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Improving the sensitivity to gravitational-wave sources by modifying the input-output optics
of advanced interferometers
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To improve the sensitivity of laser-interferometer gravitational-wave~GW! detectors, experimental tech-
niques of generating a squeezed vacuum in the GW frequency band are being developed. The squeezed
vacuum generated from nonlinear optics has a constant squeeze angle and squeeze factor, while optimal use of
squeezing usually requires a frequency dependent~FD! squeeze angle and/or a homodyne detection phase. This
frequency dependence can be realized by filtering the input squeezed vacuum or the output light through
detuned Fabry-Perot cavities. In this paper, we study FD input-output schemes for signal-recycling interfer-
ometers, the baseline design of Advanced LIGO and the currently operational configuration of GEO 600.
Complementary to a recent proposal by Harmset al. to use FD input squeezing and ordinary homodyne
detection, we explore a scheme which uses an ordinary squeezed vacuum, but FD readout. Both schemes,
which are suboptimal among all possible input-output schemes, provide a global noise suppression by the
power squeeze factor. At high frequencies, the two schemes are equivalent, while at low frequencies the
scheme studied in this paper gives better performance than the Harmset al. scheme, and is nearly fully
optimal. We then study the sensitivity improvement achievable by these schemes in Advanced LIGO era~with
30-m filter cavities and current estimates of filter-mirror losses and thermal noise!, for neutron star binary
inspirals, for low-mass x-ray binaries, and known radio pulsars. Optical losses are shown to be a major obstacle
for the actual implementation of these techniques in Advanced LIGO. On time scales of third-generation
interferometers, such as EURO/LIGO-III (;2012), with kilometer-scale filter cavities and/or mirrors with
lower losses, a signal-recycling interferometer with the FD readout scheme explored in this paper can have
performances comparable to existing proposals.
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I. INTRODUCTION

The first generation of kilometer-scale, ground-bas
laser-interferometer gravitational-wave~GW! detectors~in-
terferometers for short!, located in the United States@Laser
Interferometer Gravitational-wave Observatory~LIGO!
@1,2##, Europe~VIRGO @3# and GEO 600@2,4#!, and Japan
~TAMA 300 @5#!, have begun their search for gravitation
radiation and have yielded first scientific results@6–9#. The
development of interferometers of the second generat
such as Advanced LIGO~to be operative around 2008@10#!
and future generations~such as EURO and LIGO-III!, are
underway. In this paper we explore the possibility of impro
ing the sensitivity of signal-recycling~SR! interferometers
@11,12#, the baseline design of Advanced LIGO@10#, and the
current optical configuration of GEO 600@4#, when squeezed
vacuum is injected into the antisymmetric port~the ‘‘input
port,’’ as we shall refer to it in this paper1!.

In the early 1980s, building on works of Caves@13#, Un-
ruh @14# proposed the first design of a squeezed-input in
ferometer, which can beat the free-mass standard quan
limit ~SQL! @15#. Other theoretical studies of input squeezi

1This is the same port from which the GW signal light exits, b
here the squeezed vacuum propagatesinto the interferometer, in-
stead of comingout of it.
0556-2821/2004/69~10!/102004~29!/$22.50 69 1020
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followed @16#. If generated from non-linear optics, squeez
vacuum will have frequency independent squeeze angle
squeeze factor in the GW frequency band@17#. The above
theoretical works, as well as past experiments employ
squeezed vacuum to enhance interferometer performa
@18#, all assume frequency independent squeezing. In
1990s, Vyatchanin, Matsko, and Zubova@19# realized that
the sensitivity of GW interferometers can also be improv
beating the SQL, by measuring an optimal output quadrat
which is usually frequency dependent. Later, Kimble, Lev
Matsko, Thorne, and Vyatchanin~KLMTV ! @20# made a
comprehensive, unified theoretical study of improving t
sensitivity of conventional interferometers2 by injecting
squeezed vacuum into the input port and/or performing
quency dependent~FD! homodyne detection at the outpu
port. They showed that, for conventional interferometers
order to obtain a noise suppression proportional to the po
squeeze factor at all frequencies~optimal input squeezed
vacuum!, either the squeezed vacuum must have a
squeeze angle~squeezed-input interferometer!, or FD homo-
dyne detection has to be applied at the output port~squeezed-
variational interferometer!. ~Of course, combinations o

t 2By conventional interferometer we mean a Michelson interf
ometer without or with an SR cavity on resonance or antiresona
with the laser frequency.
©2004 The American Physical Society04-1
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those optical configurations can also be used, but they wil
experimentally more challenging.! KLMTV proposed a prac-
tical way of implementing FD homodyne detection, as w
as converting squeezed vacuum with constant squeeze a
into squeezed vacuum with FD squeeze angle, by filter
the output light or input squeezed vacuum through two
tuned~with respect to the laser carrier frequency! FP cavities
~KLMTV filters !. KLMTV constructed the explicit filter pa-
rameters that provide the desired frequency dependenc
squeezed-input and squeezed-variational interferome
showing that the latter provides a better ideal performa
than the former, but is more susceptible to optical loss
Purdue and Chen~PC! studied the KLMTV filters further,
and worked out the most general FD squeeze angle and
modyne phase that a sequence of filters can provide@21#.

Experimental programs on generating squeezed vac
in the GW frequency band and injecting it into GW interfe
ometers have already started in several groups, for exam
at the Australian National University@22#, at the Massachu
setts Institute of Technology, USA@23#, and at the Albert
Einstein Institut in Hannover, Germany@24#. Their goal in
the next several years is to inject squeezed vacuum
;10 dB squeeze factor~as a net result after optical losse!
into an interferometer. It is very likely that the squeez
vacuum they obtain has a constant squeeze angle in the
frequency band.

This paper contains three relatively independent parts
the first part, we generalize the work by KLMTV on F
input-output optics to SR interferometers. Recently, Har
et al. @25# applied the KLMTV squeezed-input scheme, co
bining FD input squeezed vacuum with ordinary homody
detection to SR interferometers, achieving a global no
suppression equal to the power squeeze factor. Harmset al.
also showed that their FD squeezed-input scheme is
suboptimal; the fully optimal scheme, however, requi
complicated frequency dependence in both input sque
angle and homodyne phase, andcannot be achieved by
KLMTV filters. Complementary to the scheme of Harm
et al., we explore here the scheme which combines ordin
input squeezed vacuum with FD homodyne detection~hence-
forth, the BC scheme!. This scheme, which can be thought
as a generalization of the KLMTV squeezed-variation
scheme, can also provide a global noise suppression by
power squeeze factor. In addition, at high frequencies~above
;200 Hz for typical Advanced LIGO configurations!, it is
equivalent to the Harmset al. scheme, while at low frequen
cies ~below ;200 Hz) it is to a very good approximatio
fully optimal, and thus provides a better sensitivity than t
Harmset al. scheme.

In the second part of this paper we apply these FD inp
output schemes to Advanced LIGO~2008!, assuming that the
generation and injection of squeezed vacuum might have
ready~or partially! become available at that time scale. T
major obstacle in using FD input-output techniques in
facilities of Advanced LIGO is the constraint that the filt
cavities cannot be longer than;30 m—the shorter the filte
cavities, the larger the optical losses. In our analyses
assume that filter losses dominate over internal interfer
eter losses, and comment only briefly on the effects of
10200
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latter. To quantify the improvement in sensitivity due to F
techniques, we consider three classes of astrophys
sources: neutron-star~NS! binary inspirals, low-mass x-ray
binaries~LMXBs!, and known radio pulsars. In addition t
the ideal quantum noise and filter optical losses, we also t
into account current estimates of thermal and seismic noi
~We note that GW interferometers can already take adv
tage of input squeezed vacuum even without using FD te
niques, if the interferometer parameters are carefully o
mized. For example, an interesting optical configurat
without FD input-output optics has been explored by Corb
and Mavalvala@23#, providing good sensitivities at high fre
quencies.!

In the third part of the paper, we apply our FD reado
scheme to third-generation interferometers, such as EU
LIGO-III, which are scheduled to be operative around 20
We assume that on this time scale, due to the implementa
of cryogenic techniques and the use of kilometer-len
KLMTV filters, thermal noise will be negligible and los
effects will be rather low. Third-generation interferomete
will have to beat the SQL significantly. We compare the p
formance of SR interferometers with our FD readout sche
with those of other existing SQL-beating proposals, such
the KLMTV squeezed-variational interferometer@20# and the
speed-meter interferometers@26,27#. We also investigate the
accuracy of short-arm and short-filter approximations use
describing GW interferometers and KLMTV filters. Mor
dramatic ideas to circumvent the SQL in GW interferomet
exist, for example, the intracavity schemes of Bragins
Gorodetsky, and Khalili@28#, and the feed-back contro
scheme of Courty, Heidmann, and Pinard@29#. Since thor-
ough analyses of these schemes tuned to GW interferom
has not been available yet, in this paper we do not comp
the performances.

Readers with particular interests in the astrophysical c
sequences of using input squeezed vacuum and FD sch
could go directly to the second part of the paper~Sec. V!, in
which an in-depth understanding of the optics isnot re-
quired. The paper is organized as follows. In Sec. II,
write the input-output relation of a nonsqueezed SR inter
ometer in terms of the intrinsic FD rotation angle and po
deromotive squeeze factor. In Sec. III we review t
KLMTV filters, including the effects of optical losses. I
Sec. IV we study FD input-output schemes for SR interf
ometers. More specifically, in Sec. IV A, we write the ge
eral input-output relation of SR interferometers with F
input-output optics. In Sec. IV B, we study all suboptim
schemes that allow global noise suppression, proposing
BC scheme. In Sec. IV C we study the regime with lo
ponderomotive squeezing~high frequency band of Advance
LIGO!, and show the equivalence between the BC and
Harmset al. schemes. In Sec. IV D we study the fully opt
mal scheme, showing that at low frequencies the BC sche
is a good approximation to it. In Sec. V, we investigate t
improvement in sensitivity to GWs from various astrophy
cal sources. In Sec. VI, we compare the BC scheme w
other proposals for third-generation interferometers, a
study the effect of filter lengths in FD readout schemes.
nally, Sec. VII summarizes our conclusions.
4-2
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II. QUADRATURE ROTATION AND PONDEROMOTIVE
SQUEEZING IN SIGNAL RECYCLED

INTERFEROMETERS

A summary of the various parameters of SR interfero
eters, such as Advanced LIGO and GEO 600, is given
Table I. The input-output relation for the quadrature fields
signal recycled interferometers reads@see, e.g., Eq.~24! in
Ref. @30#, with superscript~1! and the tilde dropped#

S b1

b2
D 5

1

M H S C11 C12

C21 C22
D S a1

a2
D 1S D1

D2
D h

hSQL
J , ~1!

where we define

M5@l22~V1 i e!2#V22lic ~2!

and

C115C225V2~V22l21e2!1lic , ~3!

C12522elV2, ~4!

C2152elV222eic , ~5!

D1522lAeicV, D252~e2 iV!VAeic. ~6!

The parametersl ande are related to the real and imagina
parts of the free3 optical resonant frequencyv free of the SR
interferometer by@30#

vSR
free5v02l2 i e, ~7!

wherev0 is the laser frequency. The parameteric is defined
by

3Here ‘‘free’’ means that the mirrors are all fixed at their equili
rium positions.

TABLE I. Parameters of the SR interferometer and inp
squeezed vacuum.

Quantity Symbol and Value

Laser frequency v051.831015 sec21

GW sideband frequency V

Arm-cavity length L ~4 km for LIGO facilities!
Mirror mass m ~40 kg for Advanced LIGO!
Input test-mass~ITM ! power

transmissivity~LIGO only!
T

Arm-cavity circulating power I c ~840 kW for Advanced LIGO!
Light power at the beamsplitter I 0

SR optical resonant~sideband!
frequency

2l

SR bandwidth e
Homodyne detection phase z

Input squeeze factor r
Input squeeze angle a
10200
-
n

ic5
8v0I c

mLc
.~2p3100 Hz!3S I c

840 kWD S 40 kg

m D S 4 km

L D ,

~8!

wherec is the speed of light,m is the mirror mass,L is the
arm length, andI c is the circulating optical power in the arm
cavity, which in turn depends on the power at beamsplitteI 0
by4

I c5
2

T
I 0 . ~9!

The quantityic must be on the order ofVGW
3 if we want the

optomechanical coupling to modify the detuned~assuming
l;VGW) interferometer’s sensitivity in the GW frequenc
band@see Eqs.~3!–~5!#. In addition, we have denoted by

hSQL[A 8\

mV2L2
~10!

the free-mass SQL for the gravitational strainh(V).5

It is important to note that the input-output relation,
given by Eqs.~1!–~6!, has been obtained at the leading ord
in VL/c ~as well as ineL/c, lL/c and ic

1/3L/c). This ap-
proximation is called the ‘‘short-arm’’ approximation, sinc
it assumes that the arm length be much smaller than
gravitational wavelength. The short-arm approximation si
plifies dramatically the form of the input-output relation,
well as the design of optimal KLMTV filters~as we shall see
later in this paper!.

In the following sections we first write the input-outpu
b1,2-a1,2 relation @the first term inside the parenthesis on t
right-hand side~RHS! of Eq. ~1!# in terms of an intrinsic
squeeze factorq and an intrinsic rotation anglew. We then
study how the output quadratures depend on the signal@the
second term inside the parenthesis on the RHS of Eq.~1!#,
obtaining the quadraturezmax at which the signal strength i
maximal. Finally, we give the noise spectrum, and expres
in terms ofq, w, andzmax.

A. Rotation of noise quadratures and ponderomotive
squeezing

As is evident from Eqs.~2!–~5!, in detuned SR interfer-
ometers~with lÞ0), the input-output relation is frequenc
dependent. For high-power interferometers like Advanc
LIGO, the matrixCi j contains both a FD rotation and a F
~ponderomotive! squeezing. Let us work these quantities o
explicitly. The quantum transfer matrix~with an overall
phase factor removed!

Mi j 5
Ci j

uM u
, i , j 51,2 ~detMi j 51!, ~11!

4This only applies to LIGO; for GEO 600 we haveI c5I 0/2.
5Note that the definitions ofic andhSQL, written in terms ofm, L,

and I c , differs by numerical factors in Advanced LIGO and GE
600.

t

4-3
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A. BUONANNO AND Y. CHEN PHYSICAL REVIEW D 69, 102004 ~2004!
is a matrix with real elements and with determinant equa
1 @31#. So, it can always be written in the form

M5R~u!S~w,q!, ~12!

as a product of a rotation operatorR(u) and a squeezing
operatorS(w,q), defined by

R~u![S cosu 2sinu

sinu cosu D ~13!

and

S~w,q![R~w!S~q!R~2w!, ~14!

S~q![S e2q

eqD , q>0. ~15!

Hereu is the rotation angle,q is the squeeze factor, andw is
the squeeze angle. These quantities can in general be
quency dependent. It can be easily shown that the decom
sition ~12! is also unique, unlessM is a pure rotation~with
q50, u being the rotation angle, andw being arbitrary!.
From Eqs.~12!–~14!, we have

Tr~MM†!52 cosh 2q, ~16!

which determinesq uniquely onceM is given ~recall that
q>0). If q is zero,S(w,q) reduces to the identity matrix
regardless of the value ofw @see Eqs.~14! and ~15!#, andu
must be the rotation angle ofM; otherwise, in order tha
R(u)S(q,w)5R(u8)S(q,w8), one must impose that

u2u85mp, w2w85np, ~17!

wherem andn are integers andm2n must be an even num
ber. The uniqueness of the decomposition~12! assures tha
the quantitiesu, q, andw have unambiguous physical mea
ing.

By comparing Eq.~12! with Eqs.~1!–~5!, we can express
the anglesu,w and the factorq in terms of SR parameters
Using the identity~16!, we get the squeeze factorq:

cosh 2q511
2e2ic

2

uM u2
. ~18!

Since for SR interferometersC115C22, we must impose
cos(2w1u)50, or u5p/222w. This castsMi j into the fol-
lowing form:

M5R~p/22w!S~q!R~2w!

5S sin 2w coshq 2sinhq2cos 2w coshq

sinhq2cos 2w coshq sin 2w coshq D .

~19!

Thus we have
10200
o

re-
o-

tan 2w52
M111M22

M121M21

5
icl1V2~e22l21V2!

e~2lV22ic!
, ~20!

sinhq5
M212M12

2
5

eic

uM u
. ~21!

Note that Eq.~21! agrees with Eq.~18!.
In absence of SR mirror, or when the SR cavity is eith

resonant or antiresonant with the carrier, we havel50, and
the above equations reduce to the known expressions
conventional interferometers@20#

sinhq5
K
2

, tan 2w52
2

K , ~22!

with

K5
2eic

V2~V21e2!
, ~23!

K being the coupling constant defined by KLMTV in the
Eq. ~18!. The sinhq in Eqs.~21! and ~22! is proportional to
ic , which is in turn proportional to the circulating powerI c
and inversely proportional to the mirror massm. This means
the squeezing arises from the well-known ponderomotive
fect @32#.

In Fig. 1 we plot 2 sinhq ~left panel! and 2w ~right panel!
as functions of frequency, for two typical SR configuratio
and a conventional-interferometer configuration.~Note that
2 sinhq.2q as q!1 and 2 sinhq.eq as q@1.! As we can
see from the plots, both 2 sinhq and 2w are frequency de-
pendent.

Let us focus on the detuned configurations~dash and
dash-dot curves in Fig. 1!. The squeeze factor decreases
high frequencies. This can be easily understood from
~21!, where we see that sinhq ~henceq) decreases whenV
increases, becauseM, Eq. ~2!, is a polynomial inV, so it
grows indefinitely asV tends to infinity.„The factorV2 in
Eq. ~2! can be traced back to the response of a free mirro
an external force, which decreases as 1/V2; while the factor
@l22(V1 i e)2# increases at high frequencies because
storage time (1/e) of the interferometer becomes muc
longer than the GW period.… Using Eq.~2! and the fact that
uM u>Im(M ), we obtain

uM u>2eV3. ~24!

Combining Eq.~24! with Eqs.~21! and ~8!, we have
4-4
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FIG. 1. We plot 2 sinhq ~left panel! and 2w ~right panel! for two typical SR optical configurations, the broadband withl52p
3234.07 Hz,e52p370.36 Hz~dashed line! and the narrowband withl52p3601.43 Hz,e52p325 Hz ~dot-dashed line!. We also plot
the curves for the conventional interferometer withl50,e52p393.75 Hz ~continuous line!. In all cases we fixI c5840 kW andm
540 kg.
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sinhq5
eic

uM u
,

ic

2V3

.231022S 2p3300 Hz

V D 3

3S I c

840 kWD S 40 kg

m D S 4 km

L D . ~25!

This gives an upperbound for the amount of squeez
achievable with a given optical power, regardless of reson
features. As we can see from Eq.~25!, even for Advanced
LIGO optical power, at frequencies larger than;300 Hz,
the intrinsic ponderomotive squeezing is already very sm

From the left panel in Fig. 1 we observe that the sque
factor is amplified significantly near the ‘‘optical spring
resonance6 ~left peaks!, and mildly near the optical resonanc
~right peaks!. Those resonant features inq are caused by
local minima ofM around the two resonant frequencies; t
optical resonance provides less squeezing since squeez
already suppressed at such high frequencies@see Eq.~25!#.
The squeeze factor tends to a nonzero constant forV much
lower than the resonant frequencies. By taking the limit
Eq. ~21! whenV→0 we obtain that the constant value is

sinh@q~V50!#5
e

l
. ~26!

From the right panel of Fig. 1, we see that the rotation an
2w changes by 180° across both the optical-spring reso

6In detuned SR interferometers there are two resonances in
GW band. One is near the free optical resonant frequency of a
interferometer with fixed mirrors, and we shall denote it ‘‘optic
resonant frequency.’’ The other is shifted up from the free pendu
frequency~below 10 Hz! into the detection band by the ‘‘optica
spring’’ effect @31#. We shall call it the ‘‘optical-spring resonan
frequency’’ or the ‘‘optomechanical resonant frequency.’’
10200
g
nt

ll.
e

g is

f

le
nt

frequency and the optical resonant frequency. The above
tures in 2w are typical of resonators and can be explain
easily from Eq.~20!.

For conventional interferometers (l50; continuous
curves in Fig. 1!, the squeeze factorq becomes larger asV
decreases, providing the strongest squeezing at almos
frequencies. In particular,q→1` when V→0, as we can
see from Eq.~26!.7 The rotation angle 2w changes by 180°
only once over the entire frequency band.

In the low-power limit (I c→0, such thatq→0), the
transfer matrixM reduces to the rotation matrix

Mlow power5R~p/22w low power!, ~27!

with

tanS p

2
22w low powerD 5

2le

V22l21e2
. ~28!

Note that this low-power approximation also applies to hi
frequencies where ponderomotive squeezing is suppres
even when the power is the typical high power in Advanc
LIGO @see Fig. 1 and Eqs.~25!#.

B. Rotation of signal quadrature

Now suppose the output quadrature

bz5b1sinz1b2cosz ~29!

is measured, then the signal part ofbz @second term inside
the parenthesis on the RHS of Eq.~1!# is

sz}D1sinz1D2cosz}2l sinz1~e2 iV!cosz. ~30!

Taking the magnitude squared of the above equation,
obtain the signal power in this quadrature,

he
R

m

7In reality, q increases only until the test-mass–mirror pendulu
frequency is reached.
4-5
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uszu2}~V21l21e2!1~V22l21e2!cos 2z22le sin 2z

5S01S1cos 2~z2zmax!, ~31!

where

S0[~V21l21e2!, ~32!

S1[A~V21l21e2!224l2V2, ~33!

and

zmax5
1

2
arctan

22le

V22l21e2
~34!

is the quadrature with maximum signal power. Note that
relative signal strengths in different quadratures depend oe
and l ~i.e., on the optical properties of the interferomete!,
but not onic ~i.e., on the laser power and mirror masse!.
Equation~34! suggests a resonant feature ofzmax near the
optical resonant frequencyV;ulu. Equations~31!–~33! also
show clearly a known result@31#: if lVÞ0, we haveS0
.S1, so it is impossible to have an output quadrature w
no signal.

By comparing Eqs.~28! and ~34!, we can relate the fre
quency dependence of the maximal-signal quadrature o
interferometer with arbitrary optical power to the nois
quadrature rotation of the corresponding low-power interf
ometer, that is,

zmax52
1

2 S p

2
22w low powerD . ~35!

As we shall see in Sec. III, the factor of 1/2 in front of th
RHS of the above equation makes it difficult to design op
mal FD schemes near the optical resonant frequency.

C. Noise spectral density

Assuming that ordinary vacuum enters the input port,
SR noise spectral density in thez quadrature~29! is given by
@see e.g., Eqs.~22!–~36! in Ref. @30##

Sh5
hSQL

2

uD1sinz1D2coszu2

3@~C11sinz1C21cosz!2

1~C12sinz1C22cosz!2#. ~36!

By expressingSh in terms of the quantitiesw, Eq. ~20!, q,
Eq. ~21!, zmax, Eq. ~34!, and S0,1, Eqs. ~32! and ~33!, we
obtain

Sh5uM u2
@cosh 2q2sinh 2q cos 2~z2w!#

4eicV
2@S01S1cos 2~z2zmax!#

hSQL
2 . ~37!
10200
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III. FREQUENCY DEPENDENT INPUT-OUTPUT OPTICS
USING KLMTV FILTERS

To realize FD homodyne detection and generate squee
vacuum with FD squeeze angle KLMTV@20# proposed to
use Fabry-Perot cavities, detuned from the laser freque
with a transmissive input mirror and a perfectly reflecti
end mirror~ideal case!. Later on, PC@21# derived the most
general form of the FD quadrature rotation achievable
these filters. We review their work briefly in this section.

A. Ideal KLMTV filters

As shown by PC, the most general quadrature rotat
that can be achieved by a sequence ofn ideal KLMTV filters,
followed by a frequency independent rotation, is of the fo
@see Appendix A of Ref.@21##:

tanz~V!5

(
k50

n

BkV
2k

(
j 50

n

AjV
2 j

, uAn1 iBnu.0. ~38!

The complex resonant frequencies of the filtersv01VJ , J
51,2, . . . ,n are given by the roots~with negative imaginary
parts! of the characteristic equation

(
k50

n

~Ak2 iBk!VJ
2k50, Im~VJ!,0. ~39!

The constant rotation angle is

u5arg~An1 iBn!. ~40!

@Our Eq.~39! is different from Eq.~A13! of PC, because ou
definition for VJ is different from PC’s definition forvJ .
See their Eq.~A12!.# As in the input-output relation of SR
interferometers, the filter input-output relation in this secti
has also been obtained at the leading order inVL/c ~as well
as in uV resuL/c), that is, in the short-filter approximation. I
is only under this approximation that we can cast the quad
ture rotation of these filters into the elegant form~38!.

For low-power interferometers (ic ,q50), the transfer
matrix M reduces to the pure rotationR(p/222w low power)
with

tanS p

2
22w low powerD 5

2le

V22l21e2
, ~41!

which is of the form ~38! and can be realized by on
KLMTV filter with complex resonant frequency atv02l
2 i e, which coincides with the free optical resonant fr
quency of the SR interferometer@see Eq.~7!#. Unfortunately,
due to the factor of 1/2 in front of arctan in Eq.~34!, the
frequency-dependent rotation of the maximal-signal quad
ture cannot be realized by a sequence of KLMTV filters.
4-6
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B. KLMTV filters with low loss

Following KLMTV, we model losses in a filter cavity by
assuming that the end mirror has a nonvanishing po
transmissivityTe , and a power reflectivity ofRe512Te .
Denoting the front-mirror power transmissivity and reflect
ity by Ti andRi (Ti1Ri51), the filter input-output relation
to first order inTe /Ti reads

S b1
out

b2
outD 5A12ER~z!S b1

in

b2
inD 1AES n1

filter

n2
filterD , ~42!

where the rotationR(z) is the same as in the lossless ca
n1,2

filter are vacuum quadrature fields leaking in from the e
mirror, and the loss factorE is given by

E5
1

2 (
s51,2

Es , ~43!

with

E65
2Te

Ti

2

11~6V2v f !
2/g f

2
, V res5v f2 ig f . ~44!

Herev f , g f , L f are the resonant frequency, bandwidth, a
length of the filter, respectively. The bandwidthg f is related
to Ti andL f by

g f5
Tic

4L f
. ~45!

@The optical-filter parameters are summarized in Table#
For a sequence of multiple filters, the rotation anglesz and
loss factorsE of each filter add up to give the total rotatio
angle and loss factor. In this way, the total rotation angle w
be identical to the ideal value, while the total loss factor w
be

E5
1

2 (
s51,2
J5filters

E s
J . ~46!

The total loss factor is frequency dependent, but never
ceeds the upper limit

Emax5 (
J5filters

4Te
J

Ti
J

. ~47!

TABLE II. Parameters of an optical filter.

Quantity Symbol

Filter Length L f

Input-mirror power transmissivity and reflectivityTi , Ri512Ti

End-mirror power transmissivity and reflectivity Te , Re512Te

Resonant~sideband! frequency v f

Bandwidth g f
10200
er
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d

d
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Moreover, if the filters have eigenfrequencies well separa
from each other, that is,

uuv f
I u2uv f

Juu@max$g f
I ,g f

J%, ~48!

and if all filters have high ‘‘quality factors,’’ that is,

v f
J@g f

J , ~49!

then, if we evaluate Eq.~46! around the resonant frequencie
only one term dominates, yet away from resonances the
factor is not very large. The total loss factor has peaks at
resonant frequencies of each filter, with peak value

Eres
J 5

2Te
J

Ti
J

, V.uV res
J u ~50!

and a width comparable tog f
J .

Once a filter’s bandwidthg f and the end-mirror transmis
sivity Te are specified, we can rewrite the peak value of
total loss factor~near this filter’s resonant frequency! as

Eres
J 5

Te
Jc

2g f
JL f

, V.uV res
J u. ~51!

Thus, the shorter the cavity, the lower the front-mirror tran
missivity and the larger the loss factor. As an order-
magnitude estimate, we show in Table III the values ofEres
evaluated for typical filter lengths~4000, 400, and 30 m! and
bandwidthsg f (2p3100 Hz and 2p325 Hz), having as-
sumedTe520 ppm@33#.

C. KLMTV filters with significant loss

As we can see from Table III, when the filters are sho
e.g., on the order of 30 m, the energy loss factor can bec
quite large, and the leading-order calculation used in S
III B can no longer be trusted. Instead, here we give the ex
filter input-output relation. By denoting witha(V), b(V),
andn(V) the ~Fourier domain! annihilation operators of the
input, output, and noise fields at frequencyv01V, we have
~see Fig. 2!

TABLE III. Peak values of the filter power-loss factorEres @Eq.
~51!# for various filter lengths and bandwidths, assuming an e
mirror transmissivity of 20 ppm.

L f g f /(2p) Eres

4000 m 100 Hz 0.0012
25 Hz 0.0048

400 m 100 Hz 0.012
25 Hz 0.048

30 m 100 Hz 0.16
25 Hz 0.64
4-7



ty
n

n

e-

h

n:

for-
the

e
be

., a
er-

ut-
rly

a-

ed

A. BUONANNO AND Y. CHEN PHYSICAL REVIEW D 69, 102004 ~2004!
b~V!5
ARee

2i (V2v f )L f /c2ARi

12ARiRee
2i (V2v f )L f /c

a~V!

1
ATiTee

i (V2v f )L f /c

12ARiRee
2i (V2v f )L f /c

n~V!. ~52!

Here v01v f is the resonant frequency of the filter cavi
~the one nearestv0). The quadrature input-output relatio
can be obtained from Eq.~52! by using, e.g., Eqs.~A8! and
~A9! of Ref. @30#. Namely, the relation

b~6V!5 f 6~V!a~6V! ~53!

valid for annihilation operators is equivalent to the relatio

S b1

b2
D 5

1

2 S ~ f 11 f 2* ! i ~ f 12 f 2* !

2 i ~ f 12 f 2* ! ~ f 11 f 2* !
D S a1

a2
D ~54!

valid for quadrature fieldsa1,2 andb1,2. @Note the typo in the
~2,1! component of Eq.~A9! of Ref. @30#.#

Again, we can apply the short-filter approximationVL/
c,v fL/c,g fL/c!1,Te&Ti and obtain simpler formulas

b5

12a f1 i
V2v f

g f

11a f2 i
V2v f

g f

a1
2Aa f

11a f2 i
V2v f

g f

n, ~55!

wherea f5Te /Ti . By converting into the quadrature repr
sentation we have

S b1

b2
D 5

~R1 ia fL!S a1

a2
D 12Aa fNS n1

n2
D

S 11a f2 i
V1v f

g f
D S 11a f2 i

V2v f

g f
D , ~56!

wheren1,2 are quadratures of the fieldn,

FIG. 2. Filter cavity with inputa(V), outputb(V), and noise
n(V) field operators. We indicate withTi andTe the power trans-
missivity of the input and end mirrors, respectively.
10200
R5S 12a f
21

V22v f
2

g f
2

2v f

g f

2
2v f

g f
12a f

21
V22v f

2

g f
2

D , ~57!

L5
2V

g
I , ~58!

and

N5S 11a f2 i
V

g f

v f

g f

2
v f

g f
11a f2 i

V

g f

D . ~59!

IV. SQUEEZED-INPUT AND VARIATIONAL-OUTPUT
SIGNAL RECYCLED INTERFEROMETERS

A. Input-output relation and noise spectral density

As discussed by KLMTV, a GW interferometer wit
squeezed vacuum stateuS(r ,a)& fed into its input port can be
described by applying the following unitary transformatio

S a1

a2
D→R~a!S~r !S ã1

ã2
D , ~60!

uS~r ,a!a&→u0ã&, ~61!

in which the quadrature operators undergo a linear trans
mation, while the quantum state is transformed back to
vacuum state.@Note that ^0ãuãi ã j

†u0ã&52pd i j d(V2V8).#
Equation~60! suggests that, in practice, the squeeze angla
of the squeezed vacuum injected into the input port can
obtained by a quadrature-rotating optical element, e.g
KLMTV filter, placed between the squeezer and the interf
ometer.

Once the unitary transformation is applied, the inp
output relation of the interferometer can be written simila
to Eq. ~1! as

S b1

b2
D 5

1

M F S C11
a C12

a

C21
a C22

a D S e2r ã1

e1r ã2
D 1S D1

D2
D h

hSQL
G , ~62!

where

S C11
a C12

a

C21
a C22

a D
[S C11cosa1C12sina C12cosa2C11sina

C21cosa1C22sina C22cosa2C21sina D . ~63!

The quadratureã1 is generally called the ‘‘squeezed quadr
ture’’ because it enters Eq.~62! multiplied by e2r , while ã2
is called the ‘‘stretched quadrature’’ because it is multipli
by e1r . If the output quadraturebz5b1sinz1b2cosz is mea-
sured, the noise spectral density is
4-8
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Sh5
e22r~C11

a sinz1C21
a cosz!21e2r~C12

a sinz1C22
a cosz!2

uD1sinz1D2coszu2
hSQL

2 , ~64!

which in terms of the~ponderomotive! squeeze factorq, intrinsic rotation anglew, maximal-signal quadraturezmax reads

Sh5uM u2
e22r@coshq cos~a1z22w!2sinhq cos~a2z!#21e2r@coshq sin~a1z22w!2sinhq sin~a2z!#2

4eicV
2@S01S1cos 2~z2zmax!#

hSQL
2 .

~65!

FIG. 3. Noise curves of SR interferometers with frequency independent input squeezing and homodyne readout. In the left p
show the broadband configuration:l52p3234.07 Hz,e52p370.36 Hz,z520.8037, with no input squeezing (r 50, a50) ~continuous
curve!, with e2r510,a5p/8 ~dashed curve!, and with e2r510,a53p/4 ~dash-dot curve!. In the right panel, we plot the narrowban
configurationl52p3600 Hz,e52p325 Hz,z5p/2, with no input squeezing (r 50, a50) ~continuous curve!, with e2r510,a5p/2
~dashed curve! and withe2r510, a50 ~dash-dot curve!. In both configurations we fixI c5840 kW andm540 kg and show the SQL curve
~dotted line!.
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In Eqs.~64! and~65!, the spectral densitySh contains a term
proportional toe22r , as well as one proportional toe2r .
We can take advantage of squeezed vacuum only ifbz

contains very little ~preferably none! of the stretched

quadratureã2.
In Fig. 3 we plot some examples of noise spectral den

ties with frequency independent input squeezing~constant
a) and readout~constantz). In this case, squeezing ca
improve the sensitivity at some frequencies, but at the p
of deteriorating the sensitivity at other frequencies. Howev
as investigated by Corbitt, Mavalvala, and Whitcom
@23,34#, without introducing FD input-output techniques, it
still possible to take advantage of input squeezing, by cho
ing carefully the SR parameters (l,e,ic), and/or by filtering
out the squeezed vacuum in the frequency region wh
the stretched quadrature increases the noise. On the
hand, if, for a substantially detuned configuration, we wo
like to obtain a large noise-suppression factor over the en
frequency band, FD input-output techniques sho
be used.
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i-

e
r,

s-

re
her
d
re
d

B. Cancellation of the stretched quadrature and suboptimal
schemes

In order thatSh in Eq. ~64! has only the term proportiona
to e22r , we have to impose

C12
a sinz1C22

a cosz50 ~66!

or, more symmetrically ina andz,

~sinz cosz!S C11 C12

C21 C22
D S 2sina

cosa D 50. ~67!

It is interesting to note that Eq.~67! does not depend onr.
This happens because the waye2r ã1 and erã2 are mapped
into bz @see Eq.~62!# depends only ona, Ci j , andz, but not
on r.

Equation~67! can be satisfied in many ways. Howeve
sinceCi j are frequency dependent, eithera or z, or both,
will have to be frequency dependent. Given such a pair
(a(V),z(V)), the noise spectrum can be obtained by inse
ing them into Eq.~64!, obtaining
4-9
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Sh5
e22r@C11

a(V)sinz~V!1C21
a(V)cosz~V!#21e2r@C12

a(V)sinz~V!1C22
a(V)cosz~V!#2

uD1sinz~V!1D2cosz~V!u2
hSQL

2 , ~68!

with the second term in the numerator vanishing once Eq.~67! is imposed. As a consequence, we can also write

Sh5e22r
@C11

a(V)sinz~V!1C21
a(V)cosz~V!#21@C12

a(V)sinz~V!1C22
a(V)cosz~V!#2

uD1sinz~V!1D2cosz~V!u2
hSQL

2

5e22r
@C11sinz~V!1C21cosz~V!#21@C12sinz~V!1C22cosz~V!#2

uD1sinz~V!1D2cosz~V!u2
hSQL

2 . ~69!
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The first equality in Eq.~69! says that the noise spectrum
an input-output scheme@as specified by (a(V),z(V))# with
an input squeeze factorr scales ase22r ; the second equality
in Eq. ~69! must hold since for ordinary vacuum a rotation
the input quadratures leaves the system invariant. The s
tral density, as given by Eq.~69!, is e22r times that of a
~nonsqueezed! FD readout scheme with homodyne pha
z(V). Clearly, an additional optimization inz will give the
fully optimal input-output scheme. However, we postpo
the discussion of the fully optimal scheme till Sec. IV D a
investigate first the suboptimal schemes, which have
(a(V),z(V)) satisfying Eq.~67! but do not necessarily hav
the optimal z(V) required by the minimization of~69!.
These schemes all provide a global noise suppression by
factor e22r .

The ~two! simplest solutions to Eq.~67! can be obtained
by imposingz ~or a) to be frequency independent and so
ing Eq.~67! for a ~or z). This means that KLMTV filters are
placed either in the input port or in the output port, but not
both places.

The first simple solution has been studied by Harmset al.
@25#, who proposed to inject squeezed vacuum with
squeeze angle into SR interferometers. Imposing a freque
independentz, they obtained

tanasubopt~V!5
C22cosz1C12sinz

C21cosz1C11sinz
. ~70!

Remarkably, the requiredasubopt in Eq. ~70! is of the form
~38!, thus realizable by KLMTV filters. In our notations, th
characteristic equation for the filters is

V2~V1l2 i e!~V2l1 i e!1@l22ie2 i ze cosz#ic50,
~71!

while the constant rotation following the filters should be

u5p/22z ~72!

@see Eqs.~39! and~40!#. Note that, without making the shor
arm and short-filter approximations, both Eqs.~70! and ~38!
would have been much more complicated, making the id
tification of filter parameters much less straightforward~or
even impossible!.
10200
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In this paper, we explore the second simple solution.
assume a frequency independenta and requires the FD de
tection phase

tanzsubopt~V!52
C22cosa2C21sina

C12cosa2C11sina
. ~73!

This detection phase is also of the form~38! and realizable
by KLMTV filters, with characteristic equation

V2~V1l2 i e!~V2l1 i e!1@l12e2 iae sina#ic50
~74!

and a subsequent frequency independent rotation

u53p/22a. ~75!

Henceforth, we shall call this scheme the BC scheme.
noise spectral density of the BC scheme can be obtaine
inserting Eq.~73! into Eq. ~69!; the result is

Sh5
e22r uM u2hSQL

2

4eicV
2ul cosa1~e2 iV!sinau2

. ~76!

Additional insight into these suboptimal schemes can
obtained by decomposing the input-outputã-b relation into a
product of rotation and squeezing operators@see Eqs.~19!,
~60!, and~62!#:

~77!

HereDbz is the fluctuating~noise! part ofbz . Equation~67!
can then be put into the following form:
4-10
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~78!

In the Harmset al. scheme, the input quadratures are rota
~with FD angle a), before entering the interferometer,
such a way that, after being rotated again and pondero
tively squeezed by the interferometer optomechanical
namics, the squeezed quadrature is mapped into a frequ
independent output quadrature, which is detected. In the
scheme a frequency independent squeezed state ente
interferometer. Due to rotation and ponderomotive squeez
inside the interferometer, the squeezed quadrature is ma
into a FD output quadrature. We then apply a rotation to
field emerging from the interferometer to counteract this
fect and bring the~image of the! input squeeze quadratur
back to a frequency independent quadrature and detect

Finally, another interesting suboptimal scheme can be
tained by imposingz5a52w. In this case the noise part o
the output quadrature field~77! is

~0 1!R~p/2!S~q!S~r !S ã1

ã2
D 5e2(r 1q)ã1 ~79!

which gives the lowest amount of noise~but does not guar-
antee a maximal signal content!. Unfortunately, from Eq.
~21! we see that tanz52tanw is not of the form~38!, and
thus not realizable by KLMTV filters.

C. Suboptimal schemes usingq-w parametrization:
The low-power limit

If the ponderomotive squeezing factorq is small, the fully
optimal input-output scheme can be solved easily using
various quadrature-rotation angles. As seen in Sec. II, a s
q can either arise from a low optical power, or from cons
ering high frequencies (f *300 Hz for Advanced LIGO
power!, see Eq.~21!. However, we shall still refer to this a
the low-power limit. In this case, the output noise is prop
tional to

~0 1!R~z1p/222w low power1a!S~r !S ã1

ã2
D , ~80!

and the minimal noise is obtained whenever

z1a52w low power. ~81!

By settingz equal to the maximal-signal quadrature@see Eq.
~35!#,

zmax52
p

4
1w low power, ~82!

we find the fully optimal readout scheme
10200
d
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-
cy
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e
all
-

-

~z,a!opt5S 2
p

4
1w low power,

p

4
1w low powerD . ~83!

Simple as it looks, this fully optimal scheme isnot realizable
by KLMTV filters because tanzopt and tanaopt given by Eq.
~83! are not of the form~38!.

We now compare the Harmset al. ~H! and BC schemes in
the small-q regime. They can be written in terms of (z,a) as

~z,a!H5~z,2w low power2z!,

~z,a!BC5~2w low power2a,a!. ~84!

The two schemes give the same noise output parte2r ã1 @see
Eq. ~80!#, while for the signal power they yield@see Eqs.
~31!–~33!#

sH5S01S1cos@2~z2zmax!#

5S01S1cos~2z1p/222w low power!, ~85!

and

sBC5S01S1cos@2~z2zmax!#

5S01S1cos~22a1p/212w low power!

5S01S1cos~2a2p/222w low power!. ~86!

This means, the two suboptimal schemes have the same
performance in the low-power regime and we can map
into the other by settinga↔z1p/2.

This equivalence can be understood more intuitively if
compare the dependence of the various readout quadra
~i.e., maximum-signal, Harmset al., and BC! on w low power.
The maximal-signal quadraturezmax rotates as cons
1w low power. In the Harms et al. scheme, the detecte
quadrature is constant, and thereforelags the maximal-signal
quadrature by const1w low power. In the BC scheme, the de
tected quadrature rotates asz5const12w low power, which
advancesthe optimal quadrature by const1w low power. In this
way, if one adjusts the constants~by adjustingz in the Harms
et al. scheme anda in the BC scheme!, the detected quadra
tures in the two schemes can be made to lie symmetrically
each side of the maximal-signal quadrature. Since the
tected signal power depends only on cos@2(z2zmax)# @see Eq.
~31!#, which is an even function of (z2zmax), the two
schemes must detect the same signal power and hence
the same sensitivity.

In Fig. 4, we give examples of the BC and Harmset al.
noise curves for two SR interferometers, a broadband c
figuration ~with l52p3234.07 Hz,e52p370.36 Hz),
and a narrowband one~with l52p3600 Hz ande52p
325 Hz). For both interferometers, we useI c5840 kW,
m540 kg. Although the optical power used here is not lo
by any practical standards, the two schemes for the bro
band configuration already agree quite well, under the co
spondencea↔z1p/2, for frequencies above;200 Hz.
The two schemes are equivalent for the narrowband confi
ration for almost all frequencies. The better agreement in
narrowband configuration can be understood easily by r
4-11
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FIG. 4. Equivalence of the Harmset al. and BC schemes at high frequencies. We assumeI c5840 kW, m540 kg, ande2r510. In the
left panel, we plot the broadband configurations withl52p3234.07 Hz,e52p370.36 Hz, while in the right panel we show narrowba
configurations withl52p3600 Hz ande52p325 Hz. In both panels, BC schemes witha5p andp/2 are shown in dark continuous an
dark dashed curves, respectively, while Harmset al. schemes withz5p/2 andz50 are shown in light continuous and light dashed curv
Noise curves from the two schemes, which are related bya5z1p/2, do agree quite well for frequencies higher than 200 Hz in
broadband configuration~left panel!, and at almost all frequencies in the narrowband configuration~right panel!. Note that at high frequen-
ciesq is significantly lower in the narrowband configuration, see left panel of Fig. 3.
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izing that ponderomotive squeezing is weaker in this case
shown in the left panel of Fig. 3.

D. The fully optimal scheme and the BC scheme at low
frequencies

In this section, we consider the fully optimal schem
Analytical formulas of the fully optimal detection quadratu
has been obtained by Harmset al., but we provide an alter-
native approach, yielding results in simpler form and mo
related to the BC scheme.

It is straightforward to show that~as also done by Harm
et al. and reviewed in Appendix A!, fixing z and r, the a
obtained from Eq.~70! gives the ~constrained! minimum
noise. On the contrary, fixinga andr, the readout quadratur
z obtained from Eq.~73! does notgive the constrained mini
mum. Instead, minimizingSh @Eq. ~64!# over z ~with a
fixed! requires a rather complicated readout phase, de
mined by one of the two roots of

F 2tan2z1F1tanz1F050, ~87!

where

F25@~C11
a,2r !21~C12

a,r !2# Re~D1* D2!2~C11
a,2rC21

a,2r

1C12
a,rC22

a,r !uD1u2, ~88a!

F15@~C11
a,2r !21~C12

a,r !2#uD2u22@~C21
a,2r !2

1~C22
a,r !2#uD1u2, ~88b!

F05~C11
a,2rC21

a,2r1C12
a,rC22

a,r !uD2u22@~C21
a,2r !2

1~C22
a,r !2#Re~D1* D2!. ~88c!
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Equations~87!–~88c!, which we obtained independently@35#
from Harmset al., are equivalent to Eqs.~28!–~30! of Harms
et al. once we setr to zero in Eqs.~88a!–~88c!.

As said above, the fully optimal scheme, denoted
(aopt(V),zopt(V)), should satisfy the suboptimal conditio
~67!. As a consequence, the noise spectrum of the fully
timal scheme is also given by Eq.~69!, when z(V) is re-
placed byzopt(V). Therefore,zopt(V) can be obtained by
minimizing theSh in Eq. ~69!, which is given by the specia
case of Eqs.~87!–~88c! with r 50 @or Eqs.~28!–~30! of Ref.
@25##; aopt(V) can then be obtained from Eq.~70!. It is evi-
dent from Eq.~87! that the fully optimal scheme cannot b
realized by KLMTV filters, except in special cases, e.g.,
conventional interferometers. As observed by Harmset al.,
the optimal noise spectrum can also be obtained graphic
by plotting all the noise curves with different constant valu
of z, and then taking the lower envelope of all these curv
as seen in the left panel of Fig. 5~and Fig. 4 of Ref.@25#!.
The optimal z at each frequency is the one whose no
curve touches the envelope.

We now deduce the optimal scheme in another w
Again, since (aopt(V),zopt(V)) satisfy Eq. ~67!, the fully
optimal noise spectral density can also be obtained by tak
the minimum among all BC noise spectral densities with
possible a—the minimum is achieved automatically i
aopt(V), and forzopt(V) it is given by Eq.~73!. Similarly,
this can be done graphically by taking the lower envelope
BC noise curves with all possiblea, as shown in the right
panel of Fig. 5. From the plot, it is interesting to obser
that, there are no crossings between different BC no
curves at low frequencies~differently from the Harmset al.
curves in the left panel!, suggesting that one BC curve migh
be nearly fully optimal at these frequencies.

More quantitatively, since the BC noise spectrum~76! has
a much simpler dependence ona ~than the dependence o
the Harmset al. noise spectrum onz), it is much simpler to
4-12



of

d the
se

es
her

IMPROVING THE SENSITIVITY TO GRAVITATIONAL- . . . PHYSICAL REVIEW D 69, 102004 ~2004!
FIG. 5. Approaching the fully optimal input-output scheme by taking the envelope of Harmset al. and BC noise curves. We fixI c

5840 kW andm540 kg, andl52p3234.07 Hz,e52p370.36 Hz, and assumee2r510. In the left panel, we plot the noise curves
Harmset al. schemes, with frequency independent readout phasez50 ~light short dash!, p/4 ~light long dash!, p/2 ~light dot dash!, and
3p/4 ~light dot!, and FD input squeeze angle given by Eq.~70!. These curves cross each other near both the optical resonance an
optical-spring resonance. The fully optimal curve~dark continuous! is obtained by taking the lower envelope of the entire family of the
curves. In the right panel, we plot the BC curves, with frequency independent input squeeze anglea52p/2 ~light short dash!, 2p/4 ~light
long dash!, 0 ~light dot dash!, andp/4 ~light dot!, and FD readout phase given by Eq.~73!. The lower envelope of these curves also giv
the fully optimal noise curve~dark continuous, identical to the one shown in left panel!. The fact that these curves do not cross each ot
at low frequencies suggests that one member of this family is fully optimal in this band. Indeed, the BC curve optimized forV50 @dark
dashed curve, witha5arctane/l, see Eq.~91!# does agree very well with the fully optimal curve for frequencies lower than;200 Hz. In
both panels we also show the SQL line.
b

-
not

h

obtain the optimal input squeeze angleaopt from this ap-
proach@than to obtainzopt from the approach starting with
the Harmset al. noise spectrum, see Eqs.~87!–~88c!#:

tan 2aopt5
2le

l22e22V2
~89!

and

Sh
opt

5
e22r uM u2hSQL

2

2eicV
2~l21e21V2!F 11A12S 2lV

l21e21V2D 2G .

~90!

These simple explicit expressions ofSh
opt and aopt(V) have

not been previously obtained. The optimal readout phasezopt
can be obtained from Eq.~73!. From Eq.~89!, we can see
that the fully optimal scheme cannot be achieved
KLMTV filters. The only exception is whenl50 ~i.e., for a
conventional interferometer!. In this case we haveaopt50,
and thezopt(V) is given by Eq.~73! and it is realizable by
KLMTV filters. This is exactly the KLMTV squeezed
variational scheme.

Although the form ofaopt is not achievable by KLMTV
filters, we note that, at low frequencies~lower than the opti-
cal resonant frequency!, the variation inaopt is mild. In fact,
by setting in the BC scheme
10200
y

a5aopt~V50!5arctanS e

l D , ~91!

we obtain

Sh
BC low freq5

e22r uM u2hSQL
2

2eicV
2F2~l21e21V2!2

2l2V2

l21e2G
. ~92!

Taking the ratio betweenSh
BC low freq andSh

opt, and expanding
in V, we have

Sh
BC low freq

Sh
opt

511S le

l21e2D 2S V2

l21e2D 2

. ~93!

The correction factor in Eq.~93! is usually small at low
frequencies. For example, by maximizing over eithere or l,
it is easy to show that

S le

l21e2D 2S V2

l21e2D 2

,
27

256
S V

max$l,e%
D 4

~94!

at worst. The correction in the noise spectral density can
exceed;10% ~in power! for V;max$l,e%. For substantially
detuned configurations (l exceeding;200 Hz), this makes
the BC scheme essentially fully optimal up to;200 Hz.
This result is confirmed by the right panel of Fig. 5, in whic
Sh

BC low freq is plotted~dark dashed curve! in comparison with
Sh

opt ~dark continuous curve!.
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10200
V. APPLICATIONS TO ADVANCED LIGO

In this section, we discuss the possibility of applying t
above FD techniques to Advanced LIGO interferometers.
shown by KLMTV @20#, a major difficulty in making those
techniques practical for advanced interferometers is the is
of optical losses. Given a certain bandwidth and mirror qu
ity ~i.e., round-trip loss in the filter cavities!, the shorter the
filters, the higher their optical losses~see Table III!. In fact,
in order to achieve third-generation performance, optical
ters in the squeezed-variational scheme will have to be;km
in lengths. In advanced LIGO, kilometer-scale filter caviti
are not practical and only short filters can fit into the corn
station building. A plausible length scale is;30 m and the
realistic round-trip loss is around 20 ppm@33#. With such
short ~and lossy! filters, we shall assume most of the tim
that filter losses will dominate and ignore internal interfe
ometer losses~see Sec. V in Ref.@31# for treatment of lossy
SR interferometers!. We shall only comment briefly on the
effect of internal losses when discussing narrowba
sources. The noise spectrum with filter losses are obtaine
using the exact input-output relation of KLMTV filters~Sec.
III C !.

In Secs. V A, V B, and V C, respectively, we shall discu
the broadband configuration optimized for the detection
NS-NS binary inspiral waveforms, the narrowband config
ration targeting GWs from specific accreting NSs and
wideband configuration that can be used to observe sev
kind of sources.~For an exhaustive discussion and summa
of GW sources for advanced interferometers see, e.g.,
@36#.!

A. Broadband configuration: NS-NS binary inspiral

Inspiral waves from compact binaries~NS-NS, NS-BH, or
BH-BH! are among the most promising sources for advan
LIGO. In this section, we discuss the so-called broadba
configuration obtained by maximizing the signal-to-noise
tio for NS-NS inspiral waveforms, proportional to

AE
f c

1` uh̃~ f !u2

Sh~ f !
d f , ~95!

where

uh̃~ f !u5A f27/6Q~ f ISCO2 f ! ~96!

is the frequency-domain amplitude of the leading~Newton-
ian! order inspiral signal in the stationary-phase approxim
tion. The cutoff frequency is chosen to bef ISCO, the GW
frequency corresponding to the innermost stable circular
bit ~ISCO! of a Schwarzchild black hole with mass 2MNS
5231.4M (52.8M ( , which is equal to 1570 Hz. In the
optimization, we have also included the seismic noise

ASh
seis55.3310221S 10 Hz

f
D 9.2 1

AHz
~97!

and the thermoelastic noise of sapphire mirrors with sph
cal surfaces, as in the baseline design,
4-14
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FIG. 6. Noise curves optimized for NS-NS binaries, for no squeezing~‘‘no squeezing,’’ light dashed curves!, frequency-independen
squeezing and homodyne detection~‘‘no filters,’’ light continuous curves!, the Harmset al. scheme~dark continuous curves!, and the BC
scheme~dark dashed curves!. Parameters of each configuration are listed in Table IV. Quantum noise, seismic noise and thermoelas
of sapphire~also shown, in dash-dot curves! are included to give the total noise curves. We have used predictions for the thermoelastic
of spherical mirrors~left panel! and that of Mexican-Hat mirrors@37# ~right panel!. In addition, we have shown the characteristic streng
of possible GWs from LMXBs~diamond, solid circles, solid squares, and open triangles! and known radio pulsars~thin dashed lines!.
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ASh
TE52.7310224S 100 Hz

f
D 1

AHz
~98!

as well as when the so-called Mexican-Hat mirrors are us
which are designed to reduce this noise@37#

ASh
TE MH51.1310224S 100 Hz

f
D 1

AHz
. ~99!

In Table IV we list the values ofl, e, a ~frequency inde-
pendent squeezing angle for BC scheme!, z ~frequency inde-
pendent detection quadrature for the scheme of Ha
et al.!, obtained by optimizing the SNR of NS-NS bina
inspirals at 300 Mpc, and the corresponding optimal SN
We assumeI c5840 kW, m540 kg, ande22r50.1 and did
the optimization for~i! nonsqueezed SR interferometers,~ii !
SR interferometers with frequency independent squee
and homodyne detection~‘‘no filters’’ !,8 ~iii ! squeezed SR
interferometers with the Harmset al. scheme~FD input
squeezing 1 ordinary homodyne detection!, and ~iv!
squeezed SR interferometers with the BC scheme~ordinary
squeezing1 FD homodyne detection!. In the table we also
give the improvements in the predicted event rate with
spect to nonsqueezed configurations, as thecubeof the im-
provements in SNR at a fixed distance.

As we can read from Table IV, with frequency indepe
dent squeezing~i.e., no filters!, it is already possible to im-
prove the NS-NS event rate by a significant amount, 8
~spherical mirror! or 42% ~MH mirror!. The Harmset al.
scheme provides further improvement in the event rate w
respect to the no-filter case, by 20%~spherical mirror! or

8Corbitt, Mavalvala and Whitcomb@34# are currently investigat-
ing this scheme.
10200
d,

s

.

g

-

-

h

42% ~MH mirror!. The BC scheme, however, being mo
susceptible to filter optical losses, does not yield as goo
performance. In order to appreciate how much the filter
tical losses affect the sensitivity, we have also optimized
SNR for the FD schemeswithout including filter optical
losses~but with thermal and seismic noises included!, the
results are quoted in brackets in Table IV. FD schemes w
out losses can outperform frequency independent squee
significantly. For example, the ideal BC scheme can h
58% ~spherical mirror! or 235% ~MH mirror! more event
rates than the no-filter case.@In this case the BC scheme ca
also provide slightly higher event rates than the Harmset al.
scheme, due to better sensitivity at low frequencies~but
mostly still masked by the thermal noise!, by 1% ~spherical
mirror! or 11% ~MH mirror!.#

Noise curves corresponding to the optical configuratio
listed in Table IV are plotted in Fig. 6. We notice that due
optical losses the BC noise spectral densities have a p
around the optical-spring resonant frequency. The no
spectrum of the ‘‘no filters’’ scheme~squeezing with
frequency-independent input-output optics! is comparable to
the Harmset al. and BC schemes at high frequencies, b
becomes worse at low frequencies. These ‘‘no-filter’’ curv
are quite similar to the wideband noise curves proposed
Corbitt and Mavalvala@23#, especially in the case of spher
cal mirrors.

The squeezing noise curves optimized for NS-NS bina
also have better high-frequency sensitivity than nonsquee
configurations, although they were not optimized specifica
for high frequencies. From Fig. 6, we see that for frequenc
higher than ;500 Hz ~spherical mirrors! or ;300 Hz
~Mexican-Hat mirrors!, the squeezed configurations a
;5 –8 ~spherical mirrors! or ;3 –5 ~Mexican-Hat mirrors!
as sensitive~in amplitude! as the nonsqueezed configur
tions. ~The Mexican-Hat mirrors produce lower thermoela
tic noise, so the noise spectral densities are better optim
4-15



e

cteristic
, in which

pond

A. BUONANNO AND Y. CHEN PHYSICAL REVIEW D 69, 102004 ~2004!
TABLE V. Frequency, characteristic amplitudehc , and characteristic strengths (AShc

20-day, 20-day coherent integration with 1% fals
alarm! of possible GWs from several known LMXBs@including Z sources~the first 8 sources!, type-I bursters~the next 8 sources!, and
accreting millisecond pulsars~the last 3 sources!# @44#, and sensitivities achievable by nonsqueezed, Harmset al., and BC schemes. Both 5
dB (e22r50.316) and 10 dB (e22r50.1) squeezing are considered. Sensitivity is measured by taking the ratio between the chara
strength and square root of the noise spectral density at the predicted GW frequency. Bold face is used for ratios larger than unity
case the GW is detectable. In this table we use the baseline assumption~a1! ~i.e., f s5 f d for Z sources, and mass-quadrupole emission!. To

obtain the predictions for other mechanisms of GW emission and determination of the spin frequency, see Table VI. Note thatAShc
should

convert by the same factor ashc . For the source SAX J1808.423658 in particular, we have also shown in parenthesis values that corres
to a 4-month coherent integration.

GW parameters AShc

20-day/Sh( f GW)

f GW hc AShc

20-day No 5 dB 10 dB

~Hz! (10227) (10224/AHz) Squeezing Harmset al. BC Harmset al. BC

GX 34912 532 5.40 1.67 0.65 1.33 1.32 1.80 1.79

4U 1820230 550 3.70 1.14 0.58 1.02 1.01 1.27 1.25

GX 1712 588 4.70 1.45 1.48 1.52 1.51 1.65 1.63

4U 0614106 654 1.30 0.40 0.19 0.35 0.34 0.44 0.43

GX 521 654 6.00 1.85 0.88 1.60 1.58 2.01 2.00

Cyg X22 686 3.70 1.14 0.36 0.80 0.79 1.17 1.16

GX 34010 650 3.70 1.14 0.58 1.01 1.00 1.25 1.24

Sco X21 500 22.00 6.79 1.87 4.40 4.38 6.89 6.83

4U 17022429 660 1.20 0.37 0.16 0.31 0.31 0.40 0.40

4U 1728234 726 2.00 0.62 0.14 0.34 0.34 0.57 0.56

4U 19162053 540 1.00 0.31 0.13 0.26 0.26 0.34 0.33

KS 17312260 1048 1.30 0.40 0.03 0.07 0.07 0.16 0.16

Aql X21 1098 1.00 0.31 0.02 0.05 0.05 0.11 0.11

MXB 16582298 1134 0.30 0.09 0.01 0.01 0.01 0.03 0.03

4U 1636253 1162 2.00 0.62 0.03 0.09 0.09 0.21 0.21

4U 1608252 1238 1.00 0.31 0.01 0.04 0.04 0.09 0.09

SAX J1808.423658 802 0.71 0.22~0.53! 0.03 ~0.08! 0.08 ~0.20! 0.08 ~0.20! 0.16 ~0.39! 0.16 ~0.39!

XTE J17512305 870 0.15 0.05 0.00 0.01 0.01 0.03 0.03

XTE J09292314 370 0.25 0.08 0.01 0.03 0.03 0.06 0.05
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at low frequencies, reducing the bandwidth. This is why
this case the noise curves optimized for NS-NS binaries y
worse high-frequency sensitivity than those with spheri
mirrors.!

In Fig. 6, we also plot~in light thin dashed lines! the
characteristic GW strengths from known radio pulsars. F
lowing the notation of Cutler and Thorne@36#, the character-
istic strengthShc

is defined as the maximum allowed noi

spectral densitySh( f source) ~at and near the source frequen
f source) such that the source is detectable. Note thatShc

will
in general depend on the data analysis technique and s
tical criteria used, e.g., integration time, confidence lev
etc.; sometimes it is also obtained by averaging over
known source parameters, such as the spin orientatio
pulsars@see Appendix B for more details#. Here for known
radio pulsars at 10 kpc distance, with ellipticitye51026,
1027, and 1028, we have been assuming 1% of false-ala
probability in a coherent search of 107 s of data~coherent
search for such a long time can only be done for puls
10200
ld
l

l-

tis-
l,
-
of

rs

whose sky positions and phase evolutions are kno
@38,39#!.

From Fig. 6 we see that the NS-NS optimized noise sp
tra for spherical mirrors can detect known pulsars at 10
with e*1027 if the GW frequency is higher than 500 Hz
while those for MH mirrors can detecte*231027 if the
GW frequency is higher than 300 Hz. We have also shown
Fig. 6 the frequencies and the estimated characteristic
strengths from LMXBs~Sco X-1 in diamond, theZ sources
in solid dots, type-I bursters in solid squares, and accre
millisecond pulsars in open triangles!. We shall explain those
sources in more detail in the next section and in Appendix
All the squeezed-input configurations are able to detect
X-1 with large margins, while configurations with spheric
mirrors might also be able to detect the group of sixZ
sources near 600 Hz.

B. Narrowband configuration: LMXB

Low-Mass X-ray Binaries~LMXBs! are systems formed
by a neutron star and a low-mass stellar companion, fr
4-16
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which the neutron star accretes material. Observations
LMXBs have provided evidence of a NS spin-frequen
‘‘locking’’ in the range 260 Hz, f s,600 Hz ~much lower
than the breaking frequency of;1.5 kHz @43#!. These sys-
tems are rather old and believed to have been spun up
accretion torque. Thus, to explain the locking it has be
conjectured that accretion torque could be balanced
angular-momentum loss due to GW emission@40–42#. In
Table V, we list a number of LMXBs that are promising G
sources: the first group contains the so-calledZ sources, the
second group the type-I bursters, and the third group acc
ing millisecond pulsars~all data are taken from Refs
@41,43,44#!.

The spin frequency of the NS in these LMXBs is n
unambiguously determined, except for accreting milliseco
pulsars, whose x-ray fluxes pulsate at their spin frequenc
i.e., f P5 f s . For type-I bursters, the spin frequency can
inferred from the millisecond oscillations in their x-ra
fluxes observed after bursts (f B) and from the kHz QPO
difference frequency (f d). However, for different sources, i
has been observed that eitherf d5 f B or f d5 f B/2, and it is
not firm yet whetherf s should be equal tof B or f d . Re-
cently, x-ray bursts have been observed@45# from the source
SAX J1808.4–3658~an accreting millisecond pulsar, wit
spin frequency known fromf s5 f P @46#!, and x-ray flux after
the bursts is observed to oscillate at the spin frequency~i.e.,
f B5 f P5 f s). Moreover, for this source the kHz QPO diffe
ence frequency is observed to be half this value:f d5 f P/2.
This might favor the argument thatf s5 f B for all type-I
bursters, as assumed by Refs.@41,43,44# and used in Table V
~henceforth we shall always adopt this assumption!. For Z
sources, only kHz QPOs have been observed; this mak
difficult to determine the NS spin frequency: it could b
either~a! f s5 f d or ~b! f s52 f d @note that for different type-I
bursters either~a! or ~b! could be true#.

Moreover, two plausible physical mechanisms for G
emission from accreting NS’s have been proposed:~1! mass
quadrupole radiation from deformed NS crusts (f GW52 f s)
@40,41# and ~2! current quadrupole radiation from unstab
~with respect to gravitational radiation! pulsation modes (r
modes! in NS cores (f GW54 f s/3) @42,47,49#. Suppose one
of the two emission mechanisms to dominate, then al
with uncertainties in spin frequencies, we have four pos

TABLE VI. Conversion of predicted GW frequencies and ch
acteristic GW amplitudes (f GW,hc) from LMXBs between different
assumptions on spin frequency and GW emission mechanism
particular, our baseline assumption,~a1! for Z sources and~1! for
type-I bursters and accreting millisecond pulsars, has been use
Refs.@36,43,44# to give numerical estimates for GW frequency a
characteristic amplitudes/strengths.@For tpe-I bursters and accretin
millisecond pulsars, the conversion from~1! to ~2! follows the rule
from ~a1! to ~a2! in the table.#

a (f s5 f d) b ( f s52 f d)

1 ~MQ! ( f GW
(a1),hc

(a1)) (2 f GW
(a1),A1

2 hc
(a1))

2 ~CQ! ( 2
3 f GW

(a1),A 3
2 hc

(a1)) ( 4
3 f GW

(a1),A3
4 hc

(a1))
10200
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bilities for Z sources,~a1!, ~a2!, ~b1!, and ~b2! @and two
possibilities for accreting millisecond pulsars and typ
bursters~1! and~2!#. In the following, we consider~a1! for Z
sources and~1! for accreting millisecond pulsars and type
bursters our baseline assumption, as done in Refs.
@36,41,43,44#, and comment on what happens if the oth
options turn out to be true.

In the second column of Table V, we list GW frequenci
obtained from the baseline assumption; GW frequenc
based on other assumptions can be obtained from the~a1! or
~1! value by using Table VI. The characteristic GW amp
tudehc from LMXBs has been estimated@48,49# by assum-
ing a balance between GW angular momentum loss and
cretion torque, with the latter estimated from x-ray flux, a
by subsequent averaging over the~unknown! spin orientation
@see Appendix B for a detailed explanation on the averag
process and the associated uncertainties#. However, the value
of hc can also be different due to the various assumptions
spin frequency and GW emission mechanism we can ma
Values listed in the third column of Table V has been o
tained in Refs.@41,43,44# using the baseline assumptio
conversions from~a1! or ~1! to the other assumptions can b
made easily using Eq.~8! of Ref. @48# and Eqs.~4.4!–~4.6!
of Ref. @49#, and are given in Table VI. By assuming 1%

FIG. 7. Noise curves of non-squeezed~light dashed curve!,
Harmset al. ~dark continuous curves!, and BC~dark dashed curves!
configurations optimized for narrowband sources, for 5 and 10
squeezing. We apply only one filter, that is the one with reson
frequency near the free optical resonant frequency of the SR in
ferometer, or filter I~see Table V!. The interferometer noise curve
contain only quantum noise but include filter losses. The th
moelastic noise of spherical and MH mirrors, and the SQL
plotted for comparison. We also show the frequencies and cha
teristic strengths~20-day coherent integration, 1% false alar
@38,39#! of possible GWs from LMXBs@41# @using the baseline
assumption~a1!, namely,f s5 f d and mass-quadrupole emission#: Z
sources, solid circles~Sco X-1 in diamond!, type-I x-ray bursters,
solid squares, and accreting millisecond pulsars, open triangles
the accreting millisecond pulsar SAX J1808.4–3658, for which
orbital parameters and GW phase evolutions are known@45#, we
show in another open triangle~linked to the 20-day one with a
vertical segment of solid line! the characteristic strength assuming
4-month integration.
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false-alarm probability and 20-day coherent integration ti
~due to unknown orbital motion and frequency drifts caus
by fluctuations in the mass accretion rate! Shc

can be ob-

tained fromhc ~listed on the fourth column of Table V, se
Appendix B 2 for details!, note that for the different assump

tionsAShc
changes by the same factor ashc . For the accret-

ing millisecond pulsar SAX J1808.4–3658, for which th
orbital motion is known@46#, assuming that GW frequenc
evolution can be obtained, we also show~in parenthesis! the
characteristic strength obtained with a 4-month integratio

It is important to realize that there are still uncertainties
to whether a particular source will be detectable, even if
noise curve is belowShc

—as explained in Appendix B. How

ever, the main aim of this paper is to discuss interferome
configurations, rather than the data analysis of narrowb
sources, so we shall useShc

, as done by Cutler and Thorn
@36# despite the subtleties, as a playground to compare
sitivities of different interferometer/filter configurations
Conclusions drawn in our discussions on whether th
sources will be detectable should definitely be refined
more rigorous investigations.

In Fig. 7 we plot the noise curves obtained for a no
squeezed SR interferometer and for squeezed SR interfe
eters with the Harmset al. and BC schemes by optimizin
their sensitivities in a narrow band around 600 Hz. Pe
sensitivities and bandwidths are adjusted to incorporate
signal strengths of a group of 7 Z sources~including Sco
X-1!. The baseline assumption is used in obtainingf GW and
Shc

for these sources.
For the nonsqueezed interferometer, we obtain a no

curve similar to the ‘‘narrowband’’ curve in Fig. 1 of Cutle
and Thorne@36#, provided originally by Ken Strain. Fo
squeezed interferometers, we have considered both 5
(e22r50.316) and 10 dB (e22r50.1) squeezing. Since in

FIG. 8. Relative increase in SNR for LMXB sources around 6
Hz, with 5 dB (e22r50.316, dashed curve! and 10 dB (e22r

50.1, continuous curve! squeezing. Since the Harmset al. and BC
schemes are extremely close to each other only one curve is sh
for each squeeze factor. The various detectable LMXBs~under the
baseline assumption! listed in Table V are also shown~Sco X21 in
solid diamond, the rest in solid circles!.
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FIG. 9. Consequences of spin-frequency and emission-mechanism uncertainties on the detection of LMXBs (Z sources! using narrow-
band configurations. We plot the GW frequency and characteristic GW strength~for 20-day coherent integration!, under approximations~a1!
~solid circles with center frequency around 600 Hz!, ~b1! ~open circles, with center frequency around 1200 Hz!, ~a2! ~solid triangles, with
center frequency around 400 Hz!, and~b2! ~open triangles, with center frequency around 800 Hz!, along with Harmset al. ~equivalent to
BC! noise curves~with 10 dB squeezing! tuned to those frequencies, with~solid curves! and without~dashed curves! internal losses of the
interferometer. We assume an ITM power transmissivity of 0.033, SR-cavity round-trip loss of 1% and photodetection loss ofI c

5840 kW andm540 kg. The rest of the parameters are listed in Table VIII.
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narrowband configurations, the seismic and thermal no
do not affect significantly the choice of the SR paramete
the noise curves in Fig. 7 have been optimized using only
quantum-optical noise~but we include filter optical losses!.
~For comparison we plot in Fig. 7 the thermoelastic noise!
We obtain the parameterse, l, andz for the squeezed con
figurations following a heuristic procedure. Since the filte
are very lossy, it is desirable to increasee from the
nonsqueezed value 2p325 Hz, so that the noise due t
filter losses decreases and although the ideal minimum
Sh

losslessincreases, it is still buried by the noise due to filt
losses. As we increasee from 2p325 Hz, we search for
the l and z that minimizeSh at 600 Hz; we find that the
sensitivity at 600 Hz remains roughly the same, while
bandwidth increases. Trying to include as many source
possible, we sete52p3100 Hz for 5 dB squeezing an
2p360 Hz for 10 dB squeezing. The interferometer and
ter parameters used in these configurations are listed
Table VII.

As we see from Fig. 7, the Harmset al. ~two dark con-
tinuous lines, one for 5 dB squeezing the other for 10
squeezing! and BC~two dark dashed lines! schemes are ex
tremely close to each other. The peak sensitivities in th
and 10 dB cases are chosen to be comparable to each o
while 10 dB squeezing gives a broader band. Although
10200
es
s,
e

.

s

of

e
as

-
in

5
her,
e

FD techniques cannot increase the peak sensitivity much
to filter losses, they do increase the bandwidth of obser
tion. This will allow the observation of multiple possibl
sources with a fixed configuration. For example, with t
frequency and GW strengths estimates we used in Fig
with 10 dB squeezing, we can detect simultaneously
sources near 600 Hz~including Sco X-1!, while with 5 dB
squeezing we can detect 6 of them simultaneously~including
Sco X-1!. In Fig. 8, we plot the increase in SNR by th
squeezed schemes, as compared to the non-sque

TABLE VIII. Parameters of narrowband configurations tuned
LMXB sources when different assumptions on spin frequency
GW emission mechanism are adopted. Noise curves of these
figurations, with and without interferometer losses included,
shown in Fig. 9, and compared to the corresponding GW charac
istic strengths.

Assumption f central

Hz
e

2pHz
l

2pHz
z

~a1! 600 30 600.4 20.756
~b1! 1200 90 1057.3 20.065
~a2! 400 25 412.6 20.749
~b2! 800 90 769.0 20.306
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10200
schemes, for LMXBs around the resonant frequency; bot
and 10 dB squeezing are shown. In Table V, columns 5–9
list the sensitivies of these configurations.

As in the case of NS binary inspirals, SR interferomet
with frequency-independent squeezing and readout ph
can also be optimized for the detection of LMXBs. Howev
squeezing combined with frequency-independent inp
output optics cannot easily improve peak sensitivity a
bandwidth at the same time for narrowband configuratio
As a consequence, as we optimize the frequency-indepen
scheme with 5 dB squeezing, we obtain narrowba
configurations that can detect at most 4 sources out of
group of 7 ~including Sco X-1!. ~With 10 dB squeezing,
when a similar optimization is done for frequenc
independent schemes, one finds that a wideband interfer
eter with frequency-independent scheme9 can detect all 7
sources—no narrowbanding is necessary, as we shall se
the next section.!

Now we look at the interferometer performances if a
sumptions other than~a1! turn out to be true. In Fig. 9, we
show the predicted GW strengths from the Z sources un
the four assumptions~obtained using Tables V and VI!: ~a1!
~solid circles, with center frequency around 600 Hz!, ~b1!
~open circles, with center frequency around 1200 Hz!, ~a2!
~solid triangles, with center frequency around 400 Hz!, and
~b2! ~open triangles, with center frequency around 800 H!.
Given these hypothetical groups of sources, we tu
squeezed-input SR interferometers~with Harmset al. or BC
schemes, which are equivalent at high frequencies! to each of

9Corbitt, Mavalvala, and Whitcomb@34# are currently investigat-
ing this optical configuration.

FIG. 10. Noise spectral densities of wideband configuratio
with e52p3600 Hz andl50, frequency-independent squeezin
(a5p/2,z50, light continuous curve!, the Harmset al. scheme
(z50, dark continuous curve! and the BC scheme (a5p/2, dark
dashed curve! are used. Only the quantum-optical noise~taking
filter losses into account! is included. Thermoelastic noises o
spherical and MH mirrors are also shown, in dark and light dash-
lines, respectively. The SQL is shown in dashed line. Possible
signals from LMXBs~under the baseline assumption! and known
radio pulsars are also shown.
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them: around 600, 1200, 400, and 800 Hz, with interfero
eter parameters listed in Table VIII and noise curves sho
in Fig. 9. We remark that assumptions that yield lowerf GW’s
tend to make the sources more detectable. In this study
have also taken into account interferometer losses, which
been neglected up till now. We assume the ITM power tra
missivity to beT50.033, SR-cavity round-trip loss to be 1%
~denoted bylSR in Ref. @31#! and photodetection loss to b
2% ~denoted bylPD in Ref. @31#!.10 These numbers are crud
estimates; given the effects of interferometer losses s
gested by Fig. 9, especially in higher frequencies@i.e., if
assumptions~b1! or ~b2! turns out to be true#, more refined
understanding of realistic interferometer losses, as well a
more systematic study of interferometer parameters will
crucial in fully understanding whether and how Advanc
LIGO can detect these narrowband sources.

C. Wideband configuration

The so-called wideband configuration of SR interfero
eters can be obtained settingl small ande rather high. These
configurations can be used to detect a broad range of ge
sources, including: coalescence of NS-NS binary, tidal d
ruption of NS by the BH companion, accreting NS’s a
radio pulsars. There are no specific criteria for the no
spectrum of the wideband configuration. For simplicity w
set e52p3600 Hz andl50 ~since this configuration is
similar to the one by Corbitt and Mavalvala@23#, we denote
it by CM!. The various parameters used are summarize

10The 1% SR-cavity loss is the major interferometer loss, acco
ing to Ref.@31#. In addition, we did not use the valueT50.005 in
the baseline design of Advanced LIGO: assuming the same am
of loss per round trip inside the SR cavity, a much smallerT will
make the effect of this loss much larger.

FIG. 11. Comparison of sensitivities to LMXB sources. We p
the noise curves of Harmset al. ~or equivalently BC! scheme~con-
tinuous curves! and with frequency independent squeezing a
readout scheme~the CM configuration, dashed curves!, with 5 dB
~light curves!, and 10 dB~dark curves! squeezing. We also plot th
estimated frequencies and characteristic GW strengths of Sco
and several otherZ sources@under the baseline assumption~a1!#.
10200
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Table IX, along with SNR achievable for NS binaries at 3
Mpc and sensitivities at 600 Hz. Both 5 and 10 dB squeez
are considered, with 5 dB numbers quoted in square bra
ets. We plot the corresponding noise curves in Fig. 10.

For frequencies higher than 200 Hz, the CM noise cur
are always better than those with FD techniques. This
because, as observed by Corbitt and Mavalvala, at high
quencies, the optimal squeeze angle and detection phas
pend very mildly on the frequency. Therefore, the F
schemes, having additional filter losses, give worse per
mances. At high frequencies, the wideband schemes gi
sensitivity of 3.2~10 dB squeezing! or 1.8 ~5 dB squeezing!
times better~in amplitude! than the wideband configuratio
without squeezing. With 10 dB squeezing, the wideband c
figurations can detect known pulsars at 10 kpc withe
*1027 if f GW*420 Hz, with e*331028 if f GW*1 kHz.
@With 5 dB squeezing, the minimum detectablee will be 1.8
times larger than the 10 dB value.# However, if we also re-
quire good sensitivities below 200 Hz, then the FD wideba
schemes are preferable to the CM configuration.

In addition, in the 10 dB squeezing case, when spher
mirrors are used, the SNR for binaries are all above 96%
optimal values obtained in the broadband case~see Table
IV !. However, for Mexican-hat mirrors, the SNR is less o
timal, equal to 83%~no filters!, 91%~Harmset al.! and 93%
~BC! the optimal values~of the same scheme! ~see Table IV!.
These can be understood by going back to Sec. V B
observing in~the left panel of! Fig. 6 that for spherical mir-
rors, the optimal noise curves are very wideband.

It is also interesting to note that, with 10 dB squeezin
the sensitivities of wideband configurations around 600 H
are only slightly worse,;10% in amplitude, than the nar
rowband configurations. As a consequence, with 10
squeezing, the wideband configurations, even without
techniques, can detect the same groups of LMXBs discus
in the last section~see Fig. 10!. However, it should be noted

-

nt

d

-1

FIG. 12. Consequences of spin-frequency and emiss
mechanism uncertainties on the detection of LMXBs (Z sources!
using the wideband configuration. We plot the GW frequency a
characteristic GW strength~for 20-day coherent integration!, under
approximations~a1! ~solid circles!, ~b1! ~open circles!, ~a2! ~solid
triangles!, and ~b2! ~open triangles!, along with CM noise curves
with 5 ~dashed curves! and 10 dB~continuous curves! squeezing,
with ~dark curves! and without~light curves! interferometer losses
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that, if 10 dB squeezing is not achievable, then one can
detect these sources with the wideband configuration.
example, 5 dB squeezing will barely allow one or two mo
LMXBs than Sco X-1 to be detected. The narrowband c
figuration ~with FD input-output schemes!, by contrast, will
only miss one source in the group of 7. In Fig. 11, we co
pare the sensitivities of narrowband FD schemes and w
band frequency independent schemes to LMXB sourc
with 5 and 10 dB squeezings.

Finally, by taking into account all other assumptions
spin frequency and GW emission mechanism, we plot in F
12, the predictions of~a1!, ~b1!, ~a2!, and ~b2!, along with
CM noise curves with 5~dashed curve! and 10 dB squeezing
~continuous curve!, with ~dark curves! and without ~light
curves! interferometer losses included.

VI. THIRD-GENERATION INTERFEROMETERS

We now assume that on time scales of third-genera
GW interferometers~around 2012!, thermal noise of mirrors
will be reduced by a large factor, for example by using cry
genic techniques, and we can take full advantage of the
provements in quantum noise obtained by FD input-out
techniques. In addition, we assume that long filters can b
into the existing vacuum tubes~which house the arm cavi
ties! of the LIGO facility and made 4 km long, so that optic
losses will be significantly lowered~see Table III!. As dis-
cussed in Sec. IV D, the BC scheme is nearly optimal
frequencies lower than the optical resonance@see Fig. 5 and
Eq. ~93!#, thus in the following we shall restrict our analys
to the BC scheme. However, before showing the per

FIG. 13. To show the break down of the short-cavity appro
mation we plot several noise curves for the KLMTV~conventional!
squeezed-variational interferometer@20# with I c5840 kW, m
540 kg, ande22r50.1, fixing a bandwidth ofe52p375 Hz. The
dark continuous curve refers to the nominal filter-cavity lengthL f

54 km, and the round-trip filter lossTe520 ppm; while the short-
filter approximation (L f50.1 m) predicts the dark dashed curv
For comparison, we also plot noise curves of configuration w
L f5400 m, Te52 ppm ~dark dash-dot curve!, along with those of
the lossless optical configurations withL f54 km ~light continuous
curve!, L f5400 m ~light dash-dot curve! and with short-filter ap-
proximation (L f50.1 m) ~light dashed curve!.
10200
ot
or

-

-
e-
s,

.

n

-
-
t

fit

r

r-

mances, we want to discuss the limitations of the so-ca
short-cavity approximation, so far used in the literature
describe kilometer-scale filter cavities@20,26#.

A. Breakdown of short-cavity approximation

Up till now in this paper, we have been using the sho
cavity approximation, which imposes thatVL/c!1. ~Note
that when referred to the interferometer,L is the arm length,
V is the GW sideband frequency or the optical reson
frequency2l2 i e; when referred to filter cavities,L is the
filter length, V is the GW sideband frequency or the filte
resonant frequencyV res.) As we saw in Secs. II and III, the
short-cavity approximations, applied to SR interferomet
and KLMTV filters, simplify significantly their input-output
relations @see Eqs.~3!–~5!, ~38!, and ~42!#, allowing a
straightforward determination of filter parameters in t
Harms et al. and BC schemes via characteristic equatio
@Eqs.~99! and ~74!#.

On the contrary, without this approximation~i.e., when
cavity lengths are too long for this approximation to work!,
the filter parameters cannot be determined easily—it is
even clear whether the optimal/suboptimal frequency dep
dence required by~the exact input-output relation of! SR
interferometers can at all be realized by~those of! KLMTV
filters. Since we have derived the exact input-output relat

-

h

FIG. 14. To investigate the short-filter and short-arm appro
mation in SR squeezed-variational interferometers we plot sev
noise curves fixingI c5840 kW, m540 kg, e22r50.1, e52p
380 Hz, andl52p3200 Hz. In particular we show the nois
curve obtained with exact input-output relation and 4 km filter ca
ties ~dark continuous curve!, and 4 m filter~dark dashed curve!; the
noise curves obtained with first-order expanded input-output r
tion and 4 km filter~light continuous curve! and 4 m filter~light
dashed curve!. We useTe520 ppm for the 4 km configurations, an
Te50.02 ppm for 4 m configurations, such that the overall lo
factor remains the same. The disagreements between curves
the same pattern~continuous or dashed! but different color~dark or
light! is due to the inaccuracy of short-filter approximation; wh
the disagreements between curves with the same color but diffe
pattern is due to the inaccuracy of short-arm approximation.
4-22
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of the filters@Eqs.~52!–~54!#, as well as~partially11! that of
the interferometer@Eqs. ~99!–~104! of Ref. @30##, we can
investigate the range of validity of the short-cavity appro
mations.

Let us start with conventional interferometers. As we ha
checked in this case, the short-arm approximation is
quite accurate, in the sense that, for a given readout sch
~i.e., a given set of input or output filters!, using exact and
short-arm–approximated input-output relation do not g
very different results. Yet, the short-filter approximatio
seems to lose accuracy at low frequencies. We study
effect in Fig. 13, by plotting several noise curves f
squeezed-variational conventional interferometers@20# with
I c5840 kW, m540 kg, e22r50.1, ande52p375 Hz, us-
ing the exact interferometer input-output relation. In doin
so, we use filters with bandwidths and resonant frequen
obtained from the short-filter approximation, but with diffe
ent actual lengths and losses. In the figure, we show the n
curve for filters withL f54 km andTe520 ppm in dark con-
tinuous curve, and also lossy filters with decreasing len
but the sameTe /L f ratio: L f5400 m in dark dotted curve
andL f50.1 m ~to simulate short-filter limit! in dark dashed
curve. The noise spectrum improves as the filter length
creases.~In fact, since in this case the short-arm approxim
tion is accurate, short filters must give the optimal perf
mance.! In Fig. 13, we also show noise curves for lossle
configurations withL f54 km in light continuous curve,L f
5400 m in light dotted curve andL f50.1 m ~to simulate
short-filter limit! in light dashed curve. The reason for su
dramatic noise increase at low frequencies can be attrib
to the strong ponderomotive squeezing generated by con
tional interferometers at these frequencies~note that q
→1` asV→0, see left panel of Fig. 1!. The stronger the
squeezing, the higher the accuracy requirement on the
readout phase; yet the accuracy of short-filter approxima
does not increase indefinitely whenV→0.

By contrast, as we have checked, the short-cavity appr
mations still apply very well to squeezed-input conventio
interferometer which at low frequencies does not have
good an ideal sensitivity as the squeezed-variational con
tional interferometer. In Fig. 14 we investigate the short-a
and short-filter approximations for SR squeezed-variatio
interferometers ~the BC scheme! with I c5840 kW, m
540 kg, e22r50.1, e52p380 Hz, andl52p3200 Hz.
In this case, both the short-filter and short-arm approxim
tions introduce some inaccuracies, but they are by far no
significant as in the squeezed-variational conventional in
ferometers. In particular, in Fig. 14, we plot noise curv
obtained using exact interferometer input-output relati
with 4 km ~dark continuous curve! and 4 m filters~dark
dashed curve!, and noise curves obtained using short-arm
approximated interferometer input-output relation, with 4 k
~light continuous curve! and 4 m~light dashed curve! filters.
We fix Te520 ppm for 4 km configurations, and 0.02 pp

11In Ref. @30# we treated exactly the propagation of light insid
the interferometers, approximated the radiation-pressure–ind
motion of the ITM as being equal to that of the ETM.
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for 4 m configurations, keeping the same overall loss fac
@Filter resonant frequencies and bandwidths are still obtai
from the characteristic equation~74!, which in turn has been
derived based on both short-arm and short-filter approxim
tions.# Noise curves with the same color~light or dark! use
the same interferometer input-output relation, so the diff
ence between them reflects the inaccuracy of the short-fi
approximation; those with the same pattern~continuous or
dash! share the same filter input-output relation, so their d
ference reflects the inaccuracy of the short-arm approxi
tion. We conclude that the errors arising from the short-a
and short-filter approximations somewhat cancel each ot
making the exact noise curve differ only slighly from th
curve with both short-arm and short-filter approximations a
plied. The mild noise increase around the optical-spring re
nance in this case can also be understood from the pond
motive squeezing factor. As we see from the left panel
Fig. 1 ~the dashed curve represents a similar configuratio!,
ponderomotive squeezing is the strongest near this r
nance, yet even here the squeeze factor is still small c
pared to that of the conventional interferometer at lower f
quencies.

We now discuss the short-cavity approximation
squeezed-variational speed meters@26,27#. We consider the
configuration with Vs52p395.3 Hz ~the ‘‘sloshing fre-
quency,’’ as denoted byV in Ref. @21#! and d52p
3100 Hz~bandwidth!, assuminge22r50.1. We include op-
tical losses as done in Ref.@21#. As for conventional
squeezed-variational interferometers, the short-arm appr
mation is rather accurate here.@This is true if the enhanced
formula~i.e., expanded to next-to-leading order inVL/c) for
the quantityk is used, see footnote 5 of Ref.@21#.# However,
the short-filter approximation is not accurate enough, if
increase the optical power further from advanced LIG
value. In Fig. 15, we plot four noise curves withI c
5840 kW ~dark curves! and 2 MW~light curves!, and filter

ed

FIG. 15. We plot the noise curves of squeezed-variational sp
meters withVs52p395.3 Hz, d52p3100 Hz, ande22r50.1,
assumingI c5840 kW ~dark curves! and I c52 MW ~light curves!,
andL f54000 m~continuous curves! andL f54 m ~dashed curves!.
The round-trip losses areTe520 ppm for 4000 m filters andTe

50.02 ppm for 4 m filters. The optical losses are included follow
ing Ref. @21#.
4-23
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lengths 4000 m~andTe520 ppm, continuous curves! and 4
m ~andTe50.02 ppm, dashed curves!. ~Again, resonant fre-
quencies and bandwidths of the filters are obtained in
same way as in Ref.@21#, based on short-arm and short-filt
approximations.! As we see, a filter length of 4000 m in
creases the noise significantly asI c becomes on the order o
2 MW. The increase is rather constant~and now as dramatic
as in KLMTV squeezed-variational conventional interfero
eters! at low frequencies, because speed meters have a
stant ponderomotive squeezing factor at low frequenc
@21#.

We notice that in all the above cases where the sh
cavity approximations break down, using filter paramet
obtained from the characteristic equations~as we have done
above!, which are derived assuming those approximatio
can no longer be optimal. Instead, one must optimize fi
parameters numerically using exact filter and interferome
input-output relations. We do not have quantitative resu
yet on how much sensitivity can be gained by this
optimization, but it does not seem likely that the sensitiv
can reach the optimal level~i.e., having the FD rotation from
the filters matching exactly the interferometer’s requi
ment!.

B. Performances of SR squeezed-variational interferometers

Using exact filter and interferometer input-output re
tions ~i.e., without applying short-cavity approximations!,
and assuming that 4 km filters will be used in thir
generation interferometers, we compare in Fig. 16 the n
spectral densities of conventional squeezed-variational in

FIG. 16. Noise spectral densities of SR interferometers with
scheme~SR1BC, dark continuous line!, conventional squeezed
variational interferometer~KLMTV, dark dashed line!, the Purdue-
Chen speed-meter interferometer with ordinary homodyne detec
~light continuous line!, and FD homodyne detection~light dashed
curve!. We assumeI c5840 kW, m540 kg, ande22r50.1; the SR
interferometer with BC scheme hasl52p3200 Hz, e52p
380 Hz, anda5arctan(e/l); the speed meter with ordinary homo
dyne detection hasVs5173.2 Hz andd52p3200 Hz, while the
speed meter with FD homodyne detection hasVs52p395.3 Hz
andd52p3100 Hz. Optical filters are assumed to be 4 km lon
with 20 ppm round-trip loss.
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ferometers, SR squeezed-variational interferometers~BC
scheme!, and the squeezed-variational and -input spe
meters. The BC scheme~which requires two additional km
scale cavities! has better sensitivity than the convention
squeezed-variational scheme~which also requires two addi
tional km-scale cavities! for all frequencies below;350 Hz.
It has also better performances than the squeezed-input s
meter~which requires one additional km-scale cavity! for all
frequencies above;40 Hz. The BC scheme has comparab
~or slightly better! sensitivities with respect to the squeeze
variational speed meter~which requires three additional km
scale cavities!12 for frequencies between;50 and;300 Hz.

VII. CONCLUSIONS

In this paper, we generalized the study of KLMTV@20#
on FD input-output optics to SR interferometers, and d
cussed possible applications to second- and third-genera
GW interferometers. In the first part of the paper~Secs. II–
IV !, we studied the quantum optical properties of SR int
ferometers and FD input-output schemes. We wrote
input-output relations of SR interferometers as a produc
ponderomotive squeezing and quadrature rotations, deri
explicit formulas for the intrinsic rotation angle and squee
factor @see Eqs.~20! and ~21!#, and investigating their fea
tures for several optical configurations. We found that po
deromotive squeezing becomes very weak in SR interfer
eters for frequencies higher than;300 Hz, regardless of the
optical configuration@see Eq.~25!#. Then, we built and ana
lyzed the performances of the input-output scheme wh
combine FD homodyne detection~via KLMTV filters! with
ordinary input squeezed vacuum~BC scheme!, and com-
pared it to the recent FD scheme proposed by Harmset al.
@25#. In the low-power limit~which also describes the high
frequency band of Advanced LIGO! we worked out the fully
optimal input-output scheme@see Eq.~83!#. In the general
case, we derived simple analytical formulas for the fully o
timal noise spectrum@Eq. ~90!# and the optimal input
squeeze angle@Eq. ~89!#, and found that at low frequencies
the BC scheme can approximate the fully optimal no
curve very well@see Eq.~93!#, providing better performance
than the Harmset al. scheme. These results for SR interfe
ometers are quite similar to the conventional interferome
case, in which as shown by KLMTV, a frequency indepe
dent squeezed vacuum is already fully optimal~with FD
readout!, yet a frequency independent readout cannot give
good a sensitivity~even with FD squeezing!. ~The BC and
Harms et al. schemes generalize to SR interferometers
squeezed-variational and squeezed-input schemes introd
by KLMTV for conventional interferometers.!

In the second part of the paper~Sec. V!, assuming that
squeezed vacuum in the GW band would become availa

12We do not discuss the Sagnac interferometer which is als
speed meterwithout adding any km-scale cavities@27#. A Sagnac
interferometer can achieve sensitivities equivalent to the Michel
Purdue-Chen speed meters, and its squeezed-variational versio
quires onlytwo additional km cavities.
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during the operation of Advanced LIGO, we evaluated
improvement in astrophysical sensitivity to specific sour
achievable by these FD schemes, under the facility limitat
that the filters cannot be longer than 30 m. It is importan
note that, as has been realized by Corbitt and Mavalv
@23#, for nearly tuned SR interferometers with a large ban
width ~wideband configuration!, the optimal input-output
scheme is nearly frequency independent at high frequen
So, in this case it is possible to use squeezing optim
without introducing FD techniques. The Corbitt-Mavalva
~CM! wideband configuration can be used to detect simu
neously various types of sources in the high-frequency ba
e.g., NS-NS merger, tidal disruption in NS-BH systems,
GWs from known radio pulsars. In addition, if 10 dB squee
ing can be realized, this wideband configuration can alre
detect a group of 7 LMXBs~including Sco X-1! around 600
Hz.

However, for specific sources with known spectral fe
tures, it is more convenient to use optical configuratio
which are not wideband. In this case, the FD techniques
provide more flexibility and somewhat better sensitivity, d
spite significant optical losses due to short filters. The Ha
et al.scheme is shown to provide a better sensitivity than
BC scheme in general in the Advanced LIGO era, due to
BC scheme’s higher susceptibility to losses at low frequ
cies and the filter-length limitation to 30 m. For NS-NS i
spirals, assuming 10 dB squeezing,without using FD filters,
one can improve the event rate by 89%~spherical mirror! or
42% ~MH mirror! with respect to the nonsqueezed case; f
ther improvements of 20%~spherical mirror! and 42%~MH
mirror! can be obtained by the Harmset al. scheme. For
LMXB’s, using 5 dB squeezing, without using FD tec
niques, the broadband configuration can only detec
sources simultaneously. By adjusting the SR parameters
find that a frequency independent input-output scheme c
not detect more than 4 sources, since in this case we ca
gain sensitivity and bandwidth at the same time. The Ha
et al. and BC schemes, instead can allow the detection o
sources simultaneously, by opening up the bandwidth w
FD filters ~although the peak sensitivity cannot be improv
much due to significant filter losses!. With 10 dB squeezing
the Harmset al.and BC schemes can open up the bandwi
further, including a group of 7 sources near 600 Hz.~How-
ever, with this level of squeezing, the broadband configu
tion can also detect the same sources, though with slig
less sensitivity.! It is important to mention that, the abov
detailed results about LMXBs are obtained by assum
~baseline assumption! that theZ sources, which are the mos
promising GW sources among all the LMXBs, are spinni
at the QPO difference frequency (f s5 f d'300 Hz) and that
the GW is dominantly mass-quadrupole emission (f GW
52 f s'600 Hz). Recent results@45#, however, may sugges
that the spin frequencies could be twice the QPO differe
frequency and therefore lie around 600 Hz instead. In ad
tion, it is not clear yet whether the dominant GW emission
mass quadrupole~e.g., due to deformation in the crust! or
current quadrupole~e.g., due tor mode!. In Figs. 9 and 12,
we have briefly explored the sensitivities of narrowband a
wideband configurations to these alternative scenar
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Moreover, we also realized that optical losses inside the
interferometer become rather crucial in deciding whet
these sources will be detectable, especially if the predic
waves are at higher frequencies. A more careful study
optical losses will be reported in a forthcoming paper@50#. It
should also be remembered that we have been relying on
characteristic GW strength@36# of LMXBs to provide a very
rough criterion of detectability—in order to make a straigh
forward yet specific comparison between different no
curves. As a consequence, the true detectability of th
sources by configurations studied in this paper should
refined by a more rigorous study.

In the third part of the paper~Sec. VI!, we investigated the
performances of squeezed SR interferometer with FD ou
using two 4-km KLMTV filter cavities. We found~see Fig.
16! that SR interferometers with input squeezing and sub
timal FD readout scheme~the BC scheme! can have compet-
ing sensitivities to existing proposals for third-generation
terferometers@26,27#, especially in the middle frequenc
band of 50–350 Hz~see Fig. 16!. We also discuss the limi-
tation of the short-arm and short-filter approximatio
adopted by most of the past works@20,26#. Should at least
one of these approximations break down, the optimal~or
suboptimal! filter parameters provided by the characteris
equation ~39! would not give the required FD rotation—
which, in fact, may not even be realizable by any seque
of detuned FP cavities. Indeed, we found that for squeez
variational conventional interferometers and speed me
~with high power!, the approximation breaks down at lo
frequencies if applied to km-scale filters~see Figs. 13 and
15!, which we attribute to the high level of ponderomotiv
squeezing and therefore more stringent requirement rota
accuracy in these configurations; while for SR squeez
variational interferometers~BC scheme!, the error introduced
by the approximations is rather mild~see Fig. 14!.
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APPENDIX A: PROOF THAT THE FULLY OPTIMAL
SCHEME SATISFIES THE SUBOPTIMAL CONDITION

Supposez is the readout phase. As seen in Sec. IV, w
the sub-optimala given by Eq. ~67!, only the squeezed
quadrature enters the detected quadrature. We now show
given z, this a is also theoptimal squeeze quadrature in th
sense that it minimizes the output noise. Since when we v
a alone, the signal strength in the output quadraturebz re-
4-25
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mains constant, we only need to minimize the noise inbz .
We write Eq.~77! schematically as

Dbz5~A1 A2!R~a!S e2r ã1

erã2
D , ~A1!

with (A1 A2) the product of the readout and the interfero
eter parts,A1,2PRe. The noise spectrum depends ona as

Sh}~A1 A2!R~a!S e22r

e2r DR~2a!S A1

A2
D . ~A2!

Minimizing Sh then requires

~A1 A2!R~a!S 0
1D50, ~A3!

which is equivalent to Eq.~78! and hence to Eq.~67!.

APPENDIX B: ON THE DETECTABILITY
OF NARROWBAND SOURCES

In this appendix, we briefly review some subtleties th
are not taken into account in our discussion of narrowb
sources. We restrict the analysis to the mass-quadrupol
diation mechanism.

1. Characteristic amplitude of monochromatic gravitational
waveshc

Let us consider a monochromatic source emitting GWs
~angular! frequencyV0Þ0:

h~ t !5F1h1cosV0t1F3h3sinV0t, ~B1!

h15h0~11cos2i !, ~B2!

h352h0cosi , ~B3!

where we denote withF1 ,F3 the antenna patterns@51# and
with i the angle that the line-of-sight forms with the sp
direction of the neutron star. The quantityh0 is an intrinsic
GW amplitude depending on the ellipticity of the isolat
pulsar, or on the x-ray flux emitted by the LMXB~through
the balance between accretion torque and GW radiat
reaction torque!, as well as on the distance of the sourc
Suppose the signal is observed in the time interval2T0/2
,t,T0/2, then the signal-to-noise ratio~SNR! using opti-
mal matched filtering is

SNR25E
2`

1`dV

2p

2uh̃~V!u2

Sh~V!

.F 2T0

Sh~V0!GFF1
2 h1

2 1F3
2 h3

2

2 G . ~B4!

Note that Eq.~B4! differs from Eq.~29! of Ref. @51#—the
latter is wrong by a factor of 2@52#. As we shall see in the
next section, when statistical issues are considered, sig
above a certainthresholdSNR will be detectable.
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In reality F1,3 vary due to the Earth’s motion, or ar
unknown for some sources; the inclination anglei, although
may stay constant, could also be unknown, even for kno
sources, e.g., LMXBs. As a consequence, with a fixedh0, the
SNR achievable can be different. If we are interested in
pected event rates, we shouldaveragethe SNR over different
source and detector orientations. If we want to underst
the detectability of a particular source and extract anupper
limit, we should consider unfavorable geometries. In this
per the predictions for LMXBs and isolated pulsars ha
been obtained averaging the SNR. As said, this is not ap
priate for evaluating the detectability of individual source
In what follows we shall briefly review the average proc
dure, and comment on what might be done in order to ext
upper limits from a specific source.

Let us first consider the variation or uncertainty inF1,3 .
The most straightforward ansatz for taking this into acco
is to use the r.m.s. average of SNR over the entire sky—
viewed by the detector. The ansatz gives

A^SNR2&det5A2^F1
2 &1/2A T0

Sh~V0!
Ah1

2 1h3
2

2

[
1

hn~V0!
Ah1

2 1h3
2

2
. ~B5!

To obtain the RHS in the above equation we use^F1
2 &

5^F3
2 &51/5, and define@as done in Eq.~51! of Ref. @51##:

hn~V0![ASh~V0!/T0

2^F1
2 &

. ~B6!

Now let us consider the dependence ofA^SNR2&det on i.
There are two plausible averaging prescriptions. The fi
which is the easiest, and most appropriate for a kno
source at a fixed distance, averages SNR2 uniformly over
source angles, as

A^SNR2&det&src5
1

hn

AE dVsrc

4p
S h1

2 1h3
2

2
D

5
1

hn
SA8

5
h0D . ~B7!

It is then natural to define the characteristic amplitude:

ha5A8

5
h0'1.26h0 . ~B8!

Another way of averaging was proposed by Thorne in R
@51#, which has the property that event rate}^SNR&3, if we
assume uniform distribution of sources in the universe

^SNR&det&src5F E dVsrc

4p
@^SNR2&det#

3/2G1/3
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5
1

hn
F E dVsrc

4p S h1
2 1h3

2

2 D 3/2G1/3

.

~B9!

The integral ~B9! cannot be performed analytically, s
Thorne introduced akludgefactor

F E dVsrc

4p
S h1

2 1h3
2

2
D 3/2G 1/3

'A4

3
F E dVsrc

4p

h1
2 1h3

2

2
G 1/2

,

~B10!

yielding

@^SNR&det&src#kludge5
1

hn
SA32

15
h0D . ~B11!

The above expression originated the following definition
the characteristic strength:

@hc#kludge5A32

15
h0'1.46h0 . ~B12!

The kludged characteristic strength@hc#kludge has been used
by many authors, including us in this paper. In particul
@hc#kludge of a pulsar at distancer with ellipticity e and fre-
quencyf can be obtained from Eq.~3.6! of Ref. @38#, and
@hc#kludge from LMXBs with mass-quadrupole emissio
mechanisms that balances the accretion torque can be
tained from Eq.~4! of Ref. @41#.

However, the kludge factorA4/3 is not accurate. A simple
numerical calculation gives

F E dVsrc

4p S h1
2 1h3

2

2 D 3/2G1/3

F E dVsrc

4p

h1
2 1h3

2

2 G1/2

5

F1

2
E

0

p

sin i @~11cos2i !21~2 cosi !2#3/2diG1/3

F1

2
E

0

p

sin i @~11cos2i !21~2 cosi !2#diG1/2

'1.047 ~B13!

or

hc51.32h0 . ~B14!

On the other hand, if we are interested in setting upper lim
we should use ani that has the lowest possible^SNR&det;
this impliesi 5p/2 and

min
i

$^SNR&det%5
hUL

hn

, hUL5A1

2
h050.707h0 . ~B15!
10200
r

,

b-

s,

For a known source with constanth0 but uncertain orienta-
tion ~uniformly distributed cosi), we can also ask for the
probability that^SNR&det exceedha /hn , @hc#kludge/hn , and
hc /hn . The answers are 41, 29, and 37 %, respectively.

To summarize, we have managed to write the SNR fo
given source or a given set of sources~with fixed intrinsic
amplitudeh0, unknowni ) in the form of

SNR5
hc

hn
, ~B16!

wherehc is the characteristic amplitude—with four differen
relations to h0, ~B8!, ~B12!, ~B14!, and ~B15!, yielding
SNRs that are either averaged in different ways over diff
ent i ’s, or taken as the minimum.@The quantityhn is defined
in Eq. ~B6! in terms ofSh and integration time.# Given the
characteristic amplitude based on a particular prescript
values based on other prescriptions can be obtained f
Eqs.~B8!, ~B12!, ~B14!, and~B15! using the fact thath0 is
the same in all of them. For example, given@hc#kludge ~which
is used in this paper!, we have

ha50.866@hc#kludge, ~B17!

hc50.907@hc#kludge, ~B18!

hUL50.484@hc#kludge. ~B19!

Note that the more conservativehUL is a factor of ;2
smaller than@hc#kludge.

2. Factors that determine the detection threshold:
from hc to Shc

With data analysis methods and desired statistical co
dence, a threshold~minimum! SNR can be obtained; henc
from Eq.~B16!, for a certainhc , a maximumhn , and thus a
maximum Sh or Shc

can be obtained.@Here hc should be

specified from an intrinsic GW amplitudeh0, through a
hc-h0 relation, such as one of Eqs.~B8!, ~B12!, ~B14!, and
~B15!.#

References@38,39# introduces the canonical sensitivit

hyr54.2ASn( f )31027 Hz, which is the characteristic am
plitude of the weakest source detectable with 99% co
dence level~i.e., 1% false alarm! in a coherent search o
107 s of data, if the frequency and phase evolution of t
source is known@see Eq.~1.4! of Ref. @38##. This readily
gives theShc

for known pulsars. However, it should be note

that Shc
obtained using thish3/yr only guarantees that th

expectation value~or average! of the detection statistic be
higher than the detection threshold@38#, and gives a high
false-dismissal rate of about 50%@6,53#. In other words,
even if the noise curve touchesShc

for a particular source,
there is still around 50% chance this source will not make
detection threshold.

For LMXBs, frequency and phase evolution of the G
due to orbital motion is unknown and one must build
appropriate bank of templates to search for these parame
resulting in a threshold higher thanh3/yr ; in addition, varia-
4-27
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tions in accretion rate, which induces ‘‘random walks’’ in th
spin, and hence in the GW frequency, further complicates
data analysis procedure, increasing the threshold furt
Brady and Creighton studied these issues, and devised a
step hierarchical scheme for detecting such signals@39#.
They use the relative sensitivityQ rel to measure the increas
in the threshold for the characteristic amplitudehth
5h3/yr /Q rel . As a consequence, in our notation, we ha
s,’

s,

d

,
.

o

ta

10200
e
r.
o-

e

AShc
( f )5hcQ rel /(4.2A1027 Hz). Brady and Creighton

have shown that, for Sco X-1, with realistic computation
power Q rel50.41 @Sec. VII C of Ref. @39##. This yields a
value ofShc

comparable to that of a coherent integration

20 days. In the paper we use this prescription for all LMX
~except for SAX J1808.4–3658!, and denote this characte
istic strength bySh

20-day.
P.
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