ zeq)1/2, zeq being the redshift of matter–radiation equality),
the frequency dependence is not affected by the presence of matter and dark
energy-dominated eras. The corresponding spectrum is reduced by a factor
1/(1 + zeq) with respect to (31) and is given by

ΩGW =
16
9

(
Minfl

Mpl

)4(
Ωr

1 −Ωde

)
, (30)

where Ωr are the current fractions of radiation and dark energy densities in
units of the critical energy density, respectively. Current WMAP data place
an upper limit on the inflation scale around Minf ∼ 2 × 1016 GeV [29]. Since
the total energy in radiation is approximately h2

0Ωr ∼ 4.15 × 10−5, assuming
Ωde = 0.7, one finds for the spectrum (32)

h2
0ΩGW < 1.7 × 10−15 . (31)

2.2 Slow-roll Inflation

In the previous section we have focused our attention to a simplified inflation-
ary model where the phase of accelerated expansion is driven by a constant
energy density. However, a more general class of inflationary models is charac-
terized by a scalar field Φ slowly rolling in a potential V (Φ). For such models,
the expansion rate is not constant during the accelerating period and this
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feature produces a small tilt in the spectrum. In particular, for frequencies
f > (H0/2π)(1+zeq)1/2 the spectrum has a power-law frequency dependence

ΩGW ∼ fnT . (32)

For single-field models characterized by a slowly varying potential the spectral
slope nT is given by [30]

nT = −
M2

pl

8π

(
V ′
∗
V∗

)2

, (33)

where V∗ is the value of the inflationary potential when the scale associated to
the present size of the horizon (corresponding to a frequency f0 = (1/2π)H0)
crossed the horizon during the inflationary phase and V ′

∗ is the first derivative
of the inflaton potential at that point.Taking into account the frequency de-
pendence of the spectral slope (35), for frequencies f  (H0/2π)(1 + zeq)1/2

the spectrum reads [30]

ΩGW =
5
2

(
M∗
Mpl

)4(
Ωr

1 −Ωde

)(
f

f0

)nGW

, (34)

where M∗ = V
1/4
∗ and

nGW = nT

{
1 − 1

2
[(nS − 1) − nT ] log

f

f0

}
, (35)

where nS is the spectral index for scalar perturbations. A detailed analysis [16]
using solutions of inflationary flow equations shows that for single-field slow-
roll inflationary models the maximum of the spectrum (36) compatible with
WMAP data is h2

0ΩGW ∼ 5 × 10−16 for frequencies f ∼ 100 Hz (see also
[14, 17]).

3 Gravitational-wave Background in Pre-big-bang
Inflation

In slow-roll inflation, the horizon and flatness problems are solved by postu-
lating the presence of an epoch during which the energy–momentum tensor
is dominated by the potential energy of a scalar field. This potential energy
drives the phase of accelerated expansion, during which the field slowly rolls
towards the minimum of the potential. In the 1990s, several attempts of build-
ing such cosmological setup in string theory encountered a number of prob-
lems [31]2. Due to the presence of other fields, superstring theory at low energy

2 For more recent successful attempts to build slow-roll inflationary models within
string theory see, e.g., [32].
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does not give Einstein general relativity—e.g., heterotic string theory in four
dimensions is described by the action

Γeff =
1

2λ2
s

∫
d4x

√
|g| e−ϕ

[
R + gμν ∂μϕ∂νϕ− 1

12
(dB)2 − V (ϕ)

]
, (1)

where ϕ is the dilaton field, related to the string coupling by g2 = eϕ;
dB = ∂μBνρ + ∂νBρμ + ∂ρBμν , where Bμν is the two-form gauge field or
antisymmetric field; V (φ) is a non-perturbative potential; and where λs is
the string scale. In writing (38) we disregard for simplicity the internal di-
mensions, whose dynamics can be described in terms of moduli fields [22].
Henceforth, we limit the discussion to the homogeneous and isotropic case
with B = 0 and V = 0 [ds2 = −dt2 + a2(t) dx2, ϕ = ϕ(t)].

In 1991 Veneziano [20] discovered that the solution of the low-energy
string-effective action (38) satisfies the scale factor duality symmetry: a(t) →
1/a(t), ϕ(t) → ϕ(t)−6 log a(t),3 with a(t) ∼ t1/

√
3 and ϕ(t) ∼ − log t. Noticing

this property, Veneziano [20] conceived the idea of implementing the inflation-
ary phase at times before the would-be big-bang singularity, proposing the pre-
big-bang scenario. Indeed, it can be easily shown that for t < 0, ȧ > 0, ä > 0,
thus the Universe undergoes a (super) inflationary phase. Two different but
physically equivalent descriptions of the PBB phase exist: either the string-
frame picture described by (38), where the Universe undergoes an accelerated
expansion (H > 0, Ḣ > 0, ϕ̇ > 0), or the Einstein-frame picture, where the
action (38) has the standard Hilbert–Einstein form and the evolution of the
Universe is described by an accelerated contraction, or gravitational collapse
(H < 0, Ḣ < 0, ϕ̇ > 0).

This new kind of inflation, which can be shown to solve the homogeneity
and flatness conundra, is driven by the kinetic energy of the dilaton field and
forces both the string coupling (ġ > 0) and the spacetime curvature to grow
toward the future (i.e., toward the stringy phase). As a consequence, at least
in the homogeneous case, the inflationary stage lasts for ever (t → −∞) and
the initial state of the Universe is nearly flat, cold, and decoupled: g � 1,
Rλ2

s � 1.
The scale factor duality symmetry has constituted the basis of a class of in-

flationary models subsequently investigated by Gasperini and Veneziano [21],
and it is also at the basis of the so-called ekpyrotic cosmological scenario
[33, 34].

As far as metric perturbations are concerned, the most striking feature of
the PBB spectra is a strong tilt toward high frequencies [36]. In [23], Veneziano
and collaborators estimated the SGWB, obtaining

ΩGW ∼ 1
zeq

g2
s

(
f

fs

)3
{[

1 +
1
2

log
fs

f

]
+

1
z3

s

(
g1
gs

)2
}
, (f < fs, ) (2)

3 Here for convenience we fix the origin of time at t = 0.



Relic Gravitons and String Pre-big-bang Cosmology 855

ΩGW ∼ g2
1

zeq

[(
f

f1

)6−2β

+
(
f

f1

)2β
]
, (fs < f < f1) , (3)

where gs is the value of the string coupling at the onset of the high-curvature
stringy phase, fs is the frequency corresponding to the lowest scale exiting
during the dilaton-driven phase, f1 ∼ 1011 Hz is the ultraviolet cutoff, g1 =
Ms/Mpl, zs is the redshift of the stringy phase, β = − log(gs/g1)/ log zs, and
zeq is the redshift of matter–radiation equality.

3.1 Pre-big-bang Minimal Model

Here, we derive more in detail the SGWB following [35]. In the string frame,
where strings follow geodesic trajectories, it is straightforward to show that
the canonical variable Ψμν associated to tensor perturbations is related to the
metric by

gμν = a2(ημν + hμν) = a2
(
ημν +

g

a
Ψμν

)
. (4)

The Fourier modes of the two physical traceless and transverse polarization
states satisfy the following wave equation:

Ψ
′′

k + (k2 − V )Ψk = 0 , (5)

where prime denotes differentiation with respect to the conformal time and
V = (g/a)

′′
/(g/a). In the following, we shall restrict our attention to a class

of minimal PBB models characterized by an initial accelerated, dilaton-driven
phase followed by a stringy phase (during which H and dϕ/dt are assumed
to be approximately constant [37]) eventually evolving towards a standard
radiation-dominated phase. During the dilaton-dominated regime (−∞ < η <
ηs < 0) the scale factor and the dilaton field read

a(η) = − 1
Hsηs

(
η − (1 − α)ηs

αηs

)−α

, (6)

ϕ(η) = ϕs − γ log
η − (1 − α)ηs

αηs
, (7)

where α = 1/(1 +
√

3), γ =
√

3. During the stringy phase (ηs < η < η1)
one expects that higher-order terms saturate the growth of the curvature [37].
Hence during this phase the scale factor and the dilaton can be parametrized
as follows:

a(η) = − 1
Hsη

, (8)

ϕ(η) = ϕs − 2β ln
η

ηs
. (9)

Finally, assuming that a non-perturbative dilaton potential sets in stabilizing
the dilaton, the radiation phase (η1 < η < ηr) is described by
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a(η) =
1

Hsη2
1

(η − 2η1) . (10)

For those three different phases the potential V reads

V (η) =
1
4
(
4ν4 − 1

)
[η − (1 − α)ηs]

−2
, −∞ < η < ηs, (11)

V (η) =
1
4
(
4μ4 − 1

)
η−2 , ηs < η < η1, (12)

V (η) = 0 , η1 < η < ηr . (13)

where, 2ν = |2α − γ + 1|, 2μ = |2β − 3|. The exact solutions of (42) in the
three phases are

Ψk =
√

|η − (1 − αηs)|H(2)
ν (k|η − αηs|) , −∞ < η < ηs, (14)

Ψk =
√

|η|
[
A+H

(2)
μ (k|η|) +A−H

(1)
μ (k|η|)

]
, ηs < η < η1, (15)

Ψk = i

√
2
πk

[
B+e

−ikη −B−e
ikη
]
, η1 < η < ηr, (16)

where H(1,2)
μ,ν are Hankel’s functions of the first and second kind. The Bogoli-

ubov coefficients A± , B± can be computed by requiring the continuity of the
Fourier modes and its first derivative on the space-like surfaces η = ηs and
η = η1. The result for the spectrum is

ΩGW(f) = a(μ)
(2πfs)4

H2
0M

2
pl

(
f1
fs

)2μ+1 (
f

fs

)5−2μ ∣∣∣∣H(2)
ν

′
(
αf

fs

)
Jμ

(
f

fs

)

−H(2)
ν

(
αf

fs

)
J ′

μ

(
f

fs

)
+

(1 − α)
2α

fs

f
H(2)

ν

(
αf

fs

)
Jμ

(
f

fs
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where
a(μ) =

α

48
22μ (2μ− 1)2 Γ 2(μ) .

For the class of cosmological models under consideration ν = 0; hence, using
the identity H

(2)
0

′
(z) = −H(2)

1 (z), the spectrum is given by

ΩGW(f) = a(μ)
(2πfs)4
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. (18)

Assuming that the curvature scale at the onset of the string scale is Hs ∼
1/λs ∼ ggutMpl ∼ 0.015MPl and that the cosmic time value at which the
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stringy phase ends is t1 ∼ λs the peak frequency is f1 ∼ 4.3× 1010 Hz. Hence
the spectrum depends on two arbitrary parameters, fs and β. (Note that
(3) can be recovered with the following mapping: zs = f1/fs and gs/g1 =
(fs/f1)β , with β given by 2μ = |2β − 3|.)

From (55), one finds that the maximum value of the spectrum compatible
with the BBN and CMB bounds is

h2
0Ω

max
GW ∼ 3.0 × 10−7 . (19)

Such value is quite interesting, since it is about one order of magnitude below
the sensitivity of first-generation LIGO interferometers, and well above the
sensitivity of second-generation interferometers, such as advanced LIGO.

3.2 Pre-big-bang Non-minimal Models

The SGWB in the minimal PBB model was originally evaluated neglecting
the higher-curvature corrections in the equation of tensorial fluctuations dur-
ing the stringy phase. Gasperini [38] evaluated the higher-order equation for
tensorial fluctuations and showed that these corrections modify the amplitude
of the perturbation only by a factor of order 1.

In [39, 40] the authors examined the effect of radiation produced during
reheating processes occurring below the string scale. Such processes may be
needed in the PBB model to dilute relic particles produced during (or at the
very end of) the PBB phase. The abundance of those particles could spoil the
BBN predictions [41]. Depending on when and for how long the entropy is
produced, it can change the shape and reduce the amplitude of the SGWB. If
we assume that the reheating process occurs at the end of the stringy phase
(i.e., all the entropy is produced at the end of the stringy phase), then the
effect of the process is a simple scaling of the original spectrum by the factor
(1 − δs)4/3, where δs is the fraction of the present thermal entropy density
that the reheating process produced.

Finally, as first noticed in [39], it is well possible that many more cosmolog-
ical phases are present between the pre- and the post-big-bang cosmological
phases (see, e.g., [39, 42]). If this is the case, the GW spectra during the
high-curvature and/or strong coupling region will be characterized by several
branches with increasing and decreasing slopes. Due to the dependence of
the spectra on a larger number of parameters, it would be more difficult to
constrain these non-minimal scenarios using GW detectors.

4 Accessibility of LIGO to Pre-big-bang Models

We shall now discuss the implications of recent and future analysis of LIGO
on PBB models, notably on its parameter space.
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Fig. 1. The f1 − μ plane with fs = 30 Hz [18]. The shaded regions are excluded
by the LIGO S3 upper limit (darker) and by the LIGO S4 limit. The hatched
regions are accessible to future LIGO runs, assuming an observation time of 1 year:
the predicted sensitivity for the H1L1 pair, assuming first design configuration (−);
expected LIGO sensitivity for the H1H2 pair, assuming first design configuration (\);
expected Advanced LIGO sensitivity for the H1H2 pair, assuming interferometer
configuration optimized for the binary neutron star inspiral search (/). The solid
black curve is the exclusion curve consistent with the nucleosynthesis limit (the
excluded region is above the curve). The horizontal dashed line denotes the value of
f1 = 4.3 × 1010 Hz (courtesy of LIGO)

As already pointed out in the previous section, in minimal PBB models
the spectrum (55) is characterized by the following parameters: (i) the di-
mensionless quantity μ = |2β − 3| which is positive definite and constrained
to be μ ≤ 3/2, since for μ > 3/2 the spectrum would be incompatible with
the existing experimental bounds and (ii) the frequency parameter fs which
is defined so that 0 < fs < f1. Since the spectrum (55) behaves as (f/fs)3

for f < fs, a comparison with LIGO data is insensitive to values of fs above
the interferometer band. In particular, one finds that LIGO data can scan
values fs < 30 Hz [18]. Furthermore, in the high-frequency limit, the value of
the spectrum is independent on fs. The other parameter is the frequency f1
(which defines the peak frequency of the spectrum)4

4 In the more common version of the minimal PBB model [22, 23, 42], the
frequency f1 is obtained by imposing that the energy density becomes criti-
cal at the beginning of the radiation phase and that the photons we observe
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f1 ∼ 4.3 × 1010 Hz
(

Hs

0.15Mpl

)(
t1
λs

)1/2

, (1)

where Hs is the curvature scale at the onset of the intermediate stringy phase
and t1 is the value of the cosmic time at which such phase ends. Even assuming
Hs ∼ λ−1

s , t1 ∼ λs since the spectrum (55) has a strong dependence on f1
(ΩGW ∝ f4

1 ), an order of magnitude combined variation in t1 ,Hs can yield
quite a large variation in the spectrum.

Based on a previous analysis carried out in [19], during the last scientific
run, the LIGO scientific collaboration has scanned the three-dimensional pa-
rameter space μ , fs , f1 using 192 s—long intervals with 1/32 Hz resolution—
assessing the accessibility of LIGO to each of the PBB parameters describing
the spectrum (18). Furthermore, the design sensitivity of the initial and ad-
vanced LIGO configuration was taken into account. A summary of the results
is shown in Fig. 1, where the f1 − μ plane is considered (fixing fs = 30 Hz).
The results pertaining the third (S3) and fourth (S4) LIGO scientific runs
provide a first, albeit quite restricted, scanning of the parameter space. The
indirect BBN bound is still quite a strong constraint, but future and longer
runs of the LIGO interferometers are expected to enlarge the available part
of the parameter space, eventually overcoming the BBN bound.

5 Conclusions

The most interesting and robust feature of the relic background of gravita-
tional radiation predicted by the PBB model is the positive spectral slope
(nT = 3) at low frequency, i.e., for modes that exit the horizon during
the dilaton-driven (super) inflationary phase and re-enter during radiation-
dominated era. Such attribute is a consequence of the Universe’s equation of
state during the (super) inflationary PBB phase and is shared by other non-
conventional cosmological models. For example in quintessential inflationary
model [43], where the standard radiation-dominated era is preceded by a phase
characterized by a stiffer equation of state, the SGWB increases linearly with
frequency. A blue primordial spectrum of GWs could be produced in a class of
models with superluminal (w = p/ρ < 1) equation of state [44], as discussed
in [45], where the inflaton field is characterized by a non-local Lagrangian.
Furthermore, in other cosmological setups based upon superstring theory, as
the the cyclic/ekpyrotic models [46], the GW spectrum increases as function
of frequency, although its amplitude normalization makes it unobservable by
ground- and space-based detectors.

today originated from the amplified vacuum fluctuations during the dilaton-
driven inflationary phase. Within these assumptions (57) can be re-written as

f1 	 g
1/2
1 (Hs/(0.15 MPl))

1/2 (H0 MPl)
1/2 Ω

1/4
γ , where Ωγ = 4 × 10−5 h−2

0 and g1

is the string coupling at the end of the stringy phase.
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The blue spectrum predicted by PBB models yields to a lack of tensorial
contributions to the CMB temperature and polarization anisotropies. There-
fore, the detection of a tensorial component of primordial origin in the CMB
fluctuations would rule out the current version of the PBB model.

Finally, it is worth to notice that during the initial dilaton-driven infla-
tionary phase characteristic of PBB models the initial (classical) tensor inho-
mogeneities are not de-amplified [47], as it occurs in slow-roll inflation. This
result, though paradoxical, does not imply that the initial value of tensor in-
homogeneities must be fine tuned to an unnaturally small value. Indeed, it
can be shown [47] that the energy density of such tensor classical fluctuations
is indeed de-amplified. However, in order to solve the homogeneity problem
in those superstring-inspired models, more tighter constraints [47] than in
slow-roll inflation models ought to be imposed.

All that said, future ground- and space-based detectors will be in the
unique and privileged position of either detect the PBB SGWB or put relevant
bounds on the parameter space of the string–cosmology scenario originally
proposed by Gabriele Veneziano.
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